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Abstract

Neural sequence models based on the transformer architecture have demonstrated
remarkable in-context learning (ICL) abilities, where they can perform new tasks
when prompted with training and test examples, without any parameter update to the
model. This work first provides a comprehensive statistical theory for transformers
to perform ICL. Concretely, we show that transformers can implement a broad
class of standard machine learning algorithms in context, such as least squares,
ridge regression, Lasso, learning generalized linear models, and gradient descent
on two-layer neural networks, with near-optimal predictive power on various in-
context data distributions. Using an efficient implementation of in-context gradient
descent as the underlying mechanism, our transformer constructions admit mild
size bounds, and can be learned with polynomially many pretraining sequences.

Building on these “base” ICL algorithms, intriguingly, we show that transformers
can implement more complex ICL procedures involving in-context algorithm se-
lection, akin to what a statistician can do in real life—A single transformer can
adaptively select different base ICL algorithms—or even perform qualitatively
different tasks—on different input sequences, without any explicit prompting of the
right algorithm or task. We both establish this in theory by explicit constructions,
and also observe this phenomenon experimentally. In theory, we construct two gen-
eral mechanisms for algorithm selection with concrete examples: pre-ICL testing,
and post-ICL validation. As an example, we use the post-ICL validation mecha-
nism to construct a transformer that can perform nearly Bayes-optimal ICL on a
challenging task—noisy linear models with mixed noise levels. Experimentally,
we demonstrate the strong in-context algorithm selection capabilities of standard
transformer architectures.

1 Introduction

Large neural sequence models have demonstrated remarkable in-context learning (ICL) capabili-
ties [12], where models can make accurate predictions on new tasks when prompted with training
examples from the same task, in a zero-shot fashion without any parameter update to the model. A
prevalent example is large language models based on the transformer architecture [84], which can
perform a diverse range of tasks in context when trained on enormous text [12, 90]. Recent models
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Figure 1: Nlustration of in-context algorithm selection, and two mechanisms constructed in our theory.
Left, middle-left: A single transformer can perform ridge regression with different A\’s on input sequences
with different observation noise; we prove this by the post-ICL validation mechanism (Section 4.1). Middle-
right, right: A single transformer can perform linear regression on regression data and logistic regression on
classification data; we prove this via the pre-ICL testing mechanism (Section 4.2).

in this paradigm such as GPT-4 achieve surprisingly impressive ICL performance that makes them
akin to a general-purpose agent in many aspects [65, 14]. Such strong capabilities call for better
understandings, which a recent line of work tackles from various aspects [49, 94, 28, 72, 15, 57, 64].

Recent pioneering work of Garg et al. [31] proposes an interpretable and theoretically amenable
setting for understanding ICL in transformers. They perform ICL experiments where input tokens
are real-valued (input, label) pairs generated from standard statistical models such as linear models
(and the sparse version), neural networks, and decision trees. Garg et al. [31] find that transformers
can learn to perform ICL with prediction power (and fitted functions) matching standard machine
learning algorithms for these settings, such as least squares for linear models, and Lasso for sparse
linear models. Subsequent work further studies the internal mechanisms [2, 86, 18], expressive
power [2, 32], and generalization [47] of transformers in this setting. However, these works only
showcase simple mechanisms such as regularized regression [31, 2, 47] or gradient descent [2, 86, 18],
which are arguably only a small subset of what transformers are capable of in practice; or expressing
universal function classes not specific to ICL [89, 32]. This motivates the following question:

How do transformers learn in context beyond implementing simple algorithms?

This paper makes steps on this question by making two main contributions: (1) We unveil a general
mechanism—in-context algorithm selection—by which a single transformer can adaptively select
different “base” ICL algorithms to use on different ICL instances, without any explicit prompting of
the right algorithm to use in the input sequence. For example, a transformer may choose to perform
ridge regression with regularization A\; on ICL instance 1, and Ay on ICL instance 2 (Figure 2); or
perform regression on ICL instance 1 and classification on ICL instance 2 (Figure 5). This adaptivity
allows transformers to achieve much stronger ICL performance than the base ICL algorithms. We
both prove this in theory, and demonstrate this phenomenon empirically on standard transformer
architectures. (2) Along the way, equally importantly, we present a comprehensive theory for ICL in
transformers by establishing end-to-end quantitative guarantees for the expressive power, in-context
prediction performance, and sample complexity of pretraining. These results add upon the recent
line of work on the statistical learning theory of transformers [97, 89, 27, 39], and lay out a foundation
for the intriguing special case where the learning targets are themselves ICL algorithms.

A detailed summary of our contributions is as follows.

* We prove that transformers can implement a broad class of standard machine learning algorithms
in context, such as least squares, ridge regression, Lasso, convex risk minimization for learning
generalized linear models (such as logistic regression), and gradient descent for two-layer neural
networks (Section 3). Our constructions admit mild bounds on the number of layers, heads, and
weight norms, and achieve near-optimal prediction power on many in-context data distributions.

* Technically, the above transformer constructions build on a new efficient implementation of in-
context gradient descent (Appendix D), which could be broaderly applicable. For a broad class
of smooth convex empirical risks over the in-context training data, we construct an (L + 1)-layer
transformer that approximates L steps of gradient descent. Notably, the approximation error
accumulates only linearly in L, utilizing a stability-like property of smooth convex optimization.

* We prove that transformers can perform in-context algorithm selection (Section 4). We construct
two algorithm selection mechanisms: Post-ICL validation (Section 4.1), and Pre-ICL testing
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Figure 2: In-context algorithm selection on two separate noisy linear regression tasks with noise (o1, 02) =
(0.1,0.5). (a,b) A single transformer TF_alg_select simultaneously approaches the performance of the
two individual Bayes predictors ridge_lam_1 on task 1 and ridge_lam_2 on task 2. (c¢) At token 20 (using
example {0, ..., 19} for training), TF_alg_select approaches the Bayes error on two tasks simultaneously,
and outperforms ridge regression with any fixed ). (a,b,c) Note that transformers pretrained on a single
task (TF _noise_1, TF_noise_2) perform near-optimally on that task but suboptimally on the other task. More
details about the setup and training method can be found in Appendix M.2.

(Section 4.2). For both mechanisms, we provide general constructions as well as concrete
examples. Figure 1 provides a pictorial illustration of the two mechanisms.

* As a concrete application, using the post-ICL validation mechanism, we construct a transformer
that can perform nearly Bayes-optimal ICL on noisy linear models with mixed noise levels
(Section 4.1.1), a more complex task than those considered in existing work.

» We provide the first line of results for pretraining transformers to perform the various ICL tasks
above, from polynomially many training sequences (Section 5 & Appendix K).

» Experimentally, we find that learned transformers indeed exhibit strong in-context algorithm
selection capabilities in the settings considered in our theory (Section 6). For example, Figure 2
shows that a single transformer can approach the individual Bayes risks (the optimal risk among
all possible algorithms) simultaneously on two noisy linear models with different noise levels.

Transformers as statisticians We humbly remark that the typical toolkit of a statistician contains
much more beyond those covered in this work, including and not limited to inference, uncertainty
quantification, and theoretical analysis. This work merely aims to show the algorithm selection
capability of transformers, akin to what a statistician can do.

Related work Our work is intimately related to the lines of work on in-context learning, theoretical
understandings of transformers, as well as other formulations for learning-to-learn such as meta-
learning. Due to limited space, we discuss these related work in Appendix A.

2 Preliminaries

We consider a sequence of N input vectors {hi}ilil C RP, written compactly as an input matrix
H = [hy,...,hy] € RP*Y where each h; is a column of H (also a token). Throughout this paper,
we let o(t) := ReLU(t) = max {t, 0} denote the standard relu activation.

2.1 Transformers

We consider transformer architectures that process any input sequence H € R”*" by applying
(encoder-mode?) attention layers and MLP layers formally defined as follows.

Definition 1 (Attention layer). A (self-)attention layer with M heads is denoted as Attng(-) with
parameters 0 = {(V ,, Qpn, Km)}me[M] C RP*P_On any input sequence H € RP*N,

H = Attng(H) =H + L 3™ (V,,H) x ¢((Q.,H) T (K,,H)) € RP*N, (1)
where o : R — R is the ReLU function. In vector form,
h; = [Attng(H)], = hi + 30, & 2501 0((Qubi, Kihy)) - Viohy.

*Many of our results can be generalized to decoder-based architectures; see Appendix C for a discussion.




Above, (1) uses a normalized ReLU? activation ¢ +— o(t)/N in place of the standard softmax
activation; we remark this activation is also found to work well empirically in recent studies [78, 93].
Definition 2 (MLP layer). A (token-wise) MLP layer with hidden dimension D' is denoted as
MLPg(-) with parameters @ = (W1, W3) € RP"*P x RP*D’ On any input sequence H € RP*N,

H = MLPy(H) := H + Wy0 (W H),
where o : R — R is the ReLU function. In vector form, we have fll =h; + Wyo(W1h,).

We consider a transformer architecture with L > 1 transformer layers, each consisting of a self-
attention layer followed by an MLP layer.
Definition 3 (Transformer). An L-layer transformer, denoted as TFg(-), is a composition of L

self-attention layers each followed by an MLP layer: H) = TFg(H(O)), where H©) ¢ RP*N jg
the input sequence, and

H( = MLP, ) (Attn o (HO- 1>)), te{l,...,L}.

mlp [Zhoe

Above, the parameter 8 = (HStﬁ)ﬁm}LpL)) consists of the attention layers Gattn =

{(V,(f;), %)7K7(7l;))}m€[M(z)] C RP*P and the MLP layers 0m1p = (WY)?W;")) € RPxD

RP*PY e will frequently consider “attention-only” transformers with Wg), W;e) = 0, which

we denote as TFY(-) for shorthand, with @ = (1) .= oLl

We additionally define the following norm of a transformer TFg:

L 4
01 = max { e {1QE o, K o | + va Mop + W llop + [WE op ) @)

In (2), the choices of the operator norm and max/sums are for convenience only and not essential, as
our results (e.g. for pretraining) depend only logarithmically on ||@||.

2.2 In-context learning

In an in-context learning (ICL) instance, the model is given a dataset D = {(x;, ¥i) };¢ [ CPanda

new test input x41 ~ Px for some data distribution P, where {xi}ie[ N € R< are the input vectors,
{yi}iein) € R are the corresponding labels (e.g. real-valued for regression, or {0, 1}-valued for
binary classification), and x4 1 is the test input on which the model is required to make a prediction.
Different from standard supervised learning, in ICL, each instance (D, Xy 1) is in general drawn
from a different distribution P, such as a linear model with a new ground truth coefficient w, ; € R%.
Our goal is to construct fixed transformer to perform ICL on a large set of P;’s.

We consider using transformers to perform ICL, in which we encode (D, x 1) into an input se-
quence H € RP*(N+1)_In our theory, we use the following format, where the first two rows contain
(D, xn+1) (zero at the location for 1), and the third row contains fixed vectors {pi}ie[ N41] with

ones, zeros, and indicator for being the train token (similar to a positional encoding vector):

X1 X2 ... XN XN41 Dx(NL1 0D—(d+3) De(di1
H=|y 4 ... yn 0 |eRPXN poe 1 e RP-(@+)  (3)
P1 P2 ... PN Pn41 i< N+1}

We will choose D = ©(d), so that the hidden dimension of H is at most a constant multiple of d. We
then feed H into a transformer to obtain the output H = TF, (H) € RP*(N+1) with the same shape,
and read out the prediction 71 from the (d + 1, N + 1) th entry of H= [h lie[v+1) (the entry
corresponding to the missing test label): ¥y 41 = read,(H) := (hy41)d+1. The goal is to predict

3For each query index 4, the attention weights {o((Qmh;, K,,h;))/N} je(n is also a set of non-negative

weights that sum to O(1) (similar as a softmax probability distribution) in typical scenarios. Also, our approxi-
mation results can potentially be generalized to softmax attention e.g. using the technique of [32].



Yn+1 thatis close to yn 11 ~ Py, measured by proper losses. We emphasize that we consider
predicting only at the last token x 1, which is without much loss of generality.*

Miscellaneous setups We assume bounded features and labels throughout the paper (unless oth-
erwise specified, e.g. when x; is Gaussian): ||x;||s < B, and |y;| < B, with probability one. We
use the standard notation X = [x{;...;x\] € RM*?and y = [y1;...;yn] € RY to denote the
matrix of inputs and vector of labels, respectively. To prevent the transformer from blowing up on
tail events, in all our results concerning (statistical) in-context prediction powers, we consider a

clipped prediction yn 41 = re?ardy(ItI) := clipg((hn+1)a+1), where clipg(t) := Proji_g g(t) is
the standard clipping operator with (a suitably large) radius R > 0 that varies in different problems.

3 Basic in-context learning algorithms

We begin by constructing transformers that approximately implement a variety of standard machine
learning algorithms in context, with mild size bounds and near-optimal prediction power on many
standard in-context data distributions.

3.1 In-context ridge regression and least squares

Consider the standard ridge regression estimator over the in-context training examples D with
regularization A > 0 (reducing to least squares at A = 0 and NV > d):

. N 2 2 .
Wi\idge = arg ming, cga ﬁ Doimq (W, x) — )" + % lwll5 - (ICRidge)

We show that transformers can approximately implement (ICRidge) (proof in Appendix F.1).

_ BEA

Theorem 4 (Implementing in-context ridge regression). Forany A > 0,0 < a < S with K : o

B, > 0, and e < B, B,, /2, there exists an L-layer attention-only transformer TFg with
L = [2610g(B,Bu/(26)] +1, maxeey MO <3, [0] <AR+8(B+N"" (@)

(with R := max { B, B,,, By, 1}) such that the following holds. On any input data (D, Xy 1) such
that the problem (ICRidge) is well-conditioned and has a bounded solution:

@ < Amin(XTX/N) < Anax(XTX/N) < B, [ Whagell, < Bu/2, (5)

TFg approximately implements (ICRidge): The prediction Jn +1 = read,(TFg(H)) satisfies
[Un+1 — <W§\idge,XN+1>’ <e. (6)

Theorem 4 presents the first quantitative construction for end-to-end in-context ridge regression up
to arbitrary precision, and improves upon Akyiirek et al. [2] whose construction does not give (or
directly imply) an explicit error bound like (6). Further, the bounds on the number of layers and
heads in (4) are mild (constant heads and logarithmically many layers).

Near-optimal in-context prediction power for linear problems Combining Theorem 4 with
standard analyses of linear regression yields the following corollaries (proofs in Appendix F.3 & F.4).

Corollary 5 (Near-optimal linear regression with transformers by approximating least squares). For

any N > O(d), there exists an O(klog(kN/c))-layer transformer 0, such that on any P satisfying
standard statistical assumptions for least squares (Assumption A), its ICL prediction §n 1 achieves

EDxn i1 yns)PlOn+1 — yn+1)?] < info Eieyop [(y — (w,x))2] + O(do?/N).

Assumption A requires only generic tail properties such as sub-Gaussianity, and not realizability
(i.e., P follows a true linear model); k, o above denote the covariance condition number and the

*Our constructions may be generalized to predicting at every token, by using a decoder architecture and
potentially different input formats correspondingly (cf. Appendix C). Our theory focuses on predicting at the last
token only, which simplifies the setting. Our experiments test both settings.



noise level therein. The 5(do2 /N) excess risk is known to be rate-optimal for linear regression [38],
and Corollary 5 achieves this in context with a transformer with only logarithmically many layers.
Next, consider Bayesian linear models where each in-context data distribution P = Pi" is drawn
from a Gaussian prior 7 : w, ~ N(0,I;/d), and (x,y) ~ P is sampled as x ~ N(0,1;),
y = (w4, x) + N(0,02). It is a standard result that the Bayes estimator of yn1 given (D, Xx 1)
is given by ridge regression (ICRidge): @\]'i,aff = (W} age» XN11) With A = do? /N. We show that
transformers achieve nearly-Bayes risk for this problem, and we use

. ~B. 2
BayesRisk,. := EW*~ﬂ7(Dva+1,yN+1)~P"L’}* [% (yNafls - yN‘H) ]
to denote the Bayes risk of this problem under prior 7.

Corollary 6 (Nearly-Bayes linear regression with transformers by approximating ridge regression).
Under the Bayesian linear model above with N > max {d/10,O (log(1/¢))}, there exists a L =

O (log(1/e))-layer transformer such that By, (D xx 1 ,yn+1) |5 (UN+1—Yn+1)?] < BayesRisk, +e.

Generalized linear models In Appendix G, we extend the above results to generalized linear
models [53] and show that transformers can approximate the corresponding convex risk minimization
algorithm in context (which includes logistic regression for linear classification as an important
special case), and achieve near-optimal excess risk under standard statistical assumptions.

3.2 In-context Lasso

Consider the standard Lasso estimator [82] which minimizes an ¢ -regularized linear regression loss
Liasso over the in-context training examples D:

Wiagso 1= arg ming, cpa Elasso(w) = ﬁ Zf\il ((w,x;) — yi)2 + A W]l (ICLasso)

We show that transformers can also approximate in-context Lasso with a mild number of layers, and
can perform sparse linear regression in standard sparse linear models (proofs in Appendix H).

Theorem 7 (Implementing in-context Lasso). Forany Ay >0, 8 > 0, By, > 0, and € > 0, there
exists a L-layer transformer TF g with
L=[BB%/e] +1, maxpey MO <2, maxye DY <2d, ||0] <O(R+(1+Ay)87Y)

(where R := max { B, B,,, By, 1}) such that the following holds. On any input data (D, Xn 1) such
that Amax(XTX/N) < Band ||[Wiasso|ly < Buw/2, TFe(H®)) approximately implements (ICLasso),
in that it outputs :I/\NJrl = <XN+17 ‘7\\/'> with Llasso (‘/7\\7) - Llasso (Wlasso) <e

Theorem 8 (Near-optimal sparse linear regression with transformers by approximating Lasso). For
anyd,N > 1,6 > 0, Bf, 0 > 0, there exists a O((B},)?/0? x (1 + (d/N)))-layer transformer 0
such that the following holds: For any s and N > O (slog(d/$)), suppose that P is an s-sparse
linear model: x; ~ N(0,14), y; = (w,,x;) + N(0,0?) for any |w.||, < Bl and ||w,|, < s, then
with probability at least 1 — § (over the randomness of D), the transformer output 1 achieves

Eixx 1m0~ [(In+1 = yn+1)?] < 0?[1+ O(slog(d/d)/N)].

The O(slogd/N) excess risk obtained in Theorem 8 is optimal up to log factors [62, 87]. We remark
that Theorem 8 is not a direct corollary of Theorem 7; Rather, the bound on the number of layers
in Theorem 8 requires a sharper convergence analysis of the (ICLasso) problem under sparse linear
models (Appendix H.2), similar to [1].

3.3 Proof technique: In-context gradient descent

The constructions in Section 3.1 and 3.2 is built on the following result for approximating in-context
(proximal) gradient descent on (regularized) convex losses.

Theorem 9 (ICGD; Informal version of Theorem D.1 & D.2). For a broad class of convex losses
of form w — % Zi\; U(w x4, ;) + R(W), there exists an L-layer transformer that takes in any
(D, w°) and outputs W* such that |[w’ — W{LGD,PGD} llo < O(Le), by composing L identical layers
each O(e)-approximating a single step of GD (so that O(Le) is a linear error accumulation).



Theorem 9 is established in two main steps:

» Approximating one-step of ICGD using one attention layer (Proposition E.1), which substantially
generalizes that of von Oswald et al. [86] (which only does GD on square losses with a linear
self-attention), and is simpler than the ones in Akyiirek et al. [2] and Giannou et al. [32].

 Stacking L of the above layer to approximate L steps of ICGD. Done naively, the error accumu-
lation of this stacking operation is exponential in L in the worst case. We utilize the stability of
convex gradient descent (Lemma D.1) to obtain the linear in L error accumulation in Theorem 9.

In Appendix D.3, we also give results for non-convex GD on two-layer neural nets, though with a
worse (exponential in L) error accumulation as expected.

4 In-context algorithm selection

We now show that transformers can perform various kinds of in-context algorithm selection, which
allows them to implement more complex ICL procedures by adaptively selecting different “base”
algorithms on different input sequences. We construct two general mechanisms: Post-ICL validation,
and Pre-ICL testing; See Figure 1 for a pictorial illustration.

4.1 Post-ICL validation mechanism

In our first mechanism, post-ICL validation, the transformer begins by implementing a train-validation
split D = (Dyain, Dval), and running K base ICL algorithms on Dy.in. Let {fk’}ke[K} C (R? = R)
denote the K learned predictors, and

Eval(f) = |D{/a|‘ E(Xz‘,yi)epm E(f<xi)a yz) (7)

denote the validation loss of any predictor f.

We show that (proof in Appendix I.1) a 3-layer transformer can output a predictor fthat achieves

nearly the smallest validation loss, and thus nearly optimal expected loss if Eva| concentrates around
the expected loss L. Below, the input sequence H uses a generalized positional encoding p; :=
[0p—(a+3); 13 t;] in (3), where ¢; := 1 for i € Dygain, t; 1= —1 fori € Dyap, and tx 41 1= 0.

Proposition 10 (In-context algorithm selection via train-validation split). Suppose that £(-,-) in (7)
is approximable by sum of relus (Definition D. 1, which includes all C3-smooth bivariate functions).
Then there exists a 3-layer transformer TF g that maps (defining y, = y;1{i < N +1})

~

h =[x 955 fi(xi); -5 fe(X): O Lity] — h) =[x 0005 f(x); 1ity], i € [N 1],

where the predictor f : R — R is a convex combination of {fr. : Eva|(fk) < miny, ¢[x] Loal (fe,) +
v}. As a corollary, for any convex risk L : (R — R) — R, f satisfies

~

L(f) < miny, egx) L(fr,) + maxpe(x] | Lar(fr) — L(fx)| +7-

Ridge regression with in-context regularization selection As an example, we use Proposition 10
to construct a transformer to perform in-context ridge regression with regularization selection ac-

cording to the unregularized validation loss Eva|(w) = ﬁ Z(I 4:)EDon ((w,x;) — yi)2 (proof
in Appendix 1.2). Let A1, ..., Ax > 0 be K fixed regularization strengths.
Theorem 11 (Ridge regression with in-context regularization selection). There exists a transformer

with O(log(1/¢)) layers and O(K) heads such that the following holds: On any (D,x 1) well-
conditioned (cf. (5)) for all {)‘k}ke[K]’ it outputs Yy 11 = (W, Xpny1), where

P ~ A LT A . > Sy,
dist (W7 COHV{Wri?ige,train : LVE"(Wriﬁge,train) < Mg, e[K] L"al(wridge,train) + '7}) <e.
Above, wi\idge,train denotes the solution to (ICRidge) on the training split Diyain.



4.1.1 Nearly Bayes-optimal ICL on noisy linear models with mixed noise levels

We build on Theorem 11 to show that transformers can perform nearly Bayes-optimal ICL when data
come from noisy linear models with a mixture of K different noise levels o1, ...,0 > 0.

Concretely, consider the following data generating model, where we first sample P = Py, 5, ~ 7
from k ~ A € A([K]), w, ~ N(0,L4/d), and then sample data {(xi,¥:)};c(n 1) " Pw, o\ as

PW*,Uk X N(07Id)7 Yi = <Xiaw*> + N(070}%)
For any fixed (IV, d), consider the Bayes risk for predicting y 1 under this model:

BayesRisk,, = inf 4 Ex [5(A(D)(xn+1) — yn+1)°].

By standard Bayesian calculations, the above Bayes risk is attained when A is a certain mixture of K
ridge regressions with regularization A\, = do} /N; however, the mixing weights depend on D in
a highly non-trivial fashion (see Appendix J.2 for a derivation). By using the post-ICL validation
mechanism in Theorem 11, we construct a transformer that achieves nearly the Bayes risk.

Theorem 12 (Nearly Bayes-optimal ICL; Informal version of Theorem J.1). For sufficiently large
N, d, there exists a transformer with O(log N ) layers and O(K) heads such that on the above model,
it outputs a prediction Y1 that is nearly Bayes-optimal:

Er[5(yns1 — ?/J\N—H)Q} < BayesRisk, + O ((log K/N)'/?). ®

In particular, Theorem 12 applies in the proportional setting where N,d are large and N/d =
©(1) [22], in which case BayesRisk,, = O(1), and thus the transformer achieves vanishing excess
risk relative to the Bayes risk at large N.

This substantially strengthens the results of Akyiirek et al. [2], who empirically find that transformers
can achieve nearly Bayes risk under any fixed noise level. By contrast, Theorem 12 shows that a single
transformer can achieve nearly Bayes risk even under a mixture of K noise levels, with quantitative
guarantees. Also, our proof in fact gives a stronger guarantee: The transformer approaches the
individual Bayes risks on all K noise levels simultaneously (in addition to the overall Bayes risk for
k ~ A as in Theorem 12). We demonstrate this empirically in Section 6 (cf. Figure 3b & 2).

Exact Bayes predictor vs. Post-ICL validation mechanism As BayesRisk . is the theoretical
lower bound for the risk of any possible ICL algorithm, Theorem 12 implies that our transformer
performs similarly as the exact Bayes estimator>. Notice that our construction builds on the (generic)
post-ICL validation mechanism, rather than a direct attempt of approximating the exact Bayes
predictor, whose structure may vary significantly case-by-case. This highlights post-ICL validation
as a promising mechanism for approximating the Bayes predictor on broader classes of problems
beyond noisy linear models, which we leave as future work.

Generalized linear models with adaptive link function selection As another example of the
post-ICL validation mechanism, we construct a transformer that can learn a generalized linear model
with adaptively chosen link function for the particular ICL instance; see Theorem J.2.

4.2 Pre-ICL testing mechanism

In our second mechanism, pre-ICL testing, the transformer runs a distribution testing procedure on the
input sequence to determine the right ICL algorithm to use. While the test (and thus the mechanism
itself) could in principle be general, we focus on cases where the test amounts to computing some
simple summary statistics of the input sequence.

To showcase pre-ICL testing, we consider the toy problem of selecting between in-context regression
and in-context classification, by running the following binary type check on the input labels {y;}, c[N]*

N 1, yE{O,l},

inar 1
Lo (D) = NZM%L P(y) =140, yZ[-eelUll —e1+e],
i=1 linear interpolation, otherwise.

>By the Bayes risk decomposition for square loss, (8) implies that E[(Jn+1 — g’]?\]afls)Q] < O((log K/N)3).



Lemma 13. There exists a single attention layer with 6 heads that implements U™ exactly.

Using this test, we construct a transformer that performs logistic regression when labels are binary,
and linear regression with high probability if the label admits a continuous distribution.

Proposition 14 (Adaptive regression or classification; Informal version of Proposition 1.4). There
exists a transformer with O(log(1/¢)) layers such that the following holds: On any D such that
yi € {0, 1}, it outputs Yy 11 that e-approximates the prediction of in-context logistic regression.

By contrast, for any distribution P whose marginal distribution of y is not concentrated around {0,1},
with high probability (over D), yn 1 €-approximates the prediction of in-context least squares.

The proofs can be found in Appendix 1.3. We additionally show that transformers can implement
more complex tests such as a linear correlation test, which can be useful in certain scenarios such as
“confident linear regression” (predict only when the signal-to-noise ratio is high); see Appendix 1.4.

S Analysis of pretraining

Building on the expressivity results in Section 3 & 4, we provide the first line of polynomial sample
complexity results for pretraining transformers to perform ICL (including with in-context algorithm
selection). We begin by providing a generic generalization guarantee for pretraining transformers.

Consider the pretraining ERM problem (TF-ERM), which minimizes the pretraining risk Z;d (+) over
n pretraining sequences. Let L (-) denote the corresponding population risk.

Theorem 15 (Generalization of transformers; Informal version of Theorem K.1). The solution 0
to (TF-ERM) over transformers with L layers, M heads per layer, and hidden dimension D’ satisfies

Licl(é\) < i%fLicl( )+O<\/L2(MD2 _|_DD/)>'

n

Theorem 15 builds on standard uniform concentration analysis via chaining (Proposition B.4).
Combining Theorem 15 with the in-context linear regression construction in Theorem 4 gives the
following end-to-end result on the excess in-context prediction risk of trained transformers.
Theorem 16 (Pretraining transformers for in-context linear regressmn Informal version of The-
orem K.2). Under Assumption A and N > O(d), the solution 0 to (TF-ERM) with L =
O(klog(kN/o)) layers, M = 3 heads, D' = 0 (attention-only as in Theorem 4) achieves small
excess ICL risk over the best linear predictor w}, := Ep[xx "]~ Ep[xy] for each P:

~

1 * ~ K2d? d0'2
'CI( ) EPN”E(x:y)NP |:2(y - <WPaX>)2:| < O( + N),

n

See Appendix K.2 for similar results in several additional settings.

6 Experiments

We test our theory by studying the ICL and in-context algorithm selection capabilities of transformers,
using the encoder-based architecture in our theoretical constructions (Definition 3). Due to limited
space, additional experimental details can be found in Appendix M.1. Results with a decoder
architecture as in [31, 47] (including the setup of Figure 2) can be found in Appendix M.2.

Training data distributions and evaluation We train a 12-layer transformer, with two modes for
the training sequence (instance) distribution 7. In the “base” mode, similar to [31, 2, 86, 47], we
sample the training instances from one of the following base distributions (tasks), Where we first
sample P = Py,, ~ 7 by sampling w, ~ N(0,1;/d), and then sample {(x;, yl)}LE[NH] ud Pw, as
x; N(0,1,), and y; from one of the following models studied in Section 3:
1. Linear model: y; = (w,,X;);

2. Noisy linear model: y; = (w,,x;) + 0z;, where o > 0 is a fixed noise level, and z; ~ N(0,1).



(a) Base ICL capabilities (b) Noisy reg with two noises  (c) Reg + Classification

linear_regression e % Transformer é % TF_alg_select 0.35 0] % TF_alg_select
A Least Squares 14 Y¢ TF_noise_1 Y TF_reg
noisy_reg_noise_1 & = = @ Averaging ~ % TF_noise 2 % TFcls
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Figure 3: ICL capabilities of the transformer architecture used in our theoretical constructions. (a) On five
representative base tasks, transformers approximately match the best baseline algorithm for each task, when
pretrained on the corresponding task. (b,c) A single transformer TF_alg_select simultaneously approaches
the performance of the strongest baseline algorithm on two separate tasks: (b) noisy linear regression with
two different noise levels o € {0.1,0.5}, and (c) adaptively selecting between regression and classification.

