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ABSTRACT

We study episodic reinforcement learning (RL) in non-stationary linear kernel
Markov decision processes (MDPs). In this setting, both the reward function and
the transition kernel are linear with respect to the given feature maps and are al-
lowed to vary over time, as long as their respective parameter variations do not
exceed certain variation budgets. We propose the periodically restarted optimistic
policy optimization algorithm (PROPO), which is an optimistic policy optimiza-
tion algorithm with linear function approximation. PROPO features two mecha-
nisms: sliding-window-based policy evaluation and periodic-restart-based policy
improvement, which are tailored for policy optimization in a non-stationary envi-
ronment. In addition, only utilizing the technique of sliding window, we propose
a value-iteration algorithm. We establish dynamic upper bounds for the proposed
methods and a matching minimax lower bound which shows the (near-) optimal-
ity of the proposed methods. To our best knowledge, PROPO is the first provably
efficient policy optimization algorithm that handles non-stationarity.

1 INTRODUCTION

Reinforcement Learning (RL) (Sutton & Barto, 2018), coupled with powerful function approxima-
tors such as deep neural network, has demonstrated great potential in solving complicated sequential
decision-making tasks such as games (Silver et al., 2016; 2017; Vinyals et al., 2019) and robotic con-
trol (Kober et al., 2013; Gu et al., 2017; Akkaya et al., 2019; Andrychowicz et al., 2020). Most of
these empirical successes are driven by deep policy optimization methods such as trust region policy
optimization (TRPO) (Schulman et al., 2015) and proximal policy optimization (PPO) (Schulman
et al., 2017), whose performance has been extensively studied recently (Agarwal et al., 2019; Liu
et al., 2019; Shani et al., 2020; Mei et al., 2020; Cen et al., 2020).

While classical RL assumes that an agent interacts with a time-invariant (stationary) environment,
when deploying RL to real-world applications, both the reward function and Markov transition ker-
nel can be time-varying. For example, in autonomous driving (Sallab et al., 2017), the vehicle needs
to handle varying conditions of weather and traffic. When the environment changes with time, the
agent must quickly adapt its policy to maximize the expected total rewards in the new environment.
Meanwhile, another example of such a non-stationary scenario is when the environment is subject to
adversarial manipulations, which is the case of adversarial attacks (Pinto et al., 2017; Huang et al.,
2017; Pattanaik et al., 2017). In this situation, it is desired that the RL agent is robust against the
malicious adversary.

Although there is a huge body of literature on developing provably efficient RL methods, most
the existing works focus on the classical stationary setting, with a few exceptions include Jaksch
et al. (2010); Gajane et al. (2018); Cheung et al. (2019a;c; 2020); Fei et al. (2020); Mao et al.
(2020); Ortner et al. (2020); Domingues et al. (2020); Zhou et al. (2020b); Touati & Vincent (2020).
However, these works all focus on value-based methods which only output greedy policies, and
mostly focus on the tabular case where the state space is finite. Thus, the following problem remains
open:

How can we design a provably efficient policy optimization algorithm for non-stationary
environment in the context of function approximation?
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There are four intertwined challenges associated with this problem: (i) bandit feedbacks from non-
stationary reward and transition kernel, (ii) exploration-exploitation tradeoff that is inherent to online
RL, (iii) incorporating function approximation in the algorithm, and (iv) characterizing the conver-
gence and optimality of policy optimization. Existing works merely address a subset of these four
challenges and it remains open how to tackle all of them simultaneously. For example, a line of
research develops optimism-based value iteration algorithms that successfully handle (ii) and (iii),
e.g., (Jiang et al., 2017; Jin et al., 2019b; Wang et al., 2019b; Zanette et al., 2020; Wang et al., 2020;
Ayoub et al., 2020; Zhou et al., 2020a). Besides, Cai et al. (2019); Agarwal et al. (2020); Efroni
et al. (2020) address challenges (ii)—(iv) but fail to consider (i), and Zhou et al. (2020b); Touati &
Vincent (2020) tackle (i)—(iii) but leave (iv) open. More importantly, these four challenges are cou-
pled together, which requires sophisticated algorithm design. In particular, due to challenges (i) and
(iii), we need to track the non-stationary reward function and transition kernel by function estimation
based on the bandit feedbacks. The estimated model is also time-varying and thus the corresponding
policy optimization problem (challenge (iv)) has a non-stationary objective function. Moreover, to
obtain sample efficiency, we need to strike a balance between exploration and exploitation in the
policy update steps (challenge (i)).

In this work, we propose a periodically restarted optimistic policy optimization algorithm (PROPO)
which successfully tackle the four challenges above. Specifically, we focus on the model of episodic
linear kernel MDP (Ayoub et al., 2020; Zhou et al., 2020a) where both the reward and transition
functions are parameterized by linear functions. Besides, we focus on the non-stationary setting and
adopt the dynamic regret as the performance metric. Moreover, PROPO performs a policy evaluation
step and a policy improvement step in each iteration. To handle challenges (i)—(iii), we propose
a novel optimistic policy evaluation method that incorporates the technique of sliding window to
handle non-stationarity. Specifically, based on the non-stationary bandit feedbacks, we propose
to estimate the time-varying model via a sliding-window-based least-squares regression problem,
where we only keep a subset of recent samples in regression. Based on the model estimator, we
construct an optimistic value function by implementing model-based policy evaluation and adding
an exploration bonus. Then, using such an optimistic value function as the update direction, in
the policy improvement step, we propose to obtain a new policy by solving a Kullback-Leibler
(KL) divergence regularized problem, which can be viewed as a mirror descent step. Moreover,
as the underlying optimal policy is time-varying (challenge (iv)), we additionally restart the policy
periodically by setting it to uniform policy every 7 episodes. The two novel mechanisms, sliding
window and periodic restart, respectively enable us to track the non-stationary MDP based on bandit
feedbacks and handle the time-varying policy optimization problem.

Finally, to further exhibit effect of these two mechanisms, we propose an optimism-based value
iteration algorithm, dubbed as SW-LSVI-UCB, which only utilize the sliding window and does not
restart the policy as challenge (iv) disappears.

Our Contributions  Our contribution is four-fold. First, we propose PROPO, a policy opti-
mization algorithm designed for non-stationary linear kernel MDPs. This algorithm features two
novel mechanisms, namely sliding window and periodic restart, and also incorporates linear func-
tion approximation and a bonus function to incentivize exploration. Second, we prove that PROPO
achieves a sublinear dynamic regret, where d is the feature dimension, A is the total variation bud-
get, H is the episode horizon, and T is the total number of steps. Third, to separately demon-
strate the effect of sliding window, we propose a value-iteration algorithm, SW-LSVI-UCB, which
adopts sliding-window-based regression to handle non-stationarity. Such an algorithm is shown
to achieve a O(d®/SAY/3HT?/3) dynamic regret. Finally, we establish a Q(d®/6Al/3 H2/3T2/3)
lower bound on the dynamic regret, which shows the (near-)optimality of the proposed algorithms.
To our best knowledge, PROPO is the first provably efficient policy optimization algorithm under
the non-stationary environment.

Related Work  Our work adds to the vast body of existing literature on non-stationary MDPs. A
line of work studies non-stationary RL in the tabular setting. See Jaksch et al. (2010); Gajane et al.
(2018); Cheung et al. (2019a;c; 2020); Fei et al. (2020); Mao et al. (2020); Ortner et al. (2020) and
the references therein for details. Recently, Domingues et al. (2020) consider the non-stationary RL
in continuous environments and proposes a kernel-based algorithm. More related works are Zhou
et al. (2020b); Touati & Vincent (2020), which study non-stationary linear MDPs, but their setting
is not directly comparable with ours since linear MDPs cannot imply linear kernel MDPs. More-
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over, Zhou et al. (2020b); Touati & Vincent (2020) do not incorporate policy optimization methods,
which are more difficult because we need to handle the variation of the optimal policies of adjacent
episodes and value-based methods only need to handle the non-stationarity drift of reward functions
and transition kernels. Fei et al. (2020) also makes an attempt to investigate policy optimization
algorithm for non-stationary environments. However, this work requires full-information feedback
and only focuses on the tabular MDPs with time-varying reward functions and time-invariant tran-
sition kernels.

As a special case of MDP problems with unit horizon, bandit problems have been the subject of
intense recent interest. See Besbes et al. (2014; 2019); Russac et al. (2019); Cheung et al. (2019a);
Chen et al. (2019) and the references therein for details.

Another line closely related to our work is policy optimization. As proved in Yang et al. (2019);
Agarwal et al. (2019); Liu et al. (2019); Wang et al. (2019a), policy optimization enjoys computa-
tional efficiency. Recently Cai et al. (2019); Efroni et al. (2020); Agarwal et al. (2020) proposed
optimistic policy optimization methods which simultaneously attain computational efficiency and
sample efficiency. Our work is also related to the value-based methods, especially LSVI (Bradtke
& Barto, 1996; Jiang et al., 2017; Jin et al., 2019b; Wang et al., 2019b; Zanette et al., 2020; Wang
et al., 2020; Ayoub et al., 2020; Zhou et al., 2020a).

Broadly speaking, our work is also related to a line of research on adversarial MDPs (Even-Dar
et al., 2009; Neu et al., 2010; 2012; Zimin & Neu, 2013; Rosenberg & Mansour, 2019; Jin et al.,
2019a).

Notaion  See §A for details.

2 PRELIMINARIES

2.1 NON-STATIONARY MDPs

An episodic non-stationary MDP is defined by a tuple (S, A, H, P, r), where S is a state space, A is
an action space, H is the length of each episode, P = {PF} i nye(x)x(m]> T = {7} } (b h)e[K]x [H]»
where PF : Sx AxS — [0, 1] is the probability transition kernel at the h-th step of the k-th episode,
and r} : S x A — [0,1] is the reward function at the h-th step of the k-th episode. We consider
an agent which iteratively interacts with a non-stationary MDP in a sequence of K episodes. At the
beginning of the k-th episode, the initial state s} is adversarially given to the agent, and the agent
determines a policy 7% = {7F}_,. Then, at each step h € [H], the agent observes the state s},
takes an action following the policy af ~ 7¥(- | s¥) and receives a reward ¥ (s¥, a¥). Meanwhile,
the MDP evolves into next state s§ , ~ Pf(-|«},af). The k-th episode ends at state s%;, |, when
this happens, no control action is taken and reward is equal to zero. We define the state and state-
action value functions of policy m = {m, }2L | recursively via the following Bellman equation:

m,k .k m,k .,k ,k
R (s,0) = ri(s,a) + PRV (s,0), Vit (s) = (Q " (s,), mu(-[s)as Vit =0, (2.1
where P¥ is the operator form of the transition kernel Pf(- |-, -), which is defined as

(Phf)(s,a) = E[f(s') |s' ~ Py(s' | s,a)] 2.2
for any function f : S — R. Here (-, -) 4 denotes the inner product over .A.

In the literature of optimization and reinforcement learning, the performance of the agent is mea-
sured by its dynamic regret, which measures the difference between the agent’s policy and the bench-
mark policy 7* = {7**}/_ . Specifically, the dynamic regret is defined as

K
D-Regret(T, 7*) = Y (V7" F(sh) = V77 *(sh)), 2.3)
k=1
where T = HK is the number of steps taken by agent and 7** is the benchmark policy of episode
k. Tt is worth mentioning that when the benchmark policy is the optimal policy of each individual
episode, that is, 7*'F = argmax . Vf’k(s’f), the dynamic regret reaches the maximum, and this spe-
cial case is widely considered in previous works (Cheung et al., 2020; Mao et al., 2020; Domingues
et al., 2020). Throughout the paper, when 7* is clear from the context, we may omit 7* from
D-Regret(T, 7).
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2.2 MODEL ASSUMPTIONS

We focus on the linear setting of Markov decision process, where the reward functions and transition
kernels are assumed to be linear. We formally make the following assumption.

Assumption 2.1 (Non-stationary Linear Kernel MDP). MDP (S, A, H, P, r) is a linear kernel MDP
with known feature maps ¢ : S x A — R%and 1) : S x A x S — R, if for any (k, h) € [K] x [H],
there exist unknown vectors 85 € R? and ¢, € RY, such that

TZ(S,&) :¢(S’G)T0;€L7 P,’f(s/|s,a) :¢(Saavs/)T£}I§
for any (s,a,s’) € S x A x S. Without loss of generality, we assume that

Io(s.a)la <1, [I65lle < Vd, (&l < Vd
for any (k, h) € [K] x [H]. Moreover, we assume that

/ 16, 0,52 ds’ < Vd
S
for any (s,a) € S x A.

Our assumption consists of two parts. One is about reward functions, which follows the setting
of linear bandits (Abbasi-Yadkori et al., 2011; Agrawal & Goyal, 2013; Besbes et al., 2014; 2015;
Cheung et al., 2019a;b). The other part is about transition kernels. As shown in Cai et al. (2019);
Ayoub et al. (2020); Zhou et al. (2020a), linear kernel MDPs as defined above cover several other
MDPs studied in previous works, as special cases. For example, tabular MDPs with canonical basis
(Cai et al., 2019; Ayoub et al., 2020; Zhou et al., 2020a), feature embedding of transition models
(Yang & Wang, 2019a) and linear combination of base models (Modi et al., 2020) are special cases.
However, it is worth mentioning that Jin et al. (2019b); Yang & Wang (2019b) studied another “linear
MDPs”, which assumes the transition kernels can be represented as Pj, (s | s,a) = 9'(s,a) " (s’
for any h € [H] and (s,a,s’) € S x A x S. Here ¢/(-,-) is a known feature map and p(-) is
an unknown measure. It is worth noting that linear MDPs studied in our paper and linear MDPs
(Jin et al., 2019b; Yang & Wang, 2019b) are two different classes of MDPs since their feature maps
(-, +,-) and ¢’(+, -) are different and neither class of MDPs includes the other.

