Appendices

Below we give an overview of the structure of the Appendices.

* In Appendix [A|we present some auxiliary lemmas which are used to prove our results.
* In Appendix [B] we present the proof of Lemmaf.1]
» Appendix [C] presents the proofs for the results in Sec. [3]

* In Appendix [D] we include additional details on the experimental setting in Sec. [f]and an
experiment on the US Census Data with gender as sensitive attribute.

* In Appendix |E| we provide a more rigorous treatment of the setting introduced in Sec.
where we can have multiple condidates for each group at any given round. We also provide
more details and additional comparisons for the experiment on the US Census Data in Sec.

* In Appendix [ we investigate the tradeoff between fair an standard regret.

A Auxiliary Lemmas

Lemma A.1. Let n € N, and assume that Y, v are independent random variables in R", such that Y
is absolutely continuous and v # 0, almost surely. Then, vY is an absolutely continuous random
variable.

Proof. Ttis enough to show that for any A C R with zero Lebesgue measure, P(vTY € A) = 0. Let
A C R, then we can write

P(v'Y € A)=E[P(v'Y € A|v)] .

We proceed the proof by controlling the term P(v 'Y € A|v). We know that v # 0 almost surely.
Now, since Y and v are independent, let v = w for a fixed w € R"™ such that w # 0, then we have
that

IP’(wTYeA):/ i 1{ wo YeA’}fy(y)dy :
crn

y [[wllo
where we defined A’ := {m 1z € A}. Now consider the change of basis matrix R =
(v1,...,v,) ", such that v; = Ty With RRT =1,. By assigning Y = RTY, we can write

P(w'Y € A) :X § 1{j € A"} fy(Ry)dy .
yeRr™

Since we assume that Y is an absolutely continuous random variable, there exists My > 0, such that
SUPyegrn fy (y) < My almost surely, which allows us to write

P(w'Y € A) < My/ 1{g € A’} dy .
geR™

Finally, it is straightforward to check that if A has a zero Lebesgue measure, then A’ also has a a zero
Lebesgue measure, which gives P(wTY € A) = 0. O

Lemma A.2 (Lipschitz CDF). Letn € N, v € R"/{0} and b € R. Let also Y be an absolutely
continuous random variable with values in R"™, with probability density function fy. Then the CDF
of Z = (v,Y) + b, namely Fy, is Lipschitz continuous. More specifically

|Fz(r) — Fz(r")| < M'|r — 1’| vror' €R

where M’ = max,¢cr fz(2).
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Proof. Since v # 0 and Y is absolutely continuous, Z is also absolutely continuous with probability
density f7 (see Lemma . Furthermore, if ' < r, we can write

For)-F2) = [ gawa- [ g [ s are -,

Applying the same reasoning to the case when < 7/ concludes the proof. O

Lemma A.3. Let {X,}X | be K random variables with values in R? and such that they are all 0
with probability strictly less than one. Define ¥ = K~} Za:l (X, X[ and let> = USUT be

its compact eigenvalue decomposztzon with U € R™*", S € R™*" with 1 < r < d. Assume that S
is invertible. Then, for any y € UX_Supp(X,), we have UU "y = y and )\:;m( Myll3 <y "3y,

where . (X) is the smallest non-zero eigenvalue of the matrix X.

Proof. Let X be a random variable with the distribution P(X) = K—! "X ae1 P(X,). Itis straight-
forward to check that ¥ = E[X X '], and y € Supp(X). We can also write y = y1 + y2 where
Y2 € Ker(D) :={z € R? : ¥z =0}andy; € Ker(X)! := {z e R? : (z,2) =0,Vx € Ker(2)}.
This implies that

vs By2 = Elys XX "ya] =0 . )
Now, let f(x) = (y, ). Then, f(x) > 0, for any z € R% and f(y) = |/y=||3. Furthermore,
since, f(z) is a continuous function there exists ¢ > 0, such that for any z € B(y,¢) = {z € R :

4
|z —yll2 < €}, f(z) > @ On the other hand, since y € Supp(X), P(X € B(y,€)) > 0. Hence,
we can write

0= 3 Sy = ELF(X)) = BIFCO1 (X € B.0)) > 2Ep(x e By.o) |

therefore y» = 0 which implies that y € Ker(X)+. Since UU "y is the orthogonal projection of y
onto Ker(X)* we conclude thaty = UU "y, y" = y"UU " and

y Sy =y USUTy > AL (S)y " UU Ty = M5 (D)|yll3 -

min

B Proof of Lemma 4.1]

Proof. If t < 3 then p; = 0 and a; ~ U[[K]] and the statement follows. If t > 3, Let y € S :=
{W eR?: 4f/'TB, #0Va € [K]}, #i.0 = {1, Xi o) and t' =t — — 1. Then by Lemmafw is
absolutely continuous. Given a permutation of indices j = (j1,...,5y) where j; € {t +1,...,t},
fori € [t']. Let Q, be the set of the events of {X; 4 }_; ., and P be the set of all permutations of the

indices {f + 1,...,t}. Consider the event
EaJ‘ :{WEQLL :fjha <L e <’/’Ajt,7a} .

Since {7;, a}t—t+1 are absolutely continuous, we have for all k # ¢, P(#;, , = 7}, o) = 0 and this
yields Q, = UjepE,j and E, ; N E, j» = () for all j # j Furthermore, since {7, a}Z iy are
iid. we have that p, := P(E, ;) = P(E, ;) for all j # j'. In particular, since |P| = ¢! we have

pa = 1/(t'").
Letg, = (t' — 1)~ 3iC tH]l{rm <P} Letbe{0,....,t —1}andlet P, ={j € P : jo41 =
t}. We have that |P,| = (¢’ — 1)! and

1
P(¢y = — —Dlpe == .
(b =0/(t' =1)) = > P(E (t' = Dlpa =
JEPy
As aconsequence, forall a € [K], ¢, is uniformover {0, 1/(¢'—1),...,1}. Since {7 4 }ic[t41],a[K]

are mutually independent we have that {¢, } 4[] are i.i.d. discrete uniform random variables. As a
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consequence, let & = U [argmaxa,e[ K] $q | we have that P(a = a) = 1/K. Using the definition of

a we have
1 1
Pla; = a) = ?P(ﬂf €S)+Plag=al|p; € S)P(u; € 8°) = 7

where the last equality is derived by the fact that by the construction of pz, P(u; € S) = 1. O

C Proofs of Results in Sec.

