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Abstract

In this paper, we study the episodic reinforcement learning (RL) problem mod-
eled by finite-horizon Markov Decision Processes (MDPs) with constraint on the
number of batches. The multi-batch reinforcement learning framework, where the
agent is required to provide a time schedule to update policy before everything,
which is particularly suitable for the scenarios where the agent suffers extensively
from changing the policy adaptively. Given a finite-horizon MDP with S states,
A actions and planning horizon H, we design a computational efficient algorithm

to achieve near-optimal regret of O(y/SAH3K In(1/ 5)) in K episodes using
O (H + log, log,(K)) batches with confidence parameter §. To our best of knowl-

edge, it is the first O(v/SAH3 K ) regret bound with O(H + log, log, (K )) batch
complexity. Meanwhile, we show that to achieve O(poly(S, A, H)v/K) regret,
the number of batches is at least Q2 (H/log 4 (K) + log, log, (K)), which matches
our upper bound up to logarithmic terms.

Our technical contribution are two-fold: 1) a near-optimal design scheme to explore
over the unlearned states; 2) an computational efficient algorithm to explore certain
directions with an approximated transition model.

1 Introduction

In reinforcement learning (RL), the learning agent interacts with the environment to maximize the
total reward by making sequential decisions. The agent typically has to achieve two seemingly very
different goals: to try as many actions and reach as many states as possible so as to learn more
information about the environment (a.k.a. exploration) and to follow the policy that collects the
high rewards according to the learned information (a.k.a. exploitation). To address this exploration-
exploitation dilemma and achieve the near-optimal regret bounds, the agent usually needs to adjust
his/her strategies adaptively based on the historical trajectories and make frequent policy changes
[Azar et al.,[2017} Zanette and Brunskill, 2019, [Zhang et al., [2020].

On the other hand, however, too much adaptivity requirement usually leads to lower level of paral-
lelism, impeding the large-scale deployment of the RL algorithms (which is often in a distributed
manner). Frequent policy updates also suffer the cost of re-deploying policies in many practical
applications. For example, in medical domains, it often requires complete discussion among many
experts to change the treatment plans, which is not affordable in terms of both time and monetary
cost [Lei et al., 2012, |Almirall et al., |2012] [2014]]; in RL for hardware placement [Mirhoseini et al.|
2017]], rewriting the program into the hardware for too many times is strongly discouraged. Similar

*Department of Automation, Tsinghua University, zihan-zh17@mails.tsinghua.edu.cn

TDepartment of Automation, Tsinghua University, jiangyh19@mails.tsinghua.edu.cn

YYau Mathematical Sciences Center & Department of Mathematical Sciences, Tsinghua University,
yuan-zhou@tsinghua.edu.cn

$Department of Automation, Tsinghua University, xyji@tsinghua.edu.cn

30(-) hides logarithmic terms of (S, A, H, K)

36th Conference on Neural Information Processing Systems (NeurIPS 2022).



challenges also arise in applying RL to personalized recommendation system [Yu et al.,[2019]] and
database optimization [Krishnan et al.| 2018].

In such cases, the learning agent should minimize the number of policy switches while keeping the
regret affordable. Bai et al.|[2019] first proposed the provably efficient RL algorithms with low
switching costs under the -learning algorithmic framework together with the lazy update techniques.
However, their method needs to actively monitor the data in real time to determine whether a policy
change is to be initiated. In other words, although the number of policy switches by [Bai et al.,[2019]
is low, the (usually long) time periods when the same policy is used still cannot be parallelized due to
the policy-change trigger in their algorithms which is intrinsically sequential.

In order to address this problem, we propose and study under the framework of multi-batch RL,
where the learning agent has to determine the number of batches and length of each batch before the
learning process startsE] and uses as few batches as possible to achieve a low regret. Multi-batch
RL algorithms can be easily deployed in a distributed fashion as the episodes during the same batch
can be easily and fully parallelized. The idea of batch learning is also being widely practiced. For
example, in medical trials, the medical center usually collects the data during a fixed time period
among a batch of patients and then designs the experiment for the next phase based on the learned
information in previous phases [Lei et al.| 2012| |/Almirall et al.| 2012] 2014]].

Formally, we define multi-batch RL and batch complexity as below.

Definition 1 (Multi-Batch RL with complexity M). The agent determines a group of lengths
{t,}M_, such that 2%:1 tm = K before the learning process starts. Form = 1,2,..., M, the
agent sets a policy ™ and then follows ©™" for t,,, episodes.

We highlight that an upper bound for batch complexity implies the same upper bound for global
switching cost, since each policy switch means a new batch. It is also worth noting that the proposed
batch RL framework is fully parallelizable during each batch for the applications where dataset comes
in batch (e.g., clinical trial). Like other RL settings, we have the natural and interesting question:

Question 1. Is it possible to achieve near optimal batch complexity, while keeping the regret

O(WSAH3K).

We provide a positive answer for Question[I] which we state as below.

Theorem 1. Lef|. = In(2/5). For any episodic MDP, with probability 1 — 8, under Algorithm|l| the
regret in T' episodes is bounded by

Regret(T) < O (VSAHPK 2 + S¥ARHE A S 4 s¥ AR HF uch 4 ¥ AVHTL)

and the batch cqmplexity is bounded by O(H + log, log,(K)). Moreover; the computational cost of
Algorithmll)is O(S*AHK® + S®A2H?K3).

On the other hand, we show a lower bound of batch complexity as below.

Theorem 2. For any algorithm with O(poly(S, A, H)\/K) regret bound, the batch complexity is at
least U(H/log 4 (K) + log, log, (K)).

Compared to the lower bound of 2(log, log,(K)) in [Gao et al., 2019] for multi-armed bandit
problem, additional 2(H/log 4 (K)) batches are required to explore the structure of the MDP.

Due to space limitation, we defer the full proofs of Theorem[I]and Theorem2]to Appendix [D]and
Appendix [B|respectively.

Our contribution. We propose the framework of multi-batch RL, and first achieve O(H +
log, log, (K)) sample complexity bound with the near-optimal O(v/SAH3 K1) regret bound with
an efficient algorithm. We also prove that for any algorithm with O (poly(S, A, H)v/K) regret, the
global switching cost is at least Q(H /log 4 (K) + log, logy (X)), which implies a nearly matching
lower bound of Q(H/log,(K) + log, log,(K)) for the batch complexity. We also note that the
O(H + log, log,(K)) batch complexity implies an O(H + log, log,(K')) bound for the global
switching cost, which is also a near optimal upper bound.

%In contrast, Bai et al.| [2019]] can update the policy at any time.
"Throughout the paper we use ¢ to denote In(2/6).



2 Related Works

Bandit algorithms with limited adaptivity. Bandit problem with low switching cost is widely
studied in past decades [Cesa-Bianchi et al.l [2013| [Perchet et al.l 2016, |Gao et al.l 2019, |Simchi-

Levi and Xu, [2019]]. |Cesa-Bianchi et al. [2013|] showed an C:)(K %) regret bound under adaptive

~ 1
adversaries and bounded memories. [Perchet et al.|[2016] proved a regret bound of © (K 12"~ for
the two-armed bandit problem within M batches, and later|Gao et al.|[2019]] extended their result to
the general A-armed case. Besides the setting of classical multi-armed bandit problem, other settings
has also been studied, e.g., multinomial bandit problem [Dong et al., 2020] and linear bandit problem
[Ruan et al., 2020].

Episodic reinforcement learning with low switching cost. For model-based algorithms, by
doubling updates, the global switching cost is O(SAH log,(K)) while keeping the regret

O(VSAK H3)Azar et al.|[2017]. For model-free algorithms, Bai et al.| [2019] first studied RL with

low switching cost. They proposed a Q-learning algorithm with lazy update to achieve O(v/SAK H 4)
regret bound and O(SAH?log(K /A)) local switching cost. Recently Zhang et al.| [2020] estab-
lished a better regret bound of O(v/SAK H3) and O(SAH? log(K/A)) local switching cost. Be-
sides, |Gao et al.|[2021]] generalized the problem to Linear RL, and established a regret bound of
O(Vd3H*K) with O(dH log(K)) global switching cost. Recent work Qiao et al.|[2022] achieved
O(H S Alog, log,(K)) switching cost and O(poly(S, A, H)v/K) regret with a computational inef-
ficient algorithm.

Regret minimization for reinforcement learning. There is a long line of works devoting to regret
minimization for RL problem [Kakadel 2003} Jaksch et al., 2010, Bartlett and Tewari, 2009} Dann
et al., 2019, |Azar et al.,|2017, Jin et al.,|2018| |Zanette and Brunskill, 2019} [Zhang and Ji,|2019}|Zhang
et al., [2020, L1 et al., [2020, Zhang et al.,|2021]]. For tabular setting, near optimal regret bound of
O(V SAHS3T) has been established by [Azar et al., 2017, [Zanette and Brunskill, 2019, Zhang et al.,
2020] for both model-based and model-free algorithms. However, fewer algorithms focused on the
setting of multi-batch RL.

3 Preliminaries

Episodic reinforcement learning. M = (S, A r P, s;), where § x A is the discrete
state-action space, r = {rn(s,a)}(s,a)esxAne[m] 1S the knowrﬁ reward function, P =
{Pn(s,a)}(s,a)esx A he[#] 1S the unknown transition model and s; is the fixed initial stateﬂ We
assume that the reward function ry (s, a) € [0, 1] for any (h, s, a). In each episode, the agent starts
at s1, then takes actions and transits to the next state step by step, and finally conducts the trajec-
tory {(sh, an, sn+1)}L . The target of the agent is to maximize the accumulative reward function

S rn(sn, an).

A policy 7 can be viewed as a series of mappings {wh}thl where 7, : S — A“ maps sj, to a
distribution over the action space at the h-th step, where 7y, (a|s) is the probability taking action a at
state s of the h-th horizon.

Given a policy 7, the (optimal) Q-function and value function are given by

H
Qh(s,a) = Ex lZ T (Sws an)|(Shs an) = (S,a)l ; @h(s,a) = SquZ(Sya);
h'=h e
H
Vi (s) = Ex l Z The (Shrs ans)|sp = S] ; Vii(s) = mng;‘z(s,a).
h'=h

8This is a common assumption since the uncertainty of reward function is dominated by that of the transition
model.

