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Abstract

Smoothness is known to be crucial for acceleration in offline optimization, and
for problem-dependent regret that scale with gradient variations in online learning.
Interestingly, these two problems are actually closely connected — accelerated
optimization can be understood from the lens of gradient-variation online learning.
In this paper, we systematically investigate online learning with Holder smooth
functions, a class encompassing both smooth and non-smooth (Lipschitz) functions,
and further explore its implications for offline optimization. First, we propose
an online algorithm with optimal gradient-variation regret for convex functions,
which implies an optimal accelerated method for stochastic convex optimization
under Holder smoothness. Then, we extend the results in three aspects: (i) strongly
convex functions, (ii) non-stationary online learning where the comparator sequence
changes over time; (iii) universal online learning where the curvature of functions
is unknown. In all three cases, we have achieved the first gradient-variation regret
that can well interpolate the results between the smooth and Lipschitz regimes, and
recover the optimal results in each case. Notably, our proposed algorithms do not
require prior knowledge of the Holder smoothness parameter, greatly improving the
adaptivity of existing methods that depend on this parameter, even when designed
specifically for smooth functions. Finally, we demonstrate several implications for
offline optimization through carefully tailored online-to-batch conversions.

1 Introduction

Online Convex Optimization (OCO) [Hazan, 2022] is a powerful and versatile framework for learning
with data streams, typically modeled as an iterative game between a player and the environment. At
iteration ¢ € [T'], the player chooses a decision x; from a bounded convex feasible domain X C R<,
Simultaneously, the environment reveals a convex function f; : X — R, and the player incurs a loss
fi(x¢). The player receives certain information to update x;1, aiming to optimize the regret

REG £ Z fr(xy) — )Igél;(lth(X) €))
t=1

When the online functions are Lipschitz, it is known that minimax optimal regret bounds are O(v/T)
and O(% log T') for convex and \-strongly convex functions respectively [Zinkevich, 2003; Hazan
et al., 2007]. When the online functions are smooth, we can further obtain problem-dependent
regret guarantees, which enjoy better bounds in easy problem instances while maintaining the same
minimax optimality in the worst case [de Rooij et al., 2014; Foster et al., 2015]. Among many problem-
dependent quantities, a particular one called gradient variations draws much attention [Chiang et al.,
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Table 1: Comparisons with existing regret bounds. We achieve the gradient-variation regret under four setups,
each recovering the best-known results with either smoothness or non-smoothness (Lipschitzness). For universal
regret, we use min{-, -} to denote the minimum of the bounds for convex and strongly convex functions.

Setups Our Results with Recovering Existing Results with
18 (Ly,v)-Holder Smoothness Smoothness (v = 1) Non-smoothness (v = 0)
Convex O(WVr + L,T7) o (VVr) O(VT)
[Theorem 1] [Chiang et al., 2012] [Zinkevich, 2003]
\-Strongly Convex O (3logVr + 3 L2 (log T)' =) O (3 logVr) O (31ogT)
[Theorem 3] [Chiang et al., 2012] [Hazan et al., 2007]
Dynamic Regret | © («/VT(1+PT)+L,,(1+Pf,v)%TlT") o (\/V,‘(1+P7-)+Py-) o( T(1+PT))
[Theorem 5] [Zhao et al., 2024] [Zhang et al., 2018]
min {O(\/Vp + L,,TITV).
) . v 1 a ; 1
Universal Regret O(%logVr + %L?,(logT)%)} min {O(VVr), 0 (5 log Vi) } 111111{0(ﬁ),0 (AIOgT)}
[Theorem 6] [Yan et al., 2024] [Wang et al., 2019]

2012; Yang et al., 2014], which is defined to capture how the problem evolves over time,

T
VT é Z SIEJEHVft(X) — Vft_l(x)||2. (2)

t=2%

It is established that optimal gradient-variation regret for convex and A-strongly convex functions are
O(/Vr) and O (% log Vi) [Chiang et al., 2012], respectively. There has been significant subsequent
development in more complex environments [Zhao et al., 2020, 2024; Sachs et al., 2023; Yan
et al., 2023; Xie et al., 2024]. Gradient-variation online learning has garnered significant interest,
not only because its development substantially enriches the field of OCO through the analysis of
trajectory dynamics, but also due to its fundamental connections to a wide range of optimization
problems. Gradient-variation adaptivity has been shown to be crucial for fast convergence in minimax
games [Syrgkanis et al., 2015; Zhang et al., 2022], and recent studies reveal its key role in bridging
adversarial and stochastic convex optimization [Sachs et al., 2022; Chen et al., 2024]. In this paper,
we further demonstrate that gradient-variation online learning is closely connected to offline smooth
accelerated optimization, building on the works of Cutkosky [2019] and Kavis et al. [2019].

Consider the offline optimization problem min,¢ x £(x), where £ : R? — R is a convex objective
and X is a convex feasible domain. A standard approach to obtain ¢(X1) — mingex £(x) < ep
is to apply the online-to-batch conversion [Cesa-Bianchi et al., 2004] with an appropriate online
algorithm. For instance, by using online gradient descent [Zinkevich, 2003], one can directly obtain
a convergence rate of e = O(1/+/T) for optimizing Lipschitz functions. However, for smooth
functions, the connection between online learning and offline optimization is less straightforward.
Recent breakthroughs [Cutkosky, 2019; Kavis et al., 2019] demonstrate that a stabilized online-
to-batch conversion, combined with a gradient-variation online algorithm, can obtain the optimal
accelerated convergence rate of ez = O(1/T?) for convex and smooth functions [Nesterov, 2018].

Motivated by the significant differences in the optimal rates and algorithms for Lipschitz and smooth
regimes, previous works have explored intermediate function classes, named Holder smoothness [Nes-
terov, 2015]. Here we consider in Euclidean space: a function £ : RY — R is (L,,, v)-Holder smooth
with respect to the £o-norm with L, > 0 and v € [0, 1], if

IVe(x) - Vely)ll2 < Lollx -yl v,y € RY. 3)

It implies the L-smoothness with L, = L when v = 1 and G-Lipchitzness with L, = 2G when
v = 0. An optimization algorithm is called universal [Nesterov, 2015] if it can automatically achieve
the best possible convergence guarantee without requiring Holder smoothness parameters (L,, v). A
relaxed definition of universality only requires achieving optimal rates for the two extreme cases of
L-smooth (v = 1) and G-Lipschitz (v = 0) functions, without prior knowledge of L and G.

In this paper, we conduct a systematic study of gradient-variation online learning under (L, v)-
Holder smoothness. We demonstrate that, optimistic online gradient descent [Chiang et al., 2012]
equipped with specific time-varying step sizes can obtain regret bounds of O(v/Vy + L, T"/?)
for convex functions, and O(% log Vi + %L?, (log T)*=") for A-strongly convex functions. When
online functions are smooth, the above results recover the best known guarantees of O(y/V7) and
(’)(% log Vi) for convex and A-strongly convex functions [Yang et al., 2014]; and when online
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functions are Lipschitz, the results imply the minimax optimal O(+/T') and O(5 log T') [Abernethy
et al., 2008], respectively. The results are summarized in the first three rows in Table 1. Importantly,
our proposed online algorithms do not require prior knowledge of L, and v, thereby paving the way
for developing universal and accelerated methods in offline optimization.

Furthermore, combining our proposed online algorithms with carefully designed online-to-batch
conversions can yield favorable implications for offline accelerated optimization. Specifically,

(1) For stochastic convex optimization, under the standard assumption that the variance of the stochas-
tic gradient is bounded by an unknown constant o, we obtain the universal algorithm with an opti-
mal convergence rate of O(L, D T~"**/2 4 5D /\/T) for (L, v)-Holder smooth functions,
where D is the domain diameter. This matches the best known result of Rodomanov et al. [2024].
This interpolated result automatically recovers the optimal rates of O(LD?/T? + oD /+/T) for
L-smooth functions, and O((G + o) D//T) for G-Lipschitz functions.

(2) For deterministic optimization with A-strongly convex functions, we present the first universal
method with an accelerated convergence. Our method simultaneously achieves the near-optimal
accelerated rate of O(exp(—T/(v/k - logk))) for L-smooth functions and the O((logT)/T)
rate for Lipschitz functions, where k = L/ is the condition number. This improves upon
the previously best-known universal result by Levy [2017], who achieved a non-accelerated
O(exp(—=T/k) - T/k) rate for smooth case and the same O((log T')/T) rate for Lipschitz case.
This is done via a novel detection method that estimates the smoothness parameter on the fly.

We finally extend our online learning results to more complex regret measures, including dynamic
regret that competes with changing comparators [Zhang et al., 2018], and universal regret that does
not rely on curvature information of online functions [van Erven and Koolen, 2016].! We establish
the first results for these two challenging performance measures under Holder smoothness.

(3) For dynamic regret minimization, we prove an O(/Vr (1 + Pr) 4 L, (1 + Pp) ™70 /2)
dynamic regret, where Pr models environmental non-stationarity. Our guarantee recovers the
best-known results of smooth and Lipschitz functions [Zhang et al., 2018; Zhao et al., 2024].

(4) For universal regret minimization, we achieve the first guarantee — an O(\/V + L, T""/?)

regret for convex functions and an O(% log Vr + %L?j(log T) }%) regret for A-strongly convex
functions. These can recover the optimal results for Lipschitz and smooth functions [van Erven
and Koolen, 2016; Wang et al., 2019; Yan et al., 2024], respectively.

The results are summarized in the last two rows in Table 1. Importantly, all the above results are
achieved without requiring Holder smoothness parameters. In contrast, the previous best-known
gradient-variation methods for convex and smooth functions still depend on the smoothness parameter
L [Chiang et al., 2012; Zhao et al., 2024]. Our results enhance the adaptivity of gradient-variation
online learning, which we believe has broader implications for offline optimization.

Organization. The rest is structured as follows. Section 2 introduces the problem setup. Section 3
explores gradient-variation online learning and its implications to optimization with Hélder smooth-
ness. Section 4 extends to strongly convex optimization. Section 5 studies two more challenging
online learning scenarios. Section 6 concludes the paper. All proofs are provided in the appendices.

2 Problem Setup and Preliminary

In this section, we first formulate the problem setup and list assumptions in Section 2.1 and then
introduce two more complex regret measures (dynamic regret and universal regret) in Section 2.2.

2.1 Problem Setup and Assumptions

Notations. We denote by ||-|| the £5-norm in default. O(-) omits poly-logarithmic factors on leading
terms. We use [N] to represent set {1,2,..., N} and use }_, as abbreviation for >, . We
define Z?:a c; £ 0ifa > b. Let Dy(x,y) £ ¥(x) — (y) — (Vi)(y),x — y) denote the Bregman
divergence associated with the convex regularizer ¢) : X — R. We use a < b to represent a = O(b).

