Appendices

A Auxiliary Results

In this appendix we extend several key results from [23]] for the case of adding a bias term. Specifically,
we extend Theorem 4.2 from [23]] which shows that under mild assumptions on the distribution,
the gradient of the loss points in a good direction which depends on the angle between the learned
vector w and the target v. We also bound the volume of a certain set in R2, which can be seen as an
extension of Lemma B.1 from [23]].

LemmaA.l. Let P={y c R?:w'y > bv'y > b, |ly| < a}forbec Randw,v € R? with
asin($)— 2
Wil [Iv]l = 1 and (w,v) < 7 — 6 for 6 € [0, Ifb < asin (2) then Vol(P) > 2B)-0)

4sin(%)

Proof. The volume of P is smallest when the angle is exactly m — §, thus we can lower bound the
volume by assuming that (w,v) = 7 — §. Next, we can rotate to coordinates to consider without
loss of generality the volume of the set

P/ = {(yhy?) € RQ : 9((1/171/2 _b/)veQ) < 6/27 ||(y171/2)|| < CY} )

where b/ = m and e; = (0,1). Let P = {(x,y) € R? : 2% + (y — V')? < (v — V')?} be the
disc of radius o — b’ around the point (0, ). It is enough to bound the volume of P’ N P”. We define
the rectangular sets:

=250 (2). -1 (] 252200 (2] 010 ()
o (2) 5200 ()]« - 5 (.19

See Figurefor an illustration. We have that P;, P, C P’ N P”. We will show it for P, the same
argument also works for P,. First, P, C P” is immediate by the definition of the two sets. For P/,
COS( % )
sin %)
vertex of the rectangle P, is above this line. Moreover, the norm of each vertex of P; is at most a.
Hence all the vertices are inside P’, which means that P, C P’. In total we get:

the straight line in the boundary of P’ is defined by yo = b’ + y1 - . It can be seen that each

Vol(P) > Vol(P' N P") > Vol(P, U Py)

O

Theorem A.2. Let w,v € R*! | denote by W,V their first d coordinates and by by, by their last
coordinate. Assume that (W, v) < 7 — § for some § € [0, ), and that the distribution D is such that
its first d coordinates satisfy Assumption 4.1 (1) from [23|], and that its last coordinate is a constant 1.
Denote b = max{—by/||W|,=by/|V|,0} ﬁ and assume that b’ < «, then:
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Figure 1: An illustration of the set P’ (in red), the circle P” (in blue) and the two rectangles Py, P»
(in black), for the case of 6 = 7/2, « = 1 and b = 0.3. For b = 0, P’ would be a pie slice, and the
blue circle P” will coincide with the red circle.

Proof. Let x be the first d coordinates of x. We have that:

(VF(w),w —v) =Exop [0/(Wwx)(0(Ww'x) —o(v x))(w'x — v x)]
> Ex~p []l(w—rx >0,v x> 0)(w'x— vTx)Q]
=W = v[? Exep [L(W'% > —bw, V% > —by) (W =) x)?
b

> [w—v|?- inf Exop [L(W'% > —byw, v % > —by)(u'x)?]
uespan{w,v},|uf=1

Let b = max{—bw/||W||, —by/||¥||, 0}, then we can bound the above equation by:

W —v|?- inf Exp {1(@3} >0,V %> b)(uTx)ﬂ
uespan{w,v},|u|=1

T

> [lw —v|?- B |1V %> 5,9 %> b %] <a)(@ % +b0)%] @)

m
uespan{w,v},|lul=1

Here b, is the bias term of u, u are the first d coordinates of u and D is the marginal distribution
of x on its first d coordinates. Note that since the last coordinate represents the bias term, then the
distribution on the last coordinate of x is a constant 1. The condition that ||u|| = 1 (equivalently
|lu]|> = 1) translates to [|[a||? + b2 = 1.

Our goal is to bound the term inside the infimum. Note that the expression inside the distribution
depends just on inner products of x with w or v, hence we can consider the marginal distribution Dy,
of x on the 2-dimensional subspace spanned by w and v (with density function py ). Let W and v

be the projections of W and ¥ on that subspace. Let P = {y € R?: w 'y > b, 'y > b, |y| < a}.
then we can bound Eq. (@) with:
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2 : T 2
w — . f Eyop. . |l(yeP)-(u'y+bd
|| V” UGRQ,quDIQI}HU‘Izﬁ’b?‘:l y~Dw v [ (y ) ( y u) }

2 . T 2
= [lw —v]|?- f 1(y € P)- ba) 2P (¥)d
v =l ueR2,bueﬁaI:1|ull2+b3_1/yeRz (v €P)-(u'y+ba) pas(y)dy

> Bllw — vl (u"y + bu)dy

inf /
UER2,bu€R:HuH2+ba:1 yeP

Combining with Proposition [A-3]finishes the proof O

Proposition A3. Let P = {y € R2: W y > b, y > b, |lyll < a} forb € R and w, % € R?
with 0(w,v) < — ¢ for 6 € [0,7]. Then

—b)4sin (¢ 3
inf / (uTy + bu)Zdy Z (O[ ) Sin (4) . min {17 12 }
yeP o

u€R?,b,€R:||uf|24+bZ=1 84

forb' = ?nl(’g).

Proof. As in the proof of Lemma[A-T] we consider the rectangular sets:

P, = {(a;b’) sin <i> (o — ') sin (iﬂ X [b'+ @cos (i) b+ (@ —b) cos (iﬂ
Py = {—(a—b’)sin (i) Lo 3 Y) sin (i)] x {b’ n (O‘;b') cos <j) b+ (o — V) cos <j)]

with b = m. Since we have P; U P, C P, and the function inside the integral is positive, we
can lower bound the target integral by integrating only over P; U P». Now we have:

inf u'y 4 by)?%d
ueRz,bueR:|u|2+bg1/y€p( y + bu) dy

=z inf / (ury1 + uays + ba)dy
ul,ug,bUGR:u%+u§+b3:1 yEP,UP;

= inf / (u1y1)3dy + / (ugys + by )’dy + / 2u1y1 (usys + by)dy
u17u27bUeR:u¥+u§+b3:1 yePiUP; yeEPLUP; yePiUP;

= inf / (uryr)*dy + / (ugys + bu)?dy
w1, u2,bu€RuI+ud+03=1Jyepiup, yEPIUP,

where in the last equality we used that P; U P, are symmetric around the ys axis, i.e. (y1,y2) € PLUP,
iff (—y1,y2) € P1 U P,. By the condition that u? + u3 + b% = 1 we know that either u?