3. Sparse linear model: y; = (w,, x;) with [[w, |, < s, where s < d is a fixed sparsity level, and
in this case we sample w, from a special prior supported on s-sparse vectors;

4. Linear classification model: y; = sign({w,,x;)).

These base tasks have been empirically investigated by Garg et al. [31], though we remark that
our architecture (used in our theory) differs from theirs in several aspects, such as encoder-based
architecture instead of decoder-based, and ReLU activation instead of softmax. All experiments use
d = 20. We choose o € {o1,02} = {0.1,0.5} and N = 20 for noisy linear regression, s = 3 and
N = 10 for sparse linear regression, and N = 40 for linear regression and linear classification.

In the “mixture” mode, 7 is the uniform mixture of two or more base distributions. We consider two
representative mixture modes studied in Section 4:

¢ Linear model + linear classification model;
* Noisy linear model with four noise levels o € {0.1,0.25,0.5,1}.

Transformers trained with the mixture mode will be evaluated on multiple base distributions simulta-
neously. When the base distributions are sufficiently diverse, a transformer performing well on all of
them will /ikely be performing some level of in-context algorithm selection. We evaluate transformers
against standard machine learning algorithms in context (for each task respectively) as baselines.

Results Figure 3a shows the ICL performance of transformers on five base tasks, within each the
transformer is trained on the same task. Transformers match the best baseline algorithm in four out
of the five cases, except for the sparse regression task where the Transformer still outperforms least
squares and matches Lasso with some choices of A (thus utilizing sparsity to some extent). This
demonstrates the strong ICL capability of the transformer architecture considered in our theory.

Figure 3b & 3c examine the in-context algorithm selection capability of transformers, on noisy
linear regression with two different noise levels (Figure 3b), and regression + classification (Figure
3c). In both figures, the transformer trained in the mixture mode (TF_alg_select) approaches the
best baseline algorithm on both tasks simultaneously. By contrast, transformers trained in the base
mode for one of the tasks perform well on that task but behave suboptimally on the other task as
expected. The existence of TF_alg_select showcases a single transformer that performs well on
multiple tasks simultaneously (and thus has to perform in-context algorithm selection to some extent),
supporting our theoretical results in Section 4.

7 Conclusion

This work shows that transformers can perform complex in-context learning procedures with strong
in-context algorithm selection capabilties, by both explicit theoretical constructions and experiments.
We believe our work opens up many exciting directions, such as (1) more mechanisms for in-context
algorithm selection; (2) Bayes-optimal ICL on other problems by either the post-ICL validation
mechanism or new approaches; (3) understanding the internal workings of transformers performing
in-context algorithm selection; (4) other mechanisms for implementing complex ICL procedures
beyond in-context algorithm selection; (5) further statistical analyses, e.g. of pretraining. Besides,
this work focuses on the transformer architecture; alternative sequence-to-sequence architectures
(such as RNNs) are beyond our scope but would be interesting directions for future work.
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A Related work

In-context learning The in-context learning (ICL) capability of large language models (LLMs) has
gained significant attention since demonstrated on GPT-3 Brown et al. [12]. A number of subsequent
empirical studies have contributed to a better understanding of the capabilities and limitations of
ICL in LLM systems, which include but are not limited to [49, 55, 56, 50, 100, 74, 72, 28, 45, 91].
For an overview of ICL, see the survey by Dong et al. [24] which highlights some key findings and
advancements in this direction.

A line of recent work investigates why and how LLMs perform ICL [94, 31, 86, 2, 18, 32, 47, 70]. In
particular, Xie et al. [94] propose a Bayesian inference framework explaining how ICL works despite
formatting differences between training and inference distributions. Garg et al. [31] show empirically
that transformers could be trained from scratch to perform ICL of linear models, sparse linear models,
two-layer neural networks, and decision trees. Li et al. [47] analyze the generalization error of
trained ICL transformers from a stability viewpoint. They also experimentally show that transformers
could perform “in-context model selection” (conceptually similar to in-context algorithm selection
considered in this work) in specific tasks and presented related theoretical hypotheses. However,
they do not provide concrete mechanisms or constructions for in-context model selection. A recent
work [99] shows that pretrained transformers can perform Bayesian inference in latent variable models,
which may also be interpreted as a mechanism for ICL. Our experimental findings extend these
results by unveiling and demonstrating the in-context algorithm selection capabilities of transformers.

Closely related to our theoretical results are [86, 2, 18, 32], which show (among many things) that
transformers can perform ICL by simulating gradient descent. However, these results do not provide
quantitative error bounds for simulating multi-step gradient descent, and only handle linear regression
models or their simple variants. Among these works, Akytirek et al. [2] showed that transformers can
implement learning algorithms for linear models based on gradient descent and closed-form ridge
regression; it also presented preliminary evidence that learned transformers perform ICL similar
to Bayes-optimal ridge regression. Our work builds upon and substantially extends this line of
work by (1) providing a more efficient construction for in-context gradient descent; (2) providing
an end-to-end theory with additional results for pretraining and statistical power; (3) analyzing a
broader spectrum of ICL algorithms, including least squares, ridge regression, Lasso, convex risk
minimization for generalized linear models, and gradient descent on two-layer neural networks; and
(4) constructing more complex ICL procedures using in-context algorithm selection.

When in-context data are generated from a prior, the Bayes risk is a theoretical lower bound for the
risk of any possible ICL algorithm, including transformers. Xie et al. [94], Akyiirek et al. [2] observe
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that learned transformers behave closely to the Bayes predictor on a variety of tasks such as hidden
Markov models [94] and noisy linear regression with a fixed noise level [2, 47]. Using the in-context
algorithm selection mechanism (more precisely the post-ICL validation mechanism), we show that
transformers can perform nearly-Bayes optimal ICL in noisy linear models with mixed noise levels (a
strictly more challenging task than considered in [2, 47]), with both concrete theoretical guarantees
(Section 4.1.1) and empirical evidence (Figure 2 & 3b). Complementary to these works, a line of work
on “prior-data fitted networks” [59, 60, 35] also empirically demonstrates the Bayesian optimality of
transformers in various settings. Our expressivity results support these empirical findings and are
applicable beyond the Bayesian setting, e.g. for providing frequentist in-context prediction guarantees
for transformers.

Transformers and its theory The transformer architecture, introduced by [84], has revolutionized
natural language processing and been adopted in most of the recently developed large language
models such as BERT and GPT [68, 21, 12]. Broaderly, transformers have demonstrated remarkable
performance in many other fields of artificial intelligence such as computer vision, speech, graph
processing, reinforcement learning, and biological applications [23, 25, 51, 69, 96, 16, 41, 73, 65, 14].
Towards a better theoretical understanding, recent work has studied the capabilities [97, 67, 37, 95,
11, 98, 48], limitations [33, 10], and internal workings [28, 79, 92, 27, 64] of transformers.

We remark that the transformer architecture used in our theoretical constructions differs from the
standard one by replacing the softmax activation (in the attention layers) with a (normalized) ReLU
function. Transformers with ReLU activations is experimentally studied in the recent work of Shen
et al. [78], who find that they perform as well as the standard softmax activation in many NLP tasks.

Meta-learning Training models (such as transformers) to perform ICL can be viewed as an
approach for the broader problem of learning-to-learn or meta-learning [77, 61, 81]. A number of
other approaches has been studied extensively for this problem, including (and not limited to) training
a meta-learner on how to update the parameters of a downstream learner [9, 46], learning parameter
initializations that quickly adapt to downstream tasks [29, 71], learning latent embeddings that allow
for effective similarity search [80]. Most relevant to the ICL setting are approaches that directly take
as input examples from a downstream task and a query input and produce the corresponding output
[34, 58, 75, 44]. For a comprehensive overview, see the survey [36].

Theoretical aspects of meta-learning have received significant recent interest [7, 52, 26, 83, 19, 30,
43, 40, 88, 20, 5, 76, 17, 101]. In particular, [52, 26, 83] analyzed the benefit of multi-task learning
through a representation learning perspective, and [88, 20, 5, 76, 101] studied the statistical properties
of learning the parameter initialization for downstream tasks.

Techniques We build on various existing techniques from the statistics and learning theory literature
to establish our approximation and generalization guarantees for transformers. For the approximation
component, we rely on a technical result of Bach [4] on the approximation power of ReLU networks.
We use this result to show that transformers can approximate gradient descent (GD) on a broad range
of loss functions, substantially extending the results of [86, 2, 18] who primarily consider the square
loss. The recent work of Giannou et al. [32] also approximates GD with general loss functions by
transformers, though using a different technique of forcing the softmax activations to act as sigmoids.
Our analyses of Lasso and generalized linear models build on [87, 62, 1, 54]. Our generalization
bound for transformers (used in our pretraining results) build on a chaining argument [87].

B Technical tools

Additional notation for proofs We say a random variable X is o2-sub-Gaussian (or SG (o)
interchangeably) if E[exp(X?/0?)] < 2. A random vector x € R is o%-sub-Gaussian if (v, x)
is o2-sub-Gaussian for all |[v||; = 1. A random variable X is K-sub-Exponential (or SE(K)
interchangeably) if Elexp(| X | /K)] < 2.

B.1 Concentration inequalities
Lemma B.1. Let 3 ~ N(0,1,;/d). Then we have
P(IBI3 = (1+)?) < em/2,
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Lemma B.2 (Theorem 6.1 of [87]). Let X = [X;;] € R4 pe a Gaussian random matrix with
Xi; ~ N(0,1). Let 0min(X) and omin(X) be the minimum and maximum singular value of X,
respectively. Then we have

]P’(Umax(X)/\/ﬁ > 14 +/d/n+ 5) < e md’/2,
P (ormin (X)/V/1 < 1 — /0 — 8) < e

The following lemma is a standard result of covariance concentration, see e.g. [85, Theorem 4.6.1].

Lemma B.3. Suppose that x1,--- ,XxN are independent d-dimensional K -sub-Gaussian random
vectors. Then as long as N > Cod, with probability at least 1 — exp(—N/Cy) we have

N
NZXZ'XZT < 8K?,
i=1

op
where Cy is a universal constant.
Lemma B.4. For random matrix X = [x;;] € RN*4 with x;; S N(0,1) and € = [e;] € RN with

e " N(0, 02), it holds that

IP(HXTEHOO > /8No? 1og(2d/5)) < 6+ exp(—N/2).

Proof. We consider u; := [z;;]; € RY, then | XTe|_ = maxc(g[(u;,e)|. Notice that the
random variables (uy,€),--- , (ug, €) are independent N(0, ||€||2), and hence

e] <2exp| ———=|.
2 ell;

Further, by Lemma B.1, P(||le|l, > 20v/N) < exp(—N/2). Taking t = /8No?log(2d/s)
completes the proof. O

P i >t
(el =

B.2 Approximation theory

For any signed measure u over a space W, let TV () := [, [du(w)| € [0, 00] denote its total
measure. Recall o(-) = ReLU(:) is the standard relu activation, and B% (R) = [~ R, R]* denotes
the standard /., ball in R¥ with radius R > 0.

Definition B.1 (Sufficiently smooth k-variable function). We say a function g : R¥ — R is (R, Cy)-
smooth, if for s = [(k — 1)/2] + 2, g is a C* function on BY_(R), and

sup !’Vig(z) ’ = sup max |Og; ..z, 9(X)| < Ly
BE(R) o zeBh (R)J--di€lk] T
foralli € {0,1,...,s}, withmaxo<;<s L;R* < C,.

The following result for expressing smooth functions as a random feature model with relu activation
is adapted from Bach [4, Proposition 5].

Lemma B.5 (Expressing sufficiently smooth functions by relu random features). Suppose func-
tion g : R¥ — R is (R,C;) smooth. Then there exists a signed measure y over W =
{w € RF: ||wl|, = 1} such that

o) = [ FowTbR)dn(w),  vxe ¥

and TV () < C(k)Cy, where C(k) < oo is a constant that only depends on k.

Lemma B.6 (Uniform finite-neuron approximation). Let X be a space equipped with a distance
function dx(-,-) : X x X — Rxq. Suppose function g : X — R is given by

o(x) = /W (2, W) dpu(w),
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where ¢(+;+) : X x W — [—B, B) is L-Lipschitz (in dx) in the first argument, and 1 is a signed
measure over W with finite total measure A = TV (u) < oo. Then for any ¢ > 0, there exists
o1,y ag € {£1}, wy, -, wig € Wwith K = O(A?B?log N (X, dx, 557)/€?), such that

——Zal(b (x;w;)

where N (X, dx, 557 ) denotes the (55 )-covering number of X in dx.

sup |g
xeX

<e,

Proof. Let a(w) := sign(du(w)) € {£1} denote the sign of the density du(w). We have
|dp(w)]
=A . 9
/ )X = ©

Note that |du(w)|/A is the density of a probability distribution over Y. Thus for any x € X,

as long as K > O(A%2B?log(1/6)/?), we can sample w1, ..., Wk s |du(-)|/A, and obtain by

Hoeffding’s inequality that with probability at least 1 — §,

K
o)~ 3D alwi)olxw)

i=1

<e.

Let N(557) =
O(A?B?log(N (55
set corresponding t:

dx,ﬁ) for shorthand. By union bound, as long as K >

N(x
7 j\//(é )/e 5/ )) we have with probability at least 1 — § that for every X in the covering
L 9

<eg/3.

K
E o (X; w;)

Taking 6 = 1/2 (for which K = O(A?B?log N (357 )/€%)), by the probabilistic method, there
exists a deterministic set {w;},cx; C W and {a; := a(w;)},c (g € {£1} such that the above

holds.

Next, note that both g (by (9)) and the function x +— = ZZ 1 a(wZ)d)(x w;) are (AL)- Llpschltz
Therefore, for any x € X, taking X to be the point in the covereing set with dx (x,X) < 557, we
have

€]

A& A& A&
<lg(x) — g(X)| + |g ?;a o(X;w;) E;awz (X;w;) ?lzzlozwz (x;w;)
€
<AL - —— L ——
TSR yT Al
This proves the lemma. O

Proposition B.1 (Approximating smooth k-variable functions). For any eapprox > 0, R > 1,
Cy > 0, we have the following: Any (R,Cy)-smooth function (Definition B.1) g : R — R
is (approxs Ry M, C)-approximable by sum of relus (Definition D.1) with M < C(k)C?log(1 +
Ct/2approx) [Epprox) and C < C(k)Cy, where C (k) > 0 is a constant that depends only on k. In
other words, there exists

M
Z cmo(ay,[z;1])  with Z lem] < C, n?é?j}] llam|l; <1,

m=1

such that sup,¢(_ g ryr | f(2) — 9(2)| < approx-
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Proof. As function g : B¥_(R) — R is (R, Cy)-smooth, we can apply Lemma B.5 to obtain that
there exists a signed measure p over W := {w € RF! : ||w||, < 1} such that

1
q(z) :/ —o(w ' [z; R))du(w), Vz € [-R, R},
w R
and A = TV(u) < C(k)Cy where C(k) > 0 denotes a constant depending only on k.

We now apply Lemma B.6 to approximate the above random feature by finitely many neurons. Let

x := [z; R] € X := [~ R, R]* x {R}. Then, the function ¢(x; w) := £o(w'x) =0(tw'[z R])
is bounded by B = 1 and (1/R)-Lipschitz in x (in the standard ¢.,-distance). Further, we have
log V(X || — ||l » Egz"/rg‘) < O(klog(l 4+ A/eapprox)). We can thus apply Lemma B.6 to obtain
that, for

M = (’)(kA2 log(1 + A/Eappfox)/sipprox) = C(k)céz log(1 + Cf/eapproxvfgppmxv

there exists & = {am},, e C {1} and W = {w}, g CW = {w € R*! 2 lonew =1}
such that

sup |g(Z) - fa,W(Z)| S Eapprox;
z€[—R,R]?

where (recalling z = [s; t])

A X Aay,
fa,W(Z) = M Z O‘mo'<}lzw;;rq[z;R}> = Z W U( {%Wm,l:k;wm,k—&-l]—r[z; 1])

7
am

Note that we have Z%Zl lem| = A < C(k)Cy, and ||as,||; < |[[Wy|; = 1. This is the desired
result. =

B.3 Optimization

The following convergence result for minimizing a smooth and strongly convex function is standard
from the convex optimization literature, see e.g. Bubeck [13, Theorem 3.10].

Proposition B.2 (Gradient descent for smooth and strongly convex functions). Suppose L : R — R

is a-strongly convex and [-smooth for some 0 < o < (. Then, the gradient descent iterates
t+1 L

wip = wWhp — nVL(whp) with learning rate n = 1/ and initialization wlp, € R? satisfies for
anyt > 1,
2 2
lwen —wll; < exp (=t/x) - [[wep —w*[,.
B 2
L(wip) — L(w*) < 5 exp (~t/r) - [whp —w*|,.

where k1= (3 /a is the condition number of L, and w* := argmin, cga L(W) is the minimizer of L.

The following convergence result of proximal gradient descent (PGD) on convex composite mini-
mization problem is also standard, see e.g. [8].

Proposition B.3 (Proximal gradient descent for convex function). Suppose L = f +h, f : R? = R
is convex and [3-smooth for some 3 > 0, h : R¢ — R is a simple convex function. Then, the proximal
gradient descent iterates Wil = prox,,(whap — NV f(Whap)) with learning rate = 1/13
and initialization w, € R? satisfies the following for any t > 1:

1. {L(whap)} is a decreasing sequence.

2. For any minimizer w* € argmin, cpa L(W),

B 2 2
Lwip) = Lw) < 5 ([whap — wll; = [[whth — w7 [1).
and hence {||W§)GD —w* ||§} is also a decreasing sequence.

3. Fork > 1,t > 0, it holds that

LWES) ~ LW < 2 [whep — w2
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B.4 Uniform convergence

The following result is shown in [87, Section 5.6].

Theorem B.1. Suppose that i) : [0,4+00) — [0,+00) is a convex, non-decreasing function that
satisfies Y(x + y) > ¥(x)Y(y). For any random variable X, we consider the Orlicz norm induced
by ¢: [|X]|,, == inf {K > 0: E(|X|/K)} < 1.

Suppose that { Xo}g is a zero-mean random process indexed by 6 € © such that || X9 — Xo'|,, <
p(6,0") for some metric p on the space ©. Then it holds that

1
P| sup |Xg— Xg/| <8(J+1)| < —+VEt>0,
<0,9'£@| 0 ol < 8 )> Y(t/D)

where D is the diameter of the metric space (O, p), and the generalized Dudley entropy integral J is
given by

D
J ::/ Y H(N(0;0, p))ds,
0
where N (0;©, p) is the 0-covering number of (O, p).

As a corollary of Theorem B.1, we have the following result.

Proposition B.4 (Uniform concentration bound by chaining). Suppose that { Xg}oco is a zero-mean
random process given by

N
Xy = %Zf(zi;e) —E.[f(2:0)),

where z1,- -+ , zn are i.i.d samples from a distribution P, such that the following assumption holds:

(a) The index set © is equipped with a distance p and diameter D. Further, assume that for
some constant A, for any ball ©' of radius v in ©, the covering number admits upper bound
log N(8;0’, p) < dlog(2Ar/d) forall 0 < § < 2r.

(b) For any fixed 6 € © and z sampled from P, the random variable f(z;0) is a SG(B°)-sub-
Gaussian random variable.

(c) For any 0,0' € © and z sampled from P,, the random variable f(z;0) — f(z;6") is a
SG(B1p(8,0"))-sub-Gaussian random variable.

Then with probability at least 1 — 0, it holds that

\/dlog(2An) + log(1/9)
N )

sup | Xg| < CB°
9co

where C'is a universal constant, and we denote k = 1 + B'D/B°.

Furthermore, if we replace the SG in assumption (b) and (c) by SE, then with probability at least
1 — ¢, it holds that

sup | Xy| < CB°
0co

\/dlog(2A/~e) +1log(1/0)  dlog(24k) + log(1/6)
N + N '

Proof. Fix a Dy € (0, D] to be specified later. We pick a (Dy/2)-covering ©g of © so that
log |©| < dlog(2AD/Dy). Then, by the standard uniform covering of independent sub-Gaussian
random variables, we have with probability at least 1 — §/2,

\/ dlog(2AD/Dy) + log(2/9)
N

sup |Xg| < CB°
60€0,
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Assume that ©g = {61,--- , 0, }. Foreach j € [n], we consider ©) is the ball centered at §; of radius
Dy in (O, p). Then 6 € ©; has diameter D and admits covering number bound log N'(©;, §) <
dlog(ADy/d). Hence, we can apply Theorem B.1 with the process { Xy }sce,, then

1

B
—a X - Xoll, < =
Y =1 X0 — Xorll, N

(6,0,

and a simple calculation yields

dlog(2A
P| sup |Xg— X¢| < C'B'Dy & +t < 2exp(—Nt?) vVt > 0.
0,0€O,; N

Therefore, we can let t < \/log(2n/d)/N in the above inequality and taking the union bound over
j € [n], and hence with probability at least 1 — §/2, it holds that for all j € [n],

2d10g(2AD/Dy) + log(4
sup | Xy — Xg/| < C’Blpo\/ dlog(2AD/Dy) + log(4/6)
0,0'€0; N

Notice that for each 6 € ©, there exists j € [n] such that § € ©;, and hence
X0 < %0, | + X X, .
Thus, with probability at least 1 — 6, it holds

dlog(2AD/Dy) + log(2/5)
~ :

sup | Xg| < sup [Xp| + sup sup | Xy — X, | < C"(Bo + BlDo)\/
0cO [AS(CH) j 0€O; ’

Taking Dy = D/« completes the proof of SG case.

We next consider the SE case. The idea is the same as the SG case, but in this case we need to
consider the following Orlicz-norm:

Nt?
t) = —1
¥n(t) = e <t+1>
Then Bernstein’s inequality of SE random variables yields

1Xo = Xorl, < CoB'p(6,6")

for some universal constant Cj. Therefore, we can repeat the argument above to deduce that with
probability at least 1 — 4, it holds

dlog(2AD/Dy) + log(2/0)  dlog(2AD/Dy) + log(2/6)
N + N ’

sup | Xp| < C"(By + B' Do) [\/
e
Taking Dy = D/k completes the proof. O

B.5 Useful properties of transformers

The following result can be obtained immediately by “joining” the attention heads and MLP layers of
two single-layer transformers.

Proposition B.5 (Joining parallel single-layer transformers). Suppose that P : R(Po+DP1)xN _y
RP1XN P, R(Po+D)XN _y RD2XN gre nypo sequence-to-sequence functions that are implemented
by single-layer transformers, i.e. there exists 01, 05 such that

h(® HO
TFe, :H; = | i € RPo+DXN ,
’ 1 le('l) 1<i<N Fi(H)
TP, H, — | ™, e RPo+xN [ H
o hgz) 1<i<N Fa(Hy) ]
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Then, there exists 0 such that for H' that takes form h}, = [hgo); hgl); hZ@)], with hgo) € RPo, hl(l) €
RD1 , hEQ) € RP2, we have

h"” HO)
TFe :H' = |n'V € RIPoFDIEDXN | P (H))
hgz) 1<i<N P2(H2)

Further, 0 has at most M < My + My heads, D’ < D} + D} hidden dimension in its MLP layer,
and norm bound ||6| < [|61]] + [|62]]-

Proposition B.6 (Joining parallel multi-layer transformers). Suppose that P; : RPo+DUXN _y
RPN P, RPo+D2) XN _y RP2XN gre o sequence-to-sequence functions that are implemented
by multi-layer transformers, i.e. there exists 61,05 such that

H(©)
c R(DOJrDl)XN — ,
P (Hy)

h'EO) (Do+D2)x N HO
TFe, :Hp = l <2>] eRT | Py(HY) |
i J1<i<N

Then, there exists 0 such that for H' that takes form h} = [hgo); hgl); hgz)]’ with hgo) € RPo, hl(l) €
RDP1 , hgz) € RP2, we have

h"” HO)

TFe :H' = |n'V € RPo+D1+D)XN | p (HY)
| P;(Hz)
i 11<i<N

Further, € has at most L < max{Li, Lo} layers, maxc) MO < maxye(z) (Ml(e) + MQ(Z))

heads, max e DW < maxee(z) (Dy) + D£€)> hidden dimension in its MLP layer (understanding

the size of the empty layers as 0), and norm bound ||0]| < ||61] + ||02]|-

Proof. When L1 = Ly (67 and 605 have the same number of layers), the result follows directly by
applying Proposition B.5 repeatedly for all L; layers and the definition of the norm (2).

If (without loss of generality) L; < Lo, we can augment 8, to Lo layers by adding (L2 — Lq) layers
with zero attention heads, and zero MLP hidden dimension (note that this does not change M1, D7,
and [|61 ]|). Due to the residual structure, the transformer maintains the output P; (H;) throughout
layer L1 +1,..., Lo, and it reduces to the case L1 = Lo.

C Extension to decoder-based architecture

Here we briefly discuss how our theoretical results can be adapted to decoder-based architectures
(henceforth decoder TFs). Adopting the setting as in Section 2, we consider a sequence of N input

vectors {h;}~ , c RP, written compactly as an input matrix H = [hy, ..., hy] € RP*N_ Recall
that o(¢) := ReLU(¢) = max {¢,0} denotes the standard relu activation.

C.1 Decoder-based transformers
Decoder TFs are the same as encoder TFs, except that the attention layers are replaced by masked
attention layers with a specific decoder-based (causal) attention mask.

Definition C.1 (Masked attention layer). A masked attention layer with M heads is denoted as
MAttng(-) with parameters 0 = {(Vy, Qm, K)},enr C RP*P_ On any input sequence

H c RP*N with N < N,

H = MAttng(H) := H+ M (V. H) x ((MSKLN/,LN/) o a((QmH)T(KmH))) € RDXN'|
(10)
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where o denotes the entry-wise (Hadamard) product of two matrices, and MSK € RN >N is the mask
matrix given by

1 1/2 1/3 - 1/N
0 1/2 1/3 - 1/N
MSK=|0 0 1/3 .-~ 1/N
o 0 0 - 1/N

In vector form, we have

h; = [Attng(H)], =h; + X0 130 0((Quby, Kphy)) - Vi hy.
Notice that standard masked attention definitions use the pre-activation additive masks (with mask
value —o0) [84]. The post-activation multiplicative masks we use is equivalent to the pre-activation
additive masks, and the modified presentation is for notational convenience. We also use a nor-
malized ReLU activation ¢ — o(t)/i in place of the standard softmax activation to be consis-
tent with Definition 1. Note that the normalization 1/7 is to ensure that the attention weights
{o({Qmhi, Kinhj))/i}; c[ 1s @ set of non-negative weights that sum to O(1). The motivation of

masked attention layer is to ensure that, when processing a sequence of tokens, the computations at
any token do not see any later token.

We next define the decoder-based transformers with L > 1 transformer layers, each consisting of
a masked attention layer (c.f. Definition C.1) followed by an MLP layer (c.f. Definition 2). This
definition is similar to the definition of encoder-based transformers (c.f., Definition 3), except that we
replace the attention layers by masked attention layers.

Definition C.2 (Decoder-based Transformer). An L-layer decoder-based transformer, denoted as
DTFg(-), is a composition of L self-attention layers each followed by an MLP layer: H©) =
DTFy (H(O)), where H®) € RPN s the input sequence, and

H = MLPy 0 (MAttnge (HEY)), e {1,... L},

mlp mattn

Above, the parameter 6 = (O,Elitil),, GS;)L)) is the parameter consisting of the attention layers
o,ﬁf?ttn = {(V%), %),K%))}mew(z)] C RP*P and the MLP layers Gn(ﬁ)p = (ng),Wée)) €

L) ) . . « . » ;
RDPXD 5 RPXD™ We will frequently consider “attention-only” decoder-based transformers with

W W = 0, which we denote as DTFY(-) for shorthand, with @ = 0L .= g{LE)
We also use (2) to define the norm of DTFy.

C.2 In-context learning with decoder-based transformers

We consider using decoder-based TFs to perform ICL. We encode (D, X +1), which follows the
generating rule as described in Section 2.2, into an input sequence H € RP*2N+1) n our theory,
we use the following format, where the first two rows contain (D, x 1) which alternating between
[x:;0] € R4 and [04x1; ;] € R (the same setup as adopted in [31, 2]); The third row contains
fixed vectors {p;} JE[N+1] with ones, zeros, the example index, and indicator for being the covariate
token (similar to a positional encoding vector):

O0p_(d+4)
. )Bl 0 ... xpn 0 XN+1 ' [1/2] D—(d+1)
- yio... 0 yv 0 |, pi= f €R - (D
P1 P2 ... Pa2nv-1 P2N Pa2n41 mod(i+1,2)

(11) is different from out input format (3) for encoder-based TFs. The main difference is that (x;, ;)
are in different tokens in (11), whereas (x;, y;) are in the same token in (3). The reason for the former
(i.e., different tokens in decoder) is that we want to avoid every [x;; 0] token seeing the information
of y;, since we will evaluate the loss at every token. The reason for the latter (i.e., the same token in
encoder) is for presentation convenience: since we only evaluate the loss at the last token, it is not
necessary to alternate between [x;; 0] and [0; y;] to avoid information leakage.
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We then feed H into a decoder TF to obtain the output H = DTFg(H) € RP*(N+1) with the same

shape, and read out the prediction §y 11 from the (d + 1,2N + 1)-th entry of H-= [Ei]ie[Q N41) (the
entry corresponding to the last missing test label): yy 11 = ready(ﬁ) = (l~12N+1)d+1. The goal is

to predict i1 that is close to yn 1 ~ Py|x,,, measured by proper losses.

The benefit of using the decoder architecture is that, during the pre-training phase, one can construct
the training loss function by using all the predictions {¥; } je[n 1), where ; gives the (d+ 1,25 —1)-

th entry of H = [i’vli]ie[g ~41) foreach j € [V + 1] (the entry corresponding to the missing test label

of the 2j — 1’th token): 3; = read, ;(H) := (flgj,l)dﬂ. Given a loss function £ : R x R — R
associated to a single response, the training loss associated to the whole input sequence can be defined

by (H) = Z;V:tl £(y;, ;). This potentially enables less training sequences in the pre-training stage,

and some generalization bound analysis justifying this benefit was provided in [47].

