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Supplementary material to “Efficient estimation of weighted
cumulative treatment effects by double/debiased machine
learning”

LLM USAGE DISCLOSURE

Large language models were used to aid and polish writing for grammar and clarity improvements in select text
portions. LLLMs were not used for research design, methodology, analysis, or scientific content generation. All
scientific work was conceived and executed entirely by the authors.

A PROPOSED METHODS

A.1 ADDITIONAL DEFINITIONS

The all-cause conditional cumulative hazards, cause-specific conditional cumulative hazards, and censoring
conditional cumulative hazards can be defined as A(t | a, X) = — fo dS(u | a,X)/S(u | a,X), A;(t |
a, X) = fo dFj(u | a,X)/S(u | a,X), A°(t | a,X) = —fo dG(u | a,X)/G(u | a,X), then the
all-cause martingale, cause-specific martingale, and censoring martingale can be defined as dM (¢ | a, X) =
dN(t) — R(t)dA(t | a,X), dM;(t | a,X) = dN;(t) — R(t)dA;(t | a,X), and dMC (¢ | a,X) =
dNC( ) — R(t)dAC (¢t | a, X), respectively. Also denote 18 = {mo(a | X),A§ (¢ | a, X), Ao(t | a, X)},
= {ho(X), 6} mo = {mola | X),AF(t | a,X),Ao(t | a,X),Ajo(t | a,X)}, and nAh =
{ho( )s M0}
A.2 IMPLEMENTATION PROCEDURE OF THE PROPOSED DML ESTIMATORS

Step 1 Sample-splitting. We randomly split the data Oq, ..., Oy, into K disjoint validation sets V1, ..., Vi
with sizes n1,...,nk, where K € {2,3,...,|n/2|}. Foreachk = 1,..., K, we define training set Vj, =

{O; : i ¢ Vi } and treatment-specific trainmg set Vo = {0; 11 € Vg, A =a}.

Step 2 Adaptive estimation. For everyk = 1,..., K, (1) train the propensity model on Vy, andpredict T (a |
X) on Vi; (2) train the time-to-event models on Va o,k and Ve 1,k Separately, and evaluate Ak(t \ a, X),
AS(t | a, X), and perhaps AJ k(t | a, X) fora = 0,1 using Vi, at unique observed survival times T in Vy, to

capture jump information from observed counting processes dN (t), AN (t), and perhaps dN;(t). Counting
process martingales can be obtained by directly plugging in corresponding cumulative hazards.

TRMST,h ~A,h
P ( )

Step 3 Asymptotically efficient  estimators. Construct K  estimators T, a7, or
¢§2/ITL’}‘ (1,a; 77J % ) by plugging estimated nuisance functions from Step into
B (@ i) = [P (s (X))} ik (XORMSTR(7 | @, X) + [Pos{@1 (a, X)}] '@ (a, X)
A(7) min(T — AT AME (t ] a, X
 { AOmIn(T) e () 6, X) +/ 1AMy (] a, X)
Ge(tANT— ] a,X) 0 Gi(t— | a,X) 3)

/Mf {RMSTx(7 | a, X) — RMSTx(t | a, X)}dME (¢ | a, X)
0 Sk(t‘a,X)Gk(t—|a,X)

or

ST (7 a; i) = [Pa{hi(X) N hi(X)RMTL; (7 | @, X) + [Pos{@k (a, X)}] '@ (a, X)

y { (r — min£f7 T))I(j: 7) — RI\ﬁLj,k(T | a, X)

Ge(T— | a, X)
7/*” (1 — ) F x(t | @, X)dAME (t | a, X)
0 Sk(t ‘ a,X)Gk(t— | a,X
N /Mf {RMTL; (7 | a, X) — RMTL; 4 (t | a, X)}dME (¢ | a, X)
0 Si(t | a, X)Gr(t— | a, X)

“)
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Combine k-folds together as aRMST’h(T, a; ") or gg?MTL’h(T, a; ﬁJAh) where A" = {ﬁ,’: hl, e ,77,? hK}
and 7 = {HM ik
N = M k=1 k=K

To reduce sampling variation in Equation@and Equation balancing weights used in their numerators are av-
eraged to be their denominators to control for numerical instability (Hdjek, |1971). However, we do not further

regulate numerical instability for the IPCW term using P 1 [{A(7)/Gr(t AT— | a, X)}Y] "V in Equationor

Pk [{A/Gr(T— | a, X)}]7" in Equationd| Note that the one-step estimators and the estimating equation
RMST,h . Ak RMTL LAk RMST,h

estimators are equivalent as the (1,a;mp°") and @ (T,a;m;y") are linear in 1, (r,a)

and @Z;RMST h( a) (Kennedy| [2022)). Time-to-event nuisance functions require conditional hazard estimation
( see Appendzx@for details). The proposed estimators naturally satisfy shape constraints asymptotically (see

Appendix @)

Step 4 Shape-corrected point estimators. ~Compute {LTRMST’}L(T, a) = Pn{c/ﬁRMST’h(T, a; 7"} and
Q/JJI-{MTL'}L(T, a) = Pn{gé?MTL’h(T, a; ﬁ;\h)} For each a € {0, 1}, we project JRMST”Z(T, a) onto a space of
concave functions using least concave majorant to obtain QZJ\RMST’}“ZC’“ (7, a) and the bounded @?MTL’h(T, a)

“RMTL,h
onto a space of convex functions using greatest convex minorant to acquire 1, I (1 a). Then

QZRMST,h,lcm(T) ZQZRMST,h,lcm(Ty 1) — IZRMST,h,lcm(T’ 0)
P

QZRMTL,h,gcm (T) _

; ?MTL,h,gcm (7_’ 1) o d}i{MTL,h,gcm(T7 0)

Step 5 Shape-corrected estimators for asymptotic standard errors.

(1, a; ﬁA,h) _ q’;RMST,h(T’a,ﬁA,h) _ {ER]\IST,h,zcm(T7 a)
a?MTL,h(T, a; ﬁ;\h) _ (’g?MTL,h(T a 1/7\;\ h) w]RMTL,h,gcm(7_7 a)
ARMST,h(T; ﬁA,h) _ (ﬁRMST,h(T’ 1; ﬁA,h) _ @RMST,h(T’ 0; ﬁAh)
(E?MTL,}L(T;@A,}L) _ A?MTL,h( 17 =A, h) A;KMTL,h( ,O;Af’h)
GRMST.h (L a) = [Pn{(o\RMST,h(T’a;ﬁA,h)}2]1/27 a\?MTL,h(T’ a) = [Pn{(ﬁ?MTL,h(T a ﬁ;\ h)}2]1/2

(
ERMST,h(T) _ [Pn{S/BRMST,h(T; ﬁA,h)}2}1/2

)

~RMTL,h ~RMTL,h
7; (1) = [Pu{®; (75

EUAOISE

When parametric models are employed to estimate nuisance parameters, the asymptotic expansion of the result-
ing estimator becomes the original plug-in influence function plus a function related to the influence functions
of the nuisance models (Ozenne et al.||2020). The sandwich variance of the plug-in estimator may be underes-
timated when this additional term that reflects nuisance model uncertainty is omitted.

ARMST h ( ~RMST,h (T) 5RMTL,h(
’ T,

We project & T,a), 0 J a) and ARMTL (1) onto a space of non-decreasing
Sfunctions by taking their cumulative maximum and denote as

6_\R,1\/[ST,h,-|—(7_7 a) — max a_\RMST h(t, a) a_\;?{l\/ITL,h,#—(

t<t

ARMST h ~RMTL,h,+
max o t), o5 (7) = maxa

T,a) = max c?fMTL "(t,a)

b_\RIVIST,h,Jr(T) /\RN[TL h(t)

Eventually, the finite sample standard errors of Y™MST(r q), HRMSTh(r) w]RMTL "(r,a), and

wJF-{MTL’h(T) can be calculated as ™M"Y (1, a) /\/n, GRMSThH (1) /1 /n, G ARMTL h, *(r,a)//n, and

~RMTL,h,
7, (1) /v
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A.3 REMARKS

Conditional hazard estimation. Below are some identities between conditional uncensored time-to-event
distributions and conditional censored time-to-event distributions weighted by IPCW.

_PC>t|A=a,X=2)P(T>t|A=a,X =2)

S(t|a,x) PC>i|A=a X —a)
 PT>t|A=a,X =x) I(T>t) , _
= Gt [a,2) E{G(tlcwc)Ma’ch}
S(t|a,:p):E(A|A:avX:éi§EI|(iz)t)‘A:Cl?X:m}
_E{A[(T>QA=a,X=$}_E{W|A_a,X—x}
G(T- | a,z) G(T-|a,x)
RMST(r | a,0) —AAD [ A=0, XG:(fi?{fl fr;(Z’)T) st
:E{A(T)min(imA:a,X:x}:E A(7) min(T, 7) A0 X -z
G(rAT—|a,x) G(r AT— | a,x) ’
Fj(t|a7w):E(A|A:a7X:x)£g{(Ij£f|§at,xL§:j)\A:a,X:x}

BT stI=jA=aX=a} p)ITStI=)) 4, x_,
G(T- | a,x)

RMTL; (7 | a,z) :E(A |A=0a, X =2)E[{r —min(T,7)}/(J=j) | A=0a,X = 1]

B B G(T— | a, )
:E[{T — min(T, T)}{(J =j)|A=a,X =z
G(T—|a,x)
_p | TN =0y x}
G(T_ ‘ a, :C)

Build pooled classification or regression models by taking observable I(T > t), I(T > t)/G(t | A, X),
AT > t), AI(T > t)/G(T— | A, X), A(r) min(T,7), A(r) min(T, 7)/G(r A T— | A,X), (T <
t,J = §), (T < t,J = j)/G(T— | A,X), {r — min(T,7)}[(J = j), and {7 — min(T,7)}I(J =
7)/G(T— | A, X) as response and making A, X and ¢ or 7 as features has three major drawbacks.

First of all, converting data from a wide format to a long format with ¢ or 7 as pivot only allows discrete-time
survival times (Stitelman & van der Laan|, [2010). Coarsening continous survival times into discrete often leads
to loss of information and accuracy. Second, training the long format requires much more space and can be
very time-consuming. Last, but not the least, most standard statistical learning algorithms require data are i.i.d.
However, this type of “counting process learning” keeps all rows even after a subject leaves the risk set, which
leaves strong dependency between rows in the long format. On the other hand, discrete-time conditional hazard
type classification satisfies the i.i.d assumption. By definition,
P(T=t,T>t,A=a,X =x)
P(T>t,A=a,X =1x)
PT=t,A=a,X=2)P(C>t,A=a,X=2) PT=tT<C,A=a,X =2)
PT>t,A=a,X=2)P(C>t,A=0a,X =2x) P(TZt,A:a’X:m)

At|a,2)=P(T=t|T>t,A=a,X =2) =

T — T > = = ~ ~
_PT=tAT>tA=0X x):P(T:t,A|T2t,A:a,X:x)
P(Tr>t,A=a,X =1)

The condition in the last probability above assures units who left the risk set are not trained any more such that
for all units at risk, whether each unit has the event at each time point becomes i.i.d. Censoring hazards and
cause-specific hazards follow a similar derivation and reasoning.

Shape constraints. ;> " (7, a) and Q,Z)?(I;{TL’}L(T, @) are naturally concave and convex functions with re-

spect to 7 as their derivatives are monotonically non-increasing survival functions and non-decreasing cause-
specific cumulative incidence functions. Aside from shape constraints on point estimates, asymptotic standard
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RMST,h RMST,h RMTL,h RMTL,h ! . .
errors oy, (1,a), 0 (1), 050 (7,a) and o (7) are strictly non-decreasing as censoring

is always monotonically coarsened with respect to follow-up time.

However, the proposed estimators are not guaranteed to be shape-restricted in any finite sample since esti-
mates are separately made at each time point without any global constraints. In this paper, we ensure convex-
ity/concavity of point estimates using Grenander-type estimators (Westling & Carone, [2020) and monotonicity
of asymptotic variance using projection-type estimators (Daouia & Park}[2013). Since shape-corrected estima-
tors are guaranteed to be no further from the truth than the unrestricted estimators in all finite samples, and both
estimators are asymptotically equivalent, we focus on large-sample properties of the uncorrected estimators.

Multiple treatments. The proposed estimators can easily be extended to multiple treatments A € {0, 1,2, ...}.
One can simply cross-fit multi-class classifiers for Tx(a | X) and hazard models to obtain Ax(t | a, X),
A (t | a, X), and perhaps A; 1 (t | a, X) for every treatment a.

Mixed survival times. Similar to|Westling et al.| (2023)), the proposed method allows for continuous, discrete,

and mixed survival times. One can simply replace continuous time hazards and martingale integrals by their
discrete or mixed survival time equivalents.

B SIMULATION STUDY

B.1 DATA GENERATING PROCESSES

We studied four data generating processes to evaluate the finite-sample performance of comparator and pro-
posed estimators on the ATE and WATE. The simulations resemble observational studies under four settings:
setting 1 - good overlap and no competing risks; setting 2 - poor overlap and no competing risks; setting 3 -
good overlap with competing risks; setting 4 - poor overlap with competing risks. We generate 1000 replica-
tions for each setting. Within each replicate, consider six covariates X1-Xg following practices from |Cheng
et al.|(2022). The covariates X4, X5, and X are drawn independently from a Bernoulli distribution with 50%
probability. The covariates X1, X2, and X3 are generated from a multivariate normal distribution with mean
zero, unit variance, and 0.5 pairwise correlation.

