A Test Error substitutions

The test error 1" in (I) can be expanded into smaller terms

H;est _ Ezo [y($0)2] — 2Emo [y(:vo)gjt(wo)] + ]Ezo [/gt(x0>2]
T

I} a al
= Eq, [y(20)*] - 2 7B [z02(0) ]\/t— \/LEfo[ #(w0)2(wo) " ]T (18)
The random noise € from y(x) only impacts the first term on the right hand side with E,, [ (20)? ] =
T aT
1+ s%. Using further ¢(t) = %E [zoz(xo)T]\/'N and p(t) = T%IETU[ 2(20)z(x9)T ]
HE =145 = 2q(t) + p(t).
We provide analytical arguments to justify the formula (3) showing that:
q(t) = pg(t) + 0a(1) (19)
p(t) = ih(t) + v2(t) + 0a(1) (20)
with
T T T 2
g(ﬁ):ﬁieiﬂ7 l(t):‘at ):He)at 1)
VdVd VN VN Vd VN

and where limg_, { o, 04(1) = 0 with probability tending to one when d — +oco. The arguments

below are based further on the prior assumption that the (6;/+/d) are sampled uniformly on the
hyper-sphere of radius 1. We will assume further that these results can be extended in our setting
with 0; sampled from a gaussian distribution. Notice that this is a reasonable assumption because

16;/1* /d is a x? distribution of mean 1 and variance 2,

A.1 limit of ¢(¢)

We decompose our activation function as o(x) = px + voL(x) where o+ € Span(H,,);>2. In other
words, we have Eg[01(G)] = Eglot(G)G] = 0 and Eg[o+(G)?] = 1. Notice that conditional

on (6;); sampled on the sphere of radius v/d, we have for all i € {1,..., N} that u; = bl

N(0,1), and forall j € {1,..., N}, we have Cov(u;, u;) = @ = {%} ~ . Similarly, for any
i
le{1,...,d} wehave Cov(u;, [zo);) = [?[]’ Now, using the Mehler-Kernel formula, we have

Ea, [[zoli[2(z0)];] = ) % (Cov(uy, [z0]1))" Eay [w0He, (20)] Bu, [o(w;) He, (w;)] (22)
k>0

which does not vanish only for £ = 1 due to the first expectation on the RHS. Thus

0]
Exy [l ()] = 23)
T] ay BT ag
VN ~HVa f VN’
The result ought not be exact anymore when (6;) are sampled from a normal distribution, and we
make the assumption that we can account for a correction term o4(1) which goes to 0 as d grows to
infinity, hence ¢(t) = ug(t) + 04(1) in general.

and hence we find that ¢(t) = %Exo [z02(z0)

A2 limit of p(t)

Similarly for p(t), we evaluate the kernel U; ; = E,, [[2(0)]i[2(0)],] for which the Mehler-Kernel
formula provides

Uij = Yo (Cov(ui,ui)* By, [o(u;) He, (u;))? 24)
v(ui,uj 2
= u?Cov(us,uj) +1v2> k2 Co(ki,))E [ L (u;)He, (ul)] .
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Intuitively, the terms (Cov(u;, uj))’c for k > 2 are on a smaller order in d compared to Cov(u;, u;)
when i # j. We refer the reader to Lemma C.7 in [17] where it is shown with some additional
assumptions on o (weakly differentiable with 3¢, ¢1, Vo > 0, |o(x)], |0’ (2)] < cpe®*®) that:

,007

E)HU—ud—u%N

] = 04(1). (25)

op

Therefore, we can bound:

T

2 2 _ a; 2007 2\ af
Ip(t) — 12h(t) = U0 = [( G, (U205 —02) 25|

T
a ‘ . HU—IL}?L? —Z/QIN

at

VN

IN

VN
10| - n298" —v21y

e

op

op

As per the general assumptions I(t) concentrates to a finite quantity [(¢) at all times as d grows
to infinity (that I(¢) is finite is explicitly checked by the anlytical computations of the generalization
error). Thus by Markov’s inequality we have at any fixed time ¢, |p(t) — u2h(t) — v21(t)| = 04(1)
with probability tending to one as d — +-oc0.

Notice also that we assume as before that 04(1) also contains the correction added when (6;) are
sampled from a normal distribution.

B Cauchy’s integral representation formula

In this section we complete the proof of propositions [2.0.T]and[2.0.2] We show how to derive the
Cauchy integral representation of the two functions I(¢) and h(t) by similar analysis of Sect. 4.1|for
the representation of g(t).

B.1 Representation formula for [(¢)

We define the function L;(z) = %R(z) \%V and the auxiliary functions U;(z) = %R(z) \;tﬁ

and V(z) = Y;Z R(z) ZTTY We find a set of 2 integro-differential equations using the gradient flow
equation for % (as in the derivation of

10L
229 0~ 10) - (4 L)
%
S5 = V() = RoUs = (2 + )Ui(2)
Similarly Gy(z) and g(t), we also have that I(t) = — §. L 1,(2) = R.Li. So we get a pair

of integro-differential equations in this case (wheras for G¢(z) we had only one such equation).
However, we have one additional differential equation in this case. Pursuing with the Laplace
transform operatoﬂ the equations (27 become

LL,(z) = ﬁ (%Lo(z) + LU, (z) — L’l(p))
1 V(z) (28)
‘CUP(’Z) = prz1d (UO(Z) + > = ﬁRzUp)
and re-injecting LU,, from the second equation into the first equation we find

1 Lo(2) > 1 ( V(2) )

LL = — Ll + U + —LR.U, | .
e ép+z+6( 2 Pt e P ’
(29)

"Defined as (Lf)(p) = f0+°° dte P! f(t) for Rep large enough. We also use the notation L f, to mean
(Lf)(p) specially when there are other variables involved. For example LL,(z) = f0+°° dte P Ly(z).
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With similar considerations as before, with p large enough to have — is outside the loop I', we see
the terms £I(p) and LR .U, don’t contribute to the former equation when the operator R, is applied

_ 1 Lo(z) 1 . Viz)
RZELp(z)RZ{2;p+Z+5+ (3p+z+6)(p+2+9) (UO( ) p )} G0

Finally, there remains to use the commutativity of R, and L (for Re p large enough by Fubini’s
theorem) and compute the inverse Laplace transforms to find

} (3D
Expanding further the terms individually

1— —t(z49) 1— —t(6+z) 2
I(t) = R. {e‘Qt(z+5)L0(z) + 2¢ =) (e) Uo(2) + <e> V(2)

2

t(0+z) _q t(0+z) _ 1
_ —2t(2+49) € €
I(t) =R, {e lLO(Z)+2 s Uo(z) + < 5T ) V(z)

o+ z o+ z
(32)
We end-up (as for g(t)) with an expression where the time dependence is decoupled from random
matrix expressions.