°The more general case, where the agent starts from a fixed initial distribution, could be reduced to our
setting by increasing H by 1



Let 7(F) denote the policy in the k-th episode. Then the regret is given by

(k)

M=

Regret(K) := (Vi*(s1) = Vi " (s1))- (1)

k=1

Notations In this paper, we use E, ,[-] (P ,[-]) to denote the expectation (probability) following
policy 7 under transition model p. In particular, E,[-](P,[-]) denotes the expectation (probability)
following 7 under the true transition model P. We define the general value function

H
Wﬂ(rl,p) = EW,P [2 T;L(8h7ah)] :

h=1

We use 1 to denote the S-dimensional vector [1,1,..., 1]T and 1, , , to denote the reward func-
tion 7' such that 7},(s’,a’) = I[(h,s,a) = (h',s',a’)]. We also define {d} (s, a)}(s,q,n) be the
occupancy distribution of 7. That is, df (s, a) = E[I[(sn,an) = (s,a)]]. A?is used to denote
the d-dimensional simplex. For two vector x, 3y with the same dimension, we write = |y as zy for
convenience. For p € A and v € R¥, we define V(p,v) = pv? — (pv)2. For N > 1, we use [N] to
denote the set [1,2,..., N].

4 Technique Overview

In this section, we first introduce the policy elimination framework, which enjoys the near-optimal
batch complexity. Then we summarize the technical challenges to achieve the near-optimal regret
bound efficiently under this framework. At last, we introduce our major technical contributions.

4.1 Policy Elimination Framework

Following the methods in multi-batch bandit learning [Perchet et al.| [2016]], Gao et al.|[2019]], we
construct our main algorithm using policy elimination. Like most model-based reinforcement learning
methods, we maintain a confidence region P for the transition model, where the true transition model
P e P with high probability. Before each batch starts, for a policy 7 and a reward function u, by
extended value iteration (See Algorithm [5]in Appendix [C.2), we are able to compute the confidence
interval [L™ (u,P), U™ (u, P)] for the value function of 7, where

U™(u,P) :=max W™ (u + 1,,p'); L™ (u,P) := min W7 (u,p’). 2)
p'EP p'eP

Here z is a virtual state for the infrequent state-action-state triples (See Function clip in Algorithm [2)).
The reason why we give reward 1 for z in computing the upper confidence bound is to encourage
exploration to these infrequent state-action-state triples.

By policy elimination we get I1(r, P) = {W|U”(r, P) = sup,., L™ (r, 73)} as the set of survived
policies. The next step is to choose a policy 7 € II(r,P) and execute 7 in the current batch.
Defining P™ to be the confidence region for the transition model after the m-th batch and gap™*! =
max eri(r,prmy (U™ (r, P™) — L™ (r,P™)), the regret in the m + 1-th batch could be bounded by

tm+1lgap™*1 Therefore, the main task is to design efficient exploration policy to reduce gap™ for
eachl<m< M.

4.2 Technical Challenges

Following the policy elimination framework above, we have two major challenges to achieve the
near-optimal regret bound with an efficient algorithm.

Difficulty in exploration Fix the reward function r and confidence region P. To construct tight
confidence interval for every policy 7 € II(r, P), we need to find a policy 7 € II(r, P) to collect
enough samples for each (h, s, a). To address the problem, |Qiao et al.|[2022] proposed an algorithm
named APEVE, which learns each (h, s, a) triple independently. More precisely, for each (h, s,a) €
[H] xS x A, the algorithm searches for a policy 7**:® to maximize the probability of visiting (h, s, a)



over I1(r, P), and then execute "% to collect samples for (h, s, a). However, this algorithm might
be inefficient in sampling, since different horizon-state-action triples may match along with the same
exploration policy. As shown in|Qiao et al.|[2022]], the regret bound might be sub-optimal with this
algorithm. Therefore, to achieve the near-optimal regret bound, we need to design a new exploration
strategy to utilize the correlationship among different horizon-state-action triples.

Difficulty in efficient implementation Because the policy set II(r, P) might have exponential size,
naive enumeration is not applicable to searching for a good exploration policy. As a consequence, it
requires additional efforts to study the structure of II(r, P). For example, when r = 0, II(r, P) is the
set of all possible policies. In this case, we can use extended value iteration (See Algorithm ) to find
the policy which visits (h, s, a) most frequently.

4.3 Key Techniques

Near-optimal design scheme Unlike RL algorithm with limited switching cost, in multi-batch
reinforcement learning, the agent can not change the policy adaptively. As a result, we need to design
a policy with proper coverage ratio for all the survived policies. That is, using the data collected
following this policy, the length of the confidence interval for any survived policy is bounded by a
uniform threshold.

Recall that d7 (s, a) = Ex[I[(sp,an) = (s,a)]. Using classical regret analysis for tabular RL [|Azar
et al., [2013| [Zanette and Brunskill, 2019], for a fixed policy 7, the length of confidence interval for 7
could be roughly bounded by

~ - Vary, (s, a) < ~
0 ( Z dh(sv a) W) Cauch;’sineq.O

s,a,h

Z e AL A Zd (s,a)Vary(s,a) |,

s,a,h s,a,h
3)

where Vary, (s, a) is the variance term with respect to P, s o and V sp41 (+), and Np(s,a) = 1is the
count of (h, s,a).

Because > .,

we focus on bounding the term

d7 (s, a)Varp(s, a) could be uniformly bounded by O(H?) using classical analysis,
dr (s,a)

s,a,h N’;L(s,a) .

batch, we roughly have that N}, (s, a)ocd] (s, a). So it corresponds to find a policy 7 € II(r, P) to

dp (s.a)
dp (s,a)°

Suppose the policy for current batch is 7. After this

minimize the worst-case coverage number max eri(r,p) >, h.s.a For this problem, we have
the lemma below, and the proof is deferred to Appendix [E.T]

Lemma 1. Let d > 0 be an integer. Let X < (AY)™. Then there exists a distribution D over X,
such that
dm
max =md
r={z;}&m, EXZZI Yi ’

where y = {y;}¢" = E,.p[x]. Moreover, if X has a boundary set 0X with finite cardinality, we
can find an approximation solution for D in poly(|0X]) time.

Plugging X' = {{df(-,)}}_,|m € I(r,P)}, d = SA and m = H into Lemmall] there exists a
policy 7 being a mixture of policies in II(r, P), such that max eri(-p) >, di(s9) _ SAH. In

s,a,h d7T (s,a)

this way, we can find the desired exploration policy 7 by assuming the knowledge of {dJ (-, -) }th1
for all w € II(r, P).

Given the design scheme above, it remains two problems, for which we present solutions below:
D {d7 (-, )}f | is unknown; 2) even assuming {dJ,(-, )}hH 1 is known, it is hard to find T since the
cardinality of {{d} (-, )}}__,|m € IL(r, P) } might be exponential in SH.

Constructing tight confidence region To estimate {d} (-, -)}thl, we consider to construct a tight
confidence region for the transition model to estimate the occupancy distribution up to a constant
ratio.



Definition 2. We say a confidence transition region P = ®}, 5,4 Ph.s.q is tight with respect to p' iff
. L 1

(l)p/ € ,P; (ll) € Hp;lys_’a’sl Ph,s,a,s’ < er;—L s,a,s’ f()r amny (h' S, a, 8/) and any Ph,s,a € Ph,s,u;

(iii) Ph.s,q has the form Py s o = {p € As|a p < bi,i=1,2,...,m} where m < poly(SM).

In model-based reinforcement learning, these conditions are natural and it is easy to construct a tight
confidence region with acceptable error.

Once we have a confidence region which is tight w.r.t. the true transition model P, for any policy 7
and (h, s, a), we can estimate the expected visit count W7 (1, 5 4) by W™ (1, 5 4,p) for any p e P
because

eilwﬂ—(lh,s,aap) < Wﬂ—(lh,s,a) = dg(&a) < 6W7r(1h,s,aap)-

With W7 (1;, 5.4, p) as approximation of d} (s, a), we can continue the analysis above by paying a
constant factor.

To learn such a confidence region, by Bennet’s inequality (Lemma , it suffices to visit (h, s, a, s )@]
for C1 H?. for each (h, s, a, ), where (1 is an universal constant. By this idea, we try to visit each
(h, s,a,s") as much as p0551ble In the meantime, it is very possible that some (h, s, a, ) tuples are
extremely hard to visit. Fortunately, with proper exploration scheme, we can show that the maximal
probability to visit such tuples is well-bounded, so that these tuples could be ignored by suffering

regret O(\/T).

Computational efficient design scheme Assume the confidence region P is tight w.r.t.

P. We invoke reward-zero exploration to learn a sub-optimal solution for the problem
MiNzer1(r,P) MAXrer1(r,P) Spos d"E: 3 Let p € P be fixed and define d7 (s,a) = W™ (14.4.4,D)
be the approximation for df (s, a). We define 7' = arg max eri(r,py W7 (1", p) for1 <i < k = K?,

where 7} (s,a) = min {Zldl"]() 1}. Let 7 be the mixture of {7}*_,. For any policy 7, we
have that
Z dZ(s,a)~min{7.T1,k} <0 Z d7 (s, a) - min ;,k 4)
s,a,h dh(87a) s,ah dZ(s,a)
k .
<O ( Wﬂ(rl,p)> (5)
i=1
<0 (Z W mm) ©
i=1
~ i 1
<0 dj, (s,a)-min{l,1}>
(s%h 1:21 Z_] 11 dﬂ] (57 CL)

k max{Y)_; dff’ (s, a), 1}
=¢ (thlg <max{21 T (s 0), 1}))
< O(SAH log(k)). (7)

Here (@) holds by the tightness of P, (@) holds by the fact that 7 (s,a) > rit!(s,a) =

min {k;ﬂ(), 1} = imm{ﬁ k} for any (h, s,a), and (6) holds by the optimality
j=1 % (5a

of 7 for 1 < ¢ < k. With (7) in hand, max cri(,,p) Yhsa % is roughly bounded by
O(SAH log(K ))[:[1 which nearly matches the best worst-case coverage number number of SAH.

A tuple (h, s, a, s') is visited means (sn, an, sn+1) = (s, a, s").

""We remark the there is still a gap between MAXrelI(rP) Dp.s.a Zﬁgs’“; and Zgah h(s,a) -
»Sy h(s,a

min { T (o) K 3} Actually (7) is sufficient for further regret analysis.



Algorithm 1 Main Algorithm

1: Input: state-action space S x .4, number of episodes K, confidence parameter &;
2: Initialize: ¢ < In(2/6), ky « 144/ SAK Hu, ky < 28853 A2H*\/Ku;

3: {D1} <« Raw Exploration(0, &, k1);

4: {Dy} < Raw Exploration(r, Dy, k2);

5: PolicyElimination(Dq, K — Hk1 — Hks).

Computational efficient constrained exploration Let u,u’ be two reward functions and P be
a set of transition models. As stated before, for general II(u, P) , it might be non-trivial to solve
the problem 7 = arg max eri(,,py W7 (¢, p) for fixed p € P. As a trade-off, we turn to find some
policy 7 € IT(u, P) such that W™ (v, p) > cmaXqer(y,p) W (v, p), where ¢ > 0 is some universal
constant. The problem turns out to be a RL problem with a soft constraint. For general II(u, P), the
problem might be hard to solve. Fortunately, on the benefit of the #ight property of P, we can find
such 7 efficiently.