Setting 1 (good overlap, no competing risks): We consider a sample size of n = 4000. The exposure is
generated from a Bernoulli distribution with propensity score

expit(7(0.3 +0.2X7; +0.3X2 +0.3X3 —0.2X4 —0.3X5 — 0.2X6))
We generate potential survival times 7%= and T°=" as well as potential censoring times C*=° and C*=" from
exponential distribution with hazards
A0t | X) = 0.12exp{0.1 + 0.1X; — 0.2X5 + 0.2X3 + 0.1X4 + 0.8X5 — 0.2X¢}
A=t | X) = 0.15exp{0.17 + 0.2X; — 0.1X5 + 0.4X3 4 0.2X4 + 0.3X5 + 0.4X¢}
Nt A=0,X)=0.06exp{0.1+0.4X; —0.7X5 — 0.4X3 — 0.5X, + 0.8X5 — 0.6X¢}
Nt A=1,X)=0.08exp{0.5X; — 0.6X2 + 0.2X3 + 0.6X4 + 0.9X5 — 0.5X¢}
Setting 2 (poor overlap, no competing risks): We consider a sample size of n = 4000. The exposure is
generated from a Bernoulli distribution with propensity score

expit(—(—l =+ X1 =+ 15X2 =+ 15X3 — X4 — 15X5 — X(;))

Potential survival and censoring times are generated the same as Setting 1.

Setting 3 (good overlap, with competing risks): We consider a sample size of n = 4000. The exposure is
simulated the same as Setting 1. Potential failure times of two causes and censoring times are generated with
hazards

)\?j?(t | X) = 012 exp{O.l —|— 01X1 — 02X2 + 02X3 + 01X4 + 08X5 — 02X6}
)\?jll (t | X)=0.15 eXp{0.17 +0.2X7 —0.1X2+04X3+0.2X4 +0.3X5 + 044X6}
A2=9(

)\?izl(t | X)=0.08 exp{o.l —0.2X; —0.1X24+0.2X3+0.3X4 4+ 0.3X5 — 0.3X6}
)\C(t | A= 0, X)=0.12 eXp{O.]. +0.4X1 —0.7X2 —04X3 — 05X, +0.8X5 — 0.6X6}

)
)
t] X)=0.1exp{0.12 — 0.1X1 + 0.3X> + 0.1X3 + 0.2X4 — 0.4X5 + 0.5X¢}
)
)
AC(t| A=1,X) =0.14exp{0 + 0.5X; — 0.6X5 + 0.2X5 + 0.6 X4 + 0.9X5 — 0.5X¢}

Cause 1 is of our interest.
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Setting 4 (poor overlap, with competing risks): We consider a sample size of n = 4000. The exposure is
simulated the same as Setting 2. Potential failure times of two causes and censoring times are generated the
same as Setting 3. Cause 1 is of our interest.

The summary statistics of the simulated data sets can be found in Table[T]

B.2 SUMMARY STATISTICS

Summary statistics, including treatment prevalence, censoring probability, average rate of violation of propor-
tional hazards assumption from 1000 simulations, and event rate before 7 = 4, of Setting 1-4 is tabulated in

Table

Table 1: Summary of data generating mechanisms Setting 1-Setting 4. %PH violation: percentage of
violation of proportional hazards (PH) assumption, 4 hazards models (A\®=9, \@=1 \e=0.C ' \a=1,C)
for Setting 1 and Setting 2 and 6 hazards models (\J=0, \9=1, \*=0, o= \e=0.C \a=1.C) for Ser-
ting 3 and Setting 4. Event rate before 7 = 4: number of event-of-interest that happened before
7 = 4 divided by n.

Setting 1 Setting 2 Setting 3 Setting 4

Percentage of treatment 49% 25% 49% 25%
Censoring probability 35.7% 35.4% 35.9% 33.7%
%PH violation 33.3% 29.8% 8.2% 13.7%

Event rate before 7 = 4 48.7% 50.2% 36.2% 37.6%

B.3 ESTIMANDS AND COMPARATOR ESTIMATORS

We consider estimands corresponding to four types of balancing weights summarized in Table[2] Specification
of h(x) defines the target parameter and weights.

Table 2: Estimands, tilting functions, and their origins. ATO: Average treatment effect among the
overlap population (Li et al.l 2018); ATM: Average treatment effect among the matched popula-
tion (Li & Greene, 2013)); ATEN: Average treatment effect of entropy weighted population (Zhou
et al., [2020)

Estimands  Tilting function A(x) Origin

ATE 1 Survey

ATO 70| 2)7(1 | x) Gini index

ATM ming—o 1 {m(a | z)} Misclassification error
ATEN — 2 a0 7(a|x)logm(a|z) Cross-entropy or deviance

Some of these comparator estimators haven’t been explicitly proposed, and we spell out these estimators here
for completeness. In the survival setting, the g-formula estimator using outcome regression is

=N (1, a) = [Po{ (X))} Pa[(X){S(t | a, X)}]
and the IPCW estimator (Cheng et al.| 2022} Kvamme & Borgan, 2023) is
@ (a, X)I(T > t) }

DSIPCW.h (N " (a -p, =
PR, a) = [P (0, X)) P{ G(t |0, X)

Another IPCW estimator can be constructed as

PN (1, a) = [Pu{@ (0, X)H Py {@

(a, X)AI(T > t)
G(T- | a, X)

The doubly robust estimator takes the form
GIPRM (4 a) = [PufR(X)}) T PalR(X)S(E | 0, X)] + [Pu{@" (a, X))~ Pa [@" (0, X)

(T>0) g0, St la AT AMC (u ] a, X)
X{é(ta,X) St la, X)+ 5] ’X)/o §(u|a,X)§(u|a,X)H
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This is a right continuous function with respect to ¢ while |Bai et al.| (2013)) provided a left continuous version.
As the weighted group-specific survival functions are monotonically non-increasing, we take their cumulative

minimum and denote as 5"~ (¢, a) = ming< - 5" (¢, ). The causal contrasts are 95" (t) = 5™~ (¢,1)—
5"~ (£,0). Then 12)\R’MST’h(T) can be obtained by integrating each estimator above, [, IR (t)dt.

In the competing risks setting, the g-formula estimator using outcome regressions for the cause-specific CIF is,

BPOM(t,a) = [Puf (X))} PalR(XO{E(¢ | @, X)}]

and the IPCW estimator is

DFIPCW.h o " (a —1 @ (a, X)I(T < t,J =)
o) = it 0, { ST ST =0 |

The doubly robust estimator takes the form

BEPR (L @) = [P B Palh(X) By (t ] @, X))+ [Pu{@" (a, X))~ Pa [@" (0, X)

T T N N tAT 17C
y w_pjma,xwﬂma,x)/ _ dM7(u]a, X)
G(T-a,X) o Sula,X)G(u—|a,X)

- /MT Fj(u| a, X)dMC (u | a, X)
0 S(u|a,X)G(u— | a,X)

which is similar to|Ozenne et al.|(2020). As the weighted group-specific cause-specific CIFs are monotonically
non-decreasing, we take their cumulative maximum and denote as wf h F(t,a) = maxi<r wf ’h(t, a). The

causal contrasts are 9" (t) = ¢+ t,1)— it t,0). Then HRMTLoR (1) can be obtained by integratin
J J J J Yy 1nteg g

each estimator above, [ @f’h(t)dt.

B.4 ADDITIONAL SIMULATION RESULTS

B.4.1 DETAILED ANALYSIS OF SIMULATION PERFORMANCE

Figure [2] (a) and (b) show the estimated weighted cumulative treatment effects and true effects grouped by
estimand. The true ATE and WATE are similar when the overlap is adequate (Figure[2](a)), while the difference
between ATE and WATE is large when the overlap is poor (Figure[2](b)). The bias (hollow vs solid) is generally
quite low under adequate overlap (Figure[2](a)) but is occasionally high under poor overlap (Figure 2] (b)). For
each estimand, even with correctly specified nuisance models, the IPCW estimators have larger finite sample
bias compared with other estimators, and this is exacerbated as overlap deteriorates. When overlap is limited,
Winsorizing the IPTW at its 99% percentile significantly increases the bias. In addition, it can be observed
that estimators with (correctly specified) outcome models have less bias than those without. In all settings, the
proposed estimators appear to be approximately unbiased.

Figure [2] (c) and (d) show Monte Carlo standard errors grouped by estimand at restriction time 7 = 4. The
Monte Carlo standard errors agree nicely with estimated standard errors. When overlap is sufficient, the stan-
dard errors are similar across estimands and estimators. However, estimators for WATE are more efficient than
estimators for ATE when overlap is limited, while Winsorization improves efficiency for ATE (at the cost of
bias, as we saw in Figure 2] (b)). Within each estimand in the limited overlap setting, it is obvious that the out-
come regression estimators are the most efficient, followed by the doubly robust estimators and the proposed
estimators, while the IPCW estimators have larger finite sample variance. This demonstrates that a proper
augmentation term can restore large amount of information which leads to efficiency gains.

This is expected because the doubly robust estimators and the proposed estimators are the most efficient among
the class of IPTW estimators, but they are slightly less efficient than the outcome regression estimators (Robins
et al. [1994; Bai et al.,[2013). Of course, this increased efficiency would be at the cost of bias if the outcome
model is misspecified, a concern which is greatly mitigated by the data adaptive nuisance model estimation in
our estimators.

Figure 2] (e) and (f) show the empirical coverage of 95% pointwise confidence intervals grouped by estimand
at restriction time 7 = 4. When overlap is sufficient, Figure 2] (e) reveals that the comparator and the proposed
estimators have empirical coverage probabilities quite close to the nominal value of 0.95. However, when
overlap is poor, the IPCW estimators are undercovered more than other estimators within each estimand, shown
in Figure 2] (f). Winsorizing the IPTW lowers the coverage since it has larger bias and smaller estimated
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variance. When overlap is limited, the outcome regression estimators, the doubly robust estimators, and the
proposed estimators all have decent coverage close to 0.95 for WATEs.

Table 3: Abbreviation mapping of comparator estimators in figures
Abbreviation ~ Stands for

RMST restricted mean survival time
RMTLj restricted mean time lost of cause j
S obtain RMST by integrating the survival function
Fj obtain RMTLj by integrating the cumulative incidence function
or outcome regression estimator
ipcw IPCW estiamtor
dml double/debiased machine learning estimator
dr doubly robust
.t IPTW Winsorized at its 99th percentile
ow overlap weighted
mw matching weighted
enw entropy weighted
(a) Setting 1: good overlap, survival (b) Setting 2: poor overlap, survival
0.4 ATE i ATO i ATM : ATEN 04 ATE : ATO i ATM : ATEN
0.3 : : : 0.3
w H H H w
n 2 o
° °
£ 02 £ 02 °
g 0. .
E E .
i i
w : : : w : : :
0.1 0114 ..AE..AE..AE..A
N N N .o .o .o
e ® 0 A 0 o A LI ] ® 0 Ao ® 0 A . .
004 OUUUUURPUPO U 004 OUUUUURPUPO U
26 p9EB0is2a53E3E 26 pvEB0is2a53E3E
@ E % %) I o P = @ = %) %) I o P =
s 2 2 x s 2 2
@ x g @ x g
Estimator Estimator

Figure 4: Average standard errors of different estimators grouped by estimand at 7 = 4. Solid
circles represent average bootstrap standard errors of the comparator estimators; and solid triangles
represent average estimated standard errors of the proposed estimators. Other symbols and notations
are similar to Figure 2]
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(a) Setting 3: good overlap, competing (b) Setting 4: poor overlap, competing
0.4 ATE i ATO : ATM : ATEN 0.4 ATE : ATO : ATM : ATEN
03 03
w : : : w
»n »n .
3 3 .
7 0.2 7 0.2 A
£ £
= =
) )
w : : : w o : :
0.1 01{e ® Al eeal eni 00
oo 0o Ao Ale 0 0 A0 0 0 A0 0 0 A :
0.0+ eeree i O 0.0+ eeree i O
536EZSZ 23333323323 52 5EgZ22=Z22323222232232%3z3
22nEE5E SEEEESEES 282 EESEESEEEEES S5
T 225 2 ES38E5335¢E T FE2T3282ESZSEszEE
STog STEC2C8 S ST EFSEEITSTIr 80T
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Figure 5: Average standard errors of different estimators grouped by estimand at 7 = 4. Solid
circles represent average bootstrap standard errors of the comparator estimators; and solid triangles
represent average estimated standard errors of the proposed estimators. Other symbols and notations
are similar to Figure|[6]
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Figure 6: Estimated cumulative treatment effect, Monte Carlo standard errors, and coverage proba-
bilities from different estimators grouped by estimand at 7 = 4. Estimands in each plot are separated
by vertical dotted lines. The order of the estimands from left to right in each plot is: ATE, ATO,
ATM, ATEN. Hollow circles in (a) and (b) represent true effects; solid circles represent the com-
parator estimators; and solid triangles represent the proposed estimators. Abbreviations of caption
can be found in Table 3l

B.5 CANDIDATE LEARNERS

To speed up training, we use two-fold cross-validation throughout this paper and select relatively fast
learners among all possible candidate learners. For the propensity score, we employed marginal mean
(SL.mean), feed-forward neural networks (SL.nnet), kernel k-nearest neighbors (SL.kernelKnn), classification
trees (SL.rpartPrune), extreme gradient boosting (SL.xgboost), random forests (SL.ranger), logistic regression
(SL.glm), forward/backwards stepwise logistic regression (SL.step), generalized additive model (SL.gam), reg-
ularized logistic regression (SL.glmnet), and multivariate adaptive regression splines (SL.earth). In terms of
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conditional failure-time distributions, we considered the Kaplan-Meier estimator (survSL.km), piecewise con-
stant hazard regression (survSL.pchreg), survival random forest (survSL.rfsrc), Cox proportional hazards re-
gression (survSL.coxph), and regression assuming event and censoring times follow conditional exponential
(survSL.expreg), Weibull (survSL.weibreg), and log-logistic (survSL.loglogreg) distributions.

