s Appendix
9 A Glossary

Table 2: Glossary

Name Notation Expression Dimension
sampling distribution p - X — Rt
sampling size N - integer
input matrix X (xi)isq ~ px N xd
output vector y (v, N x1
sample Z X,y) N x (d+1)
noise € - random scalar
noise variance o? El[e?] scalar
ridge A - scalar
finite-rank kernel K S ARk XxX >R
kernel rank M - integer
kth eigenfunction Vg - X —-R
kth value Ak - scalar
: w(@) ), M x1
- v [k ()] ki M x N
- A diag [A] M x M
kernel matrix K (K (zi,2))i; = CTAP N x N
resolvent R (K+ ANIy)™ ! N x N
target function f Sl ARk + A s X —R
- farr St Ak X >R
kth target coefficient Ak S F(@)r(z)dpx (z) scalar
) Y [vk] M x1
orthonormal complement s s - X —>R
complementary coefficient 7 s - scalar
- L 5SV; (V> ()] 1 x N
test error Rz Eg.c {(fz7,\(x) — f(x))z} scalar

T N\2
bias - Jx (f(X,f(X)),)\(‘r) - f(ac)) dp(z) scalar
variance - Rz —bias =E, . (K%T.R.fn:)2 scalar
fluctuation matrix A %\II\IIT — Iy M x M
fluctuation ) 1A op scalar
error vector E [7%] M x1
- un N k(i) s ar (@) scalar
. B (Inf + A+ AA"1)1 M x M
. P diag [ 325 M x M

13
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B Classical KRR Theory

In an effort to keep our manuscript as self-contained as possible, we recall the Mercer decomposition,
representer theorem for kernel ridge regression as well as the form of the bias-variance tradeoff in the
KRR context.

B.1 Mercer Decomposition

We begin with a general kernel K() : X x X — R.

Proposition B.1. [12] Fix a sample distribution p. Let K(*) : X x X — R be a reproducing kernel
with corresponding RKHS H(>). There exists a decreasing sequence of real numbers \; > Ay > ...,
called the eigenvalues of the kernel K(°); and a sequence of pairwise-orthonormal functions
{vr}e, C Li, called the eigenfunctions of K°°), such that for all x,z' € X, we have

KO (2,2') =Y Mt (a) (2 (14)
k=1

In particular, we assume A\, = 0, Yk > M. In this case, we say the kernel K(z,z') =
224:1 A (2)g(2") is of finite rank M with corresponding (finite-dimensional) RKHS #, re-
covering equation (2).

The first of these results, allows us to explicitly express the finite-rank kernel ridge regressor fz .
def.

Proposition B.2 (Representer Theorem - [38, Chapter 12]). Let R = (K + ANIy)~! € RVXN pe
the resolvent matrix and recall the kernel ridge regressor fz. » given by equation (3):
N

o & argmin = 3" (/) - u)® + A,

fen i=1
Then, for every x € X, we have the expression
fza(z) =y 'RK,, Vz € X, (15)
where K, & [K (x;, )Y, € RN*1,

B.2 Compact Matrix Expression

First, let & < (wk(xl))ﬁ/[:]lvlzl be the random M x N matrix defined by evaluating the M

eigenfunctions on all input training instances X < (z;)N ., A & diag[\,] € RM*M and

p(x) £ [Yr(x)]M, € RM*1 The advantage of this notation is that we can rewrite the equa-
tions in a more compact form. For equation (15):

fza(@) =y  (TTAT + ANTy) 7 T Ay(); (16)
R
for equation (4): ~
@) =5"9(@) + T mt>u (). (17)

Last but not least, we define some important quantities for later analysis.

Definition B.3 (Fluctuation matrix). The fluctuation matrix is the random M x M -matrix given by

AL %\II\II—r — Ias. Our analysis will often involve the operator norm of A, which we denote by
def.

8= (| Alop-

The fluctuation matrix A measures the first source of randomness in the KRR’s test error. Namely

it encodes the degree of non-orthonormality between the vectors obtained by evaluating of the M
eigenfunctions 1, ..., ¥ on the input X.

The second source of randomness in the KRR’s test error comes from the empirical evaluation of the
dot product of the eigenfunction ;s and the orthogonal complement ¥~ 5;:

Definition B.4 (Error Vector). E < O (X) is called the error vector.

The random matrix A and the random vector E are centered; i.e. Ex[A] = 0 and Ex[E] = 0.

14
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B.3 Bias-Variance Decomposition

The derivation of several contemporary KRR generalization bounds [6, 26, 27] involves the classical
Bias-Variance Trade-off:

Proposition B.5 (Bias-Variance Trade-off). Fix a sample Z. Recall the definition 3.4 of test error
Rz bias, and variance:

Rax B [(fza@) - @] = | [ (faate) = ) anto)]
bias = /X (f(xf(x)),,\(x) - f(x))Q dp(z);

. def. .
variance = Rz x — bias.
. . 2 .
Then, we can write variance,g = E,. . (KIRE) and hence the test error Rz x admits a decompo-
sition:

Rz, = bias + E, . (K] Re)”.

