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1. Proof of Proposition 8

Proposition The Adversarial Robust Reject Option Loss £}, for the class of linear classi-
fiers is y-right shift of €4 loss as follows.

Gfx),p) =1 —d) Liys<—piry + 4 L{yre0< pin ) (1)

Proof Let ¢ be a non-increasing function of yf(x). The following property holds for ¢.
sup £(yf(x)) = £(inf yf(x)) (2)

Both indicator functions, 1y fx)y<—pp and Iy, ¢(xy<p}, are non-increasing with yf (x').
Hence using (2) in the definition of the Adversarial Robust Reject Option Loss, we have

gg(yf(X% p)=(1-d) ]l{ infy /x| <y Y (X)<=p } +d ]1{ Inf o x| <y Y (X)SP 3 (3)

For Hyn, f(x) =w-x with ||w| = 1. The optimization problem formulated in eq. (3)
is as follows :

min  y (w - x')
x , )
st [x—x| <~
(4) is a convex optimization problem. The Lagrangian is given by
LA =yw-x'+ A ([[x—x| —7)
where A € R is a Lagrangian multiplier. Applying KKT conditions, we get the following
- x—x' _

l.yw—A\ T = 0
2.2>20
3. [x—=x[ <~

4. A(||x—=x|| =) =0 (Complementary Slackness)
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Using the condition from complementary slackness , we have the trivial case when A = 0 as
the objective function value is always 0. For A # 0, it holds that ||x — x'|| = 7. Hence, the
constraint ||x — x| < is activated. From 1.) we have x — x’ = YIw. But, ||x —x'|| =7,

SO H%WH = 7. Solving, we get A = ||w|| and x — x' = IIyV‘7||W

The optimal solution to (4) is given by (x/)* = x — H Substituting this in (3), we

get

@(yf(x),p) =(1-4d) IL{z,ff(><)<fp+w} +d 11{ yf(x)< p+v } ()

which is equivalent to ~y-right shift of ¢,.

2. Proof of Lemma 9
Lemma The excess-inner risk for target loss E} is given by

ALy g(a,n) = Cyyg(a,n) = Cpy gy (a,m) =

(1 —d) Inin{n1-n}—az0 + 27— 1| Lay—150 Linin{y,1-n}—d<0 ifa<—p—1vy
(1 =d) 1 Lningn,1—n}—d>0+
(1-
- (1=

{(n— (L —d)) Toy—1>0 + (1 = 0)d Loy—1<0} Lminfn,1—n}—d<o if —p—7<a<-—p+y

{(d ) Lan—1>0 + (d — 1) Log—1<0} Linin{y,1-n}—d<0 if —p+yv<a<p—n
(1 - d) (1 - 77) ]lmin{n,l—n}—d20+
{7] d IL27]*1>0 + ((1 B 77) - (1 B d)) ]]-27]71<0}]lmin{'r],1—'r]}—d<0 pr —y<aspt+ry

\ (1 —-n- d) I[min{n,l—n}—dzo + ‘277 - 1‘ ]1277—1<0 ]lmin{n,l—n}—d<0 pr t7 <«

Proof A case by case breakdown of the definition of Cew_[(a, n) is the first step. Depend-
ing upon prediction or rejection, the minimal inner-risk will be Zgﬂ(n) = Zgﬂ(a,n) =
min{n, 1 — n,d}. Additionally, we also assume that p +~ < 1. For each sub-case, a further
splitting is done based on the minimal inner-risk value and using AC%H(a,n), we have
the desired result. We prove it for one of the cases and for rest of the cases, proof follows
the similar procedure. Consider the case of &« < —p — v : when the minimal inner risk
is d, then, ACpy 3 (a,n) = ng,q-[(aﬂ?) — ACZ}H(a,n) = 7 — d. When the minimal inner
risk is 7, AC%H(O&, n) =n —mn = 0 and for the sub-case when minimal inner risk is 1 — 7,
ACZZ,H(av n) =n—(1—n)=2n—1. Combining all the sub-cases using indicator functions,
we have for

