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Abstract

Recovering linear subspaces from data is a fundamental and important task in
statistics and machine learning. Motivated by heterogeneity in Federated Learning
settings, we study a basic formulation of this problem: the principal component
analysis (PCA), with a focus on dealing with irregular noise. Our data come from n
users with user ¢ contributing data samples from a d-dimensional distribution with
mean p;. Our goal is to recover the linear subspace shared by p1, ..., y, using
the data points from all users, where every data point from user ¢ is formed by
adding an independent mean-zero noise vector to u;. If we only have one data point
from every user, subspace recovery is information-theoretically impossible when
the covariance matrices of the noise vectors can be non-spherical, necessitating
additional restrictive assumptions in previous work. We avoid these assumptions
by leveraging at least two data points from each user, which allows us to design
an efficiently-computable estimator under non-spherical and user-dependent noise.
We prove an upper bound for the estimation error of our estimator in general
scenarios where the number of data points and amount of noise can vary across
users, and prove an information-theoretic error lower bound that not only matches
the upper bound up to a constant factor, but also holds even for spherical Gaussian
noise. This implies that our estimator does not introduce additional estimation
error (up to a constant factor) due to irregularity in the noise. We show additional
results for a linear regression problem in a similar setup.

1 Introduction

We study the problem of learning low-dimensional structure amongst data distributions, given multiple
samples from each distribution. This problem arises naturally in settings such as federated learning,
where we want to learn from data coming from a set of individuals, each of which has samples
from their own distribution. These distributions however are related to each other, and in this work,
we consider the setting when these distributions have means lying in a low-dimensional subspace.
The goal is to learn this subspace, even when the distributions may have different (and potentially
non-spherical) variances. This heterogeneity can manifest itself in practice as differing number of
samples per user, or the variance differing across individuals, possibly depending on their mean.
Recovery of the subspace containing the means can in turn help better estimate individual means.
In other words, this can allow for learning good estimator for all individual means, by leveraging
information from all the individuals.
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The irregularity of the noise makes this task challenging even when we have sufficiently many
individual distributions. For example, suppose we have n individuals and for every ¢ = 1,...,n,
an unknown p; € R For simplicity, suppose that ji1, ..., u,, are distributed independently as
N(0,0%uu’) for o € Rx( and an unknown unit vector u € R?. In this setting, our goal is to
recover the one-dimensional subspace, equivalently the vector u. For every ¢, we have a data point
x; = p;+2z; where z; € R9 is a mean-zero noise vector. If z; is drawn independently from a spherical
Gaussian N (0, a2 1), we can recover the unknown subspace with arbitrary accuracy as n grows to
infinity because 1 = x;x] concentrates to E[z;z]] = o%uu’ + oI, whose top eigenvector is F-u.

However, if the noise z; is drawn from a non-spherical distribution, the top eigenvector of % Sxx]
can deviate from +wu significantly, and to make things worse, if the noise z; is drawn independently
from a non-spherical Gaussian N (0, 0?(I —uu')+ «*I), then our data points z; = j; + 2; distribute
independently as N (0, (o2 + «2)I), giving no information about the vector qu

The information-theoretic impossibility in this example however disappears as soon as one has at least
two samples from each distribution. Indeed, given two data points z;; = u; + 2;1 and x;0 = p; + 242
from user 7, as long as the noise z;1, z;2 are independent and have zero mean, we always have
E[z; zZTz] = o2uu’ regardless of the specific distributions of z;; and z;2. This allows us to recover
the subspace in this example, as long as we have sufficiently many users each contributing at least
two examples.

As this is commonly the case in our motivating examples, we make this assumption of multiple data
points per user, and show that this intuition extends well beyond this particular example. We design
efficiently computable estimators for this subspace recovery problem given samples from multiple
heteroscedastic distributions (see Section [I.T|for details). We prove upper bounds on the error of our
estimator measured in the maximum principal angle (see Section [2|for definition). We also prove an
information-theoretic error lower bound, showing that our estimator achieves the optimal error up to
a constant factor in general scenarios where the number of data points and the amount of noise can
vary across users. Somewhat surprisingly, our lower bound holds even when the noise distributes as
spherical Gaussians. Thus non-spherical noise in setting does not lead to increased error.

We then show that our techniques extend beyond the mean estimation problem to a linear regression
setting where for each y;, we get (at least two) samples (z;;, xjj Wi + z;j) where z;; is zero-mean
noise from some noise distribution that depends on 7 and z;;. This turns out to be a model that
was recently studied in the meta-learning literature under more restrictive assumptions (e.g. z;; is
independent of x;;) [Kong et al., {2020} Tripuraneni et al.,|2021, |Collins et al., 2021} Thekumparampil
et al.| [2021]]. We show a simple estimator achieving an error upper bound matching the ones in prior
work without making these restrictive assumptions.

1.1 Our contributions

PCA with heterogeneous and non-isotropic noise: Upper Bounds. In the PCA setting, the data
points from each user i are drawn from a user-specific distribution with mean p; € R?, and we
assume that p1, .. ., py, lie in a shared k-dimensional subspace that we want to recover. Specifically,
we have m; data points x;; € R from user i for j = 1,...,m;, and each data point is determined by
Ti; = p; + 2 where z;; € R9 is a noise vector drawn independently from a mean zero distribution.
We allow the distribution of z;; to be non-spherical and non-identical across different pairs (i, j).
We use 7; € R>( to quantify the amount of noise in user 4’s data points by assuming that z;; is an
n;-sub-Gaussian random variable.

As mentioned earlier, if we only have a single data point from each user, it is information-theoretically

impossible to recover the subspace. Thus, we focus on the case where m; > 2 foreveryi =1,... n.
In this setting, for appropriate weights wy, ..., w, € R>(, we compute a matrix A:
n
A= Zm 1) > v, 6))
=l ]1 #j2
where the inner summation is over all pairs jq, jo € {1,...,m;} satisfying j; # jo. Our estimator is

then defined by the subspace spanned by the top-k eigenvectors of A. Although the inner summation

"This information-theoretic impossibility naturally extends to recovering k-dimensional subspaces for k& > 1
by replacing the unit vector u € R? with a matrix U € R?** with orthonormal columns.



is over m;(m; — 1) terms, the time complexity for computing it need not grow quadratically with m;
because of the following equation:

-
m; mq mq

E : Tij1 Tijy = E T E :x” E TijTiz-
j=1 j=1 j=1

J1#72

The flexibility in the weights w1, . . ., w,, allows us to deal with variations in m; and n; for different
users ¢. In the special case where n; = --- =1, = nand m; = --- = m, = m, we choose
wy = --- = w, = 1/n and we show that our estimator achieves the following error upper bound
with success probability at least 1 — §:

2
o no1 1 d +log(1/4)
Smg_O((ai\/ﬁ—’_azm) n '

Here, 6 is the maximum principal angle between our estimator and the true subspace shared by
{1, - - - Hn, and we define oy > 0 such that o7 is the ¢-th largest eigenvalue of Yo w it . Our
error upper bound for general m;, 7;, w; is given in Theorem3.1]

We instantiate our error upper bound to the case where p1, . .., i, are drawn iid from a Gaussian
distribution N (0,02UUT), where the columns of U € R4** form an orthonormal basis of the
subspace containing 1, . . . , it By choosing the weights w1, . . ., w, according to mq, ..., m, and
N1, - - ., Mn, OUr estimator achieves the error upper bound
sm9<o< d+fg%®> )
i N

under a mild assumption (Assumption [3.2), where ; is defined in Definition and often equals
n; nt )71
(02;7“ + 047177,?) :

PCA: Lower Bounds. We show that the error upper bound (2)) is optimal up to a constant factor
by proving a matching information-theoretic lower bound (Theorem [3.7). Our lower bound holds
for general m; and n; that can vary among users 7, and it holds even when the noise vectors z;; are
drawn from spherical Gaussians, showing that our estimator essentially pays no additional cost in
error or sample complexity due to non-isotropic noise.

We prove the lower bound using Fano’s method on a local packing over the Grassmannian manifold.
We carefully select a non-trivial hard distribution so that the strength of our lower bound is not
affected by a group of fewer than k users each having a huge amount of data points with little noise.

Linear Models. While the PCA setting is the main focus of our paper, we extend our research to a
related linear models setting that has recently been well studied in the meta-learning and federated
learning literature [Kong et al., 2020, Tripuranen: et al.,[2021} |Collins et al., |2021| [Thekumparampil
et al., [2021]. Here, the user-specific distribution of each user i is parameterized by 3; € R¢, and
we again assume that 31,..., 3, lie in a k-dimensional linear subspace that we want to recover.
From each user i we observe m; data points (z;5,;;) € R? x R for j = 1,...,m; drawn from
the user-specific distribution satisfying y;; = xL Bi + zi; for an O(1)-sub-Gaussian measurement

vector T;; € R? with zero mean and identity covariance and an 7);-sub-Gaussian mean-zero noise
term z;; € R. While it may seem that non-isotropic noise is less of a challenge in this setting since
each noise term z;; is a scalar, our goal is to handle a challenging scenario where the variances
of the noise terms z;; can depend on the realized measurements x;;, which is a more general and
widely applicable setting compared to those in prior work. Similarly to the PCA setting, our relaxed
assumptions on the noise make it information-theoretically impossible to do subspace recovery if we
only have one data point from each user (see Section ), and thus we assume each user contributes at

least two data points. For appropriate weights wy, ..., w, € R>(, we use the subspace spanned by
the top-k eigenvectors of the following matrix A as our estimator:
n
Ww; T
A= Z — Z (@ijiYigi ) @ijaYiga) (3)
. mz(mz - 1) . .
=1 J1#j2



In the special case where 1y = -+~ =1, =n,m; = --- = m, = m, and || 3;||2 < r for all i, our
estimator achieves the following error upper bound using weights wy = - -+ = w,, = 1/n:

sinf < O <log3(nd/§)\/d(r4 i’ :—n4/m)> ) 4)

mnog

where 6 is the maximum principal angle between our estimator and the true subspace shared by
Bi, ..., Bn, and o7 is the k-th largest eigenvalue of Y, w;3;3] (Corollary . Our error upper
bound extends smoothly to more general cases where 7; and m; vary among users (Theorem [L.T).
Moreover, our upper bound matches the ones in prior work [e.g. Tripuraneni et al., 2021} Theorem 3]
despite requiring less restrictive assumptions.

