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A Additional Related Literature and Comparison

In the first category, where the commmunication complexities are measured by rounds of communi-
cations (where in each round real-valued vectors get exchanged), recent works [Kovalev et al., 2021,
2022] provides lower bounds for a sum of smooth and strongly convex functions over time-varying
networks, and for strongly monotone variational inequality problems in a stochastic (finite-sum)
setting. Other related works include [Scaman et al., 2017, 2018, Arjevani and Shamir, 2015]. In
addition, lower bounds for non-convex problems are considered in [Sun and Hong, 2019, Lu and
De Sa, 2021]. Further, there are many works that derive rounds of communication upper bounds for
decentralized and federated learning algorithms, see, e.g.,[Stich and Karimireddy, 2019, Stich et al.,
2018, Patel and Dieuleveut, 2019, Yu et al., 2019, Wang and Joshi, 2018, Gorbunov et al., 2021].

A recent work [Gorbunov et al., 2021] has analyzed the communication efficient algorithm to solve
functions that satisfy PL conditions. However, it has been focused on analyzing the number of
communication rounds needed to achieve certain e optimal solution, while the current paper is
focused on finding the minimum bits to be communicated. Therefore, although the two works are
both about developing communication efficient algorithms for PL functions, the bounds obtained in
these works represent different physical quantities, thus cannot be directly compared.

B Communication Complexity Lower Bounds

Let us introduce the so-called equality problem Vempala et al. [2020], denoted as EQUAL.
Definition 5 (Equality Problem). Consider a set of K agents, each is given an input cj, € {0,1}™;
m is the length of the binary input. Then, the EQUAL problem is defined as follows:

1, ifaa=...=cx

0, otherwise

EQUAL,,(c1,...,cx) = {

For any deterministic algorithms, the communication complexity lower bound of
EQUAL,,(c1,...,ck) is Q(Km) [Vempala et al., 2020, Thm 3.5].

Further, the intermediate steps required to derive the lower bounds involve packing arguments.
Therefore, we provide below a lower bound for the maximum number of points that we can pack into
a compact set [0, 1]™, such that the distance between each pair of points is at least ¢.

Definition 6 (Packing Problem). We define the following:

» Fora given 6 > 0 we define the set S(6) C [0, 1]™ such that ||z — y|| > 6,Vz,y € S(9).
* Assuming that |S(0)| > 2™, we define a function h : {0,1}™ — S(6). For u,v € {0,1}™
it holds that u # v < h(u) # h(v).
Lemma B.1. ([Korhonen and Alistarh, 2021, Lemma 2]) For a set S(6) C [0, 1]™ defined in Def. 6,

it holds that |S(0)| > (22)".

Next, we repeat here for completeness the Assumptions that the local functions in the Distributed PL
problem class satisfy (Def. 1).

Assumption 6. The local objective functions satisfy:
201, - (fe(8) = fi(60)) < IV f(O)IP, V6, VE,

where GZ‘k) is a global minimum of fi(-); ux’s some positive constants.
Assumption 7. There exists positive constants Ly,’s and L such that:
IVfe(0) = Vi (0 < Li |0 = 0|, VO =VfE)N<LIO-0], V0,0, VE.

In the Lemma below we show that the function instance we are going to use in Theorem 3.1 satisfies
the PL condition and both Assumptions 6 and 7.

Lemma B.2. The function f(0) = 3|10 — c[|3 + sin® (0}, — cx) . c € RY (where with cx, 0 we

denote the kth component of vectors c, 0, respectively) satisfies the PL condition with u = %. That is,
it holds that f,(0) — fr(0%) < 5= ||V fx(0)]%, V0 € RP, where 6* is the global minimum of fy(-).

= 2u
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Remark 1. The constructed function fi(0) and the respective sum across nodes Zszl 11 (0) satisfy
Assumptions 6, 7. Specifically, Assumption 6 follows trivially from Lemma B.2. In addition, it can

be shown that fr,(0) and Zszl 11(0) have bounded Hessians, which implies the Lipschitz gradient
property of Assumption 7.

Proof of Lemma B.2. To begin with we are going to show that the (one dimensional) function

fk((gk) = % (9k — Ck-)2 + Sin2 (Qk — Ck) ,

where 0, ¢, € R, satisfies the PL condition with y = £; notice that f1(6)) has a unique minimum

with value 0 attained at 6, = ¢, and we have that f; (0;) = 0, — cx + sin (2(0; — cx)). Then, we
are going to use this result to prove the PL condition for the function f(6).

So, let us define the function
. 1 .
g(0k) = 410 — ¢, + sin (20, — ci))]* — 5(e)k —c)? —sin® (O — cx) .

The gradient of the above function is given by

g (0r) = 80k — cx +sin (2(0r — cx))] [1 + 2cos (2(0 — cx))] — (O — cx) — sin (2(0 — i)
= [0 — ¢k + sin (2(0; — c))] [T+ 16 cos (2(6k — cx))] -

In order to show that f}(6;) satisfies the PL property it suffices to prove that g(6;) > 0, V6, € R.
Then, it will hold that

4 [9k — ¢ +sin (2(6k — Ck))]z > (9k - Ck)2 — sin? (Gk — Ck) ,VO, € R,

DN =

that is the PL condition of fk(ek) will be satisfied.

First, notice that

1
(Qk - Ck)2 - Sin2 (Gk - Ck)

9(0k) =4 (0 — cx)? + 8 (6r — i) sin (2(0), — cx)) + 4sin (2(6y, — cx)) — 5

> g (O — )% + 8 (0 — c) sin (2(0 — cx)) — 1.