AC@Z,H(O%TI) = (77 - d) ﬂmin{n,lfn}fdz(] + ’277 - 1’ 12n—1>0 ]lmin{n,lfn}fd<0



3. Proof of Theorem 10

Theorem Any margin-based surrogate { is (€, H )-calibrated if and only if it satisfies the
following :

1 1
inf  Coyla,=)> inf Cryla,= 6
p L g oo 3) > I Conlen3) (6)
1
inf Conla,m) > inf  Coy(a,m) ne(z,1 7
—|Ixl|<a<pt+y () —lIxlla<|x|| () (2 | )

Proof Let £ be a margin-based surrogate to £). Using Proposition 5, we have that ¢ is
(€}, H)-calibrated if and only if its corresponding calibration function §(¢) > 0, Ve. The case
for n = 0.5 is dealt separately. Based on range of 7, two cases are made and for each one,
a further split is made based on prediction or rejection, and then, the calibration function
is computed. This further has 3 sub-cases - (based on the “Bayes classifier” and change in
definition of C’@,H)

1.1-n<d
2. d<1—n and 7 > Nrignt

3. d<1—n and 1 < Mright

5(€) = 0y + by (8)

where
61 = 6,(€) Lmin(n,1—n)—d>0} 9)
d2 = 0p(€) Limin(n,1-n)—d<0} (10)

For é6(e) > 0 to hold Vi € [0,1] , we need either d;(e) > 0 or da(e) > 0 to hold
Vn € [0,1]. Note that one among d; or Jz is always 0. We use Figure 1 to split the case of
n > 0.5, into further sub-cases. First split is based on prediction or rejection, i.e minimizer
is {n,1 —n} or d. In the prediction case, a definition change occurs around the points 7
(when n < 0.5) or Nyight (when 1 > 0.5), as seen in Figure 1.

Casei) : > %
Sub-case A) : min{n,1 —n} < d (prediction)

;

00 ife>n—(1—-n)(1-d)
Infia:—p—y<ac—pty} ACeu(a,n) ifn—(1-n)(1—-d)>e>2n—1
dp(e) = Inf{aac—pry ACrp(a,n) if2n—1>e>nd (11)
inf{a:p—y<a<pryy ACex (1) ifnd>e>d—(1-n)
Linf{a:—pry<a<p—n} ACoy(a,m) ifd—(1—mn)>e¢

Sub-case B) : min{n,1 —n} > d (rejection)
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Figure 1: Graph of excess target risk vs 7 for two different d values.

I) 7 > Nright

;
o0

inf(o.py<a<—ptvy} AlCe(;n)
infra.acpry ACr 3 (,m)
inffa:py<a<ptyy ACem (0, n)
inf(o.—piy<a<p—yy ACeu(a,n)

IT) 7 < Mright [Narrow band]

00

inf{a:—p—7§a<—p+’y} ACE,’H (aa 77)
inffa:ac—pvy ACrx(,m)
inf{a:p—y<a<ptqy} ACen (e, n)
inf (o pry<a<p—y ACem (1)

ife>(1—-d)n
if(l1-dyn>e>n—d
ifn—d>e>(1-n)(1-d) (12)

if(l-n(1l—-d)>e>1—-n—d
ifl—-n—d>ce¢

ife>(1—-d)n

i (1 d)n>e>(1—n)(1l—d)
if(1-n)1—-d)>e>n—-d (13)
ifn—d>e>1-n—-d

ifl-n—d>e

NOTE: For margin-based surrogate, Cp7(f(x),n) and ACpy(f(x),n) are symmetrical
about n = % Hence, the definitions for Case ii) can be obtained by replacing n with 1 — 7

from Case 1).

