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Abstract

We propose a new learning framework that captures the tiered structure of many
real-world user-interaction applications, where the users can be divided into two
groups based on their different tolerance on exploration risks and should be treated
separately. In this setting, we simultaneously maintain two policies 7© and 7®: 7©
(“O” for “online”) interacts with more risk-tolerant users from the first tier and
minimizes regret by balancing exploration and exploitation as usual, while 7% (“E”
for “exploit”) exclusively focuses on exploitation for risk-averse users from the sec-
ond tier utilizing the data collected so far. An important question is whether such a
separation yields advantages over the standard online setting (i.e., 7% = 7©) for the
risk-averse users. We individually consider the gap-independent vs. gap-dependent
settings. For the former, we prove that the separation is indeed not beneficial from
a minimax perspective. For the latter, we show that if choosing Pessimistic Value
Iteration as the exploitation algorithm to produce 7F, we can achieve a constant
regret for risk-averse users independent of the number of episodes K, which is in
sharp contrast to the 2(log K) regret for any online RL algorithms in the same
setting, while the regret of 7° (almost) maintains its online regret optimality and
does not need to compromise for the success of 7F.

1 Introduction

Reinforcement learning (RL) has been applied to many real-world user-interaction applications to
provide users with better services, such as in recommendation systems [Afsar et al.,2021]] and medical
treatment [Yu et al.l 2021} |Lipsky and Sharp, [2001]]. In those scenarios, the users take the role of the
environments and the interaction strategies (e.g. recommendation or medical treatment) correspond to
the agents in RL. In the theoretical study of such problems, most of the existing literature adopts the
online interaction protocol, where in each episode k € [K], the learning agent executes a policy 7y
to interact with users (i.e. environments), receives new data to update the policy, and moves on to the
next episode. While this formulation treats each user equivalently when optimizing the regret, many
scenarios have a special “Tiered Structure’ﬂ users can be divided into multiple groups depending
on their different preference and tolerance about the risk that results from the necessary exploration
to improve the policy, and such grouping is available to the learner in advance so it would be better to
treat them separately. As a concrete example, in medical treatment, after a new treatment plan comes
out, some courageous patients or paid volunteers (denoted as G°; “O” for “Online”) may prefer it
given the potential risks, while some conservative patients (denoted as G®; “E” for “Exploit””) may
tend to receive mature and well-tested plans, even if the new one is promising to be more effective.

*Work done during the internship at Microsoft Research Asia.
2We consider the cases with two tiers in this paper.
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Figure 1: Comparison between the standard setting and our tiered RL setting (#Tiers = 2), where we
use red and blue to color users from different groups. The main difference is that, in the standard
setting (LHS), the learner does not distinguish users from different groups and treats them equivalently
with a single policy 7 produced by algorithm Alg, while in our setting (RHS), we leverage the tier

information and interact with different groups with different policies 7% and 7©.

As another example, companies offering recommendation services may recruit paid testers or use
bonus to attract customers (G°) to interact with the system to shoulder the majority of the exploration
risk during policy improvement, which may result in better service (low regret) for the remaining
customers (G®). Moreover, many online platforms have free service open for everyone (G®), while
some users are willing to pay for enhanced service (G). If we follow the traditional online setting
and treat the users in these two groups equivalently, then in expectation each group will suffer the
same regret and risk. In contrast, if we leverage the group information by using policies with different
risk levels to interact with different groups, it is potentially possible to transfer some exploration risks
from users in GF to G, while the additional risks suffered by G° will be compensated in other forms
(such as payment, the users’ inherent motivation, or the free service itself).

To make our objective more clear, we abstract the problem setting into Frw. [T|and compare it with
the standard online setting in Fig. |1} where we use Alg® and Alg® to denote the two algorithms
producing policies 77 and 7© to interact with users in G® and G, respectively. To enable theoretical
analyses, we do adopt a few simplification assumptions while still modelling the core challenges
in the aforementioned scenarios: firstly, at each iteration of Frw. [I] the algorithms will interact
with and collect one trajectory from each group, which assumes that users from two groups will
come to seek for service in pair with the same frequency. In practice, usually, the users come
in random order and the frequencies from different groups are not the same; see Appx. [B] for
why our abstraction is still a valid surrogate and how our results can be generalized. Secondly,
for convenience, we only use the samples generated from G°, because AlgE is expected to best
exploit the available information and not encouraged to perform intelligent exploration. Nonethe-
less, our results hold with minor modifications if one also chooses to use trajectories from G*.
Thirdly, we assume that the dynamics and rewards during the interactions with users in different
groups are all the same (i.e. Env = Env® = EnvE). It is possible that the users in different
tiers can behave differently, and we leave the relaxation of such an assumption to future work.

Framework 1: The Tiered RL Framework

Input: Env® and Env® // Note that Env® = Env®

Initialize Dy + {}.

fork=1,2,..., K do
70 < Alg®(Dy); 7F < AlgE(Dy).
79 interacts with customers/users/patients in G© (i.e. Env®), and collect data 72.
7 interacts with customers/users/patients in G* (i.e. Env®), and collect data 7.
Dy41 = Dy, U {72}. // We do not consider to use 7¢ in this paper.

end

Similar to the online setting, we use the expected pseudo-regret to measure the performance of the
algorithm, which is formalized in Def. 2.1} The key problem we would like to investigate is provable
benefits of leveraging the tiered structure by Frw. [T]comparing with the standard online setting:



Is it possible for Regret(AlgE) to be strictly lower than any online learning algorithms in
certain scenarios, while keeping Regret(Alg®) near-optimal?

Note that we still expect regret of Alg® to enjoy near-optimal regret guarantees, which is a reasonable
requirement as the experience of users in GO also matters in many of our motivating applications. We
regard the above problem formulation as our first contribution, which is mainly conceptual.

As our second contribution, Sec. [3|shows that Alg® has the same minimax gap-independent lower
bound as online learning algorithms. This result reveals the difficulty to leverage tiered structure in
standard tabular MDPs, and motivates us to investigate the benefits under the gap-dependent setting,
which is frequently considered in the Multi-Armed Bandit (MAB) [Lattimore and Szepesvari, 2020,
Rouyer and Seldin, 2020]] and RL literature [Xu et al., 2021} |Simchowitz and Jamiesonl 2019].

As our third contribution and our main technical results, Sec. 4] establishes provable benefits
of Frw. 1| by proposing a new algorithmic framework and showing Regret(AlgF) is constant and
independent of the number of episodes K, which is in sharp contrast with the Q(log K') regret lower
bound for any algorithms in the standard online setting that do not leverage the tiered structure.
Specifically, we use Pessimistic Value Iteration (PVI) as Alg® for exploitation to interact with G,
while Alg® can be arbitrary online algorithms with near-optimal regret. Concretely, we first study
stochastic MABs as a warm-up, where we choose AlgE to be LCB (Lower Confidence Bonus), a

degenerated version of PVI in bandits, and choose UCB (Upper Confidence Bonus) as Alg® for a

concrete case study. We prove that Alg® can achieve constant pseudo-regret O (oA, s0(A—1) (Ai -

<
A4 = 0, while Alg® is near-optimal due to the regret guarantee of UCB. After that, Sec. extends
the success of PVI to tabular MDPs, and establishes results that apply to a wide range of online
algorithms Alg® with near-optimal regret. Although the benefits of pessimism have been widely
recognized in offline RL [Jin et al.,|2021]], to our knowledge, we are the first to study PVI in a gap-
dependent online setting. We also contribute several novel techniques for overcoming the difficulties
in achieving constant regret, and defer their summary to Sec.[4.2] Moreover, in Appx[H| we report
experiment results to demostrate the advantage of leveraging tiered structure as predicted by theory.

)) with A being the number of actions and A;’s being the gaps with Ay > ... > Ay 1 >

Closest Related Work Due to space limit, we only discuss the closest related work here and defer
the rest to Appx.[Al To our knowledge, there is no previous works on leveraging tiered structure in
MDPs. In the bandit setting, there is a line of related works studying decoupling exploration and
exploitation [Avner et al.| 2012, Rouyer and Seldin}, |2020], where [Rouyer and Seldin, [2020] studied
“best of both worlds” methods and reported a similar constant regret. First, in stochastic bandits, there
are many cases when our result is tighter than theirs, (see a detailed comparison in Sec.[d.1)), and
more importantly, our methods can naturally extend to RL (i.e., MDPs), whereas a similar extension
of their techniques can run into serious difficulties: they relied on importance sampling to provide
unbiased off-policy estimation for policy value, which incurs the infamous “curse of horizon”, a.k.a.,
a sample complexity exponential in the planning horizon H in long-horizon RL (see examples in
Sec. 2 in [Liu et al.| 2018]]). Our approach overcomes this difficulty by developing a pessimism-based
learning framework, which is fundamentally different from their approach and requires several novel
techniques in the analyses. Second, they did not provide any guarantee for the regret of exploration
algorithm, whereas in our results the regret of Alg0 can be near-optimal, which we believe is also
important as the experience of users in G° also matters in many of our motivating applications. Third,
their bandit results require a unique best arm, whereas we allow the optimal arms/policies to be
non-unique, which can cause non-trivial difficulties in the analyses as we will discuss in Sec.[4.2.3]

2 Preliminary and Problem formulation

Stochastic Multi-Armed Bandits (MABs) The MAB model consists of a set of arms A =
{1,2,..., A}. When sampling an arm ¢ € A, the agent observes a random variable r; € [0, 1].
We use 11; = E[r;] to denote the mean value for arm ¢ for each i € A. We allow the optimal arms to
be non-unique. For simplicity of notation, we assume the arms are ordered such that p11 < ps... < pa.

Finite-Horizon Tabular Markov Decision Processes (MDPs) For the reinforcement learning (RL)
setting, we consider the episodic tabular MDPs denoted by M (S, A, H, P, ), where S is the finite



state space, A is the finite action space, H is the horizon length, and P = {P,}}__, and r = {r, }/_,
are the time-dependent transition and reward functions, respectively. We assume all steps share the
state and action space (i.e. S; = S3... = Sy = S, A; = As... = Ay = A) while the transition and
reward functions can be different. At the beginning of each episode, the environment will start from a
fixed initial state s; (w.l.0.g.). Then, for each time step h € [H], the agent selects an action aj, € A
based on the current state sy, receives the reward r, (s, ap, ), and observes the system transition to
the next state sj,4+1, until sg4; is reached. W.l.o.g., we assume the reward function r is deterministic
and our results can be easily extended to handle stochastic rewards.

A time-dependent policy is specified as m = {my, 72, ..., 7 } with 7, : § — A(A) for all h € [H].
Here A(A) denotes the probability simplex over the action space. With a slight abuse of notation,
when 7, is a deterministic policy, we use 7, : S — A to refer to a deterministic mapping. V7 (s) and
Q7 (s, a) denote the value function and Q-function at step & € [H], which are defined as: V;"(s) =
E[Zg:h rh(Spr,ap)|sy = 8,7, QF(s,a) = ]E[Zg:h Th (Shryans)|sp = s,an, = a, 7).

We use V;*(+) := max, V7 (-) and @} (-, -) = max, Q7 (-, -) to refer to the optimal state/action-value
functions, and IT*(sp,) := {an|Q*(sh, arn) = V;*(sp)} to denote the collection of all optimal actions
at state s,. With an abuse of notation, we define IT* := {7 : V{"(s1) = V;*(s1)}, i.e., the set
of policies that maximize the total expected return. In this paper, when we say that the MDP has
“unique optimal (deterministic) policy”, it is up to the occupancy measure, that is, all policies in II*
share the same state-action occupancy d™(sp,ap) := Pr(S, = sp, Ap = ap|S1 = s1,7) for all
h € [H], sy, € Sh,an € Ap. In the following, we use |IT*| = 1 to refer to the case of unique optimal
(deterministic) policy, where the cardinality of IT* is counted up to the equivalence of occupancies.
Besides, for any function V' : S — R, we denote P,V (s, an) := By, . ~p, (|sn,an) [V (8041)]-

Gap-Dependent Setting We follow the standard formulation of gap-dependent setting in previous
bandits [Lattimore and Szepesvaril,[2020] and RL literature [[Simchowitz and Jamieson, 2019} Xu et al.}
2021} [Dann et al., 2021]. In bandits, the gap w.r.t. arm i is defined as A; := max;e[a) pj — i, Vi €
[A], and we assume that there exists a strictly positive value A, such that, either A; = 0 or
A; > Apin. For tabular RL setting, we define Ay, (sp, ap) := V*(sp) — Q*(sp,an), Vh € [H], sy €
Sp,ap € Ap. We use the same notation A, to refer to the minimal gap in tabular setting and
assume that either Ay, (sp,arn) = 0 or Ay (sp,ap) > Amin-

Performance Measure We use Pseudo-Regret defined below to measure the performance of Alg®
and AlgE. In the following, we will also use “exploitation regret” to refer to Regret K (AlgE).

Definition 2.1 (Pseudo-Regret). We define the regret of Alg® and Alg" to be:
Regret ,c (Alg®) Z Vi (s1) (51) ;. Regret, (AlgF) Z Vi (s1) (31) ,

where 7r,? and 7r£ are generated according to the procedure in Framework and the expectation is
taken over the randomness in data generation and algorithms.