1.2 Related Work

Principal component analysis under non-isotropic noise has been studied by [Vaswani and Narayana-
murthy| [2017]],/Zhang et al.| [2018]] and Narayanamurthy and Vaswani| [2020]. When translated to
our setting, these papers focus on having only one data point from each user and thus they require
additional assumptions—either the level of non-isotropy is low, or the noise is coordinate-wise
independent and the subspace is incoherent. The estimation error guarantees in these papers depend
crucially on how well these additional assumptions are satisfied. [Zhu et al.| [2019] and |Ca1 et al.
[2021]] study PCA with noise and missing data, and |Chen et al.|[2021]] and |Cheng et al.|[2021]] study
eigenvalue and eigenvector estimation under heteroscedastic noise. These four papers all assume that
the noise is coordinate-wise independent and the subspace/eigenspace is incoherent.

The linear models setting we consider has recently been studied as a basic setting of meta-learning
and federated learning by [Kong et al.|[[2020], [Tripuraneni et al.| [2021]], |Collins et al.|[2021]], and
Thekumparampil et al.| [2021]]. These papers all make the assumption that the noise terms z;; are
independent of the measurements x;;, an assumption that we relax in this paper. (Collins et al.| [2021]]
and [Thekumparampil et al.| [2021]] make improvements in sample complexity and error guarantees
compared to earlier work by |Kong et al.| [2020]] and [Tripuraneni et al.| [2021]], but |Collins et al.
[2021]] focus on the noiseless setting (z;; = 0) and Thekumparampil et al | [2021] require at least
Q(k?) examples per user. [Tripuraneni et al.|[2021] and|Thekumparampil et al.[[2021] assume that
the measurements x;; are drawn from the standard (multivariate) Gaussian distribution, where as
Kong et al|[2020]], Collins et al.| [2021]] and our work make the relaxed assumption that x;; are
sub-Gaussian with identity covariance, which, in particular, allows the fourth-order moments of x;;
to be non-isotropic. There is a large body of prior work on meta-learning beyond the linear setting
[see e.g. Maurer et al 2016, Tripuraneni et al., 2020, Du et al.|[2020].

When collecting data from users, it is often important to ensure that private information about users is
not revealed through the release of the learned estimator. Many recent works proposed and analyzed
estimators that achieve user-level differential privacy in settings including mean estimation [Levy
et al., 2021} [Esfandiari et al., 2021]], meta-learning [Jain et al.,2021]] and PAC learning [|Ghazi et al.,
2021]]. Recently, [Cummings et al.|[2021] study one-dimensional mean estimation in a setting similar
to ours, under a differential privacy constraint.

The matrix A we define in (I is a weighted sum of A; := m > tis ij, T);, Over users

i=1,...,n,and each A; has the form of a U-statistic [Halmos|, [1946} [Hoeffding, [1948]]. U -statistics
have been applied to many statistical tasks including tensor completion [Xia and Yuan, 2019] and
various testing problems [Zhong and Chenl 2011}, |He et al., 2021}, |Schrab et al.| 2022]. In our
definition of A;, we do not make the assumption that the distributions of z;1, . .., Z;n, are identical
although the assumption is commonly used in applications of U-statistics. The matrix A in (3) is also
a weighted sum of U-statistics where we again do not make the assumption of identical distribution.

1.3 Paper Organization

In Section[2} we formally define the maximum principal angle and other notions we use throughout
the paper. Our results in the PCA setting and the linear models setting are presented in Sections 3]
and 4] respectively. We defer most technical proofs to the appendices.



2 Preliminaries

We use || A to denote the spectral norm of a matrix A, and use ||u||2 to denote the /5 norm of a
vector u. For positive integers k < d, we use Qg 1, to denote the set of matrices A € Raxk satisfying
ATA = I}, where I, is the k x k identity matrix. We use Q4 to denote Qg,q, which is the set of
d x d orthogonal matrices. We use col(A) to denote the linear subspace spanned by the columns of a
matrix A. We use the base-e logarithm throughout the paper.

Maximum Principal Angle. LetU, U € Qg4 be two orthogonal matrices. Suppose the columns of U
and U are partitioned as U = [U; Us], U= [U 1 UQ] where Uy, Uy € Qg for an integer k satisfying
0 <k <d. LetT (resp. I) be the k-dimensional linear subspace spanned by the columns of Uy (resp.
U71). Originating from [Jordan, 1875, the maximum principal angle 6 € [0, /2] between I and I,
denoted by Z(T',T) or Z(Uy, Uy), is defined by sin 6 = ||U U] — U, U || = |UTUs|| = [|[UF T4 .
It is not hard to see that the maximum principal angle depend only on the subspaces I, I" and not
on the choices of U and U, and sin Z(T, f‘) is a natural metric between k-dimensional subspaces

(see Appendix |A| for more details where we discuss the definition of principal angles for any two
subspaces with possibly different dimensions).

With the definition of the maximum principal angle, we can now state a variant of the Davis—Kahan
sin @ theorem [Davis and Kahanl [1970] that will be useful in our analysis (see Appendix [E] for proof):

Theorem 2.1 (Variant of Davis—Kahan sin 6 theorem). Let A, A € RIX4 pe symmetric matrices.
Let \; denote the i-th largest eigenvalue of A. For a positive integer k smaller than d, let 0 denote
the maximum principal angle between the subspaces spanned by the top-k eigenvectors of A and A.
Assuming A\, > Agt1,

sinf < M
Ak — Akt
Sub-Gaussian and sub-exponential distributions. We say a random variable z € R with ex-
pectation E[z] € R has sub-Gaussian constant b € Rxg if E[lz — E[z]|P]'/? < b,/p for every
p > 1. We say x has sub-exponential constant b € R if E[|z — E[z][P]'/? < bp for every p > 1.
We say a random vector y € RY has sub-Gaussian (resp. sub-exponential) constant b € R>q if
for every unit vector u € R? (i.e., |lullz = 1), the random variable u'y € R has sub-Gaussian
(resp. sub-exponential) constant b. We say y is b-sub-Gaussian (resp. b-sub-exponential) if it has
sub-Gaussian (resp. sub-exponential) constant b.

3 Principal Component Analysis

In the principal component analysis (PCA) setting, our goal is to recover the k-dimensional subspace
I" spanned by the user-specific means fi1, ..., i, € R? of the n users. From each user i, we have
m; > 2 data points

Tig = s + 2y forg=1,...,m;. (@)

We assume the noise z;; € R? is drawn independently from a mean zero distribution with sub-
Gaussian constant 7;. We do not assume that the variance of z;; is the same along every direction,
nor do we assume that the distribution of z;; is the same for different (3, j). We first show an error
upper bound for our estimator when the user-specific means 1, ..., i, are deterministic vectors
(Section[3.T)) and then apply this result to the case where ji1, . . ., fi,, are drawn from a sub-Gaussian
distribution (Section [3.2)). In Section [3.3] we prove an information-theoretic error lower bound
matching our upper bound.

3.1 Fixed User-Specific Means

We first focus on the case where 1, . . ., 1, are deterministic vectors. In this case, all the random-
ness in the data comes from the noise z;;. Our estimator is the subspace I' spanned by the top-%
eigenvectors of A defined in (). For ¢ = 1,...,d, we define oy > 0 such that o7 is the (-th largest



eigenvalue of Z?:l Wi 4 /J. Since pq, . . ., pi, share a k-dimensional subspace, o, = 0 for £ > k.
We prove the following general theorem on the error guarantee of our estimator:

Theorem 3.1. Define 2 = || S°7" | w?p;p] n? /mi|| and let § denote the maximum principal angle
between our estimator I" and the true subspace T spanned by 1, . . ., jin. For any 6 € (0,1/2), with
probability at least 1 — 6,

; —2 - win} -2 w;n?
sinf = O | o7 2, | (d+log(1/6)) 52+ZW + 03, %(d +log(1/6)) max —= | . (6)
=1 ! '

T

We can simplify the bound in Theorem [3.1] by considering special cases:

Corollary 3.2. Assume max{n//mi,...,Mm//Mn} =t and we choose wy = -+ = w, = 1/n.
For any § € (0,1/2), with probability at least 1 — 6,
t t2 /d+log(1/8
sin&O(glJQF +°g(/)). ©)
o; n
In particular, whenmy = -+- = n, = n, and my = - -- = m,, = m, error bound (1) becomes

2
o no1 n d +log(1/6)
Smeo((ai\/ﬁ—i_oim) n '

We defer the complete proof of Theorem [3.1and Corollary [3.2]to Appendices [F|and[G] Our proof is
based on the Davis-Kahan sin § theorem (Theorem [2.1). Since 07, ; = 0, Theorem 2.1]implies

2/ A = D70 wipip]
Sln9§ H Z'LZQleM'L H (8)
Ok

This reduces our goal to proving an upper bound on the spectral norm of A — Y | w;p; ,uz-T. Since
for distinct j; and j in {1,...,m;} we have E[z;;,x[;,] = piu, our construction of A in (T)
guarantees E[A] = >°"" | w;u;p) . Therefore, our goal becomes controlling the deviation of A from
its expectation, and we achieve this goal using techniques for matrix concentration inequalities.

3.2 Sub-Gaussian User-Specific Means

We apply our error upper bound in Theoremto the case where yi1, . .., i, € R? are drawn iid
from N (0,02UUT) for an unknown U € Q. We still assume that each data point z;; € R? is
generated by adding a noise vector z;; € R< to the user-specific mean 4; as in (§). We do not assume
that the noise vectors (2;;)1<i<n,1<j<m, are independent of the user-specific means (14;)1<;<n, but
we assume that when conditioned on (14;)1<;<n, €very noise vector 2;; independently follows a
distribution with mean zero and sub-Gaussian constant 7;. We use the same estimator I as before: T is
the subspace spanned by the top-% eigenvectors of A defined in (I)). We determine the optimal weights
w1, ..., wy in (I) aslong as mq, ..., m, and 1, ..., n, satisfy a mild assumption (Assumption[3.2),
achieving an error upper bound in Theorem In the next subsection, we prove an error lower
bound (Theorem [3.7) that matches our upper bound (Theorem [3.4) up to a constant factor, assuming
d>(14+Q(1))kand 6 = O(1).