The following result is used in the Proof of Lemma [5.2] Its proof is obtained by using the
Dvoretzky—Kiefer—Wolfowitz-Massart inequality [15, 30]] combined with a union bound.

Lemma C.1. Let Assumptionhold and ﬁm(r), and iz to be generated by Alg.|l| Let Z, :=
(i, Xq) and denote with Fz_ its CDF, conditioned on ;. Then, with probability at least 1 — § we
have that forall 3 <t <T

. log(2KT /6
sup | Fralr) — Fo, (r)] < ) EEET/)
a€[K],reR t—1

Proof. Let 3 < t € T and recall that f = |(t — 1)/2]. Note that from Assumption [Aii)} for all
a € [K], {{us, Xia) 2;%“ are i.i.d copies of Z,, conditioned on y;. Since F; ,(r) is the empirical
CDF of Z, conditioned on p;, we can apply the Dvoretzky—Kiefer—Wolfowitz-Massart inequality
[15} 30]] to obtain

a log(2/4") ’
P (Eg%ft,a(” = Fz,(r)| = 2(t—1—t~)> <4 .

Therefore, since £ < (¢ — 1)/2 we deduce that P [E; ,] < &’ , where

- ~ log(2/6
Eto = {{Xi»a}Zil'H’/‘f t sup|Fa(r) — Fz,(r)] = 1%(/1)}
reR —
Consequently, by applying a union bound we obtain
T
PUL, US, Bro) <30 P(By.) < KT6
=1 a=1

Finally, by substituting 8’ = §/(KT) and computing the probability of the complement of UL_; UK,
E 4, we obtain the desired result. O

C.1 Proof of Lemmal[5.1l

Proof. Forevery a € [K], by Assumption we have that X, = B,Y, + ¢, where Y, € R% is
absolutely continuous with density f,. Let v* := p* " By, v := pu" By, b* := (u*, ca), b := {11, ca).
Then we have

Zo = (p", X)) = (v, Vo) + b, and Z, = (u, Xo) = (1Y) + b .

From Assumption [A{iv)] we also have that v* # 0, hence, by applying Lemma[A-2|with v = v* and
Y =Y, and by taking the maximum over a € [K], the statementfollows.

We now prove[(i} Since Y, is absolutely continuous we can write for any r € R
|Fa(r) = Fz, ()] = [Fr vay+0- (1) = Frovay+6(7)]

s/ L{w" )+ <1} — 1 {{wy) +b< )| fuly) dy |
yeRda
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Now, by adding and subtracting ¢(y) := (v* — v, y) + b* — b and letting ' := r — b* we have

| Falr) = Fz (r)] < / L{("y) <7} =1{{v",y) <" +q¥)}|faly) dy

yE]Rda,

<[ Wl £ 0 <7 W)} ) dy
yERda

By Cauchy-Schwarz inequality, for any y € Supp(Yy), we get

g <" —v,y) + 0" = b < |1 — p, Bay + ca)| < [l — pll[Zmaxl ]«

where we defined [|Tmax ||+ = max,cyx supp(x,) 12l = maxyeix suppva) [Bay + call«. We
now let kK = ||p* — p)|||Zmax||«> and note that

\Fulr) — Fz ()] s/ L{ — 5 < (v y) <o + 1} fuly)dy -

yERa

To control the above integral, we provide a proper change of variables. To this end, since by the
assumption v* # 0, we let {v1,...,v4, } be an orthonormal basis of R%, with vy = v*/||v*||2.
Moreover, let R = (vy,...,v4,) to be the corresponding change of basis matrix. Then, for all
(r*y)
. o=l
with Y, = RTY, which now has the first coordinate parallel to v*. Using the change of variables

formula for multivariate integrals and noting that we are applying a rotation and hence |det(R)| = 1
and fry (RY) = fy, (9)/|det(R)| = fy. (9) we get

y € R, we can always write y = Ry, where §; = (y,v;), with §; = . Hence we denote

!

r—Kk 4+ K .
]l{<y1< }fya(y)dy :

Falr) = F ()] < /

gerda L lIV*]l2 [ |2
Let 2 = (J2,...,9d4,). By Fubini’s Theorem, and with the convention that fy- (f1,2) =
fy (1, 21,5+, 2d4,—1) we have
r—k 1 +k . .
i -Fois [ T en< T [ i
per  Lv*ll2 [v*ll2 J J.eraa—
r— K r+ K
= ]1{ <ﬂ1}fA (91)dgn
/glena [v*l2 lvellz J 71
where fy. (1) ::Afzewa,1 fy (@1, 21, .., 24,—1) dz is the marginal density of Y, = <|l\/;;1|\/2> , and
we highlight that Y; = (Z, — b*)/||v*||2. Finally note that
N _ * _ o M
ma fy, (1) = "o mas fz, (1) = " 12
which yields
|Fa(r) = Fz ()| <26M
and [(iD)] follows by substituting the definition of . O

C.2  Proof of Proposition [5.1]

Proof. Recall the definition of Alg. |1} For any a € [K]let 7, = ,uETXt,a, which is the estimated
reward for arm a, at round ¢. Note that ;17 and X; , are independent random variables. Furthermore,
denote with F3, . the CDF of #; , conditioned on 7, and let

t,a

Gtoa = ‘Fft,a (ft,a) , and QZ)t,a = ﬁt,a(ft,a) .
Now, by the definition of the algorithm, we have

1
Plac=alHi )= ) —

m=1

Pla € Cy, |Cyl =m|H;_y)



where we introduced C; := argmax,c g q@tya. Let ¢; > 0 and continue the analysis conditioning on

the events where sup,¢ g |pt.0 — qgt,a| < €. Then, we can write

Play =al|H,_y) = IP’(ét,a > flgt,a’ JVa' #alHi ) 2 P(Gra > Grar + 26, Va #alH ),
where in the first inequality we considered the case when a € C; and |Cy| = 1. In the second
inequality we considered the worst case scenario where (ﬁt,a = ¢1,q — € and <Z)t,a’ = Ora + €.
Recall that by the construction of the algorithm p; = V{lX L+ (1) Vi) - ;. forall a € [K],

the additive noise (1/ \/d>t~)'yt~ assures that u;—Ba # 0, almost surely. Therefore, by Lemma
Pr.a = (i, Xt,q) conditioned on p; is absolutely continuous.