C.3 Results

We discuss how our theoretical results upon encoder TFs can be converted to those of the decoder TFs.
Taking the implementation of (ICGD) (a key mechanism that enables most basic ICL algorithms such
as ridge regression; cf. Appendix D.1) as an example, this conversion is enabled by the following
facts: (a) the input format (11) of decoders can be converted to the input format (3) of encoders by a
2-layer decoder TF; (b) the encoder TF that implements (ICGD) with input format (3), by a slight
parameter modification, can be converted to a decoder TF that implements the (ICGD) algorithm
with a converted input format.

Input format conversion Despite the difference between the input format (11) and (3), we show
that there exists a 2-layer decoder TF that can convert the input format (11) to format (3). The proof
can be found in Appendix C.4.

Proposition C.1 (Input format conversion). There exists a 2-layer decoder TF D'TF with 3 heads
per layer, hidden dimension 2 and ||0|| < 12 such that upon taking input H of format (11), it outputs

H = DTF(H) with

. X1 X1 e XN XN XN+1
H=(0 1 ... 0 YN 0 . (12)
P1 P2 ... Pa2nv-1 P2N P2N+1
In particular, format (12) contains format (3) as a submatrix, by restricting to the {1,2,...,D —

1,D—2,D} rowsand {2,4,...,2N — 2 2N, 2N + 1} columns.

Generalization TF constructions to decoder architecture The construction in Theorem D.1 can
be generalized to using the input format (12) along with a decoder TF, by using the scratch pad within
the last token to record the gradient descent iterates. Further, if we slightly change the normalization
in MSK from 1/i to 1/((¢ — 1) V 1), then the same construction performs (ICGD) (with training
examples {1,...,j}) at every token i = 25 + 1 (corresponding to predicting at x;1). Building on
this extension, all our constructions in Section 3 and Section 4.2 can be generalized to decoder TFs.

C.4 Proof of Proposition C.1

For the simplicity of presentation, we write ¢; = [i/2] ,¢; = mod(i + 1,2), u; = h;[1 : d] € R4+
be the vector of first d entries of h; ®, and let v; = h;[d + 1] be the (d + 1)-th entry of h;. With such
notations, the input sequence H = [h;]; can be compactly written as

h; = [u;;v5;0p_g_4;¢i5 15 85

In the following, we construct the desired 8 = (01, 8(?)) as follows.
Step 1: construction of (1) = (Hillm, 05&;), so that MLP 1) o MAttn,a) maps
‘mlp mattn

MAttn (1)
Onattn / 2
h, — hj=[u;;v;;0p_q_¢;ti(c; +0.5);tic;; ¢i; 15 84

®In other words, when 2 {14, 0 = X(;—1)/2; When 2 | i, u; = Oq.
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MLP (1)
Outp h(l) _ “0:0 0 cta2. ceo 1
1 - [ui7vi7 D*d*ﬁaticzﬁticlﬁcia 7t7,]

For m € {0, 1}, we define matrices Q) , K, VY € RP*D such that

. . Op_4 OD_3
'hi = Q{"h; = m . Kby =Ki'h; = [C(;] . Vihy = [ %Cj 1 o Vi = [ 02 1 7
3 2

for all 4, . By the structure of h;, these matrices indeed exist, and further it is straightforward to
check that they have norm bounds
SEDS\
m

< <5.
m op op

max H Qg,ll)

<1, maxHKg)

op

Now, for every ¢,

%Z 3 a<<Q$)hi,K£}L>hj>)V$)hj:%iti~[0D_4;30?;20j;0;0].
j=1

j=1me{0,1}

Notice that ¢; # 0 only when 2 | 4, we then compute for ¢ = 2k that

! k(k—1)(2k — 1) !
Z3c?:3~f+3k2:2k3+k, > 2¢; =2 k(k — 1) + 2k = 2k,
j=1 j=1

Therefore, the 0£;im = {(Qg), KV vl e RPxD )}me{o,1} We construct above is indeed the
desired attention layer. The existence of the desired 05&; is clear, and 0&), = (ng), Wél)) can
further be chosen so that ||W§1) lop <1, HWél) lop < 1.

Step 2: construction of 8(2). For every m € {-1,0,1}, we define matrices Qs,%), Kg), Vfﬁ) €
RP*P such that

tiC,LZ
QSZ)hgl) _ QgQ)hgl) _ Q(_Qihgl) - |tiei | |
0
2)1, (D) > (2)y.(1) 1 @ (1) 1
KO hj = [_Cj‘|7 K1 hj = —(Cj+1) , I(1 hj = l—(cj_l)‘|’
0 0 0
@0 _ |4y D) _ @) | 2u;
-] v - 2]

for all 7, j. By the structure of hgl) , these matrices indeed exist, and further it is straightforward to
check that they have norm bounds
<2, Y |ve
m

<8.
op

<1, max HKg)
op m

max H Qg,%) <
m op

Now, for every ¢, 7, we have
2)1,(1) 1 (2)1,(1) 2)1, (1)
Z U(<Q7(n)hi 7K£n)hj >)V£n)hj
me{—1,0,1}
= {720’(751‘6? — tiCiCj) + U(tiC? — tici(cj + 1)) + J(ticf — tiCi(Cj — 1))} . 2[11]'; OD—d]
={—20(ci —¢;) +o((ci —¢j) = 1) +o((ci —¢;) + 1)} - 2¢iti[u;50p 4]
= H(CZ = Cj) . QCiti[Uj; OD,d},
where the last equality follows from the fact that
0, z>lorx < —1,
—20(x)+o(zx—1)+o(x+1)=<z+1, =ze[-1,0]
11—z, z€]l0,1].
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Therefore,

1¢ 1¢
h >y U(<Q£r2z)hz(’1)a K$3)h§”>)VSZ)h§” =3 > 20(e; = ¢5)ests[uy;0p ]

J=1me{—1,0,1} j=1
_ [Xk; OD—d]a 1 =2k
0p, otherwise

Therefore, the 8%, = {(QY, KZ VP ¢ RP*D)Y 1 1,0,1} we construct above maps
hY o b = [x[i/a7; 05 0p a6 tick tici; ¢ 1 ).

Finally, we only need to take a MLP layer 9&)} = (W?), W§2)) with hidden dimension 2 that maps

n = b = [xqi/27; 05 0p_a6; 05 05 ¢55 15 4],

which clearly exists and can be chosen so that ||W§2) llop <1, HW§2) llop < 1.

Combining the two steps above, we complete the proof of Proposition C.1. O

D Mechanism: In-context gradient descent

Technically, the constructions in Section 3.1-3.2 rely on a new efficient construction for transformers
to implement in-context gradient descent and its variants, which we present as follows. We begin by
presenting the result for implementing (vanilla) gradient descent on convex empirical risks.

Compact notation of input We will often use shorthand y; € R defined as y; = y; for i € [N] and
Y1 = 0 to simplify our notation, with which the input sequence H RP*(N+1) can be compactly
written as h; = [x;;y}; pi] = [%i;}; 0p—a—3; 1;¢;] for i € [N + 1], where ¢; := 1{i < N + 1} is
the indicator for the training examples.

D.1 Gradient descent on convex empirical risk

Let £(-,-) : R? — R be a loss function. Let Ly (w) := + SN £(wTx;,y;) denote the empirical
risk with loss function ¢ on dataset {(x;, ¥i) };¢|n7> and

whid == why — VL (whp) (ICGD)

denote the gradient descent trajectory on L ~ with initialization wlp, € R? and learning rate 1 > 0.

We require the partial derivative of the loss 05¢ : (s,t) — 05(s,t) (as a bivariate function) to be
approximable by a sum of relus, defined as follows.

Definition D.1 (Approximability by sum of relus). A function g : R¥ — R is (€approx, B, M, C)-
approximable by sum of relus, if there exists a “(M, C)-sum of relus” function
fuce(z) = Zﬁle cmo(al[z;1]) with Z%:l lem| < C, maxpein llamll; <1, ay € RFL ¢, €R,

such that sup,ci_ g gyr |9(2) — far,c(2)] < approx.

Definition D.1 is known to contain broad class of functions. For example, any mildly smooth k-
variate function is approximable by a sum of relus for any (£approx, 1), with mild bounds on (M, C)
(Proposition B.1, building on results of Bach [4]). Also, any function that is a (M, C)-sum of relus
itself (which includes all piecewise linear functions) is by definition (0, co, M, C)-approximable by
sum of relus.

We show that L steps of (ICGD) can be approximately implemented by an (L + 1)-layer transformer.
Theorem D.1 (Convex ICGD). Fixany B,, >0, L > 1,1 >0, ande < B,,/(2L). Suppose that

1. The loss £(-,-) is convex in the first argument;

2. 0slis (¢, R, M, C)-approximable by sum of relus with R = max { B, B,,, B, 1}.
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Figure 4: Illustration of our main mechanism for implementing basic ICL algorithms: One attention layer
implements a single (ICGD) iterate (Proposition E.1 & Theorem D.1). Top: the attention mechanism as in
Definition 1. Bottom: A single (ICGD) iterate. Middle: Linear algebraic illustration of the attention layer for
implementing a GD update.

Then, there exists an attention-only transformer TFg with (L + 1) layers, maxyc;r) M 0 < M
heads within the first L layers, and M ") = 2 such that for any input data (D, X ;1) such that
SUp  Amax(V2Ly(w)) < 2/, Iw* € argmin Ly (w) such that |[w*||s < By /2,
”WH2§Bw weRd
TFY (H©) approximately implements (ICGD) with initialization wlp = 0:

1. (Parameter space) For every { € [L], the {-th layer’s output HY) = TFg..,(H©®)) approx-
imates { steps of (ICGD): We have hz(»e) = [xi;y; W 0p_04_3;1;t;] for every i € [N + 1],
where

H\/I\\/e — wéDH2 <e-(nB,).

Note that the bound scales as O(¢), a linear error accumulation.

2. (Prediction space) The final output H(E+1) = TFg (H(O)) approximates the prediction of L steps
L ~ ~ ~ ~
of (ICGD): We have hsvf:ll) = [XN41;UN+1; WE 0p_2q—3; 13 6], where vy = (WE, xn1)
so that
n41 = (WEp» xnvt1)| <e- (InB3).

Further, the transformer admits norm bound ||0|| < 2 + R + 2nC.

The proof can be found in Appendix E.2. Theorem D.1 substantially generalizes that of von Oswald
et al. [86] (which only does GD on square losses with a linear self-attention), and is simpler than the
ones in Akyiirek et al. [2] and Giannou et al. [32]. See Figure 4 for a pictorial illustration of the basic
component of the construction, which implements a single step of gradient descent using a single
attention layer (Proposition E.1).

Technically, we utilize the stability of convex gradient descent as in the following lemma (proof
in Appendix E.3) to obtain the linear error accumulation in Theorem D.1; the error accumulation
will become exponential in L in the non-convex case in general; see Lemma D.3(b).

Lemma D.1 (Composition of error for approximating convex GD). Suppose f : R? — R is a convex
function. Let w* € arg mingcga f(W), R > 2||w*||2, and assume that ¥V f is L ¢-smooth on B4(R).
Let sequences {W'} >0 C R? and {w, }e>0 C RY be given by w° = wlp =0,

Wi =% — gV F(Wh) + €, e’z <e,
ngr)l = WéD - va(WéD),

forall£ > 0. Then as long asm < 2/Ly, for any 0 < L < R/(2¢), it holds that HvAvL — WéDH2 <

Leand |[Wh||s < &+ Le < R.
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D.2 Proximal gradient descent for regularized convex losses

Proximal gradient descent (PGD) is a variant of gradient descent that is suitable for minimizing
regularized risks [66], in particular those with a non-smooth regularizer such as the ¢; norm. In this
section, we show that transformers can approximate PGD with similar quantitative guarantees as for
GD in Appendix D.1.

Let £(-,-) : R2 — R be a loss function. Let Ly (w) := + vazl {(wTx;,y;) + R(w) denote
the regularized empirical risk with loss function ¢ on dataset {(x;, yi)};c () and regularizer R.

o~

To minimize L ~, we consider the proximal gradient descent trajectory on L with initialization
wlp = 0 € R? and learning rate 1) > 0:

WhiD = Prox, (W%GD — VLY (w%GD)), (ICPGD)
where we denote LY (w) := &+ SN 0(w T x,, ,).
To approximate (ICPGD) by transformers, in addition to the requirement on the loss ¢ as in Theo-
rem D.1, we additionally require the the proximal operator proan(-) to be approximable by an
MLP layer (as a vector-valued analog of Definition D.1) defined as follows.
Definition D.2 (Approximability by MLP). An operator P : R — R% is (¢, R, D, C)-approximable
by MLP, if there exists a there exists a MLP 6y, = (W1, W) € RP*d s« RIXD with hidden

dimension D, Wi, + [W2||,, < €', such that sup|jy_<r | P(w) - MLP@MP(W)H2 <e

The definition above captures the proximal operator prox,  for a broad class of regularizers, such
as the (commonly-used) L, and L, regularizer listed in the following proposition, for all of which
one can directly check that they can be exactly implemented by an MLP as stated below.

Proposition D.1 (Proximal operators for commonly-used regularizers). For regularizer R in
YR ||||§ g (5)(-)}, the operator prox, : R* — R? is exactly approximable by MLP:
More concretely, we have

1. For R = |||}, prox, is (0, +00,4d, 4 + 2n\)-approximable by MLP.

2. ForR=3% || 3 prox,r is (0,400, 2d, 2 + 2n\)-approximable by MLP.

3. For R =1l (p)("), Prox,z = Projg_(p) is (0, +00,2d, 2 + 2B)-approximable by MLP.

Theorem D.2 (Convex ICPGD). Fixany B,, >0, L > 1,7 >0, ande + ¢’ < B,,/(2L). Suppose
that

1. The loss £(-,-) is convex in the first argument;
2. 0slis (e, R, M, C)-approximable by sum of relus with R = max { B, B,,, B, 1}.

3. R convex, and the proximal operator prox, (w) is (ne’, R', D', C")-approximable by MLP
with R = SUD||w||,< By, Hw;HQ + ne.

Then there exists a transformer TF g with (L 4 1) layers, maxer) M () < M heads within the first
L layers, MXHY) = 2, and hidden dimension D' such that, for any input data (D, x 1) such that

SUp  Amax(V2Ln (W) < 2/n, Iw* € argmin Ly (w) such that |w* |2 < B, /2,
[[wll2<Buw weERd

TFo(H)) approximately implements (ICGD):

1. (Parameter space) For every { € [L), the (-th layer’s output H®) = TF g1. (H®) approx-

imates { steps of (ICGD): We have hy) = [xi;¥}; W5 0p_o0q_3; 1;t;] for everyi € [N + 1],
where

|W* = whepll, < (e +&') - (LnBx).

2. (Prediction space) The final output HETD) = TFy (H(O)) approximates the prediction of L steps

L Iy N ~ ~
of (ICGD): We have hgvill) = [XN4+1;UN+1; WE 0p_2q—3; 15 8], where 1 = (WE, xn1)
so that

[nt+1 — (Whgps Xn+41)| < (e +¢') - (2LnB2).

29



Further, the weight matrices have norm bounds ||0] < 3+ R+ 2nC + C".

The proof of Theorem D.2 is essentially similar to the proof of Theorem D.1, using the following
generalized version of Lemma D.1.

Lemma D.2 (Composition of error for approximating convex PGD). Suppose f : R? — R is a
convex function and R is a convex regularizer. Let w* € argming, cpa f(W) + R(W),
and assume that V f is L g-smooth on BE(R). Let sequences {w'}y>o C R and {w&p }r>0 C R?
be given by w° = wl =0,

{AZH = prox,z (W' —nVf(w")) + &, lef]2 <,
¢
wah = prox,p (Wwep — 1V f(whp)),

forall£ > 0. Then as long asn < 2/Ly, for any 0 < L < R/(2¢), it holds that HVAVL — WéDH2 <
Leand |[Wh| < &+ Le < R.

The proof of the above lemma is done by utilizing the non-expansiveness of the PGD operator
W = prox,z (w — nV f(w)) and otherwise following the same arguments as for Lemma D.1.

D.3 Gradient descent on two-layer neural networks

We now move beyond the convex setting by showing that transformers can implement gradient
descent on two-layer neural networks in context.

Suppose that the prediction function pred(x; w) := Zszl upr(vj x) is given by a two-layer neural

network, parameterized by w = [v; ur]re[x] € RX(4+1) | Consider the empirical risk minimization
problem:

N
-~ 1
v{/réi)l/lv Ly(w) = N ;Z(pred(xz, VYi) = SN ;€<Z ur (v X;), z>7 (13)

where W is a bounded domain. For the sake of simplicity, in the following discussion we assume that
Projy can be exactly implemented by a MLP layer (e.g. W = By (R,,) for some R,, > 0).

Theorem D.3 (Approximate ICGD on two-layer NNs). Fix any B,, B, >0, L > 1, n > 0, and
e > 0. Suppose that

1. Both the activation function r and the loss function { is C*-smooth;

2. Wis a closed domain such that W C {w = [vi; up]re(re) € REEHD ¢ ||vy]l, < By, Jug| <
B}, and Proj,, = MLPg,_  for some MLP layer Oy with hidden dimension D, and

mlp

|6z ||| < Cuu

Then there exists a (2L)-layer transformer TF g with
max M) <O (e7%), max D® < O (e7%) + D, 0]l < O(1+4n)+ Cly,
te[21] te[2L]

where O (-) hides the constants that depend on K, the radius parameters B, By, By, B, and the
smoothness of r and ¢, such that for any input data (D, Xy 1) such that input sequence HO ¢
RPX(N+Y) takes form (3), TFg(H(O)) approximately implements in-context gradient descent on
risk (13): For every { € [L], the 2{-th layer’s output hgw = [x;; yl; W 0; 15 ¢;] for everyi € [N +1],
and

#! = Proj,, (v?z“ —(VIN(®TY + e“)), @ =0, (14)

where HEEAH2

< € is an error term.

As a direct corollary, the transformer constructed above can approximate the true gradient descent

trajectory {w&p } - on (16), defined as wlp, = 0 and w5y = wép, — nVLN(wGD) forall £ > 0.
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Corollary D.1 (Approximating multi-step ICGD on two-layer NNs). For any L > 1, under the
same setting as Theorem D.3, the (2L)-layer transformer TF g there approximates the true gradient
descent trajectory {wé,} = For the intermediate iterates {w*} te(r) considered therein, we have

[w" = wepll, < Ly (1+nLy)e,

denotes the smoothness of L within WW.
op

where Ly = supy, ey HV2ZN(W)

Remark on error accumulation Note that in Corollary D.1, the error accumulates exponentially
in £ rather than linearly as in Theorem D.1. This is as expected, since gradient descent on non-convex
objectives is inherently unstable at a high level (a slight error added upon each step may result in a
drastically different trajectories); technically, this happens as the stability-like property Lemma D.1
no longer holds for the non-convex case.

Corollary D.1 is a simple implication of Theorem D.3 and Part (b) of the following convergence
and trajectory closeness result for inexact gradient descent. For any closed convex set YW C R?, any
function f : W — R, and any initial point w € W, let

w — Projyy(w —nVf(w))

Ui
denote the gradient mapping at w with step size 7, a standard measure of stationarity in constrained
optimization [63]. Note that G{:V’n(w) = Vf(w) when w — nV f(w) € W (so that the projection
does not take effect).

Lemma D.3 (Convergence and trajectory closeness of inexact GD). Suppose f : W — R, where

W C R? is a convex closed domain and NV f is L ¢-Lipschitz on W. Let sequence {W*}y>o C R be

given by W9 = wP,

G{;\,m(w) =

Wit = Projyy, (W' —n(Vf(®") +€9)), [’z <e,
for all £ > 0. Then the following holds.

(a) Aslongasn <1/Ly, forall L > 1,

L—1 .
. 21 o |? _ 8(f(w°) —infwew f(w))
a1, = T 2 |6l ®)], < * 10:*
éer[nLn—lu H W’"(W ) 2~ L ; W’"(w ) 2 nL e
(b) Let the sequences {wipleso C RY and be given by wly = w' and w&y =

Projyy(Whp — 0V f(whp)). Then it holds that

HvAve—WéDH2 SLJTl(l—Fan)Ea, Ve > 0.

E Proofs for Section D

E.1 Approximating a single GD step

Proposition E.1 (Approximating a single GD step by a single attention layer). Ler £(-,-)
R2 — R be a loss function such that 0./ is (¢, R, M, C)-approximable by sum of relus with

R = max{B, By, By, 1}. Let Ly(w):= + Zfil (W x;,y;) denote the empirical risk with loss
Sunction £ on dataset {(x;, yi)}ie[N]'

Then, for any € > 0, there exists an attention layer 0 = {(Q,, K, Vm)}me[M] with M heads
such that, for any input sequence that takes form h; = [x;;y.; W; 0p_2q_3; 1; ;] with |w||, < By,
it gives output h; = [Attng(H)], = [x;;y;; W;0p_24—3; 1;t;] for all t € [N + 1], where

% = (w=nVIn(w)| <= mB.).

Further,

0] <2+ R+ 2nC.
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Proof of Proposition E.1. As 0{ is (¢, R, M, C')-approximable by sum of relus, there exists a func-
tion f : [~ R, R]> — R of form

M M
F(5,8) = emo(ams + bmt + dpm) with D> Jem| < C, am| + |bm| + |dm| < 1, ¥m € [M],
m=1 m=1

such that sup , yye(— g, rp2 | f(5,1) — 0s(s,t)| < &

Next, for every m € [M], we define matrices Q,,, K, Vi € RP*P such that

AW X Od
7
bin Yj (N + nen, 0
thi = dm 5 Kmhj = 1 y thj = - N : X
-2 R(1—1t;) 0p ;d )
0 0 Tt

forall 4,5 € [N + 1]. As the input has structure h; = [x;;y}; W;0p_24_3; 1;¢;], these matrices
indeed exist, and further it is straightforward to check that they have norm bounds

max || Qmll,, <3, max ||Kul|,, <2+R, Viullon < 2nC.
e [Quly, <3, max (Kl 32 Wl <20

Consequently, [|0] <2+ R+ 2nC.
Now, for every i, j € [N + 1], we have
o({(Qmhi, Kinh;j)) = 0 (anmw ' x; + b (1 — t;)y; + dp — 2RE;)
=0 (amw x; + bpy; + d ) 1{t; = 1},
where the last equality follows from the bound
|amw "% + b (1 — t5)y; + din| < |am|BsBw + R < 2R, (15)
so that the above relu equals 0 if £; < 0. Therefore,

M

> o((Qmbi, Kphy)) Vi by

m=1

M
—(N+1
= (Z Cm0 (amW % + by + dm)) gmtAd) v )nl{tj = 0}[0a41;%;; 02]
m=1
—(N+1

= f(w'xj,y;) - %1{% = 0}[0a+1;%5; 0p—24-1]-

Thus letting the attention layer 8 = {(V,,,, Qn, Km)}me[ M) We have

N+1 M

h; = [Attng(H)] N 1 Z Z thiaKmhj»thj

Jj=1 m=1

N
n
= i Nz_: W vayj 0d+17X]702]

=

[Xtayﬂw 1 t 71

N (W %,9;)[0a41;%5;0p—24-1] +[0411;€;0p_24-1]

[0a41;—nVILN(W);0p—24—1]
= [xi;9i W, +€,0p_2q-3; 1;4],
where the error vector £ € R? satisfies

||€||2 = N Z W Xjayj 8SE(WTXj>yj))XJ
2
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N
n
< 3 LA x ) = Ot i) I
j=1
- N
This is the desired result. -

E.2 Proof of Theorem D.1

We first prove part (a), which requires constructing the first L layers of 8. Note that by our precondi-
tion L < B,,/(2¢).

By our precondition, the partial derivative of the loss 9s¢ is (¢, R, M, C')-approximable by sum of

relus. Therefore we can apply Proposition E.1 to obtain that, there exists a single attention layer 1) =
{Qm K, Vi), e[M] with M heads (and norm bounds specified in Proposition E.1), such that for

any w with [|w||, < B,,, the attention layer Attnga) maps the input h; = [x;; y;; W; 0p_24—3; 1; 1]
to output hl, = [x;;y}; W; 0p_24—3; 1;¢;] forall i € [N + 1], where

HVAV—(W nVLn(w )H <e-(nBy) =

Consider the L-layer transformer 852 = (1) ... 6()) which stacks the same attention layer
0 for L times, and for the given input hz(-o) = [x4; 9k wY; 0p_24_3; 1;t;], its £-th layer’s output
h([) [Xzayzaw OD 2d—3; 1; t}

We now inductively show that Hwe H2 < B,, and HVAVZ - wap H2 < (e for all £ € [L]. The base case

of £ = 0 is trivial. Suppose the claim holds for £. Then for £ + 1 < L < B,,/(2¢), the sequence
{W'}icpp and {wgp }, o, satisfies the precondition of the error composition lemma (Lemma D.1)

with error bound e, from which we obtain HVAVK‘H H < B, and

(L +1).
This finishes the induction, and gives the following approximation guarantee for all £ € [L]:

W —wep|l, < e’ < e (LnB,),

% = wein [l <

which proves part (a).
We now prove part (b), which requires constructing the last attention layer 0L+D) | Recall th) =
[xi; ;W 0p_0q_3;1;t;] for all i € [N + 1]. We construct a 2-head attention layer 8“1 =
{(Q%H), K, V,(qurl))}m:L2 such that for every i, j € [N + 1],
Q""" = [x;0p_4), K{"TVB = [wl0p g, VIETVRY) = (041,00 4-4),
Q(L+1)h(L) [xi;0p—d, K;LH)hE‘L) = [-W";0p_4), V(LH)h(L) [04;—1;0p_g_1].

Note that the weight matrices have norm bound

2
< < 2.
mex Qi <1 may 2| <2
Then we have
N+1 2
L+1
h§v+l>=h§m+NHZ > o((QEn{), KR ) v+ DR
j=1 m=1

= [x;;0; W 0p_24-3; 13 1] + (o ((W5, xn41)) — o(— (WF, xn41))) - [045 150 p_g—1]
9 [xi;0; W 0p_2q-3; 1;1] 4 [0a; (W5, Xy 1) ;0p—g—1]
= [xi; (W5, xn41); W5 0p_a—3; 1; 1],

—————

§N+1

33



Above, (i) uses the identity t = o(t) — o(—t). Further by part (a) we have
|n+1 = (WEps Xn11)| = [(WF = WEp, xv+1)| < e (InB3).

This proves part (b), and also finishes the proof Theorem D.1 where the overall (L + 1)-layer
attention-only transformer is given by TFg with

0=, . . 00 gLt
N————’

L times

E.3 Proof of Lemma D.1

As f is a convex, Ly smooth function on B%(R), the mapping 7, : w — w — nV f(w) is non-
expansive in ||-||2: Indeed, for any w, w’ € B4(R) we have

[ To(w) = Ty (W)l = [w = nV f(w) — (W' — V(W)

= llw = W[5 =20 (w — W/, Vf(w) = V(W) +0* |V f(w) = VF(w')]]3

(i) 5 2 (1) 2

< w—wly—@2n/Ly —n°) V(W) = VW) < lw—w];.
Above, (i) uses the property (w — w’, Vf(w) — Vf(w')) > L%HVf(w) — Vf(w")||3 for smooth
convex functions [63, Theorem 2.1.5]; (ii) uses the precondition that n < 2/L;.

The lemma then follows directly by induction on L. The base case of L = 0 follows directly
by assumption that w° = w@, € B4(R/2). Suppose the claim holds for iterate L. For iterate
L+1< R/(2¢), we have

[ =t |, = |5+ — Ty,

< [ 70 5) = To(wen)ll, + (1"l

@ ()

< ||wh - W(L;D||2 +e < (L+1)e.
Above, (i) uses the non-expansiveness, and (ii) uses the inductive hypothesis. Similarly, by our
assumption w* = T, (w*),

~ * -~ * & R
[95 — wl, = [T + 2 = T, < 95 = w4, < 5+ (L4 e < R

This finishes the induction.

E.4 Convex ICGD with /; regularization

In the same setting as Theorem D.1, consider the ICGD dynamics over an ¢;-regularized empirical
risk:

wh = whp — VLN (Whp) (ICGD-(,)

with initialization w¢;p, € R? and learning rate n > 0, where Ly (w) := Ly(w) + 2 [[wl[3 denotes
the ¢5-regularized empirical risk.

Corollary E.1 (Convex ICGD with /5 regularization). Fix any B, > 0, L > 1, n > 0, and
€ < ByB,. Suppose the loss {(-,-) is convex in the first argument, and O.{ is (¢, R, M, C)-
approximable by sum of relus with R = max {B;B,,, By, 1}.

Then, there exists an attention-only transformer TFg with (L + 1) layers, maxge(r) M O <M+1
heads within the first L layers, and M"Y = 2 such that for any input data (D, XN1) with

SUp  Amax (V2L (W) < 271, Iw* € argmin L (w) such that |w* |2 < B, /2,
”WHQSBw weR?

TFy (H©)) approximately implements (ICGD-(y):
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1. (Parameter space) For every { € [L], the (-th layer’s output H®) = TF g¢1..)(H®) approxi-

mates { steps of (ICGD-{5): We have h{¥

i =[x Yl W 0p_oq_3; 15t;] for everyi € [N + 1],
where

HV’GZ - wéDH2 <e-(2LnB,).
2. (Prediction space) The final output HE+D = TFg(H(O)) approximates the prediction of L
steps of (ICGD-{5): We have hg\%j_rll) = [XNa1; N1 WEOp_og_3;1;0], where
[Un1 — (W, Xn41)| <& (2LnB3).
Further, the transformer admits norm bound ||0| < 2 + R+ (2C + \)n.

Proof. This construction is the same as in the proof of Theorem D.1, except that within each layer

¢ € [L], we add one more attention head (Q(*), K(©), V(©)) ¢ RP*P which when acting on its input
hh =

i [¥;%; Wwi™1 1; %] gives

0q1

(-1 1 -1 1 -1 ~—
Q| )Z[OD_l]a K(h ):{OD_J’ VR = i
2

forall i, j € [N +1]. Note that Q|| = |[K“| =1, and [V "= nX. Further, it is

straightforward to check that the output of this attention head on every hz(-e) is

1 (O (=1) 3 ()3, ((=1) (01, (¢=1) Oat1

£)q. (b— £)q. (- £)q.(0—1) _ ~—1
N1 E a<<Q h; , K hj >)V hj = —n)E)w
j:l 2

Adding this onto the original output of the ¢-th layer exactly implements the gradient of the regularizer
W % ||w||3. The rest of the proof follows by repeating the argument of Theorem D.1, and combining
the norm bound for the additional attention head here with the norm bound therein. O

E.5 Proof of Theorem D.3

We only need to prove the following single-step version of Theorem D.3.