3 Lower Bound of Regret(Alg®) without Gap Assumption

In this section, we show that, in normal tabular RL setting, for arbitrary algorithm pair (Algo, Algh),
even if we do not constrain Alg® to be near-optimal, the regret of Alg® has the same minimax lower
bound as algorithms in online setting. We defer the formal statement and proof to Appendix [C.1]

Theorem 3.1. [Lower Bound for Algt without Gap Assumptlon ] There exist positive constants
¢, €0, G0, such that, for arbitrary S > 4,A > 2, H > 2, K > < H3SA and arbitrary algorithm pair

(Alg®, AlgF), there must exist a hard tabular MDP Mj, .4, E(A,go’A,gE%Mhmd Zk:l — Vﬂ'kj| >
S0V cH3SAK , where the expectation is taken over the randomness of algorithms and MDP,

The theorem above is stating that, comparing with the regret lower bound for online algorithms
O(VH3SAK) in Theorem 9 of [Domingues et al. [2021], the exploitation algorithm cannot reduce

the dependence on any of parameters H, .S, A, K in hard MDPs, even if we allow AlgO to sacrifice
its performance to gather the best possible data for Alg®. Also, the lower bound would still hold



even if we allow both Alg® and Alg® to additionally use the data 7 generated by 7F. This negative
result implies that without any further assumptions, the separation is not beneficial from a minimax
optimality perspective, and we can simply choose both Alg® and Alg® to be the same near-optimal
online algorithm as without worrying about separating them.

However, in the next section, we will show that, in tabular MDPs with strictly positive gaps, in
contrast with the Q(log K') lower bound for online algorithms, we can have Alg® such that its
regret is constant and independent on the number of time horizon K, which reveals the fundamental
differences between the pure online setting and the Tiered RL setting considered in this paper.

4 Pessimism in the Face of Uncertainty and Constant Regret

In this section, we consider the gap-dependent setting and contribute to identifying the possibility to
achieve constant regret by using pessimistic algorithms for Alg®. Intuitively, the main reason why PVI
can lead to a constant regret is that the quality of the policy returned by PVI is positively correlated
to the accumulation of optimal trajectories in the dataset D, which is directly connected with
Regret(Algo). As a result, on the one hand, the regret minimization objective of Alg® coincidentally
aligns with the optimality constraint of Alg®. On the other hand, thanks to the positive gap assumption,
7 will gradually converge to the optimal policy with high probability when AlgF is PVI, so there
will be no regret after that. In Sec. we start with stochastic MAB as a warm-up, and in Sec. [4.2]
we extend our success to tabular RL setting. We defer the proofs in this section to Appendix

4.1 Warm-Up: Gap-Dependent Regret Bound for Stochastic Multi-Armed Bandits

Algorithm 2: UCB-Exploration-LCB-Exploitation

1 Initilize: o > 1;  N;(1) < 0, 7i;(1) < 0, Vi € A, f(k) := 1+ 16A%(k + 1)?

wm s

~

2 fork=1,2,..., K do

Ty« arg max; fi; (k) + %('kf)(k), 7E « arg max; fi; (k) — 72“11\/‘1%{)(’“),

Interact with G* and G® by 7 and 7, and observe reward r(7}) and r(79), respectively.
fori=1,2,..., Ado

. ~ ~ (K I[xQ=i
| Nk 4 D) e Ni(R) + T = il Bk 1) e (k) s 4 r(n) A

end
end

Our main algorithm for bandit setting is shown in Alg [T} where we consider the UCB algorithm
[Lattimore and Szepesvari, 2020] as Alg® and choose the LCB as AlgF, which flips the sign of the
bonus term in UCB. We use N;(k) to denote the number of times that arm ¢ was pulled previous
to step k, and use [i; to record the empirical average of arm 4. Besides, we assume 1/N;(-) = 400
if N;(-) = 0, which implies that at the first |.4] steps the algorithm will pull each arm one by one.
Moreover, as we will show later, the choice of o > 1 is crucial to avoiding dependence on K in
Regret(Alg®) with our techniques. For Alg. I we have the following guarantee:

Theorem 4.1. [Exploitation Regret] In Algorithm[2} by choosing arbltrary « > 1, there exists an
absolute constant ¢, such that, for arbitrary K > 1, the pseduo-regret of AlgE is upper bounded by:

Regretc(Alg®) < O (ﬁ +a) a4 —i)(f — 5 )) where A := 00 s0 2; =0.
¢ i i—1

Our result implies that by choosing PVI as Alg®, we can achieve constant regret while keeping
AlgO near-optimal. Besides the advantages discussed in the related work paragraph in Sec.

our guarantee is also more favorable in certain cases compared to the O(\/ % \/ > A0 Ai)
result in Rouyer and Seldin|[2020]]: while it is not easy to verify whether our guarantee dominates
theirs, in many cases ours can be strictly better (or at least no worse) than theirs. For example,

consider the following two representatlve cases: Ay = Ay = ... AA_1 = Anin (uniform gap) and
Al =Ny =...= A4 90> As_1 = Anin (small last gap) our result achieves O( ) and

).

O(+1—-), respectively, in contrast to their O( “—) and O(

Amin Anmin




Proof Sketch: The proof consists of two novel technique lemmas with a carefully chosen failure rate
Sp ~ O(1/k®(®)) 5o that the accumulative failure probability Y peq 0 < +oo. The first one is Lem.
[.2] where we show that w.p. 1 — d;,, LCB will not prefer ¢ with A; > 0 as long as another better arm
has been visited enough times in the dataset. The second step is to identify a key property of UCB
algorithm as stated in Lem. where we provide a high probability upper bound that N; (k) < k/A
if k >0\ A?) for arbitrary A € [1,4A4], and it serves to indicate that the condition required by the
success of LCB is achievable as long as k is large enoughﬂ

Lemma 4.2. [Blessing of Pessimism] With the choice that f(k) = 1 + 16 A%(k + 1), for arbitrary
i with A; > 0, for the LCB algorithm in Alg 2} and arbitrary j satisfying A; < A;, we have:

Pr({i=afhn{ay < A {N(h) > SRef0) < o2

Lemma 4.3. [Property of UCB] With the choice that f(k) = 1+ 16A%(k + 1)2, there exists a
constant ¢, for arbitrary i with A; > 0 and arbitrary \ € [1,4A], in UCB algorithm, we have:

Pr(Ni(k) > §) < jmi=r, Yk 2 A+co ¥ log(l+ 240).

Directly combining the above two results, we can obtain an upper bound for Regret(Alg") of
order O(A/A,? ), which is already independent of K. To achieve better dependence on Ay,
in the regret, we conduct a finer analysis. For each arm ¢ with A; > 0, we separate all the arms
including 7 into two groups based on whether its gap exceeds A;/2: GI* = {j : A; > A;/2}
and G = {j : A; < A;/2}. As aresult of Lem.~ we know that 7rj; will not prefer arm  as
long as there exists j € G such that N;(k) = Q(4A;?) = Q(A;?). Based on Lem. we

know it is true with high probability, as long as k > ©(A - A;?), since at that time N;(k) < k/A
holds for arbitrary I € G\, which directly implies that max_; egu Nj(k) > (NZ(AZQ). Then,
combining Lem. [4.2] with high probability, the regret resulting from taken arm ¢ cannot be higher
than O(A - A7) A = o(A- A; 1), which results in a 6(ZA1>0 A/A;) regret bound. As for the
techniques leading to the further improvement in our final result, please refer to Lem. [D.Tand the
proof of Thm. 4.T]in Appx.

4.2 Constant Regret of Alg® in Tabular MDPs

In this section, we establish constant regret of Alg® based on realistic conditions for Alg® and AlgE.
We highlight the key steps of our analysis and our technical contributions here.

First of all, in Sec[4.2.1] we propose the concrete PVI algorithm, and inspired by the clipping trick
used for optimistic online algorithms [Simchowitz and Jamieson, |2019], we develop a high-probability
gap-dependent upper bound for the sub-optimality of 7=, which is related to the accumulation of the
optimal trajectories in dataset Dj. Secondly, in Sec. we first introduce a general condition
(Cond. for the chocie of Alg®, based on which we quantify the accumulation of optimal
trajectories in Dy, with the regret of Algo, and connect the exploration by AlgO and the optimality of
Alg®. We also supplement some details about how to relax such a condition and inherit the guarantees
by the doubling-trick in Appx. [G| which may be of independent interest. In Sec. [4.2.3] i.e. the last
part of analysis, we bring the above two steps together and complete the proof. However, there is
an additional challenge when the tabular MDP has multiple deterministic optimal policies, which is
possible when there are non-unique optimal actions at some states. We overcome this difficulty by
Thm. about policy coverage. To our knowledge, the only paper that runs into a similar challenge
is [Papini et al.| 2021, and they bypass the difficulty by assuming the uniqueness of optimal policy.
Finally, Section4.2.4| provide some interpretation and implications of our results.

4.2.1 Pessimistic Value Iteration as Alg™ and its Property

The full details of our algorithm for tiered RL setting is provided in Alg. 3] where we use PVI as
AlgE. Here we do not specify a concrete Bonus function, but provide general results for a range of

3Comparing with results in Thm. 8.1 of [Lattimore and Szepesvaril 2020], although our upper bounds
of N;(k) is linear w.r.t. k rather than log scale, we want to highlight that ours hold with high probability

o1 - k_@(“)) while [Lattimore and Szepesvari| [2020] only upper bounded the expectation.
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Algorithm 3: Tiered-RL Algorithm with Pessimistic Value Iteration as Alg™

Input: Episode number K; Confidence level {65}, ; Bonus function Bonus(-, -)
fork=1,2,.... K do

{bka(), bk 2(vs "), oy b, (,+) } < Bonus(Dy, dy). //Compute bonus function for PVI.
forh=H H—-1,..,1do
for s;, € Sp,,a, € Ay, do
Ni 1 (Sn,an) < the number of times sy, aj, occurs in the dataset Dy,.
Nin(Sh, @,y Sh+1) < the number of times (sy, ap, Sp+1) occurs in the dataset Dy,.
@ 0, ika,h(sh,ah) = 0;
kn(snsan) < 77\’;”1(8’“‘1’”) otherwise.
k,h(sluah) ’
end
Qr,n(s) maX{R( Y+ P Vi1 () = b (), 0}
Vk,h(') - maXaheA Q}C,h( ) h)7 ’n—ljzv}{( ) — arg ma’Xa Qk,h('; a)'
end
A e A, D
// Step 2: Use Alg satlsfymg Cond. to compute 77,? for G°
70« Alg®(Dy).
/I Step 3: Sample trajectories and collect new data
Interact with G* and G° by 7 and 7, and observe 75 and 70, respectively.
Dy4q1 < Dy U {7']?}
end

qualified bonus functions satisfying Cond. ff.4]below. Cond. .4 can be satisfied by many bonus term
considered in online literatures, and we briefly dicuss some examples in Appx.

Condition 4.4 (Condition on Bonus Term for Alg™). We define the following event at iteration
k € [K] during the running of Alg. H Eponus k = mhe[H] $n ESnanEAn {{|Pk,th,h+1(Sh, ap) —

Ph‘/}k h+1(5h; ah)| < bk h(Sh, ah)} n {bk h(Sh, ah) < B JiigiB;h/ikh) }} where Bl and BQ are
parameters depending on S, A, H and A but mdependent of O, k:E] We assume that, Bonus function
satisfies that, in Alg. 3| given arbllrary sequence {0y Y1, with 81,02, ..., 6k € (0,1/2), at arbitrary

iteration k € [K|, we have Pr(Eponus i;) > 1 — 0y

Next, we provide an upper bound for the sub-optimality gap of 7f"! with the clipping operator

Clip[z|e] :== x - I[z > ¢]. Previous upper bounds of PVI [e.g., Theorem 4.4 of Jin et al., 2021]] do not
leverage the strictly positive gap and can be much looser when Ny, j, is large, and directly applying

those results to our analysis would result in a regret scaling with v K.

Theorem 4.5. By running Algorithm[B|with confidence level 5y, a function Bonus satisfying Condition
and a dataset D = {11, ...7,} consisting of k complete trajectories generated by executing a
sequence of policies 1, ..., Tk, on the event Egynys defined in Condition '

ECﬁpH . (D

Vi(s1) — V™ (s1) < 2E EH:CZ' in d 1.2, , | 108(B2/0%)

s1) — 51) < 2E ip | min ,

1 (81 1 1 2 1 N (5n, an)

where ™ can be an arbitrary optimal policy, €cjp = 21;;”‘2 if II*| = 1 and ecyyp = dm;g# if

[IT*[ > 1, where dyin := Milycrr+ he[H],s, €S anedn " (Sh, an) subject to d™ (sp, ap) > 0.

4.2.2 Choice and Analysis of Algo

Next, we introduce our general condition for Algo that the Algo can achieve O(log k)-regret with
high probability. It is worth noting that many existing near-optimal online RL algorithms for gap-
dependent settings may not directly satisfy the condition [[Simchowitz and Jamieson, 2019, Xu et al.,

*Note that we do not require the knowledge of A;’s to compute by, ..



2021, |Dann et al.,|2021] since they use a fixed confidence interval §. In Appx. |G| we will introduce a
more realistic abstraction of those algorithms in Cond. [G.1] and discuss in more details about how to
close this gap with an algorithm framework inspired by the doubling trick.

Condition 4.6 (Condition on Algo). Alg? is an algorithm which returns deterministic policies at each
9

iteration, and for arbitrary k > 2, we have: Pr ( Z%Zl Vit (s1) —Vlw"' (s1) > Ci4+aCslogk) < &,

where Cy, Cy are parameters only depending on S, A, H and gap A and independent of k.