'Tn offline optimization, “universality” refers to adaptivity to smoothness, allowing algorithms to perform
optimally without prior knowledge of smoothness parameters, whereas in online learning, “universality” denotes
adaptivity to convexity, enabling algorithms to achieve optimal regret bounds across different function classes.
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Offline Optimization Setup. The optimization problem is formulated as minyer £(x). We assume
the learner has access to the oracle of the gradient information V/(-), denoted by g(-), where there
are two settings: (i) the deterministic setting that g(-) exactly equals to V/(-); and (ii) the stochastic
setting that g(+) is the unbiased estimate of V/(-), such that E[g(x) | x] = V/(x), and at the same
time we import the classic assumption of bounded variance, that is, E[||g(x) — V{(x)||? | x] < o>
holds for all x € X. In this paper, we consider the convergence of the sub-optimality gap, i.e.,
{(x}) — mingex £(x), where x. is some statistic of the optimizing sequence {x;}7_;.

The following bounded domain assumption will be used throughout this paper. We focuses on this
setting since it is common in the literature [Hazan, 2022], and studying gradient variation under
Holder smoothness is already challenging and non-trivial in the bounded domain.

Assumption 1 (Bounded Domain). The feasible domain X C R? is non-empty and closed with the
diameter bounded by D, thatis, ||x — y[|2 < D forall x,y € X.

To better illustrate the universality of our methods and to distinguish the degree of dependence on the
smoothness information, we propose the following definitions of weak/strong universality.

Definition 1 (Weak/Strong Universality). A method is weakly universal if it automatically adapts to
standard L-smoothness or G-Lipschitz, without requiring L and G. A method is strongly universal if
it automatically adapts to (L, , v)-Holder smoothness without requiring L, and v.

2.2 More Challenging Regret Measures

In this paper, we also investigate the two more complex regret measures under Holder smoothness.

Dynamic Regret. In non-stationary online learning scenario where data are evolving and the optimal
decisions are drifting over time, the dynamic regret [Zhang et al., 2018] is proposed that competes

with time-varying comparators uy, ..., ur € X, defined as:
T T
D-REGy (uy, -+ ,ur) £ 3 fi(x) = Y fi(w). “
t=1 t=1

A dynamic regret upper bound usually scales with certain non-stationarity measure, such as the path
length of comparators, defined as Py £ ZtTZQ |lu; — us—1|| [Zhang et al., 2018; Zhao et al., 2024].

Universal Regret. Universal online learning [van Erven and Koolen, 2016] studies the problem of
lacking curvature information and aiming to design an online algorithm, denoted by .4, that behaves
in the following way: (i) when all the online functions are convex, the regret bound of A is the same
as that of methods specifically designed for convex functions; and (ii) when all the online functions
are strongly convex, A achieves the same regret as strongly convex regret minimization algorithms.
Below we formally define the universal regret, which measures the decisions {x7\}7_, generated by
an online algorithm A, where all online functions belong to some unknown function class F:

T T
A A .
U-REGT (F) = ;Mxt )= gg;g;ft(x), (I CF, Fe{F, 7 ©)
where F, represents convex function class, and JF,) represents \-strongly convex function class.

3 Convex Optimization with Holder Smoothness

In this section, we achieve the gradient-variation regret bound with Holder smoothness in Section 3.1,
then apply our method to obtain the best known results for stochastic optimization in Section 3.2.

3.1 Gradient-Variation Online Convex Optimization with Hélder Smoothness

We leverage the optimistic online gradient descent (optimistic OGD) [Chiang et al., 2012] as our
algorithmic framework, which enjoys gradient-variation regret. Before receiving x; and performing
the classical online gradient descent update step using V f;(x;) [Zinkevich, 2003], optimistic OGD
performs an additional update step using the prediction for the upcoming gradient, denoted by
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M, € R?, which is often set as the last observed gradient V f;_1(x¢—1). Specifically, optimistic
OGD maintains two decision sequences {x;}7_;, {X;}7_,, and updates by

xy = x [ﬁt —neMy], Xip1 = Hy [ﬁt — eV fi(xe)] (6)
where 7; > 0 is a time-varying step size, and we denote by I1x[y] £ arg min,c v|/x — y||2 the
Euclidean projection operator for any y € X. Setting M; = V f;_1(x¢—1), optimistic OGD can
obtain gradient-variation regret under standard smoothness via classical analysis [Chiang et al., 2012]:

R G

REGT S — + ZTItHVft(Xt) - Vftfl(thl)H2 - Z — It — Xt71H2~ (7N

(e — =2 -1
On the right-hand side, the second term >, m;||V fi(x¢) — V f;—1(x¢—1)||? is an adaptivity term
measuring the deviation between the two gradients, and the last one is a negative stability term.
The adaptivity term can be bounded by ||V fi(x;:) — V fi_1(x)||? + [|V fim1(xe) — Vfio1(xe—1)||%
where the first part can be converted to the desired gradient variation Eq. (2) and the second part is
bounded by L?||x; — x;_1]|? under standard L-smoothness assumption, and thus can be canceled
out by the negative term in Eq. (7). When the smoothness parameter L is given, this cancellation
is straightforward by ensuring 7; < 1/L, which is the reason why most existing gradient-variation
techniques require the prior knowledge of the smoothness parameter L.

However, when it comes to gradient-variation online learning with Holder smoothness, we cannot
directly apply the definition in Eq. (3) as we did with standard smoothness, because it would yield
|V feo1(xt) — Vfio1(xe—1)||* < L2||x¢ — x¢—1]|*”, which mismatches with the negative term. To
this end, we present a key lemma regarding Holder smoothness as a kind of “inexact” smoothness [De-
volder et al., 2014; Nesterov, 2015], which has a similar form to standard smoothness except for an
additional corruption term. The proof is in Appendix A.2.

Lemma 1. Suppose function f is (L, ,v)-Holder smooth, then for any 6 > 0, denoting by L =

2

v—1

S+ L, it holds that for all x,y € R%:
IVf(x) = Vi) < L?x - y|* +4L3. @)

When smoothness holds, i.e., v = 1, our lemma recovers the standard smoothness assumption when
0 approaches 0. When functions are G-Lipschitz, i.e., v = 0 and L,, = 2G, by treating the right-hand
side as a function for § and calculating the minimum, the lemma results in ||V f,(x) =V i (y)||* < G2,
providing an upper bound that depends only on G.

Although we can obtain L?||x; —x;_1]|? from the adaptivity term in Eq. (7) that matches the negative
term in Lemma 1, we still cannot directly perform cancellation by explicitly setting the clipping
n: S 1/L. This is because this L depends on ¢ in Lemma 1, which exists only in analysis and is
algorithmically unavailable. To this end, inspired by Kavis et al. [2019], we adopt the following
adaptive step sizes which allows us to perform virtual clipping in the analysis:

.D A 2 : 2
"= ARIVAC +SZ=;HWS(XS) M|, ©
The rationale behind this configuration is that, since 7; in Eq. (9) is non-increasing, it will eventually
become smaller than 1/L after certain rounds (denoted as ;). This implies that, for ¢ > ¢, the
analysis allows the aforementioned cancellation to occur. For the summation before ¢y of the
adaptivity term in Eq. (7), we can directly bound it by |/ A;,_1 that is inversely proportional to 7;,,
thereby further bounded by a constant because 7, is larger than 1/L.

Finally, we provide the following regret guarantee with the proof in Appendix A.3.
Theorem 1. Under Assumption 1, and assuming online functions are convex and (L, ,v)-Hélder
smooth , optimistic OGD in Eq. (6) with My = 0, My = V fi_1(x¢—1) for all t > 2, and the step
sizes specified in Eq. (9) for all t € [T, ensures the following regret bound:

REGr < O (D/Vp + LD'H'T

1—

=+ DIVAG)I) -

Theorem 1 implies optimal guarantees for both smooth and Lipschitz functions even in terms of
the dependence on the domain diameter D: (i) when the online functions are L-smooth, i.e., (L, 1)-
Holder smooth, our result recovers the optimal bound of O(D\/W + LDQ) [Chiang et al., 2012];
and (ii) when the online functions are G-Lipschitz, i.e., (2G, 0)-Holder smooth, our result also
recovers the worst-case minimax optimal guarantee O(GD+/T) [Zinkevich, 2003].
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Remark 1. We emphasize that, unlike previous works that require the parameter L of smooth
functions [Chiang et al., 2012; Orabona, 2019; Yan et al., 2023; Zhao et al., 2024], our algorithm
is strongly universal (as defined in Definition 1), as it does not require the Holder smoothness
parameters, while can still achieve optimal guarantees for both smooth and Lipschitz functions. <

3.2 Implication to Offline Convex Optimization

In this part, we demonstrate the effectiveness of the gradient-variation adaptivity presented in Sec-
tion 3.1 by leveraging it to achieve acceleration for offline optimization under Holder smoothness
via a powerful online-to-batch conversion [Cutkosky, 2019]. For completeness, we first recall the
conversion framework, which is useful to directly translate the regret bounds to convergence rates.

Specifically, consider the optimization problem of minye x ¢(x) with a gradient oracle g(-) provided.
We require an online learning algorithm A and a sequence of positive weights {a;}_,. The
conversion goes as follows. At each iteration ¢, it computes a weighted average of past decisions

X = a}‘f 22:1 asXs with . £ 22:1 a5, queries the gradient g(X;), and then construct the
online function f;(x) = a;(g(X:),x). This function f;(-) is passed to the online algorithm A to
obtain x; for the next iteration. After 7" iterations, the online-to-batch conversion outputs the final

.. al T . .
decision X = ﬁ > i—1 cux¢. The conversion ensures the following convergence guarantee:

BlU(xr)] - ((x.) < B | Y aulgl).x - x.)| (10)

where x, € X is an arbitrary point in the feasible set. The right-hand-side of Eq. (10) is the expected
regret of the online algorithm divided by the total weight cv1.p. To this end, with the gradient-variation
adaptivity of optimistic OGD, we present the accelerated result for optimization problem under Holder
smoothness in the following. The proof can be found in Appendix A.4.

Theorem 2. Under Assumption 1, for the optimization problem of mingex £(X) with stochastic
setting, assume the objective { is convex and (L, ,v)-Holder smooth. By employing the online-
to-batch conversion algorithm with f;(x) = a;(g(X:),x) and oy = t for all t € [T), instanti-
ating the online algorithm A as optimistic OGD in Eq. (6) with My, = 0, M, = cug(X:) and
X = L(Zt;ll asXs + apxy_1), setting the step size ny = D/(2+/Ai_1), we have the conver-

gence ‘rate foranyx, € X,
% L,D'*" oD  D|Vix)|
EV“”“”“”SO(JMf ¢T+T2)'

For L-smooth and G-Lipschitz functions, our results recover the rates O(LD?/T? + 0D /+/T) and
O((G + ¢)D/+/T), thus aligning with those of UniXGrad [Kavis et al., 2019], the first optimal and
(weakly) universal method. Moreover, our method is actually strongly universal due to its adaptivity
to more general Holder smoothness, matching the best-known results of Rodomanov et al. [2024].

Remark 2. Besides the constrained setting, recent studies investigated Holder smoothness in the
more challenging unconstrained optimization. Orabona [2023] leveraged a strongly universal method
and achieved a non-accelerated rate of O(L,, ||x,||*** /T"*"/?), while Li and Lan [2023] obtained an
accelerated O(L, ||x,||*t" /T""*"/?) with the pre-specified accuracy and appropriate initialization.
We leave extending our method to the unconstrained optimization as an interesting future direction. <

4 Strongly Convex Optimization with Holder Smoothness

This section considers strongly convex optimization with Holder smoothness. Section 4.1 provides the
first gradient-variation regret in this case, and Section 4.2 leverages it to obtain a universal method.