C APPLICATION

(a) Cancer incidence (b) Mortality after cancer diagnosis

20

0 = 0 = 0
N e} N e} ~

0.00
0.75
1.00
0.00
1.00

Propenscijty score Propenscijty score
Figure 7: Density of estimated propensity score; dotted: sulphonylurea; solid: metformin; (a) cancer
incidence: n (sulphonylurea)= 13,864 and n (metformin)= 79,489; (b) mortality after cancer
diagnosis: n (sulphonylurea)= 1, 636 and n (metformin)= 8, 172.

C.1 COVARIATE SPECIFICATIONS

The pretreatment confounders X include gender, prescription age, calendar year of treatment, body mass index
(BMI), Hemoglobin A1C (HbAc), heart failure, coronary heart disease, atrial fibrillation, stroke, hypertension,
peripheral vascular disease, chronic kidney disease, chronic obstructive pulmonary disease, smoking, index for
multiple deprivation (IMD), region, and time since diabetes diagnosis. These confounders were selected by
epidemiologists and physicians based on subject matter knowledge and are expected to be common causes of
treatment decision, event process, and censoring distribution.

C.2 DEALING WITH NON-POSITIVE SEMIDEFINITE COVARIANCE ESTIMATOR

When the sample size is large, the observed survival times can be close at earlier survival times. Under such
circumstances, the covariance estimator may fail to be positive semidefinite (PSD) such that sample paths can’t
be generated directly. One may alternatively consider generating sample paths by perturbing centered IFs with
a standard normal random variable £ as

@RMST’h(t,a;ﬁA’h) N N 0 (p\RMST’h(t,a; ﬁA’h){@RMST’h(t,a;ﬁA’h)}T
3RMST,h,+(t’ a) ) {aRMST,h,+(t7 a)}2

such that the PSD requirement for the cross-fitted covariance function can be avoided. Aside from perturbing
the centered IFs, [Lin et al| (1993) proposed to approximate the limiting distribution of certain martingale
integrals by perturbing corresponding counting processes, i.e. dM(t | A, X) = &I(T = t,A), dMC(t |
A X)=¢I(T =t,A =0),and dM;(t | A, X) = £I(T = t,J = j). Besides perturbation methods, the
non-PSD estimated covariance may be converted to its nearest PSD matrix (Higham| |1988)), but the asymptotic
equivalence of this transformation has not been proved yet. The inference of causal contrasts between treatment-
specific RMSTs and cause-specific RMTLs can be established similarly by replacing corresponding shape-
corrected estimates.

C.3 RESULTS

As piecewise constant hazard regression (survSL.pchreg) is too time-consuming for large data sets, we re-
move it from the simulation candidate library for all conditional time-to-event distributions. We estimate the
propensity scores using the simulation candidate library without kernel k-nearest neighbors (SL.kernelKnn)
and generalized additive model (SL.gam).
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Table 4: Results (in years) of estimated counterfactual RMTL/RMST and cumulative treatment
effect between metformin initiators and sulphonylurea initiators on the CPRD data at 7 = 10 years.
SE: standard error; CI: confidence interval; CB: confidence band.

Point estimates (SE)  95% pointwise CI ~ 95% uniform CB

Cancer incidence ATE

Sulphonylurea (RMTL) 0.914 (0.050) (0.815, 1.013) (0.764, 1.063)
Metformin (RMTL) 0.765 (0.009) (0.747, 0.783) (0.743, 0.788)
Metformin-Sulphonylurea -0.149 (0.051) (-0.249, -0.048) (-0.304, 0.007)
Cancer incidence ATO

Sulphonylurea (RMTL) 0.885 (0.025) (0.837,0.934) (0.819, 0.952)
Metformin (RMTL) 0.822 (0.015) (0.792, 0.852) (0.777, 0.867)
Metformin-Sulphonylurea -0.064 (0.029) (-0.120, -0.008) (-0.133, 0.005)
(difference in RMTL)

Mortality after cancer ATE

Sulphonylurea (RMST) 6.292 (0.208) (5.885, 6.699) (5.709, 6.875)
Metformin (RMST) 8.163 (0.039) (8.087, 8.240) (8.069, 8.258)
Metformin-Sulphonylurea 1.871 (0.211) (1.457, 2.285) (1.274, 2.469)
difference in (RMST)

Mortality after cancer diagnosis ATO

Sulphonylurea (RMST) 6.540 (0.124) (6.297, 6.783) (6.186, 6.893)
Metformin (RMST) 7.699 (0.081) (7.541, 7.858) (7.474, 7.925)
Metformin-Sulphonylurea 1.160 (0.123) (0.919, 1.401) (0.805, 1.515)
(difference in RMST)
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(a) Sulphonylurea (A=0)

(b) Metformin (A=1)
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Figure 8: Curves of estimated counterfactual RMTL/RMST on the CPRD data; first column (a), (c),
(e), and (g): sulphonylurea initiators; second column (b), (d), (f), and (h): metformin initiators; first
row (a) and (b): IPTW treatment-specific cause-specific RMTL of cancer incidence; second row
(c) and (d): OW treatment-specific cause-specific RMTL of cancer incidence; (e) and (f): [PTW
treatment-specific RMST of mortality after cancer diagnosis; (g) and (h) OW treatment-specific
RMST of mortality after cancer diagnosis. In all figures, dotted line: y = 0; solid lines: point esti-
mates; dashed lines: 95% pointwise confidence intervals; shaded area: 95% uniform simultaneous

confidence bands.
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D THEORY

D.1 ASYMPTOTIC INFERENCE

Building on the asymptotic linearity established in Theorem [3} we now provide the detailed procedures for
constructing pointwise confidence intervals and simultaneous confidence bands. The pointwise confidence
intervals (Cls) with significance level « are defined as

Py (’Z‘RMST,h(T, a) < JRMST,h,lcm( a) <T RMST, h( ,a)) —1—-a

iRMST,h( ~RMST, h(

Here, 7,a) and U T,a) are two stochastic processes, and z4 is the g-quantile of the stan-

dard normal distribution. The Wald type symmetric CIs can be constructed as QZRMST’h’lcm(T, a) £
21— 020 MSThF (7 q) /\/n. Unlike the confidence intervals which only describe the estimated curves at a
single time point, simultaneous confidence bands encapsulate the entire estimated curves over a user-specified
follow-up time, which can be used to evaluate equivalence or noninferiority claims in comparative effectiveness
studies (Zhao et al.} [2016).

Under Condition@and simultaneous confidence bands can be constructed at (1 — «) coverage level on the
interval [7;, 7] such that

Py (ZRMST,h(T7 a) < QJ)\RMST,h,lcm( a) < T RMST, h(T’ a) Ve [Tz,Tu]) >1-a

We refer to |Chen et al.| (2021) for the development of various types of simultaneous confidence bands

for survival functions. Here, we consider an increasing-width confidence band wI\dST’h’lcm (r,a) £

Coo™MST et (1 ) /\/n, where G, is the (1 — a)-quantile of the supremum of the absolute value of sam-

ple paths of a zero mean Gaussian process over [7;, T, ] with cross-fitted covariance function

Pn{aRIV[ST,h(u a; ﬁ]/: h)@RMST,h(t’ a; ﬁ;\’h)}

_RMST,h
g ( GRMST.A+ (y, q)GRMST.hot (¢, )

u,t,a) =

In practice, we choose 7, > argmin_{g"M5T"% (7 q) > 0} to avoid zero denominators in the covariance
estimator and 7, < Tmax. We discuss how to address non-positive semidefinite covariance estimators in

Appendix[C]

D.2 THEOREM[]

The unweighted nonparametric uncentered influence function is
ATty = HEZ IR T FRNST L0, )
mo(a | X)Go(r AT— | a, X) mo(a | X)
I(A=a) /TAf tdMS (t | a, X)
mola | X) Go(t— | a,X)
I(A=a) /T/\T {RMSTo(7 | a, X) — RMSTo(t | @, X)YdMS (¢ | a, X)
mo(a | X) So(t | a, X)Go(t— | a, X)

(&)

—+

The unweighted nonparametric uncentered IF for competing risks is
SRUTL (7 g i) = (A ;OC(L;(F);)I;:E(TT— T\)il ;f) =J) . {1 - mg o ;)) } RMTL (7 | a, X)
I(A=a) /Mf (r = )Fyo(t | a, X)dMS (¢ | a, X)
mola | X) So(t] a,X)Go(t— | a,X)
I(A=a) /T/\f {RMTL; (7 | a, X) — RMTL;o(t | a, X)}dMS (¢ | a, X)
mo(a | X) Solt [ a, X)Go(t— | a, X)

—+

(6

Proof of Theorem m following |[Robins & Rotnitzky| (1992); [Tsiatis| (2006), without additional assumptions

on the time-to-event distributions, 1[)? MST, h(T, a) can be formed as augmented inverse probability weighted
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complete case (AIPWCC) estimators with estimating function

AP LIS gyt ty = OB F gy ST a)) 4 (g (X) - (e X))
Go(T— | a, X)

. © dM§ (t] a, X)
B T ) _ RMST.h A=a X hMa. X — 2
X Eo{min(T, ) — 1, (m,a) | a, X} + wg (a, X) o Go(t—]a,X)

X Eo{min(T,7) — e " (1a) | A=a, X, T > t}

Note that

> dMg (t] a, X)
o Go(t—|aX
Mg (] a, X ,
= o IS < _
. Goli—] o, x) [t =T E{min(T7) [ A= a, X, T"> 1}
AT C o c
dMy (t1a, X) o s dME (t | a, X)
= o B T A=a,X,T >t dMg (t | a, X)
[ G tay ol | 4= 0 X7 1) 0 v Golt— | a.X)

~—

Eo{min(T, 7) — ™" (1 0) | A= a, X, T > t}

~

~ | —

— EMSTR (7 0) 4 (1> 1) {r — RS (7, )]

RMST,h > dM§ (t | a, X)
wO (T7 a’) 0 Go(t— | an)

where

Eo{min(T, )|A_aXT>t}—/ min(t, 7)dPo(T <u|T >t A=a,X)

—/oomin(t‘r)d Py(T>t,A=a,X,T <u) / min(t, 7)d P(t<T<u|A=a,X)
N ' Py(T >t,A=a,X)

Po(T >t|A=a,X)

/ min(t, 7)d {So(t\a,X)—So(u|a,X)}_ft min(¢, 7){—dSo(u | a, X)}
So(t | a, X)

So(t | a, X)

=/ "udSo(u | a, X) + 7S0(7 | a, X) _t+ftTS0(u|a,X)dt

- So(t | a, X) - So(t | a, X)

_, . RMSTo( |a X) RMSTy(t | a, X)

So(t | a, X)
Note that
A N I(T>7)  AIT>7) _  AIT<7) T >7)
Go(T—|a,X) Golr]a,X) Go(T—|a,X) Go(rAT—]|a,X) Go(rAT—|a,X)

IC>TANT-) A(T)
Go(rAT—|a,X) Go(r ANT—|a,X)
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Therefore,

A
mAlecc{wéxMST,h (T’ a); o ,h}

_wi(a, X)Amin(T,7)  wh(a, X) Ay (7, a)
Go(T— | a, X) Go(T— | a, X)

h RMST,h h AT dM§ (¢ ] a, X)
_{hO(X)—wO(a,X)}¢O (T,a)+w0(a,X)/() m
o [ BMSTo(r | a, X) — RMSTo(t [0, X) | wh(a, X)7I(T > )

So(t]a, X) Go(7 | a, X)
_ wh(a, X)TAI(T > )

+ {ho(X) — w§ (a, X)}RMSTo(7 | a, X)

h RMST,h
y X ’
_ wg(ayX)w(f){MST,h(T’ a) + wg (a, X) A (r,a)

Go(T— | a, X) Go(T— | a, X)
_wi(a, X)Amin(T,7)  wh(a, X)[(T > 7)min(T,7)  wh(a, X)AI(T > 7) min(T, 1)
Go(T— | a, X) Go(7 | a, X) Go(T— | a, X)