Assumption [Al(iii)| and [9, Theorem 2.1.10] yield that {$; 4 }4c[x] are independent and uniformly
distributed on [0, 1] and in turn that

gy ' PR ko1, (1=2e)®
Plag=a|H, 1) > | Plpre < p—2¢;)) dp= [ (p—2¢) dp = —x
0 2

€t
We continue by computing an ¢; for which sup,¢ (g [¢t,a — ét,a\ < ¢ holds with high proba-

(©)

bility. Observing that, conditioned on ugz, ]:—ta is the empirical CDF of F3, ,, we can use the
Dvoretzky—Kiefer—Wolfowitz-Massart inequality to obtain, for any a € [K],¢ > 3,and s > 0

P <|¢t,a - ét,a| > 3) < QQXP (—282(t — I?— 1))

Now, let 79 := 3+ 8 logs/2 (5K e/5)/(1 — I{/E)g By applying the union bound, we can write

P ( sup ]|¢t,a_(£t,a| Z 5) SKZP<|¢t,a_$t,a| Z 5)

t>70,a€[K =0

<2K i exp (—2s*(t —1—1)).

t=T19
Since ¢ = | 151 ], it is straightforward to check that
P sup  |bra — ét7a| >s| <2K exp (—th) dt < 2Ks 2exp (—52(7'0 — 1))
t>79,a€[K] t=79—1
Now, for any ¢ € (0, 1), by assigning s = bg(“ﬁg%_“;l)/é), we get
- log(4K (19 — 1)/8 5 5
P sup |¢t,a - ¢t,a| Z g( ( 0 )/ ) S S ) (7)
t>70,a€[K] To—1 2log (4K (10 —1)/6) ~ 4

where from 79 > 3,6 <1 = 4K (19— 1)/§ > 8 > ¢* = log (4K (19 — 1)/3) > 2 we obtain
the last inequality. From (6)), it follows that

1—-2s K
inf P (at _ a|,H;71) > ( uPtZT Et)

t>70,a€[K] K
Moreover, form (]Z]), by letting ¢, = bg(“if%;lw, with probability at least 1 — é, we have
K
) _ 1 log(4K (19 — 1)/4)
f P = >—11-2 8
tZTl,zlE[K] (at a|Ht71) - K T0 — 1 ( )

@

For the term () in the above, using log(z) < log(5e/4)x/3 and x > x2/3 for any x > 1 we deduce
that
M = log(4K/d) 4 log(mo — 1) < log(4K/5) +log(5e/4)  log(5K e/d)
B 90— 1 - (7’0—1)2/3 - (70—1)2/3
Now, by substituting 7o = 3 + 81log®? (5K e/8) /(1 — f{/E)S, we get that (I) < 1 (1 — §/¢)” and
conclude the proof by plugging this inequality in (§). O
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C.3 Proof of Lemmal[5.3]

We start by establishing some required lemmas.

Lemma C.2. Let %, 7y, 75 be defined in Lemma T3 = max (71, 72), 1 = USU T be the compact
eigenvalue decomposition of ¥, with U € R¥*", 8 € R™" is a diagonal matrix with non-zero

diagonal elements, and UTU = T,.. Denote Sy, = ZZ WU T X0, X, U, where for i € [t], a; is
given by Alg.|l} Then with probability at least 1 — 5 for anyt > 273 + 3 we have

(t - T3))\+ E)

mln(

i (8) 2 3 M)

Proof. Let S'to = Zle E [UTXz aZXT Ut ] First, note that for any 73 < i < {, we can
write

I
Mx

E[UT X0, X0, UH; ] E[U" X0, X, 0, UM ,ai=a]P(a; =a|H;_,)

2
Il
—_

I
] >

E[UT XX U P (a; =a|H,) ,

a=1

where the last equality holds based on the fact that X; ,, X lTa conditioned on a;, is independent
from #;_,. Then, since t > 3 + 64K log®? (5K e/5), by utilizing Propositionmwith c=3
and noting that 1/(1 — X/1/2) < 2K for all K > 1, with probability at least 1 — &, we have

P(a; = a|H;_,) > 5. Therefore, with probability at least 1 — ¢, we obtain
T T 1 -1 T T Ain (2)
Amin (B [U7 X0, X0, U H1]) 2 5min | K ZU E[X,X[]U | = “mint=s
a=1
and consequently, with probability at least 1 — g we have
t
~ A (8
Aumin Z win(UTE[X; o, X, | M4 )U) 2 (tw»% , ©

where in the last two displays we used the concavity attribute of the function A, (). Note that
{Xi a, };2,, is an adaptive sequence with respect to the filtration {’H; }20, with

||UTX1 azXT UHOP < HXi,aiug < L? )

1,0

for any i € [t]. Let ¢ = { — 73. Now, by invoking [33| Theorem 3.1] (with § = § and pu = A}, (¥)/2,
where 0, i1 are constants that appear in the latter theorem), we have

P (Amin (5) < % and A (51,) > Mi‘;”) <. [ <q,

1 4
2 < e~ 27. Note

2
log(%4), we have ¢ < 2. Let p = P[Ain(St,) > 2232}, then we can

N
where we introduced ¢ = d - exp(—%) and we used the inequality e~ % -

54L2
A (D)

min

A LA
()\min (Sto ) - IZI ( )
and accordingly

P ()\min (Sto) > M‘%ﬁ and  Amin (§t0> > W) >1 _g ,

where we used p > 1 — %, which follows from (9). Substituting ¢ = ¢ — 73 gives the final result. [J

that since £ > 753 =

write

uin (33,) > PunlZ) < 2
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Lemma C.3. Let v € UX | Supp(X,) and 73 be defined in Lemma then with probability at
least 1 — %,for allt > 273 + 3 we have

lly -+ < 2
xT —1
Vi — AT

(D) —Ts)

Proof. Note that if x = 0 it is straightforward to check that the statement holds. So without loss
of generality we assume that x € &, where & = UX_, Supp(X; ,) — {0}. Consider the compact
singular value decomposition ¥ = USU T where U € R%*", § € R™" is a diagonal matrix with
non-zero diagonal elements (due to Assumption and U'U = I,.. Denote 5} =U Tf]gU . For

any x € G we have from Lemmathat UU Tz =x,and 2 TUUT = 2. First, we claim that

UT (S + M)~ U = (S + ML)

To prove the above claim, it is enough to show that
(S; + AL)U T (3; 4 M) "2U = UT (57 + A\I) 'U(S; + ML) =1, .
Note that
(S;+ AL)U T (8 + ML) ~'U = (UTS:U + AL)U T (85 + ML) U
—UT(SUUT 4+ ALy (55 + AI,) U
1

=UT (54 M) (3; + ML) U =1, .