Proposition E.2. Under the assumptions of Theorem D.3, there exists a 2-layer transformer TFg
with the same bounds on the number of heads, hidden dimension and the norm, such that for any
input data (D, Xy 1) and any w € R, TFg maps

hy =[xy wi0;156]  — hy =[xy w,55 05158,
where

wi = Projy, (w - nVIx(w) +e(w)),  [e(w)ll, < e

Before we present the formal (and technical) proof of Proposition E.2, we first provide some intuitions.
To begin with, we first note that

N
~ 1
Vwln(w) =+ > 0nl(pred(xi; w), yi) - Viwpred(xi; w), (16)
i=1

where 0; /4 is the partial derivative of ¢ with respect to the first component, and

up - (Vi X)) - Xy
r((vi,x:))
Vwpred(x;; w) = € RE(d+1), (17)
ug ' ((Vi, X)) - x;
r((Vi,xi))
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Therefore, the basic idea is that we can use an attention layer to approximate (x;, w) — pred(x;; w),
then use an MLP layer to implement (pred(x;; w), y., ¢;) — 1{i < N + 1} - 014(pred(x;; W), v;),
and then use an attention layer to compute the gradient descent step w — w — nVLy(w), and
finally use an MLP layer to implement the projection into WV.

Based on the observations above, we now present the proof of Proposition E.2.

Proof of Proposition E.2. We write Dy = d + 1 + K (d + 1) be the length of the vector [x;; y;; W].
We also define

B, = t
P max lr ()],

B, = O l(t .
g |t\gKI§fﬁ\gBy| (L)

Let us fix €,,€p,e¢ > 0 that will be specified later in proof (see (18)). By our assumption and
Proposition B.1, the following facts hold.

(1) The function () is (e, Ry, My, Cy) for Ry = max {B,B,,1}, M; < O (C3e,?), where
C depends only on R; and the C'?-smoothness of 7. Therefore, there exists

M M
T(t) =Y cpo((al, [t:1])) with Y |eh| < Cu, [Jak,||, <1, Vm € [My],
m=1 m=1

such that sup,c(_p, g, lr(t) —7(t)] < e

(2) The function (t,y) — 014(t,y) is (e¢, Ra, M2, Co) for Ry = max {KB,, By, 1} My <
O (022822) , where C5 depends only on Rs and the C3-smoothness of 0 ¢. Therefore, there

exists
M M
g(ta y) = Z 072n0'(<a3n7 [t1y7 1}>) with Z |C72n’ S 027 ||a3n,||1 S 17 Vm € [M2]7
m=1 m=1

such that Sup(; ,)e(— r,, k.2 19(t;y) — O l(t, y)| < o

(3) The function (s,t) + s - 7'(t) is (ep, Rg, M3,C3) for Ry = max{B,B,, BgBy,1},

M; <O (C3e,2), where C's depends only on R and the C*-smoothness of . Therefore,
there exists

B

M
P(s,t) = o((ad, [sit; 1])) with Z |cf’n| < Cj, ||af’n||1 <1, Vm € [Ms],
m=1

m=1

such that sup(, 1ye[— Ry, r,)2 [P(s,t) —s-1'(1)] < &p.

In the following, we proceed to construct the desired transformer step by step.

Step 1: construction of Ogiln. We consider the matrices {Q,(Clzn, ngn, V,(Clzn} ke[K],me[M;] SO that

forall4,j € [N + 1], we have

) al [1]-x; ) Vi )
b= all2 |, K hj=|1], V) hj=cl, uep,i.
0 0
As the input has structure h; = [x;;y}; w;0;1;¢,], these matrices indeed exist, and further it is

straightforward to check that they have norm bounds

<1, Hv(l)
op % k,m

1
max ‘Q,(c Bn
k,m )

<1, maxHK](clgn
b ,

k,m

< (.
1%

o o

A simple calculation shows that

K
> U(< ki, K;?}nhj>)vﬁlnhj = urF((Vi, Xi)) - €Dy 41
me[M],ke[K] k=1
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For simplicity, we denote pred(x w) = 22{:1 ugpT((vk, X)) in the following analysis. Thus, letting

the attention layer 6%,), = {(V{! m, Szn, K,(jﬂn)}(k,m), we have

Attnga) thy — hl(_o.s) = [xi;yi; w; pred(x;; w); 0; 15 ¢;].

attn

Step 2: construction of 9“(&;. We pick matrices W1, Wy so that W1 maps

W1hz(-0'5) = |:a12n[1] -pred(x;; w) + a5, [2] - yi +a, [3] — Rao(1 — ti)} € RM>,
me[Ms]

and Wy € RP*Ms with entries being (W2) (j.m) = ¢, 1{j = Do + 2}. Itis clear that [[W, ||, <

Ry + 1, ||W2HOp < (5. Then we have

W, (W1 h{*?)) = Z o((a2,, [pred(x; w); ;5 1]) — Ro(1 —t5)) - ¢hepyta
me[Ms]

= 1{t; = 1} - g(pred(xi; W), ;) - €Dy 2.
In the following, we abbreviate g; = 1{t; = 1} - g(pred(x;; w), y;). Hence, @1, maps

MLPs,, : h(O RN h(l) [xi; yi; w; pred(x;; w); g;; 0; 15 ¢].
By the definition of the function g, for each ¢ € [N],

|g9i — O1l(pred(xi; W), y;)| < ¢ + BuLeer,
where Ly := max|<kB,,|y|<B, |6§t€ (t, y)‘ is the smoothness of 01 £. Also, gn+1 = 0 by definition.

Step 3: construction of Battn We consider the matrices {Q k1 Kﬁ - V,(f}m} ke[K],me[Ms] SO
that for all ¢, j € [N + 1], we have

azn[l] s Uk g;j (N + 1) 0k(d+1)
2 1 a;, 2| - v 2 1 b & 2 1
R B I L B e
0 0
We further consider the matrices {Q,(j;m, K,(f) 1(3% m YkelK],me[M;] 0 that forall i, j € [N 1],
we have
al,[1] - v X; 1 [0
2 1 m 2 1 2 1 (N + 1)ne;, k(d+1)+d
ol || s [T v -

By the structure of the input hg 1), these matrices indeed exist, and further it is straightforward to
check that they have norm bounds

<1, max HK
op (k,w,m)

<1, Z HV(Q,) H < 2nC + 2nCs.
op

e HQk w,m k,w,m

(k,w,m) k,w,m

op

.)w7m

Furthermore, a simple calculation shows that

0g+1
P(ulgjv <V13Xj>) * X

N+1 T((v1,%;)) - g

N+1
g( = N+ 1 Z Z (< kwth’Kl(q Z),mh >)V](€22U mh‘ = —% Z :
i=1 (k,w,m) J=1 P(quj7<VK7Xj>) - X

T((vk,x;)) - g
0

where the summation is taken over all possibilities of the tuple (k,w,m), i.e. over the union of
[K] x {1} x [M3] and [K] x {2} x [M;].
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By our definition, we have |P(s,t) — sr'(t)| < ¢, for all s,t € [—Rs, R3]. Therefore, for each
1 € [N], k € [K],

| P(urgss (Vi x5)) = Orl(pred(x;; w), y;) - uk - ' (Vi X5))| < &p + g5 — Orl(pred (i w), i)l - fu] - [r((Ve, %))
< €p + BuLT(Ef + BuLl€T)7

where L, := max|;<p,, |’ (t)| is the upper bound of 7. Similarly, for each i € [N], k € [K], we

have
(v, %5)) - g5 — r((Vi, x5)) - O1l(pred(x;; w), ;)| < 2By, + 2B, (g0 + BuLjey).

As for the case ¢ = N + 1, we have gy 1 = 0 and |P(urgn+1, (Vi, Xn+1))| < €p foreach k € [K]
by defintion. Combining these estimations and using (16) and (17), we can conclude that

anlg(w) + VIn(w) H2 < VKB, - [ey + BuLy(c¢ + BuLue,)] + 2VK|[Bye, + By (e + BuLe, )]

Thus, to ensure Hnilg(w) + VEN(W) H < &, we only need to choose ¢, ¢, €, as
2

€ € €
Ep = ——+—, €p = , Ep = .
P~ 3VKB, * " 9K max {B,, L, B, B, } "~ 15v/K max {B,, LB, B,, L, LB, B, B2}
(18)
Thus, letting the attention layer 053,)“1 = {(V,(fl)u > ,(31)1) > K,(fl)u )t (o) W€ have

Attnge) - h(l) — h(1 5 = = [xi;95; w + ng(w); pred(x;; w); gi; 0; 15 ;).

attn

Step 4: construction of 9m1p We only need to pick 0 5o that it maps

mlp
MLP (2
h'"? = [x;; 00w + ng(w )pred(xi;W);gi;O;l;ti]—mp>h(2) [xi; yi; Projyy (w — ng(w)); 0;0; 0; 1; ;).

By our assumption on the map Proj,, this is easy.

Combining the four steps above and taking 8 = (02(13,1, Hmi})ﬂ Oaan, Bﬁp) completes the proof. [
E.6 Proof of Lemma D.3
For every ¢ > 0, define the intermediate iterates (before projection)
W= W (V) 4 ), Wap = whp — 1V (Wep),
so that Wt! = Projy,, (W'*2) and w5l = PI‘O.]W(WéJr%)

2
We first prove part (a). We begin by deriving a relation between ||w/*! — w* Hz and HnG'{i\, (W) H .
’ 2

Let wits = wf — an( £y and W't! = Projy, (W/t2) denote the exact projected gradient
iterate starting from w*. We have

N Az()1~ N . o2 @1 o2 ||megl ~ep1])?
[ — e > H 41 e”z Wit — w2 > §Hwé+1_weH2_Hwe+;_We+§

2

2
’LZZ - P R
i HG%"(WE)HQ ~ Inel3 > HG%W(WZ)’L s

(19)

Above, (i) uses the inequality ||a — b||§ >1 Ha||§ - ||b||§, (ii) uses the fact that projection to a convex
set is a non-expansion; (iii) uses the definition of the gradient mapping.

By the L g-smoothness of f within JV, we have

f(\/l\\/£+1) _ f(wé) < <vf(®é>7v’;,€+1 _®£> Lf HA@—H AEHE
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(L) S L
A AT |

& (% el 1) + el

< g ol -

Above, (i) uses the property <6\v“1 —wits Wit — (fve> < 0 of the projection w/t! =

Projy,(W/2) (using W' € W); (i) uses L;/2 < 1/(2n) by our choice of < 1/Ly; (iii)
uses (19).

Rearranging and summing the above over = 0,..., L — 1, we obtain

g:é |6ty @O| < rw?) — piaty + 222

Dividing both sides by 7L /8 yields part (a).
Next, we prove part (b). Let C' := 1 4+ nL ;. We prove by induction that

ey ct -1
| o1

W' —wgpll, < -ne (20)

for all £ > 0. The base case of £ = 0 follows by definition that W = wl, = w". Suppose the result
holds for ¢. Then for ¢ + 1, we have

~ 041 (41 L g
[W —wap W~ Wap

(@)
o < |

, = I1WE = n(VFE —€) = (whp — 1V F(wep))
(i) N (#4d) ot —1 O+
< OlW —wepll, +ne < O G me e = =5

Above, (i) uses again the non-expansiveness of the convex projection Projy,,; (ii) uses the fact that
the operator w — w — 'V f(w) is (1 +nLy) = C-Lipschitz; and (iii) uses the inductive hypothesis.
This proves the case for £ + 1 and thus finishes the induction. We can further relax (20) into

- MeE.

. c* _
||WE—WéD||2 < T ne:Lfl(l—Fan)ee.

nLy—1
This proves part (b). O
F Proofs for Section 3.1
F.1 Proof of Theorem 4

Fix A > 0,0 < a < S with s := f%i’ and B,, > 0, and consider any in-context data D such that

the precondition of Theorem 4 holds. Let

1 & A
2 2
Lridge(w) = (<Waxi> - yl) + = HWHQ
2N ~ 2
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denote the ridge regression loss in (ICRidge), so that W;\idge = arg miny cpa Lridge(W). Itis a

standard result that V2 Lyjqge(W) = X" X/N + Iy, 50 that Lyige is (o + A)-strongly convex and
(B + A)-smooth over R?.
Consider the gradient descent algorithm on the ridge loss

t+1 __ t t
Wb = Wap — 1V Liidge (WD)

with initialization, learning rate, and number of steps

1 B,B
0 ._ — — zPw
wep = 04, n._ﬂJr/\’ T: {2f£log( e )-‘

By standard convergence results for strongly convex and smooth functions (Proposition B.2), we
have for all ¢ > 1 that

4 4
It~ ol < 050 (=1 ) o~ hasll; = exp (1 ) e -
Further, we have

T 2 B
o~ Whaslly < exp (=5 ) hael, < 5o+ 5

€
< —. 21
<5 2D

It remains to construct a transformer to approximate wl,. Notice that the problem (ICRidge)

corresponds to an {y-regularized ERM with the square loss £(s,t) := (s — ¢)?, whose partial

derivative d5£(s,t) = s — t is exactly a sum of two relus:
0sl(s,t) =20((s —t)/2) — 20(—(s — 1)/2).

In particular, this shows that 9,4(s, t) is (0, R, 2, 4)-approximable for any R > 0, in particular for
R = max{B,B,, By, 1}.

Therefore, we can apply Corollary E.1 with the square loss ¢, learning rate 7, regularization strength

A and accuracy parameter € = 0 to obtain that there exists an attention-only transformer TFg with

(T + 1) := L layers such that the final output hg\fj_l = [XN41;YN+1; %] with

[Uns1 — (Whp, xn41)| =0, (22)

and number of heads M(¥) = 3 for all £ € [L — 1] (can be taken as 2 in the unregularized case A = 0
directly by Theorem D.1), and M (%) = 2. Further, @ admits norm bound [|@]| < 2 + R 4 3£ <

B+
BR+8(B+A) " 1+1<4R+38(B+ )L
Combining (21) and (22), we obtain that

|:'/J\N+1 - <W?\idge7XN+1>‘ = ’<W£D - W?\idge7XN+1>‘ < (E/BCL“) By =e.
Further, we have read,,(h!) = w{,, forall i € [N +1], where read, (h) := h (g4 2):(24+1) (cf. Corol-
lary E.1), so that |[read,, (h]) — WI)-\idge”Q < ¢/ B, as shown above. This finishes the proof. O
F.2 Statistical analysis of in-context least squares
Consider the standard least-squares algorithm Ay s and least-squares estimator wis € R? defined as
. N -1

ALs(D)(xn41) = (Wis, Xn41), Wis = (X'X) X'y eR% (ICLS)

For any distribution P over (x,y) € R? x R and any estimator w € R%, let
Lp(w) = Egemp | 5((w. ') = 3/)’]

denote the expected risk of w over a new test example (x’,y') ~ P.

Assumption A (Well-posedness for learning linear predictors). We say a distribution P on R% x R is
well-posed for learning linear predictors, if (x,y) ~ P satisfies
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(1) ||x||2 < B, and |y| < By almost surely;

(2) The covariance Xp = Ep[xx "] satisfies Aminla = Zp = Amaxla, With 0 < Amin < Amax
and K 1= /\max/>\min~

(3) The whitened vector E;l/2x is K2-sub-Gaussian for some K > 1.
(4) The best linear predictor w}, := Ep[xx "] " Ep[xy] satisfies |wp|2 < B,
(5) We have E[(y — (x,wp))?|x] < o2 with probability one (over x).
Further, we say P is well-posed with canonical parameters if
B, =0(Vd), B,=0(1), B,=0(1), 0<0(1), Anax=0(1), K=6(1), 23)
where O(-) and O(-) only hides absolute constants.

The following result bounds the excess risk of least squares under Assumption A with a clipping
operation on the predictor; the clipping allows the result to only depend on the second moment of the
noise (cf. Assumption A(5)) instead of e.g. its sub-Gaussianity, and also makes the result convenient
to be directly translated to a result for transformers.

Proposition F.1 (Guarantees for in-context least squares). Suppose distribution P satisfies Assump-
tion A. Then as long as N > O(dK*1og(1/6)), we have the following:

(a) The (clipped) least squares predictor achieves small expected excess risk (fast rate) over the best
linear predictor: For any clipping radius R > B,,

1, . . . do?
ED7XN+17yN+1~P §(Cl|pR(<WLS7XN+1>) _yN+1)2:| < lgﬂgd LP(W) +O<R26+N>'

Lp(w§)

24
(b) We have P(Ecoy N E,,) > 1 —6/10, where
1 _1/92

Beoy = Beoy(D) = {2Id <3, ?8m, 12 < 2Id}, (25)

80do2
E, = Ey(D) = { |wsll, < B* 26
( ) ||WLSH2 — w + 5NAmin ( )

Proof. We first show P(E..,) > 1—6/20. Let > = % Zfil x;%; , and let the whitened covariance
and noise variables be denoted as

N
~  s1/2 S ST 129 1/2
X;=%p x5, X:i= N;xixi =3, "¥E N
Also let z; := y; — (x;, w§) denote the “noise” variables. Note that
1 ~
Ecov = {2Id = b)) = QId}

is exactly a covariance concentration of the whitened vectors {X;}, c[n)- Recall that Exx;] = 14,

and X; are K 2-sub-Gaussian by assumption. Therefore, we can apply [85, Theorem 4.6.1], we have
with probability at least 1 — 6/10 that

. O<K2max{ d+1c;§(1/6)7 d+1<ﬁ(1/5) })

Hfz—ld

Setting N > O(K*(d + log(1/6))) ensures that the right-hand side above is at most 1/2, on which
event we have

3
In =X = §Id =214, 27)



i.e. Ecoy holds. This shows that P(ES, ) < §/10.

Next, we show (24). Using E..,, we decompose the risk as

E I:;(C“F)R«VAVLSa XN+1)) — yN+1)2}
- E[i(elipR«m,xM» - yNH)?l{EW}} " E[i(elipR«vaS,xmﬂ) — yne) U Bl }

@ 1, .
<E {2(<WLSaXN+1> - yN—O—l)zl{Ecov}} +2R? - (6/20)

(i) 1, X Lotws

D, [2(<WLS B WP,XN+1>)21{ECOV}:| + Erirywin |:2(<WP,XN+1> - yN-‘rl)Ql{Ecov}:l + O(R%)

1, 2 1 2
< B | 5 11 = Wl L{Bew) | + B s 55, x0002) = )| +O(%).

Lp (W;)
(28)

Above, (i) follows by assumption that |yn4+1] < B, < R almost surely, so that removing
the clipping can only potentially increase the distance in the first term, and the square loss is
upper bounded by % - (2R)? almost surely in the second term; (ii) follows by the fact that
Exnirynis (WLs — Wh, Xn41) ((Wh,Xn41) — yn+1)] = 0 by the definition of wf, as well as
the fact that 1{ .y } is independent of (Xy 41, Yn+1)-

It thus remains to bound Ep B |WLs — wp ||22p 1{ECOV}} . Note that on the event E.,, we have
N N 1
e = (508 ) 2
Therefore,
1

1, . _ AT _
B) [WLs — WF—‘H;P HEeov} = 5((XTX) 'XTy - WP) EP((XTX) Xy - W)Ig)l{Ecov}

1
= 5zTX(XTX)—lEP(XTX)—lez 1{Eeov}

1 . - 2 _
= a7 XA (BT ?) S X T2 1 B )

2N?2
N N
E Xi%; E XiZi
=1 1=1

Note that E[X;z;] = E;l/ 2E[xi(yi — (wp,x;))] = 0. Therefore, taking expectation on the above
(over D), we get

2

2 —1/2~T 2 2
[P X 1) =

2
2
1{EC0V} S ﬁ
2

2

2

N
1, X 2 N 2 2 _
Ep [2 lwLs — WPH;P 1{Ecov}] < mE ;Xizi 2 = NE[HXIZIHE} = NE[Z%XIZPBU}
(29)
() 252 _ 2do?
< WE[xfzplxl} == (30)

Above, (i) follows by conditioning on x; and using Assumption A(5). Combining with (28), we
obtain

I . do>
E|:2(C|'pR(<WL87XN+1>) - yN+1)2} < Lp(wp) + O<R26 + ;)

This proves (24).

Finally, we show P(E¢o, N Ey,) > 1 — §/10. Using (29) and 3p = ApinIy by assumption, we get
4do?

Nmin

E[I¥is — whll3 1{Eeor}] <
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Therefore, using an argument similar to Chebyshev’s inequality,

20 4do?
P(Beoy N ES) = E | 1{Ecoy} x 1{||W 5 b
(Beoy 1 195) = B [1{un} {||WLS||2>\/6T)\mm+ &
20 4do?
<E|1{FEy 1{[lw ~Wp b
< { x {||wrs WP||2>\/5T)\min}]

~ 2
[Wes — will,

S E 1{ECOV} X W] S 5/20

6  NAmin

This implies that
P(Ecov N Ey) = P(Eeov) — P(Eeoy NEL) >1—6/20—-6/20 > 1 —§/10.
This is the desired result. O

F.3 Proof of Corollary 5

The proof follows by first checking the well-conditionedness of the data D (cf. (5)) with high
probability, then invoking Theorem 4 (for approximation least squares) and Proposition F.1 (for the
statistical power of least squares).

First, as P satisfies Assumption A, by Proposition F.1, as long as N > O(K*(d + log(1/6))), we
have with probability at least 1 — §/10 that event E.., N E,, holds. On this event, we have

1 1 N
FAminla = 5Fp <3 = XTX/N = 25p < 2mala,

do?
6N)\min ’

[Wislly < Bw/2:= 0| By, +

and thus the dataset D is well-conditioned (in the sense of (5)) with parameters &« = Apin/2,

B = 2Amax, and B,, defined as above. Note that the condition number of 3 is upper bounded
by 8/a = 4Amax/Amin < 4k, where & is the upper bound on the condition number of ¥p as
in Assumption A(c).

Define parameters

do? do?
e=1/—, 0= ——
N BN

Note that B,, < O(By;, + 4 /Bg//\min) by the above choice of 4.

We can thus apply Theorem 4 in the unregularized case (A = 0) to obtain that, there exists a
transformer @ with maxye(;) M < 3, |0 < 4R + 4/Amax (With R = max { B, B.,, By, 1}), and
number of layers

BQ
L< O(/{log B‘rng> < O(nlog (Bm/d]\g(va—i— \/}\L>>>a
a min

such that on E.., N E,, (so that D is well-conditioned), we have (choosing the clipping radius in
ready(-) = clipg (ready(-)) to be B,):

AL €1y

— . N R [do?
‘ready(TFg(H)) — cllpBy(<st,xN+1>)’ < |ready(TFg(H)) - (WLS,XN+1>| <e= N

(32)

‘We now bound the excess risk of the above transformer. Combining Proposition F.1 and (32), we
have

(s )]
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— 2 — 2
_E [(ready(TFg(H)) - yN+1) 1{ Beow N Ew}} +E [(ready(TFg(H)) - yN+1) 1 (Beow N Ey)°}
— 2
< 2]E[(ready(TF3(H)) - cIipBy(<ﬁ7Ls,XN+1>)) 1{ Beow N Ew}}
2
+2E {(C“PBy ((Wrs,Xn41)) — ?JN+1) HEcov N Ew}:| +2B; - 6/10
@, 2 * 25 do? 2
< 2e? 4+ Lp(wp) + O( Boo + ~ )t O(B9)
2 2
< Lp(wh) + O(Bga + d") < o(d“).

N N

Above, (i) uses the approximation guarantee (32) as well as Proposition F.1(a) (with clipping radius
By). This proves the desired excess risk guarantee.

Finally, under the canonical choice of parameters (23), the bounds for L, M, ||@] simplify to

N
L< 0<n log “>, ;n?ﬁMm <3, |6 < O(Vkd), (33)
g €

and the requirement for N simplifies to N > O(d + log(1/6)) = O(d) (as K = ©(1)). This proves
the claim about the required N and L. O

F.4 Proof of Corollary 6

Fix parameters J, ¢ > 0 to be specified later and a large universal constant Cj. Let us set

a=max<0,1/2 —+/d/N 2, B8 =25,
{o.1/2- v/}

log(4
BZ) :1—|—2 70g(d/6)7 Bw:C()(BZ)“FU%

B, = Co+/dlog(N/9), B, = Cy(B;, + 0)/10g(N/6).

Consider the following good events (below & = [g;];cn) € RY is given by &; = y; — (W, X;))

&x = {Iw.ll2 < Bl llell> < 2vNo .
Ew =1{a < Anin(XTX/N) < Apax(XTX/N) < 8},
& ={Vi € [N], [[xily < Bz, |ys| < By},
v = {I[xny1lly £ Bey lynyal < Byl
and we define £ := &; N &, N &, N &, n+1. Under the event £, the problem (ICRidge) is well-
conditioned and [|wW7..[| < Bu /2 (by Lemma E.1).

Therefore, Theorem 4 implies that for £ = 2+ there exists a L = [2rlog(B,,/e)] + 1-layer

B>
transformer @ with prediction gy := read, (TFg(H)) (clipped by B,), such that under the good
event £, we have gy 41 = clipp, ((xn41, W) and [|[W — Wi, || < e

In the following, we show that @ is indeed the desired transformer (when g and § is suitably chosen).
Notice that we have

E(n+1 — yn+1)° =E[H{EY@n+1 — ynv+1)?] + E[H{E I Un+1 — yvs1)?],

and we analyze these two parts separately.

Prediction risk under good event £. We first note that

E[1{E}@n+1 —yns1)?] =E [1{5}(C|ipBy(<XN+1, w)) — yN+1)2]
<E[H{E}((xn41, W) —yn+1)?],
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where the inequality is because yny1 € [—By, By| under the good event £. Notice that by our
construction, under the good event £, w = w(D) depends only on the dataset D’. Therefore, we
have ||W(D) — Wia, (D) < £ as long as the event & := & N &, N &, holds for (w,, D). Thus,
under &,

E [1{E}((xovs1. W) — yvs)?| wa, D] = B [1{E}( o (D)) — yavs1)?| W D)
<E[({(xn+1,W(D)) —yn+1)?| W, D]
=E [((xn41, W(D)) = (xn+41,W.))?| s, D] + 0
= [|[W(D) - W*H2+U

and we also have

IN

+2 [Whage = Wi, [F(D) = Whagell, + [W(D) = Whage |

+2€Hw 2,

lwi

~ 2
HW(D) _W*||2 ridge — W*HQ

IA

Fwi

ridge - Wi ||2 ridge W*H2 +e

Recall that 2BayesRisk, = Ew, p[[W}ig, — Will5 + 0. Note that 2BayesRisk, < 1+ o by
definition. Therefore, we can conclude that

E[1{€}(Un+1 — yn+1)?] < 2BayesRisk, + 2¢ + 2.

Prediction risk under bad event £¢. Notice that
E[1{E} Tn+1 — yn+1)?] < VPE)E[@n+1 — yn+1)Y]-

We can upper bound P(£¢) = P(E7 U &L U & U Ef ) by Lemma B.1, Lemma B.2 and the
sub-Gaussian tail bound:

=

5
PE7) < 5 +exp(=N/8),  P(&) < 2exp(=N/8),  P(EFUE N) <
Thus, as long as N > 8log(12/6), we have P(£¢) < 4. Further, a simple calculation yields
E(Un+1 — yn+1)* < 8ETN 1 + 8Eypyy < 835 + 8By 4 1-

Notice that yn41|w, ~ N(0, [|w.[[3+0?), hence By, ; = 3E(||w.[[3+02)? < 3(3+202+0%) <
B;. Thus, we can conclude that

E[1{E}@v+1 — yn11)?] < 4V6B,.
Choosing ¢ and . Combining the inequalities above, we have
E(YUns1 — yN+1)2 < 2BayesRisk,. + {2§\/283yesRisk7T +e2+ 4\/5By] .

To ensure 1E(Yn41 — yn+1)* < BayesRisk, + ¢, we only need to take (g, 6) so that the following
constraints are satisfied:

€= %min {e,Ve}, 4V6B, < %, N > 8log(12/6).

2
. 2
Therefore, it suffices to take § = log‘;‘z ) (1_7_7) for some small constant ¢, then as long as

241
szog(”;’ >+O.

our choice of ¢ and ¢ is feasible. Note that xk < O (1 + 0‘2), and hence under such choice of (g, ),
we have L = O(log(1/¢)) and ||0] = 6(\/&) This is the desired result. O

"We need this, as on £¢, the transformer output at this location could in principle depend additionally on
XN+1, as (15) may not hold due to the potential unbounededness of its input. A similar fact will also appear in
later proofs (for generalized linear models and Lasso).
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Lemma F.1. Under the event £, N &, we have Hw < OB +o0).

ridge H 2 =

Proof of Lemma F.1. By the definition of w
(XTX 4 do?1;) ' X Ty.

and recall that A = do?/N, we have w), . =

ridge ridge

Therefore, we only need to prove the following fact: for any v > 0 and B = (XTX +dyI;)"'XTy,
we have

1Bll2 < B, + 100(1 +4712). (34)
We now prove (34). Note that we have
1Bl = (XX + dy1a) ' X" (Xws +€)l2 < [Billyp [Will2 + [Ball,, €]z
where B; = X TX (XX + dy1g) !, By = (XX 4 dyL;) "' X" Note that ||B, ||, < 1 clearly

holds, and under &, we also have |||, < 2v/No. Therefore, it remains to bound the term ||Bo|| op
Consider the SVD decomposition of X = UXV, ¥ = diag(\y,- -+, A\g),and U € RV*4 V¢ RIxd
are orthonormal matrices. Then By = V' T (X2 4 dyI;)~'XU T, and hence
N

A +dy’
When N < 36d, we directly have [|Bzll,, < 5(dv)™"/? < 3(Ny)~!/2. Otherwise, we have
N > 36d, and then for each i € [d], \; > \/m > vaN > \/N/i% Hence, in this case

we also have ||Bof[,, < max; A;” ! < 3N~1/2, Combining the both cases completes the proof of
(34). O

IB2ll,, = [|(Z + dy1a) 2|, =

G In-context learning of generalized linear models

As a natural generalization of linear regression, we now show that transformers can recover learn
generalized linear models (GLMs) [53] (which includes logistic regression for linear classification as
an important special case), by implementing the corresponding convex risk minimization algorithm
in context, and achieve near-optimal excess risk under standard statistical assumptions.