B.2 Representation formula for h(t)

The last term requires additional considerations. We will now use a double contour I';;, I"y enclosing
the eigenvalues of L\/NZ and such that I';, N T',, = (). We consider the operators R, R,, associated to
each contour. Contrary to the previous two representations, when computing the multiple derivatives
R¥)(t), due to the © matrix in h(t), there appears pairs of matrices L\/NZ In terms of generating
functions, this translates into a "2-variable resolvent" functions

al eeT a;
Hy(z,y) = —=R(z)——R(y) —=, 33)
which has the property h(t) = R, H;, and two auxiliary functions
al e’ zZTy YTz e’ zZTy
Qi(z,y) = ﬁR(x)TR(y) & and Wizy) = ——R(@)——R(y)—— 64
Using the former method for equation (27) leads to the following integro-differential equations:
8I{t (l‘, y)

= Qi(w,y) + Qi(y,v) — RoHi(y) — Ry Hi(x) — (x +y + 20) He(, y)
ot (35)

w =W(z,y) = RaQi(y) — (x + 6)Q:(z,y)

Then the Laplace transform on the first equation reads

1

CH -

[Ho(z,y) + LA{Q:(x,y) + Qi(y, 2) — R Hy(y) — RyHt(x)}] .

(36)
Notice that R, and R, commute with each other as being integrals over a compact set I';, I,
respectively. So by Fubini we can name indifferently R, , = R,R, = R,R;. Notice also that
RzH:(y) is not a function of =z anymore, thus for p large enough to have |26 + z + y| > 0 for all
(x,y) € T'y x Iy, we find

W}_ { {W}}_ _
Rw’y{p+x+y+2é =R R\ pr ety 2 =Ry {0} =0. 37)

Symmetrically, the same statement can be made for R, H;(x), so applying the operator R, ,, and the

result to (36) we find

Ry LHy(2,y) = Ray {

H()(.I‘,y) + ‘CQP($7y) + EQP(yam) } )

p+x+y+26 (38)
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Finally, we have R, , LHp(x,y) = LR, yHp(x,y) = Lh(p). The Laplace transform of the second
equation of (B3] provides

1
PR (Qo(x» y) +

Before injecting this equation into (38) (and its symmetrical result in  and y), notice that one term
will not contribute under the operator R, ,,

P llp+z+y+20)(p+x+9)

and finally, using W (z, y) = W (y, x), we obtain

£Qy(z,y) = W(jjy)

- RzEQp(y)> : (39)

} =R,{0} =0 (40)

= T —_— x
P Ylp+a+y+26 4 p+x+9d pt+y+o
(41)
Eventually, applying inverse Laplace transform we get the representation
W(t) = Ry {e @20 Hy(z,y)}

_ " ety et(+a)

+ Rz,y € H20t+aty) (TleO(‘T,y) + TlQO(yvx))} (42)
e t@+8) | _o—t(y+o)

b Ry {0 Wi, y)}

B.3 Remark on the consistency with the minimum least squares estimator

It can be seen, at least formally, that the integral representation formula correctly retrieves the
minimum least-squares estimator formulas in the limit £ — oo. Indeed, commuting lim; and R, we
find

lim g(t) =R LK(z) —g:—TvR ! rZ2Y
154007 240 Y (TR I R
N
BT vl ZTY
=5 = K(-0). (43)
~Vd(Ai—6) N
On the other hand, we expect
BT @T BT @T
lim g(t) = hm —_—— (44)
Ao =1 m = Vava
with a., defined as the minimum least-squares estimator. Thus, we clearly have:
T T T T T -1 o7
ﬂgam:ﬂg (Z Z ) LL:K(_@ (45)
Vdd VdVd VN VN

The same calculations can be done on each term h(t), I(¢).

B.4 Representation formula for the training error

2
+A

The derivation of H'™" is quite straightforward based on the previous terms derived for the test error.
train __ 1 Y -7 ag at
Ht — ﬁ - —— ——

Firstly, expanding the expression of H4" we get:
vN ’ VN

vt o2 TZat Zat
n
Reusing the function U;(z) from Sect. , and defining u(t) = R.Ui(z) = %YT% and
h(t) =

2
(46)

VN

2
Za |l e get:

v

train __ ||Y||2 1 _ 7
= ( 2u(t) + h(t) + 6l(t)> @7)
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Furthermore, reusing the differential equation found for U;(z), a simpler solution can be extracted
for u(t):
H(o16) 1 — ¢~ t(z+9)
t) =R, <e” U —V 48
u(t) {e 0(2) + Py (2) } (48)

The second term h(t) can also be derived from the expression L; (z) which is also defined in appendix
We find h(t) = R.{ zL:(z)}. Hence the terms 6/(¢) and h(t) can be grouped together with
h(t) 4+ 0l(t) = R.{ (¢ + 6) L+(z)}. Expanding from the expression of R ,LL(z) we find

(h + 80)(t) = R { (2 + 6)eHCEHO Lo (2) 4 2e~H(=+0) (1 - e—t<z+5>) Uo(2)

1— —t(6+2) 2

Remarkably, all the terms can be summed together in (47)) and we retrieve a simpler expression

_ ,—2t(6+=2)
ID;H 1ot v<z)}. (50)

Htrain
¢ 6+ 2

+ R {( +5) z+6)L ( ) 2t(z+6)UO(Z) _

C High-dimensional limit

In this appendix we use assumption[2.1]in section[2.3]to compute limiting expressions of traces.

As d — oo, the mean of ag or 8 converges two 0. Let’s consider the auxiliary functions
Uo(2),Go(z), Qo(x,y). These three terms have only occurrence of ag and 3 on each side of the
matrix-vector multiplication composition (notice [ is also included in the term Y'): they can be written

T
in the form F(H) = a—\/oﬁH % where H is a random matrix independent of a, 8. For instance we

have Go(z) = F (R(z)%) As the mean of F'(H) is precisely 0, assuming concentration, we have
that these terms go to 0 when d — oo. The same considerations can be applied to the term £ from
Y.

Besides when a vector such as ag is expressed on both side of another expression such as F'(H) =

a a . . a aT .
v H 5% it can still be rewritten as the trace FH)=Tr {H e } so that we can effectively use

the independence of H with ag and compute the expectation E,,, [F'(H)] = %Tr [H]. Hence if F'(H)

. . -2
concentrates as N — oo, we can replace it by limy & Tr [H].