It is clear from the above expression that the term % (0r — ck)2 dominates the value of the objective

for large values of |0, — ci|. Therefore, the objective does not become unbounded below.
Secondly, consider the stationary points of g(fy). Since the objective does not become unbounded
below the only possible global minima of g(6y,) are its stationary points. We are going to show that the
values of the objective at those points is non-negative, effectively proving that g(6) > 0,V0; € R.
The stationary points of g are defined by the following expressions:

* sin (200 — cx)) = — (Ok — cx)
Notice that in the interval 6, € (cx,Z + ci] it holds that sin[2(6; — cj)] > 0 but
— (0 — cx) < 0. Similarly, for 6, € [ — Z + cx, ¢) it holds that sin [2(6x — ¢i)] < 0
but — (6 — cx) > 0. Also, for 0, ¢ [ — % + cx,cx) U (ck, 5 + k] U {ci} it holds that
|0k — cx| > 5 > 1. Therefore, in all the above cases the equation of the stationary points
does not have a solution (and thus there are no stationary points). Finally, note that the

equation has a trivial solution at 6 = cg, which corresponds to the only stationary point we
can get from this equation. For that point it holds that g(cx) = 0.

e cos (200 — cx)) = —1%
From the above equations, and by using the proper trigonometric identities it follows that
sin? (2(0, — cx)) = %, sin? (0, — cx) = % and 0, — ¢, = kT £ 1 arccos (—%) ~

rm £ 202, Then if we plug the above values into g(6),) we get

207 23

7
9(0k) = 5 (sm £ 1.01)° 4 8 (k7 & 1.01) sin [2k7 + 2.02] + D)
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44
7 (km £ 1.01)% 4 8 (k7 + 1.01) sin [+£2.02] + oat
2 256
7 161
= (km £1.01) 3 (kr £1.01) 4+ 8- (£0.9)| + R

It can be easily verified that (k7 + 1.01) [I (k7 £ 1.01) + 8 - (£0.9)] + &L > 0 for all
Kk € Z.

In conclusion for all the stationary points ék it holds that g(ék) > 0. As aresult, we can claim that
g(0) > 0,V0;, € R, and the function f(6},) satisfies the PL property.

Next, consider the PL property (with y = %) for the function f(0), that is
1
110 = cl3 +sin® (0 — ex) < 4[10 — ¢+ sin (2(0% — ex)) ex]” ©)

where ey, is a vector of all zeros except at index k.

‘We have shown above that
1
50k — cr)? +sin® (0 — cx) < 4[0) — cx 4 sin 200k — cx))]>. (10)

Also, it trivially holds that

1 & 2 o 2
5 Z (Hi—ci) §4 Z (91‘—01‘) . (11)
i=1,i#k i=1,i£k
Adding inequalities (10) and (11) we obtain condition (9), which ensures the PL property for the
objective fi(0), with u = %. This completes the proof.

O

Proof of Theorem 3.1. To begin with, let 7 € II(€) be an arbitrary protocol that solves the problems
in Cp1. Then, for any input (i.e., for any specific problem within the class Cp,1) the protocol returns an

e-approximate minimum 6 as given in Def. 3.

Moreover, consider the set S(§) C [0, 1]7 introduced in Def. 6 (where in place of n we have D) with
§ = 2+/2¢. Then, Lemma B.1 implies that

15(6)] > (2\/\/%>D: (2\/17?6)]3(12)]3/2'

Then, we set m = © (log, [S(5)]) = © (Dlog (£)), where the exact value of m is selected such

that | ()| > 2™ holds. As a result, under the assumption that £ = Q(1), it holds that | S(6)| > 2,
and m > 1.

Next, we will show that protocol 7 also solves the EQUAL problem. That is, we will reduce every

instance of EQUAL,, (u1,...,uk) to a problem in Cp;. Towards this end, for an arbitrary input
(u1,...,ux) € {0, 1}5™ we select the following function from Cp),
s 1
70) = 37 £1(6) with fi(6) = 516 — B3 +5in® (0 — (h(uwe))), (1)
k=1

where h(-) is introduced in Def. 6, and h(uy) € S(8) C [0,1]P; (h(ux)), .0k denote the kth
component of h(ux) and 6, respectively. It is shown in Lemma B.2 that the functions f;’s that
correspond to each node satisfy the PL condition, with pj, = é, for all k. We can also easily verify
that the rest of the conditions in Assumption 6 — 7 are satisfied.

Then, we have the following cases:
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* Case 1 (equal inputs): It holds that u; = ... = ug := w. Thus, we have that h(u;) =
... = h(ug) = h(u) and the minimum of (12) is 0, attained at some point 6* such that
0* = h(u).

Also, protocol 7 returns an approximate minimum f (é) of (12), for which it holds that

£0) < f Z 16% — h(w)|[3 +sin® (6], — (h(w)),) +¢ 2 e,

where in (a) we used (3); and in (b) we exploited the fact that the minimum is 0.

* Case 2 (inputs not equal): There exists a pair of nodes (3, j) such that u; # u;. As a result,
h(u;) # h(u;). Then, protocol 7 returns an approximate minimum f(6) of (12) for which

it holds that
£(6) 2 f(6%)
K
=[O+ L0600+ Y S0
k=1,k#i,j

1 * 2 1 * 2
> 107 = haCw)l3 + 5107 — ()l

©1 (6) _ P
2\ 2 8 ’

where in (a) we used (3), in (b) we used the characteristic property (i.e., the minimum
distance between two points is ||z — y|| > J,Vz,y € S(4)) of set |S(4)| (from Def. 6), and

in (c) we use the quantity § = 2v/2e.

From the above analysis we see that if f(f) < e then EQUAL,, (u1,...,ux) = 1. Otherwise, if
we assume that EQUAL,, (u1, ..., ux) = 0, then the analysis of case 2 implies that f(f) > e, a
contradiction. Similarly, we can claim that if f(6) > e, then EQUAL,, (u1, ... ,ux) = 0. In the
opposite case (i.e., if f(é) >e =— EQUAL,,(u1,...,ux) = 1) we see from case 1 that f(é) <,
that is we reach a contradiction. In summary, we have that

1, if f(f) <e
EQUAL,, (u1, ..., ux) = Ay
Q (1, ure) {o, if £(0) > e.
Finally, the fact that the communication complexity of EQUAL,, (u1, ..., uk) is Q(Km), and the
above reduction imply that Q(Km) = Q(KDlog (£)) is a lower bound for the communication
complexity of Cp,. O

Proof of Theorem 3.2. To begin with, let 7 € II(¢) be an arbitrary protocol that solves the problems
in Copp. Then, for any input (i.e., for any specific problem within the class C,,) the protocol returns an

e-approximate minimum 6, as described in Def. 3.