To facilitate the following analysis, we denote by P,’f '™ the Markov kernel of policy at the h-step of
the k-th episode, that is, for s € S, P;f”r(- |8) =Y aea PE(-|s,a) - mp(a] s). Also, we define

17 = Thlloo,1 = max |7 (- | ) — m, (- | 5)]l1,
sES

k, k' k, k'
12,7 = B oo = max |27 (-[s) = B (-] s)lh-

Next, we introduce several measures of change in MDPs. First, we denote by Pr the total variation
in the benchmark policies of adjacent episodes:

K H
Pr =Y > "|m* = mt o, (2.4)

k=1h=1

0

where we choose 71" = 77" for any h € [H].

Next, we assume the drifting environment (Besbes et al., 2014; 2015; Cheung et al., 2019a; Russac
et al., 2019), that is, 92 and & ,’j can change over different indexes (k, h), with the constraint that the
sum of the Euclidean distances between consecutive 9,’? and & ;f are bounded by variation budgets B
and Bp, that is,

H K H K
SIS =05l < Br. YD I &< Bp, A=Br+Bp,  (25)

h=1k=1 h=1k=1

where H is the length of each episode, K is the total number of episodes, and 7' = HK is the
total number of steps taken by the agent. Here A is the total variation budget, which quantifies the
non-stationarity of a linear kernel MDP.
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3 MINIMAX LOWER BOUND

In this section, we provide the information-theoretical lower bound result. The following theorem
shows a minimax lower bound of dynamic regret for any algorithm to learn non-stationary linear
kernel MDPs.

Theorem 3.1 (Minimax lower bound). Fix A > 0, H > 0,d > 2, and T = Q(d®*/?AH'/?). Then,
there exists a non-stationary linear kernel MDP with a d-dimensional feature map and maximum
total variation budget A, such that,

mAin max D-Regret(T, 7*) > Q(d>/ S AV H?/BT?/3),
where A denotes the learning algorithm.

Proof sketch. As mentioned above, we only need to establish the lower bound of the dynamic regret
when the benchmark policy is the optimal policy of each individual episode. The proof of lower
bound relies on the construction of a hard-to-learn non-stationary linear kernel MDP instance. To
handle the non-stationarity, we need to divide the total 7" steps into L segments, where each segment
contains Ty = L%j steps and has Ky = L%J episodes. Within each segment, the construction of
MDP is similar to the hard-to-learn instance constructed in stationary RL problems (Jaksch et al.,
2010; Lattimore & Hutter, 2012; Osband & Van Roy, 2016). Then, we can derive a lower bound of
Q(dH+/Ty) for the stationary RL problem. Meanwhile, the transition kernel of this hard-to-learn
MDP changes abruptly between two consecutive segments, which forces the agent to learn a new
stationary MDP in each segment. Finally, by optimization L subject to the total budget constraint,
we obtain the lower bound of Q(d°/¢A/3 H?/3T2/3). See Appendix C for details. O

4 ALGORITHM AND THEORY

4.1 PROPO

Now we present Periodically Restarted Optimistic Policy Optimization (PROPO) in Algorithm 1,
which includes a policy improvement step and a policy evaluation step.

Policy Improvement Step. At k-th episode, Model-Based OPPO updates 7% = {w}j}thl accord-
ing to 7"~ = {7y "'}, Motivated by the policy improvement step in NPG (Kakade, 2002),
TRPO (Schulman et al., 2015), and PPO (Schulman et al., 2017), we consider the following policy

improvement step

7% = argmax Ly (), 4.1)
where Lj_(7) is defined as
H
Lip—1(m) = Eqrn |:Z<Q£_1(5h; D, sn) = mi (- 5h)>] (4.2)
h=1

H
—al. E k1 [Z KL(ﬂ'h(. | sp) H Wifl(. | sh)):| ,

h=1

where a > 0 is a stepsize and fol which is obtained in Line 10 of Algorithm 2 is the estimator of

sz 51 Here the expectation E_ 1 is taken over the random state-action pairs {(sp,a)}HL ,,
where the initial state s; = s%, the distribution of action ay, follows (- | s1,), and the distribution of
the next state sp4; follows the transition dynamics Pff (-] $h,apn). Such a policy improvement step
can also be regarded as one iteration of infinite-dimensional mirror descent (Nemirovsky & Yudin,
1983; Liu et al., 2019; Wang et al., 2019a).

By the optimality condition, policy update in (4.1) admits a closed-form solution

(| ) oy~ (- |5) - exp{a- Q7' ()} 4.3)
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forany s € S and (k, h) € [K] x [H].

Policy Evaluation Step. At the end of the k-th episode, Model-Based OPPO evaluates the policy
7¥ based on the (k — 1) historical trajectories. Then, we show the details of estimating the reward
functions and transition kernels, respectively.

(i) Estimating Reward. To estimate the reward functions, we use the sliding window regularized
least squares estimator (SW-RLSE) (Garivier & Moulines, 2011; Cheung et al., 2019a;b), which is
a key tool in estimating the unknown parameters online. At h-th step of k-th episode, we aim to
estimate the unknown parameter 67 based on the historical observation {(s},a}),7 (s, a})}oZ1.
The design of SW-RLSE is based on the “forgetting principle” (Garivier & Moulines, 2011), that is,
under non-stationarity, the historical observations far in the past are obsolete, and they do not contain
relevant information for the evaluation of the current policy. Therefore, we could estimate 92 using
only {(s},a}),r} (s}, a}) f—;}v(k—w)’ the observations during the sliding window 1 Vv (k — w) to
k—1,

k—1
5’;=arg;nin( > (r,:(s;,a;)—as(sﬁ,aﬁfe)?w||e||§), (4.4)
T=1V(k—w)

where A is the regularization parameter and w is the length of a sliding window. By solving (4.4),
we obtain the estimator of 95:

k—1
0F =N > d(sq.ap)ri(sh.ap), 45)
T=1V(k—w)
k—1
where Af = Y ¢(sf, ap)(sh, ap) T + Ma.
T=1V(k—w)

(ii) Estimating Transition. Similar to the estimation of reward functions, for any (k, h) € [K] x
[H], we define the sliding window empirical mean-squared Bellman error (SW-MSBE) as

k—1
T T T T T 2
Milf(f) = Z (Vh+1(3h+1) - Uh(shvah)Tﬁ) 5
T=1V(k—w)
where we denote 7], (-, ) as
W) = [ les) V()0 +6)
s

By Assumption 2.1, we have
[ (-, )le < HVd
for any (k, h) € [K] x [H]. Then we estimate £} by solving the following problem:
€ = ergmin(M} (w) + X - w]}) 4.7
where )\ is the regularization parameter. By solving (4.7), we obtain
k—1

83=<A’z>-1( 3 n;<s;,a;>~v;+l<s;+l>) 48)
T=1V(k—w)
k—1

where AY = S (s ap)np(sh,af) T+ X,
T=1V(k—w)

The policy evaluation step is iteratively updating the estimated Q-function Q* = {Qﬁ} o by
Qi) = min{o( ) "0 + () €L+ BRC) + TG, H—ht 13, @49)
Vi (s) = (@i (s, ), mh(t]s)) 4
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in the order of h = H, H — 1,--- , 1. Here bonus functions B} (-,-) : S x A — R* and T'¥(-,-) :
S % A_ — RT are used to quantify the uncertainty in estimating reward 7} and quantity P’,thkH
respectively, defined as

1/2

BEC,) = B(o(, ) T(AD) 6, )2 TEC, ) = B (k) TAD k)2 @.10)

where 8 > 0 and 8’ > 0 are parameters depend on d, H and K, which are specified in Theorem 4.2.

To handle the non-stationary drift incurred by the different optimal policies in different episodes,
Algorithm 1 also includes a periodic restart mechanism, which resets the policy estimates every 7
episodes. We call the T episodes between every two resets a segment. In each segment, each episode
is approximately the same as the first episode, which means that we can regard it as a stationary MDP.
Then we can use the method of solving the stationary MDP to analyze each segment with a small
error, and finally combine each segment and choose the value of 7 to get the desired result. Such
a restart mechanism is widely used in RL (Auer et al., 2009; Ortner et al., 2020), bandits (Besbes
etal., 2014; Zhao et al., 2020), and non-stationary optimization (Besbes et al., 2015; Jadbabaie et al.,
2015).

The pseudocode of the PROPO algorithm is given in Algorithm 1.

Algorithm 1 Periodically Restarted Optimistic Policy Optimization (PROPO)

Require: Reset cycle length 7, sliding window length w, stepsize «, regularization factors A and
', and bonus multipliers 3 and 3’.
1: Initialize {m{ (- |-)}/L, as uniform distribution policies, {Q%(-,-)}Z, as zero functions.
2: fork=1,2,...,K do
3:  Receive the initial state s¥.

4: ifk mod TS 1 then

5: Set {Qh 1 he[H) as zero functions and {T(Z_l }he[m) as uniform distribution on A.
6:  endif

7. forh=1,2,...,H do

8 7k [ ocmh (] expla- Q).

9: Take action af ~ ¥ (- | s¥).
10: Observe the reward rh(sﬁ, al) and receive the next state SZ L1

11:  end for
12:  Compute QF by SWOPE(k, {7}, A\, N, 8, 8') (Algorithm 2).
13: end for

Algorithm 2 Sliding Window Optimistic Policy Evaluation (SWOPE)

Require: Episode index k, policies {7, }, regularization factors A and \’, and bonus multipliers 3
and 3'.
1: Initialize V/; as a zero function.
2: for h H H - () do

3: fs ) - ViEL(s)ds.

4 AE*ZT 1\/(k w) ¢(5hvah)¢(5£vaﬁ)T+)\Id~

5 eh: (M%)~ ZE 1v(k w) (8hs ap )77, (8T, aF)-

6. Ak = ZT (k- w)nh(sh,ah)nh(sh,ah) + N1y
7

8

5h:( " I(Zf 1v(k w) M; (s, ap) - V§+1(5£+1))-

L BEC,) = B0, ) T (AN L, )

0 TE(-) = B/ (nf(, ) T(AE) Ik, ) YA

10 Qp(,) = min{g(- VIO +nf () TEE + BEC, ) +TE(, ), H — h+ 1}
e VE(s) = (QF (s, ), mE(-]s)) .

12: end for
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4.2 SW-LSVI-UCB

In this subsection, we present the details of Sliding Window Least-Square Value Iteration with UCB
(SW-LSVI-UCB) in Algorithm 3 (cf. Appendix B).

Similar to Least-Square Value Iteration with UCB (LSVI-UCB) in Jin et al. (2019b), SW-LSVI-UCB
is also an optimistic modification of Least-Square Value Iteration (LSVI) (Bradtke & Barto, 1996),
where the optimism is realized by Upper-Confidence Bounds (UCB). Specifically, the optimism is
achieved due to the bonus functions B} and I'¥, which quantify the uncertainty of reward functions
and transition kernels, respectively. It is worth noting that in order to handle the non-stationarity,
SW-LSVI-UCB also uses the sliding window method (Garivier & Moulines, 2011; Cheung et al.,
2019a;b).

In detail, at k-th episode, SW-LSVI-UCB consists of two steps. In the first step, by solving the
sliding window least-square problems (4.4) and (4.7), SW-LSVI-UCB updates the parameters AZ in
4.5), 973 in (4.5), A’,j in (4.8), and ?g in (4.8), which are used to form the Q-function Q’,E; . In the

second step, SW-LSVI-UVB obtains the greedy policy with respect to the Q-function QE gained in
the first step. See Algorithm 3 in Appendix B for more details.

4.3 REGRET ANALYSIS

In this subsection, we analyze the dynamic regret incurred by Algorithms 1 and 3 and compare the
theoretical regret upper bounds derived for these two algorithms.
To derive sharp dynamic regret bounds, we impose the following technical assumption.

Assumption 4.1. There exists an orthonormal basis ¥ = (¥, --- ,¥y,) such that for any (s,a) €
S x A, there exists a vector 2 € R? satisfying that ¢(s, a) = ¥z. We also assume the existence of
another orthonormal basis ¥’ = (¥{,-- - ,¥}) such that for any (s,a,k,h) € S x A x [K] x [H]

such that )} (s, a) = ¥z’ for some 2z’ € R%.

It is not difficult to show that this assumption holds in the tabular setting. Similar assumption is also
adopted by previous work in non-stationary optimization (Cheung et al., 2019a). We will provide
more comments on this technical assumption after showing main results.

First, we establish an upper bound on the dynamic regret of PROPO. Recall that the dynamic regret
is defined in (2.3) and d is the dimension of the feature maps ¢ and . Also, |.A| is the cardinality of
A. We also define p = [K/7] to be the number of restarts that take place in Algorithm 1.

Theorem 4.2 (Upper bound for Algorithm 1). Suppose Assumptions 2.1 and 4.1 hold. Let 7 =
T+/log | A . _ .

H[1,K](L(WT%)2/3J), a = /plog|A|/(H?K) in (4.2), w = O(d'/3A=2/3T2/3) in (4.4),

A=) =1lin(4.4)and (4.9), 8 = Vd in (4.10), and §’ = C'\/dH? -log(dT/{) in (4.10), where

C’ > 1 is an absolute constant and ¢ € (0, 1]. We have
D-Regret(T) < d°/SAY3HT?/3 log(dT/¢)

VH3T log [ A], if0 < Pp+ VdA < /o84l
+ (H2T\/log [ A])?/3(Pp + VdA)/3, it /22 AL < pp 4 VAA < K\ /log | A],
H?(Prp +VdA), if Pr +vdA > K\/log|A],

with probability at least 1 — (.
Proof. See Appendix D for a proof sketch and Appendix G for a detailed proof. [
Then we discuss the regret bound throughout three regimes of Pr + v/dA:

e Small Pr + VdA: when 0 < Pr + VdA < %, restart period 7 = K, which

means that we do not need to periodically restart in this case. Assuming that log|A| =
O(d°/3A?/3H=1T1/3), Algorithm 1 attains a O(d°/6A'/3 HT?/3) dynamic regret. Com-
bined with the lower bound established in Theorem 3.1, our result matches the lower bound
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in d, A and T up to logarithmic factors. Hence, we can conclude that Algorithm 1 is a near-
optimal algorithm;

e Moderate Pr + v/dA: when 4/ % < Pr +VdA < Ky/log |A|, restart period 7 =

(HT(P% %)2/3 € [2,K]. Algorithm 2 incurs a O(T2/3) dynamic regret if A = O(1)

and Pr = O(1);
e Large Pr++/dA: when Pr++dA > K/log|A|, restart period 7 = K. Since the model
is highly non-stationary, we only obtain a linear regret in 7'.

