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Abstract

Modern advancements in large-scale machine learning would be impossible without
the paradigm of data-parallel distributed computing. Since distributed computing
with large-scale models imparts excessive pressure on communication channels, a
lot of recent research was directed towards co-designing communication compres-
sion strategies and training algorithms with the goal of reducing communication
costs. While pure data parallelism allows better data scaling, it suffers from poor
model scaling properties. Indeed, compute nodes are severely limited by memory
constraints, preventing further increases in model size. For this reason, the latest
achievements in training giant neural network models rely on some form of model
parallelism as well. In this work, we take a closer theoretical look at Independent
Subnetwork Training (IST), which is a recently proposed and highly effective
technique for solving the aforementioned problems. We identify fundamental
differences between IST and alternative approaches, such as distributed methods
with compressed communication, and provide a precise analysis of its optimization
performance on a quadratic model.

1 Introduction

A huge part of today’s machine learning success drives from the possibility to build more and more
complex models and train them on increasingly larger datasets. This fast progress has become
feasible due to advancements in distributed optimization, which is necessary for proper scaling
when the training data sizes grow [50]. In a typical scenario data parallelism is used for efficiency
which consists of sharding the dataset across computing devices. This allowed very efficient scaling
and accelerating of training moderately sized models by using additional hardware [19]. Though,
such data parallel approach can suffer from communication bottleneck, which sparked a lot of
research on distributed optimization with compressed communication of the parameters between
nodes [3, 27, 38].

1.1 The need for model parallel

Despite the efficiency gains of data parallelism, it has some fundamental limitations when it comes to
scaling up the model size. As the model dimension grows, the amount of memory required to store
and update the parameters also increases, which becomes problematic due to resource constraints
on individual devices. This has led to the development of model parallelism [ 1, 37], which splits
a large model across multiple nodes, with each node responsible for computations of model parts
[15, 47]. However, naive model parallelism also poses challenges because each node can only update
its portion of the model based on the data it has access to. This creates a need for a very careful
management of communication between devices. Thus, a combination of both data and model
parallelism is often necessary to achieve efficient and scalable training of huge models.
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Algorithm 1 Distributed Submodel (Stochastic) Gradient Descent

1: Parameters: learning rate v > 0; sketches Cy, . .., C,; initial model 29 e R?

2: fork=0,1,2...do

3:  Select submodels w* = CFz* for i € [n] and broadcast to all computing nodes
4 for i =1,...,nin parallel do

5 Compute local (stochastic) gradient w.r.t. submodel: C¥V f;(wk)

6 Take (maybe multiple) gradient descent step z;” = w¥ — yCEV f; (wF)

7: Send z;' to the server

8 end for

9 Aggregate/merge received submodels: ¥+ = L3 oF
10: end for

IST. Independent Subnetwork Training (IST) is a technique which suggests dividing the neural
network into smaller independent sub-parts, training them in a distributed parallel fashion and then
aggregating the results to update the weights of the whole model. According to IST, every subnetwork
is operational on its own, has fewer parameters than the full model, and this not only reduces the load
on computing nodes but also results in faster synchronization. A generalized analog of the described
method is formalized as an iterative procedure in Algorithm 1. This paradigm was pioneered by
[45] for networks with fully-connected layers and was later extended to ResNets [14] and Graph
architectures [43]. Previous experimental studies have shown that IST is a very promising approach
for various applications as it allows to effectively combine data with model parallelism and train
larger models with limited compute. In addition, [28] performed theoretical analysis of IST for
overparameterized single hidden layer neural networks with ReLU activations. The idea of IST was
also recently extended to the federated setting via an asynchronous distributed dropout [13] technique.

Federated Learning. Another important setting when the data is distributed (due to privacy reasons)
is Federated Learning [22, 27, 31]. In this scenario computing devices are often heterogeneous and
more resource-constrained [5] (e.g. mobile phones) in comparison to data-center setting. Such
challenges prompted extensive research efforts into selecting smaller and more efficient submodels
for local on-device training [2, 6, 8, 12, 20, 21, 29, 35, 42, 44]. Many of these works propose
approaches to adapt submodels, often tailored to specific neural network architectures, based on
the capabilities of individual clients for various machine learning tasks. However, there is a lack of
comprehension regarding the theoretical properties of these methods.

1.2 Summary of contributions

When reviewing the literature, we have found that a rigorous understanding of IST convergence
virtually does not exist, which motivates our work. The main contributions of this paper include

* A novel approach to analyzing distributed methods that combine data and model parallelism
by operating with sparse submodels for a quadratic model.

* The first analysis of independent subnetwork training in homogeneous and heterogeneous
scenarios without restrictive assumptions on gradient estimators.

¢ Identification of settings when IST can optimize very efficiently or converge not to the
optimal solution but only to an irreducible neighborhood which is also tightly characterized.

» Experimental validation of the proposed theory through carefully designed illustrative
experiments. Due to space limitations, the results (and proofs) are provided in the Appendix.

2 Formalism and setup
We consider the standard optimization formulation of distributed/federated learning problem [41],

min [f(a:) = %Zfz(x) ) (1)

z€ERC

where n is the number of clients/workers, each f; : R? — R4 represents the loss of the model
parameterized by vector z € R? on the data of client 4.
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A typical Stochastic Gradient Descent (SGD) type method for solving this problem has the form
gt =gk — gk, gh =15 gk @
i=1

where v > 0 is a stepsize and gf is a suitably constructed estimator of V f;(z*). In the distributed
setting, computation of gradient estimators g is typically performed by clients, sent to the server,

which subsequently performs aggregation via averaging g* = + :.L:l g¥. The result is then used to

n
update the model 2**! via a gradient-type method (2), and at the next iteration the model is broadcast

back to the clients. The process is repeated iteratively until a model of suitable qualities is found.

One of the main techniques used to accelerate distributed training is lossy communication compres-
sion [3, 27, 38]. It suggests applying a (possibly randomized) lossy compression mapping C to a
vector/matrix/tensor x before it is transmitted. This saves bits sent per every communication round
at the cost of transmitting a less accurate estimate C(x) of . The error caused by this routine also
causes convergence issues, and to the best of our knowledge, convergence of IST-based techniques is
for this reason not yet understood.