5 Algorithms

In this section we present our algorithms. The main algorithm (Algorithm[T)) consists of three stages.

In the first two stages, we conduct naive exploration to identify the tuples which are hard to visit,
which we called infrequent tuples. In particular, the length of the second stage is slightly larger than
that of the first stage, where we use the dataset in the first stage to reduce the regret in the second stage.
In this way, we can bound the regret in the first two stages by O(v/ SAH3K), while the probability
of visiting the infrequent tuples is small enough.

After ignoring the infrequent tuples, we could obtain a tight confidence region. Given the tight
confidence region, we compute the confidence region for each policy and conduct policy elimination
in the third stage. The first and second stages contains O(H) batches, and the third stage contains
O(log; log, (K)) batches. So the batch complexity of Algorithm([1]is O(H + log, log, (K)). Below
we describe Raw Exploration (Algorithm[2) and Policy Elimination (Algorithm[3) in detail.

5.1 Raw Exploration

Given a dataset D with counts {Ny,(s,a, s")}, we define the set of known tuples as {(h, s,a,s’) :
Ni(s,a,s") = C1H?:} and the left tuples are regarded as infrequent tuples.

In Algorithm[2] we are given a dataset. Then we compute the corresponding confidence region P in

Line where a(n,n') = /25t + 3

We conduct exploration layer by layer over policies in the set of survived policies II(r, P). By visiting
each (h, s, a) as much as possible, we can judge whether a tuple (h, s, a, s") is hard to visit using
policies in II(r, P).

Given the set of known tuples W, we redirect all tuples not in W to an additional absorbed state z
using clip(-, -). Once we prove that the probability of reaching z is small enough for the any optimal
policy, we can directly learn under the clipped transition model.

In Line E] Algorithm [2} the algorithm Policy Search is invoked. Given any reward u,u’, any
confidence region P and threshold ¢ > 0, this algorithm returns a policy 7 € II(u, P) such that
W7/ p) = cMaXrery(y,p) W7 (u',p) — € with some universal constant ¢ > 0. Moreover, when
P is tight w.r.t. the true transition model P after clipping, the time complexity of the algorithm is
O(poly(SAHK)log(1/e)). The algorithm and corresponding analysis is postponed to Appendix

It is also worth noting that executing each 7, s , with probability S%q can not be regarded as a
(history-independent) policy because the agent need to keep in mind which policy is chosen in current
episode. In contrast, the agent only needs to observe current state to take actions following a policy.
To address this problem, we define an operator Sum to take sum over policies under some transition
model. Formally, we have the lemma below and postpone the proof to Appendix[E.2]



Algorithm 2 Raw Exploration(u, D, k)

1: Input: reward function u, dataset D, length k;
2: Inmitialize: C; < 200;
3: forh=1,2,...,H do

: P < CR(D);
for (s,a) e S x Ado

7/$4 « Policy Search(u, 1y 5.4, P);

end for
p < arbitrary element in P;

{7", p} < Sum ({Sﬁmh’s’“,p}(mm);

10: 7" be the policy which is the same as 7" in the first A — 1 steps, and be the uniformly random
policy in the left H — h + 1 steps;

11:  Execute 7" for k episodes, and collect the samples as Dy,;

122 D« DuDy;

13: end for

14: return: {D};

15: Function: CR(D):

16:  Np(s,a,s’) < countof (h,s,a,s’)in D, forall (s,a,s);

17: Ni(s,a) < max{d>,, Nu(s,a,s’),1} forall (s,a);

~ Ny, (s,a,s’ .
18: ph,s,a,s’ <« %a;;))’ V(h, S, a, S/),

190 W {(h,;s,a,s) : Nip(s,a,s') > C1H?1};

20: Ph,s,a < {p € AS‘ |ps’ - ﬁhﬁ,a,s" < a(Nh(S7 a)7 Nh(S, a, S/))7 VS/ € S}, V(h, S, a);
21:  Ppsa < {clip(p, W) :pe 73;1’5@}, V(h,s,a);

22:  Return: ®p 5,0Ph,s,a-

23: Function: clip(p, W)

240 Phsas < PhsasV(h,s,a,8) €W,

25: pﬁhs’a’s, — 0,VY(h,s,a,s) ¢ W,

26: p;z,,s,a,z - Zs’:(h,s,a,s/)eéw Dh,s,a,s" V(h, S, a’) € [H] x 8 x A,
270 Pha < 1:,Y(h,a) € [H] x A

28:  Return: p.

Y ek

Lemma 2. Let P = @y, 5,0)Ph,s.a be a set of transition models such that Pp, s o < A5 is convex for

any (h, s,a). Let {(7*, P*)}""_, be a sequence of policy-transition pairs such that P* € P. For any
{\i}"q such that \; = 0 fori > 1and Y, \; = 1, there exists a policy w and P € ‘P, satisfying that

W™ (Insas P) = DI NW™ (L s.a0 PY) 8)

forany (h,s,a) € [H] x S x A. Furthermore, the time complexity to find {m, P} could be bounded
by O(nS3A%H?).

Therefore, for any {\;, 7, P/} | satisfying >, ; A\; = 1 and \; > 0 for i > 1 as input, there
exists {m, P} such that W™ (1}, 5.4, P) = >, )\iW’Tz(lh’s,a, P and P s, € Convex({Pf;’S,a ")
for any (h,s,a) € [H] x S x A, where Convex({{) denotes the convex hull of the set Z{. Then Sum
is defined as Sum({\;, 7", P*}?_,) = {m, P}.

5.2 Policy Elimination

Given the dataset collected in the first two stages, we first compute the known set VV. Unlike
Algorithm [2, we do not update WV in the rest time because the first two stages can ensure that the

probability of visiting W is O(1/vVK).

As mentioned in Section[d] for each batch, we invoke reward-zero exploration to search for the policy
with near-optimal coverage. Based on such a policy, we can provide uniform bound for the length



Algorithm 3 Policy Elimination
1: Input: dataset D, length k;
2: Initialize: D° < D, P! « (A%)54 0y « 100, v, ' (s) <« H — h + 1, ¥(h,s) € [H] x S;
K [Kl—%] form =1,2,..., M = [logy log,(K)];

3: Np(s,a,s") < countof (h,s,a,s’)inD;

4 W {(h,s,a7s') : Nh(s,a, sy = C1H?u};

5: form=0,1,2,..., M —1do

6 P Pl (D™ D" W, (e ()} )
7. 7™t « Design((P™);

8 if>" _, K, <kthen

9: Execute 7! for K, 11 episodes;
10:  else
11: Execute 7! for k — (3, _ | K,) episodes;
12:  end if
13: D™ < the dataset in the (m + 1)-th batch;

14:  Update the dataset D1 « D™ y 5m+1;

15: vp(s) « max; pepm Er [Zg=h rh(Sh,an)|sn = s] forall (h,s) € [H] x S;

16: end for

17: Function: CR*(D, D', W, v):

18:  {Np(s,a,s’)} «countsin D, Ny(s,a) < max{d>., Np(s,a,s’),1} forall (h,s,a,s);
19:  Phosas < %:75/)9 V(h, s, a, SI);

20:  {Nn(s,a,s’)} < countsin D', Ny(s,a) < max{), , Np(s,a,s’),1} forall (h,s,a,s);
21:  Phsas — %, V(h,s,a,s);

22: 75h,s,a <« {p € AS| ‘ps’ _ﬁh,s,a,s'| < a(Nh(s,a), Nh(sa a, 5/))7VS/ €S,

(0= Bhs.a)o] < *(Ni(s, @), D) |, (0, 5, 0);
23: 7Dh,s7a — {Clip(pa W) :pE 73hq,s,a}’ V(h, S, a);
24:  Return: ®p 5,0 Ph,s,a-
25: Function: Design(P):
26:  p < arbitrary element in P;
27 fori=1,2,..,K*do

28 di (s,a) — W™ (1)4.4,p) for 1 <j <i—1andany (h,s,a);
L —mi 1 :

29: 71} (s,a) < min { SREIASE 1}, V(h,s,a);

30: 7' « PolicySearch(r, 7!, P);

31:  end for

"y K3
2 {mp} < sun ({7 7.0}, )
33:  Return: 7.

of confidence intervals for all survived policies, which enables us to using the batch sizes in bandit
algorithms [Perchet et al., 2016, |Gao et al.,|[2019].

Besides, to obtain a better regret bound, we estimate the optimal value function at the end of
each batch, and use it to build a tighter confidence region. As presented in Line 22] Algorithm [3]
we use two empirical transition probabilities to construct the confidence region. Noting that the
samples in the m-th batch is independent of v~ !, we could add a Bernstein-style constraint, where

a*(n,p,v) = 51/“’”” +%..



6 Conclusion

In this paper, we study multi-batch reinforcement learning, and provide an efficient algorithm to
achieve the near-optimal regret bound and batch complexity. It would be an interesting problem to
generalize our results to reinforcement learning with function approximation case, e.g., linear MDP.
Another important direction is to study the exact batch-regret trade-off for multi-batch reinforcement
learning.

Broader Impact This work focus on the theory of multi-batch reinforcement learning, and the
broader impact is not applicable.
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[N/A] . You are strongly encouraged to include a justification to your answer, either by referencing
the appropriate section of your paper or providing a brief inline description. For example:

* Did you include the license to the code and datasets? [N/A] The paper is theoretical and
there is no numerical experiments.

* Did you include the license to the code and datasets? [N/A] The paper is theoretical and
there is no numerical experiments.

* Did you include the license to the code and datasets?[[N/A| The paper is theoretical and
there is no numerical experiments.

Please do not modify the questions and only use the provided macros for your answers. Note that the
Checklist section does not count towards the page limit. In your paper, please delete this instructions
block and only keep the Checklist section heading above along with the questions/answers below.

1. For all authors...

(a) Do the main claims made in the abstract and introduction accurately reflect the paper’s
contributions and scope? [Yes] We provide a near-optimal regret bound for multi-batch
RL

(b) Did you describe the limitations of your work? [Yes] We focus on studying the tabular
case. More efforts are required to extend the results to RL with function approximation

(c) Did you discuss any potential negative societal impacts of your work? [N/A| The paper
is theoretical and there is no possible negative societal impacts.

(d) Have you read the ethics review guidelines and ensured that your paper conforms to
them? [Yes] .
2. If you are including theoretical results...