Proof. See the proof of Theorem C.8. O

C Proofs

In this section, we will derive the essential lemmata and propositions for proving the main theorems.

C.1 Formula Derivation

We begin with writing the test error in convenient forms.

C.1.1 Bias

We first derive, from the definition of the bias, a convenient expression to proceed:

Proposition C.1 (Bias Expression). Let W~y < [th< s (2:)]Y, as an 1 x N- row vector, (\P‘:M)
as an (M + 1) x N matrix. Denote P o (PgM P>M) = AYR (‘~IJT \IIIM> € RMx(M+1)

,Panr € RMXM and P, py € RMXL, Then the bias admits the following expression:

bias = 321 + 17 = Perr¥ — > mPsulls -
~ .
Finite Rank Error Fitting Error

Proof. Recall that, by equations (16) and (17), we can write

F@) =7"p(@) + F> s (@),
Fox fpa(@) = (718 + 550 ® L ) RETAE(2).

Hence
. ~ - - - 2
bias = E, {(’YT#’(Q?) + V> m¥sm () — (’YT‘I’ + ’Y>M‘I’IM)R‘I’TA‘I’($)) }
S 7
162D - %)
Y>M 0 2
= P +]17 = Per¥ — > mPsurll3,
v —
Finite Rank Error Fitting Error

in line (18), we use Parseval’s identity. O]
We proceed by reformulating the projection matrix P, first with the left matrix P<j;:

15



416  Lemma C.2. Recall the following notations
KZ oA, RE

def. def.

(K +ANTy) ", Poy S APRYT.
417 Define the symmetric random matrix B (I M+ A+ AATY 7L It holds that

Poy =1y — ABA™L.

418 Proof. We first observe that
YU Py = VU APRE ' (19)
= OK(K + ANT,,) 1w’
=W (Iny — AN(K + ANTy) 1) @'

=00 —ANP(K+ ANTy,) 1o’ (20)
419 From lines (19)- (20) and the definition of the fluctuation matrix A we deduce
1
N\I"I’T(IM P<]M) —)\‘1’(1(4’/\]\/v:[]\4)71\1’T
(In + A)(In M) = APRET
(Inr + A)(Tar — P<M) =AM 'Py
(A+AA)Iy —P<pr) = APy
A+AA =(A+AA +XIy)P<y. 21
420 Rearranging (21) and applying the definition of B we find that
Poy = (A +AA + 2\Iy) YA + AA) (22)

=Tp — MA + AA + AI,) 7t

=Ty — MA+AA + M) TAAT?

=Iy —ABAL (23)
421 D

422 Arguing analogously for the right matrix P 5, we draw the subsequent similar conclusion.
423 Lemma C.3. Recall the following notations
def.

KE=W'AY, R= (K+ANIy)™', Poy = APRE. .

def. ]- def.

E = \IllIl>M, B =
424 We have that P~ pp —BE.

def. def.

(I +A+AAH 7!

425  Proof. Similarly to (19)- (20) we note that
YO 'P.y =0T AVRY! ),
= UK(K + ANT) 1wl
=W (I — AN(K + ANIy) ) ®l,,
=0T, — ANT(K +INT) 1w,
426 Analogously to the computations in (22)-(23)
(I + A)Pspr = E - ANU(K + ANTy) 1wy,
(Inf + A)Psopr = E— M TTAT(K + ANTy,) 1w,
(Inf + A)Pspr = E - APy
(A+AA)P.y = AE — NP~y
(A+AA +2I)Poy = AE
Poy = (A+AA +)Iy) 'AE
P.y =BE.
427 D

16



428

429

430

431

432

433
434

435

437

438

439

440
441

442

Lemma C.4 (Fitting Error). Recall the notation
fitting error = |7 — P<py — s muPsusll3,
B (I + A+ AL
We have fitting error = |B (AA™'5 — E~) H; )
Proof. By lemmata C.2 and C.3,

17— Peard — F>mPoull3 = |7 — (s — ABA™1)57 — BEF u |,
=B (AT~ Bl

Hence we come up with a new expression of the bias:

Proposition C.5 (Bias). Recall that B (I5; + A + AA~Y)"1. The bias E, (fR(z) — f(x))2 has

the following expression:
. - 1. - 2
bias = 'yiM + HB (/\A 13— 7>ME) H2 .
Proof. We apply Proposition C.1 and Lemma C.4 to obtain the result. O

C.1.2 Variance

If we consider noise in the label, we have to compute the variance part of the test error.
Proposition C.6 (Variance Expression). Define

def.

M £ E,[K.K]]

=E, [T Ay (2)p(z) T AT]

= WA, [¢(2)¢(z) |AW

= U AL AT

=TTA%D,

We can further simplify the variance part:
variance E; e [(K;—Rs)z]

=E,. [¢'RK,K, Re]
=E. [e'RMRe]
=02 - Tr[RMR].

Theorem C.7 (Variance). Recall that B < (Ias + A + ANA~Y) "L, The variance part, variance, can
be expressed as:

2
variance = UN Tr [B*(In + A)].