Moreover, consider the set S(§) C [0,1]" introduced in Def. 6 (where in place of n we have N)
with § = 21/2¢. Then, Lemma B.1 implies that

N
sol= (2 ) = (=) (%)
~ \ 2v/2ree 2y/me € '
Then, we set m = © (log, |S(0)|) = © (N log (£)), where the exact value of m is selected such

that |S(8)| > 2™ holds. As a result, under the assumption that & = (1), it holds that | S(5)| > 2,
and m > 1.

Now, we are going to show that protocol 7 also solves the EQUAL problem. That is, we are going
to reduce every instance of EQUAL,, (u1, ..., uk) to a problem in C,p,. To be more precise, for an
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arbitrary input (u1, ..., ux) € {0, 1}5™ we select the following instance from Cop,

ka ) with f,,(6) = fHG() h(ux)|2, (13)

where k() is introduced in Def. 6; and with h(uy) € S C [0,1]

Then, we have the following cases:

¢ Case 1 (equal inputs): It holds that u; = ... = ug := w. Thus, we have that h(u;) =
= h(ug) = h(u) and the minimum of (13) is 0, attained at some point 6* such that
G(Q*) = h(u).

Also, protocol 7 returns an approximate minimum f (é) of (13) for which it holds that

76 <€ pe)+ ZHG —hw)3+eZe

where in (a) we used (3), and (b) follows from the fact that the minimum of (13) is O in this
case (i.e., equal inputs).
* Case 2 (inputs not equal): There exists a pair of nodes (¢, j) such that u; # u;. As aresult,

h(u;) # h(u;). Then, protocol 7 returns an approximate minimum f(6) of (13) for which
it holds that:

. (a)
f(0) = f(67)

K

= 2160~ )3 + SIGE7) ~ )+ 5 > 1GE%) — )3

k=1,k#i,j

> LG~ hw)I3 + 31G0°) — hu)3

N2
2) ~® ©

where in (a) expression (3) is used, in (b) we used the characteristic property (i.e., the
minimum distance between two points is ||z — y|| > §,Va,y € S()) of set |S(5)| (from

Def. 6), and in (c) we use the quantity § = 2v/2¢.

=

®

V

1
2

From the above analysis we see that if f(f) < e then EQUAL,, (u1,...,ux) = 1. Otherwise, if
EQUAL,,(u1,...,ux) = 0, then the analysis of case 2 implies that f(6) > ¢, a contradiction.
Similarly, we can claim that if f(0) > ¢, then EQUAL,, (u1, ..., ux) = 0. In the opposite case (i.e.,

if f(é) >e = EQUAL,,(u1,...,ux) = 1) we see from case 1 that f(é) < ¢, that is we reach a
contradiction. In summary, we have that

EQUAL,, (ur,. .., uk) = {1’ iff(g) s €

0, if f(f) > e
Finally, the fact that the communication complexity of EQUAL,, (u1, ..., uk) is Q(Km), and the
above reduction imply that Q(Km) = Q(K N log (&)) is a lower bound for the communication
complexity of Cop. O

C Proof for Theorem 4.1

C.1 Proof of Lemma 4.2

Let us consider the function



Since V f(0*) = 0, it is easy to see ¢(6) > 0. It can be derived directly that ¢(6*) = 0, which means
¢(+) can achieve the minimum at 6*. So we know 0* € argmin ¢(#). Then we have the following
inequality holds:

6(0) < & (9 - 1%(6)))

1

(i) (#4) 1
= f(9 - ZV¢( ) = f(0— va(e))

<o) - v,

where (i) performed one step of gradient decent; (ii) uses the fact that V f(6*) = 0; (iii) is because
the Lipshcitz gradient assumption. Then it follows directly

IVF(0)* <2L- f(6).
C.2 Proof for Theorem 4.1

First, let us state the sketch of the proof. Denote g Z gt.q Z qp.

Step1: We show that the loss function decreases hnearly if all the agents update the averaged gradient
in one step. That is, the following holds true.

f(8" = ng") < (1 —nu)f(6Y).

Step2: We show by induction that for ¢ = 1, - - -, the following inequalities hold true:

(1) £(0") < ()'£(6°), where 0 < a < 1, (14)
t—1
) lg" — ¢' oo < 217_1 = 7'~ for some /7! > 0, (15)

where {7'}22, is a sequence of positive numbers.

The proof of Step 1 is straightforward:

f(0" —ng") —nzgk
@ ¢ t = t n°L = ¢ i
gf(e)—<vf(9)ﬂlzgk>+7 ng
k=1 k=1
(u) 2L
(0") = nllg"1* + ||9tH2
(@1) pongy g2 2 _ 1
10" ~nllg'| +4L2“9 || (=)

(iv) 1

< J(0") = Snllg' I

(v)

< f(0") —nuf(6*)

= (1—nu)f(6"), (16)

where (4) is by Decent Lemma; (ii) uses the definition of g?; (iii) uses the choice of 7; (iv) is because
L > 1; (v) uses Assumption 1.

Now we prove Step 2. To begin with, let us set 7 = v —L. and set:
a=1- L 3t = ST, 7= ——,
8L3 VCD

3
C = max ( f—L + %,100), b= max(log(% +1),bo).

A7)
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First, let us verify that (14) holds true when ¢ = 1. We have the following series of inequalities:

F(0") = f(0° —ng°) — F(68° —ng°) + f(6° —ng°)

() n2L
< (VF0° —ng),q° — ¢°) + L=11g° — 6°)1> + £(6° — ng”)

=

@ n 0 0y([2 0 012 WZLO 012 0 0
< *IIVf(9 —ng)II* +2n8llq" — ¢°| +7llq — g7+ f(6" —ng")