In the sequel we will adopt the following notation. For any sequence of matrices (M}) € R¥** we
set Try, [My] = limg o0 %Tr [My].

Therefore, in general, applying the concentration arguments above, we can substitute the limiting
expressions with the following terms

Lo(2) = SR S s o (R 61

K(z) = iT,?;R( )ZTY T [%R(z)ﬁ%j{ﬁ] (52)

Hole.y) = SR O k) 2 o [0 RG)| o

V(z) = Y;ZR(Z)ZTTY = Tra [‘)\/{ﬁR( )jif] + °Try [\/ZNR(Z)Z%} (54)
Wiain) = T | o 2R O R 2o 2] 4+ Ty [%R@QE?TR@%]S)

As for the training error, all the required terms are given by V(z), Ly(2), Uy(z), of which only
V(2), Lo(z) contributes to the result as d — oo

18



Finally, we apply the gaussian equivalence pr1nc1ple with the substitution described in[4.2] with the
linearization Z — Zj;, with Z;;, = £ X OT 4+ v0. This substitution is applied throughout all the

occurrences of Z, including in the resolvents z = R(2).

D Linear Pencil

D.1 Main matrix

The main approach of the linear-pencil method is to design a block-matrix M, , = Zl ;B @M a(fyj )

where the blocks M. éf;j) are either a gaussian random matrix or a scalar matrix, and E; ; is the matrix
with matrix elements (E;, i)k, = 0ki015. The subscripts indicate explicitly the dependence on two
complex variables (z,y) € C2. Importantly, this matrix is inverted using block-inversion formula to
have an expression of the form M, | = i Eij® (M;’;)(W) such that some blocks (M;;)(W)
match the different matrix terms in equations (51).

In order to define our mam linear pencil matrix, we first need to introduce some additional upper-
level blocks: UT = [ ok f] and VT = [u%, I]. In addition, in order to keep a consistent
symmetry and structure to our block-matrix, we will use the following blocks in reverse order:

Ul =[v \F f] and VT [I,u%]. Furthermore, we let K, = (—zl + Zl\"‘ﬁ‘")*l and L, =
(=2 + UUTVVT)Vand R, = (2l + VVTUUT) ' and K, = (-2l + \'“ﬁ‘")_l. The

following identities (which can be obtained with the push-through identity) provide additional
relations which can be used later:

Ziin

2 _yty 56)
VN (
L, UUT =UK,U" (57)
vVvTL, = VK, VT (58)
r ZlmZ[ ) Zlle Zlin ZlT
—aK,=1—(—xl+ n =7 K,—= 59
( N N VN VN o9

We define our main block-matrix consisting in 13 x 13 blocks where the upper-level blocks U, V, U, V/
are to be considered as "flattened":

—zI | -VT 0 0 % 0 0 0 0

0 I U 0 00 0 0 0

0 o I UT'{o|o0 0 o 0

1% 0 0 I{o|o0 0 o0 0

M,y=1| 0 o o olrlo o o 972 (60)

0 0 0 0 ol I U o0 0

0 0 0 0 o]0 I UT| o

0 0 0 0 olo0o o I |-V

| 0 0 0 O0fo Vvl 0 0 |-yl |

This is precisely the block-matrix M given at the end of Sect.

D.2 Linear-pencil inversion and relation to the matrix terms

The inverse of M, , can be computed by splitting it into higher-level blocks. These blocks are
highlighted with the lines and double-lines depicted in equation (60): the block-matrix is split into
a 2 x 2 block-matrix recursively in order to apply the block-matrix inversion formula recursively.
Starting with the higher level split:

-1 -1 -1
Mz,y [ M1,1 M1,2 ] — M- 1 [ M1,1 H *Ml 1M1,2M2.2 (61)

T 0 [ Mz Y 0 | M,
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It is now quite straightforward algebra to proceed with the remaining blocks. Starting with M; ;:

T Ziy Zm T
R B P
VK, ~VV'L, VAR, R,

I| Nipo -1 I| —NisNg,
Ms o = |: : :| = M,, = —
2,2 0 N2’2

A straightforward algebra calculation provides the result of M, i

oT T eT Zy o7 Zi 77T oT
1 ﬁKgV _\/EKy\If ny\]FU jﬁKy
0 ) —gR% ., yUK, —yUgTL U%—%K
M—21: 0 Kyﬁv —yKyT yU" L, —\/“N"Ky
0 —L,VVT L,V —yL, VK,
/T Zlﬁ Zlm T
| 0 —K,V Ky\ﬁ Ky\/NU K,

Finally, using ) = K, @ K we obtain the third block of M ,:

_ ZT T
K:v \@f _QVT lm _Q l\l;ﬁ
U Zjin K (C] UZin QVT UZlm Q Zlm UZn Q Zlm
—M My oMy, = | VN Vi VN z o
%K \?7 %QVT Zlm Q lm Zlm Q 1\1;7
z N
VKz% VQVT 7‘/@ Z]m VQ Zlm o

(62)

(63)

(64)

_UZin
Yo

(65)

Notice now that all the matrix terms in equations (31) are actually contained in some of the blocks of

our matrix (note that Try [XTTX] =1):

Lo(y) = r*Try [K,)

e N

Ho(z,y) =7 Try [Q]

. TrrT
W (z,y) = SQ?Trn LZIFQ \Zlﬁ} +Tr [%inﬁU ]

V(z) = 52$Trn [In + xfg} + (Trd [zL,UUT] L+ T [X;XD
Or equivalently, with the block coordinates of the inverse matrix M, ;:
Loly) = r*Tey [(M; 1) 1919)]
K(y) =Trg [(M; ) ™?)]
Ho(w,y) = r*Try [ (M; )]

Wz, y) = SQgTrn {(Mm—,;)(zl,w)} +Try {(M 1y 12)}

V(z) = QZ (1—Trn [(M;;)(“"‘)D ( Ty [(M )(25>}+

)

< e

20

(66)
(67)
(68)

(69)

(70)

(71)
(72)
(73)

(74)

(75)



In the next section we show how to derive further each trace of the squared matrices from the block
matrix M, ,. In order to deal with self-adjoint matrices, we double the dimensions with M, ,:

~ 0 M,
My, = [ o } (76)
v M;fy 0
and find the inverse: ( i ) 1
- 0 M )~
Nt = [ ) O, } )
Y Mml/ 0

D.3 Structural terms of the limiting traces

The matrix M, , is a block-matrix constituted with either gaussian random matrices, or constant
matrices (proportional to I). More precisely, letting S be the matrix of the coefficients of the

constant blocks of M, ,, (and S for Mm,), and A the random blocks part (fl respectively) we write :

sy = >, Bij ®M(Zy) where M) = §G:9) 4 A(d) is the block of size (N;, N;). Also notice
that letting . = {(¢, j)| N; = N, }, the fact that the constant blocks are supposed to be proportional
to an identity matrix implies that: V(i,) ¢ L. = S0 =0 = zi,;0n,,n, With Oy, n, the
zero-matrix of size N; x N; and otherwise V(i,j) € L. = SUJ) = 2, ; Iy, with B = (2; ;) the
matrix of size 26 x 26.