> Lor
u3 + b3 > % Using that both integrals above are positive, we can lower bound:

2

inf / (ury1)>dy + / (ugys + by)?dy
u1,uz,bu€ER:u +ud+b3=1 Jyc p,UP, yEPIUP,

1
> min 7/ yidy, inf / (ugys + uz)?dy p .
2 yePiUP; uz,U3€R:u§+u§:l yePiUP>

2

14



We will now lower bound both terms in the above equation. For the first term, note that for every
y € Py U P, we have that |y;| > @ sin (g). Hence we have:

1
5 / yidy >
yePiUP;

B2 2

21/ (a=¥)" (5> dy

2 yePiUP; 4 4
_(a=b)?  (8\ (a=V)? [ s
= 3 sin 1 5 sin 1 cos 1

CEVAN
>\ v z
> 16\/§ sin 1 &)

where in the last inequality we used that ¢ € [0, 7], hence §/4 € [0, 7/4].

For the second term we have:

inf . / (ugys2 + u3)2dy
yePiUP>

2 a2
uz,ugERuzt+us=75

2
1
= inf / uy2+\/§—u2 dy
u€e [74 L] YEPLUP,

V3 V3
2
1
=(a — V') sin (6) inf / (uyg +4/=— u2> dys . (6)
4 ue[- 24, %] Jnaec 2

The last equality is given by changing the order of integration into integral over y, and then over
y1, denoting the interval C' = [b’ + % oS (%) b+ (o —b') cos (%)} , and noting that the term
inside the integral does not depend on y;.

Fix some u € [—%, %} If u = 0, then we can bound Eq. (H) by (a_f,)z sin (£) cos (). Assume
u # 0, we split into cases and bound the term inside the integral:

/L _q2
Case I: ‘2”

> b + 3. (a—V)cos (2). In this case, solving the inequality for u we have

< L .
lu| < (i) (D)) Hence, we can also bound:

w—““ 1 1 |3 —weos ()
2 V2 2+2(b’+%(a—b’)cos(%))2 2+2(b’+%(a—b’)cos(g))2

In particular, for every y» € {b' + % cos (%) b+ E’(QTM cos (%)} we get that:

1 2
uys + 5*’&

(t + 3(a =) cos (2)) - (' + 2(a — ) cos (2))
242 (0 + 3(a—b)cos (2))? 242 (0 + 3(a—b)cos (8))°
(a —b') cos (i)

>
8\/2—1—2 (V' + (= b') cos (%))2
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Case II: ‘VZJUQ‘ <V + 3. (a—"V)cos (2). Using the same reasoning as above, we get for every

Y2 € [b’ + NQT_&/) cos (3), b + (a — V') cos (%)} that:

1 2
uys + i—u

Combining the above cases with Eq. (6) we get that:

S (a—b')cos (3)

4
- 8\/2 +2 (b + (a—V)cos (g))2

inf / (ugyo + uz)*dy
yeEPIUPy

uz,us€ERufud=1

e (o= b2 cos (5)°
= (a=b) (4)/yzec82(2+2(b'+(a—b’)cos(i))2>dy2

(a— V)% cos (%)3 sin (%)

>
T 282242V + (a—)cos (2)))
S (a —b')*sin (%)3
C2-82V2(2+2(V + (a— V') cos (%)))2
— p)4sin (8 3
> (OZ )848111(4) -min{l,;} (7)
where in the second inequality we used that for § € [0, 7] we have sin (2) < cos ($), and in the last

inequality we used that b’ < o, and (o — ') cos (2) < a.. Combining Eq. (5) with Eq. (7) finishes
the proof.

O

B Proofs from Section[3

B.1 Proof of Theorem 3.1]

Let € > 0, for the input distribution, we consider the uniform distribution on the ball of radius €. Let
bw be the last coordinate of w, and denote by w, x the first d coordinates of w and x. Using the
assumption on the initialization of wq and on the boundness of the distribution D we have:

[(Wo, )| < [|[Woll %] < eV.

Since by, is also initialized with U([—1, 1]), w.p > 1/2 — ev/d we have that by,, < —eV/d. If this
event happens, since the activation is ReLU we get that o/ ((wg, X)) = 1((Wq,X) + by, > 0) =0
for every X in the support of the distribution. Using Eq. (3)) we get that V F'(w() = 0, hence gradient
flow will get stuck at its initial value.

B.2 Proof of Theorem3.2]
Lemma B.1. Ler w € R such that by, = 0, 07 < —%, and ||Wa.4| < 2v/d. Then,

Pr [WTX > O,vTx > 0] =0.
x~D

2 . -
Proof. 1f v1x > 0then zy > r — 557 and hence 27 > r? — Z3. Since we also have [|X| < r then

e 2 212 2 2 2 r2 r2
Rl = |52 o2 <2 (2= ) = 2
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Hence,

Pr [WTX >0,v x> O] < Pr {WTX >0,21 >1r— %‘P,Hf{g:d\\ < 2] .

x~D x~D

N3

Since by, = 0, ||[Wa.q]] < 2v/d and Wy < — f’ then for every x € Bsuchthatz; > r — 577 >
and ||X2.q|| < 5 we have

T

wix=w'

X = 1T + (Waig, X2:q) <

g+2f -

é\%

Therefore, Pryp [wa >0, vix > 0} =0. O
Lemma B.2. Wirh probability % — 04(1) over the choice of wg, we have

Pr [WOTXE(),VTXZO] =0.
x~D

Proof. Let w € R such that b, = 0 and w ~ N(0,1;). Since w; has a standard normal
distribution, then we have w; < —% with probability 3 — 04(1). Moreover, note that ||Wa.q||? has

a chi-square distribution and the probability of ||W2.q||? < 4d is 1 — 04(1). Hence, by Lemma|B.1]
with probability 3 — 04(1) over the choice of w, we have

Pr [WTXZO,VTXZO] =0.

x~D
Therefore,
W
—x>0,vix>0l= Pr [wx>0v'x>0]=0.
b |/Twl XD
Since pﬁ has the distribution of wy, the lemma follows. O

Lemma B.3. Assume that wq satisfies Prx.p [ng >0,vix> 0} = 0. Let v > 0 and let

w € R such that w = YWo, and by, < 0. Then, Pry.p [WTX > O,VTX > 0] = 0. Moreover,
we have

] — bW
If =

< r, then C;t = —sW for some s > 0, and ¢ ‘“’ < 0.