4.1 Gradient-Variation Online Strongly Convex Optimization with Holder Smoothness

In this part we study the case where the online functions are strongly convex and Holder
smooth. A function f : X — R is A-strongly convex with respect to ¢o-norm if it satisfies
fy) > f(x) +(Vf(x),y — x) + 5|x — y||3 forall x,y € X. In the following theorem we obtain
the online gradient-variation adaptivity with Holder smoothness, with the proof in Appendix B.1.



242
243
244

245

246

247

248
249

250

251
252
253

254
255
256
257

259
260
261
262
263
264

265
266
267

269
270
271
272

273
274

Algorithm 1 Universal Accelerated Strongly Convex Optimization

Input: Strong convexity curvature A, total iteration number 7.

1: Initialization: oy = 1,Ly = A\, L £ M (2exp((InT)/T) —1)%,%;, =x; € X, M; = 0.
2: fort =1to T do — .

3 a1 = arq - A/ A/ (4Ly41) with Ly q specified in (11)

g = ;' VU(X:) + Ao (x — %) with X = a} (ZZ 11a8xS + aixy)

M1 = a1 VAR + A (x; — Xip1) with X Xit1 = ﬁ(Ziﬂ QsXs + Qpp1Xt)
xXep1 = Ha[xe — ne(ge — My + Myyq)] withn, = 4
7: end for

Output: arg ming, ;¢ £(Xt)

AN AN

Aai:t

Theorem 3. Under Assumption 1, assuming online functions are \-strongly convex and (L,,,v)-

Hélder smooth, optimistic OGD in Eq. (6) with My = 0, My = V f;_1(x¢—1) for all t > 2, and step
. _ 3 ; .

size 0y = 3 for all t € [T, ensures the following regret bound:

2 2 M2v 2
REGy < O (GTX log (1 + @ZT > L LD (log 7)™ + IV A GO > 7

A A
where G2, & max;cir 1) SuPe x|V Fu(x) = V fipa (%)%

m

This theorem recovers best-known results under both smoothness and Lipschitzness. In the L-smooth
+ %LQDQ) [Chen et al., 2024];

and in the G-Lipschitz case, we also recovers the optimal regret of (D(GT2 log T') [Hazan et al., 2007;
Abernethy et al., 2008].

case, we recover the best known regret of (9( =max log(14Vp/ Gmdx)

4.2 TImplication to Offline Strongly Convex Optimization

In this part, we develop a weakly universal algorithm for deterministic strongly convex optimization.
This is achieved by leveraging the gradient-variation adaptivity with a carefully specified online-to-
batch conversion, and a smoothness-detection scheme with a novel analysis.

We first introduce the intuition of our method. Denoting by L, the smoothness parameter of the
objective £(-), which is unknown. Recall that in the online-to-batch conversion, the gradient of the
online function V f;(-) includes the term «; V/¢(X;). Consequently, by designing an appropriate
optimism, we obtain an empirical gradient variations related to ||c; VA(X;) — a; VA(X;—1)||?, which
is at most 2ozf LyDy(X;—1,X¢) by smoothness [Nesterov, 2018, Theorem 2.1.5]. Therefore, the proper
setting for oy relies on the smoothness parameter Ly, which is unknown. This motivates us to directly
use the empirical smoothness L; = ||VA(X;) — VE(X;—_1)||?/(2D¢(X;—1,%;)) for Ly. However, we
cannot directly use L, to set o, because oy is required just before L, is observed in the algorithmic
updates. To this end, we instead propose an estimate for L;, denoted by Ly, to set the a;. After L, is
calculated, we determine whether to update our estimate in the next iteration based on its relationship
with L;, which can be formulated as:

Yt >2 Et+1 = {min{LAZt}’ ! Lt <L = Hveg/gz(vazl(x):f)l)u ’

(11)
Ly, otherwise.

The intuition behind the detection scheme is — when our estimate L; < L, < Ly, it means there is
still a gap between our estimated L, and the underlying L, so we multiply it by a constant factor. And
when L; > L,, our estimate may already be close to L, so we keep using it. Therefore, our estimate
L; automatically adapts to O(Ly) on the fly within about O(log L) iterations of increasing due to
the geometry increasing rate. Moreover, in the case of the non-smoothness where the arbitrarily large
L, would ruin our estimate, we design a threshold L in the meanwhile, to safeguard a non-smooth
convergence rate of O(1/T). Algorithm 1 summarizes the updates and we provide the convergence
guarantee in Theorem 4 with the proof in Appendix B.3.

Theorem 4. For the optimization problem of mingex £(x) with deterministic setting, assume the
objective L(-) is \-strongly convex. Then when {(-) is G-Lipchitz, Algorithm 1 ensures

G? logT>

min 4(X;) — l(x,) <O ( T

te[T)
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When £(-) is Lg-smooth, denoting by k = Ly /), Algorithm I also ensures:
n 0% NEDIERE -7
Y —Ux,) < max ,
i o) e = 0 ( v P \Trevmion val
where G2

2 ox = maxyer_1) | VUX,) — VUXy41)||? is at most L3 D* under Assumption 1, or it can
be upper bounded by 4G? if {(-) is G-Lipchitz.

Theorem 4 is weakly universal, i.e., it maintains the respective near-optimal convergence rates in
both smooth and Lipschitz cases, without knowing parameters L, or G. Moreover, if provided
with Ly, then by setting oy TR /A/(4L;), we can achieve a better convergence rate of
O(exp(—T/(1 + 24/k))) proved in Appendix B.4. Interestingly, it matches the result of Wei and
Chen [2025], where their “over relaxation” coincides with our one-step variant of optimistic OGD.

Remark 3. To the best of our knowledge, Levy [2017] is the previously best-known universal
for strongly convex optimization, in which an adaptive normalized gradient descent is employed
with online-to-batch conversion weights inversely proportional to the square of the gradient norm.
For deterministic strongly convex optimization over a bounded domain, Levy [2017] achieved an
O((logT)/T) convergence rate for the Lipschitz function, and an O(exp(—1'/x) - T/k) rate for a
smooth and Lipschitz objective. Our work improves upon their result by achieving the first accelerated
rate of O(exp(—T/(y/k - log k))) for the smooth function in universal strongly convex optimization.
However, our method relies on a smoothness detection scheme based on the observed gradients, which
only works in the deterministic setting. Extending it to the stochastic setting remains challenging. <

Remark 4. Designing a strongly universal method for strongly convex optimization, i.e., adapting
to Holder smoothness, remains an open problem. Notably, given the prior knowledge of the Holder
smoothness parameter, Devolder et al. [2013] have established a sample-complexity-based rate that
recovers the (near-)optimal rate for smooth and non-smooth cases, which may serve as a starting
point. Furthermore, the aforementioned works [Levy, 2017; Devolder et al., 2013] and ours assume a
bounded domain. While Lan et al. [2023] have proposed a universal method for the unbounded setting,
it still relies on a pre-specified initialization related to the actual level of smoothness. Developing a
fully universal method in the unconstrained setting remains a significant challenge. <

S Complex Regret Measures in Modern Online Learning

In Section 5.1, we study the non-stationary online learning with Holder smoothness. In Section 5.2,
we investigate the universal online learning with Holder smoothness.

5.1 Dynamic Regret with Holder Smoothness

To optimize the dynamic regret in Eq. (4) with Holder smoothness, we follow the best known method
of Zhao et al. [2024] but perform more refined design and analysis to make it strongly universal.
Specifically, we retain the original meta-base two-layer structure, consisting of (i) a group of N
base-learners maintained simultaneously, each runs the optimistic OGD algorithm with time-varying
step sizes; and (ii) a meta-algorithm to adaptively combine the outputs of base-learners. The key
improvement to achieve strong universality lies in the adaptive step sizes for both meta-algorithm and
base-learners, with a virtual clipping in the analysis following the same spirit as Eq. (9).

The algorithm updates as follows. At iteration ¢, the decision x; is generated by weighted combining
all base-Il\?arners’ local decisions {xt,i}ZN:l with the meta-algorithm’s weight vector p; € Ay, i.e.,
x; 2 Zi:l Dt,iX¢ ;. After submitting x,, the ¢-th base-learner updates its local decision by:

Xit1,i =My Xeg — i Vi(xe)], X1 = [Xeg1, — M1, V(xe)], (12)

where 7, ; is the time-varying step size. The meta-algorithm, starting with p; where p; ; = 1/N for
all i € [N], calculates the weight vector p;+1 € Ay by optimistic Hedge [Syrgkanis et al., 2015]
with a time-varying learning rate ¢4, that is,

t A
b =(V s Xti)  AtiCis
Pi+1,i X €xXp (—et (Z ls; + mt+1,i>> , { t, (V fe(xe), X¢.0) t,iCt, (13)

Mit1i = (VFi(Xe), Xei) + Mt 1,iCor1is

s=1



317 with the feedback loss £; € RY and optimism m,; € RY, where ¢, ; 2 ||xsq — x;—14|% is the
318 correctlon term following Zhao et al. [2024], with coefﬁc1ent Ati= (877t )" Ufor all £ > 2 and
ats  c1; = 0. Consequently, we provide the following gradient-variation dynamic regret bound under
s20 Holder smoothness of our algorithm, and defer the proof and complete algorithm to Appendix C.1.

32t Theorem 5. Under Assumption 1, assuming online functions are convex and (L,,,v)-Holder smooth,
s22  algorithm aforementioned consisting of (i) N = [logy(1 4+ T')] base-learners where the i-th up-
323 dates by Eq. (12), with the step size n;; = 2"'D/\/A;_1 and A, specified in Eq. (9) for all
s24 t € [T and i € [N]; and (ii) meta-algorithm that updates by Eq. (13) with the learning rate
25 &y =/(3+InN)/(D2A,_1), ensures the following dynamic regret (as defined in Eq. (4)) bound:

D-REGr(uy,--- ,ur) < O (\/(DQ n DPT)(\/W+ HVfl(xl)H) L, (D* + DPT)HTVT15"> .

326 Theorem 5 enjoys optimal results for both smooth and Lipschitz continuous online functions. Specif-
327 1cally, when the online functions are smooth, i.e., v = 1, we recover the state-of-the-art result of
328 (v/Vr(1+ Pr) + Pr) [Zhao et al., 2020, 2024] and When the online functions are Lipschitz, i.e.,
s29 v = 0, we obtain the optimal result of O(v/T(1+ Pr)) [Zhang et al., 2018].