In the following theorem, we establish the upper bound of dynamic regret incurred by SW-LSVI-
UCB (Algorithm 3).

Theorem 4.3 (Upper bound for Algorithm 3). Suppose Assumption 2.1 and 4.1 hold. Let
w = O(d/3A2/3T%/3) in (44), A = X = 1in (44) and (4.9), 3 = +/d in (4.10), and
B = C'\/dH? -log(dT/¢) in (4.10), where C’ > 1 is an absolute constant and ¢ € (0, 1]. We have

D-Regret(T) < d*/SAY3HT?/3 log(dT/¢)

with probability at least 1 — (.
Proof. See Appendix H for a detailed proof. O

Regarding Assumption 4.1. Due to some technical issue (Touati & Vincent, 2020; Zhao & Zhang,
2021), without this assumption and the knowledge of locally variation budget (Touati & Vincent,
2020), previous work can only obtain the bound (’)(T3/ 4) (Cheung et al., 2020; Zhao & Zhang,
2021; Zhao et al., 2020; Russac et al., 2019; Zhou et al., 2020b; Iouati & Vincent, 2020). Thanks
to Assumption 4.1, we derive sharper regret bounds at the order O(TQ/ 3). We also remark that we
can establish slightly worse regret bounds for Algorithms 1 and 3 without Assumption 4.1. See
Appendix I for details.

Optimality of the Bounds. Notably, the term O(d®/SA'/3 HT?/3) appears in both the results in
Theorems 4.2 and 4.3. Ignoring logarithmic factors, there is only a gap of H'/3 between this upper
bound and the lower bound Q(d°/A'/3 H?/3T2/3) established in Theorem 3.1. We conjecture
that this gap can be bridged by using the “Bernstein” type bonus functions Azar et al. (2017); Jin
et al. (2018). Since our focus is on designing a provably efficient policy optimization algorithm for
non-stationary linear kernel MDPs, we don’t use this technique for the clarity of our analysis.

Comparison. Compared with PROPO, SW-LSVI-UCB achieves a slightly better regret without
the help of the periodic restart mechanism. Especially in the highly non-stationary case, that is
Pr +VdA > K/log|A|, SW-LSVI-UCB achieves a O(T?/3) regret, where PROPO only attains
a linear regret in 7. However, PROPO achieves the same O(T%/?) regret as SW-LSVI-UCB when
Pr +VdA < K+/log |A|, which suggests that PROPO is provably efficient for solving slightly or
even moderately non-stationary MDPs. Therefore, it is important to investigate whether it is possible
to bridge this gap between policy and value based methods, or alternatively to show that this gap is
actually a true drawback of policy optimization methods in the non-stationary case.

5 CONCLUSION

In this work, we have proposed a probably efficient policy optimization algorithm, dubbed as
PROPO, for non-stationary linear kernel MDPs. Such an algorithm incorporates a bonus func-
tion to incentivize exploration, and more importantly, adopts sliding-window-based regression in
policy evaluation and periodic restart in policy update to handle the challenge of non-stationarity.
Moreover, as a byproduct, we establish an optimistic value iteration algorithm, SW-LSVI-UCB, by
combining UCB and sliding-window. We prove that PROPO and SW-LSVI-UCB both achieve sam-
ple efficiency by having sublinear dynamic regret. We also establish a dynamic regret lower bound
which shows that PROPO and SW-LSVI-UCB are near-optimal. To our best knowledge, we propose
the first provably efficient policy optimization method that successfully handles non-stationarity.



Under review as a conference paper at ICLR 2022

REFERENCES

Yasin Abbasi-Yadkori, David Pél, and Csaba Szepesvari. Improved algorithms for linear stochastic
bandits. In Advances in Neural Information Processing Systems, pp. 2312-2320, 2011.

Alekh Agarwal, Sham M Kakade, Jason D Lee, and Gaurav Mahajan. On the theory of policy gradi-
ent methods: Optimality, approximation, and distribution shift. arXiv preprint arXiv:1908.00261,
2019.

Alekh Agarwal, Mikael Henaff, Sham Kakade, and Wen Sun. PC-PG: Policy cover directed explo-
ration for provable policy gradient learning. arXiv preprint arXiv:2007.08459, 2020.

Shipra Agrawal and Navin Goyal. Thompson sampling for contextual bandits with linear payoffs.
In International Conference on Machine Learning, pp. 127-135, 2013.

Ilge Akkaya, Marcin Andrychowicz, Maciek Chociej, Mateusz Litwin, Bob McGrew, Arthur Petron,
Alex Paino, Matthias Plappert, Glenn Powell, Raphael Ribas, et al. Solving rubik’s cube with a
robot hand. arXiv preprint arXiv:1910.07113, 2019.

OpenAl: Marcin Andrychowicz, Bowen Baker, Maciek Chociej, Rafal Jozefowicz, Bob McGrew,
Jakub Pachocki, Arthur Petron, Matthias Plappert, Glenn Powell, Alex Ray, et al. Learning
dexterous in-hand manipulation. The International Journal of Robotics Research, 39(1):3-20,
2020.

Peter Auer, Thomas Jaksch, and Ronald Ortner. Near-optimal regret bounds for reinforcement
learning. In Advances in neural information processing systems, pp. 89-96, 2009.

Alex Ayoub, Zeyu Jia, Csaba Szepesvari, Mengdi Wang, and Lin F Yang. Model-based reinforce-
ment learning with value-targeted regression. arXiv preprint arXiv:2006.01107, 2020.

Mohammad Gheshlaghi Azar, Ian Osband, and Rémi Munos. Minimax regret bounds for reinforce-
ment learning. In International Conference on Machine Learning, pp. 263-272. PMLR, 2017.

Omar Besbes, Yonatan Gur, and Assaf Zeevi. Stochastic multi-armed-bandit problem with non-
stationary rewards. In Advances in neural information processing systems, pp. 199-207, 2014.

Omar Besbes, Yonatan Gur, and Assaf Zeevi. Non-stationary stochastic optimization. Operations
research, 63(5):1227-1244, 2015.

Omar Besbes, Yonatan Gur, and Assaf Zeevi. Optimal exploration—exploitation in a multi-armed
bandit problem with non-stationary rewards. Stochastic Systems, 9(4):319-337, 2019.

Steven J Bradtke and Andrew G Barto. Linear least-squares algorithms for temporal difference
learning. Machine learning, 22(1-3):33-57, 1996.

Qi Cai, Zhuoran Yang, Chi Jin, and Zhaoran Wang. Provably efficient exploration in policy opti-
mization. arXiv preprint arXiv:1912.05830, 2019.

Shicong Cen, Chen Cheng, Yuxin Chen, Yuting Wei, and Yuejie Chi. Fast global convergence of
natural policy gradient methods with entropy regularization. arXiv preprint arXiv:2007.06558,
2020.

Yifang Chen, Chung-Wei Lee, Haipeng Luo, and Chen-Yu Wei. A new algorithm for non-stationary
contextual bandits: Efficient, optimal and parameter-free. In Conference on Learning Theory, pp.
696-726. PMLR, 2019.

Wang Chi Cheung, David Simchi-Levi, and Ruihao Zhu. Hedging the drift: Learning to optimize
under non-stationarity. arXiv preprint arXiv:1903.01461, 2019a.

Wang Chi Cheung, David Simchi-Levi, and Ruihao Zhu. Learning to optimize under non-
stationarity. In The 22nd International Conference on Artificial Intelligence and Statistics, pp.
1079-1087, 2019b.

Wang Chi Cheung, David Simchi-Levi, and Ruihao Zhu. Non-stationary reinforcement learning:
The blessing of (more) optimism. Available at SSRN 3397818, 2019c.

10



Under review as a conference paper at ICLR 2022

Wang Chi Cheung, David Simchi-Levi, and Ruihao Zhu. Reinforcement learning for non-stationary
markov decision processes: The blessing of (more) optimism. arXiv preprint arXiv:2006.14389,
2020.

Varsha Dani, Thomas P Hayes, and Sham M Kakade. Stochastic linear optimization under bandit
feedback. 2008.

Omar Darwiche Domingues, Pierre Ménard, Matteo Pirotta, Emilie Kaufmann, and Michal Valko. A
kernel-based approach to non-stationary reinforcement learning in metric spaces. arXiv preprint
arXiv:2007.05078, 2020.

Yonathan Efroni, Lior Shani, Aviv Rosenberg, and Shie Mannor. Optimistic policy optimization
with bandit feedback. arXiv preprint arXiv:2002.08243, 2020.

Eyal Even-Dar, Sham M Kakade, and Yishay Mansour. Online markov decision processes. Mathe-
matics of Operations Research, 34(3):726-736, 2009.

Yingjie Fei, Zhuoran Yang, Zhaoran Wang, and Qiaomin Xie. Dynamic regret of policy optimization
in non-stationary environments. arXiv preprint arXiv:2007.00148, 2020.

Pratik Gajane, Ronald Ortner, and Peter Auer. A sliding-window algorithm for markov decision
processes with arbitrarily changing rewards and transitions. arXiv preprint arXiv:1805.10066,
2018.

Aurélien Garivier and Eric Moulines. On upper-confidence bound policies for switching bandit
problems. In International Conference on Algorithmic Learning Theory, pp. 174—188. Springer,
2011.

Shixiang Gu, Ethan Holly, Timothy Lillicrap, and Sergey Levine. Deep reinforcement learning for
robotic manipulation with asynchronous off-policy updates. In 2017 IEEE international confer-
ence on robotics and automation (ICRA), pp. 3389-3396. IEEE, 2017.

Sandy Huang, Nicolas Papernot, Ian Goodfellow, Yan Duan, and Pieter Abbeel. Adversarial attacks
on neural network policies. arXiv preprint arXiv:1702.02284, 2017.

Ali Jadbabaie, Alexander Rakhlin, Shahin Shahrampour, and Karthik Sridharan. Online optimiza-
tion: Competing with dynamic comparators. In Artificial Intelligence and Statistics, pp. 398-406,
2015.

Thomas Jaksch, Ronald Ortner, and Peter Auer. Near-optimal regret bounds for reinforcement
learning. Journal of Machine Learning Research, 11(51):1563-1600, 2010.

Nan Jiang, Akshay Krishnamurthy, Alekh Agarwal, John Langford, and Robert E Schapire. Con-
textual decision processes with low bellman rank are pac-learnable. In International Conference
on Machine Learning, pp. 1704—1713. PMLR, 2017.

Chi Jin, Zeyuan Allen-Zhu, Sebastien Bubeck, and Michael I Jordan. Is g-learning provably effi-
cient? In Advances in Neural Information Processing Systems, pp. 4863-4873, 2018.

Chi Jin, Tiancheng Jin, Haipeng Luo, Suvrit Sra, and Tiancheng Yu. Learning adversarial mdps with
bandit feedback and unknown transition. arXiv preprint arXiv:1912.01192, 2019a.

Chi Jin, Zhuoran Yang, Zhaoran Wang, and Michael I Jordan. Provably efficient reinforcement
learning with linear function approximation. arXiv preprint arXiv:1907.05388, 2019b.

Sham M Kakade. A natural policy gradient. In Advances in neural information processing systems,
pp. 1531-1538, 2002.

Jens Kober, J Andrew Bagnell, and Jan Peters. Reinforcement learning in robotics: A survey. The
International Journal of Robotics Research, 32(11):1238-1274, 2013.

Tor Lattimore and Marcus Hutter. Pac bounds for discounted mdps. In International Conference on
Algorithmic Learning Theory, pp. 320-334. Springer, 2012.

11



Under review as a conference paper at ICLR 2022

Boyi Liu, Qi Cai, Zhuoran Yang, and Zhaoran Wang. Neural trust region/proximal policy optimiza-
tion attains globally optimal policy. In Advances in Neural Information Processing Systems, pp.
10565-10576, 2019.

Weichao Mao, Kaiqing Zhang, Ruihao Zhu, David Simchi-Levi, and Tamer Bagar. Near-optimal
regret bounds for model-free rl in non-stationary episodic mdps, 2020.

Jincheng Mei, Chenjun Xiao, Csaba Szepesvari, and Dale Schuurmans. On the global convergence
rates of softmax policy gradient methods. In International Conference on Machine Learning, pp.
6820-6829. PMLR, 2020.

Aditya Modi, Nan Jiang, Ambuj Tewari, and Satinder Singh. Sample complexity of reinforcement
learning using linearly combined model ensembles. In International Conference on Artificial
Intelligence and Statistics, pp. 2010-2020, 2020.

Arkadii Semenovich Nemirovsky and David Borisovich Yudin. Problem complexity and method
efficiency in optimization. 1983.

Gergely Neu, Andrds Gyorgy, and Csaba Szepesvdri. The online loop-free stochastic shortest-path
problem. In COLT, volume 2010, pp. 231-243. Citeseer, 2010.

Gergely Neu, Andras Gyorgy, and Csaba Szepesvari. The adversarial stochastic shortest path prob-
lem with unknown transition probabilities. In Artificial Intelligence and Statistics, pp. 805-813.
PMLR, 2012.

Ronald Ortner, Pratik Gajane, and Peter Auer. Variational regret bounds for reinforcement learning.
In Uncertainty in Artificial Intelligence, pp. 81-90. PMLR, 2020.

Ian Osband and Benjamin Van Roy. On lower bounds for regret in reinforcement learning. arXiv
preprint arXiv:1608.02732, 2016.