Implication of Condition for Alg® Intuitively, low regret implies high accumulation of optimal
trajectories in the dataset collected by Alg®. We formalize this intuition in Thm. by establishing

the relationship between the regret of Alg®, ™ and Z%:l s (sh, ap) (the expectation of Ny ).

Theorem 4.7. For an arbitrary sequence of deterministic policies 71, o, ..., T, there must exist a
sequence of deterministic optimal policies 75,75, ..., ), such that Yh € [H], s, € Sp,an € Ap:

k k k
S snan) = S0 d% (s an) — (D0 VEsa) — V(o).
T—1 o1 min i

4.2.3 Main Results and Analysis

The main analysis is based on our discussion about the properties of AlgE and AlgO in previous
sub-sections. In the following, we first discuss the proof sketch for the case when |II*| = 1. The
main idea is to show that the unique 7* will be “well-covered” by dataset, where we say a policy 7*
is “well-covered” if for each (sp,ap) € Sy x Aj, with d”*(sh,ah) > 0, Ni.n(sn,ap) can strictly
increase so that the RHS of Eq.(T) in Thm. 4.5|will gradually decay to zero (e.g. Nk p(sn,an) >
O(k)). To show this, the key observation is that, with high probability, Ny (s, as) will not
deviate too much from its expectation ) 3 d" (s, az,) (Lem. , and can be lower bounded by
Z%zl d™ (s, an) — O(log k) = kd™ (sn,an) — O(log k) as a result of Thm. [4.7] As a result, the
clipping operator in Eq.(T) will take effects as long as k is large enough, and ;"' will converge

to the optimal policy with no regret. All that remains is to show the regret under failure events

is also at the constant level because we choose a gradually decreasing failure rate O(ki) and

lim g 00 Zszl O(;%) < oo aslong as o > 1.

However, when |II*| > 1, the analysis becomes more challenging. The main difficulty is that, when
the optimal policy is not unique, it is not obvious about the existence of “well-covered” 7*, since it
is not guarantee that how much similarity is shared by the sequence of policies 77, ...7,, especially
when |IT*| is exponentially large (e.g. |II*| = Q((SA))). We overcome this difficulty by proving
the existence of “well-covered” policy in the theorem stated below:

Theorem 4.8. [The existance of well-covered optimal policy] Given an arbitrary tabular MDP, and
an arbitrary sequence of deterministic optimal policies 7y, 5, ...m;, (7} may not equal to ; for
arbitrary 1 < 1 < j < k when there are multiple deterministic optimal policies), there exists a
(possibly stochastic) policy 77, ., such that Vh € [H],Y(sp, ap) € Sp x Ap, with d™er(sp,, ap) > 0:

zk:dﬁi(smah) > k - der (s, ap), with doe (-, ) := max {dimin(.? ) o (- ')} .
2 (1Zn.aw| + 1)H

=1
where Z} 4, = {(sn,an) € Sp x Ap|In*, 7 € 1", s.t. d™ (sp) > 0, d* (sp) = 0}, and
djy min(8hy @p) 1= Ming- ey« d™ (sn,an) subject to d™ (sp,,ap) > 0.

Here we provide some explanation to the above result. According to the definition, Zj . is the
set including the state-action pairs which can be covered by some deterministic policies but is not
reachable by some other deterministic policies, and therefore | Z; ;.. | < SA (oreven |Z .. | < SA).

Besides, dj ... (sn,an) denotes the minimal occupancy over all possible deterministic optimal

policies which can hit sp, ap,, and therefore, is no less than dy;,, defined in Thm. As aresult, we
know there exists a “well-covered” 7}, ,.., since the accumulative density of its arbitrary reachable
states can be lower bounded by O(k). Then, following a similar discussion as the case |II*| = 1, we

can finish the proof. We summarize our main result below.



Theorem 4.9. By running an Algorithm satisfying Conditionas Alg®, running Algas AlgE with
a bonus term function Bonus satisfying Conditianand 0 = 1/k®, for some constant o > 1, for

arbitrary K > 1, the exploitation regret of Alg® can be upper bounded by:
(i) When |I1*| = 1 (unique optimal deterministic policy):

1
Amin °8 d~ (Shv ah)Amin Amin °8 d~ (Sha ah)Amin

H
Regret ,c (Alg®) SO(; Z (Cl + G SAH(Cy + Cs) 4 B H 1 B H ))

. Shy,Qhp:
d™ (sp,an)>0

(ii) When |II*| > 1 (non-unique optimal deterministic policies):

Z (Cl + Cs o SAH(Cy + Cy) " B1SAH By SAH ))

g = og
Snaan: Amin dﬂ—jmw (Sh , Ap ) Amin dminAmin dminAmin
d™eover (s1,,05,) >0

H
Regret, (Alg") < O ( Z
h=1

*
where T eover

and d™eer (s, ap,) are introduced in Theorem

4.2.4 Interpretation of Results in Tabular RL

Recall our objective in Sec.[I]is to establish the benefits of leveraging the tiered structure by showing
Regret (AlgE ) is constant. This contrasts the lower bound of online algorithms that continuously
increases with the episode number K, which corresponds to the regret suffered by users in G* without

leveraging the tiered structure, while Regret - (Algo) keeps (near-)optimal as before. In Appx.|H| we
also provide some simulation results as a verification of our theoretical discovery.

One limitation of our results is that our bounds have additional dependence on dr (oreven 1/ d”*)
compared to most of the regret bounds in the online setting, although similar dependence on log d™
also appeared in a few recent works [e.g., )\Z in Thms. 8 and 9 of |Papini et al., 2021]]. Besides,
according to the lower and upper bound of online RL in gap-dependent settings [Simchowitz and
Jamieson, [2019], C; + C5 in Cond. have dependence on O(A;iln), which implies that in the
regret bound in Thm. the dependence on A,,;, would be O(A 2 ). For the former, in Appx.
we prove a lower bound, showing that log d% is unavoidable when Alg® is allowed to behave
adversarially without violating Cond. 4.6} for the latter, we note that in the analysis of MAB setting
(Sec, specifying the detailed behavior of AlgO can help tighten the bound. Therefore, we
conjecture that our results can be improved by putting more constraints on the behavior of Alg®,
which we leave to future work.

5 Conclusion

In this paper, we identify the tiered structure in many real-world applications and study the potential
advantages of leveraging it by interacting with users from different groups with different strategies.
Under the gap-dependent setting, we provide theoretical evidence of benefits by deriving constant
regret for the exploitation policy while maintaining the optimality of the online learning policy.

As for the future work, we propose several potentially interesting directions. (i) As we mentioned
in Section it is worth investigating the possibility of improving the regret bound of Alg® by
considering a more concrete choice of Alg®, or maybe other choices for AlgE. (ii) It would be
interesting to relax our constraint on the optimality of Alg® by introducing the notion of budget C' as
the tolerance on the sub-optimality of Alg®. As a result, our setting and the decoupling exploration
and exploitation setting can be regarded as special cases of a more general framework when C' = 0
and C' = oo. (iii) We assume that the users from different groups share the same transition and reward
function, and it would also be interesting to extend our results to more general settings, where the
group ID serves as context and will affect the dynamics [Abbasi- Yadkori and Neu, 2014, [Modi et al.|
2018]. (iv) We only consider the setting with two tiers, and it may be worth studying the possibility
and potential benefits under the setting with multiple tiers.
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A Detailed Related Work

Online RL. The online RL/MAB is the most basic framework studying the trade-off between
exploration and exploitation [Auer et al., 2002 [Slivkins, 2019, [Lattimore and Szepesvari, [2020],
where the agent targets at exploring the MDP to identify good actions as fast as possible to minimize
the accumulative regrets. In tabular MDPs [Jaksch et al., 2010, Dann et al., 2017, Jin et al.,[2018]],
the regret lower bounds for non-stationary MDPs [Domingues et al.,|2021]] have been achieved by
Azar et al.|[2017]], Zanette and Brunskill [2019]. Recently, there has been interests in studying the
gap-dependent regret [Simchowitz and Jamieson, 2019, | Xu et al.l 2021}, |Dann et al., 2021}, Yang et al.|
2021}, [He et al, |2021]], where the agent can achieve log dependence on the number of episodes K
under additional dependence on (the inverse of) the minimal gap ﬁ Simchowitz and Jamieson
[2019] reports that, similar to stochastic MABs [Lattimore and Szepesvari, 2020, the regret in
the gap-dependent setting must scale as {)(log K'), which implies that the log K upper bound is
asymptotically tight. However, all of these works treat the customers equivalently and ignore the
opportunities of leveraging the tiered structure. Recently, [Papini et al., [2021]] achieved similar
constant regret in online setting with linear function approximation. Comparing with ours, they
investigated the benefits of good features, while we focus on the benefits of considering a different
learning protocol. Besides, although their results were established on a more general linear setting,
their assumptions on the feature and the uniqueness of optimal policy are quite restrictive in tabular
setting.

Offline RL.  Offline RL considers how to learn a good policy with a fixed dataset [Levine et al.,
2020]). Without the requirement of exploration, offline RL prefers algorithms with strong guarantees
for exploitation and safety, and Pessimism in the Face of Uncertainty (PFU) becomes a major principle
for achieving this both theoretically and empirically [[Yin and Wang, 2021, |Uehara and Sun, 2022, |Liu
et al.| 2020, Xie et al., 2021, [Buckman et al.| 2020, [Kumar et al., 2020} |[Fujimoto and Gu, [2021} |Yu
et al., 2020]. Similar to the offline setting, we choose Alg" to be a pessimistic algorithm. However,
we still consider to interact the environment with AlgE, although we ignore the data collected by
AlgF for now and leave the investigation of its value to future work. As another difference, offline
RL assumes the dataset is fixed and only the final performance matters, whereas we evaluate the
accumulative regret of AlgF.

B More Discussion about Framework. I and Motivating Examples

In this section, we try to justify that our Frw. [1|is an appropriate abstraction for our motivating
examples and user-interaction real-world applications.

In the standard online learning protocol, at iteration k, the algorithm Alg compute a policy 7 based
on previous exploration data, the environment samples a user u, from G° and G® according to the
probability where P(u;, € G°) and P(u;, € GF), respectively (note that P(uy € G°) 4+ P(uy, €
GE) = 1). After that, m;, will interact with u; and obtain a new trajectory for the future learning,
while wuy, suffers loss V" — V™%, and the expected accumulative loss suffered by users from two
groups till step K is

K

Regret (Alg) :=E[Y  V;*(s1) — V™ (s1)]
k=1
Now, we consider a realistic assumption about the probability of u; from different groups:
Assumption 1 (Assumption on the Ratio between Users from Different Groups). We assume that:
P(uy € G*
(ukio) =C, Vk>1
P(ur € GY)

for some constant C.

Based on the assumption above, if we do not leverage the tiered structure, and treat the users from
different groups equivalently, then the loss suffered by each group will be proportional to the size of
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that group. Therefore, even if we assume Alg is near-optimal, the expected loss for each group will
scale with log K, i.e.:

K
Loss (G°) :=E[> Tux € GOJ(Vy*(s1) — V™ (s1))]

k=1
1 us " _ o Jog K

:mE[;Vl (s1) = V™ (s1)] = O(7 ) )
K

Loss (G®) :=E[) _I[uy, € G*J(Vy*(s1) — V™ (s1))]
k=1
K
B Vi 1) = VT (s1)) = O(TE ) ®

k=1
Besides, we can also leverage the tiered structure, and consider an alternative protocol below:

Algorithm 4: Online Interaction Protocol after Leveraging Tiered Structure

1 Initialize: D, < {}, k=1, 79+« Alg®(Dy), =f « Alg®(Dy)
2 fork=1,2,...do

3 User uy comes.

4 if uy € G° then

5 Use 71'2 to interact with u, and collect data 7',?.

6 Dis1 = Dy U{r0}, 7y, « Alg®(Dy), miy,  Alg®(Dy)

7 end

8 else

9 7k interacts with uy, and collect data 7f. / We do not use 7 for now.
10 Dy+1 = Dy U{7E}, wgﬂ — 70, WE_H + 7k

1 end
12 end

In another word, in this new protocol, we use two policies at different exploitation level to interact
with users from different groups, and only update policies if user comes from group G°. Note that in

expectation, {uy, € GO} will happen for H_LC times, and therefore we have:

K
Lossc(G%) :=E[Y_ Tfux € GO)(Vy (s1) = V7 (1)
k=1
wRegretK/(Hc)(Algo)
K

Loss) (G*) :=E[Y_ I[ux € G¥J(Vy*(s1) — V™ (1))
k=1

~CRegrety /140y (Alg®)
where Regret (Alg®) and Regret, (Alg") are originally defined in Def. and they are exactly
the metric we used to measure the performance of Alg® and Alg® under our Frw.

Based on our results in Sec. f.T|and[4.2] we know that under our framework, it is possible to achieve
that:

Loss (G?) =Regrety(; ;o (Alg®) = O(log

K
4
1+C ) @
Loss’ (G®) =CRegret;;/(14c) (Alg®) = C - constant (5)

where constant means independence of K but may include dependence on other parameters such as
S, A, H, A. Comparing with Eq.(@), (3), (@), and (©), we can see that users from GO will suffer less
regret than before because we “transfer” some the regret from G to G°, and the additional regret
suffered by GO can be compensated in other forms as we discussed in Sec.
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Remark Besides, our methods and results can be applied to those scenarios suggested by the

decoupling setting [Avner et al.| 2012} Rouyer and Seldin, 2020], where Alg® does not necessarily
interact with the environment, and we omit the discussion here.