330 Remark 5 (Improved Adaptivity). Our method builds primarily on Zhao et al. [2024], but requires
331 fewer parameters, making it more adaptive. Specifically, their method deploys base-learners with
332 fixed-step-size optimistic OGD, where the choice of step sizes requires the smoothness parameter
333 L. In contrast, our method can achieve the gradient-variation dynamic regret under more general
334+ Holder smooth functions, yet avoiding the need for Holder smoothness parameters. This is achieved
335 by adaptive time-varying step sizes with more carefully designed configurations for base-learners. <

ss6 5.2 Universal Regret with Holder Smoothness

337 We now consider universal online learning, where the homogeneous online functions are either
338 convex or \-strongly convex, but the curvature information is unknown to algorithm. We find that the
339 state-of-the-art work of Yan et al. [2024] is already capable of handling with Holder smoothness with
a40 a more refined analysis, which has not been realized before. This is summarized in the following
341 theorem, with the complete algorithm and proof in Appendix C.2.

a2 Theorem 6. Under Assumption 1, assuming online functions are (L,,, v)-Holder smooth, and convex
343 or A-strongly convex with A € [1/T, 1] but without the knowledge of the type. The algorithm proposed
344 in Yan et al. [2024, Algorithm 1] specified for convex and strongly convex functions, denoted by A,
a45  ensures the following universal regret (as defined in Eq. (5)) bound:

U-REGA(F.) < O (D\/V>T+ L,D""'T 4 D”Vfl(Xl)H) -

346 and
2 L2D2V Y - \V4 2
U-REGA (]__)\) <0 Grmx1 14 AVT L L (log T) T + maXge (1] SUPye x|V fi (%) ] ’
) Ch) x

47 where a?nax 2 max;e[r—1] SUPxex ||V fi(x) — V fegr (%)%

a4 This theorem recovers not only best-known results under both smoothness and Lipschitz continuity,
349 but also an interpolated regret bound with Holder smoothness, without any information of online
350 functions’ curvature and Holder smoothness parameters. To achieve this result, we import another
351 property of Holder smoothness [Rodomanov et al., 2024, Theorem A.2] with a more careful derivation.

2 6 Conclusion

353 In this work, we investigate gradient-variation online adaptivity with Holder smoothness and its
354 implications to offline optimization. For online learning with Hélder smoothness, we propose the
355 first gradient-variation regret bounds for convex and strongly convex online functions, and further
356 extend to non-stationary online learning and universal online learning for more robust results. For
357 offline optimization, our convergence rates match the existing optimal result for convex functions,
ss8 and significantly improve the non-accelerated rate for strongly convex functions.

359 An interesting future direction is to study gradient-variation online learning with Holder smoothness
360 in unconstrained setting, and further apply it to offline optimization. Another important direction is
361 to better develop offline optimization algorithms by utilizing more online adaptivity results.
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A Omitted Details for Section 3

In this section, we first provide some useful lemmas for Holder smoothness, then give the proofs of
theorems in Section 3.

A.1 Useful Lemmas for Holder Smoothness

This part provides several useful lemmas for Holder smoothness.

Lemma 2 (Lemma 1 of Nesterov [2015]). Let convex function f : X — R over the convex set X be
v—1 -2

(L, v)-Holder smooth.> Then for any § > 0, denoting by L = §+ L,,*”, for all x,y € X:

F(¥) = £6) = (V1G)y = %) < 2 x —yF + (14)

Lemma 3 (Theorem 1 of Devolder et al. [2014]). If convex function [ : X — R over the convex set
X satisfies that, there exists positive constants L and § such that, for all x,y € X:

fly) = f(x) = (Vf(x),y —x) < —le yl?+3, (15)
then for all x,y € X:
5= IVFG) = VI < () — F00) — (V500 y ) +6. 16

Lemma 4 (Theorem A.2. of Rodomanov et al. [2024]). If convex function f : R* — R over R¢
satisfies that, there exists positive constants L and & such that, for all x,y € R%:

F¥)~ 760~ (Vi) —x) < £ x — vl +5, a7

then for all x,y € R%:
IVf(x) = VF)II* < 2LDy(x,y) + 2L0. (18)

A.2 Proof of Lemma 1

Proof. Since f is (Ll,7 u) -Holder smooth, by combining Lemma 2 and Lemma 3, for any § > 0,
denoting by L = 5T L”” forall x,y € X:

1 (16) a4 T,
S IVFE) = VIO < () = f0) = (VI(x),y =x) +0 < Slx—y[*+20. (19
Multiplying both sides of the inequality by 2L completes the proof. O

A.3 Proof of Theorem 1

Proof. Applying Lemma 12 with comparators u; = x, = argmin, .y 23:1 fi(x) forall ¢t € [T7,

T T
REGT = th (x¢) th x,) < Z Vfe(xe), X¢ — Xy)
=1 =1

t=1

a D? 1
Z e[|V fo () — M| + —Z = xe-1
pat N1 = 81
1
<3DVAr =y ——|Ix — %1%, 20
<3Dy/ §8m+1” ¢ = %] (20)

where Ay 2 ||V f1(x1)[|2 + 4o |V fs(xs) — My]|%, and we apply Lemma 14 in the last line.

Though X is supposed to be closed in Nesterov [2015], this lemma holds for X = R? with the same proof.

13
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If VAr < 2LD, we finish the proof trivially, so in the following, we assume /A > 2LD.
Define t that, if \/A; > 2LD, letty = 1, otherwise let tg = min{t : t € [T — 1], /A1 > 2LD}.
Then we have /A, < ||V fi(x1)]| + 2L D, while for all ¢y + 1 < ¢ < T it holds that v/ A; > 2LD.

Because all online functions are (L, v)-Holder smooth and applying Lemma 1, we show the
following decomposition for ay/ A with constant o > 0. For any ¢ > 0 that only exists in analysis,

- _ gl
denoting by L = § T+ L,*":

T
aV/Ar < a/A oy | D IVFx) = Viioa(xe) + Vo (xe) = Vi (k)12

t=to+1
T T
< a/Ay + o2V +a, 202 > lxi = x> +8L Y 6
t=to+1 t=to+1
L T
< ay/Ay +aV2Vr +a’L+ o > lxe = xi-1]|* + aV/8LAT.
t=to+1

With this decomposition, we prove the regret bound in the following with o = 3D:

T
L 1
REGr < 3D+\/A;, +3D/2Vp +9LD* + Y (2 - ) Ix; — %;_1]|* + 3DV8LST

Nervrl 8n¢+1

< 3D+\/2Vy +15LD?% + 3D||V f1(x1)|| + 3DV8LAT.
Then by choosing § = L,,DH”T_HTU (that only exists in analysis), we obtain
1—v

REG; < O (D\/VT+ L,D"'T 2" 4 D||Vf1(X1)H) ;

which completes the proof. O

A.4 Proof of Theorem 2

Proof. With optimistic OGD as the online algorithm, by defining f;(x) £ (a;g(X;), x), we have:

T - T T 0 T )
DX xi —x) =D fulxi) = > fulxe) < 3DVAp =) [[xe = x|,
t=1 t=1 t=1 1= Ot

Now we trivially assume /Ay > 4LD, and define ¢ty € [T — 1] that, if \/A; > 4LD, letty = 1,
otherwise lettg = min{t : ¢t € [T —1], v/ A;41 > 4LD}. Then we have \/A;, < ||V f1(x1)|+4LD,
while for all tg + 1 < ¢ < T it holds that v/ A; > 4LD. Continuing with our previous inequality:

Z i (g(Xe), X — Xy)

T T
~ 1
<3D\A;, +3D,| Y aflg®) —gX)IIP - oIl = X1
t=to+1 =2 OMlt+1
T T 1
<3D\/A;, +3D,| Y 3a?(|VeR) - VLX)|P - llx¢ — x¢—1]?
t=to+1 1= Ot

T T
+3D,| Y 30| Vi) —g(®)|2+3D,| > 30} VL) — g(Xe)]?,
t=to+1 t=to+1

14



as0  where we use ||a + b + ¢||?> < 3||al|? + 3||b||> + 3||c||? for any a,b,c € R% Now by taking
a90 expectation and using Jensen’s inequality, i.e., E,[/z] < /E.[z], we have

Zat ), Xt — Xyx)

T T
<E (3D, Y 3a?||VLR:) - VL) =D —— % — %1 ?
t=to+1 t=2 811t

+3D||V{(x1)|| + 12LD? + 1220 DT?,
a9t where we apply E[||g(x) — V/(x)||? | x] < 0. By Lemma 1 and the definitions of X;, X,

_ ®) L afL?
afHV@(it) - Vf(xt)||2 < afL2th — XtH2 —|—4afL5 =z llx: — x¢— 1||2 + 40[%L5
1:t
< AL%||x; — x;_1]|? + 412 L6,
492 Then we have
T T
3D, 37 Ba2lVeR) — VA2~ 3D i —xi?
t=to+1 t—p Ollt+1
T T 1
3
<6D,(3L2 > ke —x]2 =) Ix; — %1 |? + 12V2DVLOT 2
t=to+1 = SMt+1

T
<2ILD*+ (L—) Ix¢ — x—1]|? + 12v2DVLST?

t=to+1 877
< 27LD?* + 12v2DVLoT?.

493 Therefore, by combining the above inequalities we obtain

ir8 Byt

6D||W(x1) | +78LD? = 24v/2DV/'Lé + 24v/20 D
< + .
< T2 JT
S , we achieve the convergence rate of
_ L,DY oD  D|Vi(xy)||
E[f(xr)] - l(x.) <O (TH;U + Wi TQ) )
495 which completes the proof. O

E[0(%r)] — €(x.) < —

494 Then by setting § = L

s B Omitted Details for Section 4
497 In this section, we give the proofs of theorems in Section 4.

498 B.1 Proof of Theorem 3

499 Proof. We apply Lemma 11 with u; = x, = argmin, Zthl fe(x):

T T T
A
REGT:th X¢) th Xy SZ V fe(xe), —X*>—§ZHX*—X16||2
=1 =1 =1 =1
T T
1) 1
< T (e = Rell? = [ = RegalI”) = 5D % — x|
= 't t=1
TERM-A
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500

501
502

503

504

505

506

507

508

5
5

o

9
0

T

T
1 N ~
+ Zm“vft(Xt) - Vft—l(xt—l)HZ - Z 27% (”Xt - Xt“2 + []x¢ — Xt+1H2) .
=1 =1
TERM-B TERM-C
We first investigate TERM-A. Since 1, = &,
~ T T
||X*_X1H2 ( 1 1 ) a2 A 2
TERM-A < ———— + — — —— ) % =X = = Xy, — X
o T2 oy ey ) e R D
) I-1 T-1
<35 (I = Reqa |1 = 2llx0 — x¢[|?) < 3 ZHXt — X
=1 t=1
\ T2
< 3 N2V fo(xt) = V fio1(x4-1)||* < TERM-B,

t=1
where in the second line we use X; = x3. And in the last line above we apply Lemma 9 [Chiang

et al., 2012]. TERM-C can be bounded as:
/1 I
TERM-C > Z <2n||xt A ||xt_1 - §t|2) >y ant — x|
- t=2 - t—1

Then by combmmg TERM A, TERM-B and TERM-C together and applying Lemma 1 with arbitrary

0 > 0 that only exists in analysis, and denoting by L = § T+~ = Ly, = , we obtain:
T

REGT < Z vat Xt Vftfl(xt,1)||2 — Z %th - Xt71||2 (21)
t=2
T 12 ) )
< IV (”Vft(xt) — Vfi(xe—1)|* + IV fe(xe—1) = Vfim1(xe—1)|| )
t=2

T
A 6|V f1(x1)|I?
_722||Xt_xt71||2+w

12L2 A
<Z 2 sup|[VA4(x) ~ Vi x ||2+Z( %) I = xea P

48L5 6||Vf1(X1)H2
InT+ —————.
DY A

The first two terms can be well controlled by two technical lemmas (Lemma 15, Lemma 16), hence:

12G2. 1% 24G2 2412 D? 12L
REGTg%ln <1+ AQT ) 4 S max In <1+>

A A A

48L4 6‘|Vf1(x1)||2
n7T+4+ ——W——"
Ty S

where we define G2, £ maxe(r—1) SUPyxe x|V fi(x) — V fi1(x)[|%. By solving the trade-off:
vl 2
LSInT = L2D? with L = 677 L , we obtain § = L,D**"(InT)~ 3 and conclude that:
2412 D%

2éfnaxln< VT>+24GQ 61V f1.(x1)
A
12L,
< (1nT)1”<2+1n(1 o (n nT) ))

1 + — max _"_
2
G2, Vr L2D% 1 IVAG)I?
— max 1 1 _ v 1 T v
@) ()\ og ( + & + \ (logT) + 3 ,

ma

REGT <

A A
max
max

where In(1 + {22 (In T) ) <In(1+ 528) + 52 InInT = O(1), because it only consists

b Dl v
of the logarithm of the constant Mfﬁ, and we treat double logarithmic factors in 7" as a constant,
following previous studies [Luo and Schapire, 2015; Zhao et al., 2024]. O
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B.2 Online-to-batch Conversion for Strongly Convex Functions

Lemma 5 (Online-to-batch Conversion for Strongly Convex Functions). Let the objective £(-) : X —
R be A-strongly convex. By employing the online-to-batch conversion algorithm with online function
fi(x) = o (VU(XL), x) + 2, we have, for any x, € X:

T
0(Fr) = () < — Z fr(xe) = fi(36) — ar 1 De(Ri-1, %)) - (22)
t:l

Proof. This lemma is the variant of the stabilized online-to-batch conversion [Cutkosky, 2019] for
strongly convex functions. We start from the equality:

- T - -
0(Fr) — £(xy) = (%) 3 o:l(Xe) — -1 (Ke—1) 0(x,)

ai.T =2 a7

ar(0(X) — £(x4))

I
[M]=

Zalt 1 Xt _K(Xt 1))

Q.7 041 T

~
Il
-

IN
—
[M]=

S A 9
e o ((Vﬁ(xt),xt — X)) — §||xt — X, || >

t=1

+Eza1t 1 ((VO(Xy), X — Ki—1) — De(Xi—1,%1))

*Lia <<V€(x) X — X >*é||i - x ”2>
N ai.7 =1 ' o * 92 t *
1 1z
+a1:T; ar(VO(Xe), Xt — X¢) athz;alt 1Dy (Xi-1,%)
< 1 T vg— )\ . A B ) 1 T D B B
= ot tz:;at << (Xt), %t — X4) + ) llx¢ — X — B) % — x| ) T our ;al:t_l 0(Xi_1,%¢)
T
= LT Z (fe(xe) = fe(xx) — a14-1De(Xe-1, %))

t=1
where in the inequality we use the definition of A-strong convexity and Bregman divergence, after
which we use the property of «1.;—1(X;—1 — X¢) = o4 (X; — x¢) in Theorem 1 of Cutkosky [2019].

The second inequality is by directly adding the positive term 2’;‘1‘; llx: — X¢ |2 O

B.3 Proof of Theorem 4

In this subsection, we provide the proof of Theorem 4. To better illustrate the ideas, we divide it
into four parts. Appendix B.3.1 provides an equivalent definition of weights a4, i.e., in the terms
of a; £ Biav1.4—1, and an upper bound for any-time convergence rate in Lemma 6. Appendix B.3.2
provides some crucial properties for Lemma 6. Then in Appendix B.3.3 and Appendix B.3.4 we
apply Lemma 6 to prove the smooth and non-smooth cases in Theorem 4, respectively.

B.3.1 Part 1: Basic Lemma
In the following, we prove a general upper bound for the convergence error of any iteration, which
demonstrates that convergence error comes from the quantities within the bad event

Lemma 6. For the settings in Theorem 4, the weights o, have an equivalent definition: o £ Biai—1
forallt > 2, where By £ 1,3, & % e exp(%lnT) —1le€ [% InT, %lnT}, and for t > 2:

ﬁta ﬂtz = 42
_ ¢’ 23
{ ax{p. 8}, B> o 2

17
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Forall T € [ |, define S, = {t:2<t<rt,pB? > th} U {1} (which includes the iterations when
the estimate Lt is found unsuitable and needed to be updated), then algorithm in Theorem 4 ensures:

2G2
UR,) — U(x,) _PtTmax (24)
& > VN EaL

where Gmax £ max{||VA(x1)]|?, maxses, ||[VE(X:) — VA1) |}

Proof. The equivalent definition of «; regrading 3; is proved by substituting the definition of «;.

With f;(x) £ oy (VU(X;), x) + 25¢ 2 by Lemma 5 we have:

T
1
O(Xr) — (%) < oy Z (fe(xt) = fe(xx) — @1:0-1De(Xe—1,%1)) -
=1
By Lemma 13, with the definitions 7, = /\alt My = oy VERi—1) + dae(Xe—1 — Xp), Xp =
Oi:t (20 aexe 4 auxs_1), we arrive at
T
> (frlxe) = frlx4)) Zal t—1De(Xe-1,%y)
=1 t=1
T VI T
< Z<Vft(xt)axt — Xy) — ) ZatHXt —x.* - Zalztflpé(itflait)
t=1 t=1 t=1
T oy
< Dol Vi) = Ml = Y7 ke = x|
t=1 =1 *t
T
1 Ao
*Zalt 1De(Xi—1,%s Jrz <2m o 2t> Ix¢ — %2
d 2 4 1
= ; )\041 t Vé Xt Vf(it_l) + A(Xt — X1 — Xt + it)” — ; 47’)t71 ”Xt - Xt—1H2
— — aq 2 : 1
- Z a1:4-1De(Xp—1,X¢) + Tva(Xl)H (by setting 7; = x5-)
t=1

IA
HM%
>
E

202\
VX)) — VY ¢
L sz - witee| + 3 2

(673 2
1— — ) (x¢ — X4 H
< a1:t>( t t—1)

T
)\a «
> = e = x|’ - Zalzt,mg(ml,fﬁ) + v

t=2 t=1
20262 402L
t ~ ma: t 4t
< E 7’(-&-5 —ar—1 | De(Xp—1,%¢)
>\a1:t )\alzt
teS tQST
TERM-A TERM-B
T 2 92
20500, A dagg g 9
+ § 3 - 3¢ — X417,
Qa 4
=2 1:t
TERM-C

where we use definition L, £ “W(’;Z(thl(x;t)l)“ In the above, TERM-A includes those terms that

cannot be sufficiently canceled out like TERM-B, whose indices correspond exactly to the iterations
St where the estimate L, needs updating.
For the TERM-B where t ¢ Sz and 37 < ﬁ, by a; = ay [[%_,(1 + Bs) forall t > 2, we have
2 2
(6% _ Bt SB?SL, — 404tLt
apg-10rr 1+ B 4Ly Aag ¢

< aj4—1, = TERM-B < 0.
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For the TERM-C, since 0 < 3; < 1, we arrive at

ﬂt 1 2@§a%:t—1>‘ < Aaqii—1

— TERM-C < 0.
1T+B)3 =8 afy T 4 a

Now notice that the above proof holds for all ' € N, therefore for all 7 € [T] we have

1 202G2 232G2
(X)) — (%) < L _max < ¢.
( ) ( ) 1.7 tes, )\alzt tEZST )\Hs:t( + ﬁs)

The proof is finished. ]

B.3.2 Part 2: Some Crucial Properties

Before continuing the proof of Theorem 4, let’s investigate the bound in Lemma 6. For any 7 € [T7,
denoting by m, £ |S;| — 1 and write S, = {to,t1,%2, ...t } the index set where 1 =t < t; <
to < -+ < tn. < 7. Now we investigate what the sequence {;}7_; looks like. First of all for all
t € Sr, we have B, > Band B; > \/\/(4L;) > \/A/(4Ls) = 1/(24/k), denoting by x = Lg/\.
Now we consider the following two cases:

Case 1: \/)\/(4L;) > B. Forallt € Sr, B > \/A/(4Ly) > j; then for all i € [mr] and
t € (ti_1,ti], B: = 27% which implies mr < [logy /K] — 1.

Case 2: \/)\/(4L;) < . Denoting 7 the minimum index in [T that 3; = 3 if exists, otherwise let
7=T+1. Thenforallt; < Tandt € (t;_1,t;], By = 2% and forall t > 7, B; = 3.

B.3.3 Part 3: L,-smooth Case

In this part we prove the exponential rate with L,-smoothness in Theorem 4.

Proof. We consider the two cases separately.

Case 1: \/)\/ 4Lg) > B. As discussed before, we know for all i € [my] and t € (t;_1,t],
By =27% and mr < [log, /x| — 1. Now by Lemma 6,

(24)

= 2615 max < 21 2lCTV?nax
0x,) — U(x,) < _ SPi%max N2 Ymax
(Xr) — £(x) t;& NI, (1+ 55 ; AT, (1+5s)

mr 21 21G2 4G2
S 2T R A+ 1y

where the second inequality we use 3; > 1/(2y/k), and the third inequality we use t; < ¢, for all
i <m,and ) ;° 27% < 2. Now notice that since 1 =t < t; < tg << tmT < T and mT
[log, /K| — 1, then either there ex1sts je [mT] thatt; —tj1 > ;=g or T —ty, +1>

- m +1’
then maxre(r) (7 — tm, +1) 2 55 = ot
-~ —T
4G? 1\ Tom Vel 4G2 -T
: E 77— _ é < max 1 < max ,
i 50) ) < 2 (14 57 ) < B o (g e )

where weuse (1+ 27 1) T = (1 -1/(1+z))T <exp(-T/(1+z)) forall z > 0.
Case 2: \/A/(4L;) < B. Once T > 10, we have 3 = exp(# InT) — 1 < 1. Combining with
VA (4Ly) < Byields \/L¢/\ = \/k > 2, then we have, the exponential rate:

—T

1 Mogs Va1 _ T -7 -1 1 logT
1+> > (14 B)Noez VAT = T'Tosa VAT = T'Toez V&1 > — >Q< )
( 2Vk VT

Therefore, in this case the exponential rate is dominated by the rate of the non-smooth case. O
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B.3.4 Part 4: G-Lipschitz Case

In this part we prove the rate with G-Lipschitzness in Theorem 4.

Proof. By Lemma 6, we have

. 2ﬁ2G2
0X,) —U(x,) < Y —otTmax
tez&. )‘Hs:t(l + BS)

As discussed in Appendix B.3.2, if 87 = f3, denoting by 7 the minimum index in [T that 8- =
otherwise let 7 = T' + 1. Now we have, forall t; < 7and ¢t € (¢;_1,t;], B = 27"; and for all ¢ >
B¢ = B. Then the above summation terms, when 7 > 7, can be bounded as:

é(X ) . E X Z 261‘ max + Z 25? max
. ) A= (1 + B9 teS, ‘T'<t<‘r)\Hs=f(1+5s)

3.
’

)

tES, LT

282G2 232G?2 282G2 2G2__j
< Tt S S et
teES t<T o=t s F<t<r o=t tES, t<T 5= t 5)

where the last inequality uses the summation of a geometric series. Recall that 5 < % = O(%).