Definition 1 (Unbiased compressor). A randomized mapping C : R* — R? is an unbiased compres-
sion operator (C € U(w) for brevity) if for some w > 0 and Yx € R?

ElC(@) =2, E[C(x)-=]?] <wllz]* ©)

A notable example of a mapping from this class is the random sparsification (Rand-q for ¢ €
{1,...,d}) operator defined by

Crand-q(7) == Cqx = 45" eef 4)

1ies
where €1, ...,eq € R are standard unit basis vectors in R%, and S is a random subset of [d] =
{1, ..., d} sampled from the uniform distribution on the all subsets of [d] with cardinality q. Rand-q

belongs to U (d/q — 1), which means that the more elements are “dropped” (lower ¢), the higher is
the variance w of the compressor.

In this work, we are mainly interested in a somewhat more general class of operators than mere
sparsifiers. In particular, we are interested in compressing via the application of random matrices, i.e.,
via sketching. A sketch C¥ € R4*? can be used to represent submodel computations in the following
way:

g = CIVfi(Cra®), (5)
where we require C¥ to be a symmetric positive semidefinite matrix. Such gradient estimate
corresponds to computing the local gradient with respect to a sparse submodel model C¥x*, and
additionally sketching the resulting gradient with the same matrix C¥ to guarantee that the resulting
update lies in the lower-dimensional subspace.

Using this notion, Algorithm 1 (with one local gradient step) can be represented in the following form
o+ = 1 zl [CEak — A CEVf(Chab)] ©)
i=
which is equivalent to the SGD-type update (2) when perfect reconstruction property holds
Chi=1 fjl ch=1,

where I is the identity matrix (with probability one). This property holds for a specific class of
compressors that are particularly useful for capturing the concept of an independent subnetwork
partition.
Definition 2 (Permutation sketch). Assume that model size is greater than number of clients d > n
and d = qn, where q > 1 is an integer'. Let 7 = (71, ..., mq) be a random permutation of [d]. Then
forall z € R and each i € [n] we define Perm-q operator
qt
Ci=n- > e eTTrj. @)
J=q(i=D+1

'While this condition may look restrictive it naturally holds for distributed learning in a data-center setting.
For other scenarios [40] generalized it for n > d and block permutation case.
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Perm-q is unbiased and can be conveniently used for representing (non-overlapping) structured
decomposition of the model such that every client 7 is responsible for computations over a submodel
Cimk.

Our convergence analysis relies on assumption previously used for coordinate descent type methods.

Assumption 1 (Matrix smoothness). A differentiable function f : R¢ — R is L-smooth, if there
exists a positive semi-definite matrix L € R ? such that

1
fl@+h) < f(@) + (Vf(@),h) + 5 (Lh,h), Vo, h eRY (®)
Standard L-smoothness condition is obtained as a special case of (8) for L = L - I.

2.1 Issues with existing approaches

Consider the simplest gradient type method with compressed model in the single node setting

2F L =2k AV F(C(2)). )

Algorithms belonging to this family require a different analysis in comparison to SGD [16, 18],
Distributed Compressed Gradient Descent [3, 26] and Randomized Coordinate Descent [34, 36] type
methods because the gradient estimator is no longer unbiased

E[Vf(C(x)] # Vi(z) =E[C(Vf(z))]. (10)

That is why such kind of algorithms are harder to analyze. So, prior results for unbiased SGD [25]
can not be directly reused. Furthermore, the nature of the bias in this type of gradient estimator does
not exhibit additive (zero-mean) noise, thereby preventing the application of previous analyses for
biased SGD [1].

An assumption like bounded stochastic gradient norm extensively used in previous works [30, 48]
hinders an accurate understanding of such methods. This assumption hides the fundamental difficulty
of analyzing biased gradient estimator:

E[IVic@)] < ¢ (1

and may not hold even for quadratic functions f(x) = 2" Ax. In addition, in the distributed
setting such condition can result in vacuous bounds [23] as it does not allow to accurately capture
heterogeneity.

3 Results in the interpolation case

To conduct a thorough theoretical analysis of methods that combine data with model parallelism,
we simplify the algorithm and problem setting to isolate the unique effects of this approach. The
following considerations are made:

(1) We assume that every node i computes the true gradient at the submodel C;V f;(C;z").

(2) A notable difference from the original IST algorithm 1 is that workers perform single
gradient descent step (or just gradient computation).

(3) Finally, we consider a special case of quadratic model (12) as a loss function (1).

Condition (1) is mainly for the sake of simplicity and clarity of exposition and can be potentially
generalized to stochastic gradient computations. (2) is imposed because local steps did not bring
any theoretical efficiency improvements for heterogeneous settings until very recently [32]. And
even then, only with the introduction of additional control variables, which goes against resource-
constrained device setting. The reason behind (3) is that despite the seeming simplicity quadratic
problem has been used extensively to study properties of neural networks [46, 49]. Moreover, it is a
non-trivial model which allows to understand complex optimization algorithms [4, 10, 17]. It serves
as a suitable problem for observing complex phenomena and providing theoretical insights, which
can also be observed in practical scenarios.
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Having said that we consider a special case of problem (1) for symmetric matrices L;

fl@)y=1

-

fi(x), filz) = %xTLix —z'b;. (12)

=1

In this case, f(x) is L-smooth, and V f(z) =Lz — b, where L =1 3™ | L;andb:= 13" b,

3.1 No linear term: problems and solutions

First, let us examine the case of b, = 0, which we call interpolation for quadratics, and perform the
analysis for general sketches C¥. In this case the gradient estimator (2) takes the form

g" =13 CEVf(Chat) = L Y CFL,Chat = BY o (13)
i=1 i=1

where Ek = % Z?Zl CFL;Ck. We prove the following result for a method with such an estimator.