(2i1) 2
< % (0~ ng®) + 208+ ")lla® — I + F(6° —ng)
% L 2L
= D0 = m)f60°) + @0+ T~ )P
() §
<L) - mos @) + @us+ LODe - 1
(vi) 2 <
< (% F1)(1 =) £(6°) + (208 + %)DQ(Z gz — gRll)?
k=1
(vit) L 2L K
< ("ﬁ F1)(1 =) F(6°) + (208 + %)Dz > Kllgp — gpl%
k=1
(viii) p[, 2L f 9o
< (%+1)(1_77N)f( ) (2 B+ 9 )C(2D21
(i) 1 dn(1 —nu)L | n*Ly f(6°) _2(1—nu)L
(1- 577/‘>f(00) + (7 T) O2D4A p= T
=(1- %77.“ (0ol %)/C2D4)f(90)

where (i) comes from the Decent Lemma; (ii) uses the Young’s inequality with constant 3; (iii) uses
Assumption 1; (iv) is from (16); (v) uses the relationship between /2 and ¢, norm; (vi) uses the
triangle inequality; (vii) uses the Cauchy-Schwartz inequality; (viii) uses the initialization condition

\/ fr(0°)

gt — gilloo < ey (%) uses the choice of 3.

Now let us define the quantization at initialization. For each entry in ¢, denoted as (g);, we consider
the interval [[(g);], [(g});1], which is constructed by the closest integers. We use by bits to make

the grid, and quantize each element of the vector by the closest point on the grid. It is clear that the

quantization error for each element is at most 53— . So we set

L /f0°)
20 -1 CD3VK'
or equivalently, by = log (<2 VK 1).

V £(6°)

3
TL + LTQ we can bound the coefficient in front of f(6°) as

1 An(1 —nu)L
1= Ly (=L
7

(4) 1 2(1 - 77,u)

S togmet( NG 8L2>

@) 1 2 1
<1—conp+(———+3)/C?
51k <ﬁu 3/

Now since we have chosen C' >
L
+ 7’7 ) / C?D*

jc

(ii4) 1

S L= (18)

where in (i) we plugged in the choice of  and D > 1; (ii) is because we have assumed that L > 1

and D > 1; (iii) uses the choice of C'in (17). It follows f(6') < (1 — #)f(@o). Thus, (14) holds
2

fort = 1.
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Second, let us analyze (15) for ¢ = 1. Observe that:
gt = d°lle <llg* = 9% +[l9° — q Hoo nLHq I+ 119° = ¢°llo
i1)
< nLllg”ll + nZlle® — ¢°ll + la® — ¢°llc

(444)
< nL|g° + (1 + nLD)Ilqo — 9"

V fr(69)

(iv
< HLIg) + (1 +nLD) ZCD?&F

f(6°)

(v)

< nL/2L - f(6°) + (1 +nLD)

\[\/ 0°)+2- -~ )(Zi) af(689),

100
where (i) uses Assumption 2; (11) is from triangle inequality; (iii) uses the relationship between

{5 and /o, norm; (iv) uses the condition [|gY — g9|/oc < e g;(\ﬁ (v) uses Assumption 1 and the
Cauchy-Schwartz inequality; (vi) plugs in the choice of stepsize and the fact that C' > 100; (v)
compares the left side with definition of o in (17). By Lemma 4.1, it follows that:

70

la" = 9"l = llquant(g*,4°,7,0) = ' < 57—

Next, let us use induction to prove (14) and (15). First, we analyze the decent of f(0?):
FOY) = f(6" —ng") = F(0" —ng") + F(6" —ng")

@Vetittit ﬂtitZ 0t — nat

(VIO =n9).d" =g+ —=lla —g'I” + F(0" = ng’)

<“'>17 t 12 t 2 772Lt 12 t t
< ﬁnww = ng)II" +2nBlle" = g'II° + —=lla" = g"" + F(6" = ng")

L 0 gty + 209+ T~ o174 56— g

D (24 1)1 =m0 + 208+ Dy

< (I )0 - @) + @05+ E)r Y

< )0 @) 1) + 208+ L) )

= (1= g (L L 02 (a0, (19)

where (i) comes from the Decent Lemma; (ii) uses the Young’s inequality with constant (3; (iii) uses
Assumption 1; (iv) is from (16) and induction assumption (15); (v) uses the induction assumption

(14); (vi) uses the definition of 'yt’l. Finally, set 5 = M, we will get the last equality. Next,

let us analyze the coefficient in the expression (19):

1 dn(l—muw)L 7L\ » @, 1 20—mp) 1\,
1 —_ = _—_— _— = —_ = _— _—
p I T pmt VI 57
@ 1 2 1
<1- + 2)7?

— +7
5K (ﬁu 3

(iv)
<1--t —q, (20)




where in (i) we plugged in the choice of 7; (ii) is because we have assumed that L > 1 ; (iii) plugged
in the choice of stepsize; (iv) uses the definition of 7 in (17); and the last equality comes from the
definition of v in (17). Plugging (20) to (19), we obtain f(0'T1) < ()t £(6°).

Second, we show that (15) holds for £ + 1. We have:
g™ = d'l| . < g™ =gl +|lg" — &

(7’) t t—1
< Iopllg' || + 7

(1)

< Ly(lg'll + Dllg" = ¢'lloe) + 771

(ii4)

< Lnv2LA/f(6%) + (1 + DLn)Ty
Lnf (@)t f(89) + (1 4+ DLn)Ty* !

W (V3L + (1 + DLp)r)yt
V2 D

—_ (XY= 1 - t—1
L+ Dy
(ve) \/i 3 (vn) 9 |, . (viii)
< (7+§D7')7 < EV < Vay =47

where (i) uses Assumption 2 and the induction assumption; (ii) uses the triangle inequality to
decompose ||¢*|| and uses the relationship between £, and /s ; (iii) is from Assumption 1 and
induction assumption (15); (iv) uses the induction assumptlon (14); (v) uses the definition of 7*; (vi)
is because p < 1; (vii) comes from the fact that 7 < 10 — in (17); (viii) compares the choice of «
in (17). Thus, we obtain ||g**! — ¢ Hoo < /(a)tt1£(09) = 4*. Then by Lemma 4.1, we have (15)
holds for ¢ + 1.