In the next we will prove that, either there exists an iteration 7 < 7 with the sub-optimality gap

bounded by the desired O( log T) where we don’t need to consider those terms with ¢ > 7; or the
log T

last-iterate convergence rate is bounded by O(=%~), where we have already proven those terms with
t > 7. Now we consider 7 < 7, which implies for eacht; € S,, B, = 27% then |S,| < O(logT).

In the following, we prove by contradiction. Assume the proposition P: neither the best-iterate

convergence rate of O (2L holds for some 7 < 7, nor the last-iterate convergence rate is (’)( log T).
Then P implies the proposition Q: for S; = {tg,t1,...,tm, }, there exists index 0 < j < m,
satisfying the following two conditions simultaneously:

Condition 1. There should nor exist 7" < t; that: forall t € S,, BE/HZ/ (14 Bs) < 2/T always
holds. Otherwise the sub-optimality gap at iteration 7’ is already bounded by O( log T),

Condition 2. At the last iteration 7', we should have, for this index j:

g;, 27 J2 L, T
(L+3)7T-t TT}” T’ J log, T

(25)

Otherwise we obtain the last-iterate convergence rate of O( log T)

BtQ ﬁt 2mz (IOgT)
T S 7 < <0 .
teSTZ.,t<f HZ:t(]' + Bs) tega 1+t T T

In the following, we will clarify that the sequence {t¢,t1,...,%,_ } cannot possibly satisfy the
proposition Q. This will conflict with the proposition P, thereby finishing our proof.

by the following inequality:

The idea of proving proposition Q cannot be satisfied is by doing the “best” construction of
{to,t1,...,tm.}, and show that even the best one still fails. To this end, now we try to construct
{to,t1,...,tm, } in order to investigate whether the proposition Q is achievable.

To first get an intuition of the “best” construction, let’s fix some 7 and assume it satisfies the above two
conditions, which motivates us the second condition in (25) requires ¢; should be as large as possible
while do not conflict with the first condition. This gives us an construction strategy based on greedy:
during our construction by order, we only import the new time stamp ¢; when the first condition
is about to fail, otherwise we can increase ¢; which will not worsen our construction. Then for all

" € [t;j,tj+1), there is only index j ensuring the first condition, i.e., ij/H;/:tj (14 Bs) >2/T.
Based on this strategy, we perform the construction.

Case of j = 0. We have ty = 1 by definition, and only need to investigate the second condition
in (25), that is, 1 > T'/log, T', which is not true.
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Case of j = 1. By the strategy, ¢; should be as large as possible while do not conflict with the first
condition, which gives the only constraint by applying the first condition at 7 = ¢; — 1:

'830 = 1 >z = {1 —tp <log L
[T, (14 8,)  (T+27)hte =17 -

S:to

by which, the second condition in (25), that is, t; > 37'/log, T, is not true.

Case of j > 1. Now let’s consider by induction. For index 5 > 1, assume that as best as we could
by greedy, which means only index j ensures that the first condition is satisfied, by which substituting
T = tj4+1 — 1 into the first condition, we have

BtQ 272‘7 2 In 1L+2
— = & = i~ < 2 (20)
MM+ 8,) (2 hn=t =T T S i+ 27
Moreover, by induction assume that the second condition in (25) fails for j:
(1+25)T
P ey 27
= logy T’ @7
Then we show that index j + 1 also cannot satisfy the second condition by combining (26) and (27):
. (1+425)T In 5y L 426G+ )T
I = og, T In(1+2-9-1) — log, T' ’

where the proof of the second inequality will be given later.

Therefore, by induction, we prove that the proposition Q is impossible. Hence we prove the existence

of the best-iterate convergence rate of O( k’%T ).
Finally, we prove the following inequality always holds for all j > 1:
(1425)T In 555> c (2 + )T — In 555 2T
log, T In(1+2-7-1) — log, T ’ In(1+42-9-1) = log, T~

Defining x = 277, then we are going to prove:
In(T2?/2) < 2T

1 £ 2/2) = o, T < h(z) £ (log, T) In(T2?/2) — 2T In(1 4 z/2) < 0.

Now because max,¢(o,1) h(x) < 0, finally we finish the proof. O

B.4 Algorithm 1 with a Given Smoothness Parameter

We provide the following corollary when Algorithm 1 is given the smoothness parameter L.

Corollary 1. For the optimization problem of mingex £(x) with deterministic setting, assume the
objective ((-) is \-strongly convex and L¢-smooth, denoting by k = Lg/\. Algorithm 1 by setting
VA/(4L¢)

ensures.

(%) — Ux) < O (W(;‘l)”z oo (12r) )

Proof. By Lemma 6, since 3; = \/A/(4Ly) < \/A\/(4L;) for all t > 2, we have Sy = {1}, then
(24) 2 2 _
E(iT) o Z(X*) < 2HV‘€(X1)” — < O <||V£(X1)|| exp ( T )) ,
A1+ /N (4Ly)) A 1+2Vk
where we use (1 + 2~ 1)~ = (1 —1/(1 4+ 2))T < exp(~T/(1 + z)) for all z > 0. O

O = O1:¢—1 °

C Omitted Details for Section 5

In this section, we give the proofs of theorems in Section 5.
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Algorithm 2 Dynamic Regret Minimization under Holder Smoothness

Input: Domain diameter D, total iterations 7’
1: Initialization: N = [log,(1 + T')], starting points {x1,; 71, {X1,;} 1. p1i = +

2: fort =1to T do

3:  Submit x; = Zf\il DriXe i, receive V fi(x)

4:  The i-th base-learner updates to x;41,; by Eq. (12), for all ¢ € [N] >> Base update
5.  Meta-algorithm updates to p, 1 by Eq. (13) > Meta update
6: end for

C.1 Proof of Theorem 5

To begin with, we summarize Algorithm 2 for minimizing dynamic regret under Holder smoothness
as specified in Theorem 5. Before proving Theorem 5, we provide the theoretical guarantee for the
meta-algorithm, i.e., Optimistic Hedge [Syrgkanis et al., 2015].

Lemma 7 (Theorem 7.35 of Orabona [2019]). The regret of Optimistic Hedge specified at Eq. (13)
with a time-varying learning rate €; > 0 to any expert i € [N| ensures:

a N |« ol
Z P, L) th i < o + ) (& —my,pr — pri1) — Z %, ; 1Pt — peralli-
t=1 "7t

t=1 t=1

In the following, we provide the proof for Theorem 5.
Proof of Theorem 5. We decompose the dynamic regret into the meta-regret and base-regret as

T T
D-REGr(uy,...,ur) = th(xt th uy) Z Vfie(xe), x¢ —uy) pr, ug, X¢)
t=1 t=1

T

T T
Z Vie(xe), X — X, ) + Z<Vft(xt)a Xy, — W) — Z Dy, (ug, x¢). (28)
t=1 t=1

t=1

META-REG BASE-REG

Notably, the above meta-base regret decomposition holds for any base-learner’s index i, € [N]. We
first investigate the meta-regret:

T N T
META-REG = ZZPH- (Vfe(xe), Xe.4) Z Vfi(xe), Xe0,)
t=1 i=1 t=1
T
= Z(Pt,£t> - th,i* - ZZ/\t iDt,iCt i +Z)\t i, Ctyiys
t=1 t=1 t=1 i=1

where we denote by ¢;; = ||x¢; — x¢—1,;||>. By applying Lemma 7 with e; = ,/ 35@%\7, we obtain:

T T
> (b tr) - Z i
=1

T T
1
< ma + —my,py — - —|p: — 1
< gy >]<V1/)T+1 ;:1 t, Dt — Diy1) ;:1 5, Pt — Pesall
T T T

3+InN A 9 1 2 1 2
e - T > llpe - -5 pe -
< + 2.5 1€; — m||S, + 2 26t||101t Pry1ll] 2 2€tht Pry1llT

3—|—lnN D?
Zetuwt x¢) — My||2 < 2D\/(3+InN)Ar.

I /\
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s3s Notice that In NV = O(loglog T') has double logarithmic factors in 7', which is treated as a constant
637 following previous studies [Luo and Schapire, 2015; Zhao et al., 2024]. Now the meta-regret:

T N T
META-REG < 2D/ (3 + In N)A — Z Z )\t7ipt,ict,i + Z )\t,i*ct7i* . (29)
t=1

t=1 i=1

s3s For base-regret, denoting by d; = 21D, then we set 1, ; = d;//A;—1. By applying Lemma 12
639 and choosing i, € [N] such that d;, < +/D? + DPr < 2d;,, we have:

T T

D? + DPr 1
BASE-REG < Y i1, |V fil(xi) — My|]* + ————— — 1%t — %1, |17
; NT+1, ; 8141,

T
1
<4y/(D*+ DPr)Ar - > Byt (30)
t=2 't

e40 where we apply Lemma 14 in the second inequality. Now defining A\;; = and o =

1
814,
641 \/ 56D? + 8(In N)D? + 32D Pr, substituting (29) and (30) into (28), and dropping negative terms,

T
D-REGy(uy, ..., up) < a/Ap — prt (ug, x¢). (31)
t=1

e42  We decompose Ar as:

T
Ar = VAP + Y (IVFilx) = Vulwe) + Vfi(w) = Vfolui-1)

t=2

+ Vft(lltq) - vftfl(utfl) + vftfl(utfl) - vftfl(xt71)||2>

T
< |\VAx)|? + 16LZ Dy, (ug,x;) + 4DL*Pr + 4V + 32L4T, (32)
t=1

s43  where we apply ||> a;[|*> <n Y., |la;||>, Lemma 1, and Lemma 4. Substituting (32) into (31):

T
(31)
D—REGT(ul, . 7U.T) < ar/Ar — Z'th (ut,xt)
t=1

T T
(32)
< aV/|[Vfi(x1)|[? + 4DL?Pr + 4V + 32L6T + 2, | 402L Y "Dy, (%) — Y _ Dy, (uy,%y)
t=1

t=1

< a/||[Vfi(x1)||2 + 4DL2Pr + 4V + 32L6T + 40 L
O (VDT + DPp)Vr + IV fi(x1)|V/D? + DPr + L(D* + DPr) +/(D? + DPy) LT )

644 where we use AM-GM, i.e., 2v/ab—b < a for a,b > 0, to cancel the Bregman divergence in the third

V1 2 Y v
645 inequality. Now with L = 5T L, , and choosing § = L, (D? + DPr) = T*%, we achieve

D—REGT(ul, ey uT)
< 0 (VD2 + DPr)Vr + L,(D* + DPy) 5T + ||V fu(x1) | VD + DPT) ,
e46 which completes the proof. O

647 C.2  Proof of Theorem 6
648 To begin with, we give the details of the algorithm [Yan et al., 2024] specified for convex and strongly

649 convex functions. This is a two-layer structure, where there are N base-learners, each implemented
650 with optimistic OGD running on carefully designed surrogate functions to generate local decisions
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Algorithm 3 Universal Regret Minimization under Holder Smoothness

Input: Domain diameter D, total iterations 7’

1: Initialization: N = [log, T'] + 2, starting points {x; ; }\, {X1,;} 1, p1i = &
2: fort =1to 7T do

3:  Submit x; = Zf\il PriXe i, receive V fi(x)

4 Construct surrogate functions 5, ;(-) defined in Eq. (34) and Eq. (35)

5:  The i-th base-learner updates to x;41,; by Eq. (33), for all i € [N] > Base update
6 Meta-algorithm updates to p;41 by Eq. (36) > Meta update
7: end for

{x,;}Y ;. The meta-algorithm runs OPTIMISTIC-ADAPT-ML-PROD [WEei et al., 2016] to calculate
the welght p: € A for combining the local decisions. The procedure is summarlzed in Algorithm 3.