With similar steps one can show that U (3; + Ally) U (S; + AL.) = L., and therefore U (3; +
M) ~U = (S; + AL.) L. By exploiting this fact, we can write

x T 4 x
el s = il ( S+ Aml)
ol & Tl

r T . T
= |lz|3 ( UUT(3;4 M)~ 'UU " )
2\ 2 ! (E41P

T N
~ 2|3 ( U5+ L) 0T 2 )

|2 |2
U, UTz

T 2($ S; + AL —1> :
H ||2 HJ?TU”Q( t ) ||UT.13||2

where the second and last equations are results of Lemma[A.3] and consequently

L2

2
) < ——— . (10)
H ||VE 1 )\min(Sf)
On the other hand, from Lemma with probability at least 1 — %, we have
. t—m)A (T
M ($1,) 2 LT ) (an

Finally, by combining (T0) and (TT) with probability at least 1 —  we have

laf2 < —2F°
m — _—~.
Vit T A (D) (- T)

Lemma C.4. With probability at least 1 — %, forallt > 3 we have

I = gl < (A% + R+ L)y /dlog((8 + 8Fmax(L? /A, 1)) /3) + A [|u*l2 -
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Proof. Recall that by the definition of Alg. we have p; = Vf_lX L+ (1 dV/T) - v;. Therefore,
we can write ‘

* * —1+T 1Y
" = willv; <l = Vi Xl + ﬁ||7£||vg :
I

an

We proceed the proof by providing upper bounds for (I) and (II). For (I), by invoking [1, Theroem 2],

with probability at least 1 — g, for all ¢ > 3, which implies ¢ > 1 we have

(D) < Ry/dlog((8 + SEL2/0)/8) + A1

< Ry/dlog((8 + 8Tmax(L?/X, 1))/8) + A} [|u*lz -
On the other hand, since p < 1, for term (II) we have
1
Vi
P((D) > (L + A%)/log(8d/6)) < P(|l;l2 > d/log(8d/6))
1)

< dP(|y 4] = Viog(8d/8)) < ¢ -

L+ A2
—— ¥l -

1
Vil lnells < =

D <

Thus, by applying the union bound with probability at least 1 — %, for all £ > 3 we have

(I1) < (L + A?)4/log(8%d/5) < (L + A%)\/d log((8 + 8fmax(L2/\,1))/5) .

O

Proof of Lemmal[5.3] Recall that 73 = max (7, 72). From Lemma , with probability at least 1 — %
for all ¢ > 275 + 3 we have

2L

lelly- <

Mo (D) —7)

From Lemma with probability at least 1 — % forallt > 3

i = gl < (A2 + R+ L)\/dlog((8 + 8T max(L2/A,1))/8) + A2 "z -
Thus, combining Lemmasand , with probability at least 1 — %5 for all t > 273 4+ 3 we have

" = pillvllzlly-r <
2L

>\$m(z)({ - 7-3)

(08 + R+ 1) dtog((8 + st max(L2/0 1)/6) + 3]

By the fact that ¢ > 475 + 3, we have t> 273, which implies <

o

1
—_— . We conclude the proof
vV t~— T3 p

. . . ~ _3
by using the inequality ¢ > 153 > £ forallt > 4. O

C.4 Proof of Theorem

Proof. Combining Lemma|5.2] with Lemmal5.3]and using 1/(t — 1) < 3/(4¢) for all ¢ > 4 we obtain,
with probability at least 1 — ¢ and forall 7 < ¢ < T

log(8K'T/4)
3t

((A% + R+ L)\/dlog((8 + 4t max(L2/X, 1))/8) + A? ||,f||2) :

]:af(</‘*vXt’a,f>) - fat((/“j’*7Xt7at>) <4
48M L
A (D)t

min
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By summing up the last inequality, with probability at least 1 — § we get

T
; |:fa;f(<ﬂ*’Xt1a;>) —]—'at(</i*’Xt’at>)] . w
+»{ffﬁ;>«Aé+}“+L”ﬂ”“¥“8+4THEMLWAJ»/&-+¢Xnmw&).

(12)
where the last display is obtained by the inequality Zthl t~2 < 2T'2. On the other hand, for ¢ € [T],
Far (1%, Xt,a:)) = Fa, (", Xt,0,)) < 1, and we can write

S | Fut " X)) = Furll X1 < 7 (13)
t=1
By combining and (13), we conclude the proof. O

D Experiments

In this section we include additional details on the simulation experiments in Sec.[6|and an experiment
on the US census data.

D.1 Additional Details on the Simulation

We use the following value for the underlying linear model used in Fig.

p*=(4,3,7,0,8,0,0,0,5,5,0,0,2,2,2,2,1) .
—— —— ——— ——

Group 1 Group 2 Group 3 Group 4

Each slice of 4 coordinates of p* affects a different group. Furthermore, since each coordinate of
Y, follows a standard uniform distribution, the resulting reward distributions for each group follow
weighted variants of the Irwin-Hall distribution [[18].

D.2 Experiments on US Census data

In this section, we present an experiment performed using the US Census data and the FalkTables
libraryﬂ [[13]]. In particular we construct a dataset with features similar to the UCI Adult dataset but
where the target is the person’s income instead of the binary variable indicating if the income is more
or less than 50K dollars. We use this target as a possibly inaccurate proxy for how well a candidate
will perform on the job, hence it is used as the noisy reward for the bandit problem.

Setup and Preprocessing. To setup the bandit problem, we construct 2 datasets, namely D1 and
D2, by selecting 500/ males and 500K females random samples first from the 2017 US Census
Survey, to assemble D1, and then from the 2018 survey to assemble D2. We use D1 to find mean and
standard deviation for each feature and also for the target. After that we normalize features and target
from D2 by subtracting the mean and dividing by the standard deviation previously computed on D1.
We then construct p* as a ridge regression estimate on the samples from D2 with the regularization
parameter equal to 10~8. The regression vector * will be used to compute the (true) rewards for
the samples. We construct the bandit problem with K = 2 arms/groups which correspond to the
gender identities male and female. At each round, the context vectors of one male and one female
candidate are sampled from D2 and after one of the two is selected by the policy, its corresponding
noisy reward (i.e. its income) is received by the agent.