Now we have proved by induction that (14) and (15) hold. So for ¢ > 0, there is
F(0Y) < (@) f(0°), wherea = 1 — 1.
8Lz
Thus, to compute an e-optimal solution, the total number of iterations required is
log(f(6°)/€)/ log(1—/8L%). Since in each iteration, each agent k transmits a length-D vector . it
follows that the total number of bits each agent needs to communicate is D log(f(6°)/¢)/log(1/(1 -
11/8L % ))bits. Notice that log(1/(1 — u1/8L%) = —log(1 — 1/8L%) ~ 8L% /ju, so we can derive the
3
simplified total number of bits as bD - SLT2 log ( f (90) / e).

D The Proof of Theorem 4.2

First, let us provide the sketch of the proof. Denote

Using the above notation, the agents’ local update step (i.e., the ‘Update’ step in Alg. 1) can be
expressed as:

0Lt = 0L —nB ¢V k. 1)

Step 1: We show that the loss function decreases linearly if all the agents update parameters using
the direction g*, as follows:

o i) < (1- ) 160

Step 2: Let 7 = we show by induction that for ¢ = 1, - - -, the following inequalities hold true:

1
1
(1) £(6) < ()" £(6°), for some 0 < o < 1. (22)

24



@) llg" = d'llo <7V 113" = BT ¢' || < TH|BT [|oey" ™", for some v~ ! > 0, (23)

where {~¢}%°, is a sequence of positive numbers.

We prove Step 1 first. At ¢-the iteration, Let us first expand the objective function as:

F(o'

To proceed,

1 N o N
—ng') = A" —ng") - bl|I> = f(0") — (A0" —b,nAG") + 5772 [P —

let us provide explicit expressions for g¢ and g':
g' = BVf(0') = BAT (A0' —b) (25)
' =BTBVf(6") = B"BAT (A" —b). (26)

By using the above, the inner product in (24) can be bounded as follows

2

— (A" — b,nAG") = —n(A6" —b, ABT BAT (A6" — b)) < —nowmin(Z) || 46" —b||". @27

Using the above relations, we can further bound the descent of the objective function as

F(0 —ng") < f(0Y) — nowm(Z) || A6" —b||* + %nQ |ABTBAT (46" —b)||

2

< 10— nn(2) 46" b+ o0 (2)]| 460 — o]
D 1(0) — 200min(2)1(0') + 1702 (2)£(61)

= (1 - nUmin(Z))f(et)
=(1- %)f(m), (28)

where (i) comes from plugging (27) and (26) into (24); (ii) extracts the largest eigenvalue of Z; (iii)
is due to the definition of the objective function; the last two equalities hold due to the definition

_ Umin(Z)
/]7 - o2 (Z)‘

max

Next, we prove Step 2. To begin with, let us define:
1 Umin(Z)
a:=1——, )\::6\/@7, t= A/ ()t £(0). 29
2,%4 Umax(Z) 0 ( ) f( ) ( )

Further let us set

1 1 12 . .
b = max <log2 (T + 1) 7b0> , C= max(m, 7) with 7 given by (30)

T := min

1 1

o2 (Z 61+
BN DE R BT s (4) (0 + ) )

First, we analyze (22) for ¢ = 1. We have the following relations:
F(61) = f(6° —=nB"q%) — £(6° —ng°) + f(6° — ng")

(i)
< %IIHA(BTqO =P+ mAB " = 3°), A(6° = ng°) — b) + (1 — nomin(2)) £(6°)

(i1) 1
< —
2

(4d)
< (

InABT 4" = 3|1 +n (/D’IA(BT(JO -7+ %IIAWO —ng") — bll2> + (1 = nowmin(2)) f(6°)

1, "

S+ B0)smax (AIB T ¢° = §°1° + 2 (1 = 1omin(2)) F(6°) + (1 — nowin(2)) £(6°)

2 B

— G2+ B2 (BT = 50112 + (1+ 1) (1 = nowmin(2)) £(6°)

2

B

(iv) , 1 -
2 P )82 (BT — 312 + (1~ 1P02:,(2)) £(6°)

2

Omin (Z>
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(v) 1 n
< D2 —p? P BT 0 ~0(12 1_ 2 2 7 0
(277 + O_min(Z))Smdx( )H -9 ||oo+( n Umln( ))f(9 )

(vi) 1 n
< DZI‘IQIIBTllio(gﬁ2 + g_i(Z))anax(A)llqo —¢°[1% + (1 = 1?02,(2)) £(6°)

m1n(

(vii) 1 K

< RDHBT G+ )43~ % + (1= 17, (26
k=1
%)

i) T2 (L2 n 2 f(e 2 2 0
< H ||B Hoo(§n + m)sde(A)c ( =" Umm( ))f(e )
2

A
— (1= 22+ BB+ L ) o)

@ (1= SamnT (2 ) e o) )

m'1x (Z) 01211ax

(w) 1
< (1= 5 ) f(0%) = af(8°),
where (i) explicitly expands the f(-) function, and uses (28); (ii) applies the Young inequality with
constant 3; (iii) extracts the largest singular value of A, and uses (28); (iv) set 8 = g%(z); (V) uses

the relationship between /5 and £, norm; (vi) uses the fact that || BT ¢°—3°|| < H?||B||oo[|¢°—9°|oc;

V%) .
< CDVK
Algorithm 1; (vii) uses the induction assumption (22) and the definition of v*~! in (29); (viii) plug
in the choice of stepsize; (ix) comes from the choice of A and 7. So we have showed (22) holds for
t = 1; (ix) plug in the choice of stepsize and constant C' > ﬁ; (x) uses the choice of A and 7.

(vii) uses the Cauchy-Schwartz inequality; (viii) uses the condition ||qk ng in

Next, let us analyze (23) for ¢t = 1. The idea is that, if we can show that ||g' — ¢°||oc < 7, then we
will be able to use Lemma 4.1 to show (23). More specifically, we have:

(4) (i1)
" — g*|| = |lquant(g*, ¢°,7°,b) — ¢'[e < 77,
(uz) ’v
| BT quant(g*, ¢°,7°,b) — BTgllloc < THIIBTHOO”V ,

where (¢) and (¢i¢) come from the Quantlze step in Algorithm 1; (i4) and (iv) are from the two
inequalities in Lemma 4.1 (assuming that ||g! — ¢"|| s < ~° holds).