Specifically, the i-th base-learner starts from il,i = X1, and updates by

X1 = Wx[Xes = 0eiVhei(xe)], Xeq10 = D [Xeq1,i — M1, Ve i (Xe)], (33)
where the surrogate functions h, ;(x) and the step sizes 7, ; are tailored for specific class of online
functions which is either convex or strongly convex whose curvature lies within the range [1/7, 1].?

Base-learners for Strongly Convex Functions. For \-strongly convex functions handled by the first
N — 1 base-learners, we discretize the curvature ) into the candidate pool {\; = 217 : i € [N — 1]},
and construct the surrogate functions h; ;(x) and step sizes 7, ; for i € [N — 1] as:
6
Y
Base-learner for Convex Functions. For convex functions handled by the N-th base-learner, we
construct the surrogate functions h; (x) and step sizes 7; n as:

a i
hti(x) = (V fi(xe), x) + 7 k= x¢||®, e (34)

D
h N (x) £ (Vfie(x¢),x), MmN = m7 (35)

where A; 2 ||V f1(x1)||2 + 32! LIV £a(xs) = Vfo_1(x5-1)||>. Therefore, there are N = O(log T))
base-learners in total: [log, T'] 4 1 for strongly convex functions and 1 for convex functions.

Meta-algorithm. Meta learner uses OPTIMISTIC-ADAPT-ML-PROD to update the weight p;4; €
Ay by the following update rule:

P41, X Er g eXp(Et,imt+1,i)Wt,ia
) €4, (36)
i = (Wimrgexp(er—1,ire — €11,4(Tei — mei))) =17,

Wi

where we denote by ¢, ; 2 (Vfi(xy), x¢,;) the loss of the i-th dimension, and the meta-algorithm
inputs: (i) the instantaneous regret r,; = (€;,p;) — {45 (ii) a time-varying learning rate &, ; =

min{1/8, \/111 N/ (rs.i — my.i)?}; (iii) optimism m;, ; = 0 for strongly convex base-learners,
ie,i€ [N —1],and my v = (V fi_1(x¢—1), %Xt — x¢ ) for the N-th convex base-learner. Then we
give the theoretical guarantee of this meta-algorithm, i.e., OPTIMISTIC- ADAPT-ML-PROD.

Lemma 8 (Theorem 3.4 of Wei et al. [2016]). The OPTIMISTIC-ADAPT-ML-PROD algorithm that
updates by Eq. (36), ensures the regret with respect to any i € [N| satisfies:

T T
> (e, pi—ei) < Co Zm mii)? + Ch, (37)
t=1 t=1

where 1y ; = (¢, ) — Ut i, €; denotes the i-th standard basis vector, Cy = vVIn N + In(1 + %(1 +
In(T +1)))/vIn N, and C; = 1(In N +In(1 + ¥ (1 +In(T +1)))) + 2vIn N + 16In N.

3 This assumption is natural because if the curvature A\ < 1/7, the optimal regret bound, i.e., O(% logT),
leading to a vacuous Q(7") regret. Besides, functions with strong convexity curvature larger than 1 are also
1-strongly convex, so clipping the curvature to 1 will only worsen the regret by a constant factor.
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In Lemma 8, Cy and C; are in order of O(loglogT'), thus can be treated as ignorable constants,
following previous studies [Luo and Schapire, 2015; Zhao et al., 2024]. Now with the algorithm
summarized in Algorithm 3, we provide the proof for Theorem 6.

Proof of Theorem 6. Following the analysis of Yan et al. [2024], we further consider the Holder
smoothness. To begin with, we give the following decomposition of the empirical gradient variation:

T
D IVLx) = Vi ()|
t=2

T
= Z”Vft(xt) — V(%) + VSfi(x:) = Vo1 () + Vo1 (%) = Vi (xi-1)|?
=

T
<3Vp+12L) Dy, (x.,x¢) + 12L0T, (38)
t=1

where we apply Lemma 4 in the inequality. In the following, we first bound for convex functions.

For Convex Functions. We decompose the regret as

T
REGr = Z<Vft(xt Zth Xy, X¢t)
t=1
T T T
=D (Vixe),xe = %Xei) + > (Vixe), X0, — %) = > Dy, (x,%0),  (39)
=1 =1 =1
META-REG BASE-REG

where for base-regret, we can define surrogate functions h:(x) = (V fi(x¢), x).

And for the meta regret, since we define ¢, ; 2 (Vfi(xy), X¢,;) the loss of the i-th dimension, and
Xp = Zfil Dt,iX¢,i, denoting by e; the i-th standard basis vector, we can bound it as:

T T
(37>
META-REG = E (£, p; —e;,) < Cy E rei, —meg, )2+ Ch
t=1 t=1

T
=Cy Z V(%) = Vo1 (xe—1),%x¢ — X¢4,)2 + C1

T
< Coy[1+4 D2 IV fi(xe) = Vioa(xe-1)|2 + C

t=1

T

(38)

< Coy |1+ D2||Vfi(x1)|? + 3DV + 120D Y " Dy, (%, %) + 12LD?6T + C,
t=1

C T
<0 (D\/HVfl(xl)H? Y Vet L5T) +3CoCoLD? + 223" Dy, (x,, x0).
Co =1

In the first line, we apply Lemma 8. In the second line we use the definition of 7 ;,_ and my ;_, i.e.,
rri, = (€, D) — Leg, and my ;. = (Vfi_1(%4—1), %Xt — Xy, ) for the i,-th convex base-learner.
The third line uses Holder’s inequality and Assumption 1. The fourth line applies the decomposition
in (38). The last line uses the inequality 2vab < Coa + b /C, with Cs > 0 to be determined later.

For the base regret, since we run Optimistic OGD over the convex surrogate functions h; ;, (x) with
the same algorithm configs as Theorem 1, by (20), we obtain:

20 )
BASE-REG < 3D, | [|Vhys, (x1:)12 + Y I Vhes, (%e4,) = Vi1, (xe-12,)|12

t=2
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T
= 3D, [IVAEDI2+ D _IVFi(xi) = Vi (xe1)|

t=2

T
(38)
< 3D, | IV A2 + 3V + 120 Dy, (x,,%¢) + 12L5T

t=1

T
3
O (DVIVAilx1)[2 + Vi + LOT ) +9C5 LD? + @;D.ﬂ(x*,xt).

In the first line, we use the regret analysis of Optimistic OGD for convex functions in (20). The
second line substitutes the definition h; ;, (x) = (V f;(x;),x) for convex base-learner. The third

line applies the decomposition in (38). The last line uses the inequality 2v/ab < Csa + b/C3, with
C'3 > 0 to be determined later.

Now substituting the meta regret and base regret into (39), we have

REGr < O (D\/||Vf1(X1)H2 + Vr + L5T> + (30002 + 903)LD2

C 3
+ (0 + 1) Zth (Xus Xt).
Then by setting Cy = 2Cy,C3 = 6, and 6 = DH”T “ that only exists in analysis, we have
REGT < (’)(D\/VT+LV +D||Vf1(x1)H).

For Strongly-Convex Functions. Following Yan et al. [2024], for i, € [N — 1] such that \;, < A\ <
2);,, we decompose the regret as

T
REGT = Z<Vft(xt),xt — — = Zth Xy, Xt) Zth Xy, Xt)
t=1
d A 1
<D AV (e) Xe = X, + Xeq, — Xi) — 1 ZHXt x5 prt (%, X¢)
t=1 t=1 t=1
T
<D (Vi) % = x15,) — — X3, ||
t=1
META-REG
T 1z
+ Z (hei, (Xei,) = hea, (%)) — ) Zfo, (%, X¢)- (40)
t=1 t=1
BASE-REG

In the second line we use Dy, (x,y) > 3||x — y||? for A-strongly convex function f;. The third line

we use A > \;, and define the surrogate h; ;(x) £ (V fi(x;),x) + 2t
base-learners.

|2 for strongly convex

The meta regret can be bounded as:

META-REG < Cp, |1 +

M=

T
A,
(rt;i. =mei, )2+ Cr = = > lxe = x|
t=1

H
I
-

=Cy (Vfe(xe),xe — x¢4,)? + C1 —

Mﬂ

T
LS e —
t=1

#
Il
—

T T
~ i,
< Co [ 14+ G DI = |7+ C1 = T 3 ke = e, I

t=1
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202G M. w—
<Co+Ci+ 0/\7 - ?* Z”Xt = x|
Tx t=

In the first line we again use the regret analysis of OPTIMISTIC-ADAPT-ML-PROD [Wei et al.,
2016, Theorem 3.4] with two constants Cy and C;. The second line we substitute the definition of
Tty (&,pt> — {3, and my ;, = 0 for the 7,-th strongly convex base-learner. In the third line we

define G2, 2 £ max;e 7|V f1(x:)||%. The last line uses AM-GM, i.e., 2v/ab — b < a for a,b > 0.

max

For the base regret, since we run Optimistic OGD over the ’\%-strongly convex surrogate functions
hy,;, (x) with the same algorithm configs as Theorem 3, by (21), we obtain:

T
@D 12

BASE-REG <
<25

T

t||Vht,z;(Xt,i*) — Vhi_1i, (x¢—1,)|1°

S

2

Ai, A,
Vft x¢) — Vi1 (xe—1) + T(Xt,i* —Xy) — T(Xt—l,i* —Xy—1)

S~

36 18X,
SZ (x¢) = V fem1 (-1 +Z 14,0, — %2

t=1 t=1

432L6(1+InT) |~ 4321
) « Nt

!

<

Oinwt(x*) Vi)l + Dy, (x.,%1)

t=2 Ai, x

18)\2*
+Z i, =l + IV )

t=1

In the first line we apply the regret analysis of Optimistic OGD for convex functions in (21). The
second hne substitutes the /\deﬁnltlon of h;;, (x) for the i,-th strongly convex base-learner, i.e.,
hig, (x ) (Vfi(xe),x) + 2= [lx — x| The fourth line apply the same decomposition as in (38),

and 3], L <1+ InT.