Now we want to find a matrix G € R26%26 guch that

(Glig = T, (V)00 v(ig) € L, (78)

An important theorem in [38] (chapter 9, equ. (9.5) and theorem 2), which we show again in the next
section, states that there is a solution GG of the equation

BG =1+ 1n(G)G (79)
which satisfies (78)). In this equation 77(61Y ) is the matrix mapping defined element-wise as:
(@i = 0u(ird) - Y oli,k;1,5) - [Gley (80)
k,leL

and where o satisfies the relation for all (7, k, [, j) such that N; = N; and N, = N; (and keeping in
mind that the N, are growing with the dimension d):

V(rs) € {1, Nibx {1, Nybor 5 = 0(i,ksl,j) = Jim NiE [A@’W}T,S[AUJ)]M}
— 00

(81)
We remark that the setting here, and in particular equation (79), is in fact more general than in [38]]
(chapter 9, equ. (9.5)) and we provide an independent and self-contained (formal) derivation of (79)
in Appendix [E]using the replica method.

For example, we have Méi} ) = u\f of size d x N and M.} Y N = % of size N x d. So this is

MG = uf and M52 = = &, with N5 = Ny = dand Ny = Ny = N. Forr = 1,5 = 2 (or

any other suitable indices) we find:
N
o(5,14;1,20) = lim p—RE[[OfF, ] = py
—oo  d ’

In fact, a careful inspection of all the blocks in row 5 and all the blocks in column 20 shows that we
have [1(G)]5,20 = t)[Gla1-

Calculating all the terms of n(é) is quite cumbersome, but it can be done automatically with the help
of a computer algebra system. Still, this approach yields many equations for each 26 x 26 terms of
G. However, some initial structure can also be provided for this matrix. Looking back at M g itis
clear that some blocks will have the same limiting traces (potentially seen using the aforementloned
push-through identities). For instance, (M7 )" = K, = —(M;{)®" (expanding the U,V
blocks), so (M7 1)1V = — (ML) (6D in other words (ML) (14D = —(M; )39V, and thus we
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expect [G‘]MJ = —[6]19’1. Non-squared blocks can also be mapped to 0 in G. In the end, taking
every block into account, GG is expected to be of the form:

R el
ool o
with
Gi1| G| Gi3
G=|"0 | 1 [GCas (83)
0 0 Gs 3

(which has 13 x 13 scalar matrix elements) where:

—q1 0 0| —vg® 0 Q1
0 pugf" |0 0 % 0
Ty Ty
| v 0 0| vigs 0 —V(g
Gis = 0 0 | qa 0 0 0 (84)
0 g |0 0 gz’ | 0
7 0 0| vgg 0 —q1
g1 0 gi |00 wgy
0 1% 0 [0 [RT O
| —vgs 0 210 |0 v2hg
Gii=|—9 0 0 210 0 (85)
0 |—p?hi 0 | 0 [RT O
—g7 0 —91 100 3
h 0 0| v?hy 0 |vgy
0 R o] 0 K| O
0 0 (g7 0 0] 0
B O I S 50
oy —p2hY | 0| 0 . hY oy
—91 0 0]-vgy O g1
0
xr
0
Gro=|—0—| Gas=[0 why[0]0 #]0] (87
fh
0

All (non-vanishing) matrix elements depend on the complex variables x and y. This is indicated by
the upper-script notation with x, y, zy, yx. Some quantities depend only on z, some only on y, and
some on both z and y. Among the ones that depend on both Varlables the quantltles P N A
are non-symmetric, while q1, g2, g3, q4, q5 are symmetric (e.g., ¢;"Y = ¢{"*). We choose not to use the
upper-script notation for the symmetric quantities in order to distinguish them from the non-symmetric
ones.

Eventually, with a careful mapping between M and Gin equations (66), only g{,t7, h%, g% and
the symmetric terms qi, g2, q4 are needed and equatlons (66) take the form:

Eo(ac) =r gf (88)

R(z) =t (89)

Ho(z,y) = r’q (90)

W (x,y) = 52%% +q on

V(w) = szg (1—g3) + (Z - hi‘f) (92)
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D.4 Solution of the fixed point equation

The fixed-point equations as described in (79) for the given matrices S, 7n(G), G is a priori a system
of 26 x 26 algebraic equations. are computed using Sympy in python, a symbolic calculation tool.
In effect this is really a fixed point equation for G a priori involving 13 x 13 algebraic equations.
It turns out that many matrix elements vanish and (using the symbolic calculation tool Sympy in
python) we can extract a system of 39 algebraic equations which are given in the following:

0=gf (—p’hf +2) —giv+1 (93)
0=gf (—p*hf + )+ h3 (94)
0=gsv (—p°hf +z) + hiv? (95)
0=—gf (WPq2 — pt{ — pt{ + 1) +vqgg” — qu (~p*h§ + ) (96)
0=—gdv (u’qz — pt] — pt{ +1) +12q3 — vag" (—p*hj + x) O7)
0=gf (a2 — pt] — ptf +1) —vgg” + a1 (—p*hi + o) (98)
2 ThT
0= %A R 41 (99)
l‘hil)
0= 295M o (100)
(0
IhZL’
0= 7% s (101)
2 x 2 Yy
Wi 0g5qs | pohsqs ya
0= + — g (102)
(0 (0 ’
pogiar” | dhiqa
0— i _yq (103)
¥ TR
T T4 ,2
0= QB | (104)
v
T T ,2
0= _QIIV" _pe g (105)
Y
T hT 2
0= 7@3;” — hZy? (106)
dgiviqn  dgiviq .
0=— + —vgg? (107)
v (0 6
A L TR
0= + —voq (108)
W " ’
ogiviqs  dgiv .
0= - +vgg? (109)
P P 0
thzz
Ogg(ungfu2l>+l (110)
2 2ha:
0=g} (“q"’+v2q1)+q4<“ : —g%v2—1> (111
P (0
0= —p*YgThi — u?h3 (112)
0= —ppgihi — hi +1 (113)
0= —pPpgity + pgi + phi (114)
0= —pYgi¢?” — p*vgihl + pPvhiq — s (115)
0 = —p?Pgiq + p*hliq + ppgit] — pgs? (116)
0= —gv—hZ +1 (117)
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0 = ppgihy + uhj (118)