> r, then dw = 0and db“’ =

=

E

Proof. For every x we have: If w' x = yW{ X + by, > 0 then yW X > 0, and therefore wg x =

Wwg % > 0. Thus

Pr [WTXZO,VTXZO}g Pr [WOTXZO,VTXZO]:O. (8)
x~D x~D
We have
dw T T T\
= VwF(w)=E (c(w'x) —o(v'x)) o' (w'x)x
=E(o(w'x)—o(v'x)) L(w'x>0)
=E(o(w'x)—o(v'x))I(w'x>0,v x<0)%

+E (O’(WTX) - O'(VTX)) I(w'x>0,v'x>0)x

E(o(w'x)—o(vx))L(w'x>0,v x<0)%
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If _HbTWH > r then for every X € B we have W 'x < ||W||r < —b,, and hence 4% = 0. Note that

if —”Z’TWH < r,ie., |W[r > —by, then Prg [W'% > —by| > 0. Since D is spherically symmetric,

then we obtain ‘Z";" = —sw for some s > 0.

Next, we have

——2 =V, F(w) = E (o(w'x) —o(v'x)) o' (w'x) 1
Be_ ) E (O’(WTX) - U(VTX)) I(w'x>0,v'x<0)

E
=EL(W %X > —by)(W' X +by).

If ——Hli;]"“ > r then for every X € B we have W' % < ||W||r < —b,, and hence 2= = 0. Otherwise,
we have % <, O

Proof of Theorem[3.2] By Lemmawo satisfies Pryx~p [ng >0,vix> 0} = 0 w.p. at least

% — 04(1). Then, by Lemmawe have for every ¢ > 0 that w, = W for some v, > 0, by, < 0,

bw
and fHT:H < r. Moreover, we have Pry..p [thx >0, vix> O} = (. Hence, for every ¢ we have

F(wy) = % E (o(w x) — U(VTX))2
LB x0) L E (o0~ E (ol 00 )
= E(olwx)* 44 E(o(vTx)’
> 5 Elevx)" = F0)
Thus, gradient flow does not converge to the global minimum F(v) = 0 < F(0). 0

C Proofs from Section 4l

Proof of Theorem The gradient of the objective is:

VF(w) = xLED [(o(w'x) —o(v'x)) o' (w x)x].

We can rewrite it using that o is the ReL.U activation, and separating the bias terms:

VF(w) = ~E75 [(c(WT% +bw) —0(¥ X +by)) - L(W X+ by > 0)x] .

First, notice that if w = 0 and by, < 0 then 1(W' X + by, > 0) = 0 for all X, hence VF(w) = 0.
Second, using Cauchy-Schwartz we have that |(w,X)| < ¢ - ||W||. Hence, for w with w # 0 and
_Hb\TWH > c we have that 1(W X + by, > 0) = 0 for all X in the support of the distribution, hence
VF(w) = 0. Lastly, it is clear that for w = v we have that VF(w) = 0. This shows that the points

described in the statement of the proposition are indeed critical points. Next we will show that these
are the only critical points.
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Let w € R which is not a critical point defined above - i.e. either w = 0 and by, > 0, or w # 0
and be.TWH < ¢. Then we have:

(VF(w),w —v) =Ex.p [a'(WTx)(U(WTx) —o(v'x))(w'x — VTX)]
=Exop [L(w'x>0,v x> 0)(0c(w'x)—o(v x)(w x—v'x)|+
+ Exp []l(WTX >0,vx <0)o(w x)(w'x —v'x)
> Exop [1(w x> 0,v x> 0)(w'x— v %)’ +
+Ex~p []l(wa >0,v x < 0)(WTX)2} .
=Exp []1( WX > by, V' x> —by) (W' x — VTX)Q] +
+ B [L(W'X > —by, v % < —by)(w ' x)?] . )
Denote:
A= {XERY: WK > by, V% > —by, [|X]| < ¢}
Ay = {X €ERV: W %k > —by, Vv X < —by, %] < ¢}

Since w is not a critical point as defined above, we know that the set {X € R? : w %X > —by,, ||X| <
¢} has a positive measure, hence either A; or Az have a positive measure. Assume w.l.o.g that A,
have a positive measure, the other case is similar. Since both terms inside the expectations of Eq. (9)
are positive, we can lower bound it with:

Exop [L(W'X > —by, V' % > —by)(Ww'x — v x)?]
= |w — v|*Ex~p []1(5( € A((w— V)TX)2] (10)

Denote u := w — v, and note that w # v, hence ||u|| = 1. Denote by p(X) the pdf of D, then we
can rewrite Eq. (I0) as:

||w—vH2~/ L(x € Ay) - (W %+ by)?p(X)dx
= w—v]?- / (87 + ba)2p(R)d5 (an
XEA;

Since the set A; has a positive measure, and the set {X : a'x+0b, = 0} is of zero measure, there is
a point X, such that "% + b, # 0. By continuity, there is a small enough neighborhood A of %y,
such that ' X + by # O for every X € A. Using Assumptionwe can lower bound Eq. by:

lw = V|2 5/ (@7 % + ba)2d%
XEA

where this integral is positive. This shows that (VF(w), w —v) > 0, which shows that VF(w) # 0,
hence w is not a critical point.

O

D Proofs from Section 3

The following lemmas are required in order to prove Theorem|5.2} First, we show that if F'(w) <
F(0) — 6 then we can lower bound ||w|| and Pry [w'x > 0,v'x > 0].