Anay Pattanaik, Zhenyi Tang, Shuijing Liu, Gautham Bommannan, and Girish Chowdhary. Robust
deep reinforcement learning with adversarial attacks. arXiv preprint arXiv:1712.03632, 2017.

Lerrel Pinto, James Davidson, Rahul Sukthankar, and Abhinav Gupta. Robust adversarial reinforce-
ment learning. In International Conference on Machine Learning, pp. 2817-2826. PMLR, 2017.

Aviv Rosenberg and Yishay Mansour. Online convex optimization in adversarial markov decision
processes. In International Conference on Machine Learning, pp. 5478-5486. PMLR, 2019.

Paat Rusmevichientong and John N Tsitsiklis. Linearly parameterized bandits. Mathematics of
Operations Research, 35(2):395-411, 2010.

Yoan Russac, Claire Vernade, and Olivier Cappé. Weighted linear bandits for non-stationary envi-
ronments. In Advances in Neural Information Processing Systems, pp. 12017-12026, 2019.

Ahmad EL Sallab, Mohammed Abdou, Etienne Perot, and Senthil Yogamani. Deep reinforcement
learning framework for autonomous driving. Electronic Imaging, 2017(19):70-76, 2017.

John Schulman, Sergey Levine, Pieter Abbeel, Michael Jordan, and Philipp Moritz. Trust region
policy optimization. In International conference on machine learning, pp. 1889-1897, 2015.

John Schulman, Filip Wolski, Prafulla Dhariwal, Alec Radford, and Oleg Klimov. Proximal policy
optimization algorithms. arXiv preprint arXiv:1707.06347, 2017.

Lior Shani, Yonathan Efroni, and Shie Mannor. Adaptive trust region policy optimization: Global
convergence and faster rates for regularized mdps. In Proceedings of the AAAI Conference on
Artificial Intelligence, volume 34, pp. 5668-5675, 2020.

David Silver, Aja Huang, Chris J Maddison, Arthur Guez, Laurent Sifre, George Van Den Driessche,

Julian Schrittwieser, Ioannis Antonoglou, Veda Panneershelvam, Marc Lanctot, et al. Mastering
the game of go with deep neural networks and tree search. nature, 529(7587):484—489, 2016.

12



Under review as a conference paper at ICLR 2022

David Silver, Julian Schrittwieser, Karen Simonyan, Ioannis Antonoglou, Aja Huang, Arthur Guez,
Thomas Hubert, Lucas Baker, Matthew Lai, Adrian Bolton, et al. Mastering the game of go
without human knowledge. nature, 550(7676):354-359, 2017.

Richard S Sutton and Andrew G Barto. Reinforcement learning: An introduction. MIT press, 2018.

Ahmed Touati and Pascal Vincent. Efficient learning in non-stationary linear markov decision pro-
cesses. arXiv preprint arXiv:2010.12870, 2020.

Oriol Vinyals, Igor Babuschkin, Wojciech M Czarnecki, Michag&l Mathieu, Andrew Dudzik, Juny-
oung Chung, David H Choi, Richard Powell, Timo Ewalds, Petko Georgiev, et al. Grandmaster
level in starcraft ii using multi-agent reinforcement learning. Nature, 575(7782):350-354, 2019.

Lingxiao Wang, Qi Cai, Zhuoran Yang, and Zhaoran Wang. Neural policy gradient methods: Global
optimality and rates of convergence. arXiv preprint arXiv:1909.01150, 2019a.

Ruosong Wang, Ruslan Salakhutdinov, and Lin F Yang. Provably efficient reinforcement learning
with general value function approximation. arXiv preprint arXiv:2005.10804, 2020.

Yining Wang, Ruosong Wang, Simon S Du, and Akshay Krishnamurthy. Optimism in reinforce-
ment learning with generalized linear function approximation. arXiv preprint arXiv:1912.04136,
2019b.

Lin F Yang and Mengdi Wang. Reinforcement leaning in feature space: Matrix bandit, kernels, and
regret bound. arXiv preprint arXiv:1905.10389, 2019a.

Lin F Yang and Mengdi Wang. Sample-optimal parametric g-learning using linearly additive fea-
tures. arXiv preprint arXiv:1902.04779, 2019b.

Zhuoran Yang, Yongxin Chen, Mingyi Hong, and Zhaoran Wang. On the global conver-
gence of actor-critic: A case for linear quadratic regulator with ergodic cost. arXiv preprint
arXiv:1907.06246, 2019.

Andrew Chi-Chin Yao. Probabilistic computations: Toward a unified measure of complexity. In
18th Annual Symposium on Foundations of Computer Science (sfcs 1977), pp. 222-227. 1EEE,
1977.

Andrea Zanette, Alessandro Lazaric, Mykel Kochenderfer, and Emma Brunskill. Learning near op-
timal policies with low inherent bellman error. In International Conference on Machine Learning,
pp- 10978-10989. PMLR, 2020.

Peng Zhao and Lijun Zhang. Non-stationary linear bandits revisited.  arXiv preprint
arXiv:2103.05324, 2021.

Peng Zhao, Lijun Zhang, Yuan Jiang, and Zhi-Hua Zhou. A simple approach for non-stationary
linear bandits. In Proceedings of the 23rd International Conference on Artificial Intelligence and
Statistics, AISTATS, volume 2020, 2020.

Dongruo Zhou, Jiafan He, and Quanquan Gu. Provably efficient reinforcement learning for dis-
counted MDPs with feature mapping. arXiv preprint arXiv:2006.13165, 2020a.

Huozhi Zhou, Jinglin Chen, Lav R Varshney, and Ashish Jagmohan. Nonstationary reinforcement
learning with linear function approximation. arXiv preprint arXiv:2010.04244, 2020b.

Alexander Zimin and Gergely Neu. Online learning in episodic markovian decision processes by
relative entropy policy search. In Neural Information Processing Systems 26, 2013.

13



Under review as a conference paper at ICLR 2022

A NOTATION

We denote by || - ||2 the £2-norm of a vector or the spectral norm of a matrix. Furthermore, for a

positive definite matrix A, we denote by ||z|| 4 the matrix norm vz T Az of a vector . For any
number a, we denote [a| the smallest integer that is no smaller than a, and |a| the largest integer
no larger than a. Also, for any two numbers a and b, let @ V b = max{a, b} and a A b = min{a, b}.
For some positive integer K, [K] denotes the index set {1,2, - - - , K'}. When logarithmic factors are

omitted, we use O to denote function growth.

B PSEUDOCODE OF SW-LSVI-UCB

Algorithm 3 Sliding Window Least-Square Value Iteration with UCB (SW-LSVI-UCB)

Require: Sliding window length w, stepsize «, regularization factors A and A’, and bonus multipli-
ers S and /3.
- Initialize {7 (-|-)}f__, as uniform distribution policies, {Q9 (-, )}/, as zero functions.

1

2: fork=1,2,...,K do

3:  Receive the initial state s¥.

4:  Initialize V}; as a zero function.

5: for h H H — O do

6: fs ) - ViF 1 (s)ds.

7 Ak Z‘r 1\/(k: w) ¢(Sh, ah)gb(s};, a‘ll;)T + >\Id .

k—1

8 h = (A} 1V (k—w) ¢(sh» ap )Ty (sh, ap)-
k—1

9 Ap =302 W (k—w) Th (S ap )y (ST, ap) "+ Ng..

10: &:(AZ) (Zi }v(k w) My ($haf,) - V}f+1(52+1))-
1: BEG,) = B(6(,)T(AN g, ).

12: TEC) =B ()T (AR k(L)

130 QF(.) =min{e(, )T +nf( ) e+ BEC,) +TE(, ), H — h+ 1},
14: Vik(s) = max, QF (s, a).

15: 7 (s) = argmax, Q% (s, a).

16:  end for

17: end for

C PROOF OF THEOREM 3.1

1_5_<a’7§> 1—-6

Figure 1: The hard-to-learn linear kernel MDP constructed in the proof of Theorem 3.1. Note that
the probability of state x( to state 1 depends on the choice of action a.

Proof. To handle the non-stationarity, we divide the total 7" steps into L segments, where each
segment has Ko = | %] episodes and contains Ty = HK, = H|% | steps. Now we show the
construction of a hard-to-learn MDP within each segment, the construction is similar to that used
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in previous works (Jaksch et al., 2010; Lattimore & Hutter, 2012; Osband & Van Roy, 2016; Zhou
et al., 2020a). Consider an MDP as depicted in Figure 1. The state space S consists of two states xg
and x,. The action space A consists of 247! vectors a € {—1,1}471, where d > 2 is the dimension
of feature map 1) defined in Assumption 2.1. The reward function does not depend on actions: state
xo always gives reward 0, and state x1 always gives reward 1, that is, for any a € A,

r(zo,a) =0, r(xzi,a) = 1.
Choosing,
0= (1/d>1/da 71/d)T € Rda (15(1'0,0,) = (ana 70)T € Rd7¢(xlaa) = (1713 71)T ERda

for any a € A, it follows that r(s,a) = ¢(s,a)' @ for any (s,a) € S x A, and thus this reward
is indeed linear. The probability transition P is parameterized by a (d — 1)-dimensional vector

¢ €= ={—¢/(d—1),¢/(d—1)}4"1, which is defined as
Pg(x0|x0,a):1—5—<a,§>, Pg(x1|x0,a):5+<a,§>,
P§($0|$1,a):(5, P§($1|$1,a):1—67

where § > 0 and € € [0, d — 1] are parameters which satisfy that 2¢ < § < 1/3. This MDP is indeed

a linear kernel MDP with the d-dimensional vector E = (¢7,1)". Specifically, we can define the
feature map (s, a, s’) as

¢($07aa$0) = (7U’T7 1- 5)T7 1/’(13&@»5171) = (aTv(S)T?
1/)(9517%960) = (OTaé)T7 1/1(9517(17581) = (0T71 - 5)—'—7

and it is not difficult to verify that P¢(s' | s,a) = 1(s, a,s') €.

Now we are ready to establish the lower bound in Theorem 3.1. By Yao’s minimax principle (Yao,
1977), it is sufficient to consider deterministic policies. Hence, we assume that the policy 7 obtained
by the algorithm maps from a sequence of observations to an action deterministically. To facilitate
the following proof, we introduce some notations. Let Ny, N1, N§ and Né“/ denote the total number
of visits to state xq, the total number of visits to x1, the total number of visits to state x( followed
by taking action a, and the total number of visits to state g followed by taking an action in A’ C A,
respectively. Let P¢(+) denote the distribution over ST, where s} = zo, sf | ~ Pe(-|sf, af), aff
is decided by ﬂ'}’j. We use ¢ to denote the expectation with respect to Pe.

Now we consider a segment that consists of K episodes and each episode starts from state xg. Let
sk denote the state in the h-th state of the k-th episode. Fix & € =. We have,

Ko H Ko H Ko H
EeNi=» ) Pelsp=a1) =) > Pelsp=anshy=z1)+ ) Y Pelsh = z1,85_1 = 20)

k=1h=2 k=1h=2 k=1h=2
Ko H Ko H
=D D Pelsh =a|shy =a))Pe(shy =a1)+ Y > Pelsh = a1, = 20).
k=1h=2 k=1 h=2
(i) (ii)

(C.1)

By the construction of this hard-to-learn MDP, we have P¢(sf = z1|sf | = x1) = 1 — 6, which
implies that

Ko H
) =(1=0)-D> > Pelsp_y = z1)
k=1 h=2 <
=(1=0) BNy — (1=0)- > Pe(shy = z1). (C.2)
k=1

Meanwhile, we have

Ko H
(ii) = ZZ ZPg(SE =y |sf_| =wxo,af_; =a) Pe(sf_; =x0,af_, = a).

k=1h=2 a
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By the fact that P (sf = 1 | sf_, = x0,a¥ | = a) =6 + (a, ), we further obtain

Ko H
= Z ZZ(‘S +(a,§)) - PE(SIZA = wo,a’;’iq =a)

k=1h=2 a
Ko
= Z §+ (a,€)) - (EeNG — ZPg(s% = x9,ak = a)). (C3)

Plugging (C.2) and (C.3) into (C.1) and rearranging gives
Ko

1-6
EeNy = Za:(l +(a,§)/0) - E¢Ng — ;(T Pe(sfp = 1) + Z - Pe(s = wo, af
e
=E¢No+671- Z(a, EENG — De. (C.4)
By (C.4) and the fact that {(a, &) < €, we further have
EeN = EeNo+67" > (a,€) - EeNg — P
€ Ko1-4 €
> EeNo = 5 BelNo = Y (5 Pe(sly = 1) + (1+ 5) - Pe(sly = 20))
k=1
¢ S01-5 e+26—1
k=1
1-46
> (1— 5) EeNo — — - Ky, (C.35)
where the second equality uses the fact that Pe(s% = xg) + Pe(sh;, = 1) = 1, and the last
inequality holds since 6+25 1 - Pe(sh = xo) is negative. Together with Ny + Ny = Tp, (C.5)
implies that
T 1-— - K 2T 2

2—¢/6 - 3 34

where the last inequality follows from 2¢ < § and 6 > 0. Meanwhile, note that ® is non-negative
because (a,&) > —e > —4. Combined with the fact that Ny + Ny = Tp, (C.4) and &, > 0 imply
that

EeN) < To/2+671 - {0, &) - EeNG /2. (C6)

Hence, we have

éZ]EgNl < %Jr e ZZ a,&)EN¢
¢

T
<5+ _JHZZZ&HW@ =sgn(a) NG, (€)
j=1 a
where 1{-} is the indicator function. Here the last inequality uses the fact that (a,§) <
T Z?;i 1{sgn({;) = sgn(a;)} forany a € Aand £ € = Fix j € [d — 1]. We define a
new vector g(£) as
&, ifi# ],
9(&)i = e
_£i7 ifi = J-
Then, for any a € A and £ € =, we have
Ec1{sgn(;) = sgn(a;)} Ng + g 1{sgn(g(E);) = sgn(a;)} Ng
= Eg) Ny + Ee1{sgn(§;) = sgn(a;)} Ng — Eg(e)1{sgn(&;) = sgn(a;)} Ny (C.8)
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Taking summation of (C.8) over a and &, and because g(&) is uniformly distributed over = when ¢
is uniformly distributed over =, we have