Proof. We argue similarly as in lemma C.2. Since

P¥'APR = PK(K + ANIy,) !
= W(I; — ANR)
=¥ - \NUR,
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therefore, we deduce that
1

(I]\{ + A)A‘I’R = N\I’ — AVYR 24)
(Ins + A)ATR = %\IJ — M TATR
1
(Inf + A+ A HAPR = T
1

AYR = N(IM + A+ I HTw

1
AYR = —BY. 25
¥ (25)

By leveraging the identity M = ¥ " A2W and elementary properties of the trace map, the computa-
tions in (24)-(25) imply that

Tr[RMR] = Tr[R¥ " A’¥R] (26)
- {(A\IIR)T (A\IJR)} 27)
1 Tr1

=Tr (NB\IJ> (NB\II) (28)

_lp[lerpr

=5 T [N\Il B B\I:}

_Llnls™B. LewT

=5 [B B. UV } (29)
1

=¥ Tr [B"B(Iy + A)] (30)
1

=5 Tr [B*(In + A)]; (31)

in more detail: in line (26), we use the definition of M; in line (27), we use the fact that both A and
R are symmetric; in line (28), we use line (25); in line (29), we use the cyclicity of the trace; in line
(30), we use the definition of A; in line (31), we use the symmetry of B. We obtain the result upon
applying Lemma C.6. O

C.1.3 Test Error

The Bias-Variance trade-off (see Proposition B.5) decomposed the KRR’s test error into two terms,
the bias and variance. Since Propositions C.5 and C.7 give us exact expressions for the bias and
variance, respectively, we deduce the following exact expression for the KRR’s test error.

Theorem C.8 (Exact Formula for KRR’s Test Error). The test error Rz x of KRR equals

fitting error finite rank error

PNy 2
Ran = |[BOATY —GonBar)[,+ 72y + 7 Tr [BA(Ly + A)],

bias variance

where B (I + A + A1) ~L,

Proof. We begin with the bias/variance decomposition:

Ry B3~ FI%s,
~E., (K] Ry - f(x))2
=B (KIR(FX) +0) — ()
—E, (B) - f@) +E.. [(K]Re)’]

= bias + variance,
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then we apply Propositions C.5 and C.7. O

For the validation of the Theorem C.8, please see Appendix D for details.

The matrix B plays an important role in the expression since it encodes most information of the KRR.
Therefore, the following subsection will discuss the approximation of the matrix B.

C.2 Matrix Approximation

Recall that the matrix B <X (I, + A + AA 1)1 is the inverse of a random matrix. The following
lemma helps to approximate B. Informally, it says that: given that § |Allop < 1. We have

B- i(fpmsp
s=0

in operator norm || - ||,, for an M x M matrix P depending only on the M eigenvalues {\; }2.
and on the ridge A > 0. More precisely we have the following.
def.

Lemma C.9 (B-Expansion). Given that § = ||Al|,, < 1. It holds that

=0
op

lim HB - i(—PA)sP

ntoo =0

where P & diag {)\;\iA}k = A(A + MIp;) "t € RM*M,

Proof. Set A = Iy +AA~! and repeatedly use the formula (A+A)"1 = A1 -A"!A(A+A)7!
from [31], we have

def.

B=(Iy+A+MH)7!
=(A+A)"!
AT -ATTAA+A)!
=AT7 -ATTA(AT -ATIAA+A)TY
=A'-ATTAAT H(ATTAP(A+ A

(—ATTAPAT L (—ATTA)THA AT

I
NE

I
o

S

Note that A=t = (Ipy + AA~1) ™1 = A(A + AI;)~! = P with operator norm % < 1, hence

_ A1
we have (A~tA)" ! = (=PA)"*! — 0 in operator norm as n — oo. Hence

(—A7TA) A

i
0

in operator norm. O

Due to the convergence result in lemma C.9, it is natural to define:
Definition C.10. For any n € NU {oo}, write B™ = Y""_ (—~PA)*P. For example, We have

B(O) — P
B =P - PAP
B> =B
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Although lemma C.9 is valid when § < 1, we need a slightly stronger condition that ¢ is upper
bounded by an arbitrary constant strictly small than 1. For simplicity, we assume this constant to be

1 in the following lemma:

def.

Lemma C.11 (B-Approximation). Assume that 6 = ||Al|,, < L LetB™ =3" (-PA)*P be
the nth-order approximation of the matrix B as in definition C.10. Then we have

HB —BM|| <ot

op

Proof. We first bound the operator norm of the matrix B: since the minimum singular value of the
matrix P~! + A is at least

A+ A A 1 1
Ak _HA||0P21+)\7]€_§>§7
and hence B .
1Bl =[P+ )7 <2
op
Also, we have
B-B™ = " (-PA)'P
s=n+1
= (-PA)"' Y (-PA)P
s=0
= (-PA)""'B
Hence B~ B[ < [PAIL Bl < IAIL" -2 = 2541, since we have [[B],, =
op op P op op
A, O

A1+A

Note that the upper bound % of § can be replaced by any constant strictly small than 1 to get a similar
conclusion.