C Lower Bounds

C.1 Regret Lower Bounds for Tabular MDP without Strictly Positive Gap Assumption

We first recall a Theorem from [[Dann et al., [2017]:
Theorem C.1 (Theorem C.1 in [Dann et al.,[2017])). There exist positive constant ¢, g > 0, 9 > 0,

such that for every € € (0,e¢), S > 4, A > 2 and for every algorithm Alg and n < CA?%HS there is a
fixed-horizon episodic MDP My, o.q with time-dependent transition probabilities and S states and A
actions so that returning an e-optimal policy after n episodes is at most 1 — .

Theorem 3.1. [Lower Bound for AlgE without Gap Assumption] There exist positive constants
¢, €q, 00, such that, for arbitrary S > 4, A > 2, H > 2, K > E%H?’SA, and arbitrary algorithm pair
0

(Alg®, Alg®), there must exist a hard tabular MDP M4, E (4140 AlgE), Mpara Zszl V* — V“i} >
S0V cHB3SAK , where the expectation is taken over the randomness of algorithms and MDP.

Proof. Suppose we have a pair algorithm (Algo, Alg"), we can construct a PAC algorithm with Alg®
and Alg®, in the following way:

* Input: K.

e Fork=1,2,..., K, run AlgO to collect data and run Alg® to generate a sequence of policies

E E
Ty, ey Mg

* Uniformly randomly select an index from {1,2, ..., K'}, and denote it as Kpac

. E
Output 7y, .

In the following, we denote such an algorithm as Algp,. Then, for an arbitrary MDP M, we must
have:

K
* g 1 * Tk
Ealgye,m [V — V7 iec] = ?E(Algo,AlgE),M[Z Ve =V
k=1

As a result of Markov inequality and that V* — V'™ > 0 for arbitrary m, for arbitrary € > 0, we have:

E V* — V™ Kpeac
PI‘(V* — V™ Epac > 5) < AlgpAchW[ - ] (6)

Since the above holds for arbitrary € € (0,¢¢), by choosing ¢ = € := /cH3SA/K, since K >
E%HBSA, we have £ < g¢ and
0

EAlgPACJw [V* - VTFKPAC]

CH3SA/K
Because K < cH3SA/22, Thm. implies that, for Algp,c, for arbitrary S > 4, A > 2, H > 1,
there must exists a hard MDP My}, -4, such that:

EA]gPAC»M [V* — V7™ &ec]

> do
VCH3SA/K

Pr(V* —V™wme > ¢) < (N

and it is equivalent to:

=

]E(AlgO,AlgE),M[E V* = V™) = K - Ealg,.,m[V" = V™ec] > 5oV ecH3SAK (8)
k=1
which finishes the proof.
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Remark C.2 (Regret lower bound when 7 is used in Framework|[1). Our techniques can be extended
to the case when T are used by Alg® and AlgE, and establish the same O(VH3SAK) lower bound.

Because the only difference would be in this new setting, at iteration k, Alg® and AlgE will use 2k
trajectories to compute 7r,? and 7T1]§, which only double the sample size comparing with k trajectories

in Framework Therefore, with the same techniques (and choosing & = \/cH3SA/(2K)), one can
obtain a lower bound which differs from Eq.(®) by constant.

C.2 Lower Bound for the Dependence on log d,,;, when [IT*| = 1

In this section, because we will conduct discussion on multiple different MDPs, and in order to
distinguish them, we will introduce a subscript of M to highlight which MDP we are discussing.
Therefore, we revise some key notations and re-introduce them here.

Notation Given arbitrary tabular MDP M = {S, A,P,r, H}. We use II}, to denote the set of
deterministic optimal policies of M. For each deterministic optimal policy 73, € II;,;, we define

d"* to be the minimal non-zero occupancy of the reachable state action by 73, i.e.
T . * *
d.M = min d™(sp,ap), st d"™M(sp,ap) >0 9
h;sh,an
Then, we define:
d e 3 dﬂX{ * o H d/’“'z*w 10
M, min -— *mll’l* min’ ﬂ-M,dmin = arg *H’lln* min’ ( )
7 €11 s €1

Different from regret analysis in online setting [Simchowitz and Jamieson, 2019, Xu et al.| 2021}
Dann et al.| |2021]], our regret bound in Thm. has additional dependence on log d”™ , even if the
optimal policy is unique. In Thm. we show that the dependence of log d™ is unavoidable if we
do not have other assumptions about the behavior of Alg® besides Cond. In another word, even
if constrained by satisfies Cond. Alg® can be arbitrarily adversarial so that log d™ exists in the
lower bound. We defer the proof to Appx. [C.2]

Theorem C.3. For arbitrary S, A, H > 3, arbitrary Ani, > 0 and dyin > 0, if there exists an
MDP M = {S, A,P,r,H} such that |S| = S, |A| = A dpsmin = dmin and the minimal gap is
lower bound by A iy, then there exists a hard MDP M+ = {S*, A, P r* H} with |ST| = S +1,
minimal gap lower bounded by 3210 /4 and dyr+ win = dasmin/4, and an adversarial choice of
Alg? satisfying Cond. such that when K is large enough, the expected Pseudo-Regret of Alg® is
lower bounded by:

lo Ch+ Oy )
8 dM*,minAmin

M=

Eugo mrargel Y V' — Vﬂi} > O((C1 + Cs)

k=1

Proof. The proof is divided into three steps.

Step 1: Construction of the Hard MDP Instance Now, we construct a hard MDP instance
M+ = {ST, AT, P* rT H} based on M by expanding the state space with an absorbing state
Sabsory for layer h > 2 (we use h in sy, gpsorp to distinguish the absorbing state at different time step),
and define the transition and reward function by:

dM,min
4 )

d min
Pt (ss|s1,a1) = (1 — le )P(s2]s1,a1)

Vai € A1, 82 € So, PY (82, apsors|s1,a1) =

d .
rt(sy,a1) = (1 — 222000050 ay)
Vh > 2,s, € Sp,an € Ap, PY([sn,an) =P(|sn,an), r7(sn,an) =r(sn,an)
Vh > 27ah S Aha P+(3h+1,absorb|3h,absorba ah) =1
VHZ>h2>2a € A, 1(Shabsorss @h) = Aminl[an = ay]
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Briefly speaking, at the initial state, by taking arbitrary action, with probability das min/2, it will
transit to absorbing state at layer 2, and the agent can not escape from the absorbing state till the end
of the episodes. Besides, at the absorbing states, for each layer 2 < h < H, there always exists an
optimal action aj, with reward Ap,;, and taking any the other actions will lead to 0 reward. Moreover,
M agrees with M for all the transition and rewards when h > 2.

Easy to see that:
% * dM.min
Vi (81) = Qs (s1,01) = (1 — 1
Therefore, if Vi, (s1) — Q3 (s1,a1) > 0, we still have:

3 N 3
V]*\J+ (s1) — Q*M+(sl)a1) > Z(Vﬂ(sl) - Qu(s1,a1)) > ZAmin

Combining with the transition and reward functions in absorbing states, we can conclude that the gap
of M is still O(Apin).

)(Var(s1) — @nr(s1,a1))

Step 2: Construction of Adversarial Algo Let’s use I}, to denote the set of deterministic
optimal policies at MDP M. It’s easy to see that, for arbitrary T+ € 113, , there must exists an
optimal policy 7y, € II}, agrees with 7}, at all non-absorbing states (and vice versa), i.e.

i+ (8n) =y (sn), Vh € [H], sn € Sh
Then, for arbitrary 7y, € II},,, we have:

dM7min
4

dM,min
4

dﬂ—zﬁr (sh,absorb) = < (1 - )dM,min < dﬂLJr (Sh’)7 Vh' € [HL Shr € Sh’

which implies that

dM,min

dM*,min - 4

and sy, qbsorp are the hardest state to reach for all deterministic optimal policies. In the following, we
randomly choose an optimal deterministic policy 7}, from IT}, . , and randomly select one action
ay from Ay with ag # aj; and fix them in the following discussion.

Based on the definition above, we define a deterministic policy in M ™, which agree with 7}, for all
states except sy

Yh € [H], T+ (Sh,) — {TMJr(Sh)’ 1 Sh f SH,absorb; .
aH, if Sh = SH,absorb,

Now, we are ready to design the adversarial choice of Alg® satisfying the condition We consider
the following algorithm:

i < ko
Algo(k) _ {Wivﬁ, 1fk > kbup7 :
T+, i k> ksup,
where kg, is defined to be:
Ci1 + Oy C1+ Cy
log

dM+,minAmin d]\/1+7minAmin

ksup := sup : {k <

kEN+ Arr+ minAmi (C1+ Cylogk)} =~ O(
€ ,1N1n min

)

We can easily verify that Cond. .6 will not be violated, since
K (0]
VE>1, Y VI-VT
k=1

SdM+,min . (V*(32,absorb) - Vﬂg(SQ,absm‘b)) . min{k7 ksup}

N o 1
SdM+,min : (V (SH,absorb) — Ve (SH,absorb))

. m(C’l —|— 02 log min{k‘, I{isup})

=drr+ min * Amin - (C1 4+ Cylogk)

dMJr,minAmin
<Ci + Cslogk
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Step 3: Lower Bound of AlgE under the Choice of Adversarial Algo Now, we can derive an
lower bound for Alg®. Since in the first ksup steps, Alg® can only observe what happens if action a
is taken at sy qps0rb, and therefore, it has no idea about which action among Ay \ ag is the optimal
action a};. We use M™ to denote a set of MDPs by permuting the position of a}; in M. Since
|Am| = A, we have [ MT|=A—1and M+ € M™.

Then, we uniformly sample an MDP from M and run the adversarial Alg® above to generate the
data for AlgE to learn. We use M;” withi =1,2..., A — 1 to refer to the MDPs in M ™ and use index
1 to refer to the position of the optimal action at s 4ps0r» in €ach MDP. For the simplicity of the
notation, we use A as the index to refer to the position of ay.

Because Alg® do not have prior knowledge about which MDP in M is sampled, we have:

K
E
B * T
EM+,A1g0,A1gE[§ V= V7]
k=1
ksup

E

_ * U

>E e a0 e[ ) V= V7]

k=1
Ksup
* ke
E, IEM+ ,Alg® AlgE E:V Vk
7,€A 1]

dM’minAmin Roup )
zﬁ Z Z Z PrAlgO,Mi (WE(SH,absorb) = ])
k=1i€[A-1] je[A],j#i
(Drop the probability that 7f is sub-optimal at non-absorbing states)

<up

dM minAmin .
:ﬁ Z ( Z PrAlgO,]Wi (WE(SH,absorb) - ])
k=1 je[A],j#A-1

+ Z Z PrAlgo,Mi(ﬂll;:(sH,absorb):j))

i€[A—2] je| Al j#i

ksup

_ dM,min Amin Z

11 Z PrAlgO,JvL: (WE(SH,absorb) = Z)

k=1 i€[A-2]

+ Z Z PrAlgo,A{i(ﬂ—E(sH@bSOTb):j))

iclA 2 je[Alj#i
(Alg® can not distinguish between M;")

ksup
d minAmin X ]
:% Z ( Z Z PrAlgO,Mi (WE(SH,III)SOTIJ) = ])
]

k=1 i€[A-2]j€[A

A—
_A — 1dM mmAminksup
B C1 + Co _ C1+Ch
=o((@r+Oog g ) = OGO+ Otos g i)
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D Analysis for Bandit Setting

D.1 The Optimality of Alg® in Alg

From Theorem 8.1 of [Lattimore and Szepesvari, 2020], we can show the following guarantee for the
UCB algorithm in Alg[2| with revised bonus function:

K
E[Z 1 — uﬂ Z A, + 8alogf ) + 8y/malog f(K) + 28)
k=1

:A; >0
:O(,Z AgilogAK)
:; >0

where we assume K > A. Since « is just at the constant level, the above regret still matches the
lower bound.

D.2 Analysis for LCB

Outline In this section, we establish regret bound for Alg. 2] We first provide the proof of two key
Lemma: Lem. f.2]and Lem. [4.3] After that, in Lem. [4.3] we try to combine the above two results
and prove that for those arm ¢ with A; > 0, when k is large enough, we are almost sure (with high
probability) that LCB will not take arm ¢. Finally, we conclude this section with the proof of Thm.

Definition of c; Under the choice f(k) = 1+ 16A%(k + 1)2, we use ¢, to denote the minimal
positive constant independent with «, A and arbitrary A; with A; > 0, such that

aA

A

VA; >0,VA e [1,44], aslongas k >cy AZ\ log(1 +

we have & >

AQ *log £ (k) an

Lemma 4.2. [Blessing of Pessimism] With the choice that f(k) = 1 + 16A? (k; 1)2, for arbitrary
i with A; > 0, for the LCB algorithm in Alg E] and arbitrary j satisfying A; < A;, we have:

Pr({i=mf}n{ay < A {Nh) > 358l ) < o2

Proof.