Lemma D.1. Let § > 0 and let w € R+ such that F(w) < F(0) — 4. Then
wii = 5.
and

Pr [WTXZ O,VTXZO} > -
x 2wl
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Proof. We have

1
F0)—6>F(w)= 3 E(o(w'x) — o(v'x))?

= %E(O’(WTX))2 + %E(O’(VTX))2 —E(o(w'x)o(v %))

> F(0) — E(o(w'x)o(v %))
Hence

§<Eo(w'x)o(v'x)=El(w x>0,v'x>0) - w'x-v x
< |wl|c* - Pr [wa >0,v x> 0] .
Thus,
w2 f > 5
T2 Pr[wx>0,vix>0] T 2’

and

Pr [WTXZ O,VTXZO} > -
x 2wl

Using the above lemma, we now show that if F'(w) < F'(0) — ¢ then ||w — v/|| decreases.
Lemma D.2. Let § > 0 and let B > 1. Let w € R such that F(w) < F(0) — 6 and
lw—v||<B-1. Lety= m andlet0 <n < . Let w' =w — nVF(w). Then,

W = I < llw = v[* (1 =ym) < (B-1)*.
Proof. We have
W' = v|[* = [w =9V F(w) - v|*
= l[w = v[* = 2n(VF(w),w —v) + 0’ [ VF(w)||. (12)
We first bound ||V F(w)||%. By Jensen’s inequality and since o is 1-Lipschitz, we have:

IVEw)I? < E [(o(w %) — o(vTx))* o' (wx)lIx|?]

IN

c E |:(0'(WTX) — O'(VTX)>2:|
02])E(l {(WTX — VTX>2}

AE {((W - V)TX)Q}

X

Il IN

IA

Aw —v|?. (13)
Next, we bound (VF(w),w — v). Letu = w — v. We have
(VE(w),w—v)=E (o(w'x) —o(v'x))o'(w'x)(w'x— v x)
=FE (wa — VTX)z I(wix>0,v'x>0)+
T T

Ew'x-(w'x—v x)I(w'x>0,v'x<0)

>|w—v|[? El(w x>0,v'x>0)(u'x)?.

Leté = ﬁ. The above is at least

[w—v]|?- &2 -P)’(r [WTX >0,vix>0,(u'x)?> &%

=|lw—v|? - (f;r [W'x>0,vix>0-Pr{w'x>0,vix>0,(u'x)’< 52]) .

X
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By Lemma|[D.1] and since [|[w| < [[w — v|| 4 ||v]| < B — 1+ 1 = B, the above is at least

||W—V||2-§2.< - ~Pr{w'x>0,v'x>0,u'x| <§])
Alwl =
5
2 2 T
> fw-vIP- & (g - Br [l <))
5
2 42 ~ T~
=[w—v["-¢ '(CQB—}:{T[U X+bu|§d> : (14)

We now bound Pry [[0"X + by| < £]. We denote a = ||u|. If a < L, then since [|u|| = 1 we have

by > \/1 - ez > \/1 -5 = @. Hence, for every x with ||x|| < ¢ we have

- 1. VIB vis 1 1
byl > byl — >V > V22
Q' X+ by| > |bu| — 0 X| > 1 ac > 1 4>2
Note that
5 F(0) 1 1 o 1 1, 1 1
- < ) IE < P <
$= 12Bde = TaBde ~ 12Bde 2 XV X)) S opas 3¢ = B S u

where the last inequality is since B, ¢, ¢’ > 1. Therefore, [ X + by| > £. Thus,

Prija'x+by| <€ =0.

Assume now that @ > 7-. We have

Prija’x+by| <& =Pr[a'x e [—€— by, & — byl

—pr [ﬁTie [—é—b“,g—b“]}
x a a'a a
<cl.2.§
a
< 8cc'¢

Combining the above with Eq. (T4)), we obtain

)
F _ > _ 2. 2. - /
(VFww v 2 [ = v|P - € 5 - see)
572 — _8cc L
122 B2¢6¢2 c2B “ " 12BA¢

2
ey g
122 B2¢6¢2 3c2B
53
3-122B3¢8¢2 (15

Combining Eq. , and , and using v = W, we have

W' = vI* < lw = v[* = 2nllw — v[* -y + Pt |w — v

=|lw—v|*- (1 =2ny+n°c") .

= [lw — v]*

= [lw v

Since 7 < Jr, we obtain
g
Iw' =i < w = vi|? - (1= 2ny + et %)
= w = V[ (1 =) < lw V|2 < (B- 1)
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Next, we show that F'(w) remains smaller than F'(0) — § during the training. In the following two
lemmas we obtain a bound for the smoothness of F" in the relevant region, and in the two lemmas
that follow we use this bound to show that F'(w) indeed remains small.

Lemma D.3. Let w € R such that F(w) < F(0). F(w)|| < ey/2F(0).

Proof. By Jensen’s inequality, we have

IVE(w )H2<E( (w'x) — (VTX))zU’(WTX)IIXII2

O

Lemma D4. Let M, B > 0 and let w,w’ € R be such that for every s € [0,1] we have
M < ||w+ s(w' —w)| < B. Then,

B 1 /2
IV (w) ~ VE(W)|| < lw — W] - 2 (1 i 8(+M)CC> |

Proof. We assume w.Lo.g. that |[w — w’|| < 2L Indeed, let0 = sy < ... < s;, = 1 for some integer

k,let w; = w + s;(w’ — w), and assume that ||w; — w;.1 || < 2Z for every 4. If the claim holds for
every pair w;, w; 1, then we have

IVE(w) = VE(wW)|| = || Z VE(w;) = VE(Wip)||

k-1

< D IVE(wi) = VE(wisa)]|
i=0
k-1

8(B + 1)/ ?
<2 Il <“(M)>
8(B +1)dc?
202 <1+(—|]—\4’)CC> ||W—W/||

‘We have

IVE(w) = VF(w')]|

= [[E(o(w ) — o(v %))’ (w"

(wTx)x — (o(w'T%) = o(v %))’ (W' x)x]
< H]EIL(W x>0,w'"x>0) (wa—a (vx)-wTx+o(v x))x||—|—

||IE]1( Tx>0,w''x<0)(Ww'x—0o(v x) x|+

I E 1w x<0,w'x>0) (W 'x—0o(v'x))x].
By Jensen’s inequality and Cauchy-Shwartz, the above is at most