Remark C.12. Using the concentration result from random matrix theory, for M < N, one can
show with high probability that the operator norm § of the fluctuation matrix A is less than 1. *
See subsection C.3 for details. Then we can use the the above lemmata C.9 and C.11 to approximate
the test error of KRR:

Proposition C.13 (Bias Approximation). Fix a sample Z of p such that § = |All,p < 3. Then the
biases term is bounded above and below by

. _ 2 _ 9
‘blas — (HPwH2 +'yiM)’ < 26 ||[Puw|;, + [w]l3 6°p(5),
where P = A(A + MLy)™Y w = A5 — 3o E, and p(6) £ 5 + 46 + 462. By writing
E = (ny,))L,, the upper-bound simplifies to
M

_ M = Formd)?
bias < (1 + 24) E ( %(/\:i]\i?g k) + 32 0 + lwll3 82p(5).
k=1

Analogously, the lower bound can be derived.

*From there, we differentiate the approach from Bach [6]: From Propositions C.5 and C.7, it is inevitable to
approximate the matrix B, and we have I,s as support of the inverse. Bach instead uses RHKS basis to express
the fluctuation matrix and is hence forced to use AIys as the support. As a result, he would need to require that
the fluctuation is less than A and hence his requirement on NV is antiproportional to A in Theorem 5.1.
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Proof. Letw = AA~'4 — 5y E. We apply lemma C.4 followed by the 1st-order approximation
B of the matrix B in lemma C.11:

2
fitting error = || Bw||% = HB(I)w + (B — B(l)) U;H

2
_[BW | +wT (B-BY)BYw+w BY (B-BY)w+ | (B-BY) sz
2 2

<BWw| 42 HBa)
2

‘B ~BW

2
2 2
loll3 + [|B = BO||” i}
op op op
(1) 2 2 2 4 2
BYWw 2+2~(1+6)-25 lwll5 + 46% ||w||5

IN

IN

.| 2 2 2
B w2+4Hw||25(1+5+5)

IN

(P~ PAP) w|’ + 4|w|36%(1 + 6 + 6)
[ Tar — 13A||jp [Puwll2 + 4 |[wl3 62(1 + 5 + 62)

IN

IA

(1+2[PA,, + [PAJZ) [Puwll; + 4wl 021+ 5+ 6%)

IN

(1 +2 HPAHOP) [Pwl|2 + w]|? 67(5 + 46 + 452)
< (14 268) [Pl + w2 6%(5 + 46 + 452).
Hence we have the upper bound:
bias < 527 + (1 + 20) [[Puw|[; + w]3 8°p(3).

We argue similarly for the lower bound using: [|A[|, ||v||§ >vlAv > — Ao ||v||§ for any
AeRJWXZW 'UERZWXl. O

We argue similarly for variance.

Proposition C.14 (Variance Approximation). Fix a sampling Z such that § = |All,p < 5. Then we

have
M

variance — 0—2 Z )\7%
N — Ak + A)2

<52 f:)\i%JrMUj(lJré)JQ ()
= Mt A2 N pes

where p(8) = 5 + 46 + 402, and o* = E[¢?) is the noise variance.

Proof. Note that Tr A < M ||A|,, for any matrix A € RM>M " Since B*(Iy + A) =
(BW)2(Iy + A) +2BD (B-BW) (Iyy + A) + (B - B(l))2 (Ins + A), we can bound the
residue term by §:

Tr [QB“) (B . B<1>) (I + A) + (B - B(l))2 (L + A)}

)

op

< M(1+9) HB ~BM

2 HBu)
op

+||B-B
op

< M(1+46)-26%(2(1 + 6) + 26?)

< AMSA(1+6)(1 46 + 6%),
For the main terms, we have
Tr[(BW)2(Iy + A)] < T
=Tr

P?] - |[(Iy — AP)*(Ins + A)|

P?]|[Lis + A(Lys — 2P) + (AP)? — 2APA + (AP)’A|| |
P?]|[Ly + A(Ia = 2P)||  + M [[(AP)? —2APA + (AP°A|
P?(1+0) + M&*(1+ ).

2

<Tr

<Tr
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We apply Theorem C.7 to yield a bound on variance:

0_2 M )\2 M
: LN N 2
variance Z D+ 12 2:1 /\k + NE N (1 +6)5%p(9).

O

Note that the above propositions C.13 and C.14 give absolute (non-probabilistic) bounds on the test
error, once ¢ is controlled.

C.3 Concentration Results

In this subsection, we focus on bounding the operator norm § of the fluctuation matrix A. We can
assume the data-generating distribution p and eigenfunctions 1, are well-behaved in the sense that:

Assumption C.15 (Sub-Gaussian-ness). We assume probability distribution of the random variable
Vi (x), where x € p, has sub-Gaussian norm bounded by a positive constant G > 0, for all
ke{l,..M}u{>M)}>

In particular, if the random variable 15 (x) is bounded, the assumption C.15 is fulfilled. First, we
establish some concentration results.

Lemma C.16 (Theorem 3.59 in [36]). Let A be an n x N matrix with independent isotropic sub-

Gaussian columns in R™ which sub-gaussian norm is bounded by a positive constant G > 0. Then
for all t > 0, with probability at least 1 — 2 exp(—%tz), we have

< max(a, a2), (32)
op

1
—AAT —
B

where a 2 C,/ + = for all constant C > 12G? .