Salog 1)
( )2 })

<P \/Wz 2“};’g(f)(k)}mm <ayn b= x 2 0
= Pr(() — | 5 ) - s+ (4, - 20 - [T,

N4, < AN {N; (k) > leogi( Salog sy

< Pr(tfi(k) = = W> \/W}Q{A < A} N{N;(k) > ?alogf()l})
< Pr({fis(k) — pi — \/m> \/W
<Pr({z \/W>o} +Pr({0 > 7i; (k) — le\;)fé(lic)(’“)})
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<2/f(k)* < 2/k%
where the last but two step is because of the Azuma-Hoeffding’s inequality. O
Lemma 4.3. [Property of UCB] With the choice that f(k) = 1+ 16A%(k + 1)2, there exists a

constant ¢, for arbitrary i with A; > 0 and arbltmry )\ € [1,4A], in UCB algorithm, we have:
Pr(Ni(k) > §) < mé=r, Vb= A+c f3log(l+ g4).

min

Proof. We choose ¢ defined in Eq.(TT) to be the constant ¢ in this Lemma.

The key idea of the proof is that, because N;(k) < k for all k, if N;(k) > [k/A], there must exists an

iteration k between [k/A] — 1 and k, such that {N; (k) = [k/A] — 1} N {N;(k) = [k/\]} (ie. k is
the time step that UCB takes arm i for the [k/\]-th time). Therefore, for arbitrary fixed X € [1, A2,

when k > XA+ ¢y - Z—é‘ log( Ao‘;\_)), we have:

Pr(N(k) > k/A) = Pr(N;(k) > [k/X])

e ~ ~ o~ 2alog f(%) .
= > Pr({Ni(k) = [k/X] = 1, N;(k + 1) = [k/X]} N {ig= (k) + | ——=— <
F=[k/A]—1 N (k)

(Union bound.)
k—1
= > Pr({Ni(k) = [k/X] = 1, Ni(k + 1) = [k/A]}

k=[k/\]—1

(Subtract p;~ at both sides)

k—1
< Y PrNi(k) = [R/A =11, Ni(k + 1) = [k/AT} 0 {7 (R \/m
k=[k/\]—1

+ Pr({N;(k) = [k/X] = 1), Ni(k) = [k/N] + 1)} 0 {0 < i (k) - \/W

12)
= ~ 201og f (k)
< Y e () — e+ | 22T gy
- N (k)
E=[k/A]—1
~ ~ 2a logf
+Pr({Ni(k) = [k/X] = 1), Ny(k + 1) = [k/A])} 0 {0 < fis(k
(Under our choice of k, and N; (k) = [k/A] — ,l‘j\g[{](j < Thet < g‘:
k—1
2a 2a
< Pr({fis- (B) — e + | 228 () ‘“’gf D op +Pe((0 < ) - — 22 ‘“’gf )y
=[k/A]-
k—1 9
g = (Azuma-Hoeffding Inequality)
i1 TR)°

% 2% L2
STR/A =1 (16A%K2/N2 D)o = k2a—1
where the step (12)) is because:

[2a logf ‘ 20 log f (k)
{,uz — Mix + - A+ N, ('kv) }

(A € [1,44)

~ 20 1og f (k)
)+ V mm D



N 2a10gf( ) ) 2a10gf(%)
{0 < (k) — pi — Ai + Nz( ) ——=— U { ( ) — pis + 4]\@* (%) <0}

O

Lemma D.1. Given an arm i, we separate all the arms into two parts depending on whether its
gap is larger than A; and define G'"" := {1|A, > A;/2} and G == {1|A, < A;/2}. With the
choice that f(k) = 1+ 16A2(k + 1)?, there is a constant c, such that for arbitrary i with A; > 0,
for the LCB algorithm in Alg[2] we have:
1 4GP aA
- FE 2a 2a—1 o 7
Pr(i = 7F) < 2/k% + 24/, Wk > k; = 8ac( > oo Tg) log(1 + 5—)

= Glower L min
(13)
where c is the constant considered in Lem. {.3|(i.e. cy defined in Eq.(T1)).

Proof. We want to remark that the constants in the definition of k; (i.e. 8 in “8ac” and 4 in
“’4|GPP""|”) can be replaced by others, but we choose them carefully in order to make sure some
steps in the proof of this Lemma and Thm. 4.T|can go through.

The main idea of the proof is to use Lem. [4.3] -to show that, for those arm ¢ with A; > 0, when k > k;,
N, (k) will be small for those ¢« € G As a result, there must exist an arm j € G, such that
N; (k) is large than the threshold considered in Lem. n 4.2|and therefore, with high probablhty, arm ¢
w111 not be preferred.

First, we try to apply Lem. to upper bound the quantity N; (k) for those arm j € G, For each
j € G, we define the following quantity, which measures the magnitude of 1/ A? with k:

k
Sac log( + A(Xﬂ:?ﬂ)

Vg =

We only consider k > k;, where we always have v; ; > 1 based on the definition of k;.

Next, we separately consider two cases depending on whether ;, ; > 2A or not.

Case 1: vy, ; > 2A: In this case, A; is relatively large (or say more sub-optimal) comparing with
iteration k. For arbitrary k > k;, we have

acA aA

aA
>
Amm) 2A+ AQ fo g(l * Amin

ad )59y 80

o
1
Am1n ( -

).

8ac
k=; - oz log(1 + Vi
Al A

which implies that k satisfying the condition of applying Lemma with A = 24, and we can
conclude that:

k 2
Pr(Vi(d) 2 57) < oy
Case 2: vy, ; < 2A: Note that
dac aA k
log(1 = .
A2 ( * Amln) 2’Yk‘,j
Since 2y ; locates in the interval [1,4A] and:
aA aA
k=, A2 og(1 + Amm) 2 2%k, + 2%k, - Az > log(1+ Amm>
which satisfies the condition of applying Lem. with A = 27 ;. Therefore, we have:
dac aA k 2
Pr(Ng(j) > — log(1 Pr(N, < — 14
(V) 2 g 081+ 5 ) = PrN) 2 ) < s (14)

Combining the above two cases, we can conclude that, for arbitrary j € G!L-O“’er,

k 4ac
(k) > —
Pr(N,(k) > 2A A2 log(1+

aA k 4ac o
< mi ,4 = > 2ac¢
Amln)) < min{Pr(N,(k) > A) Pr(N, (k) > A? log(1+
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which reflects that with high probability, 3 ; c g Nj(k) is small:

k: dac aA
(3 Nk zg+ 3 Frlesl+go-)
] c Glf)wer j c Gliower J
k dac aA
S - Z PI'(NJ(]C) Z W + P log(l + Amin))
JGG];JWCI' 3 J
(Pla+b<c+d)<Pla<c)+P(b<d)
k 4ac aA
< " lower|
2 PrNi(k) 2 o + gy Toa(l+ 5 ) (Gl < A)
JeGlm\er
2)Glver| 24
é k2a—1 S kQa—l

Since ;e qurer Nj(k) + - ;e gioer Nj (k) = k, and note that,

k dac aA k 4ac aA 16| G| aA
k(5 + Z <z log(1 + Amin)) =5- Z < log(1 + Amin) = ——— log(1+ E)
je Gl;)wer J je G];)wer J ?
we have:
16ac\G”pper| aA
r( > Ny < o leg(1+ Amm))
]eGuppsr K3
k aA
j EGI‘LOWEI" J eGlOWCl‘ min
2A
— k2oc71

Therefore, w.p, 1 — kaA_l, there exists j € G;™, such that

Nih) > o 3 Ny(h) = 0% 1og(1 4 24,

|G| L A? Ammin
Recall our choice of ¢ (Eq.(TT)), the above implies that:
32alog f(k
Nj(k) > ngf(). (15)
Therefore,
32alog f(k)

Pr({i = mi} 0 {k > ki}) <Pr({i = m} 0 {k > ki} N {3j € G Nj(k) > ——5——1)

21
+Pr({k >k} N ~{3j € G . Nj(k) < %‘iﬂk)})
21 2A
<Pr({i = 7B} O {k > ki) 0 {3) € G N (k) > 222 Z%f( )+ —
(Eq.(13))
‘ . upper 8alog f(k) 2A
<Pr({i =mE}yn{k>k}n{3 PP N (k) >
= I‘({Z ﬂ-k}m{ = }Q{Jng J()_(A]‘—A)Q) k2a—1
2 2A
Sk@ + T2a—1 (Lem.@)
O
Lemma D.2 (Integral Lemma). For arbitrary ko > 1 and 8 > 1, we have:
=1 /°° 1 1
< dr< ———y
k:kzo-i-l K ko ¥ (8- 1)ky ™"
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Theorem 4.1. [Exploitation Regret] In Algorithm[2} by choosing arbltrary a > 1, there exists an
absolute constant ¢, such that, for arbitrary K > 1, the pseduo-regret of Alg® is upper bounded by:

Regrety (AlgF) < O (ﬁ tadasolA- Z)(AL — a7

A
Az 0
Proof. Recall the definition of k; in Eq.(T3) in Lem. above. Fori > 2,if A; # A;_1, we have:

Az_

)) where Ao := 00 s0

8 32|Gfupper| 32|GUPPer aA
ki - kifl :ac( Z A Z AQ AQ A27 ) log(l + Amin)
eGlv T gy ' o
- or 32 32|G1;pper‘ 32|Gupper a
<ac((GP™ = G2 ) G + = 3 — — “pr ) los(l+ 5 )
(Ve € Glover \ G we have 1/A2 < 4/A2)
32 | B2AGI 321G A
SO{C((|GUpPer |Gupper‘)A2 + ‘AZQ | |AZ . )10g(1 + Aa . )
3 i— min
(|Gupper| + |Glower ‘GgpPCr| + |G£°W6r| = A)
upper 1 1 ad
<32()éC|G o |(A7$ AQ ) log(l + Amln)
and if A; = A;_1, we also have:
ki—ki1=0< 3204c|G“p'”“"|(i - ) log(1 + od ).
Alz A2 Am1n

Moreover, for i = 1, with the extended definition that Ay =

we also have:

k1 +

::8ac( Z

LEGlver

§8ac( Z

LEGI{)wer

32acA
= 2
A7

AT

1
‘A2
G
i Af
aA
(1+ r)
1

=320c| G| (= —
0 A%

log

Therefore, we have (we denote k4 := oo and kg := 0):

Z Z Pr(j = mH)A

k=13:A,;>0
> Pr(i=

+14;>0

KlgmO<> Regret,, (Alg")

©
Il
—
£l
Il
>
o

Aj>A

4|Gupper|

4|G

1
— ) log(1

Yo o Pri=m)A+ Y. Pr(j

oo (so that 1/A2 = 0) and |G| = A,
aA

) log(1 + m)

) log(1 + AoziA)

min

aA
Amin )

E
= Wk)Aj)
Aj<Ai71

A ki
: 2 24 :
Y (X GEtm)A+ Y P=hay)
=1 k=k;_1+1 AjZAi—l A]’<Ai71
(Lemma [D.T)
L 2 24 .
<2 > (G + 7za7) B + > Pr(j:ﬂ'k)Aj>
i=1 k=ki_14+1  A;>A; A<A;
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A2 9 24 b

SZ Z ( 2a 2a—1) + Z Pr(j = m)A;
i=1 k=k;+1 k k i=1 k=k; _1+1 A;<A;
A 2441 K &

< + A

(Second term is maximized when Pr(i = 7f) = 1.)

(ki — ki—1)

i—
(First term: Lemma 2|and some simplification; Second term: Definition of k;.)

a—l ZA ki = ki-1)

:A; >0

(=29 + Y 320Gy (—i - AA?;) log(1 + AO‘A

A;>0 min
( ala (2 - @_ﬁ))

According to the definition, we always have \GuPper| < A — i + 1, therefore,

_ A 1 A,
. Ey _ = —i)(— =
Jim Regretye (Alg”) = O (a 1t 2 (4 Z)<Ai A?—1)>

=0(

)

E Behavior Analysis of Optimistic Algorithm

Definition E.1 (Definition of Events).

h H
i = {mun(sn) #m(sn)},  Ekhm = EkhmN m 5£,h/_1,7” Epm 1= U Ek by
h/:1 —
H

h
Een = {men(sn) € (sn)}, En=Enn () Enr. &= &m

h'=1 h=1

In another word, & .~ means 7, disagrees with 7 at state s, which occurs at step h, g;w,ﬂ means
the first disagreement between ;, and 7 occurs at step h, and & . denotes the event that there exists
one state sj, at some time step h € [H] such that 7, agrees with 7, at s,.

Besides, & j, denotes the events that 7y, 5, (sp,) will not be taken by any optimal policy. Note that here
we use IT7 (s5,) to denote the set of all possible optimal actions at state s;,. Given a deterministic
optimal policy 7*, in general & j, # & 1 -~ When there are multiple optimal actions at one state.

Lemma E.2. For arbitrary reward function R, given a fixed deterministic policy 7, we have:
H

Vi (s1) = Vi (s1) =B, > 1€k na) (VT (s0) = Vi (sn))]
h=1

Proof.
Vi (s1) = Vi (1) =TIEE ) (@F (s1,me) = QT4 (s1,m0) ) + TEnal (V7 (1) = Vi (s1) )
=B, 1166 1 ) (V5 (52) = Vi (s52) ) + WEonn) (V7 (52) = VI (51) )
(Ek.1.x = Ep1.x by definition)

24



~Er [1€85 - N €81 11 (Q5 (s2,m0) = Q5 (s2,m0) )]

B, k2 061 ) (VF (52) = Vi (52) )] + WEnal (V7 (1) = VI (s1))
—Er [I1EF 5 - N EE 1 1) (Q3(s2.m0) — Q5 (s2,m0) )]

B, [k 2] (V5 (52) = V¥ (52) )] + 1E1.a] (VW (51) = Vi (s1))

H
Zﬂgkhﬂ (Vi (sn) = Vi7" (sn))]
h=1

Lemma E.3 (Relationship between Density Difference and Policy Disagreement Probability).
d™ (sp,an) > d™ (sp,an) — min{Pr(E |mx), d"(sn,an)}, Vsn € Sh,an € Ap, h € [H]

where we use Pr(gk,,r\wk) as a short note of Eg, 4, s5.a0....50 a1 ~mx [c‘fk,w].