+ {hO(X) - wg(av X)}RMSTO(T | a, X) + wg(a7X)
AT AME (t | a, X) RMSTo(7 | a, X) — RMSTo(t | a, X) RMST A
| e {t Solt [, X) } ~ ho(X)o ™ a)
_wg(a,X)A(T) min(f,r
GO(T/\T— | a, X)

AT AME (t | a, X) RMSTo (7 | @, X) — RMSTo (¢ | a, X) RMST A
L e {t * So(t [0, X) } ~ ho(X)p ™ a)

) 4 {ho(X) — wl(a, X)}RMSTo(r | a, X) + w (a, X)

The influence function of the fully augmented M-estimating equation is

8mAIPWCC{w(§{MST,h(T a); 77(1)\,}1}

-1
) AIPWCC [, RMST,h ALh
m y @);
aw(l])»MST,h(T7 a)} ] } {wo (7,a) Mo }

po M (T, asmg ") = - {Eo

:[Eo{ho(X)H71 |:wg(a, X) { GOA(i_Tz\n;f(‘T;T))() - RMSTO(’T | a, X)

Golt— [ a,X) So(t [ a, X)Go(t— | a, X)
+ho(X)RMSTo(r | a, X) = ho(X)$f™™ (,a)]

+/MT tdME (t [0, X) /TAT {RMSTo(7 | a, X) — RMSTo (¢ | a, X)}dME (¢ | a,X)}
0 0

In the competing risks setting, the doubly robust estimating function for 1/J§é\ATL’h(T, a)is

AIPWCC [ RMTL,h . Ak
m {wj,o (7, a)vnj,o }

_M T—min~7— T RMTL’hTa _wha
7G0(f7|a’X)[{ (T, 7 (T = j) — Apio™ " (r,a)] + {ho(X) — wi (a, X)}

o _ - _ . RMTL,h - h o dMoC(t | a, X)
X Eo[{7 —min(T, 7))} (J = j) — ¢, (r,a) | A=a,X]+ wy(a, X) ; 76”0(1‘— a0 %)
x Eol[{r — min(T,7)}(J = j) — ¥} """ (r,0) | A=a,X,T > 1]
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where
Eo[{r —min(T,")}(J=j) | A=0a,X,T > t]

:/ {7 —min(u, 7)}dPy(T <u,J =j| A=a,X,T > t)
t

:/W{T—min(u,r)}d{P‘)(t<T§“7J=J:A=G,X)}

P()(A = a7X,T > t)
[ . Pt <T<u,J=j|A=aX)
—/t {T—mln(u,r)}d{ Pl > 1| A=aX) }
Y : Fio(ula,X) = Fo(t|a,X)\ _ J; {r —min(u,7)}dFjo(u | a, X)
_/ {7 — min(u, T)}d{ Sl @, X) } = St [0 X)
N (Tfu)dFJo(u | a, X) _ (t=7)Fjo(t]a,X) + RMTL;o(r | a, X) = RMTL;o(t | a, X)
So(t | a, X) So(t | a, X)

Note that
> dMg (t ] a, X)
0 Go(t— ‘ a,X)
b dMOC(t | a, X) i : RMTL,h
= —F 5 < — = = ot ,
. Golt—|a,X) [t <) (Eo{r —min(T, ")} (J=3j)| A=a,X,T >t Yo (1,a))
+ (> {5 "(ma)l]
_ /”T {(t = 7)Fj0(t | a, X) + RMTL;o(r | a, X) — RMTL; o(t | a, X)}dMg (t | a, X)
0 So(t‘a,X)Go(t— \a,X)
AQZ)RMTL }1(7_7 a)

Go —\aX)

Eo[{r —min(T,7)}(J = j) =450 “"(ra) | A=a,X,T > ]

— U a) +

Consequently, the estimating function becomes

mAIPWCC{q/)RMTL h( a)'ﬁAE)h}
7 , j,
_uwb(aX)r —minTp (T =) wb@ XA |
Go(T— | a, X) Go(T— | a, X)

X RMTLy,o(7 | a, X) = {ho(X) — wg (a, X) Y5 " () + w (a, X)
« /TAf {(t = T)Fj0(t] a,X)+RMTL;o(7 | a, X) — RMTL; o(t | a, X)}dMS (t | a, X)
0 So(tla,X)Go(t— |a,X)
wh(a, ) A (7, 0)
Go(T— | a,X)

—wp(a, X)dj00 " (7, a) +

_w(a, X){r — min(T, 7)} (] = j) (e e Wl
= o a.X) + {ho(X) — wo (a, X)}RMTL; o(7 | a, X) + wp (a, X)
y /TAT {(t=7)Fjo(t | a,X) + RMTL; o(7 | a, X) = RMTL;o(t | a, X)}dM¢ (¢ | a, X)
0 So(t | a, X)Go(t— | a, X)

~ ho(X)ty" " (7, 0)

The centered IF is

RMTL,h LAk
®j.0 (t,a 3150 )

8 AIPWCC{¢RMTL h(
- {EO |: awRMTL h(

Ak -1
@ a)i }} } om0y

=[Eo{ho(X)}] ™! <wg(a, X) [{T = 2:)“( - T)G}I)(() =) _RMTL (7 | 4, X)

. /Mf {(t —1)Fj0(t] a, X) + RMTL;o(r | a, X) — RMTL; 0( | @, X)}dME (¢ | a, X)
0 So(t | avX)GO(t_ | avX)

+ho(X)RMTLy o (7 | @, X) — ho(X) M TR (7, a)) =
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D.3 LemMma[ll

Lemma 1

I(A = a)RMSTo(7 | a, X) [T dMo(t | a, X)
To(a | X) /0 So(t [ a, X)Go(t— | a, X)
L I(A=a) /MT RMSTo (¢ | a, X)dMo(t | a, X)
To(a | X) So(t | @, X)Go(t— | a, X)

™M (7, a; 1) =RMSTo (7 | a, X) —

and

I(A=a) [T (r—t)dM;o(t | a,X)
7T0(a|X)/ Go(t— | a,X)

AT {RMTL;o(7 | a, X) — RMTL;.0(t | a, X)}dMo(t | a, X)
/0 So(t] a,X)Go(t— | a,X)

T (r — 1)y o(t | a, X)dMo(t | a, X)
/0 So(t | a, X)Go(t— | a, X)

@50 (1, a;nfo) =RMTL;o(7 | a, X) +

Proof of Lemmal[T} we start from the RHS of the first equation above

I(A = a)RMSTo(7 | a, X) /T@ dMo(t | a, X)
mo(a | X) o So(t]a,X)Go(t—|a,X)

I(A =a) /*AT dMo(t | a, X)RMSTo(t | a, X)

RMSTo(7 | a, X) —

— ho (wwé‘MST”"(r, a)

mo(a | X) Jo So(t ] a,X)Go(t— | a,X)

- ~ I(A=a)RMSTo(7 | a, X) N(t)
=RMSTo(r | ¢, X) To(a | X) So(t | a, X )Gol(t— | a, X)
+I(A:a)RMSTo(T|a,X) /TA dAo(t\a,X) I(A=a)

mo(a | X) 0 So(t ] a,X)Go(t— | a,X) mo(a|X)

T RMSTo(t |a, X)dN(t)  I(A=a) /T/\% RMSTo(t | a, X)dAo(t | a, X)
o So(t]a,X)Go(t—|a,X) mo(al]X) So(t] a,X)Go(t— | a,X)

where

N(t) AT < 1)
So(t | a, X )Golt— a4, X)  So(r AT | @, X)Go(r AT— | a, X)

and

T RMSTo(t | a, X)AN(t)  AI(T < 7)RMSTo(r AT | a, X)
o So(t|a, X)Go(t—|a,X)  Sy(r AT |a,X)Go(r AT— | a,X)

Note that dA§ (u— | a, X) = Po(u— < T < (u+du)— | C > u— A =0a,X) = Po(u <T < u+du |
C > u,A=0aX)=dA§(u | a,X), dAo(u— | a,X) = dAo(u | a,X), and dAjo(u— | a,X) =
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dAjo(u | a, X). Thus

/Mf dAo(t | a, X) B /Mf 1 4 { 1 }
0 So(t|avX)G0(t_|avX) B 0 Go(t_‘a’vX) So(t‘a’vX)

TAT AT 1 1
- d
0 /0 So(t | a, X) {Go(t—|a,X)}

1
SO(t | aaX)GO(ti | CL,X)

1 _1_/TAT dAS (t— | a, X)
So(r AT | a,X)Go(r AT— | a, X) 0 So(t]a, X)Go(t—|a, X)
B _ 1 _ _1+/TAf AMS (t | a, X) / ANC(t] a, X)
So(r AT | a, X)Go(r AT— | a, X) o Sot|a,X)Go(t—|a,X) So(t | a, X)Go(t— | a, X)
B _ 1 _ _1+/TAT dME (t | a, X)
So(r AT | a,X)Go(r AT— | a, X) o So(t]a,X)Go(t—|a,X)

(1-A)I(T<7)
So(r AT— | a,X)Go(r ANT— | a, X)
_ _ Alr) _1+/MT dM§ (t | a, X)
So(r AT | a, X)Go(r AT— | a, X) o So(t|a,X)Go(t—|a,X)

Since

d{RMSTO(t | a,X)} So(t] a, X)Go(t— | a, X)dt + Go(t— | a, X)dAS (t— | a, X)RMSTo(t | a, X)

Go(t— | a, X) Gi(t—|a,X)
_ So(t|a,X)dt | RMSTo(t | a, X)dA§ (¢ | a, X)
Go(t_ | CL,X) Go(t_ | avX)

and

/TAT RMSTo(t | a, X)dAo(t | a, X) /MT RMSTo(t | a, X) { 1 }
- S
0 0 0

So(t] a, X)Go(t— | a, X) Go(t— | a, X) t]a, X)
_ RMST(t | a, X) ”T_/T@ 1 d{RMSTo(t | a,X)}
So(t]a,X)Go(t—|a,X)|, 0 So(t] a,X) Go(t— | a,X)
RMSTo(r AT | a, X) - /Mf dt - /Mf RMSTo(t | a, X)dAS (¢ | a, X)
Go(r AT—|a,X)So(r AT |a,X) Jo  Golt—1]a,X) Jo So(t | a, X)Go(t— | a, X)
B RMSTo(r AT | a, X) - AT /TAT tdAS (t | a, X)
Go(r AT—1]a,X)So(r AT |a,X) Go(rAT—|a,X) Jo  Golt—]a,X)

N /TAf RMSTo(t | a, X)dMS (t | a, X) T RMSTo(t | a, X)dNC(t)
0

So(t [a, X)Go(t— | a, X)  Jy Solt|a, X)Go(t— | a, X)
3 RMSTo(r AT | a, X) - AT _/TAf tdMS (t ] a, X)
Go(r AT—|a,X)So(r AT |a,X) Go(rAT—1]a,X) Jo  Go(t—|a,X)

TN (t ] a, X) /*Af RMSTy (¢ | a, X)dME (t | a,X)  RMSTo(r AT | a, X)I(T < 7)(1 - A)
o Go(t—|a,X) 0 So(t | a, X)Go(t— | a, X) Go(r AT— | a, X)So(r AT | a, X)

3 RMSTo(r AT | a, X) AT M YAME (¢ | a, X)

T Go(rAT—|a, X)So(r AT | a,X) Go(r AT—|a,X) 7/0 Go(t— | a, X)

(1—AI(T <7)(rAT) /Mf RMSTo(t | a, X)dM§ (t | a,X) (1= A)(T < 7)RMSTo(r AT | a,X)

Go(r AT— | a, X) So(t | a, X)Go(t— | a, X) Go(r AT— | a, X)So(r AT | a, X)
_ A(MRBRMSTo(r AT |a,X)  A(r)min(T,7) /MT tdM§ (t | a, X)
Go(r AT—]a,X)So(r AT |a,X) Go(rAT—]a,X) Jo  Go(t—|a,X)

N /TAT RMSTo(t | a, X)dME (¢ | a, X)
0 So(t‘a,X)Go(t—‘a,X)
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Substitute previous equations into the RHS of the first equation in Lemmal[T] gives,

RMSTo(r | a, X) — I(A= a)AI(YLS T)RMSTo(Tla,X) I(A = a)RMSTo(7 | a, X)
mola | X)So(r AT | a, X)Go(r AT— | a, X) mo(a | X)

o A(r) _H/“T AMS (t | a, X)
So(r AT | a,X)Go(r ANT— | a, X) o So(t]a,X)Go(t—|a,X)
I(A=a)AI(T < 7)RMSTo(r AT |a,X)  I(A=a) A(T)RMSTo(r AT | a, X)

mo(a | X)So(r AT | a, X)Go(r AT— | a,X) mo(a|X) | So(r AT |a,X)Go(r AT— | a, X)

~ A(Mmin(T,7) /Mf tdMS (t | a, X) /TAf RMSTo(t | a, X)dME (t | a, X)
GO(T/\’_Z~"—|a,X) 0 Go(t— | a,X) 0 So(t | a,X)Go(t— | a, X)