Proof. Leta & C, /~ + 75 with C > 0 to be determined, and ¢ & max{a, a2}. The first step to
show that :

max
zeN

v IaTell - 1) <

for some }-net A on the sphere S™~! C R". Choose such a net N with |N] < (1 + 1/4) = 9",

Let A; be the ith column of the matrix A and let Z; & A x be a random variable. By definition

of A, Z; is centered Wlth unit variance with sub-Gaussian norm upper bounded by G. Note that
G > —E[Z; 21/2 = f’ and the random variable Z? — 1 is centered and has sub-exponential norm

upper bounded by 4G*. Hence by an exponential deviation inquality ®, we have, for any » € S"~!:
1 2 € 1 & €
T 2
P{‘NHA 7, =1 ’ = 2} - { N2 Az 2}
1
< 2exp (—2€1G4 min{e, 62}>

1
=< 2exp <261G4a2)

1
< 2exp (—26_1G_4(C’2n + t2)) )

%it means the orthonormal complement ¥ 57 is also mentioned in the assumption.
8This inequality is Corollary 5.17 from [36].
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Then by union bound, we have
T € n | P 2
—HA H2 ‘ 2}§9 -Qexp<—2e G *(C n—i—t))
Ly cap2
< 2exp —56 Gt |,

for C > v/2elog 9G2. Since 12 > /2elog9, for simplicity, we assume C' > 12G. Moreover, since
G > f’ we have 2e 1G4 < l, we have

P {max
zeN

T ¢ Lo
P{ggne%c = [|ATal; 1] > 2} < 2exp (—3t ) :
Then by the 1-net argument, with probability at least 1 — 2 exp (—$t), we have
1 T T 12
FAAT —L < gmax — A x||2—1‘

O

Lemma C.17. Assume Assumption C.15 holds and that N > exp(4(12G*)*(M + 1)). Then with a
probability of at least 1 — 2/N, we have

log N
N

max {0, | En|l,} <

Proof: Setn = M + ]_’ A = ('¢>‘I;SM ) c ]R(M+1)><N. Then

r(X)T
1 T o %‘I’SM‘I’IM Ey - Ay Ey
SAAT T, = e S ,
N Ey, nsm +1 Ey nsum

where 13y £ L ~ Zz 1 ¥>nm(x;)* — 1. On one hand, the operator norm of the above matrix bounds

¢ and || Ez ||, from above:
Ay Ey Ay Ey u
E]I[ N>M E]\T/[ >M v
A]y]u + ’UE]W
E;\'—/Iu + N> MU

> max |‘AI\/IU+UEJW||Q
lull3+v2=1

> max [[Apyu+vEy|,
[lul|2=1,0=0

X
l[al|3+v2=1

op 2

max
lufl3+v2=1 )

> max ||A1\/[11||2—5
lullf=1

and
A E
.Al_/f M > max |[|Ayu+vEy|, > max Ay u+vEN|, = [|[Erl,-
E,, n-wm op lu)2+v2=1 [lul|2=0,|v|=1

On the other hand, set t = l\/log , C =12G?, since N > exp(4C?(M + 1)), we have

M+1 logN logN
a= 1/ 12G2\/ \/ <1
\ﬁ

By Lemma C.17, then with probability of at least 1 —2 exp(— %) = 1—2exp(—%)/N >1-2/N,

we have
A E log N
¥ M < max{a,a’} =a < 08T
Ey nsum o N
Combine the both results and we conclude the upper bounds. O
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In particular, as N — oo, § vanishes almost surely. In empirical calculation, if the requirement
N > exp(4(12G?)?(M + 1)) exponential in M is too demanding for a large integer M, we can take
t = N? for any positive number s € (07 %) instead of ¢t = %log N. In this way, we decrease the

requirement to /N polynomial in M in sacrificing the decay from O ( log M) o O (N s=1/ 2) For

simplicity purpose, we do not list out the result with this decay in this paper.

C.4 Refined Test Error Analysis

We can apply the above concentration results to refine the following bounds on the finite-rank KRR
test error.

Definition C.18. 7o ease the notation, we denote r = ming{ |75/ M|} and 7 < maxy {|7x /x| }-

C.4.1 Refined Bounds on Bias

Recall that Proposition C.13 bounding the bias in terms of ¢ and 7. For the former one, we can
choose: for N > max{exp(4(12G?)*(M + 1)) 9}, by Lemma C.17, with probability of at least

1 —2/N, we have § < % <4/ log 9 < =. For the latter one, we have to control the vector w:

Lemma C.19. Let w = AMA™'Y — As yy E. We have

2
N2M = 2ot VM B, < ] < (waM I1B1l,)
A A

~ r ~ 2
m”f<M”H |'Y>M|||f<M||L2 |Ell, < |[Pwl]l; < Al fearllf + |V>M|||f§M||L§ 1Elly + 320 1B -