0= ppglhy —ty (119)
Yy Yy 2
0:—(’591#—1#241 (120)
Yyry,,2
OZLSZZW — hv? (121)
Yy Yy 2
0=7¢gli3y — glv (122)
2 yh'y
0:%&—#“1 (123)
yhy
0= ng} Ly (124)
th
0=yg4 (“¢3—g?v2—1>+1 (125)
0=—-gjv—hi+1 (126)
0= —u*yglh{ — u*hj (127)
0= —u*yglhy —hi +1 (128)
0=—g{ (~u*hf +y) — hj (129)
0= —gyv (—p?h} +y) — hiv? (130)
0=g{ (-1’ +y) —gsv+1 (131)

D.5 Reduction of the solutions

The previous system of equations can be reduced further by substitutions with a computer algebra
system. We find the variables g5, t7, h¥, g7, h{ are linked through the algebraic system:

0=1+g? (—,ﬂhz — 2g5u? + m)
0=—hj+g3 (—u%g%hi + %)
=51 —g§) —gfw—1

0= ppgihy —tf
0=1—h{—pty

(132)

Notice this system can be shrinked further down to 3 equations to get to the main result in [3.T]using
the substitution ¢ with the 5™ equation and g% with the 3™ equation. Also, by symmetry we find the
same equations for g, t¥, hY, g7, hY.

For the other variables, a set of equations link ¢1, g2, g4, ¢5. Notice there can many different represen-
tations depending on the reductions that are applied. Here we only show the example which has been
used throughout the computations:

0= —p?g{qz + p2hiqu + pgtti + pgity — —gf — quz + 2~
, v
0= pu(¢—gir — ) (—pgiae + phiq + gity) + 4 1;‘14 — ¢
? —giy— 2( h—aba? vy —
0 = —2gihtqy + LR EVHVN) gy 2 g et (omvotume)

v
2 x S _
0 = p2gt gy hiqs — “HLLETLIL0) L ygigUht + higy — %

$g quv” 2(p—1pgiz—1p)
P P

(133)

In conclusion, we can obtain 3 systems with (4, 5, 5)-equations or 3 systems with (4, 3, 3)-equations
(so a total of 10), as in the main result@(as discussed above these various systems are all equivalent
and depend on the applied reductions).

The solutions are not necessarily unique and one has to choose the appropriate ones with care. In
our experimental results using Matlab with the "vpasolve" function, conditioning on Im g7 > 0 and
Im g3 > 0 provided a unique solution to (I32)) for z € R (or z € R x 4]0, €] for € close to 0 ); while
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conditioning on g7, g5 € R4 provided a unique solution to (I32)) for x € R_. We remind that we
use v € R_ exclusively in the time limit ¢ — oo in result[3.2] while we use « € R in the situation of
result[3.1] In addition, we found that selecting the appropriate solutions for 2 and y as just described
for (I32) also led to a unique solution for[I33]in our experiments.

E Linear pencil method from the replica trick argument

A general approach to solve random matrix problems is to use the replica method, and historically
this goes back to [39]. In this appendix we show how to derive the fixed point equation and
as well as (78) in appendix [D] Such equations have been rigorously proved thanks to combinatorial
methods in the recent literature on random matrix theory (see [38], chapter 9, equ. (9.5)), but here
we give a self-contained derivation using the replica trick, similar in spirit to [39]]. Although our
derivation is far from rigorous it does covers linear pencils with a more general structure than in [38]],
chapter 9, which are needed for our purposes.

Setting the replica calculation. Let (Ny,...,N;) € N forsomed € N, and N = Zle N;.
and let’s consider a symmetri block matrix, called the "linear pencil", with M = " i E ;@M (,5)
such that M (49 is a matrix of size N; x Nj and E; ; the matrix with elements (E; ;)g = 05i0y;.
We assume that we can decompose M = R + S with two block-matrices R and S such that the
blocks R(“7) are sum of independent real gaussian random matrices (with possibly their transpose)
and S(+7) = 0if N; # N, or a scalar matrix S(+7) = z; ; - Iy, if N; = N; (with I, the N; x N;
identity). Given the list of squares-blocks L = {i, j|N; = N;}, we let B = (z;,;) be the matrixf|of
the scalar coefficients in C where it is assumed z; ; = 0 when (¢, j) ¢ L.

Now we have defined a standard linear pencil. As a side remark, note also that we can accomodate
random blocks R(*7) which are symmetric gaussian random matrices (i.e., the lower and upper
triangular parts are not independent) because we can always decompose them into the sum of two
random matrices, R =Y + YT,

In general, let {Y} }1<k<x be alist of K independent gaussian random matrices with i.i.d elements
of variance N, and various heights and widths among {N; x N;, i,j € {1,--- ,d}}. These will
constitute the random blocks of R(*+7) as follows. Given 4, j we define the set S; ; = {k|width(Y}) =

N;, height(Y3,) = N;}. We have for some coefficients afij,

d
R=Y" > of (B, 0Yi+E,; oY) (134)
i,j=1keS; ;

Notice af, ; 18 not necessarily symmetric under exchange of i and j, but R = RT is still guaranteed

to be symmetric (however, if ozi—"’ ; 1s symmetric for all k, then it implies all the random blocks are

themselves symmetric). Similarly, we have the scalar block,

d
S= > z,;(Bi;®lLy,). (135)
(4,5)€L

Now, let’s define I = E{y, j log det(M). Then using the replica trick,

I=—2Elog [det(M)—%} ~ lim 2E F—de“M)_} . (136)

n —0 n

We will first compute the term J = Edet(M)~2 for integers n > 1.