Baselines. We compare our method, namely Fair-greedy (Alg.[I)), with the following baselines.

* Uniform Random, which selects an arm uniformly at random at each round.

* OFUL [1]], with exploration parameter set to 0.1.

*https://github.com/zykls/folktables
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Figure 3: US Census Results. Top two images are density and CDF plots of the reward distributions while the
bottom two plots are the standard and fair pseudo-regrets, with mean (solid lines) =+ standard deviation (shaded
region) over 10 runs. To compute the reward PDF and CDF for each group we use the empirical CDF on all
500K samples from D2.

* Greedy, which computes the ridge regression estimate for the reward vector using all the
selected contexts and noisy rewards in the history and then selects the arm maximising the
estimated reward.

* Fair-greedy (Oracle CDF), which is a variant of Fair-greedy where all the selected contexts
and noisy rewards in the history are used to compute the ridge regression estimate and the
empirical CDF of each group is replaced by the true CDF.

* Fair-greedy (Oracle rewards), which is another variant of Fair-greedy where the ridge
regression estimate is replaced by the true reward model p* and all contexts in the history
are used to compute the empirical CDF for each group.

Note that the last two methods are oracle methods because they rely either on the true CDF of
the rewards for each group or on p*, which are unknown to the agent. All methods using a ridge
regression estimate have the regularization parameter set to 0.1. We observed that varying this
parameter did not affect much the relative performance of the methods.

Results. The results and the reward distributions are illustrated in Fig. El We note that in this case,
Greedy performs much better than OFUL, which appears to be too conservative for this problem. In
particular, the standard pseudo-regret of Greedy is unrivaled after 1000 rounds. Furthermore, since
there is a large overlap in the distributions of rewards, our Fair-greedy policy performs much better
than the Uniform Random policy even in terms of standard pseudo-regret, while it outperforms all
non-oracle methods in terms of fair pseudo-regret. As expected, the oracle methods both achieve a
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lower fair pseudo-regret than Fair-greedy, and we note that knowing only the underlying model p* is
significantly more advantageous than knowing only the CDF for each group.

E Multiple Candidates for Each Group

This section contains a rigorous treatement of the content in Sec. [/} We consider the more realistic
case where contexts from a given arm do not necessarily belong to the same group. In particular,
we assume that at each round ¢, the agent receives tuples {(X; 4, 5¢.0) } X, where s; , € [G] is the
sensitive group of the context X; , € R% and G is the total number of groups. After that the agent
selects action a; and subsequently receives the noisy reward (u*, X; o) + n:

Note that we recover the original setting discussed in Sec.[3|when G' = K and s; , = a for every
a € [K], t € N. A more realistic scenario is when {(X; 4, ;) }; are i.i.d., and the distribution
represents e.g. the underlying population of candidates, where IP(s, , = ©) is the same for all a € [K]
and can be small when the group ¢ is a minority. The following analysis applies to both cases.

We impose the following assumption, which is a natural extension of Assumption [A]

Assumption B. Let ;i* € RY be the underlying reward model. We assume that:

(i) The noise random variable 1, is zero mean R-subgaussian, conditioned on Hy_1.

(ii) Foranya € [K), let (X,, s,) be a random variable with values in R? x [G] and || X,||2 < L
almost surely. {( Xt a, St.a) }1_1 are i.i.d. copies of (Xa, Sa). Xa conditioned to s, =i is a
copy of the random variable X; which is independent on the arm, for every a € [K].

(iii) For every a € [K] X, conditioned to s, is independent from (X, $q/) for any a’ # a.

(iv) For everyi € [G)], then there exist d; > 1, an absolutely continuous random variable Y;
with values in R% admitting a density f;, B; € R¥™% and ¢; € R% such that B;Bl- =1y,

X;=B;Yi+c and W B #0 .

We define F(r,i) = P((u*, X;) <r) = P((u*, X,) < r|sq = i) forany r € R, i € G. Hence we
can extend the definition of group meritocratic fairness as follows.

Definition E.1 (GMF policy). a policy {a;}$2, is group meritocratic fair (GMF) if for allt € N, a €
[K] it satisfies
f((u*a Xt,af{)a Saf) > f((u*a Xt,a>a st,at) .

The fair pseudo-regret is now defined as
T
Rp(T) =Y F(i*, Xvaz): 5ar) — F((1*, Xt.a,): Sa,) (14)
t=1

We can adapt Proposition [3.1]to this setting as follows.

Proposition E.1 (GMF policy satisfies history-agnostic demographic parity). Let {{u*, X)}EX |
conditioned to {s,} | be independent and absolutely continuous and for every a € [K|,t € N, let
(Xt.0, 8t.0) be aniii.d. copy of (Xa, 8a). Then foreveryt € N, {F({11*, Xt.a), t.a) } < conditioned
to {st.a } 5, are i.i.d. uniform on [0,1] and

Pla; = alsia Hiq) =1/K Va € [K], (15)
for any GMF policy {a; }{2,.

Proof. Let ¢, = F({1t*, Xt.a), 5t.4). From the assumptions {1, }X ; conditioned to {s;,}X ;

a=1
are i.i.d random variables, independent from 7, ;, with uniform distribution on [0, 1] (see [9,
Theorem 2.1.10]). Let P = P(- | {51}/, H;" ;), we have that Vai, ag € [K]: P(¢s, = 1a,) =0,

Pla; = a|H, ;) =P(a} = a) and

P(a; = a1) = P(tha, > Yar, ¥a' # a1) = P(tha, > thar, Va' # az) = Plaj = az) = 1/K .
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Let Sy, ¢ = {St,a : @ € [K]/a}, then the statement follows from
P(a; = a| sy, Hiy) = Es, ,[P(aj = a)] .
O

Proposition states that the probability of selecting an arm does not change based on group
membership. Fair-Greedy V2 in Alg.2]is the extension of the fair-greedy policy to this new setting.