Proof. Since \2r*M < |[AA7'7|> < A%°M and ||7>m E|3 = 32, | |2, we have

2
XM = 2o m VM |Elly < wll} < (AVM + 3o | E)

Similarly, we can bound }|15w||2. Observe that:

M

Pall2 — )2 VeAeME | - Aing
P = 7_2
[Pl ’\Z()\ )2 )‘>MZ)\+)\ >MZ)\+/\
I IT 117
Since 1 > ¢ +>\ 2 +>\’ we have the upper bound:
M 52 2 M 2

2 Vi A Vi o

1=22 oty < ZAHMHAJZ “Afeulde 63

where ng = 22/121 Y = f — ¥>m¥s . For the lower bound, we have:

M 52 M N A2 \
1=x2Y Tk > 2N TE ks 32 M )3 4
Z ()\k + /\)2 - — ()\k _|_)\)2 A ()\ + )\) HfSM”H (34)

Similarly, since 4\ )\, < (A + )2,

M

Ve[ Ak |1k
[LI| = 2A19> M| Z |/\|_|_|)\)2| > 2\7’>M| Z [Yeme| < |'7>M|
k+1 k+1 k=1

And

M
AL 5 2 _ 2
I = ’Y>M Ow+ A2 §7>MZ771€:“Y>M Bl -
-1 \k k=1

24

1
Z 2y < 2|’Y>M|||f<M||L2 |E]l .
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Combining the above result, we state the following theorem:
Theorem C.20. For N > max {exp(4(12G?)?(M +1)),9} and for any constant C; >

8 (x\?\/ + §|’Y>M|) + ngHLQ (independent to N), with a probability of at least 1 — 2/N,
P

we have the upper and lower bounds of bias:

. . ~ 1, - ~ log N log N
bias < a0 + Me B+ (171 + 2 Fearl ) {25 + €125

A2 A 1, 209 202 - 9 log N log N
bias > _AAM - A N - .
ias > 72, + EYVES)E I f<nll3 — <4||f|Lg + N _|_/\||fSM||’H N Cq N

For A — 0, we have a simpler bound: with a probability of at least 1 — 2/N, we have

3
log N log N\ 2
lim bias < (1 + o8 > Yo + 6'7>M (og) :

A0 N N
log N log N\ 2 9

. og - og N\ *

Ay bias = (1 N >7>M GﬁM( N )

For ’yi um =0, that is f € H, we have a simpler upper bound on bias: with a probability of at least
1 —2/N, we have

e log N log N
biasS/\||f||§_t<l+2 o8 >+Clog ;

N N 7

(36)

) A2\ log N log N

> — -2 — .

Y= B +A)2”f|”< N ) G
Proof. By Proposition C.13 and Lemma C.19,
fitting error < (1 + 20) ||].3w|}§ + ||w||§ 52p(9) 37)
< (14 20) Al ferrle + 31 aell Feles 1Bl + 720 1BI) + ol 6%p(6)

(38)
< (L +20)(M femlF, + ||f||L2 1Bl + 32 ar IE3) + llwll3 6p(0). (39)

where in line (37), we use Proposition C.13, in line (~38), we use Lemma C.19; in line (38), we use
the fact that 2ab < a? + b? where a = |¥= /], b = [f<nllzz.
Now we apply the concentration result in Lemma C.17: with a probability of at least 1 — 2/N:
. log N = 1, = log N
fitting error < (1 +/ =5 ) N Fentle + 71518/

log N _ 1, =
EX (hul3p(0) + 1+ 26520 + 171,

log N LC logN
N N

_ 1 - _
< MFearlB, + (17125 + 20 el

where we choose C7 > 0 to be such that:

- 1=
Iul3o0) + (4 28320 + 51125 < Il p®) + (14254 5 ) 1712,

, /1 1
<luldp(3)+ (1+2 5+ 3 ) 17

<8 (XYL + sl 1B1,) + 11713
1 T
<8 (VAT + Joul) + 317125 < Cu
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579 Hence we have an upper bound for the bias. We argue similarly for the lower bound:

. log N M\ vz o2 Llizeo [logN
fitting error > (1 — 2\/7> EYYESYE [ f<mlly — ZHf”Lg N

_ log N

2= (I3 p(0) + (1420132 us + 7ol Fnrllsz )
A2\

5 1 = 2202 - log N log N
> 2 =(=1f03 — 7 \/7— C .
= (>\M ¥ )\)2 ||f§M||7~l <4||f|Lg + A\ + )\”fS]\/IHH) N 1 N

580 For A — 0, note that w — —*~ s E. This yields

. . . 5 2 2
)l\li% fitting error < )1\11% {(1 + 29) ||Pw||2 + [lwll3 52p(6)}
= (1+20) [ =75 E|; + | =752 Bll3 °p(0)
=2 m 1B (1 +8(2 + 5p(5))).

st Hence, by plugging in § < %, with probability of at least 1 — 2/N,

. . .o logN log N
<2 577
)1\111% fitting error < 5 N (1 + 64/ N )

3
. . log N\ . ~ log N\ 2
11mb1as§<1+N)’yiM+6’yiM< N > .