El(w x> 0,w' x> 0)w —w'[| - [[x]| - x|+

El(w'x>0,w""x <0) ([wl - [lx] + VIl - lx]) - [Ix[|+

E1(w'x <0,w' x> 0) (|| - [lx]| + VIl - l]) - ]| -
By our assumption we have ||x|| < cand ||w]|, ||w’|| < B. Hence, the above is at most

|w —w'||c? + Pr [wix>0,wTx<0]-c* (B+1)
+Pr [wix<0,w'x>0]-¢ (B+1). (16)
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Now, we bound Pry [w'x > 0,w'"x < 0]. If w'x > 0 and w'"x < 0 then
wix=w'x+(w-w)'x<0+|w—-w| |x]|<c|w-w]|.
Hence, we only need to bound

Priw'xe0,c [[w—w|[]] =Pr[W'&+by€[0,c||lw—w]|] .

We denote a = [|[w|. If a < 2L, then since ||w|| > M we have |by| > /M2 — (%)2 =

M/1 —1/(16¢?). Hence for every x we have
M M
W' X+ by | > |bw| — [W'X| > |by| —ac > M+/1 —1/(16¢2) — T = MV1i- 1/16 — -

15—-1
:M«\F5T>M/QZC||W—W’H.

Thus, Pry [‘X/Ti + bw € [Oa c- HW - WIH]] =0.

Assume now that ¢ > %. Hence, % < %. Therefore, we have
- b b
Pr (W' % +bw €[0,c-[|[w—w|]] =Pr {vai -2 2w - w’||]]
x x a a a
- b b 4¢?
< Tgelow w2 W
_xr{wx [ ) a+M l dll
4¢?
<2 I
< T w |

Hence, Pry [w'x>0,w''x < 0] < ¢ - % - ||lw — w'||. By similar arguments, this inequality
holds also for Pry [w'x < 0, w’"x > 0]. Plugging it into Eq. , we have

M
8(B +1)c'c?
)

4 2
|[VF(w) - VEW)|| < |lw—w|| (02 +2.¢2-(B+1)-¢ - C)

— w14
O

Lemma D.5. Let f : R? — Rand let L > 0. Let x,y € R? be such that for every s € [0,1] we
have |V f(x + s(y — %)) — Vf(OI| < Lslly — x|. Then

F¥) — 10 < VI (y = %)+ 5 ly —xI

Proof. The proof follows a standard technique (cf. [2]). We represent f(y) — f(x) as an integral,
apply Cauchy-Schwarz and then use the L-smoothness.

1
F) = £) = VI Ty — x) = / VI + sy —x)T(y — x)ds — V)T (y - %)
< / IV £(x + s(y — %)) — V) - ly — x||ds
< [ Lsly —xlPas
L 2
25\\y—x|| .

Hence, we have

F(¥) ~ 169 < VI60T(y — %)+ £ lly —x
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Lemma D.6. Let B,§ > 0 and let L = ¢ (1 + w). Let w € R such that
— r— —n. ind —9o_ 1
F(w) < F(0) — ¢ and let w' = w —n - VF(w), where n < mln{2c3\/2F—(0)7 L}

min { 203\/52“0), 562—&-16(%—&-1)0’06 } Assume that |w ||, |w’|| < B. Then, we have F(w')—F(w) <

— (1 - Ln) [VE(w)|[% and F(w') < F(w) < F(0) - 4.

Proof. Let M = %. By Lemmasand we have ||w|| > g% and [|[VF(w)| < ¢y/2F(0).

Hence for every A € [0, 1] we have

o ) 6 )
||wf)\77VF(w)||26—2777~c\/2F(0)2—277~c 2F(0):@:M.

2 23,/2F(0)

Since [|w/|, [|[w’|| < B, we also have |[w — AyVF(w)|| < B. By Lemma|D.4] we have for every
A € [0, 1] that

c'c?
IVF(w) = VE(w — MV E(wW))[| < Apl|VF(w)]| - c? (1 + 8<B+1>> _

M

We have L = c? (1 + w) =c? (1 + %). By Lemmawe have
L
F(w —nVF(w)) = F(w) < = VE(W)|* + Zn*[VF(w)[*
Since < 1, we also have F(w — nVF(w)) < F(w) < F(0) — 4. O
We are now ready to prove the theorem:

Proof of Theorem[5.2] Let B = lwoll + 2. Assume that 7n <

e T & | We have [wo — vl < [[woll+ vl = wol+1< B~ 1.

By Lemmas and [D.6] for every ¢t we have |w; — v|]| < B — 1 (thus, ||w¢|| < B)
“

and F(w;) < F(0) — §. Moreover, by Lemma [D.2] we have for every t that
¢

min

Wit = vII? < [[ws — v[|? - (1 = 7). Therefore, [w; — v[[2 < wo — v (1 —y)

It remains to show that

. 0 ) vyl v
o { 263\/2F(0) 02 +16(B + 1)c/cS” 04} T

Note that we have § < F(0) = L Ex(0(v'x))? < 1 - ¢ Thus

v R < 5 & )
¢t 3-122B3¢12¢2 T 3.122B3¢12¢2 4 123B3¢8¢2
We have
§ ) ~
Z 74 Z 7 9
2¢3,\/2F(0) ~ 2c c

where the last inequality is since B, ¢, ¢’ > 1. Finally,

1) 1) 1) 1)
> > >
82 +16(B+1)c/c® — % +16(B +1)cc8 ~ 17(B+1)c/c® ~ 34Bc/cS

¥
> —.
_c4
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D.1 Proofs from Subsection
Proof of Theorem 5.4]
‘We have

0)+ 3 E( (w X))Zfl’[?()'(WTX)O'(VTX)

HWII2 ?