We prove our error upper bound in a slightly more general setting than pu1, .. ., i, drawn iid from
N(0,02UUT). Specifically, we make the following assumption on the distribution of y1, . .. , fi:

Assumption 3.1. The user-specific means ji1, ..., i, € R* are mean-zero independent random
vectors supported on an unknown k-dimensional subspace I'. Moreover, for a parameter o > 0, for
everyi=1,...,n, p; has sub-Gaussian constant O(c ), and the k-th largest eigenvalue of ;1] ]

is at least 0.

Under this assumption, we have the following lower bound on the o7 in Theorem (see Appendix
for proof):



Claim 3.3. Under Assumption letwy, ..., wy, € Rxq be user weights satisfying wi+- - - +w, =
1 and 0,% be the k-th largest eigenvalue of Y ;| w;pu; sz" There exists an absolute constant C, > 1
such that for any § € (0,1/2), as long as maxi<;<n, w; < 1/C.(k + log(1/6)), then o} > o2 /2
with probability at least 1 — §/2.

The following definition is important for us to choose the weights w1, . . ., w, in (1) optimally:

o2m; otm?

vi=niifi >k, and ] =y if i <k.

2 4 -1
Definition 3.1. Define v; = ( i 4 ) and assume w.l.o.g. that vy, > -+ > ~y,. Define

Intuitively, we can view ~; as measuring the “amount of information” provided by the data points
from user ¢. This is consistent with the fact that ; increases as the number m; of data points from
user ¢ increases, and ; decreases as the noise magnitude 7; from user ¢ increases. With the users
sorted so that y; > -+ > =, the quantity ~; is then defined to be -y, for the & most “informative”
users i = 1,...,k, and 7, = ~; for other users. We make the following mild assumption on +} under
which we achieve optimal estimation error:

Assumption 3.2. >°" | v/ > C.(k + log(1/6))~} for C. defined in Claim|3.3

((Cx — D)k + Cilog(1/8))vk. Therefore, if we view ; as the “amount of information” from user i,
Assumption [3.2]intuitively requires that a significant contribution to the total “information” comes
from outside the & most “informative” users. This assumption allows us to avoid the case where
we only have exactly n = k users: in that case, we would have o7 ~ ¢2/k? for uniform weights

By the definition of +/, it is easy to show that Assumption is equivalent to ) ., I

wy; = --- = w, (see [Rudelson and Vershynin, |2008|] and references therein), as opposed to the
desired 07 > 0%/2 in Claim
Assumption [3.2]is a mild assumption. For example, when 7y, = - - - = 7,,, Assumption [3.2 holds as
long as n > C\(k+1log(1/6)). Also, since y) = -+ =y}, > v, = -+ =7, > 0, ittrivially holds
that > | v/ > kv;. Assumption is relatively mild when compared to this trivial inequality.
Under Assumption [3.2] we show that it is optimal to choose the weights w1, . .., w, as
!
w; = _ i 9)

1V
Specifically, if we plug (9) into Theorem and bound ¢ and oy, based on the distribution of
K1, - -, fin, We get the following error upper bound which matches our lower bound (Theorem [3.7)
in Section[3.3] We defer its proof to Appendix[l|
Theorem 3.4. Under Assumptions [3.1] and if we choose wn, ..., w, as in Q) and define
0 = Z(T,T'), for 6 € (0,1/2), with probability at least 1 — 6,

sinf < O ( CHISM) . (10)
dim1 Vi

For comparison, consider the setting when 0 = n; = 1 for every ¢ = 1, ..., n. The result then says
that sin 6 is bounded by approximately , / ﬁ. This is the same rate as we would get if we have
i=1 T

>, m; users each contributing a single independent data point with homogeneous spherical noise.
Thus as long as the data points are not too concentrated on fewer than k users, the heterogeneity
comes at no additional cost.

3.3 Lower Bound

We prove a lower bound matching the upper bound in Theorem [3.4]up to constant in the setting where
6=0(1),d>(1+Q(1))k.

For every positive integer d, there is a natural “uniform” distribution over Q4 given by Haar’s theorem
[Haar, |1933]] (see e.g. [Diestel and Spalsbury}, 2014 for a textbook). We denote this distribution by
Haar(Q4). A random matrix A drawn from Haar(Qy) has the following invariance property: for any
deterministic matrix B € Oy, the random matrices A, AB and B A all have the same distribution.



For an integer k < d, we can construct a random matrix A; € Qg , by first drawing A € R?*9 from
Haar(Qy) and then take the first & columns of A. We denote the distribution of A; by Haar(Qg ).
The invariance property of Haar(Q,) immediately implies the following claims:

Claim 3.5. Let A € Qg be a random matrix drawn from Haar(Qy) and let B € Qg4 be a fixed
matrix. Then AB distributes as Haar(Qg ).

Proof. The matrix B can be written as the first & columns of a matrix C' € Q4. Now AB is the first
k columns of AC, where AC distributes as Haar(Qy) by the invariance property. This implies that
AB distributes as Haar(Qg ). O

Claim 3.6. Let B € Qg ), be a random matrix. Assume for every fixed matrix A € Qg, the random
matrices B and AB have the same distribution. Then B ~ Haar(Qg ).

Proof. If we draw A independently from Haar(Qy), the random matrices B and AB still have
the same distribution. By Claim[3.5] AB distributes as Haar(Qg,1), so B must also distribute as

Haar(Qg k). O
With the definition of Haar(Qy ), we state our lower bound in the following theorem:

Theorem 3.7. Let k, d, n be positive integers satisfying k < dand k < n. Letmq, . .., my, be positive
integers and o, 11, . . . , Ny, be positive real numbers. Suppose we draw U € Qg i, from Haar(Qg 1)
and then draw i1, . . . , i, independently from N(0,0?UUT). Foreveryi = 1,...,n, we draw m;
data points x;; for j = 1,...,m; as x;; = [; + 2, where each z;; is drawn independently from the

N, LX) >

SUSTL L) >

satisfy Pr[sin@ < ¢] > 1 — 6, then

tZQ(min{l, W}) (11)

where 1, . . ., 7y, are defined in Definition[3.1]

Note that vy, = +; for ¢ > k, so our upper bound in (T0) matches the lower bound (TT)) up to a constant
factor assuming § = O(1) and d > (1 4 Q(1))k.
We use the local Fano method to prove the lower bound using the technical lemmas in Appendix [D}
In particular, we reduce our goal to proving an upper bound on the KL divergence between Gaussian
distributions whose covariance matrices are defined based on matrices U, U € Qg with |[UUT —
uoT || 7 bounded. We prove the following lemma in Appendixthat upper bounds the KL divergence
using [|[UUT — UUT | p:
Lemma 3.8. For o € Rxo,1 € Roo,U,U € Qgy, define ¥ = c2UUT + n*T and 3> = o*UUT +
n?I. Then, -
o UUT - UUT|%

A(o®n? + %)

Du(N(0,2)|N(0,%)) =

Lemma [3.8]and the results in Appendix [D]allow us to prove a version of (IT) in which the sum in

the demoninator is over ¢ = 1, ..., n. This, however, is weaker and less useful than (TI)) in which
the sum in the denominator is over ¢ = k,k + 1,...,n. To prove Theorem[3.7} we extract a hard
distribution in which the data points from users 1,...,k — 1 are “useless” in terms of subspace
recovery.

Let I'y be the (k — 1)-dimensional subspace spanned by p1, ..., ug—1. Welet vy,...,vx_1 be a
random orthonormal basis of ', and we append another vector v;, € I to form an orthonormal basis
v1,...,v, of I'. Wedefine Vi = [vg -+ vp_1] € Ogp—1andV = [vy -+ vx] € Ogp. In Figure
we show a graphical model demonstrating the dependency among the random objects we defined.
Let us focus on the joint distribution of (V4, V, (u1,. .., tkx—1)). By the invariance property, for any
matrices V; € Od, k-1, Ve Q4. measurable set S C (Rd)k_l, and orthogonal matrix G € Qg,

Pr((p1,... k1) € S|V =V, Vi = Vi] = Pr((1, ..., p—1) € Sa|V = GV, Vi = GVA],



) —— T — W
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U T \%
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Figure 1: Graphical model A.

where Sg = {(Gﬂl,...lG,&k,l) s (B, .., flg—1) € S}.~F0r any V.,V € @d,k whE)se first

k — 1 columns are both V3, there exists G € Qg such that V' = GV and thus V; = GV;. This

implies that for any /i € col(V3), we have Gfi = fi, and thus (S N col(V1)* 1) = SN col (Vi)

for any measurable S C (R?)*~'. Here, col(V1)*™' = {(fi1, ..., fix—1) : 1 € col(Vy) fori =

1,...,k—1} C (Rd)’“*l.~ When conditioned on Vi = Vi, forevery i = 1,...,k — 1 we have

wi € T1 = col(Vy) = col(V4), which implies that (u1, . .., jx—1) € col(V;1)¥~1. Therefore,
Pr((py, ..., pr-1) € S|V =V, Vi = V]

(/.Ll, .. .,uk_l) csSn CO|(‘71)k71|V = ‘N/, Vi= ‘71]

(1, 1) € (SN col(V)E |V = GV, V = GV

(,Ula .. .,,uk_l) csSn CO|(‘71)k71|V = ‘7/,‘/1 = ‘71]

(:u’lw"a,ukfl) € S|V: ‘7/7‘/1 :‘71]

This implies that (1, . .., pr—1) and V are conditionally independent given V;. Therefore, the joint
distribution of (V4,V, (u1, ..., tk—1)) can be formed by first drawing V' and V3, and then drawing
U1, -, pi—1 based only on V; and not on V. Since pig, . . . , i1, are drawn iid from N (0,02UUT) =
N(0,02VVT), we have the graphical model shown in Figure

V—Vi— (t1,-, fr-1)

N

Figure 2: Graphical model B.

:U“kw”aun)

By Claim [3.6] the marginal distribution of V' is Haar(Qyg,x). By Claim 3.5} we can implement this
distribution by first drawing W ~ Haar(Q,) and then drawing E independently from any distribution
over Oy 1 and let V' = W E. We choose the distribution of E later, where we ensure that the first

k — 1 columms of E is always [Iko_ 11, This guarantees that the first & — 1 columns of W and V' are
the same, and thus V; is exactly the first £ — 1 columns of W, resulting in the graphical model shown
in Figure

w Vi (Ml?"'vlu'k—l)

Figure 3: Graphical model C.