A—0

ss2  For lower bound, it follows similarly:

3
. log N\ _ - log N\ 2
;lggblaSZ(l N >7>M6viM (N ) :

583 and we obtain line (35). For the case where 4~ 5y = 0, recalculate and simplify line (38) to obtain
ss4 line (36). O

ss5 C.4.2 Refined Bounds on Variance

sss  Similarly, we can refine Theorem C.14 to get a bound on the variance:

ss7 Theorem C.21. For N > max {(12G)*(M + 1)2,9}, and set Cy = 12 (independent to N), with a
sss  probability of at least 1 — 2/N, we have the upper and lower bounds of variance:

. M log N log N
< 2= 1 .
variance < o~ ( +1/ N + Cy N ) ;

, A2, oM log N o M log N
variance > ma N 1-— N — Cyo NN

s89  Proof. We argue analogously as in Theorem C.20: by Proposition C.14 and Lemma C.17, we have

o A2 o?
- _ Tk 4 M
N2 Onra: TN

logN\ M oM log N 1 1
< _ i — il
< <1+ N )0 N+U N N 1+2 P35

logN) M M log N

variance < (1 + 6) (14 6)6%p(d)

IN
_
_|_
N
Q
(V)
z|g
_|_
Q
(o]
|
_
+
N
[« %)
%)
=
S

2-7 1227
O’N+ O'N N
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Hence we can choose C5 = 12. For the lower bound, since EYESYE > Darinzs e have

kS S
Nkzl()\k—i-/\)Q N

A2, o M log N o M log N
> M2 (g 1202 .
SO+ 020N N NN

Note that in both Theorems C.20 and C.21, the constants C;, Cs > 0 is not optimized.

variance > (1 — 9) (14 6)8%p(5)

D Numerical Validation
In this section, we illustrate our result for KRR with two different finite rank kernels.

D.1 Truncated NTK

First, we need to define a finite-rank kernel K : X x X — R. Weset ¥ = S! ¢ R2. By
reparametrization, we write St 22 [0, 27] /g~2.. We assume the data are drawn uniformly on the
circle, that is px = unif[S!]. We can use the Fourier functions cos(k-), sin(k-) as the orthogonal
eigenfunctions of the kernel. We define the NTK

K001y 0 =) = 0 =0
™

for all 9,6’ € [0,27]. 3) We choose a rank-M truncation K (6, 6’) = 22421 Ak (0) 5 (8") for all
6,6 € [0, 2x]. For the first few eigenvalues of the kernel, please see Table 3 for example. Before

k 1 2 3 4 5 6 7 00

N 1 1 1 5 5_ 17 17 .
k 2 8 B 92 92 22572 22572

Y (0) 1 V2cos(d) /2sin(d) 2cos(20) 2sin(20) 2cos(46) 2sin(46) -

Zﬁ/:o A 01013 0.2263 0.3513 0.4076 0.4639 0.4716 0.4792 0.5

Table 3: The first few eigenvalues of the NTK

proceeding to test error computation, we present a training example, Figure 4, to give readers an
intuition on the truncated NTK (tNTK).

NTK Training tNTK Training

0.5

-0.5

—— Target Function

—— Target Function

10 —— Regressor —— Regressor
Sample Sample
3 2 1 o 1 2 3 3 2 1 o 1 2 3
X X

Figure 4: (left): NTK training; (right): tNTK training where N = 50, M = 7. 02 = 0.05,\ =
o?/N.

27



600

601

602

603

605

606

607
608

609

610

611
612

613

614

615
616

617

618

619

D.2 Test Error Computations
In the following tNTK training, we set the hyperparameters as follows:

Target function We choose a simple target function f(z) = cosz = %77/12 (z). Throughout the

experiment, we set the noise variance o2 = 0.05.

Ridge We choose \ = "WQ In Figure 5 (left), we set N = 50, A = 0.05/50 for tNTK training;
(right) we set set A = 0.05/50 for varying N from 10 to 200.

Error bars In Figure 7 (right), for each value of NV, we run over 10 iterations of random samples
and compute the test error. The error bars are shown as the difference between the upper and the
lower quartiles.

tNTK training Varying Sample Size

—— Median
Quartiles

0.5

Test Error

> 0.0
. 0.06
-05 . °—— Target Function
0.04
/. —— Regressor .
0.02
1o .+ Sample L
. 000 0.00 ST ——— —

-3 -2 -1 0 1 2 3 25 50 75 100 125 150 175 200

X N

Figure 5: (left): tNTK training; (right): the decay of test error as IV varies.

Lower bound See the subsection below.

D.3 Bound Comparison

We continue with the experiment on the tNTK this time with varying N and compare our upper
bound with [6].

Upper bounds In Figure 6, the expression of Bach’s and our upper bounds are directly computed:

, s 80%R?
Bach’s upper bound = 4\|| f||3, + /\T(l +2log N)

~ log N
Our upper bound without residue = \| f||3, <1 +24/ Oi) ,

where the constants || f]|3, and R? can be computed directed from the choice of kernel and target

function. For simplicity reason, we drop the residue term C' # since it is overshadowed by the

other terms and the constant C'; is not optimized.