(a) Did you state the full set of assumptions of all theoretical results? [Yes]
(b) Did you include complete proofs of all theoretical results? [Yes] We sketch the proof
in the main body. The details are postpone to the appendix
3. If you ran experiments...

(a) Did you include the code, data, and instructions needed to reproduce the main experi-
mental results (either in the supplemental material or as a URL)? [N/A] The paper is
theoretical and there is no numerical experiments.

(b) Did you specify all the training details (e.g., data splits, hyperparameters, how they
were chosen)? [N/A]

(c) Did you report error bars (e.g., with respect to the random seed after running experi-
ments multiple times)? [N/A]

(d) Did you include the total amount of compute and the type of resources used (e.g., type
of GPUs, internal cluster, or cloud provider)? [N/A]
4. If you are using existing assets (e.g., code, data, models) or curating/releasing new assets...
(a) If your work uses existing assets, did you cite the creators? [N/A] The paper is
theoretical and there is no numerical experiments.
(b) Did you mention the license of the assets? [IN/A]
(c) Did you include any new assets either in the supplemental material or as a URL? [N/A]

(d) Did you discuss whether and how consent was obtained from people whose data you’re
using/curating? [N/A]

(e) Did you discuss whether the data you are using/curating contains personally identifiable
information or offensive content? [N/A]

5. If you used crowdsourcing or conducted research with human subjects...
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(a) Did you include the full text of instructions given to participants and screenshots, if
applicable? [N/A] This paper is irrelevant to crowdsourcing or human projects.

(b) Did you describe any potential participant risks, with links to Institutional Review
Board (IRB) approvals, if applicable? [IN/A]

(c) Did you include the estimated hourly wage paid to participants and the total amount
spent on participant compensation? [N/A]
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A Technical Lemmas

Lemma 3. Let Z, 71, ..., Z,, be i.i.d. random variables with values in [0, 1] and let 6 > 0. Define
VZ = E[(Z —EZ)?|. Then we have

1 n
Annhl

Lemma 4. Let X1, Xo, ... be a sequence of random variables taking value in [0,1]. Define Fj, =
o(X1,Xa, ..., Xx—1) and Yy, = E[Xy|Fi] for k = 1. For any § > 0, we have that

P lﬂn, DX <3 Vit lln(l/é)] <46
k=1

P [3n, DVe=3) X+ lln(l/é)] <9
k=1

k=1

2VZIn(2/5) 1n(2/6)1 s

n n

Proof. Let t € [0,1/1] be fixed. Consider to bound Z; := E[exp(¢ Zi,zl(Xk/ — 3Y%))]. By
definition, we have that

k
E[Zk| Fi] = exp(t Y (Xpw — 3Yi))E [H(X) — 3Y3)]
k'=1

k
<exp(t )| (Xp — 3Yi)) exp(3Ys) - E[1 + tX}, + 2t°X7]
k'=1
k
<exp(t Y. (Xp — 3Yi)) exp(3Y) - E[1 + 3tX«]
k'=1
k
= exp(t Y, (X — 3Yi)) exp(3Yz) - (1 + 3tY%)
k'=1
k
<exp(t Y| (Xp —3Yi))
k'=1

= Zk—1,

where the second line is by the fact that ¢ < 1 + z + 222 for z € [0,1]. Define Z, = 1
Then {Z} }r>0 is a super-martingale with respect to {F}r>1. Let 7 be the smallest n such that
Dot Xk — 3201 Vi > 11In(1/6). Itis easy to verify that Z,;,¢; .1 < exp(tl1In(1/8) + tl) < oo.
Choose t = 1/1. By the optimal stopping time theorem, we have that

n<N, Y X, >3 Vi +1In(1/)
k=1

=P[r < N]
< I[D[ min{r,N} = exp(t] ln(l/&))]
E[ min{r, N}]

g — e
exp(tlIn(1/4))
J.

A

Letting N — oo, we have that

In, Y. Xp <3 Vi +1In(1/0)
k=1

k=1
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Considering W, = E[exp(t Zl,z,zl (Y/3 — X))]. using similar arguments and choosing ¢ = 1/(31),
we have that

n

Pl3n, Y Yi>3 ) Xi+1In(1/5)| <.
k=1

k=1
The proof is completed. O
Lemma 5. Let the policy m and reward r be fixed. Let p and p’ be two transition model, it holds that
W™ (r,p) = W7 (r,p) = > W (IhsaP) Whsa = Phos.a) Vi 9)
h,s,a

where {Vy(8)} (n,s)e[H]x s is the value function under p’ following .

B Lower Bound (Proof of Theorem 2)

Firstly, by the lower bound on batched bandit (Theorem 3 in [Gao et al.l 2019])), to achieve
O(poly(S, A, H)\/K) regret, the number of batches is at least Q(log, log,(K)). To show a lower
bound of Q(H/log 4 (K)), we have the lemma below by considering an MDP with 2 states and A
actions.

Lemma 6. Let S = {s(0) sV} A = {ap,a1,...,aa} and 51 = (0. Letd = |21log 4 (K)|+2. For
v =[v1,va,...,04]" € A% we define the transition model P’ by setting P! 0. = [1, 0]7,Vz #
vy, PY =[0,1]" and P? =[0,1]",V1 < = < Afor 1 < h < d. Let  be a stochastic

h,s(o),avh h,s(1) a,
policy, Then there exists v such that with probability 1 — 3, (h, s(o)) is never visited in K episodes
following .

Proof. Denote the distribution of 7 as D, we define z = [z, 2,...,74]" as below. Let x; =
argmin; E, . p [7r1 (ai|s(0))]. For 2 < h < d, we define
Erp [Ir[sh-1 = 5(0)\P°”’h_1]77h(ai|sh)]

By Lo 1 = sO[Pei1]]

Tp, = arg max
7

where P*"~1 denote the first (h — 1)-layers of the transition model P*. Because P, [s;, = s(9|P?]
is determined by the first (b — 1)-layers of P*, x, is well-defined. By definition we have that

Erp [Lelsn_1 = 8O PT" 1, (az, |sn)] _1 (10)
Eﬂ—m,]) [Hﬂ[sh—l — S(O)|Pz,h71:|] x A

Recall that x = [z1, 29, ...,74]". For 1 < b/ < d, by (T0) we have that
E.oPx [sh/ - s<0>|Pw]
= Bl S (ag, |5©)

Ervo [Hﬂ—[shlfl - S(O)|Px,h_1]7rh(axh|sh)]
]Eﬂ-ND [I[ﬂ'[sh’—l = 3(0)|P1,h71]]

= BroPy [s01 = 5O P7]

1
< 2Bl [sh,,l - s<0>|Pw] . (11)
Therefore, ErpPr [s4 = s(V|P*] < 44— < +. Then the probability of visiting (h, s¥)) in K
episodes is at most %, where the conclusion follows. O

We name the MDP in Lemma [6] as a basic MDP. Now we construct our counter-example by con-
catenating ©(H /log 4 (K)) basic MDPs and a tail MDP with large rewards. Let S = {s(®) s(1)}
and A = {a1,az,...,aa}. Letd = |2log,(K)| + 2 and ¢ = |Z]. Then ¢ = C"H/log,(K)

for some constant C’. For v = [v1, vz, ...,v.4]" € {0,1}°?, we define the transition model P as
. _ T _ T _ T
below: Pilt)i+j,s(°>7avid+j =[1,0]", B s 0y = [0,1]" for ! # v;q4; and P = [0,1]
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forl <l<Aforany0<i<c—1landl<j<d; P, 0, =[1,0]" and P, ;) ,, =
forany 1 </ < Aandcd + 1 < h < H. The reward function r is given by ), ;) ,, for 1 <
e¢d +1 < h < H and 0 for other (h, s, a) triples.

[0, 1]"
I<A

To achieve sub-linear regret, the agent needs to visit (cd + 1, s(?)) for at least one time. Then the
proof is completed by the lemma below.

Lemma 7. If the number of batches M < ¢ — 2, for any algorithm G there exists v such that with
probability 1 — & > 1, (cd + 1, () is never visited.

Proof. Let m; denote the number of batches used at the time when (id + 1, 5(0)) is visited for the first
time. Besides, we let 7 (i) denote the policy at time m,. Because 7(¢) is determined before visiting
(id + 1,5(9)), given the algorithm G, 7 could be viewed as a stochastic function of {vy,va, ..., vi}.
By Lemma@ when {v1,va,...,v4} is fixed, we can choose {v;4+1, ..., Vid+q} properly, so that
with probability 1 — %, ((i + 1)d + 1, s(?) is never visited in K episodes following 7 (). Therefore,
with probability 1 — %, (i + 1) # (i), which implies that m; ; > m; + 1. By choosing
{Vid+1,Vid+1, - - -, Vid+a} recursively following the way in Lemma@for 0 <7< c—1, wehave
that with probability 1 — %, m;11 = m; + 1 for 1 < i < ¢, where m, = ¢ — 1 follows. Then the
conclusion follows by the equation below.

c

P [M <c—2, (cd+1,59)is visited] ~P[m.<c—2]< .

C Efficient Implementation of the Proposed Algorithm

In this section, we analyze the computational cost of Algorithm[I] In particular, we first introduce the
algorithm PolicySearch to show that it can help find the desired exploration policy efficiently.

C.1 The Algorithm

Policy Search is presented in Algorithm 4] The algorithms takes two reward functions u, v’ and a
confidence region P as input, and output a policy 7 and p € P such that W™ (v/, P) is large enough

compared t0 MaX,/er(u,p), w (v, P).

In the algorithm, we first compute ¢ := max, U™ (u + 1,,P) and b := max, L™ (u,P). Then we
set the target reward as u + 1, 4+ nu’ for different 7 and learn the corresponding optimal policy and
transition model {7, P"}. In intuition, the larger 7 is, the larger W™ (u, P") is. In this way, we aim
to find the maximal 7 such that 7" is not eliminated, i.e., 7" € II(u, P). To find such 7, we play the
naive dichotomy method as presented in Algorithm [4]

When u = 7, we assume that a — b > 75 without loss of generality. Note that when a — b < 25,

any policy 7 in II(r, P) is % optimal and we can follow 7 in the rest episodes.

In Algorithm 4] we invoke extended value iteration (EVI, see Algorithm[5) as a sub-routine. Algo-
rithm 5| targets compute (7, p) < arg max, pep W7 (u, p) for some reward function u and confidence
region P. In finite-horizon MDP, this step could be implemented by back induction. So it suffices to
solve arg max, pep Ph,s,a Vh+1 Where V;, 41 is the value function computed by back induction. Note
that in this paper, the confidence region could be described by at most O(S? AK) linear constraints,
which enables us to find an approximate solution in polynomial time. Besides, given w and P,
max 7U™ (u, P) and max, L™ (u, P) could be computed in a similar way, for which we present
Algorithm|[6] As a conclusion, Algorithm []is computationally efficient.