Note that in Figurethere is no directed path from E to (u1, ..., ptx—1). Intuitively, this means that
knowing (g1, ..., ftk—1) gives us no information about E. Now by choosing the distribution of E
appropriately, we can prove (1)) in which the denominator does not contain 71, . . ., yx—1. We defer
the complete proof of Theorem [3.7]to Appendix [K}

4 Linear Models

In the linear models setting, the data distribution of user ¢ is parameterized by an unknown vector
B; € R%. As before, we assume that the vectors 31, ..., 3, from the n users lie in an unknown
k-dimensional subspace I'. Our goal is to recover the subspace using the following data. For every



i=1,...,n, we have m; data points from user i: (x;1, 1), - - -, (Tim,, Yim,) € R? x R. For every
j=1,...,m;, we assume the measurement x;; € R? is a random vector drawn independently from
an O(1)-sub-Gaussian distribution with zero mean and identity covariance matrix. The measurement
outcome y;; is determined by y;; = xLT] Bi + zi;, where the random noise z;; € R can depend
on the measurements Z;1, . . . , Tjp,. When conditioned on z;1, . . ., Zjm,, We assume every z;; for
7 =1,...,m,; is independently drawn from an 7;-sub-Gaussian distribution with zero mean, but
we do not assume that the conditional distribution of z;; is the same for every j = 1,...,m;. The
(in)dependence among x;; and z;; fori = 1,...,nand j = 1,...,m; can be summarized by the
example graphical model in Figure ]

Figure 4: An example forn = 3, m; = 2, me = 3, mg = 2.

Since we allow the noise z;; to depend on the measurements x;;, it is information-theoretically
impossible to recover the subspace if we only have one data point from every user. Consider the
scenario where every f3; is drawn independently from N (0, oc?uu") for an unknown unit vector
u € R? and every z;; is drawn independently and uniformly from {—1,1}%. If we set z;; to be
zij = x};v;; where v;; is independently drawn from N (0,0(I — uu")), then every y;; satisfies
Yij = :E;Z(ﬁz + v;j) where 3; + v;; distributes as N (0, 02I) independently from z;;. This implies
that the joint distribution of (1, ¥i1))i=1,... » does not change with w, i.e., we get no information
about v from one data point per user.

Thus, we assume m; > 2 for every user ¢. In this case, we achieve error upper bounds that match
the ones in [Tripuraneni et al., [2021]] despite our relaxed assumptions on the noise. Our estimator is
the subspace r spanned by the top-k eigenvectors of A defined in (3). We defer the analysis of our
estimator to Appendix [[]
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A Basics about Principal Angles

We provide a formal definition of the principal angles introduced by Jordan|[|1875] and briefly discuss
some basic properties of this notion (see e.g. [Stewart and Sunl [1990] for a textbook).

Let U, U € Qg4 be two orthogonal matrices. Suppose the columns of U and U are partitioned
as U = [U; Up),U = [U; Uy] where U; € Qg and U; € 0, for integers k, k satisfying
0<k<k<d. Starting from a singular value decomposition of U, U, as RIERL one can find
an integer ¢ € Z>( and angles 0 < 67 < --- < 8, < /2 such that there exist orthogonal matrices
P,P € 04,Ry € Oy, Ro € 04y, By € Oy, Ry € O,_; satisfying

Ry 0 - =[R 0

U—P[0 ng U—P{0 Rg]’ and (12)

Ty 0 0 0 0

. . 0 cos © 0 sin © 0
PTP=(P™PT=1 0 0 I . 0 0 , (13)

0 —sin© 0 cos © 0

0 0 0 0 I,

where cos © = diag(cosby,...,cosfy) and sin © = diag(sin by, ...,sinfy). It is easy to see that
cos by, ...,cos b, are exactly the singular values of U] U; that are not equal to 1, so £,60;,...,0;

are unique. Let I" (resp. I) be the k-dimensional (resp. k-dimensional) linear subspace spanned
by the columns of U; (resp. U1). The (non-zero) principal angles between I' and I are defined
to be 01, ...,0,. It is not hard to see that the principal angles depend only on the subspaces I, r
and not on the choices of U and U. The maximum principal angle between I' and I, denoted by
Z(D,T) or Z(Uy,T1), is defined to be 6, (or 0 when ¢ = 0). When k = k, using and (13), it
is not hard to show that the non-zero eigenvalues of U UlT — Ul UlT are +sinfq,...,+sinf,. This

implies ||U, U] — U107 || = sin Z(T,T) and ||[ULUT — OO || = /2 32¢_, sin®6;. In particular,
sin Z(T, f‘) is a natural metric between k-dimensional subspaces.

B Basic Facts and Concentration Inequalities

Lemma B.1 ([See Vershynin, 2018, Proposition 2.6.1]). If Xi,...,X,, € R are independent
random variables with sub-Gaussian constants b1, ..., b, € Rxq respectively, then 2?21 X; has

sub-Gaussian constant O (\ /> bf)

Lemma B.2 ([See [Vershynin, 2018, Lemma 2.7.6]). If X € R is a mean-zero random variable with
sub-Gaussian constant b € R>q, then X? has sub-exponential constant O(b?).

Lemma B.3 ([See Vershynin| 2018 Theorem 2.6.2]). Let z1,...,x, € R be independent random
variables. For everyi =1,...,n, assume x; has mean zero and sub-Gaussian constant b; € R>.
Then for every ¢ € (0,1/2), with probability at least 1 — 6,

S ai| <0, |log(1/6) b2

i=1 i=1
Lemma B.4 ([See Vershynin, 2018, Theorem 2.8.1]). Let z1,...,x, € R be independent random
variables. For everyi = 1,...,n, assume x; has mean zero and sub-exponential constant b; € R>.

Then for every 6 € (0,1/2), with probability at least 1 — 6,

n
D i
i=1

log(1/6) Z b? +log(1/6) _max b;
i=1

<0

C Vector and Matrix Concentration Inequalities

Lemma C.1 ([See |Vershynin, [2018, Corollary 4.2.13 and Exercise 4.4.3]). There exists an absolute
constant C > 1 and a set Oy C Qg 1 for every positive integer d such that
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1. 10| < 2 for every d € Zo.

2. for every d € Z~q and every symmetric matrix A € R%*,

JA|l < C sup |uT Aul.
ueO’

3. forevery dy,dy € Z~¢ and every matrix A € R1>d2,

Al < C sup  sup |UIAU2|.
’U,1€O£i1 ’U,QGO&2

Lemma C.2. Suppose x1,. .., x, € R% are independent random vectors, and each x; is mean-zero
and 1-sub-Gaussian. Suppose wi, . .., w, € R are fixed real numbers. Define E' = Z?zl wzw]
and E = E[E). Then for any ¢ € (0,1/2), with probability at least 1 — §,

|E—E| <O | |(d+]1og(1/8)) Y w?+ (d+1log(1/5)) max ||

i=1

Proof. Let O’ denote the set O} C Q41 guaranteed by Lemma [C.1] For any fixed u € O, by

Lemma (2] u)? has sub- exponentlal constant O(1), and thus wl(x Tu)? has sub-exponential
constant [w;|. Define ¢’ := §/|0’|. By Lemma|[B.4} with probability at least 1 — &',

n n
Z wi(z]u)? — R lz w;(z]u)?
i=1 i=1

By a union bound, with probability at least 1 — §, the above inequality holds for every u € O'. By

the definition of O’
sz mlTu sz x U 1 ) (15)

Combining (T4) and (T3] and noting that log(1/4’) = (d +log(1/4)) completes the proof. O

n

<0 log(l/é’)Zw?+log(1/6’)max\wi\ . (14

i=1

ueO’

|E-E|<0O (Sup |u(E — E)u|> =0 (sup
ueO’

Lemma C.3. Suppose x1, ..., x, € R? are independent random vectors, and each x; is mean-zero
and 1-sub-Gaussian. Suppose by, ..., b, € R are fixed real numbers. Then for any § € (0,1/2),
with probability at least 1 — 0,

|1 -+ an]diag(by,...,bn)|| <O Zb? (d +log(1/6)) max b?
Proof. Define F = [z1 --- xy,]diag(bi,...,b,) and E = FFT = Y0 blz;z]. By
Lemma|C.2] with probability at least 1 — 4,
IE ~E[E]| <O | | (d+]1og(1/6)) Y b} + (d +log(1/5)) maxb | . (16)
i=1
For every unit vector u € RY, x]u is 1-sub-Gaussian, and thus E[(m u)?] < O(1). This implies that

uE[z;x]Ju < O(1) for every unit vector v € R? and thus |E[z;x]]|| < O(1). Now we have

|E[E]|| < Zb2||:c o) (Z b2> (17)

Combining (T6) and and using the fact that ", b} < (37
least 1 — 6,

b?) max; b7, with probability at

i=1"1
1Bl < ||E — ELE]| + [E[E]]| < O (Z b7 + (d + log( 1/6>>maxb2>
The lemma is proved by || F'|| = /|| E]]. O
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Lemma C4. Let X € RY*™ be a fixed matrix and let v € R™ be a mean zero random vector with
sub-Gaussian constant 1. For § € (0,1/2), with probability at least 1 — 6,

[Xvll2 < O(|X[|v/r + log(1/5)),

where 1 is the rank of X.
Proof. By the singular value decomposition, there exists P € Qg4 such that all but the first r rows of
PX are zeros. Let Y € R™*™ denote the first r rows of PX. We have

[ X0l = [[PXvlls = [[Yv|2. (18)

Let O’ be the O], in Lemma For every u € O, u"Yv has sub-Gaussian constant O(||u"Y||2).
By Lemma|[B.3] for ' = §/|O7[, with probability at least 1 — &,

[Ty o] < 0 (uTY]l2/10g(1/3)) < O (¥ [1VIog(175))

By a union bound, with probability at least 1 — 9,

sup [uTYe] < O (|lu"Y 21/10g(1/8)) < O (Y I|v/10g(1/8) (19)

u€O’
By the definition of O’,
Y| <O (sup |uTYv|> . (20)
ueO’
The lemma is proved by combining (T8)), (T9) and (20) and noting that || Y| = || X || and log(1/4") =
O(r +1og(1/6)). O

Lemma C.5. Let Z1, ..., Z, € R"*% be mean-zero independent random matrices. Suppose for
real numbers R, p1,...,pn € R>o, we have Pr[||Z;|| > R] < p;. Moreover,

max{||E[Z; Z] |||, |E[Z] Zi]||} < oF.
Then with probability at least 1 — 2(dy + d2)e™" = Y7 pi,

n

>

=1

<0

n
> o+ Rt
=1

Proof. Since probabilities are always nonnegative, the lemma is trivial if >, p; > 1 orif ¢ < ¢ for
a sufficiently small positive constant c. We thus assume Y ., p; < land ¢ > Q(1).