Theorem 1. Consider the method (2) with estimator (13) for a quadratic problem (12) with L = 0
andb; = 0. Then if W = %E [fﬁk +§k f} > 0 and there exists constant 0 > 0:

E[B'LB"| 20W, (14)
and the step size is chosen as 0 < v < %, the iterates satisfy
K1 2 2(f(°)—E[f(«")
% z;—:o £ [va(f”k)HE*Wf*l} = w (15)
and .
ko2 _ (T iwT o3 0 _ |2
E [lz¥ —2*[|£] < (1= 7Amin (L > WL |2 — =¥ (16)

This theorem establishes an O(1/K) convergence rate with constant step size up to a stationary point
and linear convergence for the expected distance to the optimum. Note that we employ weighted
norms in our analysis, as the considered class of loss functions satisfies the matrix L-smoothness
Assumption 1. The use of standard Euclidean distance may result in loose bounds that do not recover
correct rates for special cases like Gradient Descent.

It is important to highlight that inequality (14) may not hold (for any 6 > 0) in the general case
as the matrix W is not guaranteed to be positive (semi-)definite in the case of general sampling.
The intuition behind it is that arbitrary sketches C¥ can result in gradient estimator g*, which is

misaligned with the true gradient V f(2*). Specifically, the inner product (V f(z*), g*) can be
negative, and there is no expected descent after one step.

Next, we give examples of samplings for which the inequality (14) can be satisfied.

1. Identity. Consider C; = 1. Then B'-L,B'LB" = fS,W — L° = 0 and hence (14) is
satisfied for @ = Apax(L). So, (15) says that if we choose v = %, then

K-1 ek
kT 95} < 2 OUDIED)

which exactly matches the rate of Gradient Descent in the non-convex setting. As for iterates
convergence, the rate in (16) is Amax(L)/x,.;, (L) corresponding to precise Gradient Descent result for
strongly convex functions.

2. Permutation. Assume n = d? and the use of Perm-1 (special case of Definition 2) sketch

Ck = ne 67—:?’ where 7% = (7 ..., 7F) is a random permutation of [r]. Then

E[B"] =1 52 n?E [CHL,CH] = L 3" nDiag(L;) = Y2, D; = nD,
1=1 =1

*This is done mainly for simplifying the presentation. Results can be generalized to the case of n # d in the
similar way as done in [40] which can be found in the Appendix.
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where D = % i, D;,D; := Diag(L;). Then inequality (14) leads to

nDLD =< 4 (LD+DL), (17)
which may not always hold as LD + DL is not guaranteed to be positive definite even in case of
L > 0. However, such kind of condition can be enforced via a slight modification of permutation

sketches {Ci}?zl, which is done in Section 3.1.2. The limitation of such an approach is that
compressors C; become no longer unbiased.

Remark 1. Matrix W in case of permutation sketches may not be positive-definite. Consider the
following homogeneous (L; = L) two-dimensional problem example

a C
L:[C b]. (18)
Th
° = 1=, =7 a? cla+b)/2
W=1[LD+DL| = cla+b)/2 B2 , (19)

which for ¢ > % has det(W) < 0, and thus W 0 according to Sylvester’s criterion.

Next, we focus on the particular case of Permutation sketches, which are the most suitable for
model partitioning according to Independent Subnetwork Training (IST). At the rest of the section,
we discuss how the condition (14) can be enforced via a specially designed preconditioning of the
problem (12) or modification of sketch mechanism (7).

3.1.1 Homogeneous problem preconditioning

To start consider a homogeneous setting fi(z) = 22 "Lz, so L; = L. Now define D = Diag(L) -
diagonal matrix with elements equal to diagonal of L. Then problem can be converted to

fi(D%2) =1 (D—%x)TL (D—%m) =17 (D—%LD—%) z, (20)
7

which is equivalent to the original problem after a change of variables = := D~ 2z. Note that
D = Diag(L) is positive definite as L > 0, and therefore L >~ 0. Moreover, the preconditioned

matrix L has all ones on the diagonal: Diag(L) = I. If we now combine it with Perm-1 sketches

E [Ek] —E [% S G L cz} — nDiag(L) = nL

Therefore, inequality (14) takes the form W =nL b %n2 I: which holds for 6 > n, and left hand
side of (15) can be transformed the following way

195 5 wis = ndain (B7) IVl = mhnae©) V7N 7 @D

for an accurate comparison to standard methods. The resulting convergence guarantee

¥ E[Ivrh]f] < ReCUERER]), @)
which matches classical Gradient Descent.
3.1.2 Heterogeneous sketch preconditioning
In contrast to homogeneous case the heterogeneous problem f;(z) = %xTLix can not be so easily

preconditioned by a simple change of variables & := D =z, as every client ¢ has its own matrix
L;. However, this problem can be fixed via the following modification of Perm-1, which scales the
output according to the diagonal elements of local smoothness matrix L;:

¢ = vn [L;%] emer. (23)

T, T4
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In this case E [ClLlCl} =LE [Ek} =1, and W = L. Then inequality (14) is satisfied for 6 > 1.
If one plugs these results into (15), such convergence guarantee can be obtained

K-1 T 20)— =K
* 5 B[|vrehf] < 2wl e8

which matches the Gradient Descent result as well. Thus we can conclude that heterogeneity does not
bring such a fundamental challenge in this scenario. In addition, a method with Perm-1 is significantly
better in terms of computational and communication complexity as it requires calculating the local
gradients with respect to much smaller submodels and transmits only sparse updates.

This construction also shows that fory =1/6 = 1
1

A Ammin (L WL %) — Muin (f’%ff’f) —1, (25)

which after plugging into the bound for the iterates (16) shows that the method basically converges in
1 iteration. This observation that sketch preconditioning can be extremely efficient, although it uses
only the diagonal elements of matrices L;.

Now when we understand that the method can perform very well in the special case of b; = 0 we can
move on to a more complicated situation.

4 Irreducible bias in the general case

Now we look at the most general heterogeneous case with different matrices and linear terms
filz) = 7xTLZa: x| b; . In this instance gradient estimator (2) takes the form

k= 13" CEUfi(Chak) = 1 37 CF (L;Chab — b;) = B 2* — O, 26)
=1 i=1

where Cb = % Z?:l CF¥b,. Herewith let us use a heterogeneous permutation sketch preconditioner

(23) like in Section 3.1.2. Then E {E’“} =IandE [Cb| = D Db, where Db := LS, Df% b;.