C.2 Theoretical Results and Proofs for Algorithm 4]

Lemma 8. Let u,u’ be two reward functions and P be a set of transition models. Assume P =
®hn,s,aPh,s,a is tight w.r.t. a transition model P. Then by Algorithm we can find m such that

1 / 2
™ / > — U / _ =
W™ (v, P) 18 ﬂlerrrlla})cp)) W™ (u', P) o€
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Algorithm 4 Policy Search

Input: reward u, v/, confidence region P = ®n. 5.4 Ph.s.a;
Initialization: threshold ¢ = (guyyrgs b < maxy L™(u, P), a « max; U™ (u + 1., P);
1o < (a—b)/2;
fori=0,1,2,...,do
{(r®, PO} — EVI(u + 1, + niu’, P);
if% < < %;then
Return: 7(;
else if W™ (u, P®) <b then
€= bW (u, PD) _
WY (4, PGy W (o PO
(7, P) « Sum({¢, 7~V pG-D} (1 — ¢ 70 p@)})

Return: 7 ;
else
Nit+1 = 21;;
end if
end for

Algorithm 5 Extended Value Iteration (EVI)

Input: reward function u, confidence region P = ®p, 5.0 Ph.s.a
Initialize: Qy(s,a) — 0,V,(s) < 0,Y(h,s,a) e [H+1] xS x A
forh=H, H—1,...,1do
Qn(s,a) « maxeep, ., (u(s,a) +qViy1), Y(s,a) € S x A;
Ph,s,a < arg manEP}L,s,a (U(S, Cl) + Q‘/’L-‘rl);
Vi(s) « max, Qn(s,a), Vs € S;
mnlals) — Ila = argmaxy Qu(s,a’)], ¥(s,a):
end for
Return: {m, p}.

Algorithm 6 Upper&Lower Confidence Bound
Input: reward function u, confidence region P = ®p 5,0 Ph,s,a;
Initialize: Q,(s,a), Vi(s),Q, (s,a),V;,(s) < 0,¥(h,s,a) € [H + 1] x § x A;
forh=H H-1,...,1do o
Qn(s,a) < maxgep, ., (u(s,a) + qVipi1), ¥(s,a) €S x A;
Vi(s) < max, Q) (s,a),Vs € S;
Q,(5,0) — minger, ., (u(s,a) + qV,y,1). V(s,a) € S x A:
V,(s) < max, Q, (s,a), Vs € S;
end for
Return: max, U™ (u, P) := V1(s1), max, L™ (u,P) := V,(s1);
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in time O(S*AHM?3log(SAHK )log(SAHK /(a — b))), where a = max, U™ (u + 1,,P) and
b = max, L™ (u,P).

Proof. Letw = u+ 1,. For any n > 0, we define (7", p") be the policy-transition pair such that

(7, P7) = arg max W™ (@ + nu', p).

By Lemma. 10} with Algorlthm@ we can compute a and b within time O (S*AHM? log(SAHK)

In the same way, with Algorlthmwe can find (77, p") within time O (S*AHM? log(SAHK))
for any n > 0. Note that in Algorithm @] the value of i is at most log(l/(noe)) =
O(log(ﬁ)) = O(log(SAHK)). As a result, the computational cost is at most

O(S*AHM31log(SAHK)log(SAHK /(a — b))).
We continue with an useful property of (7", P7).
Lemma9. Let 0 < 1 < 1/ be fixed. Let (7", p"), (7", P"") be such that
(7", P") = arg max W™ (i@ + nu’, p)
m,peP
(x, P") = arg max W™ (@i + n'u, p).
,peP

Then we have that

W™ (@, P") = W= (a, P").

Proof. Let z, = W™ (@, P"), 20 = W™ (@, P"), y1 = W™ («/, P7) and g, = W (', P7).
It suffices to show that 1 > 5. By the optimality of (7r’7 P7)and (7", P""), we have that

T1 +Ny1 = T2 + NY2;
To+ 1y = x1 + 1y

If z1 < x5, then we have that y; > ys. It then follows that zo + n'ys = x3 + Y2 + (7' — N)y2 <
x1 +ny1 + (0" — n)y1 = 21 + 1'y1, which leads to contradiction. O

In Algorithm[d] there are two breaking conditions.

Case 1 Recall that {7(V), P()} = argmax, pep W™ (u + 1, + n;/,p) = arg max, pep W7 (i +
n;t’, ) In the first case, we end with obtaining some 4 satisfying that

W

(1, PD) < b.

Because W7 (@i, P©) = a — 1 > b 1t holds that ; > ng for any ¢ > 1. By Lemma|§|and the
stopping condition, we have that wr ( PU=1D) > p. By Lemrnal we can find a policy 7 and
P € P such that

(i-1)

W7 (v, P) = ¢W™" (0, PD) + (1 — W™ " (v, P (12)

for any reward function v.

O

; — b—w™ " (a,PV) 7'1' (o P) —
Notlng that £ = W (e )W @)’ we have that U™ (u,P) = W™(4,P) =
ew™ (@, PD) + (1 — W= (4, PG—1)) = b, which implies that 7 € II(u, P).

Note that W™ (v, p) is linear in v for fixed 7 and p. For any policy 7 € II(r, P) and p’ € P, we have
that

W™ (@,p') + W (W, p) < W™ (@, p®) + W™ (o, PD), (13)
W™ (@, p) + W™ () < W (@, PO o (0, PEYY. (14
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It then follows that

W™ (i, p") +ni-a W™ (u',p')

< (W @ PO) + g W w, PO)) 4+ (1= &) (W™ (@ PU) 4w (!, POTY))
<b4+nW*W, P). (15)

For any 7 € II(u, P), there exists p’ € II(u,P) such that W™ (1w, p’) > b. By (13) and noting that
;i = 277i—l’ we have

(i—1) (i—1)

W™, p) < —E-W* (', P) < 2W* (u/, P). (16)
Ni—1
On the other hand, by Lemma [I7} for any = it holds that
W™ (u',p) < 3W™(u',p) <IWT™ (', p), (17)
for any p’ € P, which implies that
8 1
W7r / 2 - Wﬂ" / .
(W'.p) =5 max W7(u',p)
Case 2 In the second case, we end with some i such that 2 <7, < 2.

In this case, because W™ (@, P™) = b, we have that 7(*) € TI(u, P) . For any 7 € II(u, P) such
that

W™/, p) = 18W™" (u, p), (18)
by the tightness of P (w.r.t. p) it holds that
nW 0 p) = LW p) = oW (ol p) > W (o PO) (19)
for any p’ € P. On the other hand, by optimality of (7(?), P()), we have that
W, p') < W (@, PDY 4 g, (o, PD). (20)
Combine (T9) with 20, we have that
nW™ (W, POy < W (@, PY) < 2. Q1)
Combining [20) with (ZT), for any p’ € P, using the optimality of (7(*), P()) and (1J), we have that
W ) < W (u, POY + W (o, PO) < 4. (22)
It then follows W™ (u/,p) < 4e. Therefore, for any 7w € II(u,P), it holds either W7 (u/, p) <
18w (v, p) or WT(u/, p) < 4e. We then have that

0} 1 2
W™, p) = — W™ (W', p) — =e. 23
(v, p) I8 ponax (u',p) 5¢ (23)

The proof is completed.
O

Lemma 10. The computational cost of Algorithm and Algorithm [0 is bounded by
O(S3AHM?log(SAKH)).

Proof. To implement the two algorithm, we need to solve SAH linear optimization problem, which
has the form maxgep, ., (r + qu) or mingep, . . (r + qv). Note that P, 5 , has the form {p €

AS i al(p—p') < bj,i = 1}, and the number of linear constraints is increased for at most
O(S) in each batch. As a result, the total number of linear constraints in Py, 5, is bounded by
O(SM). By the results in|Cohen et al.|[2021], the time cost to solve the linear program problem
above is bounded by O(S? M3 log(SAHK)). Therefore, the total computational cost is bounded by
O(S*AHM?31og(SAKH)). O
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D Proof of Theorem /(1]

Additional Notations In this section, we use N;"(s, a, s') to denote the visit count of (s, a, h, s")
after the m-th batch. We also define NJ™(s,a) = max{>.,, N/"(s,a,s"),1}. We use {N}"(s,a,s")}
to denote the counts of the m-th batch. Similarly we define NJ*(s,a) = max{>. , NJ"(s,a,s’), 1}.

Let W* be the known set after the first two stages. Let P,TS,“’S, = %

transition model for 1 < m < 2H + M. For2H + 1 < m < 2H + M, define {P}TS,Q} be the
. .. . S _ . N/ (s,a,s’) %
clipped transition model, i.e., {P}", ,}n.s,a = clip ({[W]sles}h,s,a W >

Note that the m-batch in Algorithm [3|indicates the 2H + m-th batch in the main algorithm. To align
the indices, with a slight abuse of notations we use P™ and v™ to denote respectively the value of
P20 and v 2 in Algorithm [3|for m > 2H.

be the empirical

Table 1: Explanation of the notations

W™ (u,p) the general value function: W7 (u,p) = Ep x5, ~p, [Zle up(Sp,an)]
U™ (u,P) the upper confidence bound w.r.t. policy 7, reward u and confidence region P ;
L™ (u,P) the lower confidence bound w.r.t. policy 7, reward » and confidence region P ;
N["(s,a,s") | the visit count of (s, a, h, s’) after the m-th batch
N/'(s,a) Ni™(s,a) = max{) , N/*(s,a,s"),1};
Nj™(s,a,s') | the count of (h,s,a,s’) in the m-th batch;
N™(s,a) N™(s,a) :max{zs, N,T(s,a,s’),l}
wW* the known set after the first two stages
P s P o= %, the empirical transition probability;
DM M — . N};n(&a:s/)] } * ).
Pilssa Pl alnsa = clip <{ [ NI JgesShsa W > ’
P P = clip (P, W*), the clipped true transition model;
P the confidence region after the m-th batch;
{vj(s)} the extended optimal value function after the m-th batch;
% (V*) the optimal value function for the (clipped) true transition model;
a(n,n’) an,n) =4/ 285t 4+ 3,
o (TLJD, ’U) a*(n,p, 'U) = 5\/V(p’r;v)L + %;

The good event For 1 < m < 2H + M, define G}, , ., be the event where it holds

pmM
< /gm 2Ph}s’a75/L L 4Ph,s,a,s’[’
<

pm
h,s,a,s’

— P s,a,s’ s.a.s’ i )
hsa, h.s,a, i Ni™(s,a)  3-N/"(s,a) N/"(s,a) ~ N*(s,a)

(24)
By Lemma and Bernstein inequality, we have that P[G]", | /] > 1 —26.