Define Z! = Z;1(||Z;|| < R). For every unit vector u € R%, by Cauchy-Schwarz,
El| Zul21(1Zi]| = R)]* < El| Zul3EL(|Z:|| > R)?] < o7 Pr||Zi]| > R] < o7p;.
By Jenson’s inequality,
Ell Ziul21(1Z:] = R)] = [[E[Ziul([|Z:]| = R)]ll2 = [[E[Z:1(|1Z:]] = RB)]u]2-
Combining,
IE[Z:1(]| Zi|| > R)Jull2 < 0i\/pi, for every unit vector u € R%,
which implies that |[E[Z]][| = [[E[Z:] — E[Z]]|| = [E[Z:1(|Zi| > R)I|| < 04/P:-

We apply the matrix Bernstein inequality [see|Vershynin, 2018| Exercise 5.4.15] to Z!. For every i,
12 —ElZ]I < 1Zill + IE[Z]]] < 1Zi]| + Ell|Z;]]] < 2R, and

E((Z; - E[Z)(Z - E[Z])"] = E[Z{(Z))] - EIZ]E[Z]" < E[Z{(Z)"] 2 o71.

3

The matrix Bernstein inequality implies that with probability at least 1 — 2(dy + da)e*,

Sz Y EZ)
=1 i=1

<0
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n

By the union bound, with probability at least 1 — 2(dy + da)e™" — > p;,

(by Cauchy-Schwarz)

The lemma is proved by our assumption that Y ., p; < 1and ¢ > Q(1). O

D Fano’s Inequality and Local Packing Numbers

For two probability distributions p1, p2 over the same set X’ with probability densities p; (z) and
pa2(x), their KL divergence is defined to be

pl(X)}
p2(X) .

For a joint distribution p over random variables X and Y, we define the mutual information between
X and Y to be

Dy (p1]lp2) = Ex~p, [log

I(X;Y) = Du(pllpx X py),
where px (resp. py) is the marginal distribution of X (resp. Y), and px X py is the product
distribution of px and py. The following claim is standard:

Claim D.1. For random variables X,Y, Z, if Y and Z are conditionally independent given X, then
I(X3Y,2) < I(X;Y) + 1(X; Z), 2D
1(V;X,2)=1(YV; X). (22)

Theorem D.2 (Fano’s Inequality). Let XY, X be random objects. Assume their joint distribution
forms a Markov chain X — Y — X. Assume that the marginal distribution of X is uniform over a
finite set X. Then,
I(X;Y) + log 2

log | X
Lemma D.3. In the setting of Theorem|D.2] let P, denote the conditional distribution of Y given
X = x. Then,

Pr[X # X]>1—

z,x’ €

Proof. Let P,(y) denote Pr[Y = y|X = z|. Since X distributes uniformly over X, the marginal

distribution of Y is given by Pr[Y = y] = >, P, (y)/|X|. By the definition of I(X;Y),
I(X;Y)=ExEyp, :log Z:jggl//l));: Xlr‘l
~ExByny [0 s o
<ExEy~py _|/'1Y| IEZX log ];j((;:)) (by Jensen’s Inequality)




mz ZEW"{ ];g;]

T GX IGX

|X\2 Z Z Dy (Pyr|| Pr)

rzeX z'eX
S max Dkl(Pt’”Px)- O
z,x'eX

Lemma D.4 ([see|Cai et al., 2013, Lemma 1]). There exists an absolute constant C' > 0 with the
following property. For any positive integers k < d and real number t € (0,1/C), there exists a
subset O' C Qg i, with size at least 105(@=k) such that

1. Fordistinct U,V € O/, |UUT —VVT||r >t
—VVT|r <Ct

E Proof of Theorem 2.1

Theorem 2.1 (Variant of Davis—Kahan sin 6 theorem). Let A, A € RY%? pe symmetric matrices.

Let \; denote the i-th largest eigenvalue of A. For a positive integer k smaller than d, let 6 denote
the maximum principal angle between the subspaces spanned by the top-k eigenvectors of A and A.
Assuming A\, > Ag+1,
2)|A— A
sinf < M
Ak — Akt1

Proof. We assume % < 1 because otherwise the theorem is trivial.

Let )\; denote the i-th largest eigenvalue of A. By Weyl’s inequality,
R - Ak — A
A1 — App1 < JA— A < %a

where we used our assumption )\”’47’4” < 1 in the last inequality. This implies

. Ak — A
e = Mgr = Z 7 > 0, (23)
By the Davis-Kahan sin 6 theorem [Davis and Kahanl [1970]],
A-—A
sinf < u (24)
Ak — At
Combining (23) and (24) completes the proof. O

F Proof of Theorem 3.1

We recall:
Theorem 3.1. Define 52 = || i, w?pipl n?/m;|| and let 0 denote the maximum principal angle

between our estimator I and the true subspace T spanned by i1, . . . , pin. For any 6 € (0,1/2), with
probability at least 1 — ¢,

2
win;
m;

n_.2.4
sinf = O | 02, | (d+ log(1/9)) (52 + Z u;;j;) + 0, %(d + log(1/9)) max (6)

i=1 't
By (). it suffices to upper bound the spectral norm of A — Y7 | w;p; ul . We achieve this goal by

proving Lemmas [FT|to[F.3]in which we bound the spectral norm of each term on the right-hand-side
of the following decomposition'

A— Zwiﬂim Zwluzz —|—Z:wzzzuZ +Z _1 Z Zij1 Zija)s (25)
i=1

JﬁﬁJz
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where Zi = n% Z;n:Ll Zig-
Lemma F.1. In the setting of Theorem forany § € (0,1/2), with probability at least 1 — 6,

1> winisl |l < 0 (§V/d+10g(1/9))
i=1

Proof. Let O’ denote the set O/, C 0y, guaranteed by Lemma For any fixed u,v € O’,
by Lemma z] v is 1;/\/m;-sub-Gaussian, and thus w;(u] u)(z v) is wy|p] uln; /\/mr;-sub-
Gaussian. By Lemma- B.3] for any 6’ € (0,1/2), with probability at least 1 — &,

() (2] 0)| <O [ | log(1/6") Y " w?(pufu)2n2/m; | - (26)

By the definition of § s
T s o (3 ) < |3 o
i=1 i=1 i=1
Plugging this into (26), and setting 6’ = §/|O’|?, with probability at least 1 — §/|0’|2,
5 wulu) (70| < 0 (6v/ogl1/9) < 0 (6y/AT Tox1/9))
i=1

where we used the fact that log |O’| = O(d) to obtain the last inequality. By a union bound
over u,v € O’, with probability at least 1 — 6, sup,cos Supyeor [t (31| wipiZ, )v|

O(&y/d+1og(1/6). The lemma is proved by combining this with H Wiz H

SUPueor SUPyeor U’ (X0 wipiz!) v| by Lemma O
Lemma F.2. In the setting of Theorem |3.1| define Z = ;| #71)(2211 zlj)(Z;":l zi) T
For any § € (0,1/2), with probability at least 1-4,
12 - E[Z]]|
<O | | (d+10g(1/6) Y wint /mf + (d +log(1/8)) maxwyn? /mi | . (27)

i=1

Proof. By Lemma Z;n’l z;; has sub-Gaussian constant b; for some b; € Rx( satisfying
= O(y/m;n;). Define 2; = I ZJ 1 %¢5 and now Z; has sub-Gaussian constant 1. We write Z in
terms of Z;:

Applying Lemma [C.2] completes the proof O
Lemma F.3. In the setting of Theorem define Z = Y, D > zijzy;. For any
d € (0,1/2), with probability at least 1 — 5,

12 - E[Z]|

<O (d +1og(1/0)) Zw2n4/m + (d 4 log(1/6)) max w;nZ /m? | . (28)

=1

Proof. Define 2;; = %Z;‘j and now Z;; has sub-Gaussian constant 1. We write Z in terms of Z;;:

n m;

Z = Z Z mi(m wml_ 1) Bijiy.

=1 j=1
Applying Lemma [C.2] completes the proof. O
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We are now ready to finish the proof of Theorem [3.1]

Proof of Theorem[3.1] We start with the last term in (23)):

g Zij1 i
mz _1 J171J2

i=1 1175]2
T
e e vl DIEE N DT B D reves s DL
—~ mi(m; —1) | 4 / ; J £ m;(m; — 1) I
=1 Jj=1 j=1 =1 J=1

It is clear that E [ZZ ey DI AR zijlzm} = 0, so combining Lemmas and . with

probability at least 1 — 4,

n

Z mi—1) - ) Z Ziji Zigy || < O (d +log(1/6)) Zw%‘*/m + (d+log(1/6))maxwml /m;
i=1 J17#J2 i=1
(29)
where we used the fact that the right-hand-side of (27) is at most the right-hand-side of (28)) (up to a
constant factor).

By Lemmal[F1]
Zwlplz + Zwlzz,ul szlh <0 (fx/d—f—log 1/9) ) (30)

Plugging @ and (30) into @) and then into (E) proves the theorem. O

<2

G Proof of Corollary 3.2]

Proof. By the definition of £2 in Theorem |3 . |2 =y, #1 || < ol . Plugging this into (6],
we know that the following inequality holds with probablhty at least 1— 0

sind < O (O’;Q\/(d+ log(1/6)) (tijl + ) + U,C_Q(dJr 10g(1/5))i>

0 (ml +12 [d+log(1/5)

2
O n

- t2
ﬂdﬂog(l/é))n). (31)
Since sin § < 1 always holds, inequality (3T)) implies

2 2
sinf < O (’”1 7 Jdrlos(/o) | {1,% (d + log(1/6)) = }) (32)

Uk n

Since min{1, y} < ,/y for every y € R>(, we have

min{l,ak (d+1log(1/4)) } \/ d—|—10g 1/9) %\/(d—'_k;ﬂ. (33)
Tl
O

Plugging (33) into (32) proves the corollary.