Proof. By applying Lemmawith Osn.an = 1[Sh = sn, Ap, = ap] as reward function, we have:
d" (Shv ah) —d"™* (3h7 ah) :Vfr (31; 6Sman) - VlmC (81; 5Shaah)

7Tk Z ]ng h',m Vh’ Sh’; 5Sh,,ah) Vh/ (sh’ 6Sh,-,ah,))]

h/=1
(Vg =V, » =0forallh/ > h+1)
h o~
B [ Y Uk Vi (503 000)] (Vi (3 8sp,) > 0)
h’=1
h o~
<Er, [ Tk pr ] (Vi (85 0span) < 1)
h’=1

SEsl,al,SQ,aQ...,sH,an‘n'k [gk,rr} - Pr(gk,ﬂ"]rk)
which implies that,
d™ (sp,an) > d"(sp,an) — Pr(Ep x|m)
Combining with d™* > 0, we finish the proof. O

Definition E.4 (Conversion to Optimal Deterministic Policy). Given arbitrary deterministic policy
7w = {71, ..., 7u}, we use II* o w = {n},..., w5} to denote an optimal deterministic policy, such
that:

i (sn) = {Wh(sh)» ifmn(sn) € 1L, (sn);

Select(IT} (sy)), otherwise.
where Select is a function which returns the first optimal action from IT5 (sp,).

In another word, II* o 7 agrees with 7 if 7 (sj,) is one of the optimal action at state s,. Otherwise,
IT* o  takes one of a fixed optimal action from IT} (s, ). In order to make sure IT*o is a deterministic
mapping, we assume function Select only choose the first optimal action in IT*(sj) (ordered by
index of action).

Theorem 4.7. For an arbitrary sequence of deterministic policies w1, o, ..., Tk, there must exist a
sequence of deterministic optimal policies 75,75, ..., 7}, such thatVh € [H], s, € Sp,ap € Ap:

k k
S A (snan) = > d (shan) — (Zvl 51) = V7 (51))
k=1 k=1 %

mm
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Proof. For each m,, we construct an optimal deterministic policy 7} := II* o 1, where II*o is
defined in Def. [E.4 By applying Lemma[E.2|with the reward function in MDP, and 7 = 7};, we have:

V™ (51) = Vi (s1) =En, [i TEk h g ) (Vi (s1) = Vir* (sn)]

>Er, [ T s (Vi (s1) — Qp (s, T (50)))]
h;l
)

]I[ghh,w;]Amin] = Amim Pr(gk,ﬂz )

Therefore, we have:

Pr(Epmy [7h) < (V" (s1) = V™ (s1))

By applying Lemma[E3] we have:
1
d™ (sn,an) > d™ (sn,an) — A <V1*(31) - V17rk(81)>7 Vsp € Sp,an € Ap, h € [H]

After the same discussion for all & € [K], and the above inequality of each k together, we have:

Zd” Shyanp) >Zd (Sn,an) ZVl s1) (81))

mlIl

Corollary E.5 (Unique Optimal Policy). When |I1*| = 1, Thm. {.7]implies that:

Z Vi'(s1) (81))

Theorem 4.8. [The existance of well-covered optimal policy] Given an arbitrary tabular MDP, and
an arbitrary sequence of deterministic optimal policies 7,75, ...m;. (77 may not equal to 7 for
arbitrary 1 < i < j < k when there are multiple deterministic optimal policies), there exists a
(possibly stochastic) policy ¥, . such that Yh € [H],¥(sn,an) € Sp x Ay, with d™eer (sp,, ap) > 0:

Zdﬂk sh,ah) > Kd" (sh,ah

k 1 n’lll’l

S 0% (smran) 2 (s an), with dFoe () i max {‘“”“”d( ->} .
=~ 2 (12n.aw| +1)H

where Zj; . = {(sn,an) € Sp x Ap|3r*, 7 € II*, s.t. d™ (sp) > 0, d* (sp) = 0}, and
dy mm(sh,ah) = ming-cr- d* (sp,an) subject to d™ (sp,ap) > 0.

Proof. For arbitrary h € [H], we define:

K
N[* sh,ah Z]I sh,ah >0]
k=1

In another word, Ny- (+,-) denotes the number of optimal policies in the sequence, which can hit
state s;, and take action ay,.

Next, we define Z}, Z}{‘S“ff and 11}, jnsufr as
25 :={(sn,an) € Sp, Ap|3n* € II*, s.t.d™ (sp,ap) > 0}
e K
2(125 gl + DH
=k € [K] : (sn,an) € ZPT, 5.t d™ (sp,ap) > 0}

Z = {(sp, an)|(sn, an) € 25+ Npx(sn,ap) <

}
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In a word, Z; is the collection of states actions reachable by at least one optimal policy, Zi™" is a
collection of “insufficiently hitted” states actions at step , which are only covered by a small portion
of optimal policies in the sequence, and I};‘S““ is a collection of the index of the optimal policies in
the sequence, which cover at least one state action pair in Zinf,

Note that we must have Z,if‘s“ff C Zpdiv), because if one state action pair sy, ay, is reachable by
arbitrary deterministic policy, then N (sp,an) = K. Then, we have:

e < 1B 5 S o
2| Zhaw] + VH ~ N 2200+ )H T 2H
We define I := I\ U he1dp insuff Tntuitively, I3 is the set including the indices of optimal

policies in the sequence only hlttmg those states which are covered by most of the other optimal

policies. In fact, I$"% is non-empty since:

|Imsuff| < |stuff

|ISUff‘>K—£ H_g

We use w}:uﬁ to denote the average mixture policy over {7} : i € [ i‘.‘g}, a direct result is that:
1:H .

K

ﬂ-*su" K 7T*su'
Zdw" Sh ah Z d” k sh,ah |Iiu§§|d My > Ed My
k=1 ke[suﬂ
On the other hand, for all s, aj, such that d I H(Sp,ap) > 0, we must have (sp, ap, Zinsuff “and
9 ) h
therefore:
K
K
de Sh;ah) Z —dh i (Siuah)
kz:l 2(| 2, div| +1)H e
Combining the above two inequalities, we finish the proof. O

F Analysis of Pessimistic Value Iteration

In this section, we provide analysis for Alg. |3] Our analyses base on an extension of the Clipping
Trick in [Simchowitz and Jamieson, |2019] into our setting.

F.1 Underestimation and Some Concrete Choices of Bonus Term

Lemma F.1 (Underestimation). Given a Bonus satisfying Cond. for arbitrary dataset Dy,
consisting of k trajectories by a sequence of policies 71, ..., 7k, by running Alg[3|with Dy, and the
bonus term b(-, ) returned by Bonus( Dy, Oy), on the events Epynus defined in Cond. '

Vh € [H),Vsp € Span € An,  Qnlsn,an) < Q™@n (sp,an) < Q" (sn, an) (16)

where we use 5 = {71'@71, e W@ﬂ} to denote the greedy policy w.r.t. @

Proof. We only prove the first inequality holds, since the second one holds directly because of the
definition of optimal policy.

Firstof all, Vg1 =0 < VHﬂf?_l holds directly, which implies that Eq.(T6) holds at step h = H as a
result of the deterministic reward function.

Now, we conduct the induction. Suppose Eq.(16) already holds for h + 1, which implies that:

Vi1 (sn1) = Qnr (sn41, 7 s (5041)) < @ (sn41, 76 41 (s01)) = Vi &y (sn1) - (17)
then, at step h, we have:

Qn(sn,an) — Q™ (sn, an) =PpViy1(sn,an) — by (sn, an) — PV 1 (shyan)
= (13h - Ph)‘A/hH(Sh, an) — by (sn,an) + Ph(‘7h+1 — V;Zrﬁ)(sh, an)

part 1 part 2

As we can see, part 1 is non-positive with probability 1 — § as a result of Cond. while part 2 is
also less than or equal to zero because of the induction condition in Eq.(T7). O
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Choice 1: Naive Bound According to Hoeffding inequality, with probability 1 — §/(SAH), we
have the following holds for each s, ap, b

log(SAH/6)

|PuVisr — PaViial < 1Bn = PullVigilloo < 1B — Pul1H < c1HS
N(sh,ah)

which implies that condition 4.4 holds with probability 1 — ¢ as long as:

log(SAH/6)

bu(N,5) := HS 5

Choice 2: Adaptive Bonus Term based on the “Bernstein Trick” One can also consider an
analogue of the bonus term functions in Alg. 3 of [Simchowitz and Jamieson, 2019]], which is
originally designed for optimistic algorithms. We omit the discussions here.

F.2 Definition of “Surplus” in Pessimistic Algorithms and the Clipping Trick

We consider the pessimistic algorithm, and denote the estimation of value function as @), V. We
assume they are pessimistic estimation, i.e.:

Vi (sn) = Q5 (sn, ") > Qh(sn,75) = Vi (sn) = Qn(sn,m5) = Qn(sn, ).

Definition F.2 (Definition of Surplus in Pessimistic Algorithm setting). We define the surplus in
Pessimistic Algorithm setting:

Ei n(sh,an) =r(sh,an) + ]P’h‘A/k,hH(Sh, ap) — @k,h(smah)-

Because of the underestimation, different from the surplus in overestimation cases [Simchowitz
and Jamieson, [2019], here we flip the role between ) and r + PV to make sure the quantity is
non-negative (with high probability).

Based on our definition, we have the following lemma:

Lemma F.3. Under the same condition as Lemma for arbitrary h, sy, the policy ﬂgw

by Algl3)satisfying:

returned

H
Vi (sn) = Vien(sn) =Bpu[ > Brn(snr, ans)lsn]
h'/=h

Moreover, for arbitrary optimal deterministic or non-deterministic policy 7*, we have:

~

H
Vi (sn) = Vien(sn) <Vir(sn) = Qun(sn, %) < Be [ Y B (s, an)]
W=h

Proof.

PVI

Vi (sn) — Vin(sn)

=Eq, ~ari[r(sn, an) + PuVy e, (shyan) — @k,h(sh, ap) £ Ph‘?k,h+1(5ha ap)]

~ ~ ﬂ_PVI ~
=Eonlr(sn, an) +PuVinr1(sn, an) — Qun(sn, an) + Pr(Viyfy — Vins1)(sn, an)]
H
=E v Z Eg,n (sh, ans)|sn]
h'=h
Besides, given arbitrary optimal policy 7*, we have:
Vi (sn) = Vien(sn)
=Vi*(sn) — Qun(sn, V) < Vi(sn) — Qrp(sn, ©) (wPV1is greedy policy w.r.t. Q)
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=Ea,~ne[r(sh,an) + th/k,hﬂ(sm ap) — @k,h(sha an) + Pr(Viy — ‘7k,h+1)(3h7 ap)]

H
<Er[ > Epw(sn, an)]
h'=h

Lemma F.4. Under the same condition as Lemma we have:

log(Ba/0k)

Ej, < min{H — h+1,2B .
ok { ! Ny n(sn,an)

Proof.

Epp :=r(sn,an) + th/k,h-&-l(sha an) — Qr,n(Sh,an)

log(Bs/dy)

:Ph‘/}k,h+1 - iﬁ’k,hr/k,hﬂ + b, n(Sh, an) < 20k n(sh,an) < 2By .
Ny n(sn,an)

On the other hand, because the reward function is always locates in [0, 1] and @ is always larger than
zero, we have Ey, j,(sp,ar) < H—-h+1<H.

In the following, we define

Ex 1 (sh, an) = clip[Eyp(sn, an)|ecip)-

Amin
2H+2°

where eciip 1= and Clip[x|e] := z - I[x > ¢]. Then, we recursively define

QF 1 (snyan) = B, [r(sn, an) — B n(sn, an) + PV (snoan)lsnsanl, Vil (sn) = QF 4 (sn,mh)

Note that although different optimal policies 7* and 7* have the same optimal value V'™, 1748 may no
longer equal to V7 because they may have different state occupancy and V' depends on E. Therefore,

in the following, when we consider the V for optimal policies, we will always specify which optimal
policy we are referring to.

Lemma F.5 (Relationship between V”*, V™ and 17k n). Under the same condition as Lemma
for arbitrary optimal policy 7*, we have:

VkT;(Sh) < Vk,h(sh) + (H —h+ 1)5Clip < Vﬂﬁw(sh) + (H —h+ 1)5Clip
Proof. Note that:

Ern(sn,an) > Epn(sn, an) — EClip

Therefore,
. H .
Vir(sn) = Vi (sn) =B [ > i (snr, ans)|sn]
h=h'
H
ZEw*[Z Er 1/ (sh, anr) — cip| k)
hi=h
>V (sn) — min{Qp n(sh, ), Vin(sn)} — (H — h+ 1)ecip (Lemma[F3)
71_PV[ % 7TP,VI
=Viy (sn) —min{@Q," (sn, @), Vi, * (sn)} — (H — h + 1)ecip
(Underestimation (Lemma|[E.T))
Therefore,

. ~ PV
Vlgh(sh) <Vin(sn)+(H —h+1ecip <V, & (sn) + (H — h+ Decip
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F.3 Additional Lemma for the Analysis of the Regret of AlgE when Optimal Deterministic
Policies are non-unique

We first introduce a useful Lemma related to the clipping operator from [[Simchowitz and Jamieson,
2019

Lemma F.6 (Lemma B.3 in [[Simchowitz and Jamieson, 2019]])). Let M > 2, aq,...a,, > 0 and
e>0. Clip[>>1" ale] <2370, Cliplas]5=].