Furthermore expected gradient estimator (26) results in E [g } =z

the following way

— TD b and can be transformed

i i . -1 —
E[¢"] =L 'La* +L 'b-LDb=L  Vf(z")+L 1b—%Db, @7)
—_——

h

which reflects the decomposition of the estimator into optimally preconditioned true gradient and a
bias, depending on the linear terms b;.

4.1 Bias of the method

Estimator (27) can be directly plugged (with proper conditioning) into general SGD update (2)

Kk
E [$k+1] — ¥ — R [gk] = (1—~)a* \}Db - _,y)k+1x0 + %Dbjgo(l —7)7. (28)

The resulting recursion (28) is exact, and its asymptotic limit can be analyzed. Thus for constant
v < 1 by using the formula for the sum of the first k£ terms of a geometric series, one gets

1—(1 ——
E[25] = (1 —7)"2° + (f” Dbkiojﬁmm

which shows that in the limit, the first initialization term (with z°) vanishes while the second converges

0 ﬁﬁ) This reasoning shows that the method does not converge to the exact solution

E[mk] 0 £ ¥ Eal;gg}jln{l T La— TB},

which for the positive-definite L can be defined as z* = L "B, while 2 - f Y. D, 5 b;. So,
in general, there is an unavoidable bias. However, in the limit case: n = d — oo, the bias diminishes.
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4.2 Generic convergence analysis

While the analysis in Section 4.1 is precise, it does not allow us to compare the convergence of IST
to standard optimization methods. Due to this, we also analyze the non-asymptotic behavior of the
method to understand the convergence speed. Our result is formalized in the following theorem.

Theorem 2. Consider the method (2) with estimator (26) for a quadratic problem (12) with the

2

positive definite matrix L = 0. Assume that for every D; := Diag(L;) matrices D, ? exist, scaled

permutation sketches (23) are used and heterogeneity is bounded as E [Hgk —E [gk] H%} < o2

Then for step size is chosen as

0 <7< Yep = s (29)

where v, 3 € (0,1] for B € (0,1/2), the iterates satisfy

K-1 0y_ 2K
% E[Ivsafp] < RGN L 51 00—y +9) 12 4002 GO

— —_—1 = 1 —
whereL=157 Lih =0 'b—L1%" D ?biandb=21%" b

Note that the derived convergence upper bound has a neighborhood proportional to the bias of
the gradient estimator h and level of heterogeneity o2. Some of these terms with factor -y can be
eliminated via decreasing learning rate schedule (e.g., ~ 1/ V'k). However, such a strategy does not
diminish the term with a multiplier 23~ (1 — «), making the neighborhood irreducible. Moreover,
this term can be eliminated for 4 = 1, which also minimizes the first term that decreases as 1/ K.
Though, such step size choice maximizes the terms with factor . Furthermore, there exists an
inherent trade-off between convergence speed and the size of the neighborhood.

In addition, convergence to the stationary point is measured in the weighted by L squared norm of
the gradient. At the same time, the neighborhood term depends on the weighted by L norm of A. This
fine-grained decoupling is achieved by carefully applying Fenchel-Young inequality and provides a
tighter characterization of the convergence compared to using standard Euclidean distances.

Homogeneous case. In this scenario, every worker has access to the all data f;(z) = %xTLx—xT b.
Then diagonal preconditioning of the problem can be used as in the previous Section 3.1.1. This

results in a gradient V f (z) = Lz—bforL =D 2LD"z andb = D2 b. If it is further combined
with a scaled by 1/+/n Permutation sketch C} := /ne,, e/ , the resulting gradient estimator is

~ ~—1 ~
gk:xk—ﬁb:L Vf(x*) +h, (31)

for h = i_l b —ﬁ b. In this case heterogeneity term o2 from upper bound (30) disappears
as E {H g" —E [gk] Ha = 0, thus the neighborhood size can significantly decrease. However,
the bias term depending on h still remains as the method does not converge to the exact solution

L L b for positive-definite L. Nevertheless the method’s fixed point z°° = b //n

. . = -1~ ~ . = . .
and solution z* can coincide when L. b = ﬁ b, which means that b is the right eigenvector of
-1
. . . 1
matrix L~ with eigenvalue Tn

Let us contrast obtained result (30) with non-convex rate of SGD [25] with constant step size v for
L-smooth and lower-bounded f

. 2 _ 6(f(2°)—inf f)
kE{O?.l},Ill(fl} va(xk)” = BT 7L G2

where constant C' depends, for example, on the variance of stochastic gradient estimates. Observe
that the first term in the compared upper bounds (32) and (30) is almost identical and decreases with
speed 1/ K. But unlike (30) the neighborhood for SGD can be completely eliminated by reducing the
step size . This highlights a fundamental difference of our results to unbiased methods.
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The intuition behind this issue is that for SGD-type methods like Compressed Gradient Descent

"t =2k —C(Vf(a)) (33)
the gradient estimate is unbiased and enjoys the property that variance
E[[C(Vf(") = Vf(E@)P] < wl[ V£ (34

goes down to zero as the method progresses because V f(2*) — V f(2*) = 0 in the unconstrained
case. In addition, any stationary point x* ceases to be a fixed point of the iterative procedure as

ot £ a* — VI(C(a)), (35)

in the general case, unlike for Compressed Gradient Descent with both biased and unbiased compres-
sors C. So, even if the method (computing gradient at sparse model) is initialized from the solution
after one gradient step, it may get away from there.

4.3 Comparison to previous works

Independent Subnetwork Training [45]. There are several improvements over the previous works
that tried to theoretically analyze the convergence of Distributed IST.