H Proof of Claim

Proof. Without loss of generality, we can assume that the subspace I' in Assumption is the
subspace containing all vectors with all but the first £ coordinates being zeros. We let fi; € R” denote
the first k coordinates of p;. By Lemma with probability at least 1 — §/2,

> wifufy] —E Zwmmll
=1 i=1
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<0 |o? (k—l—log(l/é))wa—|—(k—|—1og(1/5))mzax\wi\

i=1

1 1
<O |o? — 4+ =1, 34
<o(~(Vz+z)) o
where we used the fact that Y, w? < max; w; < 1/C*(k+log(1/6)). Choosing C, large enough,
(34) implies
n n
> wiipi]l —E |y wifiji]
i=1 i=1

By Assumption | the k-th largest eigenvalue of E[Mzﬁ% ] is at least o2, This implies that the k-th
largest eigenvalue of ]E[Zl 1 wz,uz ii]] is at least 0. The claim is proved by combining this with
(33) and noting that 21,:1 w;fi 1] and Zz:l w; ;1] have the same k-th largest eigenvalue. O

< o?)2. (35)

I Proof of Theorem 3.4

Theorem 3.4. Under Assumptions 31| and B.2] if we choose wi, ..., wy as in ©O) and define
0 = Z(T,T), for § € (0,1/2), with probability at least 1 — §,

sinf < O ( d—&—l;)g(l{é)) . (10)
D1 Vi

Proof. By Assumption and our choice of w;, we have w; < 1/C.(k + log(1/0)). By the
definition of C,., with probability at least 1 — §/2,

or > 0?)2. (36)
By Lemma for ¢2 defined in Theorem with probability at least 1 — 6/4,

no92.92 2 2,2 2
2 < wini o~ k+loe(1/8 wini o~ 37
¢ _O<Z oo+ (e log(1/8)) max == | . (37)

i=1 v

Replacing § in Theorem [3.1]by 6/4 and plugging (36) and (37) into (6], by the union bound, with
probability at least 1 — 6,

n 2 92 4
sinf < O( (d+10g(1/5))z <w + UZWZQ)

, o?m; o
=1

2,2 2
+ \/(d+ log(1/6))(k + log(1/6)) max —i-1 4 (d + log(1/5)) max “’2”> (38)
i o*my; v 0Ty

2
By definition, —— 4 — "Z =1 /i < 1/~}. Therefore, inequality (38) implies

i

sin 6

<0 (d +1log(1/4)) Z :)fg + 4/ (d+1og(1/8))(k + log(1/6)) max 7:[;? + (d+1og(1/9)) max Ef

i=1 1 % i

Plugging w; = ST . ST into the inequality above,

sinf < O d“og 1/‘5 (d + log( 1/5 (k+10g(1/5))maxi 7, d+log(1/8))
Die 1%‘) Zl Y
(39
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Since sin @ < 1 always holds, inequality (39) implies

A
Sm9<0< d + log( 1/6 \/d+log (1/6)) (k+1og(1/§))maxm+mm{ ’CHZMM})
% 171

zlz)

The theorem is proved by the following facts:

(k 4+ log(1/8)) max~; < O <Z ’y{) , (by Assumption [3.2))
i=1
min {1, CEpBOR < JEE D), =
>im1 7 dlim1

J Proof of Lemma 3.§

Proof. The KL divergence between mean-zero Gaussians can be computed by the following formula:

. 1 ) det ¥
Du(N(0.2)|N(0.)) = 5 (tr(zlz) —d+log dzz 2) . (40)

It is clear that .
det ¥ = det X = (a2 4 n?)*(n*)?*. (41)

It remains to compute tr(X~13) — d.

Define J = ﬁ;‘ 8] € R%*4_ By the definition of principal angles in Section there exists
P,P € Oy suchthat UUT = PJPT,UUT = PJPT and
Tr—e¢ 0 0 0
ey ng e,
0 0 0 I, .,
where 6y,...,60, are the principal angles between col(U) and col(U), cos® =

diag(cos s, ..., cosfy), and sin © = diag(sinfy,...,sinf;). Now we have UUT = PJPT =
P(PTP)J(PTP)TPT = PJPT where

Ti—e 0 0 0
S To/T | O (cos ©)? —cosOsin® 0
J= (P P)J(PP) 0 —cosOsin® (sin®)>2 0
0 0 0 0
Therefore, &> = P(02J + n*I)PT and 3 = P(02.J 4 n2I)PT, which implies
Y78 = P(o?T + 0?1 "o + n*T)PT.
Since 02J + n?I = diag(c® + 1>, ...,02 + 1%, n%,...,n?) and the diagonal entries of 62J + 2]
——
k d—k
are
a2 +n? .0+ 0% cos? 0, + 12, ..., 0% cos? Oy + 1P,
k—¢ ¢
o2sin® 0, + 1%, ..., 0%sin® 0, + 0% 02, .. 0P,
——
‘ d—k—¢
we have

tr(27I8) — d = tr((02T +n?1) Yo + 1)) — d
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:zZ: 0'2C0529i+’l72_1 +Zé: a2sin29i+n2_1
i=1 0% +17°

2
i=1 n

2

¢ O'2 g

22
§ sin 0, | — — ———
P o (772 02+n2)

o uUuT - 00T

42
207207 + 1) “
Plugging @T)) and @2)) into (@0) completes the proof. O
K Proof of Theorem
We recall Theorem 3.7
Theorem 3.7. Let k, d, n be positive integers satisfying k < dand k < n. Letmy, ..., my be positive
integers and 0,11, . . ., Ny, be positive real numbers. Suppose we draw U € Qg j, from Haar(Qg 1)
and then draw i1, . . ., li, independently from N(0,0?UUT). Foreveryi = 1,...,n, we draw m;
data points x;; for j = 1,...,m; as x;; = [; + 2, where each z;; is drawn independently from the

spherical Gaussian N(0,n?I). Let I be any estimator mapping (xij)1<i<n,i<j<m, f0 a (possibly
randomized) k-dimensional subspace of R%. Let 0 denote the maximum principal angle between

XN, 1) >

satisfy Pr[sin@ < t] > 1 — 6, then

O (T
tZQ( {1’ ST }) an

where 1, . . ., 7y, are defined in Definition[3.1}

Proof. The theorem is trivial if ¢ is lower bounded by a positive absolute constant, so without loss of
generality, we can assume that ¢ < 1/ (2\@0 ) for the constant C' in Lemma

Now we describe the distribution of E on which we prove the error lower bound (TI) that does not
depend on 71, ...,7x—1. As we mentioned in Section the first K — 1 columns of F are fixed to

be [Iko_ 1] , s0 we only need to describe the distribution of the k-th column of E. By Lemma

there exists O’ C Qg_j+1,1 with size at least 10¢~* such that

1. for distinct u,v € O/, Juu™ —voT || > 2v/2t;

2. forany u,v € O, |luu” —vvT||p < O(1).

The k-th column of E is chosen by first drawing a uniform random v € O’ and then prepend zeros to
it. That is
_|Ixk—1 O
E= [ . u] . (43)

We let £ denote the support of the E so that £ is chosen uniformly at random from &£.
By the law of total expectation, conditioned on W, V1, (g1, . . ., pie—1) and (z45)1<i<k,1<j<m, being
fixed to some specific value, we still have Pr[sind > ¢] < §, where now Pr[-] represents the

conditional probability. We will abuse notation and omit explicitly writing out the conditioning
throughout the proof.

After the conditioning, the randomness in V' comes only from the randomness in £ € £, and the
distribution of V' is the uniform distribution over the set V := {WE : E € £}. For any two matrices
V', V" €V, there exists E', E” € £ such that V/ = WE’ and V" = W E" . Moreover, there exists

u,v € O’ such that E' = [I"b_ ! 2} and B = [I’“O_ ! 2] This implies that

V'Vt = V"V lp = |E'(E) = E"(E")|p = |uu” —voT|p <O(t).  (44)
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Moreover, when V'’ = V", we have u # v and thus
V()T = v (V)T = |E(E)T — E"(E")T]| = |luu” — v > 2t, (45)
where we used the fact that ||uu’ — vvT| = sinZ(u,v) and 2v2t < |uu’ — w07 ||p =
\/2sin? Z(u,v). We define V' € V so that the maximum principal angle between col(V) and
I is minimized. When sin 6 < ¢ (i.e., sin Z(col(V),T') < t), for any V' € V different from V/,
sin Z(col(V'),T") > sin Z(V, V') —sin Z(col(V),T') > 2t —t =t > sin Z(col(V),T),
where we used sin Z(V, V') = |[VVT — V/(V))T|| > 2t by {@5). Therefore, sin# < t implies
V =V and thus Pr[sin 6 > t] > Pr[V # V].
Now we apply Theorem [D.2]to the following Markov chain
V = (2ij)ksiznizjzm = V
to get
I(V; (#ij)h<icni<i<m,) +1og?2
log [V| '
Now we bound I(V'; (245) k<i<n,1<j<m. ). According to the graphical model in Figure 77T

are conditionally independent given V/, and thus (z;;)1<j<m, are conditionally independent for
i=k,...,ngiven V. By ZI),

6> Pr[sind > ] > Pr[V#£V]>1-

(46)

n
I(V; (@ij)k<i<ni<icm.) < DIV (@i)1<j<m,)- 47)
i=k
Let Z; denote % ZT:l x;;. Since z;; for j = 1,...,m; are drawn iid from N(pi,n21), it is
a standard fact that Z; is a sufficient statistic for p;, i.e., (-’L‘ij)]gjgmi and p; are conditionally
independent given Z;. Therefore, for any measurable set S € (R%)™,

Pr[(l]ij)lgjgmi S S|/LZ‘,.’Z'Z'} = Pr[(.’l,‘ij)lgjgmi S Sli‘z] 48)
Since (x”) j=1,...,m; and V are conditionally independent given p;,
Pr{(zij)1<j<m, € S|V, i, T:] = Pr((zij)i<j<m, € Slws, Zil- (49)
Combining (@8) and @9), (;;)1<j<m, and V are conditionally independent given Z;. By 22),
IV (@ij)i<j<m,) = IV (@ij)i<jcm,, @) = 1(V;Z;). (50)

mg

Since T; = p; + >_j—1 %j» the conditional distribution of Z; given V" is N (0, a2vvT + 21—12])
By Lemma 3.8 and inequality (@4)),

> 2
(Vi) < sup D (N (o,a2v’(v’)T + ZLI) HN (O,UQV”(V”)T + ZLI» < O(t2,).