< F(0) + — |wl|Eo(w x)o(v x). (17)

Eo(w'x)o(v'x)>¢&2-Pr [U(V_VTX)U(VTX) > &7

>¢2.Priwix>2 >S5 | 18
> ¢ xr{wx_ ﬁf,vx_zf (18)
In the following two lemmas we bound Pryx [W x > 2,/c€, >3 \[]

Lemma D.7. Ifb, > 0 then

Pr [WTX > 2/cé,vix > 3 ] > B (asin ( ) — 2\[5)

2./c 4sm(§)
Proof. 1f ||v|| > 1=, then we have
Pr|w'x>2cf,vix> & >Pr|w' x> 2Vc6,v x> £
x - - 2\/6 T ox - - 2\/5
=T =T £
=Pr|w' x>2Vct,v' x> ~}
x { 2y/c||v||

where the last inequality is due to Lemrna - since 0(w,v) < 3T,

1 1 1
16¢2 16 4 4

If ||v]| < 4, then

and hence

Therefore,
Pr WwIx>2cE,vix> 25 } =Pr[w'x>2ycf] =Pr[w'x>2/cf] .

For & € R? such that ||| = 1 and §(W, @) = 27 LemmaHimplies that the above is at least

S ﬂ(asm( )—2\f§)
4s1n(8)
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(1] 4
2
) -2
Pr [W x> 2¢/cE,v'ix > § ] ﬂ(asm(.s) \/Eﬁ)
2/c 4 sin (g)
Proof.
Pr{w x> 2/cE, v x>2\[} :11 {W X>2\/E€7‘~,T)~(22fﬁbv}
~ = b
=Pr|w'x>2/c£,v x> €~ - I’] .19
x { 2v/ellv) (vl
Moreover, we have
. s 2 2 _ - 2
a.sm(S) ><b~V> _1 ~||‘;|| _ ~12_1,
4 vl vl vl
and hence
16 16 16

v|? > > >
|| || o a2sin2 (%)+16 o (CYSIH( )+4) - (C-1+4C)2

where in the last inequality we used ¢ > « and ¢ > 1. Thus,

4

- >
5¢ —

- 1
91> 2> o
C

Combining the above with Eq. |i and using — =

Prwx>2\f§,v x>} r

~ 2y/c 4
=Pr[w'x>2c{,v x> 2/cf]
B (asin (§) — 2¢/c€)
- 4 sin (%) ’
where the last inequality is due to Lemma since O(w, v) < %”. O

Combining Eq. (I8) with Lemmas[D.7]and[D.8] we have

Eo(w x)o(vTx) > ¢ 2 ) - 2ve€)” _a’sin? (%) B(%sin ()

x - 45111(8) 16¢ 4 sin (%)
OZ4 a3 (T
_ Bsin® (%) M
256¢
Plugging the above into Eq. we have
[[wl[*c?

The above expression is smaller than F'(0) if [|w|| < Z5f
E Discussion on the Assumption on b,
In Corollary [S. We had an assumption that — ” T <a- % This implies that either the bias term

by is positive, or it is negative but not too large. Here we discuss why this assumption is crucial for
the proof of the theorem, and what can we still say when this assumption does not hold.
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In Theorem [3.2] we showed an example with b, < 0 where gradient descent with random initialization
does not converge w.h.p. to a global minimum even asymptoticallyﬂ In the example from Theorem
we have — HbTVH =r ( 1-57 ) and the input distribution is uniform over a ball of radius r. In thls case,

we must choose o from Assumption to be smaller than r (otherwise 8 = 0) and hence _W >

o (1 — 55z). Therefore it does not satisfy the assumptio HbyH <a- Sm(g) (already for d > 1). If
we choose, e.g., « = g, then the example from Theorem satisfies — ” H =« (2 — d%) <2a. It
implies that our assumption on — HbTvH is tight up to a constant factor, and is also crucial for the proof,

since already for _HbTvH = 2a we have an example of convergence to a non-global minimum.

HbVVH > o S‘“ff) (i.e. the assumption does not hold) we can calculate the loss

at zero:
PO = 5 B[00 =5 B TR 2 0) (750
-1 vix v (v x :
=3 Ei”( > o) 19 +||~|>i
V12 _— sin (Z o
IV ]l(V xza.ﬁ> (VTX)Q] |

Let € > 0 be a small constant. Suppose that the distribution Dis spherically symmetric, and that « is

large, such that the above expectation is smaller than e. For such «, we either have — ﬁ <a- Smig) ,

in which case gradient descent converges w.h.p. to the global minimum, or —”Z’T"H > - Smig), in

which case the loss at w = 0 is already almost as good as the global minimum. For standard Gaussian
distribution, we can choose « to be a large enough constant that depends only on e (independent of
the input dimension), hence 3 will also be independent of d. This means that for standard Gaussian
distribution, for every constant e > 0 we can ensure either convergence to a global minimum, or the
loss at 0 is already e-optimal.

Note that in Remark [3.3] we have shown another distribution which is non-symmetric and depends
on the target v, such that the loss £'(0) is highly sub-optimal, but gradient flow converges to such a
point with probability close to 3.

F Proofs from Section

Before proving Theorem[6.2] we first proof two auxiliary propositions which bounds certain areas

for which the vector w cannot reach during the optimization process. The first proposition shows

that if the norm of W is small, and its bias is close to zero, then the bias must get larger. The second

proposition shows that if the norm of w is small, and the bias is negative, then the norm of w must

get larger.

Proposition F.1. Assume that |W — v||? < 1, and that Assumption holds. If||w] < 0.4 and
B 8

bw € [0, 455 then (VE(w))yy < — 555

Proof. The d + 1 coordinate of the distribution D is a constant 1. We denote by D the first d
coordinates of the distribution D. Hence, we can write:

(VE(W)) 441 = Exup (o (w'x) —o(v x)I(w'x> 0)]
]E,M, [(0(W &+ bw) —0(V & +by))L(W' % > —by)]
E, 5 [(vv X+ bw)  L(W'%X > —by)| —
B (VIR +Dy)  L(W' K > —by, V' % > —by)] (20)

*In Theorem [3.2| we have ||v|| # 1, but it still holds if we normalize v, namely, replace v with ™~
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We will bound each term in Eq. separately. Using the assumption that Dis spherically symmetric,
we can assume w.l.o.g that w = ||W||ey, the first unit vector. Hence we have that :
E, p [(W'K+bw) LW K> —by

s | (Wl + )1 (1> - )}

b bw
=||w -~ 1 _— —
I Es s { (W |v~v)} b Ew{ (””1> v~v|)]