Let g : R — R be a link function that is non-decreasing and C2-smooth. We consider the following
convex empirical risk minimization (ERM) problem

= L : L((x;, W), i) ICGLM
WGLM azvgelﬂgdlﬂ ~( N Z X ( )
where £(t,y) == —yt+ fo s)ds is the convex (integral) loss associated W1th g. A canonical example

of (ICGLM) is logistic regression, in which g(t) = 010¢(t) := (1 + e~*) ! is the sigmoid function,
and the resulting £(t,y) = log(t,y) = —yt + log(1 + €') is the logistic loss.

The following result (proof in Appendix G.1) shows that, as long as the empirical risk L N satisfies
strong convexity and bounded solution conditions (similar as in Theorem 4), transformers can
approximately implement the ERM predictor g({xx 1, WaLm)), with wgrm given by ICGLM).

Theorem G.1 (Implementing convex risk minimization for GLMs). Forany 0 < a < 8 with k 1= g
By > 0,B, >0, ky = LgBJ%/a + 1 and € < By, /2, there exists an attention-only transformer
TFg with

L = [2xlog(LyByB./e)] + 1, ﬁnﬁma <O(C262e7%), 8] <O (R+B7Cy),
€[L

(where Ly = sup, |¢'(t)|, R := max {B, B, By, 1}, and Cy4 > 0 is a constant that depends only
on R and the C*-smoothness of g within [—R, R]), such that the following holds. On any input data
(D, xnN+1) such that

A < Amin(V2Ly (W) < Amax(VZLy(W)) < 8 forallw € Ba(By),  |[warmll, < Buw/2,
(35)
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TFg (H(O)) approximately implements (ICGLM): We have hs\fj:ll) = [XN41:UN+1; W3 15 1), where

[Yn+1 — g((Xn41, warwm))| < e.

In Theorem G.1, the number of heads scales as O(1/£?) as opposed to ©(1) as in ridge regression
(Theorem 4), due to the fact that the gradient of the loss is in general a smooth function that can be
only approximately expressed as a sum-of-relus (cf. Definition D.1 & Lemma B.5) rather than exactly
expressed as in the case for the square loss.

In-context prediction power We next show that (proof in Appendix G.2) the transformer con-
structed in Theorem G.1 achieves desirable statistical power if the in-context data distribution satisfies
standard statistical assumptions for learning GLMs. Let Lp(w) := E(x ,)~p[¢({W, X) , y)] denote the
corresponding population risk for any distribution P of (x,y). When P is realizable by a generalized
linear model of link function g and parameter 3 in the sense that Ep [y|x] = ¢({3, X)), it is a standard
result that 3 is indeed a minimizer of Lp [42] (see also [6, Appendix A.3]).

Theorem G.2 (Statistical guarantee for generalized linear models). For any fixed set of param-
eters defined in Assumption B, there exists a transformer 0 with L < O (log(N)) layers and

maxee[r] MO <O (dBN), such that for any distribution P satisfying Assumption B with those pa-
rameters, as long as N > O (d), that outputs Y1 = read,(TFg(H)) and W = read,,(TFg(H)) €
R? (for another read-out function read,,) satisfying the following.

(a) W achieves small excess risk under the population loss, i.e. for the linear prediction

?Ii\?—i-l = <XN+1a V/O>,

E(Dxnit,yni1)~P V@Izi\?ﬂa yn+1)] — mﬁin Lp(B) <O(d/N). (36)

(b) (Realizable setting) If there exists a 3 € R such that under P, E[y|x] = g((8,x)) almost
surely, then

E('D,XN+1,yN+1)NP [(/y\NJrl - yN+1)2j| S E(XN+17yN+1)NP [(g(<67 XN+1>) - yN+1)2] + O (d/N) )
(37
or equivalently, E[(jy +1 — Elyx+1xn11))%] < O (d/N).

Above, O (-) hides constants that depend polynomially on the parameters in Assumption B. Similar
as in Corollary 5, the O(d/N) excess risk obtained here matches the optimal (fast) rate for typical
learning problems with d parameters and /N samples [87].

Assumption B (Well-posedness for learning GLMs). We assume that there is some B, > 0 such
that for any t € [—B,,, B,], ¢'(t) > pg > 0.

We also assume that for each i € [N + 1], (x;,y;) is independently sampled from P such that the
following holds.

(a) Under the law (x,y) ~ P, We have x ~ SG(K;), y ~ SG(K,) and g((w,x)) ~
SG(Ky) Vw € By(By).
(b) For some [, > 0, it holds that
El{jx"w| < B,/2}xx"] = u,Is Vw € Ba(By).

(c) For 3* = argmin Lp, it holds ||3*||, < By /4.

Applying Theorem G.2 to logistic regression, we have the following result as a direct corollary. Below,
the Gaussian input assumption is for convenience only and can be generalized to e.g. sub-Gaussian
input.

Corollary G.1 (In-context logistic regression). Consider any in-context data distribution P satisfying

x ~ N(0,1,), y € {0,1}, arg min Lp(8) € Ba(By,).
BeR4

For the link function g = 010 and B}, = O (1), we can choose B.,,, B,,, 1ig, Lg, iz, Ko, Ky = © (1)
so that Assumption B holds. In that case, when N > O (d), there exists a transformer 6 with
L = O (log(N)) layers, such that for any P considered above,
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(a) The estimation W = r/e\aTJIW(TFg(H)) outputted by 0 achieves excess risk bound (36).

(b) (Realizable setting) Consider the logistic in-context data distribution
ng : x ~ N(0,1,), y|x ~ Bernoulli(g({83, x))).

Then, for any distribution P = Plgg with |8, < B

w?

reAerdy(TFg(H)) of 0 additionally achieves the square loss excess risk (37).

the prediction Yni1 =

G.1 Proof of Theorem G.1

Let us fix parameters €, > 0 and 7" > 0 (that we specify later in proof).
Define R = max{B,B,,, By, 1} and

Cy := max (Ri max ]‘g(i)(s)D.
se

i=0,1,2
By Proposition B.1, g is (¢4, M, R, C') with

C<0(Cy)), M <O (Cie ?log(1+ Cye, ).

Therefore, we can invoke Theorem D.1 to obtain that, as long as 2T'c, < B,,, there exists a T-layer

attention-only transformer 8(**7) with M heads per layer, such that for any input H of format (3)
(T)

and satisfies (35), its last layer outputs h;"’ = [x;; y/; W’; 0p_24—3; 1;¢;], such that

W — wgDH2 <e, (LB 'By),

where {w&p } ¢e(r) 1s the sequence of gradient descent iterates with stepsize 3 ~1 and initialization
w = 0. Notice that Proposition B.2 implies (with x := 8/a)

w

[wép — warml], < exp(=T/(2)) [[Wermlly < exp(=T/(2x)) - 5= o

Furthermore, we can show that (similar to the proof of Theorem D.1 (b)), there exists a single attention
layer 8(T*+1) with M heads such that it outputs hgjll) = [XN41;Un11; WL 0p_24-3;1;0], where
N1 — 9(<XN+1»VAVT>)’ <&y

In the following, we show that for suitably chosen (T',¢,), @ = (0(4:7) 9(T+1) is the desired

transformer. First notice that its output hgjll) = [xN+1;Un+1; WL 0p_24-3; 1;0] satisfies

Gn1 = g((xver, wara)| < [Onvrn — g((ev, W) + Ly [(xve1, W) = (X1, Wernw) |
S 5g + LgBJ, ||V/€’T — WgDH2 + LgB"L ngD — WGLM||2

<ey(1+ LyB, -TB *By) + LyBye,.

Therefore, for any fixed € > 0, we can take

1 €
T = [2klog(LyByBy/e)] , €= 57 T (LB )
9=z

so that the @ we construct above ensures |yn+1 — g((Xn4+1, WaLm))| < € for any input H that
satisfies (35). The upper bound on ||@|| follows immediately from Theorem D.]1. O

G.2 Proof of Theorem G.2

We summarize some basic and useful facts about GLM in the following theorem. Its proof is presented
in Appendix G.3 - G.6.

Theorem G.3. Under Assumption B, the following statements hold with universal constant Cy and
constant Cy, Cy that depend only on the parameters (K, Ky, B, By, iz, Lg, f4g)-
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(a) As long as N > C, - d, the following event happens with probability at least 1 — 2e~N/C1:

1 ~ ~
Eu: gugUz < /\min(v2LN(W)) < )‘max(VQLN<W)) < 8L9Kx2’ Vw e BQ(BUJ)'

(b) For any 6 > 0, we have with probability at least 1 — ¢ that

Estat 1=  SUp HVWEN(W) — V‘,‘,IE[ZN(W)]H2 < CyK,K, max{

dv + log(1/6) di+log(1/0)
wEB2(Buw) ’

N ’ N
where we denote . = log(2 + LyK2B,,/K,).

(c) Condition on (a) holds and N > Cs - d, the event &, := {||warLm|ly < Bw/2} happens with
probability at least 1 — eN/C2,

(d) For any w € By(By,), it holds that

4 ~ 2
_ < (g2 )
Lo(W) = Ly(B) < - (e + | VEn (W)
(e) (Realizable setting) As long as warm € Ba(By,), it holds that

Ex(g((x, warn)) — g((x, )2 < —2-e2,,.

Therefore, we can set
_ Hgla
a = —g
B, = CoK,/dlog(N/§), B, = CoKy+/log(N/6).
Consider the following good events
& ={Vi € [N], [[xilly < Ba, |ys| < By},
& n+1 = {lxNn+1lly £ Ba, [yn+1] < Byl
E=ENEL,NE ﬂgb’]\/q,l.
Under the event £ and our choice of «, 3, the problem (ICGLM) is well-conditioned (i.e. (35) holds).

B =8L,K2,

Theorem G.1 implies that there exists a transformer 6 such that for any input H of the form (3),
TFg outputs hy | = [Xny1;9n+1; W;0p_24-3; 1; 0], such that the output is given by yn41 =
ready(TFg(H)) = clipp, (yn+1) and W = read,,(TFg(H)) := Projg, (5,)(W), and the following
holds on the good event &:

(@) Yn+1 = fo(xn+1), where fp = A(D) is a predictor such that | fp(x) — g((x, warm))| <
¢ for all x € By(B,).
(b) w =w(D) € By(B,,) depends only on D (by the proof of Theorem G.1 and Theorem D.1),

such that HVEN(\TV)H2 < Lffgw'

In the following, we show that @ constructed above fulfills both (a) & (b) of Theorem G.2. The
bounds on number of layers and heads and ||@|| follows from plugging our choice of B,, B, in our
proof of Theorem G.1.

Proof of Theorem G.2 (a). Notice that under the good event £, we have w = w = w(D) depends
only on D. Then we have

E(DvaJrl’yNJrl) [e(?j]i\?-',-lv yN-H)]
= E(DvaJrlvyNJrl) [1{8}£(/y\lfl\?+l7 yN-‘rl)] + E('D,XN+1,yN+1) [1{8C}£(g‘]|\?+17 yN-‘rl)]

= E(’DnyJrl’yNJrl) [1{5}6(<XN+17 W(D» ’yN+1)] + E(D,XN+1,yN+1) [1{56}6(@4;\?«%1’ yN+1)] :
Thus, we can consider £y = &, N &, N &y, and then

EDsenirnen) [HEH (XN 41, W(D))  yn11)]

49



= E(D,XN+17yN+1) [1{80}€(<XN+17 VNV(D» 7yN+1)] - E(D,XN+1,yN+1) [1{50 - g}£(<XN+1> W(D» 7yN+1)]
=EDxyi1,uvi) [HE I Lp(W(D))] — B xy 110w i) [1H{E — EH((xN11, W(D))  yn+1)],

where the second equality follows from L, (W(D)) = Exy,, yn.)Dl((Xn41, W(D)) s yni1).
Therefore,

EDxrni) [EN+1:yn+1)] — Ep[1{E} Ly (W(D))]
= ]E(D7XN+171/N+1) [1{66}6(?1l\?+17 yN'H)] - E(D7XN+17Z/N+1) [1{& — EH((xXN+1, W(D)) , yn41)]
R — BQ
< 2/P(E) max ([T, 1 v B oo, F(D) i1} = 0 (5 ).

where the last line follows from Cauchy inequality and the fact P(£¢) = O (N _10), and By is
defined in Lemma G.1.

Notice that by Theorem G.3 (d), we have
— . 4 ~ 2
Ep [{&}(Ly(W) — inf L,)] < —— (E[ed,] + E[HE} | VEN®)[5] )

Hgla

and by Theorem G.3 (b) and taking integration over § > 0, we have

Eleta] <O(1)- K2K. (7\; + (?\;)j

Also, we have inf L, = L,(8*) < B, by Lemma G.1. Therefore, we can conclude that

) K2K2, ¢ K4 Bz

Alin : Ty z £

]E(D,XN+17?JN+1) [Z(yN+1’yN+1)] < inf Ly, + o (1> ’ ( Hghls N T /LgILLmb + N5
Taking &2 <3 K2 Ic\l/ completes the proof. O

Proof of Theorem G.2 (b). Similar to the proof of Corollary 6, we have
E(n+1 — ynv+1)® = E[L{EYUn+1 — ynv+1)?] + E[H{E} @n+1 — yn+1)?]
<E[H{E}Gn11 — yn+1)?] + VPE)E@N+1 — yn+1)?,
where the inequality follows from yn 41 € [—By, By] on event £. For the first part, we have

E 1€} (v —vvs1)?] = B[N nlxsr) — yvan)’]

< Ep[1{€} Bpeyymr [l < B} (o (x) —v)°]].

where we use the fact that the conditional distribution of (xx 41, yn+1)|D agrees with P. Thus,
E[U{E}Gv+1 — yvs1)?] — Egeynp(9((x,8) — 1)’
<Ep[1{&} - (B {Ixl; < Bab(fo(x) = 9) = Eeyyopl9((x,8) =) )|
< Ep[1{€0} - Exl{|Ixl; < Ba}(fo(x) — g((x,8))’]
< 2B [1{&}  Eul{x], < Ba}(f(x) — 9((x, warn))?] + 2En [1{€0} - Exlg((x, waran) — 9((x, 8))?

2L L,K2K2 d
<2 T EEL <22+ 0(1) L
Hafg Pattg N
For the second part, we know P(£¢) = O (N 1) and
E(n+1 — yn+1)* < 8EYX 41 + 8Byn ., = O (By).
In conclusion, we have

N 5 9 5 Lg[(gfigb d Bg
E(Un+1 —yn+1)” S E(ynvt1 — 9((xn41,8)))" +2°+0(1) ——— =+ 0| % | -
Paprg N N

K2L d

2
Taking £ < u ; + completes the proof. O
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Lemma G.1. Suppose that x ~ SG(K,), y ~ SG(K,), and w is a (possibly random) vector such
that ||w||, < B,,. Then

E[¢((x,w),y)"]"" < O (L,K2B2d + K,K,By,d) =: By.

w

9(0)| < 2K,,. Therefore, by the definition of ¢,

(t,y)| = \yt T / " g(s)ds / ((s) — 9(0))ds

The proof is then done by bounding the moment by E|y|° < O (K3) and E|(x, w)® <

BSE ||x||§ <0 ((\/EBMK:,;){g) , which is standard (by utilizing the tail bound of sub-Gaussian/sub-
Exponential random variable). O

< [t(g(0) —y)| + < [t 2Ky + [yl) + 2Lgt*.

G.3 Proof of Theorem G.3 (a)

We begin with the upper bound on Amax (V2L (W)). By Lemma B.3, as long as N > Cj, - d, the
following event

gwoi

3

< 8KZ.

op

1 N
T
ED I
]Vizl

happens with probability at least 1 — exp(—N/Cj). By the assumption that sup |g’| < L, it is clear
that when &,, o holds, we have Apax (V2 Ly (w)) < 8L, K2 Vw € RY,

In the following, we analyze the quantity /\maX(VQE ~(W)). We have to invoke the following
covering argument (see e.g. [85, Section 4.1.1]).

Lemma G.2. Suppose that V is a e-covering of S*~! with ¢ € [0,1). Then the following holds:

o5 26 maxyey |V Av| and

mmAA > TA,‘—Q A
A ()_Ivnelgv v —2¢ A,

d 1
2. For any vector x € RY, [|x||, < =

(v,x)|.

Notice that

N
1
VQLN -N Z (w, %)) xix;] = — Zug w,x;)| < BM)XZXT

Therefore, we can define h(t) := (B, — |t|)+ (which is a 1-Lipschitz function), and we have

VQLN B—g Z (W, x;))x;X T

=:A(w)

In the following, we pick a ey-covering V' of S9~ such that |V| < (3/ey)? (we will specify e, later
in proof). Then for any w € Ba(B,,),

Amin (A(W)) > mi{}l VTA(W)V — 2ey || A(wW)||
ve

op

By our definition of A(w), we have (for any fixed B,.,)

. 2
minv ' A(w)v = mm— E h({w,x;)) (v, x;)
vey vev N
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N
> ENZ W Xz min{<V,Xi>2’B:42cu}

=:Uy (W)
> min BT (w)] + mi (U (w) — E[U (w).

vey

By Lemma G.3, we can choose B, = K, (15 + log(K?2/u,)), and then E[Uy (w)] > 3B, /8.

128K 2

Thus, combining the inequalities above, we can take e, = - in the following, so that under

event &, o,

Amin(V2Ly (w)) > “98“” T g—i <B““”” — max (E[Uy (w)] — Uv(w))).

In the following, we consider the random process {Uy (w) := Uy (w) — E[Uy(w)]} . which is
zero-mean and indexed by w € By (B,,). For any fixed v, consider applying Proposition B.4 to the
random process {U\, (w) }w. We need to verify the preconditions:

(a) With norm p(w,w’) = ||w — w’[|,, log N'(B,(w,7),d) < dlog(2Ar/d) with constant A = 2;

and hence in

)

(b) Let f(x;w) := h((w,xi>)min{<v,x1> B%v}, then |f(x;w)| < B,BZ
SG(CB,B2,) for any random x;

(c) For w,w’ € W, we have |h({w,x;)) — h({(w’ >)|
SG(K,), the random variable h({w,x)) — h((W’, x)) is
variable f(x;w) — f(x; W) is SG(CK, B2, |w — w'|2).

Therefore, we can apply Proposition B.4 to obtain that with probability 1 — d, it holds

\/dlog(?ng) + log(l/%)]
N )

< |{w — w’,x;)|. Hence, because x ~
SG(CK|lw — w'||2), and the random

ol

sup |Uy(w)| < C'B, B2,

where we denote k, = 1 + K, B,,/B,,. Setting 6o = ¢/ |V| and taking the union bound over v € V,
we obtain that with probability at least 1 — 6,

max sup |Uy(w)| <C'B.BZ,
VEY |lwll,<Bu,

N

\/dlog(&ig Jey) + log(1 /5)]

where we use log |V| < dlog(4/ey ). Therefore, we plug in the definition of ¢, and B, to deduce
that, if we set

16C" B2 128K2
@ = (m) log(S‘%g/ffV)? Ev = =, B, = K(15 4+ log(Ki/Mw)),
1

x Mz
then as long as N > C - d, it holds maxycy E[Uy (W)] — Uy (w) < “"1—?" with probability at least
1 — exp(—N/C1). This is the desired result. O
Lemma G.3. Under Assumption B, for By, = K, (15 + log(K2/u.)), it holds
inf E[1{|x"w| < B,/2}(x"v)?1{|x"v| < By }] > 3. /4.

wWEB2(By),veSd—1

Proof. For any fixed w € By(B,,),v € S471,
E[1{x | < Bu/2}(x V) L{Ix V| < Bou}]
—B[{x Wl < B,/2bx"v)}] — BIL{Ix " w| < B,/2}(x v)21{x"v| > Bu,}]
> pip — E[(x"v)?1{|x"v| > By }].
Because x ~ SG(K,), x"v ~ SG(K,), and a simple calculation yields
E[(XTV)QI{\XTW >tK,}] < 2K§(t2 +1) exp(—t2).

Taking t = 15 + log(K2/u.) gives E[(x"v)?1{|x"v| > Byy,}] < p./4, which completes the
proof. O
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G.4 Proof of Theorem G.3 (b)

Notice that

X
VLn(w Z (W, X)) — yi)Xi.
l:l
In the following, we pick a minimal 1/2-covering of S~! (so |V| < 5%). Then by Lemma G.2, it
holds

HVZN(w)fIE[VZN(W)}‘ <2max’(VLN( ),v) — E[(VLn (W), v)]

‘2 vev

=:Xy(w)
Fixav € S and set &' = §/|V|. We proceed to bound supy, | Xy (w)| by applying Proposition B.4
to the random process { X, (w)},,. We need to verify the preconditions:
(a) With norm p(w, w’) = ||w — w’||5, log N(6;B,(r), p) < dlog(2Ar/d) with constant A = 2;

(b) For z = [x;y], we let f(z; w) := (g((w, %)) — y) (x, V), then f(z; w) ~ SE(CK,K,) for any
w by our assumption on (X, y);

(c) For w,w' € W, we have |g({w,x)) — g((W',x))| < L, |(w —w’,x)|. Hence, because x ~
SG(K), the random variable g((w,x;)) — g((W’, x;)) is sub-Gaussian in SG (K, Ly||w — w'||2).
Thus, f(z;w) — f(z; w’) is sub-exponential in SE(CKZ2L,||w — w'|2).

Therefore, we can apply Proposition B.4 to obtain that with probability 1 — dg, it holds

cup | X (w)] < C'KLK, l wlog(m); log(1/3) . dlog(Zny) + 10%(1/50)] |

where we denote k, = 1+ L,K2B,,/K,. Setting 5 = 6/|V| and taking the union bound over
v € V, we obtain that with probability at least 1 — 4,

Xo(w)| < CKLK, [\/dlog(l()ny) +log(1/9) . dlog(10k,) + log(l/é)l.

max sup

vev lw|l,<Buw N N

This is the desired result. O

G.5 Proof of Theorem G.3 (c)

In the following, we condition on (a) holds, i.e. I N is a-strongly-convex and 3 smooth over By (B,,)
with o = g, p,/8 and B = 8L, K?2. We define

W = argmin Ly (w).
W€B2(Bw)

Then by standard convex analysis, we have
a[§v = 8715 < (VIn(W) = VIN(B"), % = ") < (~VIn(8),% —8") < [VIx (B, ¥ = B,

Notice that HVL ~(BY) H2 < &stat, We can conclude that

Estat

[wlly < 11871, +

Recall that we assume ||3*||, < B, /4, we can then consider & = {egat < aB,/4}. Once
&, holds, our argument above yields |w|[, < B,, which implies VLx (W) = 0. Therefore,
W = arg ming, cga Ly (W). Further, by Theorem G.3, we can set

20K, K,\> 20K, K
Cs :max{2L<3any> ,2L'3any}7

so that as long as N > (Cad, the event & holds with probability at least 1 — exp(—N/C5>). This is
the desired result. O
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G.6 Proof of Theorem G.3 (d) & (e)
We first prove Theorem G.3 (d). Notice that
V2L, (w) = ]E[g%(x,w))xx—r} = ]E[MQ]I(K ,wh| < BM)XXT} = pigpizla, VW € Ba(By).

Therefore, L, is (ug,uz) strongly-convex over By

(Byw). Therefore, because 3* € Ba(B,,) is the
global minimum of L,, it holds that for all w € BQ(B ),

Ly(w) — Ly(B7) < ~IVLy(w )l

< 2M
By the definition of eggay, ||V Lp(W)|l2 < €stat + IVLy(w)|2, and hence the proof of Theorem G.3
(d) is completed.

We next prove Theorem G.3 (e), where we assume that E[y|x] = g({x, 8)) (which implies 8* = 3
directly) and wgrm € Ba(By, ). Notice that

VLy(w) = E[VLx(w)| = El(g({x, w)) = y)x] = El(g((x, w)) - g((w, B)))x],
and hence
(VLy(Wara), warat — B) = El(g((x, wara)) — g((w, 8))) - ((x, Warar) = (w, 8))]

= LLE[(Q(<X7WGLM>) —g((w, 3))°].

On the other hand, by the (1,14, )-strong-convexity of L, over By (B,,), it holds that
1
HgHa

(VLy(warm), warm — B) < IV Ly(werm)|3 -

Finally, using the definition of wgr, we have VEN(WGLM) =0, and hence ||VL,(wWgrm)
Estat, Which completes the proof of Theorem G.3 (e).

Iy <

H Proofs for Section 3.2

H.1 Proof of Theorem 7

Fix Ay > 0,8 > 0 and B,, > 0, and consider any in-context data D such that the precondition
of Theorem 7 holds. Recall that

Llasso W = 2N Z w, Xz +/\N ||WH1

denotes the lasso regression loss in (ICLass0), so that Wiagso = arg min, cpa Liasso(W). We further
write

LY¥(w) = 5= > ((woxi) =)’ R(w) = Ax || wl], .

Note that V2L, (w) = X "X /N and thus LY, is 3-smooth over R<.
Consider the proximal gradient descent algorithm on the ridge loss

Whap = prox,r (WPGD nVLYy (WtPGD))
with initialization w, := 04, learning rate 7 := 37, and number of steps 7" to be specified later.
Similar to the proof of Theorem 4, we can construct a transformer to approximate WgD. Consider
U(s,t) = 3(s —t)? and R(w) = Ay HWHl, then 05¢(s,t) is (0, +00, 2, 4)-approximable by sum
of relus (cf. Definition D.1), and prox, » is (0, +00,4d,4 + 2n\y)- appr0x1mable by sum of relus
(Proposition D.1). Therefore, we can apply Theorem D 2 with the square loss ¢, regularizer R,
learning rate 7 and accuracy parameter 0 to obtain that there exists a transformer TFg with (T 4 1)
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layers, number of heads M) = 2 for all ¢ € [L], and hidden dimension D’ = 2d, such that the
final output hSVLJ)rl = [XN+1;UN+1; Whap; *] with §y 1 = <W%;GD,XN+1>. Further, the weight
matrices have norm bounds [|@] < 10R + (8 +2\y)57 L.

By the standard convergence result for proximal gradient descent (Proposition B.3), we have for all
t > 1 that

Llasso (W%’GD) - Llasso (Wlasso) leassoug .

< —
2t
Plugging in ||[Wiassoll; < Bw/2and T = L — 1 = [3B2 /e| finishes the proof. O

H.2 Sharper convergence analysis of proximal gradient descent for Lasso

Collection of parameters Throughout the rest of this section, we consider fixed N > 1, Ay =
\/% for p > 0, v > 0 fixed (and to be determined), fixed 0 < o < 3, and fixed B}, > 0. We

write 1 == B/a, iy i= B(BL)?/v2, and wy := £ 21984,

Here we present a sharper convergence analysis on the proximal gradient descent algorithm for L5
under the following well-conditionedness assumption, which will be useful for proving Theorem 8 in
the sequel.

Assumption C (Well-conditioned property for Lasso). We say the (ICLasso) problem is well-
conditioned with sparsity s if the following conditions hold:

1. The («, p)-RSC condition holds:

log d

||XW||§
il LS _
o p

N
Further, Amax(XTX/N) < B.

w3 lwl?,  vweR~ (38)

2. The data (X,y) is “approximately generated from a s-sparse linear model”: There exists a
w, € R? such that [Willy < By [[Willg < s and for the residue e =y — Xw,,

[XTell.. < 33

3. It holds that N > 32% - slogd (i.e. 32wy < 1).

Assumption C1 imposes the standard restricted strong convexity (RSC) condition for the feature
matrix X € RV*4 and Assumption C2 asserts that the data is approximately generated from a
sparse linear model, with a bound on the L., norm of the error vector XTe. Assumption C is
entirely deterministic in nature, and suffices to imply the following convergence result. In the proof
of Theorem 8, we show that Assumption C is satisfied with high probability when data is generated
from the standard sparse linear model considered therein.

Theorem H.1 (Sharper convergence guarantee for Lasso). Under Assumption C, for the PGD
iterates {Wt}tzo on loss function Lyass, with stepsize n = 1/ and starting point w9 = 0, we have

Elasso(VVT) - Elasso (Wlasso) < ¢ forall

T>C[5(5})2+n10g (c.,i. B(BL)’ .V) +,{VW12V]’

14 3 3

where C'is a universal constant.

The proof can be found in Appendix H.4. Combining Theorem H.1 with the construction in Theorem 7,
we directly obtain the following result as a corollary.

Theorem H.2 (In-context Lasso with transformers with sharper convergence). For any N,d,s > 1,
0<a<pB,v>0 p>0, there exists a L-layer transformer TF g with

L = [C (ks + k(log(Cks 3 , M® <2 DW < 24,
[C (ks + K(log(Crs/e) + vwi [e)) | max < max <
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16l <3+ R+ (8+2An)B87",

such that the following holds. On any input data (D,xn41) such that the (ICLasso) problem
satisfies Assumption C (which implies ||Wiassol|ly < Buw/2 with B, = 2B% + \/v/a), TFo(H©®)
approximately implements (ICLasso), in that it outputs Yy 41 = ready(TFg(H)) = (xn41, W) with

2—/\lasso(‘;‘\f) - EIasso(v"vlasso) S g.