VIVIey
(61
Combining @7), (30), and (F1),
I(V; (i) k<isni<j<m;) < O <t2 Z%) :
i=k
The theorem is proved by plugging this into (46) and noting that log |V| > 2(d — k). O

L Our Results in the Linear Models Setting

In the linear models setting (see Section Ié—_lt), our estimator is the subspace I' spanned by the top-k
eigenvectors of A defined in (3). We use 6 to denote the maximum principal angle between our
estimator I" and the true subspace I', and define o7 to be the k-th largest eigenvalue of Z:L:I w; B BT
To describe our guarantee on 6, it is convenient to first define the following quantities for every

i=1,...,n:

pi = (d—&—log(n/é)z?(ﬂ;zi —&—log(n/é))7 G = /d—i—lc:j(n/é) ;.

We prove the following guarantees for our estimator in Appendices|C.T)and [L.2}
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Theorem L.1. There exists an absolute constant C' > 0 such that for any § € (0,1/2), with
probability at least 1 — 6,

n 14 220130112 4
sinf < CJ,;2 E widlog(d/s) (”ﬁzn? + 1 [1Billz + 77z2>
m; m
=1 2

+Coy.? max w log(d/8)([18:l13a: + mill Bill2qi + mips)-

Corollary L.2. Suppose m € Z~qandn € Rsq satisfy 2 < m < minj<j<, M; and maxi<i<n 7 <
7. Choosing wy = - -+ = w,, = 1/n, for any 6 € (0,1/2), with probability at least 1 — 6,

d(y 320, 18ll3 + 5 iy PllBil3 + nt/m) | dmaxi [15i]13
mnoj mno;

sinf < O [ log®(nd/é) \/

(52)
If we further assume that maxi<i<y ||Bi|l2 < r, then (52) implies

sing < O <1og3(nd/6) <\/d(r4 + 7272 —|—774/m)>> . (53)

4
mnaoy

In [Tripuraneni et al., [2021], it is further assumed that n = ©(1),r = O(1), [| 5]l = (1), =
(mn) =" Defining k = L 31 | ||B;]|3/ko} = ©(1/ko}) as in [Tripuraneni et al.l 2021] and using
the fact >; , [|3:]|2 < (max; [|3:[13) Y21, 118513, our bound becomes

sinf < O ( d 1 logg(mn)> =0 ( %ﬁ logB(mn)> ,
mno o7 mn

k

matching the bound in [Tripuraneni et al., 2021} Theorem 3].

As in the PCA setting, our proof of Theorem is based on the Davis-Kahan sin 6 theorem
(Theorem and a bound on the spectral norm of the difference between the matrix A and its
expectation. We prove and make crucial use of a generalization of the matrix Bernstein inequality
(Lemma which turns out to be slightly more convenient than a similar inequality used in
[Tripuraneni et al., 2021].

L.1 Proof of Theorem [L.1]

Plugging y;; = zZTJ B + z;; into the definition of A,

n

w;
A=3 mi(ms —1) D7 @i (@3, Bi + 2i5,) (8] @iy + 2ig) 2, -

— m;(m )~
i=1 J1#J2

When j; # jo, conditioned on z;;, and z;;,, the noise terms z;;, and z;;, are independent and have
zero mean. Therefore,

T T T T T T T
Elwij, (235, i + 2ij ) (Bi ®igo + 2ij2 )35, = Blaij, 2y, 8iB8; wijoi,] = E[BiB; ],
where we used the fact that x;;, and x;;, are independent and have zero mean and identity covariance

matrix. Thus, the expectation of A is A= Z:‘L:; w; B ﬁiT , and as in the PCA setting, our goal is to
bound the spectral norm of the difference A — A. We decompose A as

A=E+F+FT+G, where oY
n
wW; T T T
E= Z m Z Iijlxijlﬁiﬁi TigaTigas
i=1 g v J1#352
n w; T T

i=1 J1#£52
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sz

T
-1 E : xl]lzljlzljzxwz

i=1 l J17#752
Foreveryi =1,...,nand j = 1,...,m;, define b;; = z;x;; and h;; = xijx;rjﬁi. Now we can
rewrite £, F,Gas F = F; — Fy, F = I} — F5,G = G1 — G5, where
T
n my m; n
w;
w; i m; n
Fl:Zmi(mi—l) Zhij Zbij ’ F2:Z _1 Zh” ij°
=1 Jj=1 j=1 =1
i i n w; mi -
- Z Z bij Z bij | Gy = Z maGm —1) Z bijbi;
i=1 j=1 j=1 i=1 VT j=1
Define
(d + log(m;n/6)) log(m;n/5) d + log(min/d)
P = 2 ) Si = 1 + 7.
m; m

(] 1
The following lemma controls the deviation of E1, Es, Fy, Fz, G1, G from their expectations Ef,
Ey, Fy, F,, Gy, Gy in spectral norm:

Lemma L.3. There exists an absolute constant C' > 0 such that for any § € (0,1/2), each of the
following inequality holds with probability at least 1 — §:

_ " w2 Bi|4d log(d/s
12 - Bl < 0, 30 WIPEAOB0) e 5,30, tow(a/9) (55)
i=1 i !
_ " w?||B;|Ad log(d /8
|Ey — Es|| < C Z wills H2m3 8(d/9) + O max w; || 3;|35: log(d/$), (56)
i=1 @ !
_ " w?n?||Bil|3d log(d /s
17~ R < 0y S0 IO | 65, agios(a/9). 57
i=1 v !

_ " w? f le d/é
1o = Bl < €| S I IBZNBE) | o s losdf6). (59

i=1 m;
. “~ w2n}tdlog(d/s
|Gi —Gh|| < C Z wlm—ozg(/) + C'miaxwm?pi log(d/9), (59)
i=1 i
- "~ w?nidlog(d/s
|G — Ga|| < C Z w’mm—zg(/) + C max w;n2r; log(d/d). (60)
i=1 1 !

Before we prove Lemma|[L.3] we first use it to prove Theorem

Proof of Theorem|[L.1} By (54),
A=Al < By = Ei|| + |B2 = E2|| + [|[Fy — Fi|| + |[F2 = B2l + |Gy = Gu| + |Gz = Go.

Setting J in Lemmato be §/6 and using the union bound, for an absolute constant C' > 0, with
probability at least 1 — 6,

_ n |4 21143, 1|2 4
4~ 4 < 0| Y utatog(as) (1PELIAE , 22)

me
=1
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+ C maxw; log(d/8)(I1Bill3q: + m:llBill2qi + i ps),

where we used the fact that the right-hand-sides of (36), (38) and (60) are upper bounded by a
constant times the right-hand-sides of (53), (57), (39, respectively. Since A = > | w;3; 3], the
theorem is proved by -
2|4 — A

oF

due to Theorem 211 O

sinf <

In the lemmas below, we prove helper inequalities that we use to prove Lemma[L3] In these lemmas,
we focus on a single user ¢ and thus omit the subscript <.

Lemma L4. Let z1,..., 2z, € R are independent random vectors. Assume every x; has zero
mean and is O(1)-sub-Gaussian. Conditioned on x1, ..., xmy, let 21, ..., zy, € R be n-sub-Gaussian
independent random variables with zero mean. Define b= 37", zjx;. For any § € (0,1/2), with
probability at least 1 — 6,

1bll2 < nv/(d + log(1/6))(m + log(1/5)). (61)

Moreover,
IE[pDT]|| < O(n*m), (62)
IE[(b67)?]]| < O(n*m?d). (63)

Proof. Define X = [z1 -+ ] € R>™and 2z = [21 -+ 2,]T € R™. Now b = Xz. By
Lemma C.3] with probability at least 1 — §/2,

I1X) < O(\/d+m+log(1/5)>. (64)

Let r denote the rank of X. By Lemrna with probability at least 1 — §/2,

Ibll2 = 1X=]l2 < O (nl| X|Iv/r +1og(1/3)) < O (nl|X||/min{d,m} +10g(1/3)) .~ (65)
Combining (64) and (63)) using the union bound, with probability at least 1 — 4,

Ibll2 < O (n/(d -+ m + 1og(1/3)) (min{d, m} + og(1/3)) ) .
This proves (61)).
For every fixed unit vector u € RY,

Epb u=3 ulwjzfefu=3" 2 (a]u)?® < 3 0(") = O(m).

This proves (62).

T T T T T
u E[(bb )Q}u: Z E[u Zjllexjgzjéstszxj4zj4u}

J1,J2,73.J4

Since z1, ..., 2z, are independent and have zero mean when conditioned on x1, ..., x,,, the term
T T T . . . . .
Elu' zj, 2, 2, 2, 2j5 057, 2, u] is zero unless (j1, j2, js, j4) belongs to

S = {1, 42,43, Ja) € {L,...,m}* 1 (j1 = joAjz = J)V(j1 = JsAja = ju)V(j1 = julj2 = js)}.