*Here M plays the role of the symmetric matrix M in appendix @ We remove the tilde to alleviate the
notation as this will not create any confusion here
3This plays the role of B in appendix@
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Calculation of J for integer n > 1. We start with the Gaussian representation of the determinant

o dz 1
J=E ——x™M . 137
[H/ e (3 x)] Y

We have
1 & 1 & LU 2
J = /RTLXN exp (—QExaTSx“> E |exp (—2;1‘&TR$“> al;[l (27T)% (138)
where a = 1,...,nis called the "replica index". Setting T = [z1] ...|z4] where each z; is of size
, d
2TRx = Z x] Z aﬁij Tj+ ] Z aﬁijT i | - (139)
3,j=1 keSi,j keSi,j
Then defining the set S, ! = {(i, j)|N; = width(Y%), N; = height(Y3)} (for a given k)
K

2TRz = Z Z 2af (2] Viz;) (140)

k=1(i,j)es;!

an expanding the inner products we can further write down

K
xTRx:2ZZ[Yk]T,5 Z aﬁj[xi]r[xj]s (141)

k=1 s (i-) €8, "
Thus
1 n
E lexp (—2;1‘GTRIG> :kl:[sE exp | —[Yk]rs 1;n afj[xf],[a:?]é (142)

S -1
(%J)ES}C

and using the moment generating function of the normal distribution, with E[Yk]i s = %, we obtain

2
1 1
E lexp <2 ZfiTRﬂ) =exp | o Z Z ozﬁj [z ]r[25]s . (143)
a=1 k,r,s 1<a<n
(i.5)€s; !

But now, we can expand the square using the set T = {(i,j,k,1) € {1,...,d}*|(N;,N;) =
(Nk, Ni)}:

2
k a a _ a b a b k k
E , § , ag jlzi]exfls | = E , § , (wf, - @3,)(2F, - 75,) § , Qi ja X+
ks | 1<a<n 1<a<n ia,ja,iv,jb k€Sig ja
(i-)€8; " 1sbsn €T

(144)
Notice the symmetry with the indices

b b k k b b k k
Z (2, @i, ) (25, 35, ) Z S e I Z (2, a3, ) (f, 235, ) Z Qg ia Yy ip

GasJa,ib,Jb kesia,j,l JastasJb:tb kesja,ia
€T €T
(145)
. Lk _ t ot t ot
Therefore, defining 077 = 3" ,cq, | 0f ;05 + Dies, , @500,
(a.b)(a_b) k k _} (a.b>(a_b)jb,ib (146)
Tig Ty \Ljo " Ty, Yia.ja Yivgs = 5 Tig Ty \Ljo " L5y ) Tia,ja
tasJaytbsJb kESia.ja tasJaytbyJb
eT €T
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We remark for further use the symmetry property al = afy’il.

Now, notice also that we have 27 Bx = Z(i el z”(xl - Z;), SO

1= [en(55 X sty X% etabien ki )T o5

ﬂ
12a<n 1<a<n iasdaindo a=1 ’
(i,5)€L 1<b<n €T
(147)
Now, let’s define the "overlaps" ¢;' ’jb = +al. xé’ fori,j € Land 1 < a,b < n, and 0 otherwise,
then
J _ // (ﬁ dxa ) H dqa b(s (qa,b _ x? i xf) eNE(q) (148)
- - o
q JRoxN \ 5 (2m) 2 ()L J N
1<a<b<n
with

- 1 i
S= 5> 3wy Y ol (149)

a=1 (i,5)€L 1<a<n ig,Ja,ib,Jb
1<b<n eT

Eventually, with a Fourier transform representation of the Dirac distribution and a change of variable
to have real integrands

i dCL‘ b N b G0 (N _pa. b —_
dg®?’da® e~ iy (Naiy —ai-aj) NE@ (150
///Rnxzv (al 71—)5) H qz] ng i e ( )

(i,5)€L
1<a<b<n

So for some constant C' we have (the constant turns out to be unimportant in the high-dimensional
limit)

J:C// H dqjjbdqub N (0:0)+E(0)+4(9)) (151)
GJq ;
1<a<b<n
where b o
> D d (152)
(3,7)€EL 1<a<b<n
and
dx% el S Gt (zd-xb)
—log g2 (el 21gasv<n G (i T5) (153)
RN 1<a<n 277) =
1<k<d

Notice that for t(§) we can further expand the terms over components of § = [z¢]*,

—log/
RnXN

Now setting ¢(q, §) = T'(¢, §) + Z(q) + ¥(g), the saddle point method provides for N large enough

exp| Y. quf 9] . (154)

1<a<nr=1 (i,j)eL r=1
1<k<d 1<a<b<n

log J

~ Extr(¢(q, §))- (155)
Replica symmetric ansatz. Before computing the extremum we make the "replica symmteric
", : ab __ ~a,b 1~
ansatz": we assume for all (7, j), ¢; ;' = Gi,j0a,b0(i jyer and §; ;' = —5Gi,j0a,b0(i jyeL- As shown
here with this ansatz ¢(q, §) will become tractable. We have
> il (156)
(i,5)€l
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Furthermore, we can calculate 1(§) noticing that

a

7*10g/HWN 11 H % exp | —= Z qmz PN , (157

1<a<nr=1 (,J)EL r=11<a<n
1<k<d

SO

N;
v = oe [ (T H w5 X auYwbl ] sy

1<k<dr=1 (i,5)€L r=1

But notice also that we can group the terms. Defining the "equivalence class of ¢" as the set
t = {j|N; = N;}, we get

—log/ sdigledrlesle | (159)
RN 1<1:£dH ‘ﬁ H

jEz
But now, since the equivalence classes forms a partition P of {1,...,d}, we have
n log/ 111 H A [T e dasea | | (160)
RN vV 27‘[‘ -
kePickr=1 j€k
Hence
— Ny
n dy;
= —1lo / e~ 24i.3YiYi 161
T o
keP [ ick jek
Or written in a slightly different way
~ Nk / dyl Z B s
qg)=n —1lo T2 2(ig)ek 9,3YiYi | (162)
) ];3 N g RII H

We define the overlap matrix Q = (Gs,;) and the sub-matrix QF = (Q 7)(,j)ek- Recalling that for a
multivariate gaussian distribution

dyi |\ —15 . aui AR\ T2
| I e 2 2(i,ek 1.3YiYi — (det 163
/Rw’c\ V2T ( @ ) (163)

i€k
we find
N n Nk Ak

= —— —1 164
(@) 2;@  logdet Q (164)

Finally, for the term =(¢) we obtain
_ n n Lk
E(q) = 3 Z %%t g Z 4,kq5,10; ;- (165)
(,5)€L (4,5,k,1) €T
Summarizing, we have found

¢(q,9) { D ity Z Grgiaoys + D igdig — Z]]V\flogdeté?’_“}

(,5)€L ,JJc l (i,5)€L keP

o(q,4). (166)

|3
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Derivation of fixed point equation (79). Now we will have to take derivatives to find the extremum
of ¢(q, §) or equivalently ng(q, ). In order to perform the derivatives it is useful to recall that for a
symmetric matrix X we have

Odlogdet X 1 0OdetX
3[X]¢,j o det X 8[X],7]

Therefore, we have for any (4, j) € LL (using the symmetry of O‘é:?)