23 ) Ee(1{sgn(¢;) = sgn(a;)}) NG
a ¢
=3 Z(EQ@NS +Ee1{sgn(;) = sgn(a;) }N§ — Eg(e)1{sgn(§;) = sgn(a;)}NG)

AS
*Z >N0+]E5N *Eg@)No’)v (C.9)

¢
where A§ = {a :sgn(§;) = sgn(a;)}. By Lemma J.4 and the fact that N64j < Ty, we have
CTO

AS AS
EeNg 7 —Ege)Ny? < KL(Pye)lPe), (C.10)
where ¢ = 8+/log 2. Moreover, by Lemma J.5, we have
16¢2
KL(Pe || Pe) < mEgNo (C.11)
Plugging (C.8), (C.9), (C.10) and (C.11) into (C.7), we obtain
d—1
1 T T
=S EN <24 7_ 3 (BeNo + 2 /EeN)
El 4 2 T (d-E &2 NG
1
TO 2T0 CT()E 2T0 2 )
< - — —Ko+ —— + — K
Y S (g a5

TO 6T0 eK 0 CTO € 2T()

_ 20 1K C.12

2+65+652+8d5\/5 3 350 12
Note that for a given &, whether in state  or ;, the optimal policy is to choose ag = [sgn(&;)]¢= .
Hence, we can calculate the stationary distribution and find that the optimal average reward is 25;:6
Recall the definition of dynamic regret in (2.3), we have

1 0+e€ 1
El > E¢D-Regret(Ty) > Ty — El > EcM
e e

20 + ¢
1) +e€ TO €T0 6K0 CT0€2 2To 2
> Ty 2200 204 2 Ko, (C.I3
25+ " 2 65 662 8d5/s T gp o (©19)
Setting § = ©(4 ) and € = O( gTO), we have

Recall that in our episodic setting, the transition kernels Py, Po, - - - , Py may be different. By the
same argument in Jin et al. (2018) (consider H distinct hard-to-learn MDPs and set 6 = @(%) and

€= @(\/inO)), we obtain a dynamic regret lower bound of Q(dH+/T}) in the stationary linear kernel
MDPs. For non-stationary linear kernel MDPs, the number of segments L is under budget constraint
2¢HL/\/d < A. By choosing L = ©(d~/3A%/3 H=2/3T1/3), we have

1 ,
El > EeD-Regret(T) > Q(L - dH\/T/L) = Q(d*/ A3 H/3T?/3),
s

which concludes the proof of Theorem 3.1.
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D PROOF SKETCH OF THEOREM 4.2

In this section, we sketch the proof of Theorem 4.2.
To facilitate the following analysis, we define the model prediction error as

Iy =i +PrviE —QF, (D.1)

7Tkk‘

which characterizes the error using Vh to replace V,'**" in the Bellman equation (2.1).

D.1 PROOF SKETCH OF THEOREM 4.2

Proof Sketch of Theorem 4.2. First, we decompose the regret of Algorithm | into two terms
D-Regret(T) = R1 + Ra,

where Ry = S5 V7 R (sh) — VE(sh) and Ry = 1, ViF(sh) — ka’k(s’f). Then we analyze
R1 and Rq respectively. By Lemma E.1, we have

R1 22 Z ZEWM (@h(sns-)s ( |sn) — (- | su))]

k=(i—1)7+1 h=1
P iT H
+3 Y Y Bkl (shyan)).
i=1 k=(i—1)7+1 h=1

Applying Lemma D.2 to the first term, we obtain

P T H
ST S Bk [(Qh(sn L sn) — T sn))]

i=1 k=(i—1)7+1 h=1
< \/2H3Tplog |A| + TH*(Pr + VdA).

Meanwhile, as shown in Lemma E.1, we have

iT H
MKHQ_Z > > sk ap).

i=1 k=(i—1)74+1 h=1

Here M 2 is a martingale defined in Appendix E. Then by the Azuma-Hoeffding inequality, we

obtain [Mg 2| < \/16H2T -log(4/¢) with probability at least 1 — (/2. Here ¢ € (0,1] is a
constant.

Now we only need to derive the bound of the quantity

S i tim1yr1 et (Be [l (sn,an)] — 15(sk,af)).  Applying the bound of I in

Lemma D.3 to this quantity, it holds with probability at least 1 — /2 that

Z Z Z ok lh Shvah)] 12(827(12))

i=1 k=(i— 1)T+1h 1

k-1 k-1
Z Yo e =6+ Yo llg & 2+ Bi(s,a) + Th(s, ).
k=1h=1 i=1V(k—w) =1V (k—w)

Then we apply Lemmas J.1 and J.2 to bound this quantity by 2wAH~/d 4+ 8dT\/log(w)/w +
8C'dTH - \/log(wH?2d)/w - log(dT'/{), where C" is a constant specified in the detailed proof.

With the help of these bounds, we derive the regret bound in Theorem 4.2. O

18
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D.2 ONLINE MIRROR DESCENT TERM

In this subsection, we establish the upper bound of the online mirror descent term.

The following lemma characterizes the policy improvement step defined in (4.1), where the updated
policy 7 takes the closed form in (4.3).

Lemma D.1 (One-Step Descent). For any distribution 7 on A and {7*}%X_, obtained in Algorithm
1, it holds that

a - (Qh, ma(-|s) =7 (-] )
< KL(my (- 8) | 7 (- | 5)) = KL(ma(-|8) (|71 (- | 8)) +o”H? /2.

Proof. See Appendix F.1 for a detailed proof. O

Based on Lemma D.1, we establish an upper bound of online mirror descent term in the following
lemma.

Lemma D.2 (Online Mirror Descent Term). For the Q-functions {Qﬁ}(k,h)e[z{]x[ ) obtained in
(4.9) and the policies {W’ﬁ}(k,h)e[K] «[H] obtained in (4.3), we have

Yoo D D B [(@h(sne )y m (L sn) — mh (- sn)]

i=1 k=(i—1)74+1 h=1
< \2H3Tplog |A| + TH?*(Pr + VdA).

Proof. See Appendix F.2 for a detailed proof. O

D.3 MODEL PREDICTION ERROR TERM

In this subsection, we characterize the model prediction errors arising from estimating reward func-
tions and transition kernels.

Lemma D.3 (Upper Confidence Bound). Under Assumptions 2.1 and 4.1, it holds with probability
at least 1 — /2 that

k—1 h—1
—2Bi(s.0) —2Whsa) = D G =0 VA 3 =6
i=1V(k—w) i=1V(k—w)
k-1 ‘ b1 |
<heos ) -0k #Yd: 5 -6
i=1V(k—w) i=1V(k—w)

for any (k, h) € [K] x [H] and (s,a) € S x A, where w is the length of a sliding window defined
in (4.5), B (-, -) is the bonus function of reward defined in (4.10) and I'¥ (-, -) is the bonus function
of transition kernel defined in (4.10).

Proof. See Appendix F.3 for a detailed proof. O

Since our model is non-stationary, we cannot ensure that the estimated Q-function is “optimistic in
the face of uncertainty” as lﬁ < 0 like the previous work (Jin et al., 2019b; Cai et al., 2019) in the
stationary case. Thanks to the sliding window method, the model prediction error here can be upper
bounded by the slight changes of parameters in the sliding window. Specifically, within the sliding
window, the reward functions and transition kernels can be considered unchanged, which encourages
us to estimate the Q-function by regression and UCB bonus, and thus achieve the optimism like the
stationary case. However, reward functions and transition kernels are actually different in the sliding
window, which leads to additional errors caused by parameter changes.

By giving the bound of the model prediction error I defined in (D.1), Lemma D.3 quantifies un-
certainty and thus realizes sample-efficient. In detail, uncertainty is because we can only observe
finite historical data and many state-action pairs (s, a) are less visited or even unseen. The model
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prediction error of these state-action pairs may be large. However, as is shown in Lemma D.3,
the model prediction error lk can be bounded by the variation of sequences {Gh}l WV (h—w) and

{¢ h}z:1\/( k—uw)» together with the bonus functions B and T'¥ defined in (4.10), which helps us to
derive the bound of the regret. See Appendix G for details.

E REGRET DECOMPOSITION

Recall the definition of model prediction error in (D.1)

Ih=rh +PEVi, — Q).
Meanwhile, for any (k, h) € [K]x[H], we define F, 5, 1 as the o-algebra generated by the following
state-action sequence and reward functions,
{(sT,a]))}riyete—yxim U {r e U {(sF, af) Y-

Similarly, we define F}, 5, o as the o-algebra generated by

{(s5,a0) Y riyepe—1)xpm YA Frem U {(st, af)}z‘e[h] U {SZH}»

where 3?—1+1 is a null state for any k& € [K]. The o-algebra sequence { F . m } (k,h,m)e[K] x[FH]x[2] 1S
a filtration with respect to the timestep index ¢t(k, h,m) = (k— 1) - 2H + (h — 1) - 2+ m. It holds
that Fk,h,m - ]:k/,h’,m/ for any t(k, h, m) < t(k’l, h/, m').

Lemma E.1 (Dynamic Regret Decomposition). For the policies {wk}szl obtained in Algorithm 1
and the optimal policies 7*¥ in k-th episode, we have the following decomposition

K

*,k o7, ﬂ_k
D-Regret(T) = > (V7" *(sh) = Vi *(sh)) (E.1)
k=1
T H
=3 > B [(@KCn i sn) TG sn))] + M
i=1 k=(i—1)r+1 h=1 —
(i)
(i)
P H
IDID M S TIRNIES S SR DT ¥
i=1 k=(i—1)7+1 h=1 i=1 k=(i—1)7+1 h=1
(iii) (iv)
Proof. Recall the definition of dynamic regret in (2.3), we have
K k k
D-Regret(T) = S (V77 "*(sh) — V77 ¥ (s}))
k=1
& s ok, K ok, K
=> (VM) = v R Gs). (E2)
i=1 k=(i—1)r+1
Note that
ﬂ*’k,k 7\'k,k7 Tr*"k,k 7Tk,k
Vi (s1) =V (sh) = Wy (s1) = VIE(sT) + VIF(sT) = V" (sh) - (E.3)

Term (i): By Bellman equation we have

ViR (s) = V() = (QF (s, )y mi (-1 9))a — (QE(s, ), 7 (-] 9)) 4 (E.4)
= (QF " (5,) — QE (s, ), T (- | 8))a + (QE(s, ), (| ) — 7 (-] 9)) 4
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for any (s, h,k) € S x [H] x [K]. Meanwhile, by the definition of the model prediction error in
(D.1), we have

Qh =15 +PRViiy — I
Combining with Bellman equation in (2.1), we further obtain
k
nt QL = PRV - Vi) + (ES5)
Plugging (E.4) into (E.5), we obtain
kK "k *,k *,k
Vi R (s) = Vi (s) = (PR(VT T = Vi) (), m " (- 1))+ (U (s, ), m " (- [ )
+(Qh(s,)sm (- 8) = mh (-] 9)) 4. (E.6)

For notational simplicity, for any (k, h) € [K] x [H] and function f : S x A — R. we define the
operators ]Iﬁ and I, ;, respectively by

IF)(s) = (Fla, ), my " C1s)) (Tenf)(s) = (Fla, ), mh (-] 5)). (E.7)
Also, we define
wi(s) = (IQF)(s) — Mk wQR)(s) = (@R (s, ), 3" (- 8) = 7h (-] 5)) (E.8)
With this notation, recursively expanding (E.6) over h € [H|, we have
) H h-1 H h-1
Vit — vk = (H ]Ikpk) it = Vi) + Z(H prf)ﬂlﬁlﬁ + Z(H pri?)/iﬁ
h=1 i=1 h=1 i=1
H h— H h-1
= Z(H Pl )uhek + 3 (T 1k ok,
h=1 i=1 h=1 i=1

where the last inequality follows from VHﬂ+f =Vk +1 = 0. By the definitions of P in (2.2), IF in
(E.7), and NIZ in (E.8), we further obtain

H
Term(i ZEW (@F(sn )y (- Isn) = 7f ([ s)] + D Eellf (shyan)l.  (B.9)
= h=1

Term (ii): Recall the definition of value function Vhﬂk *in (2.1), the estimated function th in (4.9)
and the operator ]1 in (E.7), we expand the model prediction error [F 1 into

U (shy ar) = i (shy az) + (PR Vi) (sh, ai) — Qi (sh, ai)
= (rh(sh,af) + (BEVE ) (sh ab) — QF *(shaf)) + Q@ *(sh af) — @(sh af)
= (Ph(ViE = Vi) (shoah) + (@QF = @B (sh.ab),
where the last equality follows from the Bellman equation in (2.1). Then we can expand th(s’fl) —
Vh”k’k(s’,j) into
ViE(sh) = Vi (s) = (Ten(@F = Q7 ) () + zii(s’z, ak) = lh(sh,a})
= (L (@F = Q) (s) + (@F * = Q) (st af)
+ (Bh(ViE - vh”i’f))(sz,ah) e
To facilitate our analysis, we define
Dipa = (en(QF — QT M) (sh) — @k — Q1 (E.10)
Dina = (BE(Viks = Vi) (shoah) = (Vi = Vi) sk 0):
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Hence, we have

ke ok ™
ViE(s) = Vi, #(s¥) = Dypy + Dz + (Vike, — Vh+1k)(82+1) — 15 (sk,af) (E.11)
for any (k, h) € [K] x

[H]. For any k € [K], recursively expanding (E.11) across h € [H] yields

H
(Dr,hy + Dion2) — Z ZZ(sﬁv alii) + (VII;Jrl(SI;IH) - VHW+f(s];I+1))
1

M:c

Term(ii) =

>
Il
—
>
I

I¥(sk,ab), (E.12)

I
M=
Mm

(Di,h1 + Dipy2) —

-
Il
—
>
Il

] 1

where the last equality uses the fact that Vi (sk ;) = Vg:f (s§41) = 0. By the definitions
of Fi p,1 and Fy, p 2, we have the Dy 1 € Fi p1 and Dy 2 € Fi p2. Hence, for any (k,h) €
(K] > [H],

E[Dg,n,1|Frn-1,21 =0,  E[Dy n2|Fin1] = 0.