Case ii) :

Sub-case

1
n<sy

A) : min{n,1 —n} < d (prediction)




00 ife>(1—-n)—n(l-d)
infra.py<ac—ptyy ACep(a,n) if (1—n)—n(l—-d)>e>1-2n

55(6) = { Wffoacpr} ACop(@n)  H1-2y> > (1-n)d (14)
inf{a:p—7<a§p+'y} AC@,H(av 77) if (1 - 77) d>e>d—n

inf{a:—p—i—’yﬁaﬁp—’y} AC&’H(OZ, 77) if d — nze

Sub-case B) : min{n,1 —n} > d (rejection)

D) 1 < Met
00 ife>(1—-d)(1—n)
infia:—py<ac—piyy ACeu(a,n) i (1-d)(1-n)>e>1-n—d
or(€) = S infraaec—pry) ACrp(a, 1) ifl—-n—d>e>n(l—-d) (15)
inf{a:p—y<ca<piy) ACenu(a,n) ifn(l—d)>e>n—d
inf{a:—pry<a<p—yt Alea(a,n) ifn—d>e

7

IT) 7 > mMegy [Narrow band]

00 ife>(1—-4d)(1—n)
inf{a:—p—’yga<—p+'y} AC&’H(O" 7]) if (1 - d) (1 - 77) >e> (1 - d) n
57"(6) = inf{cz:oz<fp7’y} AC&H(O&, 77) if (1 - d) nze>1l-—n—d (16)

inf{a:p—yeca<pty) ACex(,n) ifl—-n—d>e>n—d
inf{a:—p—&—vgagp—v} AC&H(O[, 77) if n— d Z €

For each of these sub-cases, we arrive at this definition using the graph below.

For each case, the corresponding calibration function definitions are (11) , (12) and (13)
respectively. Using Proposition 5, it holds that ¢ is (¢, H)-calibrated if and only if its
corresponding calibration function §(e) > 0. Applying this for each case , we get

L. infospiqy Cop(a, 1 —n) > infoez Cpai(a, m)

infoz<—p—'y C@,H(aa 77) > inf,ey CZ,H (Oz, 77)

2. inf, ca<piy Cop(a, 1 —n) > infocz Cogi(a, m)

inf_, <a<—piy Con(a,n) > infocz Cpai(a,m)

3. infly <o ry Copla, ) > infaez Cop(a,m)

inf_,yy<a<py Cop(a,n) > infaez Cop(,m)
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4. infp—'y<a§p+'y CE,’H(O‘ﬂ?) > infaez Cé,?-[(a777)

where Z = [—[|x||, [[x]]].

By combining all 4 conditions mentioned above, we get

inf Ce(a,m) > inf ~ Cpp(a,m)
—[Ix[|<a<pty —lIxlla<]x|

Now, we compute d(¢) for n = 0.5

0 if laf<p—~
54 if p—y<lo|<p+r

%—d if p+v<|af

AC@},H(% n) =

00 if o <p—~or 6>1%d
inf, . <jaj<pry ACrn (a, 3) if || > p—~vand I;Qd
inf\a|>p+7 ACyy (o, %)

o(e) = > €

if o|>p—vyand 3—d>c¢
Bayes-inner risk : C, . (a, 3)=d

Using Proposition 5 on (19), we get

A surrogate /£ is (£}, H) calibrated if and only if

1 1 1
inf AC -)>0 = inf C —) > inf C =
P—'7<1‘IOlZ|SP+'Y ZvH(a7 2) p—'Y<II(}!SP+’Y {”}-[(a, 2) OlzIéZ Z7H(Oé7 2)
and
inf ACix(0, 1) >0 = inf Cppla, 1) > inf Cpypyla, 1)
1n — 1n — m -
lao|>p+y EHA 2 a>p+y LHS 2 acz ot @ 2
By combining (20) and (21) , we get
inf  Conlont)>  inf Comla2)
in o, — in a, =
p—y<a<||x| R 0<a<|lx| G2

NOTE : C;y(«, %) is symmetric about 0. So, Czﬂ(a, %) = info<acx| Corla, 3)

(18)

(19)

(22)

1
Thus, for any surrogate ¢ to be (£}, H)-calibrated if and only if it satisfies (6) and (7).



4. Proof of Theorem 11

Theorem Let ¢ be a differentiable and convex margin based surrogate to f}. Then, ¢ is
not (€}, H )-calibrated.