(@ by
§04]E)~(Nﬁ |:£L'1]]. <£L’1 > — ||\X/'||>:| + bw

®)
<04E,_z [#11(z1 > 0)] 4 by - 1)

Here, (a) is since |W|| < 0.4,and E;_ 5 [IL (;vl > — bw )] < 1, (b) is since by, > 0, hence

wll

bw
Es 5 x11(0>m1>— = )}SO
D[ Ol

For the second term of Eq. , we assumed that |W — v||> < 1, which shows that §(w,v) < 7,
and the term is largest when this angle is largest. Hence, to lower bound this term we can assume
that (W, V) = 7, and since the distribution is spherically symmetric we can also assume w.l.0.g that
V = €5, the second unit vector. Now we can bound:

1 1
ZiEiwﬁ [SL’Q -1 (iﬂg > 0)} + iEiN@ [(zg —+ bv) -1 (0 > T > *bv)]

7§Ei~D [z2 - 1 (22 >0)] = 2]Ex~D [r1 -1 (21 >0)], (22)

where we used the assumption b, > 0 and the symmetry of the distribution. Combining Eq. 1)),

Eq. (22) with Eq. (20) we get:

(VE(W)) 441 < bw —0.1E; 5 [21 - 1(21 > 0)] .

Let D be the marginal distribution of D on the plane spanned by e; and es, and denote by X the
projection of X on this plane. By Assumption [6.1(3) we have that the pdf of this distribution is at
least 3 in a ball or radius « around the origin. This way we can bound:

Eeop (21 - 121 > 0)] =E 5 [21 - L(z1 > 0)]
af

27P(a/2 <|Ix|l < o, 71 > /2)

zizﬂp(xl € [a/2,3a/4], 22 € [~a/4,0/4]) =

Combining the above, and using the assumption on by, we get that:
36 a’p

ja < @b
(VEW))apr <bw = 350 = ~510

@8
32

28



Proposition F.2. Assume that |W — V|| < 1, and Assumption|6.1|holds. Denote by T = ’E%TZ]QH
x~D

where D is the projection of the distribution D on its first d coordinates. If Wl < Z and by <0
then (VF(wW)1.q, W) < 0.

Proof. Denote by D the projection of the distribution D on its first d coordinates, we have that:
(VF(W)1.4, W) =Exp [(O’(WTX) - CT(VTX)) I(w' x> O)WT?(}
=Ezp [(0(W X+ bw) —0(V X+ b)) LW X > —by)W %]
<E; 5 [(W'k+bw —0(V'%)) LW &> —by)W X| . (23)

The inequality above is since by, > 0. Recall that our goal is to prove that the above term is negative,

hence we will divide it by ||W||. Also, since the distribution D is symmetric we can assume w.l.0.g
that w = ||Ww||e;. Hence, it is enough to prove that the following term is non-positive:

~ [ ing v e bw
IW||Es o5 | (IWllz1 + bw — 0(¥7%)) - 1 ( - ‘|v~v||) }

~ I ~ bw ~ ~ ~ bw ~T ~
=||W|Esp (HWHx% + wal) .1 (951 > _|W~||)] — | W||Es i {mvTx. 1 ( YTk > —bv)]

Wl

~ [ ~ bw ~ ~ ~ bw ~ ~
<|WIEgop | (Wll2? + bwai) - 1 <x1 > |v~v||)] — IW|Es 5 [mlv—'—x~ 1 (:El > fm,v—rx > 0)] .
' 24)

We will first bound the second term above. Since the term only depend on inner products between
w, v with X, we can consider the marginal distribution D, of D on the plane spanned by w and v.
Since D i is symmetric we can assume w.l.o.g that Dis spanned by the first two coordinates ml and
3. Let v be the projection of ¥ on this plane, then we can write v = (v1,ve) where v¥ + v3 = 1.

Note that since the distribution D is symmetric, we have that E[z?] = E[z3]. By Cauchy-Schwarz
we have:

lcovy (21, 22)| < \/varﬁ(xl) -varp (z2) = varp (1)

Again, by symmetry of D we have that E[z;] = E[z;]. Opening up the above terms we get that
E[zy - 5] < E[27]. Also, we assumed that [|[W — v|| < 1, then §(v,w) < % which means that
v1 > 0. Hence, the second term of Eq. (24) is smallest when v = e;. In total, we can bound Eq. (24)
by:

~ [ ~ bw ~
o <|w||x%+wa1).u(x1>—|w)] s [w1x2~n(x1> o x2>o>}
<||W|E _<||v~v||z2—|-b x 1:17 | > 1 (z > bw ﬂ
X~ wal T S41 |42 : 1 ATIET
o |l 2 Wl
|[W|E _<||v~v||x +b 1|ac |) z11 (J: > bw )] (25)
= 2T 1+ 0w — sl22| | - 21 1> 5=
2| > ¥l

By our assumption, by, < 0. Both terms inside the expectation in Eq. are largest when by, = 0.
Hence, we can bound Eq. by:

- 1
I¥lEe s | (I90e1 = el 202 (21 > 0)

1w Il
s 21 _ vl 2 %l w7
<5 Bep 1] - B ] e (5o - ) (26)

In particular, for ||W|| < 7, Eq. (26) non-positive.
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We are now ready to prove the main theorem:

Proof of Theorem[6.2] Denote b; = max{0, — % }. We will show by induction on the iterations of

gradient descent that throughout the optimization process b; < 2.4 - max { } and O(Wy,v) < &

VT
forevery t > 0.