Next, based on definition of d;,, in Eq.(I0), we have the following Lemma:

Lemma F.7. Given arbitrary deterministic policy m, if m & II*, we have:

Vl*(sl) - Vlﬂ(sl) > dminAmin

Proof. We use m* := II* o 7 to denote the converted deterministic optimal policy, where II*o is
defined in Def. [E.4] As a direct application of Lemmal[E.Z] we have:

H

Vi (s1) = Vi (s1) =77 (s1) = Vi"(s1) = E[Y_TIE(VAT (sn) = Vil (sn))]
h=1

H ~
ZAmin]E[Z H[gh]]

h=1
>Amin Pr(ghmu )
ZAmindmin

where we use Eh to denote the event that at step h, « first disagrees with 7*, or equivalently, 7 first

take non-optimal action; in the second inequality, we define h;pit := minge(g), s.t.  Pr(&,) > 0.
Besides, the last inequality is because:

Pr(En,.)= Y.  Imj(sn) # mn(sn)ld"(sn)

shinit eshinit

= Ij;(sn) # n(sn)ld™ (sn)
Shinit €Shinit

Z H[ﬂ-;;(sh) 7& 7Th(sh)]dmin
Shinit €Shinit

dein

where the last step is because, according to the definition of h;,,¢, there is at least one s, € Sy, such
that I[7} (sp,) # mr(sp)] = 1. O

F.4 Upper Bound for the Regret of Alg"

Theorem 4.5. By running Algorithm[B|with confidence level y, a function Bonus satisfying Condition
and a dataset D = {11, ...1 } consisting of k complete trajectories generated by executing a
sequence of policies 1, ..., Tk, on the event Egynys defined in Condition '

5Clip]] . (1)

H
7_rI’VI 1 B 6
Vi (s1) — Vi (s1) < 2B lE Clip [min{H, 2B, Og(w}
where T can be an arbitrary optimal policy, ecyy, = Amin if II*| = 1 and ecyyp = doipBmin jf

h=1

N (sn,an)
2H+2 2SAH

[IT*| > 1, where dyin := Milrerr+ he[H],s,eSn,ancAn " (Sh, an) subject to d™ (sp, an) > 0.

Proof. We separately discuss the cases when there are unique or multiple deterministic optimal
policies.
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Case 1: Unique Deterministic Optimal Policy For arbitrary h, s, suppose 7t " (s),) & II*(s,),
we have:

Vi () — Vit () 2Vir (sn) — View(sn) — (H — h+ 1)ecip

1 % = 1 * WZVI Amim
25 (Vh (sn) — Vk,h(Sh)) +3 (Vh (sn) =V, (Sh)) -

1 % =5 1 * Amin
=2 (Vi (on) = Ven(sn)) + 5 (Vi (on) = @il nf™)) = =5

1/ ., ~ Ap(sn, ™V sh))  Amin
ZQ(Vh (sn) _Vk,h(sh)) =R 2k hoo 5

1

Recall the definition of Events in Def@, and note that when the optimal policy is unique, the events
Sk B, 751@ h,z+ collapse to Ek b Ek n, respectively. For arbitrary optimal policy 7, we have:

Vi(s1) = V77 (s1) =V (s1) = V7" (s1)
:H[sk,ﬂ(vl*@l)—'v'f( D) LI (V2 (1) = V7 (s1)

>TiEw ] (V7 (51) = Vi (51)) + TERJBOVS — V)51, 7°)

v

H
e [>Tk n] (Vi (55) = Vieon(sn))]
h=1

Y

1
2

Besides, on the other hand,
7_‘_PVI 7r _n_PVI
Vi(s1) = Vi (s1) =8 (VT = V™ (s1)) + LES J OV — Q7 (sl, )
PVI

—T[E (VT = V7™ (1)) + TESJPy (V' — V3™ )(s1, 7))

—E (> TE (VT (s0) = Vi* (s1)]

= i [M]=

<Eoovi[> TEknl (Vi (sn) = Vien(sn))]
h=1
Combining the above two results and Lemma [F4] we finish the discussion for Case 1.

Case 2: Non-unique Optimal Deterministic Policies From Lemmal[F.3] we know that,
H
PVI

Vi (1) = V7 (1) < V7 (s1) = Vi (1) <Ex-[3 B (on, an)]
h=1
where 7* can be arbitrary optimal policy. Combining with Lemma[F7} we know that:

* 7TP
‘/1 (51) - ‘/1 * (81 <C11P Z Ek h Shyah IHIIIAIIIiIl]

i o dminAmin
§2Z Z Cllp[d (Sh’ah)Ek)h(shvahNW]

h=1s,ESh,an€A
(Lemmal[F6)

- diinAmi
<2 E . 1. E min min
< }; = [Clip] k,h(Sh’ah)\iwAH 1]

where the last inequality is because Clip[ax|e] < aClip[z|e] as long as o« < 1. Combining with
Lemma[F.4] we finish the proof. O
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Next, we introduce a useful Lemma from [Dann et al., 2017]:

Lemma F.8 (Lemma 7.4 in [Dann et al., 2017]). Let F; fori,1... be a filtration and X, ...X,, be a
sequence of Bernoulli random variables wzth Pr(X; = 1|F;—1) = P; with P; being F;_1-measurable
and X; being F; measurable. It holds that

r(In: iXi < iPi/Q —W)<e W
i=1 i=1

Definition of Good Events We first introduce some notations about good events which holds with
high probability. We override the definition in Cond. by assigning § = §, = 1/k® at iteration k,
ie.

EBonus,k = ﬂ {‘ﬁk,hvk,thl(shy an) = PV ht1(sn, an)| < bi,n(sn, an)}
hE[H],ShES}L,ah,EAh

log(Bs - k*) }

A <B
{br,n(sn;an) < B N n(Sn,an)

with by = {bk,ly ey bk,H} < BOI‘II.IS(D]C7 ]./ka).

Besides, we use Econ,;; to denote the concentration event that
€Con,k = ﬂ {Nk h(Sh, ah Z dﬂk’ Sh, ah) — alog(SAHk)}

hE[H]q,ShESh,CLhEAh k/ 1

Finally, we use E50 1, to denote the good events that the regret of Alg? is only at the level log k:

k (0]
Engo e = {D_Vi'(s1) = V" (s1) < C1 + aCy log k}
k=1
Based on Cond. #4] Cond. [#.6]and Lemma[F.8] we have:

1 1
Pr(gAlgoyk) Z 1-— ﬁ’ Pr(gBonus k) >1- kjia
SAH
P onk) > 1—SAH - —al AHE)=1—- —FF—2>1— —
r(Econk) S exp(—alog(SAHE)) SAHR® o

Lemma F.9. [One Step Sub-optimality Gap Conditioning on Good Events] At iteration k, on the
good events Eponus. ks Econ,k: and Eyygo 1, the sub-optimality gap of 775 can be upper bounded by:

(i) when |IT*| = 1 (i.e. the optimal deterministic policy is unique):

Vl( ) Vﬂk 81 <2E [ZCllp[ k<7—8h a)]}'H+H[k>TSh a)].Bl m’gai””

(ii) when |IT*| > 1 (i.e. there are multiple optimal deterministic policy):

4o log(Bak)

Vi'(s1) = V™ (s1) < 2B, [ZClw[ k< 75y H A 1k > 73] - By Fdioe (. an)
cover h7 h

!
€ Clip} ]

where £cjip = 2%{1“2 and ey, = GminBumin - 7% and deer (sp, ap) are defined in Thm. '
besides,
- . 04(01 + Cg) OéSAH(Cl + CQ) T a(01 + CQ) aSAH(Cl + 02)
Ton,an ‘= Cr = log —— s Tsnan = Cp=— lo
’ d (Shv ah)Amin d (Shv ah)Amin dﬂ'rnver(sh, ah)Amin d N’W(Sh, ah)Amm

for some constant c, c’T.

Proof. We first discuss the case when |IT*| = 1.
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Case 1: unique optimal deterministic policy As a result of Thm. @ on the event Egonys, k> We
show that the sub-optimality gap of £ can be upper bounded by:

H H
Vl*(sl) — Vlﬂk (81) <2E .« [Z Ek,h(sh,ah)] = Z Z d™ (Sh, ah)]'i'];g7h(sh,ah)

h=1 h=1 sp,an
Because of Lemma|[F.4] the above further implies that:
=E . alog(Bsk)
\%% —ViF <2E,+«[d H—-h+12B| ———
1(s1) = Vi *(s1) <2Ex-[d min{ + W Nen(omoan)
Because of Thm. E on the event Econ,; and € Alg0 jos WE further have:

Nin(sn,an) > i (sn,an) — alog(SAHE)

N =
]~

X
Il

1

2% é d™ (sp,an) — alog(SAHE) — A (C1 + aCslog k)
ng”* (8n,an) — alog(SAHE) — — (C1 4+ aColog k)
Now, we define that,
T;Z:ﬂh ::t:\if?gt{itd”*(sh, ap) > alog(SAHt) + Aiin (C1 + aCslogt)}

there must exists a constant ¢, independent with C1, Cs, «, dr (Sh,ap) and Ay, such that:

* o a(C’l +02) aSAH(C’l —|-02)
Vhe [H S S A 1
€ [ ]7 Sh € Op,ap € -Ah7 Tsh,ah = Tsh,ah C ar (S}“ ah)Amin 0g dr (5h7 ah)Amin

Easy to check that, for arbitrary £ > Fr

a,.ap» ON the good events, we can verify that Ngp, >

¥

%d’r*(sh,ah) > %ﬁ%d”*(sh,ah) > 5 > 0, and as a result, we have:
71_E
Vi(s1) = Vi *(s1)
alog(Bak)

H
ngﬂ*[ Cli [min H—h+1,2B ‘s H
hz;l P { ! Nk,h(Sh,ah)} clie

kdilczfiB;f ))/4 ’5‘3“"] }

Sh,0h

H
<9F,. [ZClip [ﬂ[k <7 N H+IE> 1B
h=1

Case 2: multiple optimal deterministic policies The discussion are similar. As a result of Thm.
[.8] on the event Econ i, and Ex g0, we further have:

£ Ghmin(onan) LY
N Lap) > - _fmint T 0 e (s, an)} — o log(SAHE) — Vi(sy) — V™
o o) 2 3 -l (s, 0n)} — clog(SAHE) = (30 VA (sn) = Vi (o)
ks 1
sz”wvcr(sh, an) — alog(SAHk) — -——(C1 + aCs logk)

Similarly, we define that,

o ) t~
cover :: — cover >
et = L AR o an) 2 dog(SAHY +

(C1 4+ aCsylogt)}

there must exists a constant ¢/, independent with C, Cs, «, d”c*over(sh7 ap) and Ay, such that:

L Ci4C SAH(Cy + C
Vh € [H], 50 € Snyan € An, 70w, < T, 1= ¢y TC) o ABAHG H Cy)
dﬂ'cover(sh’ ah)Amin Cl7r<:rwer<5h7 ah)Amin
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For arbitrary k > T ,f"g‘h , on the good events, we can verify that Ny ;, > gdﬂiwer( sp,ap) > 0, and as
a result, we have:

H
Vi (1) = VI s1) < 2By, [ Y Clip[1lk < 75,0} - H -+ 10k > 5] - By
h=1

8alog(Bak)
kd e (5, ap )

ElClip:H
O

Now, we are ready to prove the main theorem.

Theorem 4.9. By running an Algorithm satisfying Conditionas Alg®, running Algas AlgE with
a bonus term function Bonus satisfying Conditionand 0 = 1/k®, for some constant o > 1, for
arbitrary K > 1, the exploitation regret of Alg can be upper bounded by:

(i) When |ITI*| = 1 (unique optimal deterministic policy):

C1+Cy SAH(Ol + 02) B1H BsH
R (Algh) < 1 1 .
Eg”EtK lg O( Z Z ( Amin o8 dr” (Shv ah)Amin * Amin o8 dar (Sha ah)Amin )>

Shy,Qh:
d"r (sn,an)>0

(ii) When |I1*| > 1 (non-unique optimal deterministic policies):

Ci+Cs SAH(Cy + C9) B1SAH By SAH
R (Alg™) < log = 1 .
egretK lg 0 ( Z Z ( Amin o8 A eover (sh, ah)Amin * dminAmin 8 dminAmin >)

Sh,Qh:
d Lmer(sh ﬂh)>0

where 7%, . and d™ewer (sp,, ap,) are introduced in Theorem

cover

Proof. Because the expectation and summation are linear, we have:

K
By V-V Z E[V* — V7]
k=1

Therefore, in the following, we first provide an upper bound for each E[V* — V’TE]. Note that the
expected regert at step k can be upper bounded by:

E
EAlg",M,AlgE [Vi"(s1) — Vfrk (s1)]
E
= Pf(gBonus,k n gCon,k N gAlgO,k)EAlgo,M,AlgE [Vf (31) - V17Tk (51)‘5B0nus,k N 5C0n,k N 5A1g0,1c]

C C C E C c c
+ Pr(gBonus,k U 8C0n,k U 8A]g07k>EAlg°7M,AlgE [Vvl»< (51) - ‘/17% (81)|€Bonus,k U gCon,k: U gA]gO,k]

E 3H
< Pr(gBonus,k N gCon,k N gAlgO,k)EAlgOJVLAlgE [Vl* (51) - V17rk (31)‘5B0nus,k n gCon,k n gAlgO,k] + /4,‘7
Easy to see that lim g, o Z b1 ka < 723 < ocoaslong as a > 1, therefore, in the following, we

mainly focus on the first part, and separately discuss its upper bound for the case when |II*| = 1 or
[T > 1.