The first difference is that our results allow for an almost arbitrary level of model sparsification,
i.e., work for any w > 0 as permutation sketches can be viewed as a special case of compression
operators (1). This improves significantly over the work of [45], which demands® w < #°/L2. Such a
requirement is very restrictive as the condition number L/ of the loss function f is typically very
large for any non-trivial optimization problem. Thus, the sparsifier’s (4) variance w = d/q — 1 has to
be very close to 0 and g = d. So, the previous theory allows almost no compression (sparsification)
because it is based on the analysis of Gradient Descent with Compressed Iterates [24].

The second distinction is that the original IST work [45] considered a single node setting and thus
their convergence bounds did not capture the effect of heterogeneity, which we believe is of crucial
importance for distributed setting [9, 39]. Besides, they consider Lipschitz continuity of the loss
function f, which is not satisfied for a simple quadratic model. A more detailed comparison including
additional assumptions on the gradient estimator made in [45] is presented in the Appendix.

FL with Model Pruning. In arecent work [48] made an attempt to analyze a variant of the FedAvg
algorithm with sparse local initialization and compressed gradient training (pruned local models).
They considered a case of L-smooth loss and sparsification operator satisfying a similar condition to
(1). However, they also assumed that the squared norm of stochastic gradient is uniformly bounded
(11), which is “pathological” [23] especially in the case of local methods as it does not allow to
capture the very important effect of heterogeneity and can result in vacuous bounds.

In the Appendix we show some limitations of other relevant previous approaches to training with
compressed models: too restrictive assumptions on the algorithm [33] or not applicability in our
problem setting [7].

5 Conclusions and Future Work

In this study, we introduced a novel approach to understanding training with combined model and
data parallelism for a quadratic model. This framework allowed to shed light on distributed submodel
optimization which revealed the advantages and limitations Independent Subnetwork Training (IST).
Moreover, we accurately characterized the behavior of the considered method in both homogeneous
and heterogeneous scenarios without imposing restrictive assumptions on gradient estimators.

In future research, it would be valuable to explore extensions of our findings to settings that are closer
to practical scenarios, such as cross-device federated learning. This could involve investigating partial
participation support, leveraging local training benefits, and ensuring robustness against stragglers.
Additionally, it would be interesting to generalize our results to non-quadratic scenarios without
relying on pathological assumptions.

3 11 refers to constant from Polyak-Eojasiewicz (or strong convexity) condition. In case of a quadratic problem
with positive-definite matrix A: pt = Amin(A)
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A Basic and auxiliary facts

L-matrix smoothness:

Fle+h) < f(2) + (Vf(@),h) + % (Lh,h), Vo heRL (36)

Basic Inequalities. For all vectors a, b € R? and random vector X € R%:
2(a,b) = [lal® + [|b]]* — [la — ], 37)

E|X —a?=E|X -EX|?+|EX —a|* (38)

Lemma 1 (Fenchel-Young inequality). For any function f and its convex conjugate f*, Fenchel’s
inequality (also known as the Fenchel-Young inequality) holds for every x,y € R?

(z,y) < f(@) + [*(y).
The proof follows from the definition of conjugate: f*(y) = sup,, {{y,2’) — f(z")} > (y, z) — f ().

In the case of a quadratic function f(z) = B||z||} we can compute f*(y) = ;57 *||y[[3-.. Thus

1
(@,y) < Bllallz + 787 lyllg-+- (39)

B Proofs

B.1 Permutation sketch computations

All derivations in this section are performed for n = d case.

Classical Permutation Sketching. Perm-1: C; = ner,e; , where 7 = (m1,...,7,) is a random
permutation of [n]. For homogeneous problem L; = L:

—k 1 «

E[B"| =E |- CiLC;| = nDiag(L 40
5] -2 [ S ce] it o

Then
QW =E [L§k+§k L] = n (LDiag(L) + Diag(L)L) 1)

and

—=k . —=k 21: .

E [B LB } — n?Diag(L)LDiag(L). 42)

Almost the same calculations can be performed for C; = \/ne,, e;.

B.1.1 Heterogeneous sketch preconditioning.

We recall the following modification of Perm-1:

~ 1 T

C, = n {Li 2} emel . 43)
Then

U

~ ~ 1 n
E [Cq;LiCZ} =E [n[L; Y memer Licmer ] = = 3 eI je] =1 (44)
i 2 n »
j=1
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513

514

515

516
517

519

and

n
Isewne,
n
=1
ZE [n[L;l]ﬂ'z‘,Trieﬂie;lr—iLie‘fTie;:i]
i=1
*Z Z i JJe] ]Jje;'r

LY Yed
n

i=1j=1
= L
Thus W = %IE [f B" + B" f] = L. For the left hand side of inequality (14) we have
E|B'LB —Ejé?ﬂ@L—iCLC
= nlﬂztz l:jJJJ
-~ P ~
- EE:EF@QLQMQ}
ij=1
= Z eie; L €j e;r
i,j=1
ILI
= L.
B.2 Interpolation case: proof of Theorem 1
In the quadratic interpolation regime the linear term is zero f;(x) = %IETLiLE, and gradient estimator
has the form
chwz Ckak) Zc L,Crat = B" 2+, (45)
i=1
Proof. At first we prove stationary point convergence result (15).
Using L-smoothness of function f, we get

Fa1) 2 fak —gh)

F@®) = (V") 70") + = [|o"|
£ 7 (Tt B o) + 2B
f@*) =) BB ot + Lo BB o

After applying conditional expectation, using its linearity, and the fact that

T 1 T
Ar = -
xT €T T

(A+AT)z
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520

521

522

523

524

525

526

527

528

529

we get

E[f(z") 2% <

(14)
<

<

F(@*) = 4" TE [f Ek] oF + ”;(xk)ﬁE [ﬁ’“ L E’“} o

f(a")

— (")

2
TWak + l(xk

2

fa*) = (V)T WL V()

Fa®) = AV ()2

L 'WL
B =y (L= 0/ V@) s
F(@*) = SNV F@EH)2

LWL

I

8

2

where the last inequality holds for the stepsize v <

Rearranging gives

195 g s < 5

which after averaging gives the desired result

% 2 E[I956 wwp] < o () <[] -
k=0 k=0

2

(f(®)

)
1

Now we show the result for the iterates convergence (16).