For1 < m < 2H, we set C;,Ts’a to be the whole event. For 2H + 1 < m < M, we define gv,g’fs)a be
the event where it holds

(25)
. B 1 m V(P}Tsﬁa,vm—l)b
(Phsa — PU™ H < A, 4 = min < 5y | —20 = (26)
. Ny (s, a)
> _ [ 7% myk . V(P}Ts,a"—/*)[’
(Phs,a — P)V*| < AJWF i=min< 5y | ——2t—— (27)
o Ny (s, a)
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Noting that Ph,s’a is independent with both V* and v™~!, by Bernstein’s inequality, we have that
]P)[glgrfs,a,s/] =z1- 49

The good event G is defined as G = [, , ..o NM_, (g,’{f’s’ays/ N Q,Tsa) Then P[G] > 1 —
652 AH M. Throughout the analysis, we always assume G holds.
Lemma 11. Conditioned on G, we have P € P™ for 2H < m < 2H + M.

Noting that the batch complexity is bounded by 2H + M = O(H + log, log,(K)), it suffices to
prove the regret bound. We start with counting the regret in the first two stages. The regret in the first
batch is bounded by O(H?k;) trivially. As for the second batch, we have that

Lemma 12. Conditioned on G, with probability 1 — 4S5 AH ¢ the regret bound in the second batch is

bounded by O (’“2\/? n kQSSI;L\:’H‘%)'

To count the regret in the third stage, we first show that the difference between the clipped model and
the original model could be ignored.

Lemma 13. Conditioned on G, with probability 1 — 4S? AH?6, for any optimal policy 7*, it holds

that Pr«[3h € [H], (h, sp,an, sn+1) € W*] < O (%QHSL)

Based on Lemma([I3] we further have that

Lemma 14. Recall that V* be the optimal value function with respect to the transition model P and

reward function r. It then holds that V¥ (s1) < Vi*(s1) < Vi*(s1) + O (%ZH%)

Proof. The left side is obvious since the reward at z is always 0. On the other hand, letting 7* be an
optimal policy and E be the event where 3h € [H], (h, $p, an, Sp+1) ¢ W*. Then we have that

H
Vlﬂ'* (31) < Eq % l(z rh(sh, ah)> ]I[E] + HPr « [E]
h=1
H
S3A2[H4
< Eqx lz rh(sh, ap)I[VR" < h, (W, spr,an, spes1) € W¥ | + O (W)
h=1 2
_ 534204
=V (s1) + O <L> .
ko
O
Recall that gap™*! := max,er(,, pm) (U™ (P™) — L™(P™)). For m = 2H + 1, we have that
Lemma 15. Conditioned on G, with probability 1 — 4SAH K M, it holds that
gapm+1
<o, [SAH(K)> SAH?In(K)u N ST AYH In(K )3 . S4AZ HAIn(K)i2
= Koo Koo Kok Kp—onvVkr
(28)

By Lemmal[l1] [14]and[15] for any 2H < m < 2H + K and any 7 € II(P™), we have that

S3A2H4L>

W (or) 3 L7(P) 2 UT(P™) — gap™ ! = V7 () —gap™! - 0 (2
2

Recall that ky = 144/SAK(/H, ky = 28853 A2 H*/K . and K, = [Kl—%] for1<m < M.
It then holds that £z=28+1 — /I for any 2H + 1 < m < 2H + K. Noting that the regret in the

m—2H
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m + 1-th batch is bounded by K, 1127 - gap™*!, and the regret in the 2H + 1-th batch is bounded
by K; = O(v/K), the total regret is bounded by

Regret(K) = M - O <\/SAH3Kln(K)L2 +STASHY AKE 4 STAYHY (K KT + S%A%H%L) .

By replacing § by m, we get the desired regret bound.

Below we analyze the computational cost of Algorithm[I] By Lemma 2] the computational costs of
Sum is O(nS®A2H?) , where n is the number of inputs for Sum.

Below we analyze the computational cost of PolicySearch. By Lemma for input (u,u’, P), the
computational cost of PolicySearch is bounded by O(S* AH M3 log(SAHK)log(SAHK /(a —
b))) with @ = max, U™ (u + 1,,P) and b = max, L™ (u, P).

In the first stage, we invoke PolicySearch with u = 0, which implies b = 0 and W™ (u, p) = 0 for
any 7 and p € P. Then the condition in Line[7] Algorithm []is satisfied and the loop would break.
Therefore, by Lemma[I0} the computational cost of PolicySearch in the first stage is bounded by
O(S*AHM?31og(SAKH)).

In the second and the third stage, we invoke PolicySearch with u = r. In this case, if a — b < 1/K,
then we can learn an 1/K -optimal policy by solving 7’ = arg max, L™ (r, P). Then we can simply
run this policy in the left episodes. Without loss of generality, we then assume that a — b > 1/K,
which implies the time cost of PolicySearch is bounded by O(S*AH M3 log?(SAK H)).

Now we count the number of callings to Sum and PolicySearch. In the first and second stage, Sum
is called for 2H times with n = SAH inputs, and PolicySearch is called for 2H times. In the third
stage, Sum is called for M times withn = K 3 inputs, and PolicySearch is called for K 3 M times.
So the total time cost due to Sum and PolicySearch is bounded by O(S*AHK?® + S3A2H?K?3).
On the other hand, to compute {v}"(s)}re[],ses in Line[15| Algorithm E} we need to invoke EVI (see

Algorithm for M times, which needs additional O(S*AH M*log(SAHK)) time by Lemma
Finally, to observe the samples and compute the confidence region, we need O(S?AH K) time.

Putting all together, the computational cost of Algorithm |1f is bounded by O(S4AH K3 +
S3A2H?K?3). The proof is completed.

D.1 Proof of Lemma (11l

Lemma(restated) Conditioned on G, we have P € P™ for2H <m < 2H + M.

Proof. with a slight abuse of notation, we use v™ to denote the value of v™~2# in Algorithm

Recall the definition of P™. It suffices to show that P € CR*(D™, D™ W*, {vi"_l(s)}(hys)) for
eachm > 2H.

Note that after the m-th batch Py, 5 4,5 = pﬁ’fsja’s, and pp, 5.0 = P,T&a. By the definition of G, and
recalling the definition of 3;", , ., and A;’_ , in and (26), we have that

‘ph,s,a,s’ - P}Ts,a,s’ < /B}Ts,a,s’ < a(NZLn(S7a)’ N}:’I(S)a7 S/))

(Prsia — B )0t < A, o < @ (N} (s,0), B, 4 0™ ).

h,s,a h,s,a’
The proof is completed. O
D.2 Proof of Lemma[12]

Lemma 12](restated) Conditioned on G, with probability 1 — AS AH the regret bound in the second
stage is bounded by O (kz VRATHE | k253A3H4‘>.

\/k‘l kl

Proof. Let D' and D? be respectively the dataset after the first and second stage. Let {N} (s, a, s')}
and {N7?(s,a, s')} be the corresponding counts. Let W' and W? be the corresponding known set.
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Note that W* = W2, By Lemmal[16] with probability 1 — 852 AH?24, it holds that

2 42773
max P, [Eh € [H], (h, s, an, Sht1) ¢ Wl] < w
™ 1
_ k 36C1SAH3,
1 _ ¢ . o 1
N;(s,a) = 3754 mfrxXW (Ln,s,0,P) — 4 —

For any policy 7 in II(CR(D?')), using policy difference lemma we have that
U™(CR(D")) — L™ (CR(D"))
= U™ (CR(D")) — W™ (r, clip(P,W!)) + W™ (r, clip(P,W?')) — L™(CR(D))

<
h,s,a
242 173 vl 3 2
< 3601 S*A*H", Lo Z (SA(Nh(s,a)JrSAH L)) ;S;H L
kl h,s,a k Nh(saa)
36C1S2A2H3, S4A3H8, S3ASHY
<——+0 + ,
kq kq k1

max P [3h € [H], (h, s, an, Sh41) ¢ V_Vl] +0 < Z W™ (1p.5.4, clip(P,W1))

(29)

where the third line is by ([29) and the last line is by Cauchy’s inequality and the fact that
N}(s,a) = 1. Conditioned on G, we have that = c1ip(P,W') € CR(D'). As a result, we have

that max, U™ (CR(D')) > Vi*(s1) — 360,15 A*HY Ty conclude, the regret in the second stage is

k1
bounded by O (£S5 EI 4 kas' gt

D.3 Proof of Lemma[13]

O

Lemma (restated) Conditioned on G, with probability 1 — 4S% AH?$, for any optimal policy 7*,

it holds that Pr .« [Elh € [H]v (ha Shy Qh, 5h+1) ¢ W*] <0 (%jﬁb)

Proof. By Lemmall6] with probability 1 — 482 AH?2, it holds that
360,82 A H?
max Pr [3h € [H], (h, $n, an, Sh+1) € W¥]| < 2o 27
Tell* ko
The proof is completed.

D.4 Proof of Lemma

Lemma (restated) Conditioned on G, with probability 1 — 4SAH K M, it holds that

gap™ < O

3

Koonm Kyp—om Ko—omkr

for2H +1<m< M.

SAH? In(K)>  SAH*In(K): \/SlzlA‘lH? In(K)if \/S4ASH4 1n(K)L‘2)

K’m—2H Vv kl

Proof. Letm € [2H + 1, M| be fixed. Conditioned on G, we have that for any p € P™~1, for any

(h,s,a,s’) € W* it holds that

4P}T;;’S,L L

N,’[“l((s7 a) 3N,§”71(5, a)
1

= . (4W/AN™L(s,a,s) +1/3
N;lnfl(s,a) ( h ( ) /)

P _
— <
Ph,s,a,s’ Ph,S,G,S' =

~ L
—1
< 3pm .
= h,s,a,s’ m—1 /
N7 (s,a,s")

< Lﬁm—l



On the other hand, noting that for any p € P! and (h, s, a, s’) € W*, with similar computation it
holds that

Ph,s,a,s" — Ph,s,a,s’

m—1 ~ ph'
< ‘ph7saaas/ Ph s,a,s’ ‘ph,s,a,s’ - Ph,s,a,s’

1 -
< Psas ml/
3H " TR hsas

2 1 _
<\ 37 P s,a,s’
<3H * 9H2> s

Therefore P~ is tight with respect to P. Let p™~! € P™~! be the value of p in Line 26
Algorlthm Let 75™~! be the value of 7% defined in Llne 29 Algorithm I Let {7™~1} be the

value of (%) in Line 30 Algorithm 3]
As a result, by Lemma(8] Lemma2]and Lemma 7]
~i,m—1 . — . —
w= ’ i,m—1 P) > wT™ Z,m—l, P
"Ry =g nax (r )
K3
™ (Mpsa, P) = 2 W (Mhs.as P),V(h, 5, a) 32)
w ( h,s,a» 9K3 h,s,a» ) 39, QA).