H.3 Basic properties for Lasso

Lemma H.1 (Relaxed basic inequality). Suppose that Assumption C2 holds. Then it holds that

9 . ~
HW - W*Hl < 4\/§ ||W - W*||2 + E (Llasso(w) - Llasso(“’*))a vw € R

As a corollary, ||[Wiasso — Wil|; < 4V [|[Wiasso — W[5

Proof. Let us first fix any w € R?. Denote A = w — w,, and let S = supp(wy,) be the set of
indexes of nonzero entries of w,. Then by definition, y = Xw, + £ and |S| < s, and hence

2 2 2 2 2
[Xw — y[2 — [Xw, —y]2 = [XA e~ [|e]|? = [XA|2 — 2cTXA,
Iwll, — lwl, = S (Wil = w51 + 37 Wil

jes igs
> = wlil = wo il + D Iwlill = | Ase ], — [l As], -
jes i#s

Combining these inequalities, we obtain

e XA - -
+ )\N(”ASHl - HASCHl) + Llasso(w) - Llasso(w*)

1 2
0< — XA <

AN ~ ~
< 5 ||A||1 + )‘N(HASH1 - ||AS°H1) + Liasso(W) — Liasso(W+) (39)

AN ~ ~
= 7(3 ||ASH1 - ||AS“||1) + Llasso(w) - Llasso(w*)a
XT
where the second inequality follows from ST])V(A < H ; L [|AJ]; and our assumption that
XT
IQIHNEHW < Aw. and the last inequality is due to ||A||; = ||Ag|l; + ||Age]|;. Therefore, we
ave

2 [~ ~
(Al = lAs]l; + |[Asel, <4llAs]; + W~ (Llasso(w) - Llasso(W*))
2 [~ ~
< 4\/g ||AH2 + E (Llasso(w) - Llasso(w*))a

where the last inequality follows from ||Ag||; < /s|Ag|ly < v/s||All,. This completes the proof
of our main inequality. As for the corollary, we only need to use the definition that Ljasso(Wiasso) <

Llasso(w*)~ O
Proposition H.1 (Gap to parameter estimation error). Suppose that Assumption C holds. Then for all
w € R,
sA2
W = wil; < C| =55 + v~ gap” + gap|,
where we write gap := Elasso(w) - zlasso(wlasso), and C = 120 is a universal constant. In
particular, we have ||Wiasso — W*H; <10%27 Sl;’vigd.
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Proof. We follow the notation in the proof of Lemma H.1. By (39), we have
1 2 AN ~ ~
0< 5 IXAJZ < X3 1As] — [ As ) + Liasso(W) = Liassolw2),

and hence ||A|[; < 4v/s || A, + 2/5—;" due 10 Liasso (W) — Liasso(Ws) < gap. On the other hand, by
the RSC condition (38), it holds that

XAl
N

log d

2
>al Al —p— AL

Therefore, we have

log d
N
log d

allAlly < 3AnVs | All, + p— | All} + 2gap

2
< ANy Al, 4 p (M SIA], + ) + 2gap

< 5sA\% 20slogd 20log d
@

a 2
+EMA%+p‘v HAM+0—Rf£wz+%w,

where the last inequality uses AM-GM inequality and Cauchy inequality. Notice that pZOs logd < % a,

we now derive that

3052 1201log d
sN+ og

Al <
” H2— ag P /\?VN

gap? + 12gap.

Plugging in Ay = 4/ &1\33‘1 completes the proof. The corollary follows immediately by letting
W = Wiass0 10 above proof (hence gap = 0). O]

Lemma H.2 (Growth). It holds that

1

2N ||X(W Wlasso)”g < Llasso(w) - Zlasso(vvlasso)y Yw.

Proof. For simplicity we denote Wiasso := Wiasso- BY the first order optimality condition, it holds
that

1
0e NXT (leasso - Y) + aR(“’lasso)v

where we write R(w) := Ay ||[w/||,. Then by the convexity of R, we have

1
R(W) - R(Wlasso) 2 <8R(Wlasso)7 W — Wlasso> = <_]\/v:>(—r (leasso - y), W — Wlasso>

1

[ N <XWlasbo (XW y) (leasso - Y)>

= ||XW YHQ ||le(mo Y||2+ HX(W Wlasw)”z

Rearranging completes the proof. O

H.4 Proof of Theorem H.1

For the simplicity of presentation, we Write Wiasso = Wiasso and we denote gap? := Zlasso (wh) —

Llasso (Wlasso)-

By Lemma H.1, we have ||w! — w, ||, < 4y/5 |w’ — w,||, + 22°

2gap’
Ay

t

||W - Wlasso||1 S ||Wt - W*Hl + ||Wlasso - W*”l S 4\/EHWt - Wlasso||2 + 8\/§”Wlasso - W*||2 +
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We denote pny = p2%. Using the assumption that X is («, p)-RSC, we obtain that

1
N HX(Wt - Wlasso)HZ Z « ||Wt - Wlasso”i — KN ||Wt - Wlasso”i
40
e ||Wt - Wlasso||; — KN (205 Hwt - Wlasso||§ + 640s ||Wlasso - W*||§ + )\Q(gapt)2> .
N

2
30p7slogd Zlog 4 we have

Thus, as long as N >

o 2 1 2 o  40un

g Hwt - WlassoH2 < N HX(Wt — Wlasso)H2 + 6405,UN ||Wlasso - W*Hg + )\?\[ (gapt)2
< 2gap’ 4 400~} (gap")? + 6405n |Wiasso — W |3,

where the last inequality follows from Lemma H.2 and the definition of Ay, pn.

We define egpat := 64051 [|[Wiasso — W*H;, Ty := 108v~1 ||w1asso||§. By Proposition B.3(3), it
holds that for ¢t > Ty,

B v
2T, 20°
Then for all t > Ty — 1, we have (the second < below uses Proposition B.3(2))

B
gapt < ﬂ ||W1asso||§ < leassng =

% HWH_l - Wlassouz S 4gapt+1 + Estat S 2ﬁ<Hwt - WlassoHi - Hwt+1 - Wlasso“i) + Estat)

3es - 3.
S e O A (S

Therefore, fort > Tg — 1,

2 « _ 2 353 a
||Wt _WlaSSOH2 < exp (—m(t — |_T0-‘ + 1)) Hw(T(ﬂ 1 — Wiasso ) + OCstat

«

o 3Estat

< t — T asso ; DN
< xp (= 50~ T0) ) Wil + 2
where the last inequality follows from Proposition B.3(2). Further, by Proposition B.3(3), we have

t+k < 5 355tat
(6%

2 «
gap = ﬁ Hwt - WlassoHQ S ﬁ |:exp <_(t - TO)) ||W1aSSOH§ + ) Vit 2 TU - 17k 2 0.

2k 88

Hence, we can conclude that gapT < ¢ for all T" such that

2
s 3 sta
T > 1061/_1 ||Wlasso||§ + 8/{10g (ﬁ ||W?sso||2> + KEstat +1.

€
Now, by Proposition H.1, it holds that ||Wyasso — W*Hg <10%27 Slfvigd, and hence
20pvslogd

||W1ass0||§ <2 Hw*llg + 2 [[Wlasso — W*Hg < 2(31:)2 + %.

Plugging in our definition of
logd slogd
UN = P Ng ) Estat = 4005UN || Wiasso _W*||§7 WN = g Nig <1

completes the proof. O

H.5 Proof of Theorem 8
In this section, we present the proof of Theorem 8 based on Theorem H.2. We begin by recalling the

following RSC property of a Gaussian random matrix [87, Theorem 7.16], a classical result in the
high-dimensional statistics literature.
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Proposition H.2 (RSC for Gaussian random design). Suppose that X = [xy;--- ;xy]" € R4

is a random matrix with each row x; being i.i.d. samples from N(0,X). Then there are universal
e~ N/32

L ¢y = 50 such that with probability at least 1 — T =~/

constants ¢; = g,

|Xw|; 2 logd
T2 > 1 ||wls — cap(%) N

where p(3) = max;e(q) Xi; is the maximum of diagonal entries of 3.

lwl?,  vweR? (40)

Fix a parameter ; < ¢ (which we will specify in proof) and a large universal constant Cj. Let us set
a=c;=0(1), B =28(1+(d/N)), p=rcy=06(1),
B, = Cy+/dlog(N/éy), By = Cy(B;;, + 0)\/10g(N/61).

Similar to the proof of Corollary 6 (Appendix F.4), we consider the following good events (where
e =Xw, —y)

Ew = {Amax(XX/N) < Band X is (o, p)-RSC},

- {HXTeHOO > 40\/N10g(4d/6)},
& = {Vi € [N], [[xill, < Ba, |yil < By},
Evnt1 = {lIxn41lly £ Bay lyn41] < By},
and we define £ := &, NE NENEp N1

log(4d/5)
N

Furthermore, we choose v > 0 that correspond to the choice A\y = 8o , and we also

assume N > 3202 - slog d. Then, Assumption C holds on the event £.

Therefore, we can apply Theorem H.2 with ¢ = vwy, which implies that there exists a L-layer
transformer @ such that its prediction Jx 41 := read,(TFg(H)), so that under the good event £ we
have Y11 = clipg, ({(Xn+1,W)), where

Llasso(‘/“\/v) — Liasso (Wlasso) <vwy.

In the following, we show that 6 is indeed the desired transformer (similarly to the proof in Ap-
pendix F.4). Consider the conditional prediction error

E [(fn+1 —yn+1)?| D] =E [H{E}Hns1 — yn+1)?| D] + E [H{E}Un+1 — yn11)?| D],
and we analyze these two parts separately under the good event &y := &, N &, N &, of D.

Part I. We first note that
E [1{€} 41— yn41)?| D] = B[ HEY(Clips, ((xn-1. ) = yv41)?| D)

]E[l{(‘f}((XNJrh W) — yN+1)2’D]’

where the inequality is because yn41 € [—B,, B,| under the good event £. Notice that by our
construction, under the good event £, w = w(D) depends only on the dataset D (because it is the
(L — 1)-th iterate of PGD on (ICLasso) problem). Applying Proposition H.1 to w(D) and using the
definition of wy and our choice of A\, we obtain that (under &)
~ sA% o?slog(d/s
lw(D) — W*H2 <C- [ + vk + VUJN:| =0 (g(/)) .
a? N
Therefore, under &,
E [1{E}((xn11, W) —yn+1)?| D] = E[H{E}((xn 41, W(D)) — yn41)?| D]

<E[((xn41,W(D)) — yn+1)*| D]

E [((xn+1,W(D)) — (xn+41,w.))*| D] + 0
w(D

= |W(D) —w.|; + 0
1o (L))
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Part II. Notice that under good event &, the bad event £¢ holds if and only if S,f, Ni1 holds, and
hence

E [H{EV Un+1 — yn+1)?| D] =E [{E n o1} On+1 — yn+1)?| D]
< \/P(SE,NH)E[@NH —yn+1)4]

With a large enough constant Co, we clearly have P(&f ) < (61/N )19, Further, a simple
calculation yields
~ 4 ~4 4 4 4 4
E@n+1 —yn+1)” <8E([Uni1 +Yny1) < 8B, +8Eyn,, <168,

where the last inequality is because the marginal distribution of i 1 is simply N(0, 02 + [|w,]|3).
Combining these yields

5B2 5 *\2 0_2 o L
E [1{50}@N+1 - yN+1)2‘ D] <0 <6}VBS?/> <O (61((311)) +N4)1 g(1/6 )) .

Therefore, choosing §; = min{é } is enough for our purpose, and under such choice of d1,

g
> B,

0.2
E[1{&YGnt1 —yn1)?| D] <O (]\74> :

Conclusion. Combining the inequalities above, we can conclude that under &,

E [(Jn+1 — yn+1)?| D] < 0? {1 +0 (SIOgN(d/(S)ﬂ

It remains to show that P(€y) > 1 — §. By Proposition H.2, Lemma B.2 and Lemma B.4, we have
) )

e < Z.
y  P&)=y

Therefore, as long as N > 321log(12/0), we have P(y) > 1 — §. This completes the proof. O

‘We also remark that in the construction above,

R=0 ((B; +o)Vdlog(N - (1+ BZ;/G))) ;

P(gw) < 3exp(—N/32)a ]P)(gr) <

which would be useful for bounding ||@||.

I Proofs for Section 4

LI.1 Proof of Proposition 10
We begin by restating Proposition 10 into the following version, which contains additional size

bounds on 6.
Theorem I.1 (Full statement of Proposition 10). Suppose that for

Eva.(f>:=ﬁ ST i) ),
va (xi,Y:) EDyal

0(-,-) is (v/3, R, M, C)-approximable by sum of relus (Definition D.1). Then there exists a 3-layer
transformer TFg with

2NKC
max M < (M +3)K, maxD® <K?’4+K+1, |0]<

3y '+ 7TKR.
¢€[3) ec[3) |Dyall oy

that maps
h; =[x fi(xi);- -5 fr(%:);0x41: 158]  —  hj= [*;J/C\(Xi)§1§ti]7 i€ [N+1],

where the predictor f: R? — R is a convex combination of {fr : Eva|(fk) < miny, ¢(x) Zva| (fr,)+
v}. As a corollary, for any convex risk L : (R? — R) — R, f satisfies

~ ~

L(f) < ming, e(x) L(fk,) + maxge () |Lval(fi) — L(fr)| + -
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To prove Theorem I.1, we first state and prove the following two propositions.
Proposition 1.1 (Evaluation layer). There exists a I-layer transformer TFg with M K heads and
€]l < 3R+ 2NKC/|Dyal| such that for all H such that max;{|y;|} < R, max; {|fx(x:)|} <R,
TFg maps
h; =[x 95500 f1(xi); -+ fre(Xa); Ok 15 15 8]
— b =[xyl fi(xa)ie s Fre (%) Luar ()i s Loar(F)3 05 13 ) i€ [N +1],

Eval(fk) - 2—:val(fk) S 3

where Ly, (+) is a functional such that maxy,

Proof of Proposition I.1. As ¢ is (¢, R, M, C)-approximable by sum of relus, there exists a function
g : R? — R of form

M M
g(s,t) = Z em0(ams + byt +dp,) with Z lem| < Cy am| + |bm| + |dm| <1, Vm € [M],
m=1 m=1

such that sup , (- g, r)2 19(s, ) — €(s,t)| < . We define

Betlf) = —— S0 g(f(xo).m),

D,
| val| (xi,9i) €EDyal

Next, for every m € [M] and k € [K], we define matrices Q,,.x, Kin.k, Vinx € RP*P such that
foralli,j € [N +1],

(gm fr(x;)
m Yj N+ e,
Quabi = |d| . Kuahy= | 1| vin = N2
2 R(1+1;) |Dyall
0 0

where e, € RP is the vector with s-th entry being 1 and others being 0. As the input has struc-
ture h; = [x;; 455 % f1(X:); -+ 5 fie(X4:); Ok 15 15 8], these matrices indeed exist, and further it is
straightforward to check that they have norm bounds
K(N+1)C
rnax m max K <2+ R, V.. < —
me[M],k ”Q Hlop < me[M],k€[K] 1B ilop < Z Vo tllop < |Dyal
me[M],kE[K]

Now, for every i, j € [N + 1], we have
o((Qum.ihi, Ko ihy)) = 0 (am fo (%) + by + dm — 2R(1 + t5))
= O'(amWTXj + bmyj + dm)l{tj = 71}7

where the last equality follows from the bound |an, fr.(X;) + bmy; + dm| < R(|am| +|bm|) +dm <
2R, so that the above relu equals 0 if ¢; < 0. Therefore, for each i € [NV + 1] and k € [K],

M

Z U(<Qm,khia Km,khj>)vm,khj

m=1

M
N+1
= (Z Cm0 (amW % + by + dm)> ' (|D+|| )1{tj = —1}ep (k-3
m=1 va
N+1
= g(fr(x5),95) - (|D|)1{tj = —1}ep_(k—k)-3-
va

Thus letting the attention layer 8 = {(V . 1, Qum ks Km,k)}(m e[ x K] We have

N+1

= [Attng(H )] =h, + m Z Z Qm,khiaKm,khj»V"%khj

j=1 m,k
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N+1 K

1
=h; + |D I D0 a(fr(xg),u5) - 1ty = —1}ep_ (k)3
va

=1 k=1

> g(fe(x5),95) |ep—(x—k)-3

D
| val | x7 vy_j)EDva\

val () *€p_(K—k)-3

i

= [xisyli#s fr(x)s 5 fre(%2); Ok Lita] + [0p—x—35 Luat(f1) - - 3 Lyal (fx )3 05 05 0]

= [xiiyis6 fr(xi)i- o s Fr(%0); Loat(f1); -+ 3 Lual(F); 0 18], i € [N 41],
This is the desired result. O
Proposition 1.2 (Selection layer). There exists a 3-layer transformer TF g with

max MY <2K 42, maxD¥W < K?4+ K+1, 0] <~y !+3KR+2.
2€[3] Ce[3]

such that TF g maps
hy = [ f1(x);- 5 fre(xi); Las - -+ 5 L 051544

= b= [ fix)s s fre(xa)is s fxa)i Lit], i€ [N +1],
where f: Zszl Ak [ Is an aggregated predictor, where the weights A1, - -+ , A > 0 are functions
onlyonlly,--- 1Ly such that

S Xe=1, A >0onlyifLy < min Ly« +7.
k*€[K]

Proof of Proposition 1.2. We construct a @ which is a composition of 2 MLP layers followed by an

attention layer (O,SP, OﬁP, Bii’tn)

Step 1: construction of 0,5111)) We consider matrix W( ) that maps

h=[xp_g_3;La;- - ;L]
—W®"h =Ly —Lo;- 5Ly —Lg;- - ;L — Lg_13Ly; —Ly; - ;L — L],

ie. ng)h is a K2 + K dimensional vector so that its entry contains {L; — Li}ierx) and

< 2K. We then

{Lx, =L }re[x)- Clearly, such ng) exists and can be chosen so that ’
op

consider a matrix Wél) that maps

c(Wh) s WHo(WMh) = [0p_k_3ic1 — Li;- -+ jex — Li; 03] € RP,
where ¢, = ¢, (L) := 3,4 0(Ly — Ly). Notice that
cp —Lp = —o(Lg) + o(—Lg) + ZU(Lk — L),
1£k

< K + 1. We set 0(1) =

and hence such W(l) exists and can be chosen so that HWél) nlp

op

(ng),W( )) then MLP ) maps h; to

WY = [k fi(xi); 5 e (Xo)sens o sers 0 15t).
The basic property of {c }re[x] is that, if ¢ <, then Ly < ming. g L~ + 7.

Step 2: construction of 02 We consider matrix W( )

nlp- that maps

h=[*p_g_3ic1; - ;cr;*;1;%]
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= WPh = (1 -y oo —ens-o 31— 7 e e —e) € R

and WgQ) can be chosen so that HW?) < K + 1+ ~~1. We then consider a matrix WéZ) that

maps

op

O'(W:(lQ)h) — WéQ)O'(ng)h) = [0D7K73§ 0'(1 — ’7_101) —C1y° ;0(1 — ’y_lCK) — CK; 03] S RD,

< 2. Weset 655) = (WP, W), then MLP ;)

op mlP

which exists and can be chosen so that HWS)
maps hgl) to

= [ fi(xa)ie s fre(Xa)iuas - surs 05 L),
where uy, = o(1 — v tex)Vk € [K]. Clearly, uy € [0,1], and uy, > 0 if and only if ¢, < 7.
Step 3: construction of 053%,1. We define
AM=1-0(1—u), AM=oc(l—u;——up_1)—o(l—uy —-—ug)Vk > 2.
Clearly, A\ > 0, and ), A\ = 1. Further,
Me>0=up >0=cp <v=1Lg Sk{réi[%]lhk*—i—'y.

Therefore, it remains to construct Oattn that implements f: Zszl Ak fx based on [hEQ)]Z-. Notice
that

K-1

Fx)=o(l)- i)+ > o1 —uy — - —up1) - (fi(xi) = fe1(x))

k=1
—o(l—w — - —uk) - fr(xi),

(41)

and hence we construct 8'>) as follows: for every k € [K + 1] and w € {0, 1}, we define matrices
Qrws Kk View € RP*P such that for all k € [K + 1]

7 R)-1 — i R)-1

Qioh!? = {(fk(X)ar ) k}v Quih® = {(fk 1(x )O+ )+ 1y ’

1

—uy
Kk,ohf) = Kk,1h§2) = : ; Vk,oh§2) =ep_2= —Vk,1h§-2),
—Ug—1
0
for all i, 5 € [N + 1], where we understand fo = fx1 = 0 and 1 is the k-dimensional vector

with all entries being 1. By the structure of h§2), these matrices indeed exist, and further it is
straightforward to check that they have norm bounds

1Qk.wllop, < KR, max - [[Kl,, <1, > Viwllop < 2K +2.
kelK 41 we (0,1} ke[K+1],we{0,1} Relic it melon)
Now, for every i,j € [N + 1], k € [K + 1],w € {0,1}, we have
a(<Qk7wh£2), Kk7wh§2)>) —o((1—u = —up1)(frw(x:) + R))
=o(l—u = —up1) - (fr-w(xi) + R),
where the last equality follows from fi(x;) + R > 0Vk € [K]. Therefore,
> o((Quih Kbl ) )V, h?
ke[K+1],we{0,1}
K
=D o= = — ) - () + R) = ol = = =) - (fima (xi) + )| - epos
k=1
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= f(xz) "€p-2,
where the last equality is due to (41).  Thus letting the attention layer Battn =
{(Vk,w, Qk,wa Kk»“’)}(k,w)e[K+1]><{0’1}’ we have

N+1

h® — [Attng( (2))] —h, erzz (<Qk7wh52)’Kk7wh§2)>)Vk,wh§2)

j=1 kw
24 f(Xz) “€p_2
=[5 fu(xa)s o Fre(xa)suns - surc; F(xa); L)

This is the desired result. O

Now, we are ready to prove Theorem I.1.
Proof of Theorem I.1  As {(-,) is (v/3, R, M, C)-approximable by sum of relus, we can invoke

(1)

Proposition 1.1 to show that there exists a single attention layer 0., so that Attn maps

N
hy = b= [xiyls Ak s fr (%) Lua(f1); - 5 Lual(Fx); 05 15 8], ie[N+1],

for any input H = [h;]; of the form described in Theorem 1.1, and Eva|(~) is a functional such that
maxy | Lyai(fx) — Lval(fk)’ <~/3.

Next, by the proof of Proposition 1.2, there exists (BSP, Hmlzﬂ Ggf%n) that maps

h; — h= [Xi§y£§*§f1(xi)§"' §fK(Xi)§*§Z>\kfk(xi)§1§ti , ie[N+1],

where A = (A1, , Ax) € A([K]) and A, > 0 only when Lyai(f) < mings Lyai(fer) 4+ /3.
Using the fact that maxy, | Lyai(fx) — Lvai(fx)| < 7/3, we deduce that A is supported on {k :

val(fk) < miny, €K val(fk ) +’Y}'

Therefore, 8 = (OStn, Omil)), 0,,3;, 0§im) is the desired transformer, with

max M < (M +3)K, En&[mg]cD(é) <K?’4+K+1,
€

Le(3]
and
2NKC
el < maX{SR—i- Dl + 3K + 1,K+3+7_1,KR+2K+2}
val
2NKC
<TKR+——— +~!
|Dval|
This completes the proof. O

1.2 Proof of Theorem 11

We first restate Theorem 11 into the following version which provides additional size bounds
for 6. For the simplicity of presentation, throughout this subsection and Appendix J, we denote
i = {i: (xi,9i) € Drraints Lo = {i : (X4, ¥i) € Dual}s Xirain = [Xi|iez, to be the input matrix
corresponding to the training split only, and Nirain = |Dirain]s Nval = |Duall-

Theorem L.2. For any sequence of regularizations { A\ }re[k], 0 < o < B with k := maxy gii‘\i,

B, > 0,7 >0, and e < B,,/2, suppose in input format (3) we have D > O(Kd). Then there exists
an L-layer transformer TFg with

L= [2klog(B,/(2¢))] +4, max M <3K+1, maxD¥ < K24+ K +1,
Le(L] Le(L]
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N
6] < o(KR+ CES\EIEa +v—1), R = max{B, Bo, By, 1},
al

Ny

such that the following holds. On any input data (D,xx+1) such that the problem (ICRidge) is
well-conditioned and has a bounded solution:

a < )\min( trathram/Ntram) < Amax( trathram/Ntram) < 67 max erldge(Dtram H2 < Bw/2

ke[K]
(42)

TFg approximately implements ridge selection: its prediction

K
Un11 = ready (TFY(H)) = (W, xn11), W= Z)\kvAvk
k=1
satisfies the following.
I. Foreachk € [K|, W, = Wy, (Dtra,n) approximates the ridge estimator erdge(Dtram) i

HV/‘\/IC 1r1dge('Z)tram ||2 >~

2. A= (A1, Ak) € A([K]) so that
Ak > 0 only lvaaI(Wk) < kml[n]fvm(\?vk*) + 7.
*e[K

In particular, if we set 7' = 2(B,B,, + By)Bge + 7, then it holds that®

~ o~

~ A\ ; o
. Lval(Wri’égc,train) < min Lval(WriZ*gc,train) +7/}) <e

dist (W conv{wk
k.€[K]

ridge,train

POV
where we denote Wi, . ¢ in rldge(Dtra|n)

To prove Theorem 1.2, we first show that, for the squared validation loss, there exists a 3-layer

transformer that performs predictor selection based on the exactly evaluated Eva|( fx) for each
k € [K]. (Proof in Appendix 1.2.1.)

Theorem L.3 (Square-loss version of Theorem 1.1). Consider the squared validation loss

Lal(f) := 2|2;val| > (fxi) - vi)*.

(24,Yi) EDval

Then there exists a 3-layer transformer TF g with

N
max M < 2K +2, maxD® < K*+ K +1, |0] <7KR+ +v7Y
te[3] €3] |Dyail

such that for any input H that takes form
hy = x50 f1(xi); -5 fre(%i); Orcs 5 1],

where TF g outputs hy 11 = [XN+1; f(xN_H), x; 1; 0], where the predictor f R? — R is a convex
combination of {fy, : \,a|(fk) < ming, ¢[x] Lva|(fk ) + ~}. As a corollary, for any convex risk
L:(RY—R) =R, f satisfies

L(f) < miny, egx) L(fr.) + maxpe(x] [Lval(fr) — L(fi)| +7

Proof of Theorem 1.2 First, by the proof® of Theorem 4 and Proposition B.6, for each k € [K],
there exists a T = L — 3 layer transformer 8"7) such that TF (1.7 maps

hi — h(T) [thm 7<W1axl>7"' a<wKaX7/>,OK717tl]7

8This is because Em(w) is (BgBw + By)Bg-Lipschitz w.r.t. w € B2(By).
“Technically, an adapted version where the underlying ICGD mechanism operates on the training split (with
= 1) with size Nirin instead of on all N training examples, which only changes ||| by at most a constant
factor, and does not change the number of layers and heads.
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so that if (42) holds, we have [|Wi — wiis,. ||, < € and Wy € Ba(Bu).

Next, by Theorem 1.3, there exists a 3-layer transformer (7 +57+3) that outputs

hgil) [XN+17<W XN+1>7*317t]

where W = 31 MW, A = (Mg, -+, Ak) € A([K]) so that

A, > 0 only if Lya(Wy,) < min Lyai(Wpe ) + 7.
k*€[K]

This is the desired result. O

1.2.1 Proof of Theorem 1.3

Similar to the proof of Proposition 10, Theorem 1.3 is a direct corollary by combining Proposition 1.3
with Proposition 1.2.

Proposition 1.3 (Evaluation layer for the squared loss). There exists an attention layer TF g with 2K
heads and ||0|| < 3R 4+ 2N K/ |Dyal| such that TF g maps

hy =[x f1(x); - 5 fre(Xa); Ok %5 13 ]
= b =[x fix); o Fre(%a); Dual(f1); -+ 5 Dual (F); %5 15 8], i €[N +1].

Proof of Proposition 1.3. For every k € [K], we define matrices Q. 1, Ko ky Vi x € RP*P such
that for all ¢, 5 € [N + 1],

1 71 fk(Xj)
-1 1 Yj
Qrohi= | _ 5|, Quihi=|_ol, Kioh; =Kj h;= R+t
0 0 0
N+1
Viohj = =Viih; = W+l), (fu(%5) — yj)ep—(x—k)—3-
2 |Dval|
As the input has structure h; = [x;; v} %; f1(x:); -+ 5 fr(Xi); 0k +1; 1; ¢;], these matrices indeed
exist, and further it is straightforward to check that they have norm bounds
K(N+1)
w K w S 1 + R7 A\ w = 7 N |
et 1Qewlop <30 e ) 1Kk wllo, 2 Vel < Dol

ke[K],we{0,1}

Now, for every i, j € [N + 1], we have

> o((Qrwhi, K why)) Vi,

we{0,1}
= [o(fu(x)) —y; —2R(L+t;)) — o(y; — fu(x;) —2R(1 + ;)] - (2A|[7;\_/a|1|)(fk(xj) — Yj)ep—(K—k)-3
=1{t; = =1} - [o(fu(x5) — y;) — o(y; — fr(x5))] - (é\(i;rvjl) (fe(xj) —yj)ep—(x—k)-3

(N+1)

=1ty =—1} s

(fr(x) — y5)’ep— (K —k)—3

where the second equality follows from the bound | fx(x;) — y,| < 2R, so that the relus equals 0 if

t; < 0. Thus letting the attention layer 8 = {(Viw, Qiows Kiew (kyw)e[K]x{0,1}> We have
N+1
= [Attng(H )] =h; + m Z Z Qk,1uhiaKk,whj>)Vk,whj
=1 kw
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N+1 K

=h; + ﬁ Z Z(fk(xj) —y;)? - {t; = —1}ep_(x—r)-3

j=1 k=1
K

1
b+ 2D > (fex5) = v)? | ep—(x—r)-3

k=1 (%5,Y5)€Dual

K
h; + Z Lyal(fr) - €p—(K—k)—3
k=1

= [xi 9% ()i 5 fre(%2); Ok1s 1 6] + [0p—x—35 Luai(f1)i - 5 Lual (fx); 05 05 0]

=[x ylixs fr(xo)i 5 e (xi); Loal(f1)i - s Loal(fx); 0 15ts], i€ [N +1).
This is the desired result. O
1.3 Proofs for Section 4.2

1.3.1 Proof of Lemma 13

It is straightforward to check that the binary type check ¢» : R — R can be expressed as a linear
combination of 6 relu’s (recalling o(-) = ReLU(-)):

o (112) ) () () () o 252)

6
=: Z Um0 (b y + cm),
m=1
with > |am| = 8/¢, max,, max {|by|, [cm|} < 2. We can thus construct an attention layer

0 = {(Qum, Ko, V,n)}> _, with 6 heads such that

N+1
Qb = by 0p_2], Kphj =[y;;1;0p_5], Vyh; = N Om- t;;0p_1],
which gives that for every i € [N + 1],
o
Z m Z U(<thi7 Kmhj>)[vmhj]1
m=1 JE[N+1]
6.1 N X .
3 LS s+ emdan = 3 wiy) = w5,
m=1"" j=1 j=1
Further, we have ||@|| < 18/ = O(1/¢). This is the desired result. O

By composing the above attention layer with one additional layer (with 2 heads) that implement the
following function

o(2(t—1/2)) —o(2(t - 1)),

on the output WP (D), we directly obtain the following corollary.