_RMSTo(r |0, X) - — 1A= a)AI@ < RMSTo(r |a.X) I(A = a)A(T)RMSTy(r | a, X)
mo(a | X)So(t AT | a,X)Go(TAT—|a,X) mo(a|X)So(t AT |a,X)Go(t ANT—|a,X)
I(A=a)RMSTo(r | a,X)  I(A=a)RMSTo(r | a,X) /Mf AMS (t | a, X)
mo(a | X) mo(a | X) o So(t]a,X)Go(t— | a,X)

I(A=a)AI(T < 7)RMSTo(r AT |a,X)  I(A=a)A(r)RMSTo(r AT |a,X)
mo(a | X)So(r AT | a, X)Go(r AT— | a,X) mola| X)So(r AT | a, X)Go(r ANT— | a, X)

I(A=a)A()min(T,7)  I(A=a) /fAf tdMS (t | a, X)
mola | X)Go(r AT— | a,X) mo(a|X) /o Go(t— | a, X)

a)

I(A= /TAf RMSTo(t | a, X)dME (t | a, X)
0

~ mo(a | X) So(t | a, X)Go(t— | a, X)
I(A = a)A(7) min(T, 7) I(A=a) Ml I(A=a)
e XA T o) {1 @ %) } RMSTo(7 | a, X) + (@] X)

y /MT M (t]a,X) [,  RMSTo(r | a, X) ~ RMSTo(t | a, X)
0 Go(ti‘avX) S()(t|CL,X)

L MS' A
=go T (T a5 mp')

Note that RMSTo (7 AT | a, X) # RMSTo(r | a, X) and

— AI(T < 7)RMSTy(7 | a, X) + A(T)RMSTo(7 | a, X) + RMST(7 AT | a, X) — A(T)RMSTo(r AT | a, X)
= — AI(T < 7)RMSTo(7 | a, X) + AI(T < 7)RMSTo(7 | a, X) + I(T > 7)RMSTo(7 | a, X)
+ AI(T < 7)RMSTo(r AT | a, X) — AI(T < 7)RMSTo(r AT | a, X) — I(T > 7)RMSTo(r AT | a, X) = 0

In the competing risks setting, we transform several conditional event martingale terms

/TAT (7‘ - t)de,o(t | a, X) T deyo(t | a,X) T thj,o(t | a, X)
0

Go(t—|a, X) o Golt=la,X) Jo Go(t—|a,X)

(T < J=j) T/TAf dAjolt|a,X) THT <7,J =) /TAf tdA;o(t | a, X)
T o Golt—|a,X)  Go(T—|a,X) o Golt—la,X)

Go(T— | a,X)

_{r—min(T, )T =4) T/TAT dA;o(t | a, X) /Mf tdAjo(t | a, X)
Go(ff | a,X) 0 Go(t— | aaX) 0 Go(t— | a”X)

and

d{RMTLJ”o(t | a,X)} _ Fj,o(t | a,X)Go(tf | a,X)dt+RMTLj’o(t | a,X)Go(tf | a,X)dAg(t* | a,X)

Go(t— | a, X) Go(t—|a, X)
_Fjo(t]a,X)dt N RMTL;0(t | a, X)dAS (| a, X)
N Go(t— | a, X) Go(t— | aaX)
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and

AT RMTL; o(t | @, X)dMo(t | a, X)
/0 So(t [ a, X)Go(t— | a, X)
[T RMTL;o(t | a, X)dN(t) AT RMTL; o(t | a, X)dAo(t | a, X)
“Jo So(t]a,X)Go(t— | a, X) _/0 So(t ] a, X)Go(t—| a, X)
AT < 7)RMTL;o(T | a,X) [T RMTL;(t | a, X) 1
 So(T | a, X)Go(T— | a, X) _/0 Go(t— | a, X) {So(t | a,X)}

_AI(T <7)RMTL;o(r AT |a,X)  RMTLjo(t|a,X) [7"" N /MT 1 q { RMTL;o(t | a, X) }
So(r AT | a,X)Go(r AT— | a,X)  So(t]a,X)Go(t—|a,X)|, o So(t]a,X) Go(t— | a, X)
_AIT < TRMTL;0(r /\N:F la,X) RMTL;0(7 A T| a, X) . /mf Fyo(t | a, X)dt
So(t AT |a,X)Go(tAT—|a,X) So(rAT|a,X)Go(t ANT—|a,X) 0 So(t | a, X)Go(t— | a, X)

/TAT RMTL;o(t | a, X)dAS (¢ | a, X)

0 So(t|a7X)G0(t— |a7X)

_ AI(T <7)RMTLjo(r AT |a,X) RMTL;o(r AT | a, X) /TAT Fio(t|a, X)dt
So(t AT | a,X)Go(r AT—|a,X)  So(r AT |a,X)Go(r AT—|a,X) Jo  So(t]a,X)Go(t—|a,X)
/“T RMTL; o(t | a, X)dM§ (¢t | a, X) (1= A)I(T < 7)RMTL;o(r AT | a, X)

_ + — -

0 So(t | a, X)Go(t— | a,X) So(t AT | a,X)Go(t ANT— | a,X)

_ I(T > 7)RMTL;o(r AT | a, X) N /Tﬁ Fio(t]a, X)dt
So(r AT | a,X)Go(r AT—|a,X) Jo  Solt|a,X)Go(t—|a,X)

- /MT RMTL;o(t | a, X)dME (¢ | a, X)

0 S()(t | CL,X)G()(t— | CL,X)

and

/”f tFjo(t] a, X)dMo(t | a, X)
0 So(t | a, X)Go(t— | a,X)

_ /T tFyo(t | a, X)AN(t) /T tFo(t|a,X) | { 1 }
o 0 So(t|a,X)G0(t—|a,X) 0 Go(t—‘a,X) So(tla,X)

_AIT <) ADFo(r AT 0, X) tFjo(t | a, X) AT . /MT 1 d{ tFjot | a, X) }
So(r AT | a, X)Go(r AT— | a,X)  Solt|a,X)Go(t—|a,X)|, o So(t]a,X) |Gjo(t—|a,X)

_AIT <) (rAT)Fjo(r AT |a,X) (r AT)Fjo(r AT | a,X)

C So(tAT | a, X)Go(r AT—|a,X)  So(r AT |a,X)Golr ANT— | a,X)

+/MT 1 d{tFj,o(t \ a,X)}
0 So(t] a,X) Go(t— | a,X)
AT <7)(r AT)Fjo(r AT | a,X) (t AT)Fjo(r AT | a, X) AT Fjo(t | a, X)dt
T So(tAT [a, X)Go(r AT— | a,X)  So(r AT | a,X)Go(r AT— | a, X) /0 So(t | a, X)Go(t— | a, X)
. /Mf tdAjo(t | a,X) /Mf tFio(t | a, X)dMS (t— | a, X) (1 — AT < 7)(r AT)Ejo(r AT | a, X)
0 Go(t—|a,X) 0 So(t | a, X)Go(t— | a, X) So(r AT | a, X)Go(r AT— | a, X)
I(T > 1)t AT)Fjo(r AT | a, X) N /TAT Fio(t|a,X)dt N /MT tdAjo(t | a, X)
So(r AT | a, X)Go(r AT—|a,X)  Jo  Solt|a,X)Go(t—|a, X) Jo  Gol(t—]a,X)
M YE ot | @y X)AMS (t— | a, X)
_/0 So(t | a, X)Go(t—| a, X)
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and

Go(t— | a, X){ijo(t | a, X) +t50(t | a,X)dAj,o(t | a,X)} + tFj’o(t | a, X)Go(t— | a, X)dAg(t—

| a, X)

Gi(t—1]a, X)
_ Fj,o(t | CL,X) + tSo(t | CL,X)dA]',o(t | a,X) + tFj’o(t ‘ a,X)dAg(t— | CL,X)
“Go(t— | a, X) Golt— | a, X) Go(t— | a, X)

Substitute all preparation equalities into the RHS of the second equation in Lemma ] gives,

I(A=a) /“T (1 =t)dM,o(t|a,X) I(A=a)
mo(a | X) Go(t— | a,X) mo(a | X)
y /TAT“ {RMTLjo(r | a.X) — RMTL;o(t | a, X)}dMo(t | a.X) | I(A=a)
0 So(t|a,X)Go(t— | a,X) mo(a | X)
TN — ) Fjo(t | a, X)dMo(t | a, X
X /0 : So)(t | CE )|()Go()t— | CE)|<) L RMTL o7 | 0,X)
_I(A=a)fr - min@, DH(T =j) I(A=a)r /MT dAjo(t | a, X)
mo(a | X)Go(T— | a, X) mo(a | X) Go(t— | a, X)
A=aq) /MT tdA;o(t | a, X) I(A =a)I(T > 7)RMTL; o(7 | a, X)
mo(a | X) Jo Go(t—1a,X)  mo(a| X)So(r AT— | a,X)Go(r AT~ | a, X)
= a)RMTL;o(7 | a, X) n I(A = a)RMTL; o(7 | a, X)
mo(a | X) mo(a | X)
y /TAf AMS (t | a, X) _ I(A=a)[(T > 1)RMTL;o(r AT | a,X)
0 So(t]a, X)Go(t—1a,X) mo(a|X)So(r AT | a,X)Go(r AT— | a, X)

I(A=a)
(A

t]a,X)Go(t—|a,X) molal]X)
y /Mf RMTL;o(t | a, X)dMg (t | a, X) I(A=a)7I(T > 7)Fjo(r | a, X)
0 So(t ] a, X)Go(t— | a, X) mo(a | X)So(r AT | a, X)Go(r ANT— | a, X)

I(A=a)r /MT dAjolt|a,X)  I(A=a)r /MT Fio(t] a, X)dME (¢ | a, X)
7TO(a‘)() So(t‘a,X)Go(t—‘a,X)

I(A=a) /TAf“ Fio(t|a,X)dt _ I(A=a)
7T0(a | X) So(

Go(t— | a, X) mo(a | X)
I(A

=a)[(T>7)(rAT)Fjo(r AT |a,X) I(A=a) /TAf Fio(t | a, X)dt
To(a | X)So(r AT | a, X)Go(r AT— | a, X) mola|X) So(t | a, X)Go(t— | a, X)
I(A=a) /Mf tdAjo(t | a,X)  I(A=a) /TAT tFjo(t | a, X)dAME (t— | a, X)
7ro(a|X) Go(t—|a,X)  mola|X) So(t]a, X)Go(t— | a,X)
+ RMTL;o(7 | a, X)
_I(A=a){r —min(T,7)}(J = j) I(A=a) I(A=a)
To(a | X)Go(T— | a, X) - {1 ~ mo(a | X)}RMTLJO(T R R NCIBS)

o /T/\T {(t = 7)Fj0(t ] a,X)+RMTL;o(7 | a,X) — RMTL;o(t | a, X)}dM§ (¢ | a, X)
0 So(t ‘ a7X)G0(t_ ‘ a7X)

RMTL,h A
:¢j 0 (Tv a; 7];’,0)
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D.4 LEMMA[2

Lemma 2
Po{ @™ (7,0, 7)) — 45V (7, a)

=[P {@0"(a, X)}]" (Eo

h(X)RMST(r \ax/ So

(t]a,X) {Wo(a ‘ X)GO(t_ | a, X) _ 1}
S(t]a,X) | #a|X)G(t—|a,X)

) {dA(t | a, X) — dAo(t | a X)}]
RMSTt|aXSo(t\a,X) ola | X)Golt |aX)1} QR0 0 X — dAc(t | 0. X D
S(t | a,X) {<|X>(t|ax> faAltTa, X0 = dholt 0, 203
+ ([PofR(OY ™" = [Pu{@"(a, X)}] ™) Eo{h(X)RMST(r | a, X)}
+ ([Pu{a" (a,Xm — [Bo{ho(X)}] ") Eo{h(X)RMSTo(7 | a, X)}
+ [E{ho(z)}) " Eo[{h(X) — ho(X)}RMSTo( | a, X)]

—Eo

and

PG (0"} w?%‘“% )

_ W' (a, a, a| X)Go(t~ ] a, X) -
=[P{@" (a, X)}]” ( / So(t] a, X) { a| X)G(t— | a,X) 1}
Ai(tla, X)—dAiolt | a h a oa]| X)Go(t=la, X) _
x{dA;(t | a, X) — dAjo(t | 7X)}]+E0 h(X)/O ESo(t | ’X){ 7la | X)G(t— | a,X) 1}
N Sot|aX)
><{dAj(t|a,X)*dAj,O(Ha’X)}}JFEO h(X)RMTL; (7 |“X/ St a, X)

><{7T(a|X)G’0 t—|a,X)

— 13 {dA(t | a, X) — dAo(t | a, X
7(a| X)G(t— | a, X) }{H : ! )}}

B T RMTL;( tlaXSo(tlaX){ mo(a |X)Go(t—aX)_1}{dK(t|aX)—dAO(t|ax)}}
St |a, X) 7(a| X)G(t— | a, X) ’ :
B Ft|aXSot|aX) mo(a | X)Go(t— | a,X) Kt e ) )
=l S(t | a, X) {%(amé(t—a,)c) 1}{‘““ X) = dho(t| ,X>}]
- tFi(t | a,X)So(t | a,X) [ mo(a| X)Go(t—|a,X) Al ax) .
o h(X)/o St X) {%(aIX)A(t—a,X) 1}{““ 0 ’X)}D