=[X" Y =[X" Y, (167)

0¢(q,9) _ N a1
dis 0= qiy =4 [(@) ]y (168)
a(g(q_’q) =0= 2, =qi; + ) 10} (169)
%i.g (k,l)eL

In matrix form, using the matrix G' with matrix elements G, ; = FQZ-, j» and given an equivalence
— 7
class k£ we have

Q= %(Q’;)‘1 (170)
F= Q"+ (G) (171)

where for any given matrix D € R*?, the matrices B, n*(D) are the restriction of B, 17(D) on the

subspace spanned by the basis B* (that is, on all the indices (i, j) € k x k), and n(D) is defined such
that for any (7,7) € L

N, »
D)y = D F [DPluwoii- (172)

So forany k € {1,...,d} we have

( > " (@) (173)
Hence using only G, because Gk = A%QE we obtain
B*GF = I gy +n*(G)GF. (174)

Notice now that X € RI* QEX is related to the endomorphism restriction of X QX
in the vector space spanned by the canonical basis BF = (€:);ci- In other words, we have that
=@Djep B k_and that the subspaces B* are stable under action of Q. but also under action of B

as there is also the constraint that V(7, 5) ¢ L, 2; ] = 0. Similarly this is the case also for 7, since
by definition of 7, we have [n(D)]; ; = 0 for any (7, j) ¢ L. In other words, assuming the partition

formed by the equivalence classes i = {j|N; = N;}is P = {ki,...,k,}, there exists a matrix
P € R4 such that
B0 |...] 0 Gl o |...] 0
) 0 |B=|...] 0 ) 0 |G |...] 0
P™"BP = : 1. : . PTGP = : . . (175)
0| 0 |...] B 0| 0 |...]Gr
and similarly with the same matrix P
oyl o ... o
0 k(D) | ... 0
P=in(D)P = . - , . (176)
0 0 ... | n* (D)

Therefore, since we have for all k € P the equation (T74), this is equivalent to having
(P~IBP)(P7'GP) = 1, + (P~ 'n(D)P)(P~*GP), in other words, this is equivalent to

BG =1;+n(G)G 77
At this point we have derived the important fixed point equation ((79).
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Derivation of equation (78). Notice that we also have (because M is symmetric)

N
oI O[M], s 8logdetM i
— rs = ET [ M (w)} 178
32’” azl 7 a Z 822 i } ” r ( ) ( )
P s=1 P
But on the other hand, with (¢*, ¢*) the extrema of )
1— e~ N35da*.d") -
I=21lim S 9 lim 1 — —N(g*, ). (179)
n—0 n n—0 n

I Tk A
Ng_gé(q (B)»q (B)vB)v (180)
and hence using chain rule, and remembering that an’ = % =01ingq*,§*, we have
1 a1 &5 . N;
— - _ G ,B)+0+0=q; = —[G"];.;. 181
Nazi,j rgl aZz] ]T,s (q 4 )+ + g N[ ]1’J ( )
Eventually we obtain
1 y
[G*ij = Jim ——ETr [(M *)(w)} (182)

which is (78).
Derivation of equation (§1). Regarding o * notice that we can express the random block R(%+7)

in the following way
RG:I) = Z a;jyt + Z CV;,Z'Y? (183)
teSe ) ASSIERN!

so, provided 7, s are chosen such that r # s, we find

E{[R(i’]] S[REP, } Z a”akl—i- Z aﬂalk— lk (184)

tes(l 7) tES(] i)

which is nothing else than (8T).

A note on correlated random matrices. To extend further the result, notice that we can always
construct standard gaussian random blocks, say R(*/) and R("*), such that they have a priori some
covariance v with v = E [[R®9)], . [REP], 1], While we stated a result where these blocks are built
from a sum of (Y} ) which are standard gaussian random matrices, notice that it is always possible to
use two independent standard random matrices Y7, Ys, and define: R = vY] + V1 —v2Y5 and
R®:D = Y[ Therefore, the result remains valid even in the general case where we only suppose that
the blocks in R are distributed following a gaussian distribution, with potentially some entry-wise

l, k:
covariance and using equation (T84) as the definition of o’

F Numerical results

All the experiments are run on a standard desktop configuration:

1. Matlab R2019b is used to generate the heatmaps or 3D landscapes. Most exemples can be
generated in less than 12h on a standard machine.

2. The experimental comparisons run on a standard instance of a Google collaboratory notebook
in less than a few hours.
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F.1 Numerical computations

We take equation (4) as an example of how to proceed with the numerical experiments. Specifically
we consider the second integral in the Cauchy integral representation of g(t)

L P e 185
)= ——— - .
920 ==37 ¢ Z{ Zt6 (z)} (183)

We choose a contour with A* = max SpLNZ with two positive fixed constants €, A:
D= {y\"2iA|—e <y <1 +efU{eX" +7iA| -1 < v <1 }U{—e+7iA|-1 <~y <1} (186)

Now, the integrand is continuous in A* + € and —e for € small enough. So taking the limit ¢ — 0 and
A—=0

1 AT 1— 6*t(T+6+iA) 1— eft(”uHs)*iA
o) = iy s [T K i) Iy K i e )
which is simply
N o t(r+d) 1

Obviously the inward term is also given by the limit lima g % Im K (r + 4A). So this all there is to
compute from the former algebraic equations are appropriate imaginary parts. This can be done by
taking a discretized interval 0 < r; < ... < rg < A%, and solving the algebraic equations for the
imaginary value Im¢ forz =r;, 1 =1,--- | K.