Algorithm 2 Fair-Greedy V2

1: Requires regularization parameter A > 0, and noise magnitude p € (0, 1]

2: fort=1...Tdo

3: Receive {(Xt.q,500) 15,

& Seti=[(t=1)/2, Xi5 = (Xpars o Xp) T 10 = (P T

5: Ift = 0set uy =0, else let V; := XI£X1:1§ + Mg, generate 7; ~ N(0, ;) and compute

p
pe= Vit X g + d\/?.% :
6: Foreacha € [K], leti := sy, and Ny ; = ZJ Fr Za, 1 1{sj o =1}, compute
Fil(pe Xea), i) = Z Z {7, Xjar) < (i, Xea)} L {8500 =i}
j=t+1a'=1
7: Sample action

ag ~ Z/I[argmax]}t(wf, Xm),st_ya)] .
a€[K]

8: Observe noisy reward 1 o, = (i, X¢.q,) + M-
9: end for

Notice that the number of contexts used for the CDF approximation for group i € [G] is now the
random variable N, ;. Furthermore, we are now using contexts from all the arms to estimate the
CDFs, which as we will see it can improve the dependency on K in the fair pseudo-regret bound. We
observe that the information averaged demographic parity property of Lemmal4.1]does not transfer
directly to Fair-Greedy V2, because at each round, there can be a different number of candidates for
each group. However, as we will see, the regret is still similar to the original case.

The following Lemma establishes an high probability lower bound on Ny ;.
Lemma E.1. Let qx := min,; | Zle P(s, = 1) and let
R =1{3a € [K] such that Vi € |G]P(sq, = 1) < 1} .
R = 1 means that the sensitive attribute is random for at least one arm, whlle is deterministic if
R =0. Then, let o = Rb+ (1 — R) withb € (0,1) and tn := 3 + 'R[(l ayzar 108(GT/6)], with

Ny ,; defined at LlneﬁofAlg E]and without loss of generality, g > 0. For szmlpllczty we let Rx =0
when R = 0,z = co. We have that with probablity at least 1 — RS, for every t € {tn,..., T}

min Vg ; t—1—1t)
e ti > ( )QK

Proof. f R = 0, then P(s, = i) = 1 {s, = i} and the result follows.
If R = 1 instead, note that for every i€ [G] we have that

E[N; ;] = Z Z]P > (t—1—1)qx
j=t—1a=1

Applying the Chernoff bound we have that with probability at least 1 — 4, for all ¢ > ¢
Nii > B[Ny > (t =1 - t)agx
and the statement follows O
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Let Sr(ty, ) == {{{st I YL, s ming Ny > (t—1—1)agg forallty < ¢ < T} be the event
when Lemma is satisfied. We can then proceed the analysis assuming that St(ty, ) holds.
Noticing that the maximum number of approximate CDFs to be computed at each round is G we can
adapt Lemma|[C.T]as follows.

Lemma E.2. Let Assumption hold and ﬁt(r, i), and pij to be generated by Alg.|2| Let Z; :=

{1z, X;) and denote with F,(-) its CDF, conditioned on ;. Then, if the event St (L, «v) is satisfied,
with probability at least 1 — 6 we have that forall ty <t <T

A log(2GT /)
sup |Fe(r,i) — F. _—
ie[G],reR‘ i) = Fa ()] < (t — Dagk

Then, following the steps in Lemma[5.2} we obtain the following bound on the instantaneous regret.

Lemma E.3 (Instant regret bound). Let Assumption|[B(i)iv)| hold and a, to be generated by Alg. [2]
Then, if the event St(tn,«) is satisfied, with probability at least 1 — /4, for all t such that
ty <t <T we have

log(16GT'/6)

F *,X ay/soaf - F *7X at/r2a <6M * = pillve max -1 2
({17, Xeap)s sap) = FUR" Xear) $a,) < OM|7 = pgllve | 2max [y + (t = Dagr

where meaxHVt__l = Squeulesupp(Xi)”xHthl'

Proof sketch. Uses the decomposition in the proof of Lemma|[5.2] then Lemmal|E.2]and a version of
Lemma [5.T]adapted to this more general setting. O

We can bound ||1* — 7] v; using the confidence bounds in OFUL [1]. To bound || max||y, -1 instead,

t
we first provide an adaptation of Proposition which guarantees sufficient exploration of all arms.
The proof is very similar to that of Proposition and we report it here for completeness.

Proposition E.2. Ler Assumption @ hold, a; be generated by Alg. |I|and ¢ € [0,1). Then, if
Sr(tn, ) is satisfied, with probability at least 1 — 6/4, for all a € K] and all t > max (tn,3 +

8log®/? (5Ge/d)(1— ¥/e) 73(qKa)’3/2) we have

_ C
]P(at = a|st,a7Ht71) > ? )

where we recall that Hy = Ul_y {{(Xia, Si,a) Y1, i, ai }-
Proof. Recall the definition of Alg.[2| For any a € [K]let 7, , = ,ufTX +,a> Which is the estimated

reward for arm «, at round ¢. Note that ;; and X, , are independent random variables. Furthermore,
denote with F, _ (-, s¢,,) the CDF of 7, , conditioned on y; and s; 4, and let

Tt,a
(b = ]:n a(rt,cu St,a) P and (&t,a = ]:-t<72t,a; St,a) .

Let 'y := argmax, ¢k ét,w Now, by the definition of the algorithm, we have

P(a; = a|{sa}izr, Hio Z IP’CLEC'zt»|Ct|—m|7'lt 1) s
m= 1
Lete; > 0and P(-) = P(- | {540}, H; 15 SUWPge k] |Ptoa < ¢). Then, we can write
P(a; = a) > P(ra > drar, Yo' # a) > P(bra > dra +26,Vd #a)
where in the first inequality we considered the case when a € C; and |C}| = 1. In the second
inequality we considered the worst case scenario where qﬁt a = Pra — € and gbf o = Qra + &

Recall that by the construction of the algorithm p; = V;~ 'x 1T i+ (1/ Vi) - ;. forall i € [G],
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the additive noise (1/ Vd?)v; assures that utTB,; # 0, almost surely. Therefore, by Lemma
1.0 = {p7, Xt,q) conditioned on p; is absolutely continuous.

Assumption and [9, Theorem 2.1.10] yield that {¢¢ 4 }.e(x] conditioned to {s¢q}2; are
independent and uniformly distributed on [0, 1] and in turn that

~ 1 K—1 ! K—1 (1_2€t)K
wa=wz;/<Pwmy<u—2q» cm:1/<u—%» dp="—2 )
0 2

€t

We continue by computing an €; for which sup, ¢ |bt.0 — ét7a| < ¢; holds with high probability.