Notice that Fj 92 = Fr—1,m,2 for any k£ > 2, which implies the corresponding timestep index
t(k,0,2) = t(k —1,H,2) = 2H(k — 1). Meanwhile, we define Fj o 2 to be empty. Thus we can
define the following martingale

k—1 H
Mk,h,m ZZ 711+D712 +Z Dk11+Dk12 +Zthf
T=11i=1
— > Dy, (E.13)

(1,4,0)E[K]|x [H]x[2],
t(7,:,0)<t(k,h,m)

where t(k, h,m) = 2(k — 1)H + 2(h — 1) + m is the timestep index. This martingale is obviously
adapted to the filtration {F n.m } (k,h,m)e[K]x[H]x|2]» and particularly we have

K H
M2 =YY (Drni+ Dinz). (E.14)
k=1h=1
Plugging (E.9) and (E.12) into (E.2), we conclude the proof of Lemma E.1. O]

F PROOFS OF LEMMAS IN SECTION D

F.1 PROOF OF LEMMA D.1

Proof. For any (k,h) € [K] x [H], let zx(s) = 3 ,,c 4 p(a’) - exp(a - w)(a’ | 5)). Since z4(s) is a
constant function, it holds that, for any s € S,

(log 21 (s), m(- | 8) = m F1 (-] 5)) = 0
Hence, for any s € S, it holds that
KL (m (- | 8) [ 74 (- 5)) = KL(mu(- | 8) | 7, (-] 5))
= (log(my " (-1 8)/m (-1 9)) m (- | 9))
= (log(m, "1 (-18)/mi (- 9)), 7a (- | 5) = m F1 (- 8)) + KL(m, ' ([ 9) | (-] 9))
= (log zi(s) +log(my " (- | s)/m (- | 5)), 7 (- | 8) — m F (- | )>+KL( nCIs) k(] 9).
Recall that 7} 7 (- | -) oc 7f (-] ) - exp{ar- QF(-|-)}, we have
KL(mn (- | 8) [| w (- | 8)) = KL(mn(- | s) [| w3, F (- | 5)
= a - (Qhmr(-|s) = (| 9)) + KL(mp ™ (| 9) |5 (- | 9)).
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Thus,

a-(Qp,mn(-|s) — (-] 5)) (1)
= o (QF, (-] 8) = 7T 8)) + - (Qp, (| s) — 7 (- | 9))
< KL(mn(-|9) [ 7 (- | 9)) —KL(m( |s) lmp (- 1s)) = KL(mp ™ (- | s) |77 (-] 5))
+a-[|QE(s, oo - Ik (| 8) = (- 8)]l1,

where the last inequality uses Cauchy-Schwartz inequality. Meanwhile, by Pinsker’s inequality, it
holds that

KL(m (o)1 9) = (- |s) = my (1 s)I17 /2. (F.2)
Plugging (F.2) into (F.1), combined with the fact that || Q% (s, -)||oc < H for any s € S, we have

o (QF,mu(-]8) =7 (-] 5))
<KL(m (- 8) [ w (- 5) = KL(ma(-| ) [ 77| ))
— TGl s) — ) 3/2 + aH (| s) = 7L )
<KL(m(-|8) [ 7§ (-|5) = KL(ma(- | ) [ 7571 ) + 0’ H2/2,

which completes the proof of Lemma D.1. O

F.2  PROOF OF LEMMA D.2
Proof. Recall that p = [K/7]. First, we have the decomposition

P T H
ST D Eren (@5 Gsny )y (Lsn) = wh (- sn)] (F3)

i=1 k=(i—1)r+1 h=1

14 iT H
3 > D Eemnen [(QF (s ), 1 ([ sn) = wE (-] sn))]

i=1 k=(i—1)7+1 h=1

(A)

P iT H
+3 > Y B = B e [(QE (50 ), 7 (L sn) — 7k (- [ sn))] -
i=1 k=(i—1)7+1 h=1

:('7 +

(B)

We can further decompose Term A as

Term(A Z Z Z]E o (i—1)T+1 Qh(shv ), T *(l 1)TH( |sn) — mh(: |sn))]

=1 k=(i—1)7+1 h=1

A

+Z Z ZEW D [(@E (sny ), T (- [ 30) = m DT )]

i=1 k=(i—1)7+1 h=1

Az
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By Lemma D.1, we have

H p
1
A < 3 it
< aKH?/2 + Z Z -
h=1i=1
% Z (E ;( R [KL( *,(1— 1)T+1( |5h) || 7r}k7,( | Sh)) _ KL(W;’(i_l)T+1(- ‘ s H 7Tk+1( ‘Sh))])
k=(i—1)7+1 '

1 s e 1
= joKH +ZZ;'

h=11i=1

(B o [RL (O s (107 n) = KL (07 ) 7 sn)] )

I /\

GOKH + ZZ( mnrn [KL(m 0T ) [ 0T ). (F4)

h=11i=1

Here the second inequality is obtained by the fact that the KL- divergence is non-negative. Note

that ﬂ_(z 1)7+1 . (i—l)T+1(

is the uniform policy, that is, 7, alsp) = il AI for any a € A. Hence, for any
policy m and ¢ € [p], we have

KL (m (- [ sn) | V7 [sn)) = 3 malal sn) - log (JA] - maa | 1))
acA

=log |A| + Z mh(alsy) -log(mn(alsy)) <loglA|, (F5)
acA

where the last inequality follows from the fact that the entropy of 7y, (- | sp,) is non-negative. Plugging
(E.5) into (F.4), we have

Ay < aH?K/2+ pH log | A|/a = \/2H3Tplog | Al (F.6)

where the last inequality holds since we set o = /2plog |A|/(H2K) in (4.2). Meanwhile,

14 iT H
A< > S Epenen [H i C Lsn) = mp O ) ]

i=1 k:(i71)7+1 h=1

o
SH'Z} Z Z Z ooyt [l " (- L) = w7 sn) 1]

—1)7+1 h=1t=(i— 1)T+2

Yy Yy Zmaxnwh 18 = ]9

i=1 k=(i—1)7+1t=(i—1)7+2 h=1
K H

= Hr- Yy max|lm (] s) = w7 (| s)ly = HTPr, E7)
f:lh:l

where the first inequality follows by Holder’s inequality and the fact that ||Q% (s, -)||oc < H, the sec-
ond inequality follows from triangle inequality, and the last inequality is obtained by the definition
of Pr in (2.4). Combing (F.6) and (F.7), we have

Term(A) < \/2H3Tplog |A| + HT Pr. (F.8)

By Lemma J.6 and the same proof of Lemma 4 in Fei et al. (2020), we have

Term(B) < TH?(Pr + Ap), (F.9)
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where Ap = S SO max (o ayesxa [P | 55,a) — P (-] s,a)|)1. By Assumption 2.1, we
further obtain

1 (s,a)eSxA
K H
=3"N" max Y [P |sj,0) — P | s,a)]
1 hel (s,a)ESX.A Py
K H
=33 max > [esia,s)T(Ef - €Y
1 hmp (SWESXA T
K H
<SS max N sia sz 1€ — &, (F.10)
1 he1 (s,a)ESX.A oS

where the last inequality follows from Cauchy-Schwarz inequality . Recall the assumption that
Yooes (s, a,8)]2 < Vd for any (s,a) € S x A, we have

K H
’ ek _ ekt
>3 max 3 [[0s a2k~

k=1h=1 s'eS
K H
<VAY Yk =& 2 = VdBp < VdA. (F11)
k=1 h=1

Combining (F.8), (F.9), (F.10) and (F.11), we have

P T H
S0 Y Bk [(QF (), 1 (- sn) = wh (| sn))] < V/2H3Tplog | Al + TH?(Pr + VdA),
i=1 k=(i—1)7+1 h=1

which concludes the proof.

F.3 PROOF OF LEMMA D.3

Proof. We first derive the upper bound of —I¥(-,-). As defined in (D.1), for any (k, k) € [K] x [H]
and (s,a) € S x A,

—li(s,a) = Qfi(s,a) — (r + LV ) (s, a).
Meanwhile, by the definition of Q’,TL in (4.9), we have
Qﬁ(v ) = min{q[)(-, )Té\lli + 7]2('5 )Tg}i + B}I;(v ) + FZ('? ')>H —h+ 1}+
< ¢(s,a) 0% + 1 (s,0) T &f + Bfi(s,a) + Ti(s,a)
for any (k,h) € [K] x [H] and (s,a) € S x A. Hence, we obtain
—ZE(S,(L) = QZ(S; a) - (T’ii + PZth+1)(S7 CL)
< ¢(s, a)Té’; + 15 (s,0) &) + B (s, a) + Th(s,0) — (rf + PEViEL ) (5, 0)
= ¢(s,0)"0F + Bf(s,a) — ri(s, a) +nf(s,0) &F + Tf(s,a) = PV (5, 0).
) (i)
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Term (i): By the definition of 97,5 in (4.5), we have

k—1
@;—05=<A’z>—1( 3 ¢<s;,a;>r;<s;7a;))_eg
=1V (k—w)

k—1

=<A¢;’>-1( T ¢<s;,a;>r;<s;,a;>—Aﬁe,’i)

T=1V(k—w)
k—1
—h (X oleTane(shah) 6 - o)) - 1+ 0%,
T=1V(k—w)

where the last equality is obtained by the definition of AZ in (4.5) and the assumption that
17 (s, a]) = &(s},a}) 07 for any (7,h) € [K] x [H]. Hence, for any (k,h) € [K] x [H]
and (s,a) € S x A, we have

6(s,a) " (BF — 0F)] (F.12)

k—1
<JotsaT @ (X olshao(sT.al) (07 - 0 ) |+ oo, () -0,

T=1V(k—w) (i.2)
(i)

Then we derive the upper bound of term (i.1) and term (i.2), respectively.

Term (i.1): By Cauchy-Schwarz inequality, we have

s S (shaal)b(efal) (0 — )|

T=1V(k—w)

< ot b ( S sk a)osh o) 0] — o)

=1V (k—w)

< H(Aﬁ)*( S sk a)osh o) 0 = )

T=1V(k—w)

2

, (F.13)
2

where the last inequality follows from the fact that || (s, a)||2 < 1 forany (s,a) € S x.A. Moreover,
we have

i ( 3 CRALCRANCET)

T=1V(k—w) 2
k—1 k—1
~lan (X senastna (Se o)) . @
=1V (k—w) =T 2

where the last equality follows from the fact that 0] — 65 = Zi:: (0; — 0;7'). By exchanging the
order of summation, we further have

k—1 k—1
jan (X elaneian (e -6m))
T=1V(k—w) =T 2

-1 4

> (X hanean 6 - 6))

k
i=1V(k—w) 7=1V(k—w)

o

2

k—1 %
< X @b X eshanelshan) )0 -0 (E15)
i=1V(k—w) r=1V(k—w) 2
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By the fact that for any matrix A € R%*¢ and a vector z € RY, ||Az|l2 < Amax (AT A)||2]|2, we
have

k—1 4
Sollah (X elshanelsian) )@ - 0;h)
i=1V(k—w) r=1V(k—w) 2
k—1 [
< X e(( X ehanea)ah?
=1V (k—w) T=1V(k—w)

> otehanelsial) ) )I6h - 6l E10

=1V (k—w)
Meanwhile, by Assumption 4.1, we assume ¢(s},,a}) = Uz]. For simplicity, we define M; =
Zf:v(k_w)(z;)(zg)T + Mg and My = Zi;}v(k_w)(zg)(z;)T. Then, we have
dow( (0 obsapelna) )42 X slshantsha”))
=1V (k—w) =1V (k—w)
= Amax (OMoU T (WM U ) 2UMT ) = Ao (Mo My 2 M). (E.17)
Given the eigenvalue decomposition My = Pdiag(\1,--- ,A\q)P ' where P is an orthogonal ma-

trix and ); is the i-th eigenvalue of M,, we have M; = Pdiag(\; + \,--- , g + A)PT. Thus
MM 2 My = diag(A/ (A + N2, - -+, A2/ (Mg + \)?), which further implies that

Amax (Mo M2 My) < 1. (F.18)
Combined with (F.13), (F.14), (F.15), (F.16), and (F.17), we obtain

k—1 k—1
MOl (D SR A R ) D S R
r=1V(k—w) i=1V(k—w)
(F.19)
Term (i.2): By Cauchy-Schwarz inequality, we obtain
[6(s,a) T (AR) T -0 < Nlo(s, @)l asy—r - A 05l sy -1
Note the fact that A¥ = A1, which implies Apin ((A¥)~1) > X. We further obtain
1 1
X021 € ——— - [N 0513 < - A2d = Ad.
I8y < ey IO < 5
Hence, we have
0(5,0) T(AE) (- 05)] < V/Ad- [0(5,0) g+ (F.20)

Setting 3 = V/Ad for any k € [K] in the bonus function By defined in (4.10). Plugging (F.19) and
(F.20) into (F.12), we obtain

k-1
|¢(s.a) T (OF — )] < Bi(s,a)+ D" 110 — 0o (F.21)
i=1V(k—w)
for any (k, h) € [K] x [H]. Hence, for any (s,a) € S x A, we have
k—1
#(s,a)0) + B (s,a) —rf(s,a) <2Bf(s,a)+ > 165 — 0, (F22)

=1V (k—w)

Term (ii): Recall that 7]2 defined in (4.6) takes the form

) = [0l Vi (s
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for any (k, h) € [K] x [H] and (s,a) € S x A. Meanwhile, by Assumption 2.1, we obtain
(PLVii1)(s,a) = /S (s, a,8) € Vi (51)ds’ (F23)
=1h(s,0) & = (s, a) T (A}) 7T ARER

for any (k, h) € [K] x [H] and (s,a) € S x A. Recall the definition of A} in (4.8), we have

k—1
(PEVE)(s.a) = nf (s, a)T(AZrl( > mp(sioai)ni(sh.an) e+ N ~€;’§>
T=1V(k—w)
k—1
:WMW%W<§:WWMHWMMM%HX%>
T=1V(k—w)

for any (k,h) € [K] x [H] and (s,a) € S x A. Here the second equality is obtained by (F.23).
Recall the definition of ?ﬁ in (4.8), we have

i) TER — (PEVE, ) (s, a) (F24)
k—1
ZWMW%W<§:WWMHMM@M—M%M%mO
=1V (k—w)
(ii.l)

— N npi(s,a) T (AR) e
(ii.2)

for any (k,h) € [K] x [H] and (s,a) € S x A.