Expectation conditioned on x

E [”karl o x*H%}

k=

IN

k.

E [[l* — vg* — «*|1Z]

l|z* — z*H% — 2 <xk -z, E [fﬁk} (z* —
rF— 2y <xk — 2", W(z" - x*)) + 42 <xk _
=2y (¥ — ¥ W (" — 2*)) + 0+° (aF
1
o — *12 - 29 (1 - 67/2) [T (2" - 2*)
ko2 T3k 2
_ 2 _ 2 %
o — I =y |TF @t =2y o

1 ____ 1
(1 — Y Amin (L WL )) |o* — a*|2.

After unrolling the recursion we obtain the convergence result

k1 _ 2 EUSNING et d 2 et A T
E [||z x ||L]§ 1 —4Amin (L *WL ||z

B.3 Non-zero solution

972 ky|2
-1+ Tva(x )”f*lwf*

1y

)'E B LB"| 2

—E[f@") [24]),

+l2(Vf(xk))TE‘1E [E"’EE"} L Vi)

1

For reminder in the most general case the problem has the form

@) =SS A, )= e
i=1
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- 9:*||%.

2(£(a%) ~E [f@¥)])



530

531
532

533

534

535
536

537

538

539

540

541

542

with gradient estimator

ZC’“VfZ CFak) ch L,CF k—bi):ﬁkxk—%chbi. (47)
=1

11 zl

General calculations for estimator (26). In the heterogeneous case the following sketch precondi-
tioner is used

~ 1 T
C;=+n [Li 2} RN
Then E [Ek} = I (calculation was done in Section B.1.1) and

E [Cb]

I
S
=
Q
&

N
Il
—

Il
S|
=

s
Il
=

{\/E[Lq_%]mm €r; e;rri bi]

<
3

VAL, %], e;lbil;

Il
SRS
-
S|

s
Il
-

<.
Il
—

I
3=
NE
=
3
@U‘
-

N
Il
—
3

S
o

[N
T

Uz{?y
e o

B
i

B.3.1 Generic convergence analysis for heterogeneous case: proof of Theorem 2.

Here we formulate and prove a bit more general version of Theorem 2, which is obtained as a special
case of the next result for ¢ = 1/2.

Theorem 3. Consider the method (2) with estimator (26) for a quadratic problem (12) with pos-
_ 1
itive definite matrix L > 0. Then if for every D; := Diag(L;) matrices D, * exist, scaled
1
permutation sketches C; = /n[L, Q]Wimeme; are used and heterogeneity is bounded as

E [Hgk —E [gk] H%} < 2. Then for step size is chosen as

_l—c-p
0<'Y§'VC,B~— /3+1/2’ (48)
where 7y, 5 € (0,1] for B+ ¢ < 1, the iterates satisfy
J@) —E[f@D)]  (1=7 o
—ZE“V}‘ HL ]7 ok +< 3 2) \|h||L+2— . (49

whereL=2%" Lih=L b——=



543

544

546

547

548

550

551

Proof. By using L-smoothness

k+1 k ® k ’72 k2
E[fz") 2% < ~(VI@").E[g"]) + S E [l"IIF]
e 7<Vf )L Vi) +h)
2
%(| HLHE[HQ ~E [¢"]|Iz))
D) = (V)T VIR ) + (V) )

2

(
;(HL v+ + B It -]
@ © = (IV 7@l + (VF >)+%2E[“gk—E[9k]”a
% (19 g +2(T ). ) + )
,YZ

@) =3 (1 =) [V g + o

[

IN

—y (L=7) (Vb)) + S In]E,

where the last inequality follows from the grouping of similar terms and bounded heterogeneity

E(ld-Ellz] = E [Hgk ~ (TN +n) Hi] (50)

_ __ 1 —
HBk 2% — Cb— (:c’f — \/ﬁDb)

E

L

2
1 < o2, (51)

Next by using a Fenchel-Young inequality (39) for (V f(z*), —h) and 1 —~ > 0

B[ (0] < f@®) =7 (=) [VA s + L (1Bl +0?)
+y(1-7) [ﬂHVf(:r’“)ll%—l +0.258 2]
< f@h) =y (== B ) VS
+V{(5_1(1—7) §)||h||%+502}, (52

where in the last inequality we grouped similar terms and used the fact that 0.25 < 1.

Now to guarantee that 1 — 7/2 — 3(1 — ) > ¢ > 0 we choose the step size as

l—c—p

0<y< Y=

where 7.5 > 0 for 8+ ¢ < 1. This means that 3 can not arbitrary grow to diminish 371
Then after standard manipulations and unrolling the recursion

2
1¢ |V g < 7@ ~E[FEH) [0 45 (87 =) +1/2) B+ Go® 59

we obtain

1.0 _ I'K
& 3 efwsel] < ORI e gz i+ 9

19



s52 B.3.2 Homogeneous case

553 The main difference to the result in the previous Subsection is that gradient estimator expression (31)
s54  holds deterministically (without expectation E). That is why ¢* = E [¢*] and heterogeneity term o
555 equals to 0.

ss6  We provide the full statement and proof for the homogeneous result discussed in 4.2.

557 Theorem 4. Consider the method (2) with estimator (31) for a homogeneous quadratic problem (12)
ss8  with positive definite matrix L; = L > 0. Then if exists D2 for D := Diag(L), scaled permutation
ss9  sketch C} = \/ney, e; . is used and the step size is chosen as

1—c—p
B+1/27
se0  where y. g > 0 for f + ¢ < 1. Then the iterates satisfy

L Z [|vf 1] - f@) —E[f@)] (lcﬁv 27) RI2, 57)

ss1  where L = D_%LD_%,h =L

0<y<vep = (56)

s62  Proof. By using L-smoothness

B[/ — g 4] < f<wk>—<Vf<kamgk]>+”§la[Hgku?}
< f@) =7 (V@)L V) )+ HL Vi) 4

D k) (VLT VAR)) + <Vf<x 1))
% (9 @[5 +2(T S @), ) + [RI2)
= S =y (=) VI g+ TR =y (=) (V). )

ss  Next by using a Fenchel-Young inequality (39) for (V f(z*), —h) and 1 — v > 0