Observing that, conditioned on y; and {s;,} 5 |, .7:},@(~, 5¢,4) is the empirical CDF of 7, (,5¢,4),
we can use Lemma[ET]and the Dvoretzky—Kiefer—Wolfowitz-Massart inequality to obtain, for any
a€[K],t>ty,ands >0

P (‘¢t,a — bral > s) < 2exp (—25*(t — 1 — 1)(agk))

Now, let 7 := max (tn,3 + 8log®/? (5Ge/d) (1 — ¥/c) _B(aqK)_3/2). By applying the union
bound and noticing that we have max of G CDFs and approximate CDFs, we can write

P ( sup ]|¢t,a_(lgt,a| Z 3) é GZP(|¢t,a_q§t,a| 2 S)

tzTU,LLE[K t=10

<2G Z exp (—25%(t —t — 1)(agk)) -

Since ¢ = | 451 ], it is straightforward to check that

P sup  |bra — $t7a| >s| <2G exp (—s2ath) dt
t>70,a€[K]| t=19—1
2G
< a0 (et 1)

log(4G(m9—1)/9)
(to—1)agx

2 log(4G(m9 — 1)/9) )
PCQﬁmWﬂ¢MZ¢ m—mm»>§wmmm—W®

where from 79 > 3, <1 = 4G(19 — 1)/ > 8 > €? = log (4G (79 — 1)/8) > 2 we obtain
the last inequality. From (I6)), it follows that

Now, for any ¢ € (0, 1), by assigning s = , we get

o
< —
<7 an

(1- 2sup; >, )&

inf P (a; = al{seati. M) = e

t>70,a€[ K]

log(4G(r0—1)/9)

o-TDage with probability at least 1 — %, we have

Moreover, form (T7), by letting ¢, =

K

1 log(4G(9 — 1)/9)

inf P = a K— 77-[_ >—=|1-2
1> rae(K] (a0 = alfstatams, Hisy) 2 K (ro — Dagk
B

(18)

For the term (I) in the above, using log(z) < log(5e/4)x'/3 and 2 > 22/3 for any x > 1 we deduce
that

M = log(4G/6) + log(mo — 1) < log(4G/8) + log(5e/4) _ log(5Ge/d)

(10 — gk (10 — 1)23aqk (10 — 1)2Bagx
Now, since 79 > 3 + 81log®? (5G'¢/8) (1 — %)_3(aqK)_3/2, we get that () < & (1 — %/¢)% and
conclude the proof by plugging this inequality in (T8). O
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Furthermore, for fixed t, let E = E[-|#; ;] and P = P[- | #;_,]. Note that if the assumptions of
Proposition[E.2]are satisfied, then

E[XtﬂtXtTat] = ZE[XiXT]P(St@t = Z)

> cK—le[XiXJ] - qf;(G ! ZIEXXT (19)

where we applied Propositionin the last line. We can bound ||xmax ||y~ in Lemma|E.3|in the

same way as in Lemma using (I9) with ¢ = 1/2 when needed in the proof of Lemma
Combining the previous results we obtain the following regret bound.

Theorem 2. Let Assumption@hold, a; be generated by Alg. E|cmd Yi=G! ZZGZI E[X; X '] Then,
with probability at least 1 — 0, for any T' > 1 we have

Re(r) < SMIVE 104 | py 1 i Tog(8 T AT max(TE A D) 5] + VAT

Ain(2)ax G

min

438 T'log(8GT/41) iy

3aqr 7
where 6 = 61 + Rda, T = 4 max(m, 72, R73) + 3 and
32K3 3 5412 2
= "2 _1og®? (5Ge/81), log(4d/5,), =—2  1og(GT/55),
7= Qg 8 PO = Sy o), = G g BT

where qrc, R and « are defined in LemmalE-Iand we use the convention RT3 = 0 if R = 0,73 = oc.
Hence

RAT) = 0 ( R108(GT/5) K log®/%(G/6)  |dTlog (GT/51)>

qK i (1+G/K)qx)

Proof Sketch. First, assume St (tx, ) holds and use a similar strategy of Thm. to get a bound w.p.
at least 1 — &;. Then combine this result with Lemma[E.1] O

Notice that in the case where each arm corresponds to a different sensitive group, i.e. when G = K,
Sq = a and therefore g = 1, R = 0 and = 1, we recover Thm. m Moreover, we have the
following corollary which shows an advantage for higher number of arms compared to the bound in
Thm. [1| when {(X,, s,)}; areiid..

Corollary E.1. Let {(X,, sa)} 1 beiid. and quin = miniciq P(s, = 1)G. IfAssumptlon@
holds and ay is generated via Alg. l we have that with probability at least 1 — 0, for any T > 1 an
€ (0,1) we have that

96ML 1
Re(T) <——222 [()\5 + R+ L)\/dT log((8 + 4T max(L2/X, 1)) /d1) + \/mm*”z}
)\gln( )Qmin
TGlog(8GT/61)
* 8\/ 3I(O‘qmin T ’

where § = 61 + 0o, T = 4 max(1y, T2, 73) + 3 and

32(KG)3/? log?/2 (3G 5412 log [ 24 2G oo [ GT
Tl = ————————7 —_ T —_— T3 = — —_— .
1 (Oéqmin)'?)/2 g 61 s T2 = A+ ( ) 0og 61 y 13 ( ) g

min
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Figure 4: US Census Results. Group = Ethnicity. First image is the density plots of the reward distributions,
the second image is the number candidates (in log scale) from each group which are selected by each policy
(mean and std over 10 runs), while the bottom two plots are the standard and fair pseudo-regrets, with mean
(solid lines) + standard deviation (shaded region) over 10 runs. To compute the reward CDF for each group we
use the empirical CDF on 5K samples from D2.

Hence

dT log (GT/90)

+ (1 +K/G)Qm1n)

Glog(GT/9) (KG)3/?10g>(G/5)
3/2

9 min

RF(T) - O quin

Note that in Cor.[E.I] gmin > 0 without loss of generality and g,i, = 1 if and only if each group has
the same probability of being sampled. Furthermore gy,i, /G is the probability that a context belongs
to the less common group, which depends on the problem at hand. Note that there is an advantage
compared to Thm. [T]in terms of number of arms when K > G. This is because context coming from
all arms can be use to estimate the CDF of a given group.

E.1 Additional Details on the US Census Experiments

This experiment is introduced in Sec.[7]and similarly to that of Appendix [D.2] is performed using
the US Census data. However, candidates are sampled from the original dataset at random together
with their sensitive group (their ethnicity). Hence, we use Fair-greedy V2 (Alg. 2. Differently from
Appendix [D.2] where we use the target income as noisy reward, here we add artificial noise with
standard deviation 0.2 directly to the true reward.