Term (ii.1): We can decompose Term(ii.1) as

k—1
MMMFWMW%W<§:n%hﬂ%ﬁ@m—M%M%wo
T=1V(k—w)
(i.1.1)
(E.25)
k—1
+ﬁ@ﬁ@®( 3 W%mwmmM%mMmM%mﬁ

T=1V(k—w)

(ii.1.2)

By the definition of AZ in (4.8), (A’fb)_1 is a positive definite matrix. Hence, by Cauchy-Schwarz
inequality,

|Term (ii.1.1)] (F.26)
k—1
< \/n}’f(s,a)T(A’fL)*an(s,a) : Z M (Sh>ap) - (VhTH(SszH) - (P;VILA)(S;?G;)) (Aby1
=1V (k—w) AR~

for any (k,h) € [K] x [H] and (s,a) € S x A. Under the event £ defined in (J.4) of Lemma J.3,
which happens with probability at least 1 — /2, it holds that

[Term (ii.1.1)| < C"+/dH? -1log(dT/¢) - \/nﬁ(s,a)T(Aﬁ)—ln}’j(s,a) (F27)

for any (k,h) € [K] x [H] and (s,a) € S x A. Here C"" > 0 is an absolute constant defined in
Lemma J.3. Meanwhile, by (F.23), we have (PFV/7,,)(s,a) = nj(s,a)’ & and PR VT, (s,a) =
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n7(s,a) TEF for any (s,a) € S x A, which implies

k—1

e .1.2] = o (50) (4 (30 wilsT o (sha) (6 - € )
T=1V(k—w)
k—1
<kl (b (Y ka6 - 6
T=1V(k—w) 2
k—1
gHﬁ-Hmﬁ)—l( > e D)€ - )
T=1V(k—w)

where the last inequality is obtained by Assumption 2.1. Then, by the same derivation of (F.19), we
have

k—1

[ Term (ii.1.2)] < HVd- Y 1€ — & 2. (F28)

=1

Plugging (F.27) and (F.28) into (F.25), we obtain

|Term (ii.1)| < C”'\/dH? - log(dT/¢) \/nh (s,a)T(AF) =1k (s,a) + HVd - Z & — &t |a.

i=1V(k—w)

(F.29)

Term (ii.2): For any (k,h) € [K] x [H] and (s,a) € S x A, we have

[Term (52)] < X' - \/n(s.a)T(A}) (s, a) - €] ax) (F:30)
< VA /(s )T (A)n(s,a) - |}l
< VXA \fn(s,a) T (AF) (s, a),
where the first inequality follows from Cauchy-Schwarz inequality, the second inequality follows

from the fact that AZ = X - I and the last inequality is obtained by Assumption 2.1. Plugging
(F.29) and (F.30) into (F.24), we have

kG, ) TER — (PEVE ) (s, a)]

k—1
< C'\/dH? -log(dT/¢) \/nh (s,a)T(AF) =1k (s,a) + HVd - Z & — €M)

=1V (k—w)

(E31)
for any (k,h) € [K] x [H] and (s,a) € S x A. Here C' > 1 is another absolute constant. Setting
B = C'\/dH? - log(dT/{)

in the bonus function Fﬁ defined in (4.10). Hence, by (F.31), we have

k—1
(s, 0)TEF — PV ) (s,0) < Th(s,a) + HVA- Y~ 1&g, =62 (F32)
i=1V(k—w)

forany (k,h) € [K] x [H] and (s,a) € S x A under event £. Hence,

k—1
ni(s,a) & + T (s,a) = PRV (s,0) < 20f(s,a) + HVA- Y |lg — &2 (B33)
i=1V(k—w)

29



Under review as a conference paper at ICLR 2022

for any (k,h) € [K] x [H] and (s,a) € S x A under event £. Combining (F.22) and (F.33), we
have

~li(s,a) = Q}i(s.a) — (1}, + PLV;%1)(s, a)

k—1 k—1
<2Bf(s,a) +205(s,a) + Y N0, =0 e+ HVA- D &6 - & .
i=1V(k—w) i=1V(k—w)

(F34)

Then, we show that I¥(s,a) < Zz v (b—w) 16: — 0t 2 + HVd - ZZ 1V (k—w) 1€ — & |2 for
any (k,h) € [K] x [H] and (s,a) € S x A under event £.
lﬁ(‘sv a’) = (r}li + szif—i-l)(sa a) - Q;CL
= (r} + PEViE1)(s,0) — min{g(s, a)f + 15 (s,0) & + Bf(s,a) + Tf(s,a), H — h+1}
= max{r}(s,a) — ¢(s,a)0} — Bf(s,a) + (BRViy1)(s,a) = () "€} = Th(s. ),
(rf +PrViF ) (s,a) — (H —h+ 1)} (F.35)
By (F.21) and (F.32), we have

rii(s,a) = 6(s, @) — Bh(s,a) + (PRVily,)(s,0) = i () T€F = Th(s, )

k—1 k—1
< D G =6+ HYA > 16 =& e (F36)
i=1V(k—w) i=1V(k—w)

Also, we note the fact that V,fH < H — h, it is not difficult to show that

(ry +PyVi)(s,0) — (H —h+1) <0. (E37)
Plugging (F.36) and (F.37) into (F.35), we obtain
k—1 ‘ ‘ k—1 .
Bsa)< Y M0 —=6" 2+ BV Y g - &l (F38)
i=1V(k—w) i=1V(k—w)

for any (k,h) € [K] x [H] and (s,a) € S x A under event £. Combining (F.34) and (F.38), we
finish the proof of Lemma D.3.

O
G PROOF OF THEOREM 4.2
Proof. By Lemma E.1, we decompose dynamic regret of Algorithm 1 into four parts:
D-Regret(T) = S (V77 “F(sh) — Vi (k) (G.1)

T H
> B [(QF (sn, ), " ([ sn) = 7 (- [ s0))] + Mg a2
——

1 k=(i—1)7+1 h=1

M- 104

K2

(i)
(i)
P T H
SN0 S S SN TRPRITS SR SR ST T
1=1 k=(i—1)74+1 h=1 =1 k=(i—1)74+1 h=1
(i) (iv)

Now we establish the upper bound of these four parts, respectively.

Upper Bounding (i):
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By Lemma D.2, we have
Term(i) < \/2H3Tplog |A| + 7H?(Pp + VdA). (G.2)
Then we discuss several cases.
log |A T+/1og | A] D
o If0 < Pr++dA < /84 then r = H[l’K](L(H(}-Tgi/EA))QBJ) = K, which implies
that p = 1. Then (G.2) yields
Term(i) < 2H?\/K log |A| + -H?\/K log |A| = 3\/H3T log | A|. (G.3)

o If (/1514 < P 4 VAA < 273/2 . K\ /log | A], we have 7 € [2, K] and (G.2) yields
1
erm(i) < 2- — og + -7 og
Term(i 2\[H2K1 A H?\/Klog|A
T
< 5(H?T\/log |A)¥/3(Pr + VdA)'/3. (G4)

o If Pr > 273/2. K, /log | A|, we have 7 = 1 and therefore p = K. Then (G.2) implies
Term(i) < 2H2K \/log |A| + -H?*Pr < 9H?*(Pr + VdA). (G.5)

Combining (G.3), (G.4) and (G.5), we have

VH*T log | A], if0 < Pr++dA < /184
Term(D) < § (27 flog [A)2/3(Pr + VAA)Y3, if \/18IAL < P4 VAA < K\ /Tog A,
H?(Pr +dA), if Pr+vdA > K+/log| A,

(G.6)

Upper Bounding (ii): Recall that
K H

Mg o= Z Z(Dk,h,l + Dip2).

k=1h=1
Here the Dy, 5,1 and Dy, j, o defined in (E.10) take the following forms,

71'1C ’ﬂ'k
Dicna = (Th(Qk = QR M) () — @h — @7,
wk k,
Dk’,h,2 = (P]f:,(vhk-s-l - Vh+ik))(5]}§7ali€z,) - (th+1 - Vh-‘rlk)(slfz,—i—l)'
By the truncation of ¢(-, )@ﬁ +nr (-, )T’Zf +BF(-,-)+I%(-,) into range [0, H — h+1] in (4.9), we
know that Q%, Q7 Vik | V' < [0, H], which implies that | Dy, 1| < 2H and | Dy o| < 2H

for any (k, h) € [H] x [K]. Applying the Azuma-Hoeffding inequality to the martingale M g 2,
we obtain

—e2
P <2 — .
(‘MK7H,2| > E) < eXp<16H3K)

For any ¢ € (0,1), if we sete = \/16H3K - log(4/(), we have

[Micz12] < I6H?T -log(4/¢) (G.7)
with probability at least 1 — {/2.

Upper Bounding (iii): By Lemma D.3, it holds with probability at least 1 — /2 that
k—1 k-1

(s,a) < > 0, =0 e+ HVA- > g =&

=1V (k—w) =1V (k—w)
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for any (k,h) € [K] x [H] and (s,a) € S x A, which implies that

K H
D> Erellf(snyan) |51 = st]

k=1 h=1
K H k—1 ] K H k—1 .
SZZ ||92—92“||2+H¢&-ZZ Z 1€, — & |2
k=1h=1i=1V(k—w) k=1 h:li:l\/(kfw)
H K k—1
= ZZ 165, —91+1||2+Hf Z 1€, — &1
h=1k=1i=1V(k—w) h=1k=1i=1V(k—w)
H K
< Zzw- 10 — 05 |2 + HVd - ZZw NEr = &
h=1k=1 h=1k=1
< wBr +wHVdBp < wAHVd. (G.8)

Here the last inequality follows from the definition of total variation budget in (2.5).

Upper Bounding (iv): As is shown in Lemma D.3, it holds with probability at least 1 — (/2 that

k—1 k—1
~li(s,a) <2Bj(s,a) + 20k (s,a) + Y 6, =6, Ml + HVA- Y0 Ng -6l
=1V (k—w) =1V (k—w)

for any (k, h) € [K] x [H] and (s,a) € S x A. Meanwhile, by the definitions of Q¥ and I¥ in (4.9)
and (D.1), we have that |I} (s, a)| < 2H. Hence,

k—1 k—1
—lf(s,a) <2Bj(s,a) +2H AT (s,a)+ > [0, =0 o+ HVA- Y |lg, — &t 2
=1V (k—w) =1V (k—w)
K H K H
szlﬁ(si,ai)§2ZZB,k5a JrQZZH/\sta (G.9)
k=1h=1 k=1h=1 k=1h=1
K H k—1 ‘ 4 K H k—1 ‘ 4
YN Y N0 =0 e+ HVA YT > 6 =& e
k=1h=1i=1V(k—w) k=1h=1i=1V(k—w)

H K H K
Bl(sfab) < 8- 37571 /olsk,ab) T(AF) 1k (s}, a)
h=1k=1 h=1k=1
H K 1/2
<50 (K3 otsha) (D) 1¢’z<s’z,a£>)
h=1 k=1
H K
= BVE -3\ llotsk, ab)llas) - (G.10)
h=1 k=1

As we set A = 1, we have that A’fL > 14, which implies

lo(shs aillamy -+ < llé(sh, ak)llz < 1

for any (k,h) € [K] x [H] and (s,a) € S x A. By Lemma J.2, we further have

K
D N6t ab)llary -1 < 2d[K/w]log((w + A)/A) < 4dK log(w) /w. (G.11)
k=1
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Combining (G.10) and (G.11), we further obtain

H K

> > Bi(sk.af) < 4dT\/log(w) /w. (G.12)

h=1k=1

Meanwhile, by the definition of FZ in (4.10), we have

H K
SOSTHATE(sE af) = 8- ZZH/B A \Jnl (s, ) T(AR) 1l (sk, ab).
h=1k=1 h=1k=1

Recall that

B = C'\/dH? -log(dT/¢),

which implies that 5’ > H. Thus, we have

Z H/\FlC (8%, ak)

K
Z LAk sk, )T (AR) k(s )
1k=1

HME IIMI

K 1/2
K S2UA kol - ) G.13)

where the second inequality follows from Cauchy-Schwarz inequality. Note the facts that A} = NI,
and ||nf(s,a)||2 < V/dH for any (k,h) € [K] x [H] and (s,a) € S x .A. By the same proof of
Lemma J.2, we have

K
Z LA |nk(sk, aﬁ)”(Aﬁ)—l < 2d[K/w]log((wH?d + X')/X') < 4dK log(wH?d)/w. (G.14)
k=1

Combining (G.13) and (G.14), we have

Z h Slmah < 25 \/dT‘2 log(wH2d)/

= 4C"dTH - \/log(wH?2d) /w - log(dT /(). (G.15)

where C’ > 1 is an absolute constant and 7' = H K. By the same proof in (G.8), we have

K H k—1
SN Z 165, = 05 e+ HVA- > 16 =& 2 <wAHVA.  (G.16)

k=1h=1i=1V(k—w) =1V (k—w)

Plugging (G.12), (G.15) and (G.16) into (G.9), we have

H K
SN 1k (sk af) < wAHVA + 4dT\/log(w) /w + 4C"dT H - \/log(wH?2d) /w - log(dT/).

h=1k=1

(G.17)
Meanwhile, by (G.7), (G.8) and (G.17), it holds with probability at least 1 — ( that
Term(ii) + Term(iii) 4+ Term(iv) < \/16H2T - log(4/¢) + 2wAHVd (G.13)

+ 8dT+/log(w) /w + 8C"dT H - \/log(wH?2d) /w - log(dT /()

S dPSAYBHT?3 og(dT/¢).