Corollary 1.1 (Thresholded binary test). There exists a two-layer attention-only transformer with
maxeg) MY < 6and ||0| < O(1/¢) that exactly implements the thresholded binary test

1, l-f\:[jbinary(D) > 1,

inar : 1
W (D) = 10, i (D) < 5, 3)

linear interpolation, o.W.

at every token i € [N + 1], where we recall the definition of ¥*™" in Lemma 13.
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1.3.2 Formal statement and proof of Proposition 14

We say a distribution P, on R is (C, g¢)-not-concentrated around {0, 1} if

Py([—e,eJ]Ul —¢e,1+¢]) <Ce
for all ¢ € (0,e0]. A sufficient condition is that the density p, is upper bounded by C within
[—€0,€0] U[1 — €0, 1 + &q].
Throughout this section, let o1¢(t) := (1 + e~*)~! denote the sigmoid activation, and let Wog
denote the solution to the in-context logistic regression problem, i.e. ICGLM) with g(-) = Tiog(+).

Proposition 1.4 (Adaptive regression or classification; Formal version of Proposition 14). For any
By, >0, ¢ < B;B,/10, 0 < a < B with k := B/a, and any (C,ey), there exists a L-layer
attention-only transformer with

3 1 1
L<O|klog BeBu , max MY <0 1+% e?), 16| <O(R+—+-
€ e(L] a2 B8 ¢

(with R := max {B,B,, By, 1}, and € depending only on (C,e)) such that the following holds.
Suppose the input format is (3) with dimension D > 3d + 4.

On any classification instance (D,xn+1) (such that {y;},c;n C {0,1}) that is well-conditioned

Sor logistic regression in the sense of (35), it outputs Yy 11 that e-approximates the prediction of
in-context logistic regression:

N1 — O—log(<XN+1awlog>)| <e.

On the contrary, for regression problems, i.e. any in-context distribution P whose marginal P, is
(C, g0)-not-concentrated around {0, 1}, with probability at least 1 — exp(—cN) over D (where ¢ > 0
depends only on (C, ey)), Yn-+1 £-approximates the prediction of in-context least squares if the data
is well-conditioned:

[Un+1 — (Xn41,WLs)| < &  whenever D satisfies (5) with A = 0,
where Wis denotes the in-context least squares estimator, i.e. (ICRidge) with A = 0.
Proof. The result follows by combining the binary test in Corollary I.1 with Theorem 4 and Theo-

rem G.1. By those results, there exists three attention-only transformers 6y,s, €1og, Opin, With (below
Ly, Cy =0(1) for g = 010g(+))

B; B, )
Lis <Ol kKl M;d <3, |@ <O -
s < 0(wtor 22 ), max M0 <3 Pl ( +3).

LB, B, © c
L < O( g 22222 ). HR}MO<C< ) > I < 07+ ),

Luin =2, o MGy <6, [l < O(1/2),
€

that outputs prediction 753, Gin%, (at the (N + 1)-th token) and W52 (D) (at every token)
respectively, which satisfy

~log

yN+1 010g(<XN+17VAV10g>)’ S g,

|yN+1 XN+1aVAVLS>‘ <e.

when the corresponding well-conditionednesses are satisfied. In particular, we can make W, well-

defined on non-binary data, by multiplying \Ili’}:'::;y(l)) onto the x;’s (which can be implemented by

slightly modifying 6,,, without changing the order of the number of layers, heads, and norms) so

that W, = 0 on any data where U5 (D) = 0.

By joining 81,5 and 6, using Proposition B.6, concatenating with 8y, before, and concatenating
with one additional attention layer with 2 heads after to implement

thres thres

\I/bmary(p)?/jﬁil (1 _ \Ilb'"ary('D)>§II</S+1, (44)
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we obtain a single transformer 6 with
4

By By, B\ _ 11
L< O(mlogw), max M) < O((l + ;>a 2), l6usll < O<R+ 1y )
€ Le[L] « B e
which outputs (44) as its prediction (at the location for gy +1).

It remains to show that (44) reduces to either one of @Eil or ﬂk,S_H When the data are binary
(yi € {0,1}), we have WP"aY(D) = 1 and ¥X"Y(D) = 1, in which case (44) becomes exactly

thres
QlNoil. By contrast, when data is sampled from a distribution that is (C,¢¢)-not-concentrated
around {0, 1}, we have for any fixed e < g9 A 75 that, letting B, := [—¢,e] U[l —¢,1 + €] and

pe :=Py(B:) <Ce < %, by Hoeffding’s inequality,

N
inar inar 1 1 1
P(Wpne(D) # 0) = P(wi’h,esyw) > 2) - P(N > Uy € B} = 2>
=1

< exp (—0(1/2 — p5)2N) < exp(—c'N),

where ¢/ > 0 is an absolute constant. On the event \IJE']':;W(D) = 0 (which happens with probability

at least 1 — exp(—c'N)), (44) becomes exactly ﬂkﬁ_l This finishes the proof. O

I.4 Linear correlation test and application

In this section, we give another instantiation of the pre-ICL testing mechanism by showing that the
transformer can implement a linear correlation test that tests whether the correlation vector E[xy] has
a large norm. We then use this test to construct a transformer to perform “confident linear regression”,
i.e. output a prediction from linear regression only when the signal-to-noise ratio is high.

For any fixed parameters Anin, B, > 0, consider the linear correlation test over data D defined as

in 1 n * n *
VD) i= oy [ (I = CinBL/4?) = o (JRIE — (BAwin 5/ )?) |
0, ||€||% < (/\minB:u/4)27
=31, 813 > (3Anin By /4)°, @)

linear interpolation, o0.w.,
1
where t = T(D) := i z_;xiyz

Recall that o(-) = ReLU(-) above denotes the relu activation.

We show that ¥ can be exactly implemented by a 3-layer transformer.

Lemma L.1 (Expressing U'" by transformer). There exists a 3-layer attention-only transformer TFg
with at most 2 heads per layer and ||0] < O(1 + A2, (B)?) such that on input sequence H of

min

the form (3) with D > 2d + 4, the transformer exactly implements W' : it outputs H such that
h; = [x;; yiti;*; U'N(D); 1] forall i € [N + 1].
Proof. We begin by noting the following basic facts:
¢ Identity function can be implemented exactly by two ReLUs: ¢t = o(t) — o(—t).
¢ Squared /5 norm can be implemented exactly by a single attention head (assuming every input
h; contains the same vector g): ||g||§ =o((g,g)).
We construct the transformer 6 as follows.
Layer 1: Use 2 heads to implementf = % Ef\;l X;Y;, where Vgll)z}hj = [£x;;0p_d], lel)Q}hi =

[%;Op_l], and KE(11)72}hJ = [iyjtj;OD_l] = [iyjl{j < N + 1};0[)_1] (where we recall

t; = 1{j < N + 1} and note that y,t; corresponds exactly to the location for y; in H, cf. (3)).
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By manipulating the output dimension in V1), write the result t into blank memory space with
dimension d at every token i € [N + 1].

Y = [£0p_d, K§2)h§” = [t;0p_g], and
ng)hgl) = [1;0p_4]. By manipulating the output dimension in V() write the result |[t]|3 into
blank memory space with dimension 1 at every token ¢ € [IV + 1]. After layer 2, we have hl(»?’) =
[xi; it [[]13: % 1)

Layer 2: Use a single head to compute |[t]|2: ng)h(

)

Layer 3: Use 2 heads to implement two ReLU functions with bias: [[t||3 — 7 (o( [t]2 — A) —
o(|[t]|2 = B)). The two query (or key) matrices contain values A and B. In our problem we take

A= (AminB}/4)?, B = (3 \uinBr/4)%,

so that the above ReLU function implements U'" (D) exactly. Write the result into a blank memory
space with dimension 1. We finish the proof by noting that [|@]] < O(1 + A2, (B%)?). O

Statistical guarantee for U™ We consider the following well-posedness assumption for the linear
correlation test U'". Note that, similar as Assumption A, the assumption does not require the data
to be generated from any true linear model, but rather only requires some properties about the best
linear fit w5, as well as sub-Gaussianity conditions.

Assumption D (Well-posedness for linear correlation test). We say a distribution P on R? x R is
well-posed for linear independence tests, if (x,y) ~ P satisfies

(1) ||x|l2 < By and |y| < By almost surely;

(2) The covariance Xp := Ep[xx '] satisfies Aminld = 2p = Amaxla, With 0 < Amin < Amasxo
and K = Amax/Amin-

(3) The whitened vector E;l/zx is K2-sub-Gaussian for some K > 1.
(4) The best linear predictor w}, := Ep[xx "] " Ep[xy] satisfies |wp |2 < B,
(5) The label y is o2-sub-Gaussian.
(6) The residual z := y — (x, wp) is 02-sub-Gaussian with probability one (over x).
The following results states that U™ achieves high power as long as the sample size is high enough,

and the signal || wj||2 is either sufficiently high or sufficiently low.

Proposition L5 (Power of linear correlation test). Suppose distribution P satisfies Assumption D with
parameters Amin, Amax, B, Then, for the linear correlation test Tln yith parameters (Amin, BY)

with B, < B} and any N > (5(max {K*, f‘gﬁ’;gf }- d) we have

L if [will2 = By

w?

then with probability at least 1 — § over D, we have ¥'"(D) = 1.

2. If[[wgll2 < 10;\';‘;}( B?, then with probability at least 1 — § over D, we have ¥'"(D) = 0.

Proof. For any P satisfying Assumption D, note that E[xz] = E[x(y— (w}, x))] = 0 by construction.
Therefore, by standard sub-Gaussian and sub-exponential concentration combined with union bound,
the following events hold simultaneously with probability at least 1 — §:

< AL2

max

N
~ 1 -
0.9%p <3 = ¥ inxj <11%p as N > O(dK*) by (27),
=1
N N
1 1 “1/2 (12 [ KovVd | Kod
N ;xlzl N ;EP XiZi ) S O<)‘max \/N + T

[d Amin B} ~ (AmaxdK?0?
< 1/2 “ < minlqp N > max )
o </\max N) — 8 )y s — o (B* )2)\2

min
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On the above event, we have

1 Y 1Y
HtH = NZX¢(<X¢,W§>—|-Z¢) = ZWE"’NZXiZi
2 i=1 2 i=1 2
Therefore, in case 1, we have
N
I <« 1 )\minB* 3)\1111an
R e

In case 2, we have

AminBZL + )\minBZ; < )\minB;.

t < ||IZw
J¥l, = [[=we o <

2+ SAmax'

2

= \

The proof is finished by recalling the definition of W™ in (45), so that ¥'"(D) = 1 if |[t]|, >
BAmin B% /4, and U (D) = 0if [[t]|2 < Amin B /4. O

Application: Confident linear regression By directly composing the linear correlation test
in Lemma I.1 with the transformer construction in Corollary 5 (using an argument similar as the
proof of Proposition 1.4), and using the power of the linear correlation test Proposition 1.5, we imme-
cEately obtain the following result, which outputs aj prediction from (approximately) least squares if
1y := W'"(D) = 1, and abstains from predicting if 1) = 0. This can be viewed as a form of “confident
linear regression”, where the model predicts only if it thinks the linear signal is strong enough.

Proposition 1.6 (Confident linear regression). For any B,, > 0,0 < B} < ng, 0 < Ain < Amaxo

e < B;By /10,0 < a < B with k := 3/« there exists a L-layer attention-only transformer with

L< o<mog Bsz) max M < O(1), [0 < O(R+ % + )\fnin(Bj;)2>

£ Le[L]
(with- R := max{B;By,By,1}) such that the following holds. Let N >
1) (max {K*, E\é‘f“‘#} d) Suppose the input format is (3) with dimension D > 2d + 4. Let ICL

instance (D, x 1) be drawn from any distribution P satisfying Assumption D. Then the transformer
outputs a 2-dimensional prediction (within the test token hy 1)

(§N+1a'$) €Rx {07 1}
such that the following holds:

1. If||w§ll2 > By, then with probability at least 1— 6 over D, we have |[Yn+1—(Wis, Xn+1) | < &,
and 1) = 1 if D is in addition well-conditioned for least squares (in the sense of (5) with A = 0).

2. If|lwhll2 < 10/‘\“‘" . then with probability at least 1 — § over D, we have yny+1 = 0 and
¥ =0.

J Proof of Theorem 12: Noisy linear model with mixed noise levels

For each fixed k € [K], we consider the following data generating model Py, where we first sample
P =Pw, o, ~ 7 from w, ~ N(0,14/d), and then sample data {(x;, ¥i)};c(n 1) ~ Pw, o, a8

PW*,O'A: P X N(OvId)v Yi = <Xivw*> + &5 & N(an—l%)

Also, recall that the Bayes optimal estimator on Py, is given by ﬂl'i]afls = <w?l’jl ge (D),x N+1> with

ridge A\, = 07d/N, and the Bayes risk on P}, is given by

BayesRisk;, := inf 4 B [L(A(D)(xn11) — yn11)%] = Ek[%( aves yN+1)2].
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Recall that in Section 4.1.1, we consider a mixture law P, that generates data from Py, with k& ~ A. It
is clear that we have (pushing inf 4 into Ej. does not increase the value) we have

BayesRisk, > Ej. x[BayesRisk,],

i.e., the Bayes risk can only be greater if we consider a mixture of models. In other words, if a
transformer can achieve near-Bayes ICL on each meta-task P, then it can perform near-Bayes ICL
on any meta-task 7 which is a mixture of Py, with & ~ A. Therefore, to prove Theorem 12, it suffices
to show the following (strengthened) result.

Theorem J.1 (Formal version of Theorem 12). Suppose that N > 0.1d and we write oy =
maxg{ok, 1}, Omin = ming{ok, 1}. Suppose in input format (3) we have D > ©(Kd). Then there
exists a transformer 0 with
L <O (622 1og(N/omin)) , M® <O (K), DY < O(K?),
< O (o log(N/omm)) . max M <O(K),  maxD® < OK?)
10l < O (omaxKdlog(N)),
such that for any k € [K], it holds that

o2

1 -~ . A max log K\ 1/3
E. §(yN+1—yN+1)2 <BayesR|skk+(’)< 2/3( g ) )

N

if we choose Nyy = |Dyat| < N?/3[log K]'/3.
The core of the proof of Theorem J.1 is to show that any estimator w that achieves small validation
loss Ly, must achieve small population loss.

Throughout the rest of this section, recall that we define Nirain = |Drrain| s Nval = |Dual|s Ztrain = {i
(%X4,Yi) € Drrain}> Zuat = {3 : (X4, ¥i) € Dyal}, and Xirain = [Xi|ic -

J.1 Proof of Theorem J.1

Fix parameters J, €,y > 0 and a large universal constant Cj. Let us set
2
o = max {0, 1/2 — \/d/Nt,ain} . B=295

log(N
BZ} =1+ C(O gc(l )7 By, = CO(B:U + Umax/omin)7

B, = Cy\/dlog(N), B, = Co(B}; + 0max)/10g(N),

Then, we define good events similarly to the proof of Corollary 6 (Appendix F.4):

Ex ={llwill2 < B, [lell2 < 20maxV'N},
gw = {Ol S Amin(XT Xtrain/Ntrain) S )\max(X:;ainXtrain/Ntrain) S 5}7

train
5b,train = {V(Xi, yi) € Dtrain, ||Xz||2 < By, |yz‘ < By}a
gb,val - {v(xiayi) S Dval; ||X2H2 S Bz7 ‘yl| S B'q}7
Evn+1 = {lxn+1lly < Ba, [yn41] < By}

For the good event £ := E; N Ey N Ep train N Ep test N Ep, N1, We can show that P(E°) < O (N*w).
Further, by the proof of Lemma F.1 (see e.g. (34)), we know that maxc(x) ng\l’a ge(Dtrain) H2 <
B,,/2 holds under the good event £.

do},
Ntrain n=
Theorem 1.2, with a clipped prediction yn 41 = read, (TFg(H)).

For the ridge \;, =

and parameters (v, (3,7, ), we consider the transformer 6 constructed in

In the following, we upper bound the quantity E(7nx11 — yn41)? for any fixed k. Similar to the
proof of Corollary 6 (Appendix F.4), we decompose

Er(Un+1 — yn+1)” = Ex [{EYOn11 — ynv+1)?] + Ex [H{EV U1 — yn41)?],

and we analyze these two parts separately.
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PartI. Recall that by our construction, when & holds, we have 41 = clipg ((W,xn41)) and
the statements of Theorem 1.2 hold for w. Thus, we have

Ky [1{5}@1\’“ - yN+1>2} =By, [1{5}(C“P3y (xN41,W)) — yN+1)2}
< By [L{EH((xn41, W) — yn41)?]-
Let us consider the following risk functional
Luatw. (%) = Epegpnbus, o, [5(00,%) = )] = § (11w = wall3 + 03).
Then, under the good event &y := E; N Eyy N Ep train N Ep test Of (W, D),
Ei [H{EH(xn11, W) = yn41)?| Wi, D] = Ex [H{EN ((xn41, W(D)) — yn11)*| Wy, D]
< Ep [((xn+1,W(D)) — yn+1)*| Wi, D]
= E(x,y)wpw*,% [(<XN+17VAV(D)> - yN+1)2]
= Lval,w, (W(D)).

By our construction, under the good event £y, we have

Lval,w* (V/G(ID)) S Lval,w* (‘/A}k (Dtrain)) + lrg[e}?(] Eval(‘/7‘\/l(Dtrain)) - Lval,w* (‘/7\Vl (Dtrain))‘ + v,

where Hv’\\/l(Dt,ain)) — mdge(Dtram H2 < ¢ foreach [ € [K]. Clearly,
2B [1{E0} Lt . (W (Duain))] = i [1180} (IW2(Duain) = wall3 + 07 )|
< B [1{60} (W hige (Diain) = W[5 + 26| Wiy (Dusain) = i, +€2) | + 0
< Ey [erldge(ptrain) - W*H2 + 25erldge Dtrai") - W*Hz + 52} + 013
< 2Risky; train + 264/ 2Risky train + g2 ,

2 .
+ 02, and we also note that Riskg train <

where we denote 2Risky, train = Ej, medge(Dt"ain) —w, H2

1 + o7 by definition. By Lemma J.1, we have

N,
Riskp train < BayesRisk, + O <(0,§ +1) Na|> .

We next deal with the term &, := max;¢ (g \,a| (Wi(Drrain)) — Lval.w, (Wi(Dirain)) ’ Note that for
the good event Exain 1= Ex N Ey N Ep train Of (Wi, Dirain ), We have

Ex[1{&E }eval] < Ex[1{&rainteval] < Ew, Dysn~bi [1{Etrain} - ED,,, [€vall Wi, Dirain]]-
Thus, Lemma J.2 yields

Ex[1{0}eva] < O (B2) -

log K n log K
Nval Nval )

Therefore, we can conclude that

~ . 2 Nua flog K B2 logK
Eg [1{5}(yN+1 — yNH)Q] < 2BayesRisk;, + O | eomax + e+ Tmax-Tval + Bfn o8 + X o8 .
N Nval Nval

Therefore, we can choose (g, Ny,|) so that Ny, < N/2 as

B2 20 max
Nvau—maX{( - ) log"/*(K),log K, €= UN .

2
O max

It is worth noting that such choice of N, is feasible as long as N 2 — “’ 1og K. Under such choice,
we obtain

1 n 2 : oA/3 B2/3 log K e
iEk [1{E}(Un+1 — yn+1)°] < BayesRisk, + O | o4l B N .
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Part II. Similar to the proof of Corollary 6, we have

0 2 By o
]E[l{gc}(yN—H —yN+1) ] <O N5 < @( Nzx> .

Conclusion. Combining the both cases, we obtain

~ . 1/3
Ex[2(yn+1 — Gnt1)?] < BayesRisk,, + O (oﬁl/fx 2/3< ) )
< BayesRisk;, + O ( EYE) ( ) $/§x410g2/32‘7‘3) 1]\?1g/13/3(K)>

< BayesRisk;, + O < o (

9 min

7).

where we plug in our choice of B,. The bounds on M(¥), D(*) and ||@|| follows immediately from
Theorem 1.2. This completes the proof. O

J.2 Derivation of the exact Bayes predictor

Let (D, xn+1,Yn+1) be (N + 1) observations from the data generating model 7 considered in Sec-
tion 4.1.1. On observing (D, xx+1), the Bayes predictor of yy 1 is given by its posterior mean:

Exlyn+1|D,xn4+1] = Ex[(Xn+1, Wa) + ent1|DXn41] = (Xn41, Ex[w,[D]) .

Ex
It thus remains to derive E,[w,|D]. Recall that our data generating model is given by k ~ A, By

Bayes’ rule, we have

Ex[w,[D] = Y Pr(k=k[D) Ep[w.|D,k =k (46)
k' €[K]

On k = k’ the data is generated from the noisy linear model w, ~ N(0,1;/d), andy = Xw, + €
where &; 5 N(0,0%,). It is a standard result that E [w,|D, k = k'] is given by the ridge estimator

Eﬂ[w*‘p7 k= k‘/] = (XTX + dO’]%/)_l XTy =: V/\\/'k/

S—1
s

C(XTX  do2\ ' XTy
N N N

(Note that the sample covariance within > k- 1s not normalized by N, which is not to be confused
with remaining parts within the paper.) Therefore, the posterior mean (46) is exactly a weighted
combination of K ridge regression estimators, each with regularization do? /N.

It remains to derive the mixing weights P (k = k’|D) for all k¥’ € [K]. By Bayes’ rule, we have

P, (k = K'|D) ocpr Pr(k =FK') - / P(Wy)  Prr w, (D|wy)dw,

W

1 diwl} [|Xw -yl
— - d
/ (2rd) /2 (202, )N /2 eXp( 2 207, v

1+ (X'X XTy\ |yl
Ay - —Zw! dI — 2 |d
<A /wm rsess (gt (B e (250 - I

1 S - 1 2 Txsi—lxT
i [ e exp (= 5o (w0 = ) TSl =) = g (Il -y XEX ) )

X Ak/

2ak,
det(S /o2,)~1/2 2 o
ox g SR (= (Il - v TXEEX )
k' k'
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1
o Ay - exp ( ,XvAv , ))
g ol T4det(XTX + do? 1,)1/2 ( 2% 2 HY||2 % k')

Note that such mixing weights involve the determinant of the matrix S =XTX+ do, 14, which
depends on the data X in a non-trivial fashion; Any transformer has to approximate these weights if
their mechanism is to directly approximate the exact Bayesian predictor (46).

J.3 Useful lemmas

2 . .
+ o2, there exists universal constant C

Lemma J.1. For 2Risk, train = ]EkHWndge Dirain) — W*H2

such that

N,
Risky, train < BayesRisk;, + C’(ok +1) Nal

Proof. Recall that under P, we have
w, ~ N(0,14/d), yi = (X, W) + &5, g; ~ N(O,O’Q).

We denote y; = [;]icz,...» then by definition wrldge (Dirain) = (XtTrathrain + da,%)’lXtrainyt (with
A = dcr,% /Nirain)- Thus, a simple calculation yields

2Riskp, train = B[ W Y go (Drvain) — Wil |2 + 07 = 02Etr (X Xerain + do?) 1) + o2,
and analogously, 2BayesRisk,, = oZEtr((X "X + do?1;)~') + o7. Therefore,
2Risky train — 2BayesRisk;, = o7 Etr (X yin Xtrain + dopla) ') — o7 Etr (XX + dofly) ™)
< 0p NoalBk [Amin (2) 71,

where in the above inequality we denote 3 := X Xirain + daﬁ I, and use the following fact:

train

(27 — (B + X! X,) ) = tr(E_l/Q(Id (L + 2—1/2ijv2—1/2)—1)2—1/2)

tr(z—1/2(1d n 2‘1/2XIXUE‘1/2)‘1E‘”QXIXUE‘l)
_ <(1d + 22X T X, 22) g2 T, /2, 2*1>
< rank(Z7Y2X ] X, 2TV Ao (7Y < NatAmin (2) 7L

Case 1. We first suppose that Nyi, < 16d. Then by definition 3 > daiId, and hence

UI%NvaI < 16 Nyal < 32Ny
dO’% = Nyain = N

UI%NvaIEk [)\min(z)_l] <

Case 2. When Nirain > 9d, then we consider the event & := {Amin (X410 Xtrain/Nerain) > 75} By
Lemma B.2 we have P(£f) < exp(— Nirain/8). Therefore,

O-I%NvalEk [/\min(z)_ ] - O-kNvalEk[l{gt})\mm( ) 1] + U}%NvalEk[l{gf})\min(E)_l]

1602 Nyal Nyal
< k4 Vva P(E val
o Ntrain ( t) + d

3202 N, | Nyal (J2+1)N |
< k4 Vva val N _ k val ) .
< SR S exp(—N/16) 0( ~

Combining these two cases finishes the proof. O

P(&7)

Lemma J.2. Condition on the event Eizin, we have

~

log(2K log(2K
() = L, (1) | = €2 | EEED . [LoBCE)

Nval Nval ’

ED ~P D,.... | IMNax
val k|W*a train lE[K]

where we denote Wi = Wi (Drain)-
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Proof. We only need to work with a fixed pair of (W, Dyain) such that i, holds. Hence, in the
following we only consider the randomness of D, conditional on such a (W, Diyain)-

Recall that for any w,

~ 1 9
LVB'(W) = E (<Xiaw> - yz) )
2 |Dva||
(xi,Yi)EDval

~

and we have Ep, [Lya1(W)] = Lyaiw, (W). For each ¢ € Z,,,
yi — (i, W) = g5 — (x5, Wy — W) ~ SG(07 + ||[w, — Wi|?).

Note that under Eqain, we have W, € By(B,,) for all | € [K], and hence o7 + ||w, — W;||? < 5B2.
We then have (y; — (x;, W;))?’s are (conditional) i.i.d random variables in SE(C'BZ). Then, by
Bernstein’s inequality, we have

~ . [t
PDM ( LvaI(Wl) - Lval,w* (Wl)‘ > t) < 2exp <_CNvaI min {.327 B}) )

where c is a universal constant. Applying the union bound, we obtain

-~ R 2t
Lval(wl) - Lval,w* (Wl)’ > t) < KeXP <CNva| min {%7 Bw}) .

Pp,, | max
A\ l€[K]

Taking integration completes the proof. O

J.4 Generalized linear models with adaptive link function selection

Suppose that (g, : R — R),¢( is a set of link functions such that g, is non-decreasing and
C?-smooth for each k € [K]. We consider the input format we introduce in Section 4.1 with
|Dtrain| = [N/ﬂ »|Dva|| = LN/2J

Theorem J.2 (GLMs with adaptive link function selection). For any fixed set of parameters defined
in Assumption B, as long as N > O (d), there exists a transformer 0 with L < O (log(N)) layers,
input dimension D = © (dK) and max,c(z, MO <O (dBN), such that the following holds.

For any k* € [K] and any distribution P that is a generalized linear model of the link function g«
and some parameter (3, if Assumption B holds for each pair (P, gy,), then

~ d log(K
EDxni1uns)~P LIN+1 — yn+1)?] < Eggyor [(g0 ((x,8)) — 9)*] + O (N + Jif )> ,

or equivalently, E(p x . y~p[(Un+1 — Elyns1|xn+1])?] <O (d/N + \/log(K)/N)

Proof. For each k € [K], we consider optimizing the following training loss:

- 1
Wty = arg min Ly (w) Yo llxiw)w),
w

B Ntrain
(x4,Y:) € Dirain

where (i (t,y) == —yt+ fot gk (s)ds is the convex (integral) loss associated with gy, (as in Section 3.1).

Also, for each predictor f : R? — R, we consider the squared validation loss fvap

~ L 1 N2
Lval(f) T 2Nva| . yZ)ED (f(xl) y’L) .

Fix a large universal constant Cy. Let us set

o= ﬂg,uz/gv B = 8LyK,

B, = CoK,+/dlog(N), By = CoKy+/log(N),
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Then, we define good events similarly to the proof of Corollary 6 (Appendix F.4):
Eu = { ¥k € [K], YW € B2(Bu), @ < Auin (V2L (W) < Amax( V2L (w)) < 8, },

& = {vk € K], [wiull, < Bu/2},
Ebtrain = {V(Xi,Yi) € Dirains [|Xilly < Bz, |yi| < By},
Evval = {Y(%:,¥:) € Dal, [|Xilly < Bz, |yil < By},
E N1 ={lIxny1lly < B, lynsa] < By}
Similar to the proof of Theorem G.2 (Appendix G.2), we know the good event £ := &, N E,. N
Ep train N Ep test N Ep, N1 holds with high probability: P(£°) < O (N*m).

Similar to the proof of Theorem 1.2, we can show that there exists a transformer 8 with prediction
Yn+1 = ready (TFg(H)) (clipped by B,), such that (for any P) the following holds under &:

(a) Foreach k € [K], fx = Ag(Drrain) is a predictor such that ’fk(xi) — gr((xi, wgﬁM» <e

forall i € [N + 1] (where ¢ is chosen as in Appendix G.2).

(b) Yn+1 = clipg, (f(xNH)), where f = ATe(D) is an aggregated predictor given by f=
> i Mk fr, such that ()y) is a distribution supported on k& € [K] such that Loa(fr) <
ming e(x) Lval (frr) + -

Similar to the proof of Theorem G.2, for & := &, N Er N Ep train N Ep test, We have
—~ B?
E(D1XN+1’3/N+1)NP(@\N+1 - yN+1)2 <Ep~.p [1{50}Lva|(f)} +0 Niz—, )

where we denote Lyai(f) := E(x y)~p {1{||x||2 < B H[f(x) — y)Q] for each predictor f. By the

definition of f we then have (under &)

~

Lval(f) < Lval(fk*) + mlaX Eval(fl) - Lval(fl)‘ +7.