1B q" — gl

Next, we show ||g! — ¢°leo < +°. We observe that:

(i)
lg" = a°lloe < 19" = ¢°lloe + 119° — o
(i)
< | BATABT| + 119° — ¢°lloo
(444)
< Nomax(2)1° + 19° — ¢l
(iv)
< N0max(Z) (9% + l8° — 6°1) + 19° — "l
(v)
< N0max(Z)(|BAT(A0° = b)|| + Hll¢° — ¢°lloc) + 1|9° — ¢°|I
(vi) 3 0 0 0
< nomax(Z)HA@ - b” + (1 +77H0'ma>c( ))”g —q ||oo

(vi7)

< 108 2)[[A0° bl + (1 + 1 Homa (2 legk 0 lloe

(viit)

K
< n0dax(Z)V/2F(00) + (1 + nHomax (2 Z W2L1G0)
:1

ﬂ

< o Z)VAFE) + (14 nHoman(2)) Y2

&.‘

( %)
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. 1 H V200 (2)
= \/W(CDS‘ + CD3k + Umax(Z))

T A

AT+ 5 < AT < AVarf@) =

where (i) is due to the triangle inequality; (ii) expands the expression of g' and ¢° in (25), uses

the relation between ¢5 norm and /., norm and uses the update rule (21); (iii) uses the fact that

non-zero eigen values of BAT ABT and Z are the same and extracts the largest eigen value of Z;

(iv) uses triangle inequality ; (v) uses the relationship between {5 and /., norm; (vi) is because
52 (BAT) = 0ax(Z) and extract the largest singular value of BAT; (vii) uses triangle inequality;

(viii) uses the initial condition ||g) — g9/ < Y 1) i Algorithm 1; (ix) uses Cauchy-Schwartz

C-DVK
inequality; (x) plug in the choice of stepsize; (xi) is because x > 1 H < D,D > 1 and the choice of
A; (xii) is from C' > 12; the last inequality comes from /o > RIS g since x > 1. So we can show

lg" = ¢°l| . <"

Next, we will show (22) holds for ¢ + 1 by induction, based on the base assumption that (22) and
(23) holds for . We have the following series of relations:

FO) = f(0" —nBTq") — f(6" — ng") + f(6" — ng")

@)
< 5IABTd ~ )+ MAB " ~ ), A — ")~ b) + (1~ nomin( 2)) £(6°)

(i) 1 1
< fllnA(Bth —3I” +n (BIA(Bth -3 + %IIA(W —ng') - b||2) + (1 — nowmin(2)) £(6")

< G+ B0) BT = 31 + L0 = 0mia(2)F0) + (1 = (218

= (57 + A A BTq =3+ (14 )1 = 10in(2)) 16"

Y (g4 s BT a3 + (1= ok, (2)0)

(v) 1 n
§ D2 o2 BT t ~t (12 1_ 2 2' Z Ht
(7 + o 7y Smax (DB 0 = o+ (1= 1o (2))1(6F)

(ve) 1 B
< D215f2||BT||?>o(*772 + U_L(Z))Srznax(A)(T’yt D2+ (1= ntonn(2))1(6)
(vid)

< (1—n2a,iin<2>+D2H2|BT||2 (57 + 52 ) a2 ) (@18
)

2 Omin
(vii) _ 27721 T2 Tmin(Z 2 2 2 tp(p0
L+ D*H? BT 77 ) a7 ) (@) £16°)

2040 (2)

max

1

o
(i) 1 te(n0 t+1 (0
< (=5 2)(@) f(07) = () £(07),
where (i) we have explicitly expands the f(-) function, and have used (28); (ii) applies the Young
inequality with constant 3; (iii) extracts the largest singular value of A, and uses (28); (iv) set

8= %(Z); (v) uses the relationship between /5 and /., norm; (vi) uses the second inequality in
induction assumption (23); (vii) uses the induction assumption (22) and the definition of v*~! in (29);
(viii) plug in the choice of stepsize; (ix) comes from the choice of A and 7.

Finally, we will show (23) holds for ¢ + 1 by induction, again base assumptions (22) holds for ¢ and
(23) holds for t. We have:

t+1

()
g™ = d'l| . <l = g'lloe+ 9" — ¢'llow

(i4)
< | BATA@G™ — 6" + 79!

Z’Ll

=" n|BATAB T ¢'|| + my'~!
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(iv)
< N0max(Z)llg" | + 77

(v)

< nomax(2)(lg" — gl + lg])) + 7o

(vi)
< 10max(Z)(Hll¢" = g'lloo + ") + 79"~

(viz)
< 7'7 (1 +nHomax(2)) + UUmaX(Z)”gt”
=797 (1 4+ nHowmax(Z)) + 1omax(Z)|| BAT (40" — b)||

(viit)

< Y+ HOmax(Z)) + 10 (Z)7/2F(07)

@ oy By )

\[O—mln( ) o t 00
UW(ZJ (@) 7 (0%)

_ A (1 + ) \[O'mln( )
K A \/ O-max
(z1)
< /\ /(@) £(69) /\ /()1 £(69)
where (i) uses the triangle inequallty, (ii) expands the first term by (25), uses the relationship between
{5 and £, norm, and and uses the first inequality in induction assumption (23); (iii) plug in the update
of parameter: '*1 = §* — B ¢*; (iv) comes from the fact that non-zero singular values of Z and
BATABT are the same and extracts the largest singular value of Z; (v) uses the triangle inequality;
(vi) is due to the relationship between /5 and ¢, norm; (vii) uses the first inequality in induction
assumption (23); (viii) uses the fact that smax(BAT) = Omax(Z) and extracts spa (BAT); (ix) plug
in the choice of stepsize; (x) uses the definition of v*~! in (29) and induction assumption in (22); (xi)

(z)
< ( A1+ )+

)) (@) £(6°)

is because the choice of 7 and \; (xii) is because /o = /1 — 2}{2 3 since £ > 1. Thus,

we obtain ||g‘“rl —q HOQ < A/(a)t+1f(09) = 4t Then by Lemma 4.1, w1th the correspondence
thatc = ¢!t p=¢t,r = fyt, we can obtain
('i)

t+1
+ \T’y’

t+1 f+1H f+1||

g [quant(g***, ¢*,~",b) —

(4i4) (
1B g1 = 310 @ BT quant(g" g7, 1%,8) — BT o € 7DIBT ar,
where (i) and (i4¢) come from the ‘Quantize’ step in Algorithm 1; (i4) and (iv) are from the two
relations in Lemma 4.1 (since we have proved that [|g'*! — ¢'||oo < 7 holds).