+ ([Pa{R(X)}] 7" = [Pu{@" (a, X)} ") Eo{h(X)RMTL; (7 | a, X)}
+ ([Pa{@" (a, X)}] ™" = [Bo{ho(X)}] ") Eo{h(X)RMTL; o (7 | a, X)}
+ [E{ho(X)}] " Eo[{h(X) — ho(X)}RMTL;o(7 | a, X)]

Proof of Lemmal[2}
P{$RMST B(r, as Y} — RMSTR (L o)
b, | ATl ) T i ax)
=[P (0 X)H B0 | S { RMST(r | ,X)/O IR e

T/\T TS
/ RMST(t | a, X)dM (t | a, X) |A—a,X
0 S(t]a,X)G(t—|a,X)

+ [Pa{R(X)}) ™ Eo[R(X){RMST(r | a, X)}] = [Eo{ho(X)}] " Eo[ho(X)RMST(r | a, X)]
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h al| X — AT dM (¢ a, X
. 7(a \(Xl) 2 {_RMST(T | a’X)/o S(t| a,x()cl:(t— |)a,x)
/T@ RI\//IAET(t | a,)i)d]T/[\(t | a, X)
0 St |a, X)G(t—|a,X)
+ [P {h(X) 1) Eo[A(X){RMST(7 | a, X)}] — [Eo{ho(X)}] ™" Eo[ho(X)RMSTo(7 | a, X))
+ ([PafR(X)N " = [Pa{@" (a, X)}] ™) Bo{R(X)RMST(r | a, X)}
+ ([Pu{@" (a, X)} 7" = [Eo{ho(X)}] 1) Eo{A(X)RMSTo(7 | a, X)}
+ [Eo{ho(X)} ™ Eo[{R(X) — ho(X)}RMSTo(7 | a, X)]

=[Pu{@" (a, X)}) ™" Eo

| A=a, X} + h(X){RMST(7 | a, X) — RMSTo(7 | a, X)}

For the first conditional event martingale integral term,

Eo {/MT __ dM(t]a, X) |A:a,X}
0 St|a, X)G({t—|a,X)
_ / So(t— | a, X)Go(t— | a, X){dA(t | a, X) — dAo(t | a, X)}
S(t|a, X)G(t— | a, X)

and the second conditional event martingale integral term

AT N Vi
o [ 0T L)
0 S(t]a, X)G(t—|a,X)

:EO{AI(:F < T)RM\ST(T la,X) /Mf” RI\//IA\ST(t | 0, X)dA(t | a, X) Ama X}
S(T | a, X)G(T—|a,X) o S(t | a, X)G(t— | a, X)
7/ So(t— | a, X)Go(t— | a, X)RMST(¢ | a, X){dA( | a, X) — dAo(t | a, X)}

B S(t|a, X)G(t— | a,X)

The Duhamel equation (Gill & Johansen, [1990) gives

So(t | a, X) — S(t | a, X) / Solu u|LaXX){ dA(u | a, X) — dAo(u | a, X)}

such that

RMST(t | a, X) — RMSTo(t | a, X) = / {8(t | a,X) — So(t | a, X)}dt
0

7_/0 S(u|a,X)

:—RMST(T|aX/ Solt=[a, X)
S(t|a,X)

RMST (t]a,X)So(t— | a,X)
S(t|a,X)

(] a, X) / Solu |aX){dK(u|a,X)—dAo(u\a,X)} dt

{dA(t | @, X) — dAo(t | a, X)}

{dA(t | a, X) — dAo(t | a, X)}

Substitute the conditional event martingale integral terms and RmT(t | a,X) — RMSTo(t | a,X) into

Po{gRMST,h( A, h)} _ 77b(l)WST,h(

T,a;n 7, a) yields the equality as presented in Lemma
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Then, we consider the competing risks setting
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+ [Bo{h(X)}] ™" Eo[{h(X) — ho(X)}RMTL;,o(r | a, X))

We derive equalities on conditional cause-specific martingale integrals

o /T’\T dZ\A/[j(t\a,X) A / Sot|aXG0(t—|aX){dA (t]a,X)—dAjo(t]|a, X)}
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. /TAT tdM, (¢ | a, X) A—ax)— _/T £50(t | a, X)Go(t— | a, X){dA, (t | a,X) — A, (t | a, X)}
0 G(t—|a,X) 0 G(t—|a,X)

Similar for the conditional event martingale integrals,

AT T . M
o / RM;\[‘L](t|CL7i()dM(t‘a»X) |A=a,X
0 S(t|a, X)G(t= | a, X)

/ So(t | a, X)Go(t— | a, X)RMTL; (¢ | a, X){dA(t | a, X) — dAo(t | a, X)}
S(t|a, X)G(t— | a,X)
Eo{/MT@(t“’X)ﬂﬂ(ﬂa’X) |A—a,X}
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0 S(t]a X)G(t—|a,X)
_ / tSo(t | a, X)Go(t— | a X) V(] a X){dA(t |a,X)—dAo(t]a,X)}
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We wish to derive Rl\//I\TLj,O(T | a, X) — RMTL; (7 | a, X) in terms of conditional hazards differences. To
begin with, we consider

Fi(t|a,X) = Fjo(t|a,X)= /Su7|aX)dA(u|aX /SO u— | a, X)dAjo(u | a, X)
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x {dA(u | a, X) — dAo(u | a, X)} +/0 So(u— | a, X){dA;(u | a, X) —dA;o(u | a, X)}

Since the integral of the first term

i |

So |aX) -~ _ ula
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" RMTL (¢ ] a, X)So(t— |0, X) = B .
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To make use of the Duhamel equation, we also assume S is continuous, i.e. S(t— | a, X) = S(t | a, X), we
have
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After replacing conditional martingale integral terms and RMTL, ;(t]a,X)—RMTL,o(t | a,X) by condi-

~RMTL, h( A, h)} RMTL h (7, a) as presented.

tional hazards differences, we have the equality for P0{¢ a;n;

D.5 LEMMA[3

Lemma 3 If Condition 2| holds, then for every a, T, and k, two universal constant vectors CLR'MST’h and

MTL,
CFMTEM ensure that
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1 1
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and
o 2
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Proof of Lemma ' We  expand gz&RMST h( a; ﬁ,? h) q&?oMST‘h(T, a; né\o’h)
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RMST,h ~A,h
Qs (

Ak
T, 057 Moo )

RMST,h ~A,h
Qo " (a5 " mi")
RMST,h ~A,h _Ah
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Following the triangle inequality,
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The backwards equation from Theorem 5 of|Gill & Johansen| (1990) suggests that [; ¢ SS((tl“la};) dA(ula,X) =
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Sip(t]a,X)  Seo(t]a X) (€= 1)°Eo Si(t]a,X)  Seol(t]a,X)
}2

+ 22 Ey sup
te(0,7]

=72(3> + (e — 1)° + €’ log® €) Ey { sup

(tla,X) Fjeolt]aX)

B
Se(t]a,X)  Swl(t]a,X)

t€[0,7]

te(0,7]

2
+T2€4E0{ sup |Ax(t]a, X) — Aoo(t | a,X)‘}

Therefore

RMTL,h ~Ah Ak
PO{Qgsek (7,05 315,k 777700)}

2
ta,X)  Fheolt]a,X)
<h’m12nh12nax 362"’ e—1 +€ 10 et E ( _ D 2
(36 4 (= 17 + € log? e | swp. Sk(t‘aX) Gt e X
2
+64E0{ sup //ik(tla,X)—Aoo(t|a7X)‘} ]
t€[0,7]

D.6 LemMMa[

Lemma 4 Under Condition[1}2]

Kn1/2 N _
K Z k gn {¢RN18T h( T 777]16\ h) ¢£{OMST,h(T’ a; né\o,h)} _ OP('I’L 1/2)
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If Condition[d| holds additionally,

1 ¢ K”zle/Q “RMST,h ~A,h RMST,h W —1/2
}Z n t:}épf G {0k (t, a;7"") = Poo (t,asna™)} = op(n™77)
k=1
Under Condition[2land[3]
1/2
= Z G k{¢RMTL h(r 7?];\;) ¢§iAOTL,h( an’ ARV (1)

If Condition[7| holds additionally,

K 1/2

1 Kn,

— E sup
K — v telo,r]

“RMTL,h ~A,h RMTL,h A,h —1/2
G b BT (1, s ) = Tt s )Y = op(n )

Proof of Lemmafd} Following Lemma 6 of [Westling et al| (2023), the empirical process term is bounded by

KZ

SOP( 71/2) Z

k 1

1/2

TRMST,h ~A,h RMST,h Vi)
g” {¢ ( 7 7nk ) [ee] (T7a777<>o )}‘

G i SNST (ras ) — ST 7, )|

By Lemma3]

K 6

1 ~A, A -

S (G (s ) — T (7, i)} | < a3 OSBRI (g
k=1 =1

where BS‘,EAST’h(ﬁQ’h, n&") is defined in Lemma
6
Py {(ZSRMST h(r, a; ") — gRMSTh(7 o 212 < ZCLRMST,hB?z/IST,h(ﬁI/c\,h7n&h)

[Po{ sup o500 (8 s ") — "5 (8 s mas™) 112

te[0,7]
6
RMST,h aRMST,h (~Ah Ak RMST,h pRMST,h (~Ah Ak
S Cl Bl,k (nk s Moo ) + Z CL Bbyk (nk s Moo )
=2
TRMTL,h ~A,h RMTL,h oA R\ 291/2 RMTL,h pRMTL,h y(~Ah Ak
[PO{¢ ( T, 777]]9) ¢j,oo (T7a7nj,oo)}}/ SZC Bij (n]k7n]00)

[Pof sup |5 T (L as ) — Bk asm )} ]1/2

RMTL,h 3RMTL,h (~A,h RMTL, h RMTL,h (~A,h _Ah
< C B],l,k: (ny,k ang oo + E :C ],L k ( ],k: ’7]] oo)

. N P
Based on Condmon maxj, 3.0, CRMSThGRMSTh (A pdshy 5 0, such that

K
KZn

1/2

G (B (s ") ¢50MST»h(T,a;n£f>}‘—oP<n1”)

For simultaneous inference, we bound the empirical stochastic process

K
Ko sup G SN (1wl — 0T (1, k")
K k—1 n te(0,7]

tG[O 7]

sup gn {¢)R1\/IST h( 77/7\]16\ /’L) ¢];{ONIST,/'L(t7 a; n(/)\o,h)}‘
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Using Theorem 2.14.2 from [van der Vaart & Wellner| (1996), we have

o)

=1

RMST,h 3RMST,h h 2 : RMST,h pRMST,h (~Ah Ak
gmgx{c Bl k ( + CL BL,k (nk s Moo )}

suplgnk{¢RMSTh(7 ;") — ¢§OMST’h(t7a;n§Sh)}'
te[0,T

Based on CondmonlandEl maxy, {C’RMST hBRMST el miety + 20, ORMST hBRMST Pt nhs )} £,
0, such that

3

sup. GraA ST (8 s ") — ST (¢, 4 né\o’h)}‘ =op(n"/?)
te[o T

N \

Similar arguments also applies to 1/K >+, |Gy, k{qSRMTL "(r,a; ﬁj\kh) qﬁngL’h(ﬂ a; nJAOZ)}’ and

1/K Zk 1 ’supte[o 1 9n k{d)RMTL ", ,ﬁ;\kh) gb?l;/iTL’h(t,a; 7]].7;)0 }‘ by replacing Condition |1| and
Condition [ with Condition[5land Condition[Zl M

D.7 PROOF OF THEOREM 2]
Condition 1 There exist n's" such that maxk{Bf{}:IST’h(ﬁQ’h, nihyy? £, Oforalla, ,and.=1,...,14,
where BSkMST’h @M ") is defined in Lemma

Condition 2 There exists € € (1,00) such that {Sk(t | a, X), Seo(t | a, X),7Fr(a | X), Too(a | X),Gr(t |

a,X),Goolt | @, X)} > 1/6 hmin < {A(X), hoo(X)} < humax, and Pr i {hi(X)} > 0, Eo{hoo(X)} >
0 foralla, X and k.

Condition 3 One of the following conditions is satisfied for all t € [0,7],a € {0,1} and almost all x: (1)
hoo(X) = ho(X) and Soc (t | a, X) = So(t | a, X); or (2) hoo(X) = ho(X) and mos(a | X) = mo(a | X)
and Goo(t | a, X) = Go(t | a, X).

Condition 4 maxk{lg’q;%ST’h(ﬁ;?’hv &MV L5 0 for every a and .

Condition 5 There exist nA;Z such that maxk{BjRiva h(ﬁ;\kh7 ;. Ay L5 0 for cause j of interest, and for

alla, 7,0=1,...,36, where BJR?I,CTL h(ﬁ;\kh, ;. MY is defined in Lemma

Condition 6 One of the following conditions is satisfied for all t € [0,7],a € {0,1}, almost all
X, and cause j of interest only: (1) hoo(X) = ho(X) and Sec(t | a,X) = So(t | a,X) and
Fio(t | a,X) = Fjo(t | a,X); or (2) hoo(X) = ho(X) and Woo(a | X) = mo(a | X) and
Goo(t | a,X) = Go(t | a,X); or (3) hoo(X) = ho(X) and Fj oo(t | a,X) = Fj, (t | a X) and

Gool(t]a,X)=Go(t]a,X).