Letting ey, . . ., e4 be an orthonormal bases of R?, we have

d
RO ) lu= YD Bl 222 (w ) (w]en) (] ) (2, w)]

(J1,32,J3,44) €S £=1
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d
< > GBI )+ a1 + (2 /1)® + (230 /0)°

IA
g
g
S
2

(j1,J2,73,74)ES €=1
< O(n*m?d).
This proves (63). -

Lemma L.5. In the same setting as the lemma above, define h = 27;1 mjx}ﬂ for a vector B € R%.
For any § € (0,1/2), with probability at least 1 — 6,

Ill2 < O (J181l2/(d+ m +1og(1/8))(m + log(1/3) ) - (66)
Also, with probability at least 1 — 6,

BT~ BT < O (1813 (mo/m(d+ Tog(1/3) + (d + log(1/8))(m + log(1/8)))) (67

Moreover,

IE[(hAT — E[hhT])?]]| < O([IBll3m?*d). (68)

Proof. Define X = [z, -+ x,,] = R¥™™, We have h = XX Tf. Since each of the m entries
in XT3 has sub-Gaussian constant O(||3||2), by Lemma with probability at least 1 — §/2,

[XTBll2 < O(||Bll2v/m + log(1/4)). By Lemma with probability at least 1 — §/2, || X|| <
O(y/d + m +log(1/5)). This proves (66) by a union bound.
We show that with probability at least 1 — 4,
I~ )l < O (18l7/(d+ Toa(1/8))m + 108(1/5)) ). (69)
If d > m, this follows from (66) and
[E[A]ll2 = O(m]|B]]2)- (70)

If d < m, with probability at least 1 — 6,
|h ~ B[Rl = (XX~ E[XXT])8]l2
< XX —EXXT]|- 18]l
< 0 (118l12v/(d +10g(1/8))(m + d + 10g(1/9)) (by Lemma[C2)
< 0 (1181>/(d+Tog(1/8)) (m + log(1/9)) )

Therefore, inequality (69) holds with probability at least 1 — 6. Now we show that || E[h]E[R]T —
E[hRT]|| < O(m]|8]|3). Indeed,

E[RE[A]" - E[hRT] = ) (Elej, 2}, BlElwj, ], 8" — El(wj 2], 8)(x2],6)"]) -

J1,Jd2

Since z;, and x;, are independent when j; # ja,

m

E[RE[R]" — E[phT] = (Elwjz] SE[zja] BT — El(zj] B)(z;2] B)T]) - (71

j=1
It is clear that E[xjijB] = 3, and for every unit vector u € RY,
u'E[(z;z] B)(z;x] ) u

= E[(u"z;)(z] 8)(BTx;)(z]u)]
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2
VO (T )2 + T (8/18120) + ((8/1812)25)* + ()]
< O(lIBII3)-
This implies that ||E[(z;z] 8)(x;x]8) || < O(||B]|3). Now it is clear from (7)) that ||[E[]E[A]T —
E[hRhT]|| < O(m]|B]3), which implies
Ihh" —E[hhT]|| < O(ml|B3) + |hhT — E[RIE[R)T |
< O(m||B|I3) + [I(h — E[r])AT|| + [E[A)(h — E[n])T]|
< O(m|BlI3) + Ih = E[A]ll2(Ia]l2 + [E[A]]2)-
Plugging (69), (66), and (70) into the inequality above, we get (67).

<

Finally,
E[(hhT — E[hhT))*] = E[(hhT)?*) = ERATP = > Hjjojsjs (72)
J1,J2,J3,J4
where
T ppT T T aaT T T QT T T oaT T
Hj jpjaja = Elzj, 25, B8 xj, 2,250, 88 vj,7;,] — Elzg, x; BB )3, |E[xj,2,, B8 xj,2,].
When j1, jo, j3, ja are distinct, H}, ;, ., is zero. When j1, ja, J3, j4 are not distinct, letting e1, . . ., eq

be an orthonormal basis for R%, for every fixed unit vector u € R?, we have

T T T T T T T
u E[xj1xj16ﬂ szszxhxjg,ﬁﬁ J)j4.’L‘j4]U

El(u"2;,)® + (2, (8/18112))° + ((B/11Bll2) T2j,)® + (2, e0)°
(=

+(egwjs)® + (25, (B/11B112)° + ((B/11812) w5)® + (2],4)°]

= O(||Bll2d).-

This implies ||E[x;, 2] 88T xj,2], zj,a] 88Ty a L]l = O(|B)3d). Similarly,
|E[z), 2] B8Tz;,2] ]| = O(||3[13) because

u'Elzj, @], 88T wj, ), lu = E[(u ), ) (2], B)(BT2),) (2],u)]

= @E[w%f + (@], (B/1BI12))" + (B/11Bl12) T2j,)* + (2,u)?]

< O(lIBI3)-
Therefore, ||H;, j,i45.]1 < O(]|B8]/3d) when ji, j2, j3, ja are not distinct. Now (68) follows from
. O
Lemma L.6. In the lemma above,
[E[RbT6RT]| < O(?(|B][3m>d), and [|E[bRTALT]|| < O(n?||BlI5m*d). (73)
Proof. For every unit vector u,
uTE[hbTth]u = Z E[uijlx}—lﬂzjzx;mhzﬁﬁxﬂx};u] (74)

J1,J2,73:J4
. . _ T Ta. T . R O
If jo # j3, we have E[z;, 25, |, , Tj,, Ty, 24,] = 0 and thus E[u xhJ:jl,szzijxJBZJSBx]4xj4u} =
0. If jo = j3, letting e, . . ., e4 be an orthonormal basis for RY,

T T T T
Elu :L'jla:jlﬂzbmhxjgzjgﬁxmzﬂu]

d
= > B[, (u" ;) (], B)(x],e0)(ef ws) (BT, ) (2 ],w)]
{=1
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2 d
DI S Bl (u7)® + 0, (8181 + (ee0)®
=1
(e + (3181 25,)° + (L))
< O(ar? 513,

Plugging this into (74) and noting that the size of {(j1, ja,j3,74) € {1,...,m}* : jo = j3} is
O(m?), we get [E[abTORT]|| < O(n?]|Bl13m?d).

Similarly,

<

uTE[thhbT]u = Z E[uszlleﬁTxhijijstT-sﬂzﬂxLu]. (75)
J1,J2,33,J4
If j1 # ja. then E[u” zj, x5, BT aj, 0] x5, 2] Bzj,2] u] = 0. When j; = jg,
T T T T T
Blu’ zj, 25, 8" @j,25,25,25, 82,%;,u]
d
= > E[2F (w2, ) (8T ay,) (@], e0) (] 2, ) (], B) (], u)]
(=1
El
- 6

o1

A

d
DB, (W) + ((8/118112) T25)° + (2], e0)°
£=1

+(egwj,)° + (27, (8/118112))° + (2],1)°%)]
= O(dn?[|BII3).

Plugging this into (73) proves ||[E[bhThbT]|| < O(n?||B|13m3d). O

We can now finish the proof of Lemma[L3]

_ T
Proof of Lemma([L3} To bound ||E; — Ei||, we set Z] = P vy (Z;nzl hij) (Z;n:l hij) and
Z; = Z! — E[Z!]. By (67), with probability at least 1 — §/(2n),

1Z:]| < O (willBill3a:) -
Also, by (68)),

2|13.1144
IE[Z: 27| = |ElZ] Z)| = O (W) ,
Lemma [C.3]proves that (53] holds with probability at least 1 — 4.
To bound || By — Ba|, we set Zl; = +—%—hi;hl; and Z;; = Z; — E[Z};). By (&7). with

probability at least 1 — 6/(2nm,),
1Zi511 < O(will Bill3s:)-

Also, b .
e T T w? |63
”E[ZijZij]H = H]E[ZijZij]” =0 - )

?

Lemma[C.3]proves that (56) holds with probability at least 1 — 4.

_ T
To bound ||F} — Fy||, we set Z; = —%— (Z;";l hij) (Z;";l bij) . Note that E[Z;] = 0. By

m;(m;—1)

(61) and (66), with probability at least 1 — &/(2n),
12| < O (wini|Bill2g:) -

Also, b s
oo 0 - w3
s { B2, 271, [E[ZT 241} — 0 ((“LEIB1EL),

(2

Lemma [C.5]proves that (57) holds with probability at least 1 — 4.
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To bound || F — Fy||, we set Z;; = iy hizb];. Note that E[Z;;] = 0. By (6I) and (66), with
probability at least 1 — 6/(2nm;),
1Zi; 1 < O(winil| Bill2s:)-
Also, by ([73),
win; ||ﬁz||2d
o {1125 251, IELZ5 231} = 0 (LR

mz

Lemma [C.3]proves that (38) holds with probability at least 1 — 4.

_ T
To bound ||Gy — G|, we set Z! = — i (z;”;l bij) (z;";l bij) and Z; = 7! — E[Z!]. By

mi(mifl)
(61) and (62), with probability at least 1 — §/(2n),
1Z:]] < O (win'p:) -
Also, by (63),
T T 2 "2 win'd
IE[Z:Z; ]|l = |E[Z; Zil|| = [[E[Z7]]] < |E[(Z)7]] = O :

2
m;

Lemma[C.3]proves that (59) holds with probability at least 1 — 4.
To bound || G2 — Ga|, = mbljbzg and Z;; = Z;; — E[Z};]. By (61) and (62), with
probability at least 1 — 6/(2nm;),

1 Zi; 1| < O(wimirs).

Also, by (63),

winid
IB[Zs; Z5)1 = B2 23]l = IIE[Z3)I] < IE[(Z;)%]l = 0( i ) :

m;

Lemma[C.3]proves that holds with probability at least 1 — 4. O

L.2  Proof of Corollary[L.2]

Proof. We note that

péo(dlog%m), Mmo( dlg</6>>

m m

Therefore, by Theorem [L.1] with probability at least 1 — d,

1N5n |4 LS )
08 < 0 | 1og(d/6)/ g3} \/d(n S Bl + & S50 wPl5il + /)

2
mnoy

+0 <log(d/5) log*(n/d) din” + max; ||Bz||2)> .

mnok

Since sin # < 1 always holds, the inequality above implies

d(L s 2.4 15" 2 1'2 4 RN2
00 < 0 [log /) \/(nzz_lnﬂ I3+ & S0y w2803 + n/m) | dma, 1813

4 2
mnoy mnoy

o (mm { dn? log(d/5) log <n/5)}>_ 6

mnok
Using L Y0, 14,113 = (2 X0, Bi6T) = tr(3, wiB8T) > Y5, oF > ko, we have

IIIID{ dn?*log(d/?) log (n/é)} < \/dn2 log(d/9) log (n/d)

mnak mncrk
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< 1
mnaoy

Plugging this into (76) proves (32). When || 5;||2 < r forevery i = 1,...,n, (52) implies

d(r? 22 4 dr?
sin0§0<1og3(nd/5) <\/ (rf+ 7 j”/m)+ - 2>>
mno;, mno;,

Since sin < 1, the inequality above implies

4 212 4 2
sinf < O <1og3(nd/5) <\/d(r et /m) —l—min{l, dr 2}))
mna'k, mno'k

Using r? > 5 3700, 183 = (5 3202, BiBBT) > ko,

. dr? dr? drd
minq 1, ——= » < 7 < I
mnoy mnog mno

Plugging this into (77) proves (33).

32

\/ d(E Y, nP118:13) log(d/3) log? (n/5)

(77)
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