We proceed similarly with the terms containing two complex variables x and y (or two resolvents).
For instance for W (z, y) one uses the limit in A,, A, — 0 of p(x, y) where

-1
plx,y) = Al'ilrgo Al/irgo [W{W(rr +ilg,ry +iAy) — W(ry +iAg, 7y — ZAy)}
-1

_ M{W(m — 1Ay, Ty +iAy) — W(ry —ilg, 1y — iAy)H (189)
T

or equivalenlty

1
plx,y) = — Re{W(rm +ilg,ry —iAy) — W(ry + 1Az, 1y + ZAy)} (190)

lim
Ap,Ay—0 2702

F.2 Technical considerations

. s T
Dirac distributions with 1-variable functions: It happens that the limiting distribution Z—NZ may
contain a mixture of a Dirac peak at 0 and a continuous measure. For instance, K (z) may contain a
branch cut in the interval C* = [A1, \*] with A\g = 0 < A\; < A\* < oo along with an isolated pole in

0 with: K (2) = 52 + K(2) (where K. : C\ C* — C). For instance, equation (T88) becomes:

1_ e to A” 1 — e~ t(6+7) 1
g(t) = a——— +/ dr=—5— lim = Im K.(r + iA) (191)
A

0 o r+9 ASOT

The weight « can be retrieved by computing o = lim,_, o+ (—i€) K (i€) = lim._,o+ € Im K (ie).

Dirac distributions with 2-variables functions: Similarly, we can have an isolated pole at 0 for
x,y for W(z,y). In that case, we can write down W (z, y) as for instance:
Qgy ay
W,
O o0y 0-a W
where W,,, W, are defined on C \ C* — C and W,,, : (C\ C*)?> — C. Firstly, We can easily find
Otzy With:

Wz, y) = L

0 ny(x) + Way(z,y) (192)

Qzy = lim (—€?) Re W (i, ie) (193)

e—0t
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Secondly, all the considered 2-variables functions are symmetrical with respect to x and y: W (z,y) =
W (y, ) which implies that v, = o, and W, (r) = W, (r) for all r € C\ C*. Therefore, if we have

_ —t(6+2)
Yt(2) = £=—5—, we have to compute:

Ry (e W @00} =302, + [ (ool o)dude
- ot (194)
—|—2’yt(0)/)\ dry(r) lim %{Wy(r +iA) — Wy (r — zA)}

o A0+ 217

But because we don’t have access to a, nor W, directly, we can use the full form:

ey (07 ()W (2, 9)} = 74 (0)2 a0y + / / e (e (0)p(as, v)dudo

*]2
. o7l (195)

+27:(0) dry¢(r) lim lim _%{W(ie, r4+iA) — W(ie,r — zA)}

2o A—0F e—0+ 24T

This comes from the fact that for e — 0 we have: W (ie,r +iA) ~ 2= W, (r 4+ iA). Because we
expect a real result, we ought to have numerically:

R LI @W @0} =200+ [ wputodpton vuae

\* (196)
+7:(0) / drye(r) lim lim < Re{W(ie, r—iA) — Wiie,r + zA)}
A

o A—0t e—=0t T

1-variable distributions in 2-variables functions Finally, it can happen that the 2-variables
functions W (z,y) actually generates a distribution p(u,v) = pe(u,v) + p(uw)d(v — u) which
may be the sum of a continuous measure p.(u,v) as described above, and another measure

n(u)d(v —u) = 6(u — v)u(v).
F.3 Additional heatmaps

We provide additional heatmaps that complement those of Sect. [3] Notice that all the heat-maps are
always derived from a 3D mesh comprising 30 x 100 points as in Fig. [12]

Instead of fixing A, we can rescale it and fix § = c\. As we have seen, the A parameter seems to
affect the length of the time scale on the first plateau. Rescaling it as seen in Fig. [6] the interpolation
threshold time scale becomes constant in the over-parametrized regime at fixed 9, and the results are
consistent with what is observed empirically in [22].

We notice also that under the configuration in Fig. [/|where = 0 (the noise of the second layer
vanishes), the second plateau seems to vanish with the test error.

One of the effects of a large A is that it removes the double descent on the test error, which is
consistent with the description in [17]. Another effect is that it seems to add an additional "two-stage
decrease" in the training error as can be seen in Fig. [9]and also in the experiments in Figs. [T5] [T6]

Note that the previous figures are perfomed for the activation function o(z) = Relu(z) — \/% while
Figs. [10|and[11]are displayed other activation functions, o(z) = tanh(z) and o(z) = tanh(5z). We

can see that the epoch-wise structures are more marked when the slope of the activation function is
bigger in the second case.

F.4 Comparison with experimental simulations

We have already shown on figure 2] in Sect. [3] that the analytical formulas for the training and
generalization errors match the experimental curves in the limit of ¢ — +40c0. Here we provide
additional evidence that this is also the case for the whole time-evolution in Figs. [[3]and [I4]as the
dimension d increases.

In we can see that the epoch-wise descent structures of the training error and test error can be
captured correctly experimentally for long time. Note that we have taken d = 100 small enough to
be able to run these experiments for such a long timescale.
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Figure 8: Analytical training error and test error evolution with parameters (u,v, ¢,r,s,\) =

(0.5,0.3,0.5,2,0.1,0.003)
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Figure 9: Analytical training error and test error evolution with parameters (u, v, ¢,r,s,\) =

(0.5,0.3,3,0,0.4,0.1)
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Figure 10: Analytical training error and test error evolution with parameters corresponding to
o(x) = tanh(z) with (u, v, ¢, 7, s, A) = (0.61,0.15,3,0,0.4,0.001)
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Figure 11: Analytical training error and test error evolution with parameters corresponding to
o(x) = tanh(5z) with (i, v, ¢, 7,8, A) = (0.79,0.47, 3, 2,0.4,0.001)
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Figure 12: Analytical training error with parameters (u, v, ¢, 7, s, A) = (0.5,0.3,3,2.,0.4,0.001)
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Figure 13: Analytical training error and test error profile with parameters (u, v, ¢, 1,7, s, A) =

0.0

time (t)

(0.5,0.3014,1.4,1.8,1.0,0,0.01) compared to 10 experimental runs (o = Relu— m) with d = 200
and dt = 0.01
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Figure 14: Analytical training error and test error profile with parameters (u, v, ¢, ¥, r,s,\) =

(0.5,0.3014,1.4,1.8,1.0,0,0.01) compared to 10 experimental runs (¢ = Relu — \/ﬂ) with d =
1000 and d¢t = 0.01
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Figure 15: Analytical training error with parameters (u, v, ¢, 9,7, 8,\) =

(0.5,0.3, 300, 3,2,0.4,0.1) compared to 10 experimental runs (o = Relu — \/127
dt = 0.01

) with d = 100 and
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Figure 16: Analytical test error with parameters (u, v, ¢, 9,7, s,\) = (0.5,0.3,6, 3,2, 0.4,0.0001)
compared to 10 experimental runs with d = 100 and dt = 0.01 for 0 < ¢ < 10* and dt = 0.1 for
10* <t <106
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