I ~ P o
Condition 7 maxk{lg’?llv[gL h(n;\kh, 77?0};)}2 — 0 for cause j of interest and every a, T.

For Condition[3] if(l) hoo(X) = ho(X) and Soo(t | a, X) = So(¢ | a, X) holds, then RMST (¢t | a, X) =
RMSTo(t | a,X), Ao (t | a, X) = Ao(t | a,X), and dMoo(t | a, X) = dMo(t | a, X). We consider the

event martingale representation of ™*MS™" (7 a) since EO{fMT ()dMo(t|a, X)|A=a, X} =0,
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&J\RI\/IST,}L(T7 a) i>

[Eo{ho(X)}] ™" Eo{ho(X)RMSTo(r | a, X)} + {Eo {%H )

x Eo [{hO(X)I(A = a) } {RMSTo(T | a,X)/TA% ( dMo(¢ | a, X)

Too(a | X) So(t] a,X)Goo(t— | a,X)

N /MT RMSTo(t | a, X)dMo(t | a, X)
0 So(t|a7X)G00(t_|a7X)

=[Eo{ho(X)}] " Eo{ho(X)RMSTo(7 | a, X)} + {EO {%WH )
h ho(X)mo(a | X) AT dMo(t | a, X) B
( (@] X) } —RMSTO(T|a,X)E{/O ( )|A_a,X}
MT RMSTo(t | a, X)dMy(t | a, X)

So(t]a,X)Goo(t—|a, X
A s e 'A_Q’X}D

=[Eo{ho(X)}] ™" Eo{ho(X)RMSTo(r | a, X)} = 5" (7, a)

If (2) hoo(X) = ho(X) and woo(a | X) = mo(a | X) and G (t | a, X) = Go(t | a,X) holds, then
AS(t]a, X)=AS(t | a,X),and dAME (¢ | a, X) = AME (¢ | a, X). We consider the censoring martingale

representation of *MST-" (7. ¢) since E{fTAT (dM§ | a, X) | A=a,X} =0,

QZRMST,}I(T7 a) i>

=[Eo{ho(X)}) ™" Eo{ho(X)RMSTe (T|“7X)}+{E°{}W(A_a)}]_l

mo(a | X)
{hO(X)I(A =a) } { A(r) min(T, )

X B =
’ mo(a | X) Go(r AT— | a, X)

— RMSTo(r | a, X)

Go(t— | a, X) Seo(t [ @, X)Go(t— | a, X)

=[Eo{ho(X)}] ' Eo{ho(X)RMST o (7 | a, X)} + [Eo{ho(X)}] "
/“T {RMSToo (7 | @, X) — RMSToo(t | a, X)}dME (t | a, X) A:a’X}D

+/Mf tdME (t | a, X) +/Mf {RMSToo (7 | @, X) — RMST oo (t | @, X)}dME (t | a, X) H
0 0

XEQ ho

() min(T, ) _ax\ Ta T AME (t | a, X) .,
( {Go( )|A_ ,X} RMST oo (7 | ,X)+EO{/O —o 1) A= ,X}
{ 0 Soc(t ] a, X)Go(t— | a, X)

TAT—|a, X Go(t—|a,X)
=[Eo{ho(X)}] ' Eo{ho(X)RMSTo (7 | a, X)} = ¢t ™5 (7, a)

We used

EO{ A(T)niin(f,T) |A:a7X}
Go(tANT—]a,X)

_p { NC> AT i) |y e b pvis T | a0, X)
Go(tANT—|a,X)

The proof above also implies Eo{¢t>" (7, a;n3) | A = a, X} = RMSTo(7 | a, X).

For Condition[6] if (1) koo (X) = ho(X) and Seo(t | a, X) = So(t | a, X) and Fj oo (t | a,X) = Fjo(t |
a, X) holds, then RMTL; o (¢t | a, X) = RMTL;o(t | a,X), Aso(t | a, X) = Ao(t | a, X), Aj,oo(t |
a X) = Aj()(t | a, X) dM (t ‘ a X) = dMo(t ‘ a X) and deoo(t | a X) = deyo(t | CL7X).
We consider the event martingale representation of Q/JRMTL "(7,a) since E| MT( )dMo(t | a,X) | A =

49



Under review as a conference paper at ICLR 2026

a,X] = 0,and E[[7"T ()dM;o(t | ¢, X) | A = a, X] = 0,
0

T ) L

[Eo{ho(X)}]_lEo{ho(X)RMTLj’O(T | a,X)} + [Eo {%}} )

E
N (@[ X) Goc(t— [ 0, X) o(t | 4, X)Coo(t— | @, X)

{ho(X)I(A =a) } {/Mf (r = )dMjo(t | a. X) | /MT (1 — t)Fj0(t | a, X)dMo(t | a, X)
0 0 S

- /Mf {RMST( | a, X) — RMSTo(t | a, X)}dMo(t | a, X)
o So(t | a, X)Goo(t— | a, X)

~[Eo{ho(X)}) ™ Bo{ho(X)RMTLy (7 | a, X)} + [EO { ho(X)mo(a | X) H -

i Too(a | X)
ho(X)mo(a | X) T (r —)dM;o(t | a, X) Y
b E{/ A= ’X}

XEQ

—

Goo(t— | a, X)

AT _ )
(r —t)Fj0(t | a, X)dMo(t | a, X) | A=a X
So(t] a,X)Goo(t— | a, X)

+
&

—N N/
S

/MT {RMSTo(r | a, X) — RMSTo (¢ | a, X)}dMo(t | a, X) |Ama X
. So(t | @, X)Goolt— | a, X) -

=[Eo{ho(X)}] ™" Eo{ho(X)RMTL;o(7 | ¢, X)} = ¢35 " (7,a)
If (2) hoo(X) = ho(X) and 7oo(a | X) = mo(a | X) and Goo(t | a,X) = Go(t | a,X) holds, then

AL (t|a, X)=AS(t ] a, X),and dAME (¢t | a,X) = dM§ (t | a, X). We consider the censoring martingale
representation of @?MTL’}L(T, a) since E{fOTAT(-)dMOC(t la,X)|A=a,X} =0,

PN (r,a)
[Bo{ho(X)}) ™" Eo{ho(X)RMTL; (7 | a, X)} + {EO {W}}l B H%}

Go(T— | a, X) w(t | a,X)Go(t— | a,

+/MT {RMTL; o0 (7 | @, X) — RMTL; .00 (¢ | a, X)}dME (¢ | a, X)
0 Soo(t|a7X)G0(t_|a7X)

(a] X
(r — min(F, )I(T = j) = Dt 0 XM 0,30
X { — RMTL; (7 | a, X) —/O X)

=[Eo{ho(X)}] ™" Eo{ho(X)RMTL; (7 | a,X)} + [Eo{ho(X)}]

Eo { (r = min(T, )I(J = ) | A= a7X} — RMTL; oo (7 | a, X)
Go(T— | a,X)

T (et ] 0 X)AME (0, X) |,
‘E{/ Seclt | 0, X)Go(t— | 4, X) A“’X}

Seo(t | a, X)Go(t— | a, X)
=[Eo{ho(X)}] ™" Eo{ho(X)RMTL;o(7 | a, X)} = ¢50 " (7, a)

AT X _ . C
N Eo{/ {RMTLj o (7 | @, X) = RMTL;,o0(t | a, X)}dMS (¢ | a, X) A:a’X}D
0

We plugged in

B { (r = win(T, NI =5) |, mx}
Go(T— ] a,X)

=Fy {A(T —min(@ DI =) | 4=, X} = RMTL;(7 | a, X)
Go(T— | a,X)
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If (3) hoo(X) = ho(X) and Fjoo(t | a,X) = Fjo(t | a,X) and Goo(t | a,X) = Go(t | a,X)
holds, then RMTL; oo (t | a,X) = RMTLjo(t | a,X), AS(t | a,X) = A§(t | a,X), and

dME(t | a, X) = dM§ (t | a, X). We consider the censormg martingale representation of ¢RMTL "(r,a)
smceE[fT/\T ()AM§ (t|a,X) | A=a,X]=0
{p\;"{MTL,h(T7 0,) i>
. _ ho(X)I(A=a)\]" ho(X)I(A = a)
[Eo{ho(X)}] Eo{ho(X)RMTL],()(T | ayX)} + [Eo {77%0(0/ | X) Eo 771_00(@ | X)

(r —min(T, T)I(J =4) e (1) Fyo(t | a, X)dME (¢ | a, X)
X{ Go(T— | a, X) RMTLo(7 | 0, X) /0 Seo(t] a, X)Golt— | a, X)

+/TAT {RMTL; (7 | a, X) — RMTL; o(¢ | a, X)}dMOC(t | a, X)
0 Soo(t|a7X)G0(t7 |a7X)

=[Eo{ho(X)}] " Eo{ho(X)RMTLo(r | a, X)} + [EO{%}T

E ”0(“ | X)} {(T = min(T, 7)) I(J = j) | A= a,X} ~ RMTLjo(7 | a, X)

Toola | X) Go(T— | a, X)

O
AT _ C
(r—1) ]o(taX)dMO(taX)A_(LX}

{/ Solt | @, X)Golt— | @, X)

/MT {RMTL;o(7 | a X) RMTL;0(t | a, X)}dMg (¢ | a, X) A—a X
Seo(t | a, X)Go(t— | a, X) o

=[Eo{ho(X)} " Eo{ho(X)RMTL;o(7 | a, X)} = ¢ " (7, a)

o

The proof above also implies Eo{@50 "~ (7,a;n50) | A = a, X} = RMTL; (7 | a, X).
Using Lemma 2 of [Westling et al.[(2023)),

‘TZJR’MST’h(T, CL) . qu,MST,h(T a)|

Kny

<P {S T (s )} + KZ G {FRIST (7, s ") — ¢iMST*h<T,a;n£<;h)}‘

o 2 B T )~ T )

Under Condltlonand weak law of large numbers, Py, { oSS (¢ a; nfsh)} 5 0. With Conditionl l and
Lemma the second term is op (n~'/2). The third term is bounded by 2[max, Po{quMST "1 a; ") —

RMSTR (7 a; 25")}2]/2, which is further bounded based on Lemmaand converges to zero in probability.
Consequently, [p™MSTh (7 q) — SMSToh (2 a)| = op(1).

In terms of uniform consistency,

sup. e N R - M ()]
te[0,T

Knl\/?
- SFP]ipn{saizMST’%t,a;nm M+ sup LS K g (BT, 0 #) — g1 )
te[0,T k=1

P {¢RMST h( 7a;ﬁ][c\’h) _ C)ROMST,h( t, 77700 )}

With a Donsker ¢EMST" (¢, a; "), the first term on the RHS is Op (n~/2). The second term is op (n~1/?)

when Condition 2] and 4] holds. By Lemma 3] the third term converges to zero in probability. Eventually,

SUP;eo,1) |z/b\RMST’h(t,a) — eMST (1 a)] = op(1). Similar reasoning applies for |1/JJRMTL’h(T, a) —
RMTL,h “RMTL,h RMTL,h

Y0 (Ta)] = op(1) and sup,epo - [¥; (t,a) —¢jo "t a)] = op(1).
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Condition [T] and [3] require convergence of estimated nuisance functions to their limiting counterparts in
probability, which are used to regulate the empirical process terms from the von Mises expansion of

YRMSTR (7 gy — PeMSTh (1 0 and @?MTL’}L(T, a) — w]r%/ITL’h(T, a). Condition [2|bounds conditional dis-
tributions, appeared in the denominators after decomposing P{a;RMST’h(T, a; ) — GEMST (7 g o))

and P{(Z?MTL’h(T, a; ﬁj\h) - @EQ/ITL’}L(T, a; n;\’bh)}Q, away from zero in all strata. This condition can be
assured empirically by Winsorizing extreme values. Condition [3]and [f]are often referred to as model double
robustness where the consistency of the resulting estimators relies only on consistent estimation of a subset of
nuisance functions. When ho () is a function of 7o (a | ), Condition [3]becomes (1) Too (a | X) = mo(a | X)
and Seo(t | a,X) = So(t | a,X) or 2) Tec(a | X) = mo(a | X) and Goo(t | a, X) = Go(t | a,X)
while Condition 6| reduces to (1) mo(a | X) = mo(a | X) and Seo(t | a,X) = So(t | a,X) and
Fjoo(t|a,X)=Fjo(t|a,X)or2)me(a|X)=mo(a| X)and Go(t | a,X) = Go(t | a, X). When
ho(z) =1, Conditionreduce to either (1) Soo(t | @, X) = So(t | a, X) or 2) meo(a | X) = mo(a | X)
and G (t | a,X) = Go(t | a,X). This condition is similar to consistency conditions of doubly-robust
estimators for survival functions on ATE (Zhang & Schaubel, |2012; |Bai et al., |2013) etc. When ho(z) = 1,
Condition |6| weakens to (1) Seo(t | a,X) = So(t | a,X) and F; o (t | a,X) = Fjo(t | a,X) or (2)
Too(a | X) = mo(a | X)and Goo(t | a, X) = Go(t | a,X) or 3) Fjoo(t | a,X) = Fjo(t | a,X) and
Goo(t | a,X) = Go(t | a,X), which corresponds to Theorem |1| for cause-specific CIFs in |Ozenne et al.
(2020). The Donsker conditions that require the nuisance models have bounded complexity, often a bounded
entropy integral, are avoided by cross-fitting (Chernozhukov et al., 2018). W

D.8 PROOF OF THEOREM[3]

Additional conditions are required for pointwise and uniform asymptotic linearity.