Setup and Preprocessing. To setup the bandit problem, we construct two datasets: D1 and D2.
We first load all the data from the 2017 US Census Survey to assemble D1, and then from the 2018
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survey to assemble D2. Then we retain only candidates from 6 ethnic groups containing at least
5 x 103 candidates, in order to accurately compute the true CDF for each group. We use D1 to
find mean and standard deviation for each feature and also for the target. After that we normalize
features and target of D2 by subtracting the mean and dividing by the standard deviation previously
computed on D1. We then construct p* as a ridge regression estimate on the samples from D2 with
the regularization parameter equal to 10~8. The regression vector p* will be used to compute the
(true) rewards for the samples. We construct the bandit problem as follows. At each round, the
context vectors of K = 10 individual are sampled from D2 and after one is selected by the policy, its
corresponding noisy reward, obtained by adding gaussian noise with standard deviation 0.2 to the
true reward, is received by the agent.

Baselines. We compare our method with the same baselines as in Appendix [D.2] where the two
oracle policies are now variants of Fair-Greedy V2. Moreover, we set the regularization parameter
for all policies using a ridge estimate to 0.1 and the exploration parameter of OFUL to 0.01.

Results (Fig.[d). We draw similar conclusions as in Appendix In particular, Greedy performing
better than OFUL and the Fair-Greedy policy achieving sublinear fair pseudo-regret, but worse than
Oracle methods. Additionaly we can see that knowing p* plays a more important role than knowing
the true reward CDFs. In this case, the gap between the Uniform random policy and the others
is even larger since K = 10. Moreover, as expected, Fair-greedy selects more candidates from
underperforming (in terms of reward) minority groups, when compared with OFUL and Greedy.

F Trade off between Fairness and Reward Maximization

In this section, we show for which problems the GMF policy and the optimal policy have competing
goals. in particular, for the case of K = 2, when the rewards are absolutely continuous and
independent across arms, whenever they are not identically distributed, the GMF policy achieves
linear standard pseudo-regret with nonzero probability. The following theorem proves this result.

Theorem 3. Let Assumption@hold with K = 2, and assume that F1 # Fa. Let 7y ¢ := (11", Xy.4),
{a;}L_, be the GMF policy (see Deﬁnition and {a{""'}_, be the optimal policy (see Remark.
Then, there exists ¢ > 0, such that

p= /0 [max(Fy(F5 ' (y) — €) — y,0) + max(y — Fi(F5 '(y) +¢),0)] dy >0 .

Furthermore with probability at least ﬁfﬁ”, forany T > 0, we have

[Ty am = Traz] - (20)

7L<
2 - 1

T
t=

Proof. Let7, := (u*, X4), ¢u = Fa(ra) be the CDF value of 7, and F, ! be the quantile function,
i.e. such that 7, '(z) = inf{y € R : & < F,(y)}. For € > 0 consider the set £ := FE{ U ES where

ES =
ES =

x,y) € [05 1]2 x> y’fl_l(x) < f2_1(y) *6} )
(z,y) € [0,1)% 1z <y, Fy () > Fy t(y) + ¢} .

A
—

Note that we can write

Ef ={(z,y) €[0,1:y <z < Fu(F5 ' () — &)} ,
Es ={(z,y) € 0,1 : Fi(Fy (y) +¢) <z <y} .
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Now, let g1 2(y, €) = Fi1(F5 *(y) + ¢). Since from Assumption [Akii}iv)l ¢; an g2 are i.i.d uniform
on [0, 1] we have that

P((q1,q2) € E°) =P((q1,42) € ET) +P((q1,92) € E5)

g1,2(y,—¢€)
/ / dxdy +/ / dxdy
91,2(y,€)

= / max(g1,2(y, —€) — y,O)der/ max(y — g7 »(y, €),0)dy
0 0

1
_ / [max(Fy (Fy 1 (y) — €) — ,0) + max(y — Fi (Fy(y) + €),0)] dy -
0
2D
Since F; # Fa, and Fy, F» are absolutely continuous, there exists € > 0, such that Fy 1(y) —
Fily) > ¢, or Fy'(y) — FyH(y) < ¢ fory inside a closed interval, and hence P((g1,q2) €
E€) > 0. This yields (20) by letting € = ¢, and p = P((q1, g2) € E°).

Now, let g, = Fo(T1,4), then for the expected value of the instantaneous standard regret, at round ¢,
we can write

E[F; g = Ttar] 2 /( ) oM (y) — Fr (@) dedy > €P((ge1,q0.2) € EF) = ep >0,
) z,y)EE®

and for the standard regret, we have
ZE[ft,azpl - Ft,at*] >T-ep>0 .
t=1

Finally, let Q be the event that £ - 3>/ | E [Fr o = Traz] < S [, o — Tt,a; ] Considering the
fact that Zf:ﬂft,a?" — Tt,az] < 2L[|p*|| T, we deduce

T
S Elrg — frail =Y [E[Ft’agm — Pra; | QAP(Q) + Effy gn — 7 ]IP(QC)}
t=1

t=1

T
<2L| || TP(Q) + > EIF, pon — Fraz]/2
t=1

and we get 4L” 7 < Zt 1 B[Py qon — Te,ap]/(AL|| " ||T) < P(€2), which finishes the proof. O

Remark F.1. In Thm. = 0. On the other hand, by the definition p < 1,

and accordingly m <1/2

Remark F.2. With similar reasoning as in the proof of Thm. [3] we can show that if 71 # F»
the optimal policy (see Remark [3.1) has linear fair pseudo-regret with positive probability, that
is independent of T. In particular, there exist c¢,¢’ > 0, such that for any T > 0, P(T - ¢’ <

Zt 1[ af (rt (lt) - ‘Fa‘;”'(ft,azm)]) > c.

Example 1 (Disjoint supports). As an example consider the case when K = 2 and vy 1 —72 > € > 0,
for all t > 1, almost surely. Then, Fi(Fy *(y) — €) = Fi(Fy *(y) +¢€) = 0 for every y € [0,1].
Hence we have

p= /0 [max(Fy(Fy '(y) —€) —y,0) + max(y — Fi(Fy '(y) +€),0)] dy =1/2 .

Then by Thm. with probability at least m, forany T > 0, we have Zle [fmzpr —Ttaz] > %.
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