Now we have proved that (14) and (15) hold. So for ¢ > 0, there is

1

f0) < ()'f(6°), where a=1- 51
K

Thus, if we want the objective function to compute an e-optimal solution, the total number of

iterations is log(f(6°)/e)/log(1/(1 — 54)). Since in each iteration, each agent k transmits a

length-H vector q,tc, so we conclude that the total number of bits each node needs to communicate is

log(f(6°)/€)/log(1/(1 — 52)) bits. Notice that log(1/(1 — 54)) = —log(1 — 527) ~ 2%, s0
we can derive the simplified total number of bits as 2k - log(f(69)/¢).

E Proof for Proposition 1

Now we prove Proposition 1. We first state two lemmas that will be used.

Lemma E.1. Rudelson and Vershynin [2010] Let X be a H X N matrix whose entries are independent
standard normal random variables. Then

IP(\/Ef VN — 1 < $min(X) < $max(X) < VH + m+t) >1-22 >0
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Lemma E.2. Suppose AZT € RP follows N(u,X). If S is a diagonal matrix, then each element of
A, is independent.

We first write down the SVD decomposition of A :
AT =VEW,

where V€ RPN 53 ¢ RVXN W € RV*N | Since A is full rank, denote & := % >

0. Consider each entry in BAT = BVXW. It is clear that each entry of BV follows normal
distribution because (BV); is linear combination of variables that are standard normal. Then we
aim to show that each entry in BV follows standard normal distribution. Notice that vec(BV) =
(B1V, B3V, -+ ,ByV) " € REN where By, is each row of B. Denote U;; = Cov(B;V, B;V) €
RNV*N we can obtain that

E[vec(BV)] = (E[B,]V;E[Bs]V;--- ,E[By]V)" =0,

Un Uiz Uiz -+ Un

Ugl U22 U23 e U2N
Cov(vec(BV)) = ) ) . ) .

Uni Unz2 Unz -+ Unn

Notice that U;; = Cov(XTBiT,XTBjT) = X "Cov(B], BjT)X. Since B;' and BjT are in-
dependent, so V;; = 0,7 # j. Since XTX = Iy, we have Uij = COV(BZ»T,BZ»T) = Iy for
i=1,2,---, N. Then we obtain Cov(vec(BV)) = Iyy. From Lemma E.2, each entry in BV are
independent. By Lemma E.1, we know the condition number of BV, which is x(BV) is independent
of D, and we have

P K(Bv)gm 21,26%2/27 t>0.
VH — /N —t

Now we consider Z = ABT BAT. Notice the non-zero eigen values of Z are the same as BAT ABT,
then we consider BAT ABT,

BATABT = BVsww's'vTBT = BVS2v BT,
Notice the non-zero eigen values of BV X2V T BT are the same as X2BVV T BT, we can derive
k(Z) = k(Z*BVVTBT) < i? - k*(BV),

where £ is condition number of A and the inequality is because the property of square and invertible
matrix. So we have with probability at least 1 — 2e /2,

S (VE+VN 1\
“<Z’<“2<¢ﬁ_m_t> '

29



F The Proof of Theorem 4.3 and Details about Algorithm 2

F.1 The CHOCO-GOSSIP Protocol

For completeness, we describe the CHOCO-GOSSIP protocol [Koloskova et al., 2019] for decentralized
average consensus with compressed communication as follows. Notice the number of gossip rounds
T, is dependent to the error € as discussed in Fact 1. Note that the protocol uses the compressor Q(+)
for compressed communication, for example, this can be the randomized quantizer, see [Koloskova
et al., 2019] for other examples. The protocol is summarized below:

Algorithm 3 CHOCO-GOSSIP

Input: step size ; initial vectors ¢, . .., g%; gossip rounds 7}; compressor Q(.); mixing matrix
W neighbor sets AV, ..., Nk.

Initialize: §{ =0, Vi € [K].

fortin0,..., T, — 1do
Compress: Each agent i compress the difference, ¢! = Q(g! — g¢)
Communicate: Each agent i receives ¢} from neighbor j € N; and update g§+1 =9t +dq
Aggregation: Each agent ¢ combines received vectors, i.e.,

gt =gl +y > wy(at =gt
JEN,

end for .
Output: g, ? at each agent i.

To derive the number of bits required in Theorem 4.3, we focus on using the random quantizer for
Q(.),i.e., forz € RY, s € Ny and 7 = (1 + min{d/s?,v/d/s}), we have

Q) = sign() - ||| { || +£J ’

512
ST ]

where ¢ ~ Uniform[0, 1]¢ and sending Q () across the network requires d log(s + 1) + d + 64 bits
of communication.

F.2 The Proof of Theorem 4.3

Since F(z) = Bz, F(y) = By, the consensus error can be expressed as Ef = g! —
%E?:l BV f;(6%). We also denote the deviation of locally computed gradient as AG} :=

30 B(V;(0%) — V£;(8})). Note that |[Ef|| < &/(t + 1). We first observe the updated it-
erate,

n n

1 1
0 =0, —nBgi—~> BTBV(0))+ > BBVf(0))
j=1 j=1

=0 = | BTE + BTBY (VA0 + VA0 - V15 0)
j=1

=0! —n[B"E!+ B'AG! + BTBVf(0!)]