2
E[f@*) |a*] < f@) =7 Q=) ||VF)|z -+ SR
(1) [6\|Vf(z’“)||2~—1 + ozw*nhu%}
@) =y (1 =7/2= B(L =) |V £(")][5 -
(BT A=)+ 7/2) R
se4 Now to guarantee that 1 — v/2 — (1 — ) > ¢ > 0 we choose the step size as

1—c—p
B+1/27

0 <7< = (58)

se5 where v, 3 > 0for 4+ ¢ < 1.
se6 Then after standard manipulations and unrolling the recursion

e | VR |[p-r < F@*) —E[f@Y) [ 2]+ (871 A=) +/2) IBIE (59)

567 we obtain the formulated result

e = 2 f(@®) —E [f(«")]
7 L E (V6] <

568 O

+ (BT A=) +7/2) [IhlE. (60)
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Remark 2. 1) The first term in the convergence upper bound (57) is minimized by maximizing
product c - vy, which motivates to choose ¢ > 0 and v < 1 as big as possible. Although due to the
constraint on the step size (and 3 > 0)

1l—c—p
B+1/27

constant ¢ € (0,1). So, by maximizing c the value . g becomes smaller, thus there is a trade-off-

0< v < Ye,B = (61)

2) The second term or the neighborhood size (multiplier in front of ||h\|% )

BrA-N+v/2 _ BTTA-—7)+/2
c 1—v/2-pB(1-7)
can be numerically minimized (e.g. by using WolframAlpha) with constraints v € (0,1] and § > 0.

The solution of such optimization problem is v* =~ 1 and * =~ £ € {3.992,2.606,2.613}. In fact,
W(6*,7") ~ 0.5,

(B,7) = (62)

Functional gap convergence. Note that for quadratic optimization problem (12)
IV f(*)|); s = <i 2 b, L7 (IL b — B)> =2(f(&*) — f@"). (63)
Then by rearranging and subtracting f* := f(x*) from both sides of inequality (59) we obtain

E[f(@*1) [ 2] = 7 < f@*) = £ = e |[VIER)|[p- v (5711 =) +7/2) IlI2

C(f@h) - ) - 762(() ) 7 (87 (L =) +7/2) IR
= (1=2v0) (f(a*) = f*) +7 (8~ 7) +7/2) 1hlE-
After unrolling the recursion
k
E[f) 2" - < (1=290)" (F@°) = )+ (B (=9 +7/2) |12 (1 - 2v¢)°
1=0
< (=290 (F&") — 1) + 5 (57 (1= 7) +/2) .

This result is formalized in the following Theorem.

Theorem 5. Consider the method (2) with estimator (31) for a homogeneous quadratic problem (12)
with positive definite matrix L; = L > 0. Then if exists D2 for D := Diag(L), scaled permutation
sketch C; = \/nen, e; is used and the step size is chosen as

1—-c—p
B+1/27

where . g > 0 for 5 + ¢ < 1. Then the iterates satisfy

0<y< Y= (64)

E[f()] - f < (1= 200" (&)~ 1) + 5 (57 (1= +2/2) Il (69

where h =L b——-band L = D :LD :,b=D"2bh.

This result shows that for a proper choice of the step size v = 1 and constant ¢ = 1/2, the functional
gap can converge in basically 1 iteration to the neighborhood of size

I < (L b—fb),i‘lB—\/lﬁB>7

. e ~ . e . .
which equals to zeroif L b = %1 b. This condition is the same as the one we obtained at the end
of Subsection 4.2 with asymptotic analysis of the iterates in the homogeneous case.
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Discussion of the trace. Consider a positive definite L > 0 such that ID":. Thus L =
D~ 2LD "2 has only ones on the diagonal and tr(L) = n. Then

. - - 1 1
n - tr(L 1) = tr(L)tr(L 1) =M+ +A) <)\+---+)\> > n?,
1 n

where the last inequality is due to the relation between harmonic and arithmetic means. Therefore
-1 -1

tr(L ) =A'+---+ ;' >nandsumof L eigenvalues has to be greater than n.

B.4 Generalization to n # d case.

Our results can be generalized in a similar way as in [40].

1) d = gn, for integer ¢ > 1. Let m = (71, ..., m4) be a random permutation of {1, ..., d}. Then for
eachi € {1,...,n} define

=n- Z er, e;—j ) (66)

Jj=q(i—1)+1

Matrix E [Ek} for the homogeneous preconditioned case can be computed the following way

E {E’“} - E liicgtcg
=1

n qi d
1 ~
S Y Y it
=1 ]:q(l—l)—‘,—l =1
n qi

As for the linear term

Bl - E|LYcb| -1 3 Ve L
=1 j=q(i—1)+
1 .
= \fZ Z b= d 7

i=1 j=q(i—1)+1

2) n = qd, for integer ¢ > 1. Define the multiset S := {1,...,1,2,...,2,...,d,...,d}, where
each number occurs precisely ¢ times. Let 7 = (71, ..., 7, ) be a random permutation of .S. Then
foreachi € {1,...,n} define

C, = Vd- emeT

™"

(67)
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619

E[Ek} - E

The linear term

I, | I VA1 - 1 -
E[C'H =E |- > Cib| = =3 E [Vdeger b] = 53" “1b = —=b.
[C'b) n; n; Vderey, n;d -
To sum up both cases, in a homogeneous preconditioned setting E {Ek} =T and
1< -
E[C'b]=E |- C.b| =b i d).
| 2 2o Clb| = b/ V(.

Similar modifications and calculations can be done for heterogeneous scenario. The case when n
does not divide d and vice versa is generalized using constructions from [40].

C Comparison to previous related works

Overview of theory provided in the original IST work [45]. They consider the following method
"t = C(ah) — 4V £, (C(2F)), (68)
where [C(z)]; = x; - Be(p)* is Bernoulli sparsifier and iy, is sampled uniformly at random from [n].