Consequently, for any 7 € H(Pm_l) and (h, s, a), it holds that

~Lm1 _ —
W(K+1m1P CK?,EW z,m 1,P)

1=1h,s,a

Fim—1 _ 1
= wT (14,54, P) - min — — ,1
CK3 Z { Z 1 Wﬂ—J 1 (lh,s’adpm_l) }

~Z’VTL 1 = . 1
= CK3 Z Z Z wr lh,s,aap)'mln{z’ Fj,m— (lh,sA,aapml)’l}

i—1 3,m—1
h,s,ai=1h,s,a j:lW

243 1
< W lhéa,P) min — - —. 1
CKS hga 121 hga {Z b Wﬂj e (lh,s,av P) }
_ 2435AH In(K) 33

cK3

where the second line is by the tightness (w.r.t. P) of P™~1 and the last line is by the fact that for
any non-negative {z:},

Sl 36 (8 () ()
<2+2n (29@)

By definition of r%”™~1, we have that for any (h, s, a)

K34+1,m—1 . 1
Ty (s,a) = min I —— , 1}
{Z]‘_l wrn l(lh,s,aapm_l)

1 1 1 1
> — min . , —.1 3> = —min — — . 17.
3 {Zﬁil W (1, P) } 3 {KBW” (s P) }

(34)
By (33) and (34), for any 7 € II(P™~!) it holds that
= 5y L 1 . =\ KP41me1 729SAH In(K
}Z w (1h,s,a>P) 'mln{K;gWﬂ—m(lh . a,P)’l} <3 Z w (lh,s,aap)rh (S,CL) < c}—{—g
1,8,0 »S, h,s,a
(35)
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Note that 7" is executed for K, _op rounds. By Lemma] with probability 1 — 4SAH, it holds
that

~. 1 m =
N}:n(saa) = gKm—QHWﬂ— (1h,s,a7p) — L. (36)

Fix 7 € I(r, P™~1). Let {fx(-)}5_, be the value function under 7 and P. For any P’ € P™, by
policy difference lemma, we have that

’Wﬂ-(’rv Pl) - Wﬂ-(rv P)’

Z Wﬂ(lh,s,aa P/) : (Pi/L,s,a - Ph,S,a)chrl

Z Wﬂ—(lh,s,au P/)(P}/L,S’a - Ph,s a /Uh-&-l

Z wr lh s,a9 )(P}/L,s,a - Ph,s,a)(fh+1 - v}:’:—_ll) .

h,s,a h,s,a
Te;:n.l Term.2

(37)

By the definition of P"* and G, we have that

Term.1 = | > W (Lysa, P)(Ph g0 — P+ B0 = Prosa)vysy

h,s,a
V(P o) V(P s.a, 0™ e 8
< ZWW<1h7s,a7P/)' 5\/ ( hina h+1) +5\/ ( h;;n; h+1) + VmL
e N"(s,a) N/"™(s,a) N/ (s,a)
W™ (1n,s,a, P "
<O Z (h ZW lhsm )'(V(Phsa7vh+1)+V(Phsaavh+1))
i Nm (s,a)
5, h,s,a
W™ 64, P
+0 Z V(,:’ )y )L
h,s,a Nh (Sva)

(33)

Define 71 = 3., % = Y a W (hsar P) - V(Prsavy') and Ty =

Zh,s,a Wﬂ—(lh»sﬂl’ P) V(P}:ns ,a’ vlT+11)

Bound of 7; By and (36), we have that

W™ 64, P
n<3 ) QneaB)
Py max{K,_og W™ (1p,5.4, P) — 3,1}
3K3 1 Ko_on
= Wﬂ' 1 S,a P i E 3 E ’
Koman hzq:a e P) - min { K3W™ (150, P) — 3K531/ Ko’ K3

< 25 S ey, P) - (i 2 LT [Kan W™ (10, P) > 61
= Kp_om i h,s,a ngﬂ'm(lh,s,ay p)a m—2H h,s,a» =
+3 3 W (g0, P)I [Km,gHW”m(lh}S,a,P) < GL]
h,s,a
_ 3K T20SAHW(K)  18SAH.
- Koom cK3 Ky—om
AH In(K
ZO(S ( ”). (39)
Km—QH
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Bound of 75

h,s,a
= Z W lh s,ay ) (Ph s a(vh+1 ) - (ph75>avf7:1+711)2)
h,s,a
< D W (Mhsa P) - (07 71(9))? = (Psaviiy)?) + H?
h,s,a
H

<HY E.p[lof " (sn) = Prspanviiy || + H?

>
Il
—

H
=H Z E. P [vhm 1( h) — Ph,sh,ahvhm_;ll] + H? (40)
h=1
H
< H Z B plrn(sn, an)] + 2H?
h=1
< 4H? 4D

Here (@0) is by the fact that vzl_l is the optimal value function with respect to P™~! and P € P™~ 1,

Bound of 73 By Lemma with probability 1 — 452 AH, it holds that

P s,a,s’ =
<y Phmast 3o e
Ni™(s,a)  Nj*(s,a) Ni"(s,a)

- _
Ph,s,a,s’ - Ph7s7awsl

As a result, we have that

T3 = Z W lhsav ) (Phsa’vzn-&-ll)

h,s,a
T = m—1\2
< Z W (lh,s,av Z-Ph s,a,s’ Uh-t,-l ( I) - Ph,Syavslvh-&-ll)
h,s,a
T = —1\2 - — 5H2L
S Z W7 (1,50, P ZPhsas’ (vt () _Ph,syavsmﬁll) + Z W (5.0, P) - ==
h,s,a h,s,a Nh (S, a)
= ATy + 5H*T,
AH?1In(K)?
<O <H2 + Sn()b) . (42)
Kom—n
By (39), (@I) and @#2)), Term.1 is bounded by
AH3In(K).? AH?In(K
Term1 <O (]2 nK)e | S (K ) (43)
Ky oy Km—2n

26



To bound Term.2, by definition of P and G, we have

Term.2 = Z W™ (Ans,a, P) (B g0 — Prysia) (fre1 — vzrll)
h,s,a
Ph L 6t
™ / 15,0, —1
2 P02, (10 Np(s.a) © N,;'%s,a)) )i )

O ( Z Wﬁ(lh,s,aa Z ﬁf’:n‘i ot |.fh+1( ) U;T+1l( ) l;z(& CL)|>

h,s,a
_ SH.
(1 saapi )
o5 )

h,s,a

(44)

where I4(s,a) = Phsa(fas1 — v)%1). By @9, the second term in (@4) is bounded by

O (%ﬁf)b) To bound the the first term in (@4), by Cauchy’s inequality, we have that

SV(Pys.a, ot
0] ZW (1n,5,a. P )\/ (Phon Fres = Vi )t

h,s,a N}:n(s’a)
SW (lh 5,0 m—1
<0 \/J\/vfl”(sa hgaw lhéaa )V(Phaavffb+1 Upi1 )
S2AH In(K)2 _ _ _
< O # : Z Wﬂ(lh,s,aa P)V<Ph,s,a> fh+1 - vhm+11) )

Km—2H h.s.a

where the last line is by (39). Continuing the computation:

Z wr lhsaa )V(Phsa7fh+1 ’U}T::__ll)

h,s,a
Z W lh s,as ) (Ph s a(fh+1 — Up41m— 1) - (ph7s,afh+l - ph,s,aU}TJ:ll)Z)
h,s,a
H
< ETA’,P lz <(fh+1(3h+1) - Uh+1 5h+1 Zﬂ'h Ph s,a fh+1 - Uh+1)) )] (45)
h=1
H
< (v (s1) = f1(s1))? lz fr(sn) = o (sn) *Zﬂh(abh)ph,sh,a(fhﬂ vhﬂl)]
" ’ )
< (07" (1) = fi(s1))? lz Zﬂh alsp) (rn (s, )+Ph,sh,av,7f+11))]

(46)
< (0" (s1) = fils))? + H(o" ™ (s1) = fu(s1))
< 2H (07" (51) — f1(51))-
Here (@3) holds by the fact that Var(X) > Ey[Var(X|Y)] for any random variables X and
Y (recalling that Var(X) denotes the variance of X), and [@6) is by the fact that v}"~'(s) >
>a Th(alsn)(rn(sh, a) + P;hs,avztll) and fp,(sn) = X5, mh(alsy)(rh(sn, a) + P s.afn+1) for any

SRS

Because 7 € TI(r, P 1), we learn that v7" ' — f;(s;) < gap™. By Lemma |16 we have that
forany m > H + 1, NJ" '(s,a) > 525 max, W™ (15,4, P) — 40 — HASAE L With similar
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analysis, and noting that |pj, . , — P . .1 < O(4/St/N;*~*(s,a)) for any p’, p” € P™~1, we have

, _ SH?
gap™ < O (Inﬁx 2 W (s, P) L)

e N (s, a)
4 A3 4 ZA3HS,3
<0< STANH | 5 ”). @7)
k1 k1
As a result, we have that
ST AYHT In(K).3 S1ASHAIn(K)2  S2AH In(K).
Term.2 < O + + (48)
\/ Ky—amk: Kpm—onvki Ky—2n

Putting all together, for any 7 € II(r, P™~1) and any P’ € P™, we have
|W7T(Ta P/) - Wﬂ-(ra p)|

<0

K—omk: Km—omvVki

SAH3In(K)2 SAH?In(K): ST AYH  In(K )3 S4AZ HAIn(K)i2
+ + + :
Km_QH Km—2H

By definition, there exists P’, P” such that U™ (P™) = W™(r, P') and L™ (P™) = W™ (r, P").
Therefore,

[UT(P™) = L™(P™)]

<0 SAH3 In(K)? N SAH?In(K) N ST AYHT In(K)i3 S1ASHAIn(K )2
b Km72H Km72H Km72Hk1 Km72H Vv kl
Taking maximization over 7 € IT(r, P™~1!) we finish the proof. O

D.4.1 Statement and Proof of Lemma[16]

Lemma 16. Given a dataset D and k = 0, let D’ be the output by running Algorithm |2| with
input (r, D, k). Let {N}(s,a,s)}({N},(s,a,s")}) be the counts with respect to D(D’). Let W =
{(h,s,a,s")|Ny(s,a,8") = C1H*} and W' = {(h,s,a,s')|N}(s,a,s') = C1H?.}. Letp =
clip(P,W). With probability 1 — 452 AH?6, it holds that

2 A2 13

i Pr (30 € [H], (1, e, ane, se0) ¢ W < 002 A (49)
TE

where I1* is the set of optimal policies. Moreover, if D = & and v = 0, with probability 1 —

452 AH?5 it holds that

ck . 360, SAH®,
Njsa > grog max W (Lo, P) = o = =00

foranyl < h < H.