For the first term, repeating the argument in the proof of Theorem G.2 directly yields that for
gtrain = gw N gr N gb,traina
Epy o~ [1{Etrain } Lyal (f1+)] < E(xvy)NP(gk* ((x,8)) — 9)2 + O (d/Ntrain) -

For the second term, similar to Lemma J.2, we can show that conditional on Dy, such that & ain
holds, it holds

Ep,,i~P|Dyain {1{50} max

Eval(fl) _Lval(fl)” < O(KS) . ( 10gK n logK>

Nval Nval

Combining these inequalities and suitably choosing v complete the proof. O

K Analysis of pretraining

Thus far, we have established the existence of transformers for performing various ICL tasks with
good in-context statistical performance. We now analyze the sample complexity of pretraining these
transformers from a finite number of training ICL instances.

K.1 Generalization guarantee for pretraining

Setup At pretraining time, each training ICL instance has form Z := (H, yny1), where H :=

H(D,xn41) € RPX(V+1) denote the input sequence formatted as in (3). We consider the square
loss between the in-context prediction and the ground truth label:

la(0;Z) = ;<yN+1 —clipg, (ready(TFg‘(H)))> :
————

read,
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Above, clipg (t) := max {min {t, By}, —B,} is the standard clipping operator onto [—B,, B,],

and TF.I; the transformer architecture as in Definition 3 with clipping operators after each layer: let
HO = clipr(H),

attn

H® = clipg (MLPW) (Attnem (H“—U))) forall £ € [L],  clipg(H) := [Proj ), <g (hi)];-
mlp =

The clipping operator is used to control the Lipschitz constant of TFg with respect to 6, and we
typically choose a sufficiently large clipping radius R so that it does not modify the behavior of the
transformer on any input sequence of our concern.

We draw ICL instances Z := (H,yn+1) = (D, (Xn+1,yn+1)) from a (meta-)distribution denoted as
7, which first sample an in-context data distribution P ~ 7, then sample iid examples (x;, yl)f\gl £
PO+ and form D = {(x;,y:) }ieny- Our pretraining loss is the average ICL loss on n pretraining

instances Z (1) 9 7, and we consider the corresponding test ICL loss on a new test instance:
~ 1 )
Lia(0) := n Zﬁidw; Z’), Lia(0) :=Ep., zpov+y [lia(0; Z)].
j=1

Our pretraining algorithm is to solve a standard constrained empirical risk minimization (ERM)
problem over transformers with L layers, M heads, and norm bound B (recall the definition of the
[I-I norm in (2)):

0 := argmin L(6),
0€O L v p/ B

Opmp,Bi=40= (oa(\i;;ﬁ)aeﬂi)) cmax M < M, max D@ < D', 0] < B3.
T P (L] te(L)
(TF-ERM)

Generalization guarantee By standard uniform concentration analysis via chaining arguments
(Proposition B.4; see also [87, Chapter 5] for similar arguments), we have the following excess loss
guarantee for (TF-ERM). The proof can be found in Appendix L.2.

Theorem K.1 (Generalization for pretraining). With probability at least 1 — & (over the pretraining

instances {27} e the solution 0 to (TF-ERM) satisfies

Lid(é\) < inf Licl(e) +0 <B3\/L2(MD2 + DD/)L + log(l/f))7

CECTRYR n

where 1 = log(2 + max {B, R, By }) is a log factor.

K.2 Examples of pretraining for in-context regression problems

In Theorem K.1, the comparator infgcg L.M.D"\B Li«(0) is simply the smallest expected ICL loss
for ICL instances drawn from 7, among all transformers within the norm ball ©r, 7 p/ p. Using
our constructions in Section 3 & 4, we show that this comparator loss is small on various (meta-
)distribution 7’s, by which we obtain end-to-end guarantees for pretraining transformers with small
ICL loss at test time. Here we showcase this argument on several representative regression problems.

Linear regression For any in-context data distribution P, let w}j := Ep[xx | 'Ep[xy| denote
the best linear predictor for P. We show that with mild choices of L, M, B, the learned transformer
can perform in-context linear regression with near-optimal statistical power, in that on the sampled
P ~ 7 and ICL instance {(x;, yi)}ie[ N+1] i P, it competes with the best linear predictor wp for
this particular P. The proof follows directly by on combining Corollary 5 with Theorem K.1, and
can be found in Appendix L.3.

Theorem K.2 (Pretraining transformers for in-context linear regression). Suppose P ~ 7 is almost
surely well-posed for in-context linear regression (Assumption A) with the canonical parameters.
Then, for N > O(d), with probability at least 1 — £ (over the training instances Z("™)), the solution
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6 of (TF-ERM) with L = O(rlog(kN/o)) layers, M = 3 heads, D' = 0 (attention-only), and
B = O(V'kd) achieves small excess ICL risk over wj:

~

Lia(0) = EpnrBEx ) ~p [;(y — (wp, X>)2] < 5(

k2d? +log(1/¢) d02>
- =27 + R s
n N

where (5() only hides polylogarithmic factors in k, N,1/o.

To our best knowledge, Theorem K.2 offers the first end-to-end result for pretraining a transformer
to perform in-context linear regression with explicit excess loss bounds. The O(+/x%d?/n) term
originates from the generalization of pretraining (Theorem K.1), where as the O(do2/N) term
agrees with the standard fast rate for the excess loss of linear regression [38]. Further, as long as
n > O(k2N/0?), the excess risk achieves the optimal rate O(do2/N) (up to log factors).

Additional examples By similar arguments as in the proof of Theorem K.2, we can directly turn
most of our other expressivity results into results on the pretrained transformers. Here we present
three such additional examples (proofs in Appendix L.4-L.6). The first example is for the sparse
linear regression problem considered in Theorem 8.

Theorem K.3 (Pretraining transformers for in-context sparse linear regression). Suppose each P ~
is almost surely an instance of the sparse linear model specified in Theorem 8 with parameters B},

and o. Suppose N > O(slog((dV N)/o)) and let k. := B}, /o.

Then with probability at least 1 — & (over the training instances Z(lm)),lhe solution @ of (TF-ERM)
with L = O(k*(1 4+ d/N)) layers, M = 2 heads, D' = 2d, and B = O(poly(d, B},, o)) achieves
small excess ICL risk:

Lia(8) — 0 < (5(\/”4‘12(1 + d/]\Q2 + log(1/§) n 0251;)\/%d>’

where (5() only hides polylogarithmic factors ind, N,1/o.

Our next example is for the problem of noisy linear regression with mixed noise levels considered
in Theorem 12 and Theorem J.1. There, the constructed transformer uses the post-ICL validation
mechanism to perform ridge regression with an adaptive regulariation strength depending on the
particular input sequence.

Theorem K.4 (Pretraining transformers for in-context noisy linear regression with algorithm selec-
tion). Suppose T is the data generating model (noisy linear model with mixed noise levels) considered
in Theorem J.1, with oax < O(1). Let N > d/10.

Then, with probability at least 1 — & (over the training instances Z(*™)), the solution 0 of (TF-
ERM) with input dimension D = ©(dK), L = O(O'I;?n log(N/omin)) layers, M = O(K) heads,

D' = O(K?), and B = O(poly(K, oL . d, N)) achieves small excess ICL risk:

» ¥ min?

—4 2
~ _ ~ o K3d? +1og(l/8) o log K\1/3
. . < min max
Li./(0) — BayesRisk, < O \/ - =5 ( N ) )

min

where (5() only hides polylogarithmic factors in d, N, K, 1/0min-

Our final example is for in-context logistic regression. For simplicity we consider the realizable case.
Theorem K.5 (Pretraining transformers for in-context logistic regression; square loss guarantee).
Suppose for P ~ , P is almost surely a realizable logistic model (i.e. P = Plgg with || By < By as
in Corollary G.1). Suppose that B}y = O (1) and N > O (d).

Then, with probability at least 1 — £ (over the training instances Z(1)) the solution 0 of (TF-ERM)
with L = O(log(N)) layers, M = O (d*N) heads, D' = 0, and B = O(poly(d, N)) achieves
small excess ICL risk:

0 1 ~ d°N + log(1 d
Lid(a) - EPIEgNﬂ'E(x,y)NPZg Q(y - Ulog(<165 X>))2:| S O( ++(/£) + N> 5

where O(-) only hides polylogarithmic factors in d, N.
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Remark on generality of transformer All results above are established by the expressivity results
in Section 3 & 4 for transformers to implement various ICL procedures (such as least squares, Lasso,
GLM, and ridge regression with in-context algorithm selection), combined with the generalization
bound (Theorem K.1). However, the transformer itself was not specified to encode any actual structure
about the problem at hand in any result above, other than having sufficiently large number of layers,
number of heads, and weight norms, which illustrates the flexibility of the transformer architecture.

L Proofs for Section K

L.1 Lipschitzness of transformers

Forany p € [1, 00|, let |[H][, , := (vazl || h;|[5)!/P denote the column-wise (2, p)-norm of H. For
any radius R > 0, we denote Hg := {H : |[H||, ., < R} be the ball of radius R under norm ||-||, ..

Lemma L.1. For a single MLP layer Oy, = (W1, Ws), we introduce its norm (as in (2))
16ass ]l = W11l + Wl -

For any fixed hidden dimension D', we consider
Ouip.5 = {Oap * [|Ousp || < B}

Then for H € HR, On1p € Omyp B, the function (Onp, H) — MLPg,, (H) is (BR)-Lipschitz w.r.t.
Ouw1p and (1 4+ B?)-Lipschitz w.r.t. H.

Proof. Recall that by our definition, for the parameter 6y, = (W1, Wy) € On1p, B and the input
H = [hz} € RDXN, the output MLPgmlp(H) = H + WQO'(WlH) = [hz + WQO'(Wlhi)]i.
Therefore, for 0,,, = (W', W5) € Opnp, 5, we have

mlp —
HMLPGMP(H) — MLPy, (H) H2
= max [W2o(Wih;) — Wyo(Wihy)|,
max [|(Ws — W3)a(Wih;) + W5(a(Wih;) — o(Wihy))|,

max [Wy — Wy [, |0(Wihy)l, + [Wall,p l0(Wihy) — o (Wihy)],

IA

IN

max | Wz — Wall,, [Wihyll, + W2, [Wihi — Wil
< BR[[Wy — Wh|,, + BR[W1 — W/ ||

op’
where the second inequality follows from the 1-Lipschitznees of o = [-]1. Similarly, for H' = [h]] €
RDXN,
|MLPs,,, (H) — MLpemlp(H’)Hzm = max |h; + W10(W2h;) — h] — Wio(W,h)|,
< |[H - H[l; o + max [[W(a(Wahi) — o(Wshj))ll,
< |H-H'[|, , +max B||oc(Wsh;) — 0(Wsh)],
< |H-H, +B*[[H-H, .

O

Lemma L.2. For a single attention layer Oqirn = {(Vim, Qm, Km)}me[M] C RPXD | we introduce
its norm (as in (2))
M
Buceall = mavs {1Qum o [Konllop § + D Vi -
m=1

For any fixed dimension D, we consider

@attn,B = {Oattn : |||9attn ||| < B}-

Then for H € HR, Oattn € Oaten, B, the function (Opeq, H) — Attng
w.rt. Qa0 and (1 + B3R?)-Lipschitz w.r.t. H.

H) is (B%R3)-Lipschitz

attn (
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Proof. Recall that by our definition, for the parameter @,pn = {(Vin, Qm, Km)}mG[ M € Oattn, B
and the input H = [h;] € RP*¥ | the output Attng,., (H) = [h;] is given by

attn

M
~ 1
h; = h; — mhy, K h Vinh;.
+m§1Nj§:10 (Q i)

Now, for cen = {(Vin, Qus Kin) be(ar) We consider

Mo N
= [Attng,, (H)], =h; + > NZU (Q,h;, K/ h;))- V' h;,  Vie[N]

m=1 j=1

Clearly ||Attng,,,,(H) — Attng, (H)||, = = max; h; — b/ - Foranyi e [N], we have

M N
- - 1 1 / !
[ =B = |2 % Y o Qube, Kinhy) Vinhy — o((@Q,hi, K} b)) Vi by

1 Jj=1 2

IA
M=
=
WE

lo((Qmhi, Kinh;)) Vi — o ((Q, 1y, K7 0y ) )V | [yl

m=1 j=1
M 1 N
< 3 5 Ll {Jo((Qubs K] - Vi = Vil
m= j=1
[ (Quihi, Kinhy)) = o((QYhi, Kinhy)| - [IV7 o,
+ |0 ((Q, i Kinby)) — o(Qp i Kby [Vl b
M 1 N
<Y 5 S R{BPRE Vi = Vil + [ Quihs = Qb - [Kuhy - [Vl

1

3
£

J
1l - 1Ky = Koyl - [Vl }

NE

Il
—

SV

M
R D Vi = Vil + max [ Q= Qi lp, + max [ Ky — K, §
m=1

= B?R3 |||0attn - G;ttn |||7

where the second inequality uses the definition of operator norm, the third inequality follows from
the triangle inequality, the forth inequality is because ||Q,,h;|, < BR, [|K,,h;||, < BR, and ¢ is
1-Lipschitz. This completes the proof the Lipschitzness w.r.t. @¢¢y.

Similarly, we consider H' = [h]], and
Mo N
h Attng, =h + — o mh, K, h’ ’, Vi € [N].
[ eattn )]z T 7nz::1 N jz:; (< >) [ ]
By definition, we can similarly bound

() ()

N
Z Z [U(<thi7 Kmhj>)vmhj - 0(<th;’v Kmh;’>)vmh;']
m= j:l

2
M N

1
> 7 2 Vinllop lo((Quubi Kinhj))hy — o (( Qb Ko ) 1
j:l

IN

m=1
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“y L vamuop{ (Quihi, Kiphy))| - ||y — S
m=1
+’0' thimehj>)_U(<thg7Kmh | HhIHZ
+ |0 ( Qb Kinby)) — o ((Qubt, Konbt)) - ||, }
M N
S Z Z”VmHop 3||Qm||opHKm||op RQHh h;”Q
m= 1

< R2 HH H/H2 ,00 3"rbnax HQm”op HKm”op Z ||VmHop

m=1
<BR’|H-H

H27oov

where the last inequality uses [|@asn || < B and the AM-GM inequality. This completes the proof the
Lipschitzness w.r.t. H. O

Corollary L.1. For a fixed number of heads M and hidden dimension D', we consider
Orr,1,8 = {0 = (Qattn, Ou1p) : M heads, hidden dimension D', ||| < B}.
Then for the function TER given by
TF® : (0,H) > clipg(MLPg,_(Attng,,,,(H))), 0 € O1p1,5, H € Hr

TFR is Bo-Lipschitz w.r.t 8 and Ly -Lipschitz w.r.t. H, where Bo := BR(1 + BR? + B*R?) and
By := (1+ B?)(1+ B?R3).

Proof. For any 6 = (Qaten, Onip), H € Hg, and ' = (044, 011,), We have

attn’ “mlp/°

HTFQ (H) — TFy (H) ||27(><> < ||MLP9m1p (Attng H)) — MLPQMP (Attn9/

attn )||2cx:

attn (

+ | MLPa,, (Attng,, (H)) — MLP,, (Attn,

attn H

< (14 B) | At () — Aty (D], _+ BR||0uny — O,
< (14 B*)B*R0aven — Oppenll + BR||6nrp — O |
< Bell6 —¢'l,

where the second inequality follows from Lemma L.2 and Lemma L.1 and the fact that
|Attn,,, (H)l, ., < R:=R+ B*R® forall H € Hg.
Furthermore, for H' € HRg, we have
ITFo(H) — TFo(H)[l, o < (1 + B?) || Attne,,.,(H) — Attne,..,(H'),
< (1+B*)(1+ B°R%) [H - H||, .,

which also follows from Lemma L.2 and Lemma L.1. O

Proposition L.1 (Lipschitzness of transformers). For a fixed number of heads M and hidden
dimension D', we consider

GTF,L,B = {0 (05(111:1:%1)7 am;leL)) M(Z) = M7 D(Z) = D/, |||0H| S B}

Then the function TFR is (LBIL{*IB@)—Lipschitz w.rt 0 € Oy 1, g for any fixed H.

Proof. For 8 = o(:L) ¢ OTr,1,B, 0 =00 ¢ Otr,1,B, We have

HTFE(H) _ TFg(H)H

2,00
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M=

< 3 [ TFE e (TR (TP sy () ) ) = TFG v (TR, (TFE, oy (1))

~
Il

1

M=

B || TFG (TFg ., () = TFY,, (TR0, (D) |

~
Il
—

<

M=

B[00 <15 5o o3

)

~
Il
—

where the second inequality follows from Corollary L.1, and the last inequality is because By >
1. O

L.2 Proof of Theorem K.1
In this section, we prove a slightly more general result by considering the general ICL loss
6a(6: Z) := ((read, (TFG(H)). yn-+1)-

We assume that the loss function ¢ satisfies sup |[¢| < BY and sup |;¢| < B}. For the special case
((s,t) = 1(s —t)?, we can take Bf = 4B}, B = 2B,

We then consider
1 & ;
Xg = E z;&d(O; ZJ) —Ez wid(a; Z)L
j=

where Z(1*™) are i.i.d copies of Z ~ P,P ~ . It remains to apply Proposition B.4 to the random

process { Xg}. We verify the preconditions:
(a) By [87, Example 5.8], it holds that log N (&; By (r), [|-]l) < L(3M D? + 2DD’)log(1 + 2r/6),
where By (r) is any ball of radius r under norm ||-|.

(b) |4ia(0;Z)| < B? and hence BY-sub-Gaussian.

© |6a(6:2) - 6a(8;2)| < B} - (LB 'Be) - ma — 8|, by Proposition L.1.

Therefore, we can apply the uniform concentration result in Proposition B.4 to obtain that, with
probability at least 1 — &,

2 /
SupX0|§CBg\/L(MD +D12)L+10g(1/§),
]

where ¢ = log(2 + B - LBL ' BeB}/BY) < 20Llog(2 + max{B,R, B} /BY}). Recalling that

~

L;d(e) S I%f Licl(e) + QSlgp |X9|
completes the proof. O

L.3 Proof of Theorem K.2

By Corollary 5, there exists a transformer TFg such that for every P satisfying Assumption A with
canonical parameters (and thus in expectation over P ~ 7) and every N > O(d), it outputs prediction
Yn+1 = ready(TFg(H)) such that

1, N do?
La(6) = Bpr vy marn) | 5 vt — v | < BonalLo(w)] +0( 7).

where we recall that Lp(w§) := $E(x,)p[(y — (Wp,x))?]. By inspecting the proof, the same
result holds if we change TFg to the clipped version TFs if we choose R? = O (B2 +B§ +B2+1) =
O(d + k), so that on the good event E.,, N E,, considered therein, all intermediate outputs within
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TFg has ||- ||27C>o < R and thus the clipping does not modify the transformer output on E.o, N E,,.
Further, recall by (33) that 8 has size bounds

N
L< o<n log “), s MO <3, 0] < O(Vrd).
ag S

We can thus apply Theorem K.1 to obtain that the solution 6 to (TF-ERM) with the above choice of
(L, M, B) and D’ = 0 (attention-only) satisfies the following with probability at least 1 — &:

Lid(é) < inf Licl(al) +O<\/L2MD2L+IOg(1/§)>

T 0'€0L vpr B n

<Licl(0)+6<\/L2MD2+log(1/§)) <5< f€2d2+10g(1/§)+ci02)

n n N
Above, ¢ = O(log(1 + max {B,,R, B})) = O(1). This finishes the proof. O

L.4 Proof of Theorem K.3

We invoke Theorem 8 (using the construction in Theorem 7 with a different choice of L) with the
following parameters:

L=0((B5)?/o® x (1+d/N)) = O(k*(1 + d/N)), M =6(1), D' =2d,

%) A ( R* 2 1 ?

16 < B =O(R+ (1+Ay)8") < O(R+0v/logd) < O(poly(d, By, 0)),
where O(-) hides polylogarithmic factors in d, N, B}, .

Then, Theorem 8 shows that there exists a transformer 8 with L layers, maxye(z) M® < M heads,
D’ hidden dimension for the MLP layers, and ||@]| < B such that, on almost surely every P ~ , it
returns a prediction 311 such that, on the good event & considered therein (over D ~ P) which
satisfies P(&) > 1 — 0,

B ns~p | [Iv+1 = yv1)?] < 0*[1+ O(s1og(d/8)/N)].

By inspecting the proof, the same result holds if we change TFg to the clipped version TFE if we
choose R? = O(B2 + B2 + (B},)? + 1) = O(d + (B},)? + 02), so that on the good event &
considered therein, all intermediate outputs within TFg has ||-||, ., < R and thus the clipping does

not modify the transformer output on the good event. On the bad event £§, using the same argument
as in the proof of Theorem 8§, we have

/2
Ep, e 0)op [HEST a1 — yv1)2] < /PD(ES) - (8Eyyyinp [BE + ykas]) ' < O(‘J’V

Combining the above two bounds and further taking expectation over P ~ 7 gives

1 -
Licl(a) = EPNﬂ,(D,xN+1,yN+1)~P |:2(yN+1 - yN+1)2:| < 02 + 0(02810g d/N)

We can thus apply Theorem K.1 to obtain that the solution 6 to (TF-ERM) with the above choice of
(L, M, B, D') satisfies the following with probability at least 1 — &:

Licl(é\) < inf Licl(g/) + O<\/L2(MD2 + DD+ log(l/f))

BCASCIRYNN: n
- L)+ 6(\/L2(MD2 Y DD+ log(1/5)>

n
~ 142 2
. 02+O<\/n d?(1 + d/N)? + log(1/€) +02310gd>'
n N
Above, ¢ = O(log(1 + max {B,,R, B})) = O(1). This finishes the proof. O
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L.5 Proof of Theorem K.4

We invoke Theorem 12 and Theorem J.1, which shows that (recalling the input dimension D =
©(Kd)) there exists a transformer 8 with the following size bounds:

L<O (o2 log(N/omm)), maxM®¥ <M=0(K), maxD® <D =0(K?,
Le(L] Le[L]

161l < O (omax K dlog(N)),

such that it outputs 7 11 that satisfies

L m . ~ (o2 rlog K\1/3
Er |:2(yN+1 - ?JN+1)2} < BayesRisk, + O < 1;17;( ) ) > _
g

‘ N
By inspecting the proof, the same result holds if we change TFg to the clipped version TFg if we
choose R? = O(BZ + B] + (B},)*> + 1) = O(d + 02,,,). so that on the good event considered
therein, all intermediate outputs within TFg has ||-[|, ., < R and thus the clipping does not modify
the transformer output on the good event. Using this clipping radius, we obtain

1 ) ~ anax log K \1/3
Lici(0) = Epor (D xw 11,yn 41)~P {Q(Z/NH - yNJrl)Q} < BayesRisk, + O ( 2/3 (gT) ) :

We can thus apply Theorem K.1 to obtain that the solution 6 to (TF-ERM) with the above choice of
(L, M, B, D') satisfies the following with probability at least 1 — &:

Lic|<§) < inf Licl(g/) + O<\/L2(MD2 + DD+ log(l/f))

T 0'€OL v.p B n

¢ oy o P DT

n

—4 . 9
%) i K3d? +log(1 log K\ 1/3
< Ba}’esRiskﬂ + O \/Jmm + Og( /5) + O max ( 0og >

n 2B\ N
Above, ¢ = O(log(1 + max {B,,R, B})) = O(1). This finishes the proof. O

L.6 Proof of Theorem K.5

The proof follows from similar arguments as of Theorem K.3 and Theorem K.4, where we plug in the
size bounds (number of layers, heads, and weight norms) from Theorem G.2 and Corollary G.1. [

M Experimental details and additional studies

M.1 Additional details for Section 6

Architecture and optimization We train a 12-layer encoder-only transformer, where each layer
consists of an attention layer as in Definition 1 with M = 8 heads, hidden dimension D = 64, and
ReLU activation (normalized by the sequence length), as well as an MLP layer as in Definition 2
hidden dimension D’ = 64. We add Layer Normalization [3] after each attention and MLP layer
to help optimization, as in standard implementations [84]. We append linear read-in layer and
linear read-out layer before and after the transformer respectively, both applying a same affine
transform to all tokens in the sequence and are trainable. The read-in layer maps any input vector
to a D-dimensional hidden state, and the read-out layer maps a D-dimensional hidden state to a
1-dimensional scalar.

Each training sequence corresponds to a single ICL instance with /N in-context training examples
{(xs, yl)}iV:1 C R? x R and test input X,y ; € R? The input to the transformer is formatted as
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in (3) where each token has dimension d + 1 (no zero-paddings). The transformer is trained by
minimizing the following loss with fresh mini-batches:

L(6) = Epor, (H,yn1)~P[lp(ready (TFo (H)), yn+1)], (47)

where the loss function /p : R? — R may depend on the training data distribution P in general;
we use the square loss when P is regression data, and the logistic loss when P is classification data.
We use the Adam optimizer with a fixed learning rate 10~#, which we find works well for all our
experiments. Throughout all our experiments except for the sparse linear regression experiment
in Figure 3a, we train the model for 300K steps, where each step consists of a (fresh) minibatch with
batch size 64 in the base mode, and X minibatches each with batch size 64 in the mixture mode.

For the sparse linear regression experiment, we find that minimizing the training objective (47) alone
was not enough, e.g. for the learned transformer to achieve better loss than the least squares algorithm
(which achieves much higher test loss than the Lasso; cf. Figure 3a). To help optimization, we
augment (47) with another loss that encourages the second-to-last hidden states to recover the true
(sparse) coefficient w,:

1 2

No
Liew(0) = FO Z Ep—pysnm, (Hyyi1)~P
j=1

TF(I:Lfl)H —
H o ()L,(D_d+1):D W

] . 48)

2

Specifically, the above loss encourages the first Ny < NV tokens within the second-to-last layer to
be close to w*. We choose Ny = 5 (recall that the total number of tokens is N = 10 and sequence
length is N + 1 = 11 for this experiment). We minimize the loss L(6) 4+ ALy, (0) with A = 0.1
for 2M steps for this task.

Evaluation All evaluations are done on the trained transformer with 6400 test instances. We use
the square loss for regression tasks, and the classification error (1—accuracy) between the true label
yn+1 € {0,1} and the predicted label 1{yny1 > 1/2}. We report the means in all experiments,
as well as their standard deviations (using one-std error bars) in Figure 2a, 2b, 5a, 5b. In Figure
2c, 3b, 3c Sc, all standard deviations are sufficiently small (not significantly exceeding the width of
the markers), thus we did not show error bars in those plots.

Baseline algorithms We implement various baseline machine learning algorithms to compare with
the learned transformers. A superset of the algorithms is shown in Figure 3a:

* Least squares, Logistic regression: Standard algorithms for linear regression and linear
classification, respectively. Note that least squares is also a valid algorithm for classification.

* Averaging: The simple algorithm which computes the linear predictor w = % Zfil y;x; and
predicts yn+1 = (W, XN+1);
e 3-NN: 3-Nearest Neighbors.

* Ridge: Standard ridge regression as in (ICRidge). We specifically consider two \’s (denoted
as lam_1 and lam_2): A1, A2 = (0.005,0.125). These are the Bayes-optimal regularization
strengths for the noise levels (o1, 02) = (0.1, 0.5) respectively under the noisy linear model
(cf. Corollary 6), using the formula \* = do? /N, with (d, N) = (20, 40).

* Lasso: Standard Lasso as in (ICLasso) with A € {1,0.1,0.01,0.001}.

In Figure 2c, the ridge_analytical curve plots the expected risk of ridge regression under the
noisy linear model over 20 geometrically spaced values of A’s in between (A1, A2), using analytical
formulae (with Monte Carlo simulations). The Bayes_err_{1,2} indicate the expected risks of \;
on task 1 (with noise 1) and A, on task 2 (with noise o3), respectively.

M.2 Decoder-based architecture

ICL capabilities have also been demonstrated in the literature for decoder-based architectures [31,
2, 47]. There, the transformer can do in-context predictions at every token x; using past tokens
{(x;, yj)}j <;_1 as training examples. Here we show that such architectures is also able to perform
in-context aTgorithm selection at every token; For results for this architecture on “base” ICL tasks
(such as those considered in Figure 3a), we refer the readers to Garg et al. [31].
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(a) Linear regression (b) Linear classification (c) Reg vs. cls at token 40
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Figure 5: In-context algorithm selection abilities of transformers between linear regression and linear clas-
sification. (a,b) On these two tasks, a single transformer TF_alg_select simultaneously approaches
the performance of the strongest baseline algorithm Least Squares on linear regression and Logistic
Regression on linear classification. (¢) At token 40 (using example {0, . . ., 39} for training), TF _alg_select
matches the performance of the best baseline algorithm for both tasks. (a,b,c) Note that transformers pretrained
on a single task (TF_reg, TF_cls) perform near-optimally on their pretraining task but suboptimally on the
other task.

Setup Our setup is the same as the two “mixture” modes (linear model + linear classification
model, and noisy linear models with two different noise levels) as in Section 6, except that the
architecture is GPT-2 following Garg et al. [31], and the input format is changed to (11) (so that the
input sequence has 2N + 1 tokens) without positional encodings. For every i € [N + 1], we extract
the prediction ¥; using a linear read-out function applied on output token 27 — 1, and the (learnable)
linear read-out function is the same across all tokens, similar as in Appendix M.1. The rest of the
setup (optimization, training, and evaluation) is the same as in Section 6 & M.1. Note that we also
train on the objective (47) for all tokens averaged, instead of for the last test token as in Section 6.

Result Figure 2 shows the results for noisy linear models with two different noise levels, and Figure
5 shows the results for linear model + linear classification model. We observe that at every token,
In both cases, TF_alg_select nearly matches the strongest baseline for both tasks simultaneously,
whereas transformers trained on a single task perform suboptimally on the other task. Further, this
phenomenon consistently shows up at every token. For example, in Figure 2a & 2b, TF_alg_select
matches ridge regression with the optimal A on all tokens ¢ € {1,..., N} (N = 40). In Figure
5a & 5b, TF_alg_select matches least squares on the regression task and logistic regression on
the classification task on all tokens ¢ € [IN]. This demonstrates the in-context algorithm selection
capabilities of standard decoder-based transformer architectures.

M.3 Computational resource

All our experiments are performed on 8 Nvidia Tesla A100 GPUs (40GB memory). The total GPU
time is approximately 5 days (on 8 GPUs), with the largest individual training run taking about a
single day on a single GPU.
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