Analysis in [45] relies on the assumptions

. L;-smoothness of individual losses f;;

. Q-Lipschitz continuity of f: |f(z) — f(y)| < Q|lx —y
. Error bound (or PE-condition): ||V f(x)|| > u|la* — z||, where * is the global optimum;

. Stochastic gradient variance: E {HVfik (x)||2} < M + My IV £ ()%
E[Vfi.(C(a*))|2*] = Vf(a*) +¢e, el < B.

Convergence result [45, Theorem 1] for step size 7 = 1/(2Lumax)

S R A

. —f@*) 1 [ BQ  S5Lmaxt, vpy M
E [ } EA A S AT * ’
el (Gl K ) Ta e T2 Wt )
where o == 72[/111;-“ (1 — ]g,f) 5“’2Lmax w = 5 —1< IOZ; ,and L. = max; L;.

If Lipschitzness and Assumption 5 is replaced with norm condition:

IE [V fi, (C(2")) [ 2*] = V(") < 0]V f(«")]| (70)
they obtain the following (for step size v = 1/2me)
. —flz*) 1 5L maxw 9 M
| PTG EE Ol oy (2T o
k(LK) V@O K+1) ta s I+ — 71
= _1 1 g My 5wlmax —1_ oWt
where o = 57— (2 5 ) 58 andw—p 1< 5L§‘},ax(%— —?)

By(z) = x/p  with probability p
PE=00 with probability 1 — p

23



620
621
622
623
624

625
626
627

629

630
631

633
634

635

636

638

639

640

641
642

643
644

646

647

648
649

Remark 3. The method (68) does not incorporate gradient sparsification, which can create a
significant disparity between theory and practice. This is because the gradient computed at the
compressed model, denoted as V f(C(x)), is not guaranteed to be sparse and representative of
submodel computations. Such modification of the method also significantly simplifies theoretical
analysis, as using a single sketch (instead of CLC) allows for an unbiased gradient estimator.

Through our analysis of the IST gradient estimator in Equation (31), we discover that conditions,
such as Assumption 5, are not satisfied even in the homogeneous setting for a simple quadratic
problem. Furthermore, it is evident that such conditions are also not met for logistic loss. At the
same time, in generally, it is expected that insightful theory for general (non-)convex functions should
vield appropriate results for quadratic problems. Additionally, it remains unclear whether the norm
condition (70) is satisfied in practical scenarios, as even for quadratic problems, the situation is not
straightforward, as we show in the expression for o2 in (50).

Masked training [33]. The authors consider the following “Partial SGD”” method

iF=aF p ok =2k — (1 —p)oa®

72
P ok —yp 0 V(3 €P), ()

where V f(x, ) is an unbiased stochastic gradient estimator of an L-smooth loss function f, ® is an
element-wise product, and p is a binary sparsification mask.

They make the following “bounded perturbation” assumption

e loa*]]
k- max {[[pt © Vf(z*)|, Ip* © Vf(2*)[}

IN

1
37 (73)

This assumption may not hold for a simple convex case. Consider a quadratic function f(x) =

%JJTAJ,‘,fOI'
0 0
=) =) () @

Then condition (73) (at iteration k£ = 0) will be equivalent to

which clearly does not hold for an arbitrary initialization z°.

In addition, convergence bound in [33, Theorem 1] suggests choosing the step size as ypa*, where

o = min {1 <pk ® Vf(xk)7p/€ ® Vf(:i‘k)> }
L eV

(75)

is not guaranteed to be positive to the inner product (p* ® V f(z*),p* ® V f(2*)), which may lead
to non-convergence of the method.

Optimization with access to auxiliary information framework [7] suggests modeling train-
ing with compressed models via performing gradient steps with respect to function h(z) =
Eanm [f(1a © 2)]. This function allows access to sparse/low-rank version of the original model
f(x). They impose the following bounded hessian dissimilarity assumption on & and f

|V2f(2) = Em [DamVZF(1a © 2)Dad] ||, <6, (76)
where 14 and D yy = Diag(1 ) refer to binary vector and matrix sparsification masks.

This approach relies on variance-reduction and requires gradient computations on the full model x.
That is why it is not suitable for our problem setting.
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D Experiments

To empirically validate our theoretical framework and its implications, we focus on carefully con-
trolled settings that satisfy the assumptions of our work. Specifically, we consider a quadratic problem
defined in (12). For reminder, the local loss function is defined as

filz) = z Lz —x by,

where L; = B, B;. Entries of the matrices B; € R%*?, vectors b; € R%, and initialization 2° € R¢
are generated from a standard Gaussian distribution A/(0, 1).

In Figure 1a, we present the performance of the simplified Independent Subnetwork Training (IST)
algorithm (update (2) with estimator (26)) for a heterogeneous problem. We fix the dimension
d to 1000 and the number of computing nodes n to 10. We evaluate the logarithm of a relative
functional error log (f(z*) — f(z*)/f(2°) — f(«*)), while the horizontal axis denotes the number
of communication rounds required to achieve a certain error tolerance. According to our theory (65),
the method converges to a neighborhood of the solution, which depends on the chosen step size.
Specifically, a larger step size allows for faster convergence but results in a larger neighborhood.

In Figure 1b, we demonstrate the convergence of the iterates 2* for a homogeneous problem with
d = n = 50. The results are in close agreement with our theoretical predictions for the estimator (31).

We observe that the distance to the method’s expected fixed point z°° = b /+/n decreases linearly for
~_—1 ~
different step size values. This confirms that IST may converge not the optimal solution z* =L " b

of the original problem (12) in general (no interpolation) case.

10°

Step size 100 Step size
—— 0.02 —e— 0.05
101 0.05 3 0.1
10
—— 0.1 —+— 05
S 5 —=— 05 .
£10- = 10~
v B
= I
2 10-3 % 1070
< =
o
10—12
1074
10—15
107° S
0 100 200 300 400 500 0 200 400 600 800 1000
Communication round Communication round
(a) Heterogeneous function convergence (b) Homogeneous iterates convergence

Figure 1: Different step size values

Simulations were performed on a machine with 24 Intel(R) Xeon(R) Gold 6246 CPU @ 3.30 GHz.
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