Condition 8 It holds that maxy, | [P x {@} (a, X)}] " = [Eo{ho(X)}]"*| = op(n~"/?), max, Eo|hx(X)—
ho(X)| = op(n™'/?).

Condition 9 Ir holds that 71 (7, a) = op(n~/?).
Condition 10 I holds that 75™5T (1, a) = op(n™1/?).
Condition 11 Furthermore, sup,co - T1(t,a) = op(n~"/?) and SUPc(o.r] FRMST (1 ) = op(n~Y/2).

Condition 12 It holds that 75" (1, a) = op(n™/?) and 753" (1,a) = op(n=/?).

Condition 13 Furthermore, sup,¢ (o ,71(t,a) = op(n~1?), SUDy¢(0,1] T (L a) = op(n='/?), and

SUDyc(0,4] 7y TH(t,a) = op (n=1/2).
Under Condition [T} 2| B} [81 Bl [T0l
PN (7, a) = M (7, 0) + Pu{en ™ (7, a5m0 ") 4 op(n 1)

n! LG (7, a) — M (r,a)} P N0, Pol{ipg ™ (7 asmg ™)}
If Condition [ and [TT]hold additionally,

sup [P (t0) — NI (1 a) — Pl (4 i)} = op ()

te[0,7]

such that nl/Q{JRMST'h(t, a) — M (¢ a)} (¢ € [0, 7)) converges weakly to a tight mean zero Gaussian
process with covariance o> " (u, t, a) = P{opg 5T (u, a3 nl "™ oM TR (8 a; nd )Y

Under Condition[2] B} [6] [8} Ol [12}
QZ?MTL,}L(ﬁ a) :w;f,{(l;/ITL,h(T7 a) +Pn{<p§3/[TL’h(T7a;né\’h)}+OP(TL71/2)

nP{PINTR (7 a) — TR a) ) s N0, Pol{e T ( as e ™))
If Condition[7)and T3] holds additionally,

“RMTL,h RMTL,h RMTL,h AR —1/2
wj (t,a) — ¢j,o (t,a) — Pn{‘Pj,o (t, a; M50 )} =or(n / )

sup
te(0,7]
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such that n'/ 2{JRMTL‘}L(t, a) — w]Rg“TL "(t,a)} t € [0,7]) converges weakly to a tight Gaussian process

with mean zero and covariance URIOWTL "u,t,a) = P{yp; RMTLN (4, a; 77] B )@??TL "(t,a; n;\’bh)}.

Following Proof of Theoreml and when n;" = n(/)\’h, we have

PRV (7, a) = g (7 a)

K
—Po{p RMSTh(T7 . }Jrfz n,

1/2

Grad S5 (s ") = 90T (0 mg ")}

Z Kny Py {¢RMST B(r, gy A} — RMSTA (L )]

Under Condition[T] 2} @] and Lemma 3,

Knl/?
B2 e sup |G () - of N (e )| = op(n %)
k=1

te[0,7]

For the third term on the RHS, we substitute the Duhamel equation

So(t—|a, X)

At a X) — X0 = g4 SoltlaX)
St Tan) {dA(t | @, X) — dAo(t ] a, X)} d{A 1}

St a,X)
into Lemma[2]

Po{d T (s ™)} — g T (7 )
hi(X)mo(a | X)RMSTx(7 | a, X) / Go(t=|a,X) || [ Soltlax) |
Te(a | X) o | Gr(t—|a,X) Se(t]a, X)

hk(X){%k(a|X) }RMSTk( | X){Sk(7'|aX) 1}:|

gy | O] X) ; o(t— | a, X) Soft|a,X)
EO[ Fela| X) /RMST’“(” X){Gk(t—|aX) 1}d{§k(t|a,X) 1”

_ B (ﬁk(X) {% _ 1} RMSTy(r | a, X) {W} — RMSTo(r | a,X)D

=[Pr {5 (a, X)}] 7" Eo

+ Ey

Sk(t | a, X)

+ ([P {hi (X" = [Pas{@0 (@, X)H ™) Eo{hk(X)RMST(7 | a, X)}
+ ([P {7 (a, X)} 7" = [Eo{ho(X)}] ") Bo{hx(X)RMSTo (7 | a, X)}
+ [Bo{ho(X)}] " Bo[{hx(X) — ho(X)}RMSTo(7 | a, X)]

such that

Py {¢R1\IST h( a: %\ h)} _w(I){MST,h(T’ a)’

[{Gutmte) L[S ax)
o | Gi(t—|a,X) Sk(t | a, X)

+ ot himasce B j{%k(a | X) —mo(a | X)} {RMST( | a, X) — RMSTo(r | a, X)}

<2h_1 hmaxeT Eo

min

+ 2hgin Bonax Thimas T ‘[Pn,k{@ﬁ(a»x)}]_l — [Bo{ho(X)} | + hanta Eol{Ar(X) — ho(X)]

[{gmten) L fiex)
o | Gi(t—| a,X) Si(t|a,X)

T (7, @) = max Ey ‘m(a | X) — mo(a | X)HRMST(r | a, X) — RMSTo( | a, X)}

where we define

ri(r,a) = max Ey

53



Under review as a conference paper at ICLR 2026

Note that 1/K Y 1 | Kny/n < 2, such that

[P {d)RI\IST Jh T, a; nk )} ¢RMST h( ,a)}

s
o

k=1
<Ah} haxerTL (T, @) + 2hi s hanax €

+ 4hpit PanasT hamascT |[Pre{ @5 (a, X)}] ™" = [Eo{ho(X)}] ™}

MST(r,a)

minT Eol{hi(X) = ho(X))|

By Condition Ek 10, the RHS is op(n~'/?).  Hence @RMST’}L(ﬂ a) = EMSTR(ra) +
Pufog S0 (ramg ™)}y + op(nT?). Due to Py """ (ram™)}y = 0,
Po[{otMST (7 a;md™)}? < oo, and its uniform boundness, n'/2P,{ot™5T " (7, a;nl ")) N
N(O, Po[{soRMST h(T, a;my")}?))-

When Condition [Tl holds

KZKnk[P {¢RMSTh(7 SAbmY — wRMSTh(7a)}‘

sup
te[0,7]
<4ht Bmaxer sup Ti(t,a) + 2h1 hmaxe sup TQRMST(t,a)

te[0,7] te(0,7]

A T | [P {80, XY™ = [Eo{ho(X)N ™ + 2hiplymBol{he(X) = ho(X)| = op(n™/%)

As a result,

up, [FTA (a) — T 0) — P i) = or ()
tel0,T

As oiMSTh(p g:nMYy is uniformly bounded for ¢ € [0,7], then n/2{P,ot™S T (¢, a;nd ")}
converges weakly to a tight Gaussian process with mean zero and covariance O'(P){ MSTh( ,t,a)

RMST,h RMST,h
P { (u7a7 770 )()00 (t7 a; 7]0 )}
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We plug the Duhamel equation into the competing risks setting of Lemma 2}

Po{dyy ™" (ras i)}y — o' (7 a)

th)wo he(X)mo(a | X)T /SotlaX{got | a, X) 1}

=[Po s {@% (a, X)}] 7" <—E0 )
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[ (X)mo(a | X)RMTL, (| a, X) [7 [ Go(t— | a, X) So(t | a, X)
+ Ey — : —1,d =———"—+
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+E°_ Tela ] X) /otF”k(” ’X){th | a, X) } {§ (t]a,X) H
B mo(a] X))\ [ Fulrla, X)So(r o, X)r (7 Solt|a.X)p
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After canceling out common terms, we have

P0{¢RMTL h(T a: ﬁj\kh)} wRMTL h(T7 a)

S [ oS X){Gkoe—mX) 1}

hi(X)mo(a | X)

=[Pox {0 (a, X)}] 7 <E0

s {dAjk(t ] a, X) — dA;o(t | a,X)}] + B0 | 2
Go(t—|a, X 1 t]a, X 1
Gr(t— | a, X t]a,X
Go(

) So(t|a, X)

) S
t— |a,X)71 d (t|aX
Gk(t-'(LX) (t\a X

% {RMTL; 4 (r | a, X) — RMTL;.o(r | a,X)}}

hn(X)mo(a | X) [T .

— B

+ ([P {hi(X)N " = [Pu{@7 (a, X)}] ") Eo{hr(X)RMTL; (7 | a, X)}
+ ([Pas{ @1 (a, X)} ™" = [Bo{ho(X)}] ") Bo{hi(X)RMTL; (7 | a, X)}
+ [Eo{ho(X)}] "' Eo[{Ar(X) — ho(X)}RMTL;0(7 | a, X)]

Finally,
PO{¢RMTL h (, a; ﬁ]/\kh)} _ wEOMTL,h(T, a)’

=2h 1 hmaxeT Eo

/OT {m - 1} (AR, 0t | a, X) — dA ot | a, X)}'

I {qou— 0. X) _ 1}d{§o<t 2. X) _1}‘
o | Ge(t—]a,X) Sk(t]a,X)

F hl hmaxeEo ){%k(a | X) — mo(a | X)} {RMTL; (7 | a, X) — RMTL, 0(7 | a, X)}‘

+ 4h} hmaxer Eo

+ 2 i Pnas s T ‘[Pn,k{@fi(a» XN = [Eofho(X)N ™| + haaiu7 Eo [ {Ar(X) = ho(X)|

where we define

~RMTL

PN (7,0) = max Bo [{Fu(a | X) = mo(a | X)} {RMTLy( | 0, X) = RMTL;0(r | a, X)}|

/T {M _ 1} (AR 0(t | @, X) — dA ot | a,X)}’

?§MTL(
! Gr(t=]a,X)

T,a) = max Eo

Remaining proofs are similar to that of Po{¢RMST (7, a; ﬁ,? MY} — pEMST (7 ).

Regarding efficiency bounds of the proposed estimators, the conditional variances of {!P‘MST’h(T) is

Var{ZZRIVIST,h(T) | On}
= L [Pu (ROON 2 PaB(X) var{RNST(r | 1,X) | On}] + = [Pa{@" (1, X)}]

r R(X)I(A=1) Var{—/TAT {RMST(7 | 1, X) — RMST(¢ | 1, X)}dM(t | 1, X) |On}

72 (1] X) St 1,X)G(t—|1,X)
+ %[Pn{ﬁ(X)}]’2Pn[ﬁ2(X) var{RMST(7 | 0, X) | On}] + %[Pn{@h((), X)) 2
P, iAzZ(AX)I(A:O) v _/TAT {RMST( | (),AX)le\//[@AT(t |0, X)}dM(t ] 0, X) 0.
| 70]X) 0 St 0,X)G(t—| 0, X) |
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By the Slutsky’s theorem,

n x var{g"MT" (1) | 0.}

where p(x) is the probability density function of X with respect to a measure F(-). Assuming untilted un-
centered true IFs are conditionally homoskedastic, i.e., var{¢g™>T (1, 1; ) | } = var{¢t™5T (1, 0;78) |
z} = CRMST we have

nx var{g"S T (r) | 0.} — CR'ST { | mtwmr (d‘”)}Q/ {%}

Following the Cauchy-Schwarz inequality,

{ / ho<x>po<x>f(dx>} ={ fo(@) ol [ Dm0 | a:)m(w)f(da:)}

mo(1 | 2)mo(0 | x)

W@ o R e (11 2V (0 | 200 () F(di
S/ﬂ0(1|x)7r0(0|x)p0( )f(d)x/ o(1 | 2)mo(0 | z)po(z)F (dz)

The equal sign holds if and only if ho(z)/{\/mo(1 | z)m0(0 | z)} o< /mo(1]| z)mo(0 ]| z), identically
ho(z) o mo(1 | z)mo(0 | ) x var(a | z). This is when the proposed estimators reach the semipara-
metric efficiency bounds for the WATE under conditional homoscedasticity of untilted uncentered IFs. The

proof for var{ A;-)‘MTL’h (1) | On}is similar. W

Note that when ho(z) = w(1 | )7 (0 | z), we have

RMST,ATO(T) _ Eo [COV{A: min(T, T) | X}]
0 Eo{var(A| X)}

and

d)RMTL,ATO(T) _ EO(COV[A: {T — min(7, T)}I(J =) | X])
3,0 Eo{var(A| X)}

Vansteelandt & Dukes| (2022) discussed adaptive estimation of a partially linear model for continuous and
binary outcomes. However, as the survival time is subject to censoring, the structural nested model requires
additional semiparametric assumptions on the restricted survival time (Hagiwara et al.,|2020) and hence is not
pursued in this paper.
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