Here we uses the facts that w = ©(d'/3A~2/3T2/3) | Plugging (G.6) and (G.18) into (G.1), we
finish the proof of Theorem 4.2. O
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H PROOF OF THEOREM 4.3

Proof. Let ™ = K in Lemma E.1, we have

D-Regret(T) = S (V77 "k (sk) — 17 #(s4)) (H.1)

M T

H
ZEW* e [(@F (s )y (L) = 7 (L sn))] + Mo 2
——

rl (ii)

E
Il
-

(i)
K H K H
+ZZ ﬂ*klh ShyGp) +ZZ lh sh,ah

k=1 h=1 k=1 h=1

(iii) (iv)

Since policies 7 are greedy with respect to Q¥ for any (k, h) € [K] x [H], we have

K H
>0 3 B [(@hCon o C [on) = ([ ou))] <0 H2)

k=1h

By the same derivation of (G.18) in the proof of Theorem 4.2, we have

Term(ii) + Term(iii) + Term(iv) < \/16H2T - log(4/¢) + 2wAHVd

+ 8dT\/log(w)/w + 8C"dT H - \/log(wH?2d)/w - log(dT/¢)

S dPSAYVBHT?3 og(dT/¢). (H.3)

Here we uses the facts that w = ©(d'/3A~2/3T2/3)  Plugging (H.2) and (H.3) into (H.1), we finish
the proof of Theorem 4.3. O

I RESULTS WITHOUT ASSUMPTION 4.1

Theorem I.1 (Upper bound for Algorithm 1). Suppose Assumptions 2.1 holds. Let 7 =

M (LG22, @ = Vplog [AI/(HPK) in (4.2), w = ©(A~YATYY) in (4.4),

A=) = 1lin(44)and (4.9), f = Vd in (4.10), and ' = C'\/dH? -log(dT/¢) in (4.10),
where C’ > 1 is an absolute constant and ¢ € (0, 1]. We have

D-Regret(T') < dAY*HT3/* - log(dT/¢)

VH3T log [ A], if0 < Pr++dA < (/loslAL
+ (H2T+\/log [A])¥/3(Pr + VdA)Y/3, if (/2 AL < P4 VA < K\/log [A],
H?(Pr +VdA), if Pr + VdA > K\/log| Al

with probability at least 1 — (.

Proof. In the previous proof, we only use Assumption 4.1 to derive (F.19) and (F.28) in the proof
of Lemma D.3 (§F.3). Then we give a slightly loose bound without Assumption 4.1. For any
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(k,h) € [K] x [H] and (s,a) € S x A, we have
k-1

ssaah (X ehanoteran 0 o) )
T=1V(k—w)
k—1
< > es,a)T(AR) T e(shap)| - [é(sh.ap) T (OF — 0F)]
T=1V(k—w)
k—1
< Y Jols.a) (AR M(sEan)] - 60sE D, - 67 - ekl
T=1V(k—w)
k—1
< Z ‘(b(sva)T(AZ) shaa’h ZHeh
T=1V(k—w)

where the second inequality is obtained by Cauchy- Schwarz inequality and the last last inequality
follows from the facts that [¢(-,)]l2 < Land ||6], — H2 sz ! (6; —0ith) H2 < Zi::”% -
0;t'|,- Note that Sk v (k—w) M= Zfz_ll\/(kfw) ZT:W(kfw), we further obtain that

k—1

Yo Jels,a)T(AD) (s, af)] ZH%%MHQ

T=1V(k—w)

k—1 i
D S S N R R R B

i=1V(k—w) 7=1V(k—w)

k—1 i i
< ¥ Do oGl Yo sk ap)lye, - (165 — 67,
i=1V(k—w) \ m=1V(k—w) T=1V(k—w)
L1
Note that Afl > 14, which further implies
Yol Y o< Y 1w a2
T=1V(k—w) T=1V(k—w) T=1V(k—w)
Meanwhile, we have
S ey = S Te(6(sh )T (AR (57, a7)
r=1V(k—w) T=1V(k—w)
—m(@h S ehanelhaT). A
T=1V(k—w)
Similar to the derivation of (F.18), we have
i d
Tr((Aii)l > olsh.ap)gl sh,ah) (L4)

T=1V(k—w) i=1

where )\; is the i-th eigenvalue of Zi:lv(k—w) B(s7,al)p(sh,al) . Plugging (1.2), (1.3) and (1.4)
into (I.1), we have

\¢<s,a>T(Aﬁ>—1( S ol ab)olefad) (5 — o) ]

T=1V(k—w)
k—1
<Vdw- > |6k -0, (L5)
=1V (k—w)
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Similarly, for any (k, h) € [K] x [H] and (s,a) € S x A, we have
k-1

n,’§<s,a>T<Aéi>1( 3 n2(827a2)n2(827a2)T(€Z—5’5))‘
T=1V(k—w)
k—1
<HdVw- Y (& =& o (L6)
=1V (k—w)

Replacing (F.19) and (F.28) by (1.5) and (I.6), we can obtain that

k—1 k—1
—2Bf(s,a) =20} (s,a) =Vdw- Y 6, =6 o~ Hdvw- Y (16— &Iz

i=1V(k—w) i=1V(k—w)

k=1 k—1
<o) Vw3 I -0 e+ Have S 6 - &,

i=1V(k—w) i=1V(k—w)

Plugging this inequality in the original proof of Theorem 4.2 (§G) and choosing w

oo

O(A~/4T1/4), we conclude the proof.

Theorem 1.2 (Upper bound for Algorithm 3). Suppose Assumption 2.1 holds. Let w =

O(A~YVATY4Y in (44), A = XN = 1in (44) and (4.9), 3 = +/d in (4.10), and ' =

C'+/dH? -1og(dT/¢) in (4.10), where C’ > 1 is an absolute constant and ¢ € (0, 1]. We have
D-Regret(T') < dAY*HT3/* - log(dT/¢)

with probability at least 1 — (.

Proof. The proof is similar to the proof of Theorem I.1, and we omit it here. O

J USEFUL LEMMAS

Lemma J.1. Let {¢;}5°, be an R%valued sequence with ||¢¢||> < 1. Also, let Ag € R?*9 be a
positive-definite matrix with Apyin (Ag) > 1and Ay = Ag + ZE: o (;SJ-T. For any ¢t € Z., it holds

that
det(A¢y1) ~ det(A¢41)
— ) < CAC - < —_— .
log( det(A1) —_ JEZ:IQS] A] d)‘] —= 210g det(Al)

Proof. See Dani et al. (2008); Rusmevichientong & Tsitsiklis (2010); Jin et al. (2019b); Cai et al.
(2019) for a detailed proof. L]

Lemma J.2. For the AZ defined in (4.5), we have

K
D 1Al ap)llag) - < 2d[K fw]log((w + A)/A)
k=1

for any h € [H].

Proof. First, we rewrite the sums as follows.

[K/w]—1 (t+1)w

Zl/\ l¢(sh, ap, Meag— = Z Z LA [lo( Shaah)H(Ak -1 Jd.n

t=0 k=tw-+1
For the ¢-th block of length w we define the matrix

kt E T
Wh ¢ Sh,ah $h7a’h,) +AId
T=tw+1
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Recall the A} in (4.5)
k-1
Ap= ) d(sh.ap)elsi,af) " + Ma.
T=1V(k—w)

Note that A¥ contains extra terms which are positive definite matrices for any (k, k) € [tw, (t +
1)w] x [H], we have A} W;f’t for any (k, h) € [tw, (¢ + 1)w] x [H]. Hence,

(A7)~ = Wy
for any (k, h) € [tw, (t + 1)w] x [H], which implies that

[K/w]—1 (t+1)w [K/w]-1 (t+1)w
Z Z LA flo( Shvah)”(A”) 1 < Z Z LA flo( Smah)H(W’c ¢
= k=tw+1 = k=tw+1
fK/Uﬂ—l (t+1)w+1,t
det(W,
< ¥ 2log< W )), 12)
= det(W,; ")

where the last inequality follows from Lemma J.1. Moreover, we have ||¢(s,a)|l2 < 1 for any
(s,a) € S x A, which implies

W(tJFl Jwtlt Z ¢ Shvah ) + A =< (w—i—)\) -1y

for any h € [H]. It holds for any h € [H] that

det (t+1D)w+1,t
21o ( (W, N )
det(W, ")

) < 2dlog((w + A)/A). d-3)

Plugging (J.3) and (J.2) into (J.1), we conclude the proof of Lemma J.2. O
Lemma J.3. Let \' = 1in (4.9). For any ¢ € (0, 1], the event & that, for any (k, h) € [K] x [H],

k—1
|k shoaf) - (Va6 = BTV DT aR) ||, -, < OV Togl@l/C) ()

=1
happens with probability at least 1 — /2, where C” > 0 is an absolute constant that is independent
of C.

Proof. See Lemma B.3 of Jin et al. (2019b) or Lemma D.1 of Cai et al. (2019) for a detailed proof.
O

Lemma J.4 (Pinsker’s inequality). Denote s € {s1,82,---,s7} € S be the observed states from
step 1 to T'. For any two distributions P; and P, over S and any bounded function f : ST — [0, B,
we have

E1f(s) —Eaf(s) <

where E; and E; denote expectations with respect to P; and Ps.

Vlog 2B
Y5 VEL(P [P,

Proof. See Lemma 13 in Jaksch et al. (2010) or Lemma B.4 in Zhou et al. (2020a) for a detailed
proof. O

Lemma J.5. Suppose £ and £’ have the same entries except for j-th coordinate. We also assume
that 2e < § < 1/3, then we have
16¢>

KL(’Pf’H,Pf) < m

E¢No.
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Proof. See Lemma 6.8 in Zhou et al. (2020a) for a detailed proof. O]
Lemma J.6. For any (h, k') € [H] x [K], {k]}?;ll € [K],j e [h—1], (s1,s,) € S xS, and
policies {7 };e(m U {7'}, we have

|P1/€177"(1) .. Pfj’”(j) - thgl’ﬂ—(h_l)(sh ‘ 81) -

(4) pFi pk’
< - 0, m j s — 45 U9y .
||71' j” 1 s,a)ea:é( A” ( |SJ a‘) j ( |S a)”l

1,70 I’ kp—1,m(h—
P P T s 54)|

Proof. First, we have

|P1k17’ﬂ'(1) . _.P;ijﬂ'(j) . ._thlhﬂ(h 1)(Sh | 51) —

< |Pk177"(1) . Pfjx”(]) . P}]:iilg (hil)(

T !’ kp—1,m(h—
Plkl’ (1)-"ij’ R A ( 1)(Sh\81)|

Plklaﬂ'(l) .. PJ{C/)W(]‘) .. P}]:hilfﬂ-(hfl)

Sh|81)— (Sh‘51)|

ky,m(1 k(5 kn_1,m(h—1 ki,m(1 k'’ kn_1,m(h—1
(P pE ) pn T (g sy — PO pi T ),
d.5)
By the definition of Markov kernel, we have
|P1k177r(1) . .P;“jvﬂ'(j) . 'P:EII,ﬂ(h_l)(Sh | 51) _ Plklaﬂ'(l) . P;C/Jf(j) . P:ﬁilm(h_l)(Sh | 51)| (J6)
kj,m(j5) k7 (5 ki, (3
< > BT salsy) - P “><sj+1|sj>\- [T P Pials)
52,83, ,Sh—1 i€ [h—1]\j
kji,m(j) k 7T k;,m
< > D IPTT (5501 | 55) — “)(s]-“ sp)l - max . [T P70 (sipa]s)
30808 r e Sh1 541 I deth—1)\s
ki, m(5) K’ \TT ki, m
< Z max Z |P; o (sj+185) — Py~ (J)(SJ+1 I 'si)] - Zémags H P ¢ )(5i+1 | si),
82,38 1,8542, s Sho1 C Sj41 s i€[h—1]\j

where the last two inequalities is obtained by Holder’s inequality. By the definition of Markov
kernel, we further have

k(4 k' kj
1P (5541 ]55) — PP (5551 | 55) |—|Zw<ﬂ (als;) (P (57411 85.a) — P (sj41 ] 55, 0))]

M kj
< m3X|Pj (sj+1ls5,a) = P (sjals5,0)]. (7)

Hence, we obtain

P ppm ) g (g ) — p D pEr ) gD g )
kj ’ s
< max HPjJ(~|sj7a) —ij (-|sj,a)||1 . Z max H 131 ﬂ(l)(siJrl |SZ)
(sj,a)ESX.A Sj+1 ES_ X
82,700 587,854257 ,5h—1 ielh—1]\j
= - a)— P¥ (s,
7(5;7a)€SxAHP (Isj,0) = Py (] 55,0) |
h—1
X Z max PP (s, ]s;) Z H PR (5,1 |50)
; . 31+1€S I
Sj42," Sh— =j+1 52,0 ,85 i=1
k; Y
< o max PP Clsga) = B Clsg ol 1.8)

where the last inequality follows from the facts that ZSJ+27_“ sn_, MAXg, €8 H —J+1 Pk (%) (Si1]8:) <
land ) . H k“”(z) (8i+1 ] 8:) < 1. Moreover, by Lemma 5 in Fei et al. (2020), we have

|P1k1,7f(1) . P;C () P:ﬁilvﬂ'(h_l)( Plklﬂf(l) . PJE'JT/ L P:ﬁ;l’ﬂ(h_l)(

shls1) — sn|s1)]
< 17 — 7 floo1- (1.9

Plugging (J.8) and (J.9) into (J.5), we conclude the proof. L]
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