Proof Assume that ¢, convex, differentiable surrogate to E} is H-calibrated. For n = %,
the minimizer of the conditional risk lies at 0. As ¢ is convex, Czy (e, n) is also convex
and Cpy(c, 3) = 0.5 (). From convexity of £, we have £(0) < () Vo Thus, calibra-
tion condition (6) is satisfied. Next, we consider the case when n > % and use proof by
contradiction.

Any convex function on a compact set [01, 2] C R can be characterised as :

1. Non-increasing
2. Non-decreasing
3. Non-increasing upto w (€ [61,602]) and non-decreasing on [w, 6]

Using the above characterization, for calibration condition (7) to hold, two cases are
possible.
Let o* = argmin,, Cpp(cv,n).

Case i) : p+ v < a* < ||x|| (when there exists a minimizer inside the compact set)

d
—C =0
da E,H(aan) o
s l(@)=(1-n) {(-a")
As 1 € (3,1], we have that 7% > 1. Thus, {(—a*) > £'(o*). But as £ is convex, £ is
monotone. Hence, [¢ (a*) — £ (—a*)](2 a*) > 0. This implies that ¢ (a*) > ¢ (—a*). Hence,
we have arrived at a contradiction.

Case ii) : o* > [|x]| (non-increasing on the compact set)

Then, it holds that %Cm.[(a, n) < 0 and since (7) requires the minima to lie in
a=||x]|

(p+ 7, |Ix]| ], the following must hold :

Con(p+v:m) > Con(lIx[l,m) Vx such that [|x[| > p+~
Using the definition of conditional risk and rearranging the terms, we get

<1ﬁn> LeClixll) = elp+7) T < [e(=p—7) = (== ]

Since 1 € (3,1], it holds that 1 > 1. Thus, £(][x|[) = £(p +7) < L(=p =) = £(=]Ix[])
which implies that £(||x|) < #(p + ). But, £ is a even, convex function. Hence, it holds
that £(||x])) = £(p+7~) > Cip+7) [ x| = (p+7) ] and £(0) = 0. So, ' (p+~) > 0 and we
have that £(]|x||) > ¢(p + 7) resulting in a contradiction.

Thus, no differentiable convex surrogate is (£, H)-calibrated.
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5. Proof of Theorem 12

Theorem No margin-based surrogate £ satisfying the property of Quasi-concavity of the
conditional risk Cyy(a,n) in o, ¥ € [0,1] is (€}, H )-calibrated.

Proof Let ¢ be a margin-based surrogate whose Cy % (, 1) is quasi-concave in o , ¥n € [0, 1]
and assume that ¢ is (£}, H)-calibrated. Let {(a) = {(a) + {(—a). Since it holds true
Vn € [0, 1], it must hold for n = % At n= %, Quasi-concavity is transferred onto ¢. Also,
every quasi-concave function on R can be characterized as following :

1. non-increasing on R
2. non-decreasing on R

3. non-decreasing up to a point of maxima 6 i.e on (—o0, 8], constant upto to w (6 < w)
and non-increasing on [w, 00).

Also, ¢ is symmetric about 0. Hence, Quasi-concavity for even function would imply
that first two cases essentially are reduced to constant functions. Else, third case prevails
and we get two scenarios, maxima on either side of 0, both of which imply that £(a) is
non-increasing for o > 0. For any surrogate ¢ to be (¢}, H)-calibrated , it must satisfy (6)
ie

1 1
CZ,’H(aa 5) > CZ,'H(av 5)

n in
a € (p—llz|l ] a € [0,]z] ]

" in () > inf f(o)
a € (p—7 x|l ] a € [0« ]

This is in contradiction to ¢(«) being non-increasing. Hence, our initial assumption was
incorrect.

6. Reproducibility

Link to the repository containing the code files for reproducing the simulations is given
here.


https://github.com/Vrund0212/Calibrated-Losses-for-Adversarial-Robust-Reject-Option-Classification
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