Case 1: |[II*| = 1 (Unique Optimal Policy) We use 7* to denote the unique optimal policy and
define:

. i alog(Bat)

™ o _aloglbatl) '
Tomansecip ™= t,\gl’zt{ " tdm (s, an) /4 < eciip}

Recall that eciip := Amin /(2H + 2), it’s easy to verify that, there exists a constant cclip such that,

2
o . oH aByH

<7 ‘= Cqii log
Sh,Qh,EClp — ' Sh,Ah;EClp * p * 2 *
oS TR EC d™ (sn,an) Dby, d™ (S, an)Amin
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Then, we have:

. K Ho . alog(Bak)
Klgnoo ];QEW* [’;Chp[ k<71 ah]} “H+1k>7] 1 B m‘éclip”
. H 7o an . ciiol alog(Bak)
—9,. [hzl( ]; + e lp[ "\ kd™ (sn, an /4 galp
H "o hoans e o alog(Bax)
=290 S REND o i i

*

‘T'Shﬂ

ahH +2Z

o
§2E7r* [Z
k=1

=1

>

For the first part, we have:

7\'

By /Iad™ (on,an) / e JloatBar)

‘*h ah

>

, Sho@h
™ (sh,an)>0

gh ah
B3 3 H) Z D AT (swean) H T,
h=1 k=1 L Shyh:
™ (sh,an)>0
01 1) & aSAH(Cy + Cs)
= Z Z log ™ ( ) A
mm Sh,an: Sh, Gp min
d7r (sh,ap)>0
For the second part we have:

alog(Bax)

Z/ Sh ap, ECllp
*1 ap

xd™ (sp, ah)/4

sLa’l,sl 1 B
W/ oo JloetBn) g,

dzx]

h=1 _ Sh,an: Sh an
d™ (sn,an)>0
<2 E E B1 4ad7‘r (Shyah) . 2(\/T§Th Qap,EClip 1Og B2 5;“a;L,ECl,p - \/ Sh an log B2 a, »ah)
L Sholh:
(Sluah)>0
(Lemmal|F.10)
< aBlH 1 OéBgH
>C2 E og "
Anmin h=1 Sh,Qh: dr (8h7ah)Amin
d” (sp,an)>0

where in the last step, we drop the term — \/

o an l0g BoTZI” - and ¢y is a constant.

Combining the above results, we have:

K i

EAlgO,M,AlgE [Z Vit(s1) — Vlﬁk(sl)]
k=1

k=1 k mll’l
H
aBlH

+ @ Amin Z . log

h=1 Sh,ap:

d™" (sn,an)>0

OzSAH(Cl + 02)
d™ (sh, an)Amin

Z log

s}uah
(3h7ah)>0

O[BQH

dr” (Sh, ah)Amin
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H
30&H 01(01 + OQ) OéSAH(Cl + CQ) OéBlH CYBQH
+ c ( lo - + lo - )
Alg® h;l 3;1: Amin & dr (3h7 ah)Amin Amin & dr (sh; ah)Amin
a" (sh,an)>0

where cy e is some constant.

Case 2: |IT*| > 1 (Non-Unique Optimal Policy) Similar to the discussion above, we define:

o . B 8avlog(Bat)

cover —
1

= = Ecli
swamean 9tz \ dmie sy, ap) cir)

Recall that Elcup = dminAmin/(2SAH), it’s easy to verify that, there exists a constant ccjip such
that,

ﬂ-:ovcr < :O\cl (SAH)2 10 aB2 SAH
ShyGh,Eqyy — Tsnansel i CClip = T
Cliv Clio d™eover (Sha ah) (dminAmin)2 d™eover (sha ah)dmin Amin

Following a similar discussion, we have:

8alog(Bzk)

K H
lim > 2. [ Clip[Ulk < 751} H 4 Tk > 7] By oo o)
. e (575 @

K—oo

/
€C11p1| }

H TSh‘ah H cover 1 (B )
E E Shyah Sl og 2X
SQEW‘;’V” [Z H] + 2 80éd cover Sha ap, / - ————=dx
h=1 k=1 h=1 _ Sh:Gh: Ts}wvaer’ T

deover (s, ,ap,)>0

, aH(C1+Cy) H Z log aSAH(Cy + Cs)

h=1 Sh,ap: dﬂ—cover(sha ah)Amin
d“c(wer(sh’ah)>0

H
’ OéBlsAH OéBQSAH ~ x *
log =222 hat d™eover > Teover
@ dminAmin Z . ©8 dminAmin (NOte that d o d )
h=1 . Sh,Qh:
d“cover(sh7g‘h)>0
Therefore, we have:
K E
B vt e[ VA (1) = Vi (s)]
k=1
H
3aH a(C1+C aSAH(Cy + C aBSAH aBySAH
Si—l—cAlg (Z Z (G 2)10 ~ (G 2)—1— L lo 2 )
« he—1 Shaan: Amin d™eover (Sh, ah)Amin dminAmin dminAmin

d™eover (sp,,a1,) >0

O

Lemma F.10 (Computation of Integral). Suppose p > 1, b > a > e/p, then we have:

b log px
/ waﬁQ(\/blogpb— Valog pa)
Proof.
/1 /1

/ ogpx / \/JW ogpa: _2/ a:logpx \/blogpb— \/alogpa

O
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G Doubling Trick for Alg® Satisfying Cond. G.1

As we briefly mentioned in Sec|4.2.2] Cond[4.6|may not holds for some algorithms with near-optimal
regret guarantees. For example, in [[Simchowitz and Jamieson, 2019, [ Xu et al.l 2021} [Dann et al.,
2021]], although these algorithms are anytime, they require a confidence interval § as input at the
beginning of the algorithm and fix it during the running, which we abstract into the CondG.T|below:

Condition G.1 (Alternative Condition of Algo). Alg® is an algorithm which returns a deterministic
policies Wg at each iteration k, and for arbitrary fixed k > 2, with probability 1 — §, we have the
following holds:
k o
T

k
ZVI*(Sl) —Vi*(s1) <C1+Cq logg

k=1
where Cy, Cs are some parameters depending on S, A, H and Ay sy, ap,) and independent with k.
As a result, no matter how small ¢ is chosen at the beginning, when k& > [1/4], the Cond. Can

not be directly guaranteed. To overcome this issue, we present a new framework in Alg[5]inspired by
doubling trick.

Algorithm 5: Tiered RL Algorithm with Doubling Trick

Input: o > 1.
Ko=1, k=1, =t Algh({}).
forn=1,2,...do
Kn — 2Kn; 571,—1 = 1/Kg,7 Dn,l — {}
fork=1,..., K, do
// Here we do not update 7°
79 i1 < AIR® (D, 0).
E _ 7r5—1,1(,7,,1/2+U</21a Itk < K,/2,
n,k+1 — E o .
Alg®(D,, k,1/k*),  Otherwise.
Tr+1 ™~ ”S,kﬂ
Dn7k+1 = Dn,k: U Tn,k+1
end
end

The basic idea is to iteratively run Alg® satisfying Cond from scratch while gradually doubling
the number of iterations (i.e. K,) and shrinking the confidence level §,, rather than runnning with
a fixed & forever. Besides, another crucial part is the computation of 7f. Instead of continuously
updating 7F with the data collected before, we only update the exploitation policy when k > K, /2
for each outer loop n. As we will discuss in Lemma , Algﬁ_ . Will behave as if the dataset is
generated by another online algorithm satisfying Cond. [#.6] and therefore, the analysis based on
Cond. @]can be adapted here, which we summarize to Thm. @]below.

Lemma G.2. By running an algorithm satisfying Cond. in Alg. E]as Alg®, for arbitraryn > 1
and K,,/2+ 1 < k < K, /2, we have:

K
Pr(Y Vv~ V™r > O + aChlogk) < 1/k°
k=1

with C1 = C1 + (a4 1)Cs log 2 and C;,

a+l 02.

[e%

Proof. Based on Cond. we know that:

k
* 71'0, k
Pr(};1 Vi(s1) = V¥ (s1) > Cr + Calog 5-) < b
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Since §,, = 1/K2 and k > K,,/2, we have:

k o
PI‘(Z Vl*(sl) - ‘/frk, (81) >Ch + (1 + 04)02 log 2]@‘)
k'=1

°, k
<Pr(>_ Vi(s1) = V¥ (s1) > C1 + Cy log =) ((2k)1F* > 2kKS > k/65,)
k=1 n

Now, we are ready to upper bound the regret of AlgF:

Theorem G.3. By choosing an arbitrary algorithm satisfying Cond. as Alg®, choosing Alg. as
AlgE and choosing a bonus function satisfying Cond. as Bonus, the Pseudo regret of wfh , inAlg.

Blcan be upper bounded by:
(i) |II*| = 1 (unique optimal deterministic policy):

N K
= 9aH
E[ Vi (s1) = Vr] < 2H +
a—1
n=1k=1
H
a(Ci+CY) . aSAH(CY+CY)  aBH aBoH
3 . ( 1 1 )
* CAlgE hzzl S;ﬁ Amin o8 dr” (Shaah)Amin * Arnin o8 d~ (Shyah)Amin

d™" (sn,an)>0
(ii) |TT*| > 1 (non-unique optimal deterministic policies):

N K. . 9aH
B[} D Vi(s1) = Vo] <2H + —
n=1 k=1

! ! ! !
’ L. (Z Z Oé(Cl —+ CQ) lo gSAH(Cl —+ C2) n aBlSAH log O[BQSAH)

g =
h=1 _ Sn.an: Amin dﬂ—mvé‘f(Sh, ah)Amin dmin Amim dminAmin
d™eover (sp,,a5)>0

where C1 = Cy + (a4 1)Calog2 and Ch = QTHCQ.

Remark G.4 (O(log2 K)-Regret of Algo). Although the regret of Alg® stays constant under this

framework, it is easy to verify that the pseudo-regret ofAlgO will be O(log2 K) as a result of the
doubling trick, which is worse than O(log K) up to a factor of log K. Therefore, more rigorously

speaking, the regret of Alg° will be almost near-optimal.

Proof. The key observation is that one can decompose the total expected regret into two parts:

N K, N Kp/2 N K,
ED N v v =B} S v v B> Y v v
n=1k=1 n=1 k=1 n=1k=K, /2+1
N-1 K, N Ky
=2 Y v o vms+EY. Y Vv
n=0 k=K, /2+1 n=1k=Kn/2+1
N K,
<2KoH +3E[>. Y V-V (18)

n=1k=K,/2+1

Therefore, all we need to do is to upper bound the second part of Eq.(I8). As a result of Lemmal[G.2]
we can apply Lemmato upper bound the regret of the policy sequence {{775 A }kK: K, /2410
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Figure 2: Simulation results with S = A = H = 5 and different A,,;;,, averaged over 10 different
random seeds. Error bars show double the standard errors, which correspond to 95% confidence
intervals. Our choice of Alg® can achieve constant regret as predicted by theory. We can also see the
tendency that larger A,;, will result in smaller accumulative regret.

since the Cond. [4.6]is satisfied when generating those policies. Therefore, the Pseudo regret
E[N kK:"Kn Jop1 V' — V™n.] can be upper bounded by extending the results in Thm. here,
and we finish the proof.

O

H Experiments

H.1 Experiment Setup

Environment We test our algorithms in tabular MDPs with randomly generated transition and
rewards functions. To generate the MDP, for each layer h and each state action pair (s, ap, ), we first
sample a random vector P(+|sy, ap, ), where each element is uniformly sampled from {1, 2, 3...,10},
and then normalize it to a valid probability vector. Besides, the reward function is set to £ /10 where
¢ is randomly generated from {1, 2, ..., 10} to make sure it locates in [0, 1].

Algorithm We implement the StrongEuler algorithm in [Simchowitz and Jamieson, 2019] as Alg®
and construct the same adaptive bonus term (Alg. 3 in [[Simchowitz and Jamieson, 2019]) for AlgE to
match Cond. .4 Although for the convenience of analysis, in our Framework I} we do not consider
to use the data generated by AlgF, in experiments, we use both 7° and 7%, which slightly improves
the performance. Besides, in practice, we observe that the bonus term is quite loose, and it will take a
long time before the estimated ) /V value fallen in the interval [0, H], which is the value range of
true value functions. Therefore, we introduce a multiplicator o and adjust the bonus term from by, 4,

to a - by, 1, and set oo = 0.25 for both Alg® and Alg".

H.2 Results

We test the algorithms in tabular MDPs with S = A = H = 5ﬂ Although the minimal gap A,y
is hard to control since we generate the MDP in a random way, we filter out three random seeds in
MDP construction, which correspond to minimal gaps (approximately) equal to 0.0015, 0.003 and
0.009, respectively. We report the accumulative regret in Fig. 2]

As predicted by our theory, Alg® can indeed achieve constant regret in contrast with the continuously
increasing regret of Alg®, which demonstrates the advantage of leveraging tiered structure.

>The code can be find in https: //github.com/jiaweihhuang/Tiered-RL-Experiment sl
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