By the assumption on the initialization we have that ||Wo —v||?> < ||[wo —v||? < 1,and also ||V|| = 1,
hence 6(wg, V) < 5. We also have that by, > 0, hence by = 0 this proves the case of ¢ = 0. Assume
this is true for t. We will bound the norm of the gradient of the objective using Jensen’s inequality:

[VF(w)||? < Exup [(O’(WTX) —o(v'x))?1(w x> O)XTX]
< Exop [(WTX - VTX)QXTX]
< W = v[[2Exwp [[x]1%] = [[w - v @7)
For the (¢ + 1)-th iteration of gradient descent we have that:
[Werr = v =[lw; = nVF(w,) = |
=llwi = v[I* = 20(VF(we), we = v) + 17| VE (we)|*
<|lwe — v||? = 20(VEF(wy), wy — v) + n’cllw, — v|| . (28)
By Theorem[A.2] and the induction assumption on #(W,, v) we get that there is a universal constant
¢p, such that (VF(wy), wy — v) > M |w; — v||?. Using the induction assumption that
by <24- max{ , f} and Assumpt10n3) we can bound (o — v/2b;) > 0.1. In total we get
that (VF (wy), wy —v) >
have that:

B |lwe — v||2. By taking n < 062 and combining with Eq we

10042

[Werr = vI[* < [lwe —v]*.
In particular, || W11 — V|2 < [|[wiy1 — V|| < [|wy — v||? < 1, which shows that 6(W,1,V) < 7,
and concludes the first part of the induction.

The bound for b, is more intricate, for an illustration see Figure[2l Let ¢’ be the first iteration for which
||[W|| > 0.4. First assume that ¢t < ¢/, we will show that in this case by = 0. Assume otherwise, and
let ¢ be the first iteration for which by, > 0, this means that by, < 0 and bw, _, > 0. We have that:

bw,o = bw, —nVF(W,)at1 -
If bw, , < G5 40, then by Proposition the last coordinate of the gradient is negative, hence
bw,, > bw,,_, > 0. Otherwise, assume that by, _, > 275. By Eq. ( .: [VE (W )ar1] <

VF(w)|| < y/c. Hence, by taking n < _B_ < o’p , we get that by, > 0, which is a
Yy g 640vc ~ 640v/c g to

contradiction (note that by Assumption 3), we have o > 1). We proved that if ¢ < t’ then
bw, > 0, which means that b; = 0.

Assume now that ¢ > t’. We will need the following calculation: Assume that ||W| = &, Then
W — v||? > (1 — 6)2, and the minimum is achieved at W = §V. Since we have:
Wi = V" + (bw, —by)* = [we — v < 1,

we get that (b, — by)? < 1 — (1 —4)® < 20. If we further assume that by,, < 0, then b2, <
(bw, — by)? < 26. Combining all the above, we get that if ||W;| = ¢ then:

btmax{O,b:"t} < \/5 (29)
[[We | 4

To show the bound on b; we split into cases, depending on the norm of wy:

CaseI: <~ < ||w;|| < 7 and by, < 0. In this case we have:

[Wer1]® = [[We — nVE(wWe)1:a]?
= [|We||* = 20(W¢, VE(Wy)1:a) + 07| VF (W) 1.l
> ||We]|? — 2n(Wy, VE(We)1.0) -
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We can use Propositionto get that (W, VF(w¢)1.q4) < 0, hence ||[W;41||* > ||W,]|?. By Eq.
we get that by < [ < Z

%\%

1

Case II: ||W,|| > min {0.4, i

bound

} In this case, by choosing a step size n < min{l, 7}we can

MH

[Weprll > [[Wel|? = 20, VF (W) 1.4)
> [|We||? = 20| Wi || VF (W) 1.a
> [|W |2 — 2]| W ||| VF (wy) |

2
> [[W||2 — 27 - 2¢ > min {0.39, 57} .

Again, by Eq. we get that b, < max {\/5 , f} < 2.4 -max { , f} This concludes the
induction.

Case III: ||w¢|| < min {0.4, 2% }. We split into sub-cases depending on the previous iteration: (a) If
bw, , <0, then by Case I the norm of W cannot get below T hence this sub-case is not possible;

(b) If by, _, > 0 and ||[W;_1]| < min {0.4, 27}, then by the same reasoning in the case of t < t/,
bw, cannot get smaller than zero. Hence, we must have that by, , > 0; (¢) If by,_, > 0 and
[Wi—1|| > min {0.4, 27} then the bound depend on whether |[W,_1 || is larger than 0.4 or not. If
[|[wi—1|| < 0.4, then using the same reasoning as the case of ¢’ < ¢ twice (both for the ¢ — 1 and ¢
iterations) we get that b, 1 > 0. If |W;_1]| > 0.4 and by, > 0, then again this is the same case as in
the case of t’ < ¢ (since ||W;|| < 0.4. The last case is when ||W,_1|| > 0.4 and by,, < 0, here using
the same calculation as in Case II, we have that ||w,| > 0.39. Since ||wt|| < min {0.4, & }, using
Proposition|[F2] the norm of w; can only grow, hence by the same reasoning as in Case I we can also

bound by < 2.4max {1, 7
Until now we have proven that throughout the entire optimization process we have that 6(w;, v) < &
and b, <2.4- max{ , f} Let§ = m — 6(Wy, V), we now use Theoremand Eq. to get
that:
W1 = v[I* =[[w; = nVF(w) — v
=llwe = vI[? = 20(VF(we), we = v) + 177 [ VF (we ) ||

( 4
b
a- n) B
<lwy — v - 2U$ sin (6

3
) = vl ol P

842 4
4 3
—V2b 1)
hwe—vIt = i (5) s i el v
C
<Jwi =1 = 2 oy — v+ el (30)

where C is some universal constant, and we used the bounds from the induction above that § € [g, 77] R

by < 2.4 - max {17 %}, and by the assumption that o > 2.5v/2 max {1, %} By choosing

n < 2?52, and setting \ = fﬁ we get that:
- 1
Iwi = VI = n0gmin 1, 25 bws = vI? + wpelhwe v
<@ =Mfwe = v[? < < (1 =) wo — V2,
which finished the proof.
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Figure 2: A 2-d illustration of the optimization landscape. The z axis represents || W||, and the y-axis
represents by,. In the figure, for simplicity, we assume that b, = 0, and 7 = 0.1 which means that

%T = 0.4. The red circle represents the area with ||w — v|| < 1, throughout the optimization process

w, stays in this circle. The black region represents the area where b; = fHZ’T‘"H can be potentially

large, our goal is to show that w stays out of this region. Case I shows that w, cannot cross the blue
region. Case II shows that if w; is to the right of the black region, then b, is upper bounded. Case
IIT shows that w; cannot cross the orange region (sub-cases (a) and (b)), and cannot cross from the
green region directly to the black region (sub-case (c)).
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