Now combining the meta regret and base regret in (40), and applying two technical lemmas to perform
cancellation (Lemma 15 and Lemma 16), we have:

REGT < Z

432L5(1 +1nT) <= /432L 1
(+n)+2<

® sup VA0~ Va0 + = 3) Pl

z* xeX )\i* =1
18)\,* )\i* 2 36 2 2C’0 G?n X
+Z( 2o = %) s, =l + IV AGI? + o+ €y + 28 e
G2 Vi LéWT  LL,D't” L G2
<O 22|14+ < . In(1 Ai, D? + —Xmax )
O ( M, n < + G?nax> + N + N n( + Au) + A, D7+ i

In the second inequality, we define G2,,, 2 maxy 1] SUPye v ||V fi(x ) V fr4+1(x)]|?, and use
the property of (L, , v)-Holder smooth function f; that Dy, (x,y) < L, D**” [Nesterov, 2015] when
applying Lemma 16. By solving the trade-off: L3 InT = LL, D'*", we arrive at:

é?nax Vr LEDQV 1—v maxe(r] ||Vft(Xt)||2
REGr < O (/\ In <1 + 67'2 ax) + \ (logT) T + 3 7

m.

where we treat In(1 + L, (InT)"/+) /(AD'~*)) = O(1), because it only consists of the loga-
rithm of the constant y ¥, and we treat double logarithmic factors in T" as a constant, following
previous studies [Luo and Schapire, 2015; Zhao et al., 2024]. The proof is finished. O

D Supporting Lemmas

In this section, we provide some fundamental lemmas for this paper.
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722 D.1 Lemmas for Optimistic OGD Algorithms

723 In the following, we provide useful lemmas for optimistic OGD and its one-step variant.

724 Lemma 9 (Proposition 7 of Chiang et al. [2012]). Consider the following two updates: (i) x =
725 arg mingcy {(g,x) + Dy(x,¢)}, and (ii) x' = argmin, ¢ y {(g’, x) + Dy(x,c)}, where the regu-
726 larizer ¢ : X — Ris \-strongly convex function with respect to ||-||, 1< llg—g'|l«
727 Lemma 10 (Bregman proximal inequality, Lemma 3.2 of Chen and Teboulle [1993]). Consider
728 the following update: x = argmin, .y {(g,x) + Dy (X, c)}, where the regularizer ) : X — Riis
720 convex function, then for all u € X, we have (g,x —u) < Dy(u,c) — Dy(u,x) — Dy(x,c).

730 Lemma 11 (Theorem 1 of Zhao et al. [2024]). Under Assumption 1, Optimistic OGD specialized
731 at Eq. (6), that starts at X1 € X and updates by

xp = My [Xp —ne M), Xepr = Ha [Xe — 0V fi(x4)],

732 ensures that

T T Ty
Z<vft(xt Xt — Uy) Z Vfi(xe) = My, %t — Xey1) +Z o (e = =] = [luy — Xe44[%)
t=1 t=1 t=1

TERM-A TERM-B
|
Z — (ke = R * + 1% = %e1?), 41)
277t
t=1
TERM-C
733 where uy,...,ur € X are arbitrary comparators.

734 Lemma 12. Under Assumption I, Optimistic OGD specialized at Eq. (6) with non-increasing step
735 sizes 1, ensures that

T

T
Z<Vft(xt Xy —Uy) Z N1 ||V fe(xe) Mt||2+

t=1

D2+ DPy —ET: 1

Nr41 = SMt1

l[xe—xe—1?, (42)

73 where Pr = Zt:2||ut — uy_1|| is the path length.

737 Lemma 13 (One-step Variant of Optimistic OGD, [Joulani et al., 2020]). Under Assumption 1, the
738 one-step variant of optimistic OGD that starts at x1 € X and updates by

Xep1 = Iy [x¢ — e (V fe(xe) = My + Myya)], 43)
739 ensures that, forallu € X:
T

T
1
E <Vft(Xt Xt —ll S E < vft Xt — M, x4 _Xt+1> - %th _Xt+1|2)
t=1 t=1 t

1
+ E i 2 2
(27% ) H Xt u” 2m ”Xl u”

740 Proof of Lemma 12. By Lemma 11 [Zhao et al., 2024], we consider each term:

. ) %t — Reqa[I” + i iHXt — X ?
4ny — A

T
TERM-A < Znt+1|\vft(xt — M2 + Z <

P Angia
T D2 T 1

<Y eIV felxe) — Myl + Y % — Ko ||,
; NT+1 ; 4ny

2 /1 1 1 1
TERM-B < — 711—/\ 2—711_ — %2 — || W — —-X 2—711_ — %7
= +;<2nt|| — 277t|| 11— X¢| +277t|| 11— X¢| 277&1” -1 — X¢|

I /\

T T
> - - § D
—I— 27] ||ut Xel|® = Jug—1 xt|| + (277t oo 1)

t=2 =2
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741
742

743

744

745

746

747

748
749

751

T

1

D? DPr
- 277T+1 nr41’

TERM-C > Z 7||Xt — Req1|]* + Z

‘ -

M= IIMS:

Y2
N

M

ﬁ
Il
_

1
<

|Mﬂ

llx: — §t+1||2 -

D? ~ ~
2 + ; Tmnut — g Jug =X+ w — x|

‘thl — |12+ [|xe — itHz)

877 t=2

2

ANt

+Zl

T

) I e 1||2+Z

[lx: —Xt—1||2a

1= Ot

where we apply Assumption 1 and the condition that 7; is non-increasing. Combining TERM-A,
TERM-B and TERM-C finishes the proof.

1
> gl ol +Z() e — .- 1||2+Z7||xt7xt 2

2 & ( 1
Xy — X -—+ —
lIx¢ — Rpa]? ) &

th *Xt—1||2

O

Proof of Lemma 13. By Lemma 10 with ¢(x) = % ||x||2, the update Eq. (43) implies for all u € X:

(Vfe(x¢) = My + M1, Xeqp1 — )

21y

1
<

Then by rearranging and taking summation from t = 1to T, we arrive at:

D (Y filxe),xt

o~
Il
-

<

MH

o~
Il
—

t=2

M=

<

t=1

+ZT: (2m

t=2

where we define M; £ 0

D.2 Useful Lemmas

GZOE

_u>

and Mr; £0.

1
— 2 —_
L

1
M, %y — Xt+1> - 7||Xt -

2,

T

ey =l =

t=1
Xt+1||2>

1
2 2
X u X u||-,
I 1)| il +2771” 1 — |

This part provides some useful lemmas for mathematical analysis.
Lemma 14 (McMahan and Streeter [2010]). Suppose non-negative sequence {a;}1_, and constant

0 > 0, then we have

t=1 5+Z

1“g

2,

T
(Vfi(x1) = My, x¢ — Xp 1) + (My, x1) = (Mria,Xr4a) + Y _(Mypq — My, u)
=1

(o

llx: — Xt+1||2

(o = xel” = fla = xea[” = fIxe = xe41]%) -

(44)

Lemma 15. Suppose non-negative sequence {a;}1_,. Define amax = maxe(7) at and assume

T
Z at) + 2amax-
t=1

Amax > 0, then we have




752 Lemma 16. Suppose A > 0 and non-negative sequence {b;}_, and denote by by., =
753 maxycy) by > 0. Then it holds that

T

> <‘;‘ - 1> by < bmax - Aln(1 + A).

t=1

754 Proof of Lemma 15. Define 7 = [—L Zle at] € [T)]. We have

Gmax

- T
Z — < amaxz < Gmax < Jr/ ;dx) < Gmax In (1 + - 1 Zat> + Gmax-
r=1 max

t=1

755 If 7 < T, we also have

T T
at 1 amax
E — < = E a; < E at = Gmax-
t T Z a
t=1+1 t=1%t t=1

756 O

757 Proof of Lemma 16. Define 7 = min{T, | A|} and trivially assume 7 > 1, then we have

1 (A (A T
bmz(t_1)btgz(t_1)gA(1+1=15d3)_T:A+A1nT_T,
t=1 t=1 ‘
758 whose maximumis Aln A < Aln(1 + A). O
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]
Justification: We have claimed the paper’s contribution in both the abstract and the introduc-
tion part.
Guidelines:
* The answer NA means that the abstract and introduction do not include the claims made
in the paper.
* The abstract and/or introduction should clearly state the claims made, including the

contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* Itis fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: This paper clearly outlines the assumptions that may be required for the
theorems and regards some of them as limitations (such as bounded domain assumption or
deterministic setting), and discusses the future areas for improvement in the corresponding
sections.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

» The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be used
reliably to provide closed captions for online lectures because it fails to handle technical
jargon.

* The authors should discuss the computational efficiency of the proposed algorithms and
how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to address
problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an important
role in developing norms that preserve the integrity of the community. Reviewers will
be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs
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Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: The problem setups and assumptions are provided in Section 2. We provide
theoretical guarantees in Section 3, Section 4 and Section 5, and all the corresponding proofs
can be found in Appendix A, Appendix B and Appendix C.

Guidelines:

* The answer NA means that the paper does not include theoretical results.

e All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if they
appear in the supplemental material, the authors are encouraged to provide a short proof
sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [NA]
Justification: This paper does not include experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.
* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of whether
the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct the
dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case authors
are welcome to describe the particular way they provide for reproducibility. In the
case of closed-source models, it may be that access to the model is limited in some
way (e.g., to registered users), but it should be possible for other researchers to have
some path to reproducing or verifying the results.
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5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [NA]
Justification: This paper does not include experiments requiring code.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not
be possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

» The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [NA]
Justification: This paper does not include experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.

» The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [NA]
Justification: This paper does not include experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confidence
intervals, or statistical significance tests, at least for the experiments that support the
main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).
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8.

10.

» The method for calculating the error bars should be explained (closed form formula, call
to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

¢ It should be clear whether the error bar is the standard deviation or the standard error of
the mean.

e It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [NA]
Justification: This paper does not include experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster, or
cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

 The paper should disclose whether the full research project required more compute than
the experiments reported in the paper (e.g., preliminary or failed experiments that didn’t
make it into the paper).

Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: The research conducted in the paper conforms with the NeurIPS Code of
Ethics.

Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

e The authors should make sure to preserve anonymity (e.g., if there is a special consider-
ation due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: This paper is a purely theoretical work, and we do not find specific societal
impacts that should be highlighted here.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

o If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.
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11.

12.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justification: This paper does not include experiments (data or models), and thus poses no
such risks.

Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

* Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do not
require this, but we encourage authors to take this into account and make a best faith
effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: This paper does not use existing assets.
Guidelines:
* The answer NA means that the paper does not use existing assets.

» The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.
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13.

14.

15.

* If assets are released, the license, copyright information, and terms of use in the pack-
age should be provided. For popular datasets, paperswithcode.com/datasets has
curated licenses for some datasets. Their licensing guide can help determine the license
of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

« If this information is not available online, the authors are encouraged to reach out to the
asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: This paper does not release new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: This paper does not involve crowdsourcing nor research with human subjects
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contri-
bution of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: This paper does not involve crowdsourcing nor research with human subjects
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.
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1069 * We recognize that the procedures for this may vary significantly between institutions

1070 and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
1071 guidelines for their institution.

1072 * For initial submissions, do not include any information that would break anonymity (if
1073 applicable), such as the institution conducting the review.

1074 16. Declaration of LLM usage

1075 Question: Does the paper describe the usage of LLMs if it is an important, original, or
1076 non-standard component of the core methods in this research? Note that if the LLM is used
1077 only for writing, editing, or formatting purposes and does not impact the core methodology,
1078 scientific rigorousness, or originality of the research, declaration is not required.

1079 Answer: [NA]

1080 Justification: The core method development in this research does not involve LLMs as any
1081 important, original, or non-standard components.

1082 Guidelines:

1083 * The answer NA means that the core method development in this research does not
1084 involve LLMs as any important, original, or non-standard components.

1085 * Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
1086 for what should or should not be described.
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