(50)

Proof. Forh/ = 1,2, ..., H, we denote D"’ as the value of D after the /’-th batch in Algorithm Sim-
ilarly, we define {N}*' (s, a, s')}, {N}" (s,a)} and {;[)Z:S’a} be respectively the value of { Ny (s, a, s)}
. {Nn(s,a)} and {py, s .} after the h/-th batch. Note that P* = CR(D"') is the value of P after the
h/-th batch.

Define W := {(h,s,a,8') : N} (s,a,8') = C1H?} and P" = clip(P,W""). Let p" € P¥'~!
be the transition model chosen at line 8 Algorithm
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Using Lemmaand Lemma@ with probability 1 — 452 AH?26, for any (h, s,a,s') € W"', it holds
that

h/
‘Ph/ f)hl < 4Ph737a75/L L
h,s,a,s’ ~ FPh,s,a,s’| h' h
Ny (s,a) 3N} (s,a)
1 ’
h
< 3th,s,a,s’a

where in the last inequality, we use LemmaE|to getthat N/ P > INM(s,a,8') — 1> 64H

with probability 1 — 4.

1
3

It then holds that P" € P"" for each &’. Moreover, noting that for any p € P and (h, s, a,s') € W',
with similar computation it holds that

14 N ~ h
Ph,s,a,s’ — Ph,s@,s’ < ’ph7s,a,s’ — Ph,s,a,s’ + ‘phdﬂlys' - Ph,s,a,s’

]. h/ ]. '*h/
< Sinh,s,a,s/ + 37th,s,a,s’

5 1\
s <3H ’ 9H2> Fhsas
As a result, P’ is right with respect to P" .
Fix h € [H]. Recall that

7% — Policy Search(1y 5,4, Phhy.

1
{ﬁ-h7ph} = Sum {77Th,s,a7ph} . (51)
SA h,s,a

Recall that, for the first b — 1 steps 7" is the policy which is the same as 7", and for the left  —h + 1
steps, 7" is the uniformly random policy.

We first show that the h-th layer is well explored. By the property of Policy Search and Sum (see
Lemma and [2), there exists a constant ¢ > 0 such tha

Wﬂh”s'a(lh,s,a,Ph*l) >c max W (lpsa, P")
mell(r,Pr=1)

] 1
W™ (g0, p") = S—AW”hvs’“(lh7s)a7ph)7V(s,a) eSx A

Noting that p" € P~ and P"~is right with respect to P"~*, by Lemma|[17 we obtain that

c

h
W™ (1,50, PP =
(Lns, )2 954 rerll,

W™ (1 5.0, P"7Y) (52)

for any (s,a) € S x A.
Using Lemma [4] with probability 1 — 45 A4, the count of (h,s,a) in the h-th batch is at least
% ~maXrery(rph-1) W (ks Ph=1) — . As aresult, we have that

Ck max
275 A well(r,Ph—1)

NP (s,a) = W™ (1pg.a, PP7Y) — 41 (53)

for any (s,a) € S x A.

In the meantime, if (h, s,a, s') ¢ W" , we have that N} (s, a,s’) < C; H?.. Using Lemma with
probability 1 — §, we have that

W™ (ysar PPN Phgaer < 3CLH?0 + 40 (54)

'2We omit ¢ for convenience. By setting ¢ = 1/(SAHK)'?, it is easy to verify the error only leads to a lower
order term.
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Combining (32) and (54), we have that

— "N — ™ h—1
ﬂEHr(rvl,a’/;(’lfl) IP)71',P"*1 [(sha Qap, Sthl) = (S, a, s )] = ﬂeHr(I:a’/;(’lfl) w (lh,s,aa P )Ph,s,a,s’

%Wﬂ— (1h”,s,a7Phil)Ph"’Sv‘l»S/
9SA 3C1H?% + 40

c k

36C1SAH?%,
ST %

N

N

(55)

With an union bound over all (h, s,a, s') ¢ W", we have that
3601 52A2H2L

max P pn1 [(B, Sp,an, spe1) € W' < A

(56)
mell(r,Ph—1)

Note that W is non-decreasing in k. For any 7 € n/'_, TI(r, P"), it holds that
PW’P [Elh/ < H, (hl7 Sh’y Ap, Sh’Jrl) ¢ WH]
= ]P)W,PH [Hh/ < H, (h,, Sh'y, Ap’, Sh/+1) ¢ WH]

= Z ]P)7T,PH [(h/,sh/,ah/,sh/+1) € WH,V]. < h/ < h, (h,Sh,ah, Sh+1) ¢ WH]
h'=1

< Z enmeg(h . ﬂ ph—1 [(h,sh,ah,ShH) ¢ Wh]
T 7‘

2 A2 173
< 36015 A*H L 57)
k
Recall that II(r, P) := {n|U™(r + 1,,P) = max, L™ (7“ P)}. Because P" € P" for any h, for any
optimal policy 7* and any policy 7/, we have that U™" (r+1,,P) = Vi*(s1) = W™ (r, P") >
L™ (r,P). Therefore, 7* € TI(P") for any 1 < h < H. By (57), @9) is proven.

In the case u = 0, we have that II(u, P") = Tl for 1 < h < H, where II is the set of all possible
policies. By (53), we have that

Ny (s,a) (58)
ck h
— 59
27SA maxW (Insa, P") — 4 (59)
ck maXW (1 P — 4 — ck maXP P [Hh’ [H], (W, spyan, sp+1) ¢ WH]
27SA h,s,a» 27SA T, ) 3 ) ) +
ck 36015AH3L
27SA maxW (Ip,5,0, P) — 40 — —
The proof is completed by noting that Nj (s,a) > N}*(s, a).
O
D.5 Statement and Proof of Lemma [17]
Lemma 17. Suppose P is tight with respect to p. Then we have that
1
3Wﬂ—(1h,s,a,p) = Wﬂ(lh,s,avp/) = 7W7T(1h,s,a7p) (60)

3
forany p' € P, policy  and (h, s, a).

Proof. For each trajectory L = (s1,a1,...,SH,an,Sg+1) suchthat s, # zforl < h < H + 1, we
have that
1

_H
Pr o[ L] = Ty mn(an]sn)Phsn an sner = € T Prp[L] = Thy Th(anl$1)Ph o ansnss = 3
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So the left side of (60) is proven. By reversing p and p’ the right side follows.

E Other Missing Proofs

E.1 Proof of Lemmalll

Lemma (restated) Let d > 0 be an integer. Let X < (AY)™. Then there exists a distribution D
over X, such that

dm

i
max — =md,
$={Iz}?§3€?€i:21 Yi
where y = {y;}¢", = E,p[x]. Moreover, if X has a boundary set 0X with finite cardinality, we
can find D in poly(|0X]) time.

Proof. Note that X is always bounded. Without loss of generality, we assume &’ is a discrete set with

X = {x',2% ... 2L} where 2' = {2 }9™ For A = {\;, Ao, ..., A\ } € AL, we define E()\) by
L .
E(\) =17, (Z mz) :
j=1

Then E()) is bounded and A is compact. Consider to maximize In (E(\)) over A € AL, It’s
not hard to verify that In (E()\)) is concave in A, so it is efficient to maximize it by gradient ascent
algorithms. Let A* be the optimal solution. By the KKT condition, we have that for any j', j” such
that A%, A%, € (0, 1), it holds that

37

Therefore, if for any )\;’.‘ # 1 for any j, we have that
L dm A x]
w=2)\jw=22;j;=dm.
j=1 i=1 Zj:l Aj

Then \* is the desired solution. Otherwise, suppose A¥ = 1. Then we have that

v

&
3
&
3

1 J
dm = fizl = xf,l
im1 e o

for any j > 2. Then A\* is also the desired solution. The proof is completed. O

E.2 Proof of Lemmalf2]

Lemma(Restatement) Let P = ®h,s,a)Ph,s,a be a set of transition models such that Pp, s o A5

is convex for any (h,s,a). Let {(7", P")}"_, be a sequence of policy-transition pairs such that
P* € C. For any {\;}}_, such that \; = 0 fori > 1and ), \; = 1, there exists a policy m and
P € P, satisfying that

W™ (Insa P) = Y AW™ (I g0, PY) 1)

forany (h,s,a) € [H] x 8§ x A. Furthermore, the time complexity to find {m, P} could be bounded
by O(nS3A2H?).

Proof. By induction on n, it suffices to prove for the case n = 2. Our target is to find (7, p) such that

W1y sa P) = MW™ (Lhaas PY) + (1= X)W (1140, P?) (62)
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holds for any (h, s,a) € [H] x S x A. We will prove this by induction on h. For the case h = 1,
since the initial distribution is fixed, we finish by letting

mi(als) = Mimi(als) + (1 — A)mi(als) (63)
forall (s,a)e S x A

MW (10, PY)

Suppose (62) holds for any 1 < &’ < h and any (s,a) € S x A. Then A\ 5, = is

W= (1n,s,q,P)
well-defined. We set
Ph,s,a = Ah,ﬁ,apli,s,a + (1 - /\h,s,a)Pf?,s,a
for any (s,a)] € S x A. By the inductive assumption
W (L0 P) = MW (U 1)+ (1= M)W (U, PP), (64)

we have that for any (s, a)
PrsaW ™ (Insar P) = MW (1 g0, PYPL, o + (1= AW (14 g0, P2)PE, .

‘We then have that
MY W (Mo, PYPE o+ (1= 20) Y. W™ (Mo, PPPE o

= Z )\h,s/7a/W7"(1has/7a/, P)P}is/’a/“‘; + Z (1 — Ah:,S/,a/)Wﬂ(lh,S’,a/7P)P}373/7a/7s (65)
= Z Wﬂ(lh,s’,a’yP)Ph,s’,a’,sa (66)
s’,a’

which implies that
1 2
W™ (1pi1,6 P) = MW (Lpy1,sP) + (1= M)W™ (1p41,,P?) (67)
for any s € S, where the reward function 1,4, s = Za 1j41,5,q- Let

MW™ (Lyis, PY7L L (als) + (1= A)W™ (g5, P2)72, (als)
Wﬂ(1h+1,87 P)

The1(als) = . (68)

Then it is easy to verify that
W (i 16,00 P) = W (Lsrs, P)maga(als) = MW™ (Ingt e P+ (1= A)W™ (Ingi .0, P2).

Also note that the process above costs at most O(S® A2 H?) time, so the total computational cost is
bounded by O(n.S3A2H?). The proof is completed. O
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