D.4 Legendre Kernel

To illustrate the bounds with another finite-rank, we choose a simple legendre kernel (LK):

M
K(x,2) =Y MPu(x)Pe(2)
k=0

where Py, is the Legendre polynomial of degree k, and A\; > 0 are the eigenvalues.
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Varying Sample Size on tNTK Varying Ridge on tINTK

—— Bach's Upper Bound ws | —— Bach's Upper Bound /
—— our Upper Bound 0| —— our Upper Bound

10.0
75

50 100 150 200

Upper Bound

25 50 75 100 125 150 175 200 [ 200 400 600 800 1000

N 1/A

Figure 6: Bound improvement on tNTK. Residue term is dropped in our bound.

Eigenvalues To better compare the Legendre kernel K with the NTK, we choose A\, = C'-(k-+1)~2
of quadratic decay such that the spectral sums are the same: >, Ax = 0.5. Hence we choose
C=05/Y k2=2.
Target function We choose a simple target function f(z) = 22 = 1 Py(z) 4+ 2P>(x). Throughout
the experiment, we set the noise variance o2 =0.05.

D.5 Test Error Computation

Ridge As before, our bound suggests that, to balance the bias and the variance with a fixed N, we

can choose A = %2 In Figure 7 (left), we set N = 50, A = 0.05/50 for KRR training; (right) we set
set A = 0.05/50 for varying N from 10 to 200.

Error bars In Figure 7 (right), for each value of IV, we run over 10 iterations of random samples
and compute the test error. The error bars are shown as the different between the upper and the lower
quartiles. The median is taken as average.

Legendre Kernel Training . Varying Sample Size
.07
1.2 .
—— Regressor o —— Median
1.0 .
—— Target Function Quartiles
0.8 Y 0.05
+  Sample .
0.6 e
= 004
> 04 EE
) 0.03
0.2 ﬁ
0.02
0.0
o2 ‘e 0.01
-0.4 ¢ i 0.00
-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00 25 50 75 100 125 150 175 200
X N

Figure 7: (left): LK training; (right): the decay of test error as IV varies. Same as Figure 1.
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632 Upper bounds In Figure 8, the expression of Bach’s and our upper bounds are directly computed:

, 2o 802R?
Bach’s upper bound = 4\|| f||5, + /\T(l +2log N)

P log N
Our upper bound without residue = \| f||3, <1 +2 Oi_ ) ,

s3a  where the constants || f |3, and R? can be computed directed from the choice of kernel and target
634 function.

Varying Sample Size on LK Varying Ridge on LK
” —— Bach's Upper Bound 2 —— Bach's Upper Bound
50 —— our Upper Bound —— our Upper Bound

20

! 15
10

50 100 150 200

Upper Bound

25 50 75 100 125 150 175 200 0 200 400 600 800 1000

N 1/A

Figure 8: Bound improvement on LK. Same as Figure 2.

635 Lower Bound Last but not least, we need to show our lower bound is valid. To see this clearly, we
s36 need to write the bound in exact sums instead of in HKRS norm square || f||3,: namely, we compute [

M

(Ajfﬁ)glflli SI:AQ;(AJEA)? < AFIZ, 40)
637 instead of using the inequality (40) in Lemma C.19; and
M <X ok < @n
A+ A2 — P e +N2 0

638 instead of using the inequality (40) in Theorem C.21. Then we can compute our bounds as:

log N JECRY log N
Our upper bound without residue = A7 (1 + 2 8 ) =+ G Z 7]“)2 1+ o8 )

N N & A+ N
log N ¥, X [log N
Our lower bound without residue = A\%J (1 -2 Ojgv ) + % kz::l m (1 - O]gv ) )

639 and we drop the residue terms C loi,N and Cy "WQM 1ngVN by the same reason as before. From Figure
640 3, we can see that our bounds precisely describe the decay of the test error. Our bounds are not
641 ‘bounding’ the test errors in smaller instances due to the absence of the residue terms, which increases
e42 the interval of confidence of our approximation. But for larger instances, say /N > 100, all upper and

643 lower bounds, and the averaged test error converge to the same limit.
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Test Error on tNTK and its Bounds log Scale

0.16
—— u.b. w/o Residue 2 —— u.b. w/o Residue
o1 —— Lb. w/o Residue —— |.b. w/o Residue
012 —-— Median -3 —— Median
S or0 Quartiles o Quartiles
= © -4
‘LI:'J 0.08 8
173
li) 0.06 5’-5
0.04
-6
0.02
0.00 -7
25 50 75 100 125 150 175 200 25 50 75 100 125 150 175 200
N N
Test Error on LK and its Bounds log Scale
0.07
u.b. w/o Residue o —— u.b. w/o Residue
008 —— |.b. w/o Residue —— |.b. w/o Residue
005 —-— Median —— Median
5 Quartiles 4 Quartiles
= o004
Ll
ﬁ 0.03 -5
(0]
|_
0.02
-6
0.01
e
0.00 -7
25 50 75 100 125 150 175 200 25 50 75 100 125 150 175 200
N N

Figure 9: Our bounds comparing to the averaged test error with varying N, over 10 iterations. Same
as Figure 3.
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