Next, we observe that the objective function value evolves as,

1 n
FOTTY) =5 ) 14077 = b2
2
j=1

1 n
=3 Z {||Aj9§ —b;|I> —2n (A (A;6; —b;) | BTE} + B'AG! + B'BVf(6}))
j=1

30



+n?||4; [BTE! + BTAGL + BT BV f(6!)] ||2}
< 76 —n (V760 | BTBYS) + 3 > 204, BT BV (8
j=1

1 n
#3220 (A0 - by | 48T (B + AGD) + 274,57 (5L + AGHI?
j=1

< (1= 20min(Z2)n + 202, (Z)0%) f(6))

£ 3{ nAs0— by | BT AGH) P4 BT (B AGHIP) )
where the last inequality requires the observations

U zn: 14; BT BV f(07)||* = 7°(A0; — b) "(ABTBAT)"ABT BAT(A0] — b) < 207, (Z)n*f(6)),
j=1
(VIO) | BTBVF(0))) = owmin(2) f(6))-

It remains to deal with the error terms separately. Observe that
n
Zn (A;0! —b; | A;BT(E! + AGY))

- Umln t 2 1 nT t t\ 1|2
;{ A8 = P+ gl A BT G

Z |A; BT (E! + AGH |,

j=1

— Guin(Z)(61) + M

and
> 14 BT(E] + AGH|?
j=1
= |ABT(E! + AGY)||” = (E! + AG))TBATABT (E! + AGY)
< Omax(2)|| B} + AGH|* < 20max(2) (| EX|I” + | AGH]?)

Putting together into (31) and setting n = 4[;“;‘“((ZZ)) yields

100 < (1= 22N 1060 + 0P + 55 ) 2 NIELP + IAGER). 32

To bound || AG?||2, we observe that by the algorithm and the initial condition 69 = 6?, for any ¢ > 0,

t
t+1 t+1 _ pt ¢ t ty _
9j -0, = Gj —0; _W(Ej —E;) = —UZ(E]
s=0
t

t
2
1657 = 072 < 20 SINES I + 112717 <4n228+12§ o
s=0

222

; (33)

where the last inequality applied ZS | s72 = 72 /6, together with Fact 1 and the assumption

€ = €/(t + 1). Then, the error AG? can be bounded by

IAGHP = — | ZBATA -0

© )2 m2e2
< —ZHBATA 176} — o1 < =L Z [BA] A% (34)

Jj=1 Jj=1
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With the notation o g a7 4 := 5 Y7 [|BAJ A;|1?, (32) gives us

(G4) 1 n I2r2e
AR G [ ¢ 24 1T )9 7 .
1O) = 8/@2)f(92) * (77 * 2crmin(Z)) Tana(Z) (€4 + 3, (BATA
t=s 2,222
} : 2
< _ t+1 0 Umln )77 2 n .9 Z 2 n-m .
= ( f 9 + s ( n + ZJII]in(Z) Umax( ) €s + 3n OBAT A
1 1 o2n(2)
< (1 — —)ttLr(go min . 2 2.2
- (1 8,12) f(el) 6o r2n1n( ) <1 + 4”Ufmx(z) OBA A) (Jmm(Z) + 2Jmax(Z))7T €,

Omax (Z)

where we have simplified notations by setting x = a7 By adjusting €, we can achieve

dimension-independent linear convergence.

Communication Complexity Let& = >0, [lgf — =195 t||2. We recall from Fact 1 that
achieving a consensus error of €/(¢ + 1) at iteration ¢ via CHOCO GOSSIP requires

82 t+1
w rounds of communication.

20 log
Applying b-bits random quantization to our projected H-dimensional vector, we have

1

— =1+4+min{H/(2* - 1)2,VH/(2" —1)}.

w

Fix € > 0, to find an e-optimal solution, we set

3 1 -1
€ = 1
TV R+ ( " 2ot (2) ”BA”‘>

andt > T, := 8x%log(2f(6?)/¢). Altogether, the number of communication rounds for achieving
an e optimal solution is bounded by:

}:1 t+1 g (maxbgft-%bgﬂ1+l)+kgﬂjd>
te s
K2 1 1 1
_O<5 (log +10g( Tlax(Z)o—BATA)) loge)

where we have assumed that max,¢[7,] log(&;) is dominated by max{log(1/€),log(T%)}.

Each communication round requires to send O((b + 1) H) bits per agent. We can optimize the choice
of b by

b = argmbin bHw ! = argmbin {min {bH +bH?/(2° —1)%,bH + bH3/2/(2b — 1)}}
= bV Hw ' =O(HlogH), withb* =log(H?+1)

Under the properties of A, B described in Proposition 1, by Lemma E.1, simplifying HBAJTA]- I
shows that with probability 1 — ¢,

3
2
IBAT Aj]| < |14;2]1B] < (ﬁﬂ D+ mogg)

6
As such, we have og 714 < (\/ﬁ +vD + \/2log %) . Putting together gives the communication
complexity upper bound of C,, and the proof is completed.
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10-3 4 —— 1557 dimensions, 500 train data, H=1557
~— 6217 dimensions, 500 train data, H=3000
—— 24849 dimensions, 500 train data, H=3000 D H mpr ion Rati
—— 1557 dimensions, 1000 train data, H=1557 CO p €SS10 at o
— 6217 dimensions, 1000 train data, H=6000

—— 24849 dimensions, 1000 train data, H=6000 1557 1557 1 .099

2 6217 3000 0.529
g 6217 6000 1.057
24849 3000 0.132
107t 24849 6000 0.264
0 1 é 3 4
Transmitted Bits 1lel0

Table 1: Communication Compression

Figure 2: Overparameterized Kernel Regression Ratio of Alg. 2 against vanilla DGD
with Alg. 2. Testing MSE against the number of bit With double precision. 8-bits quantiza-

transmitted on the whole network, averaged over 5 tion s applied in CHOCO-GOSSIP and the
random seeded runs. average rounds of gossip T} is 7.78.

—— 13981 dim., 500 train data, H=3000, local=0
13981 dim., 500 train data, H=3000, local=2

1010

Train MSE
.
o
A

Bl 500 train data
B 1000 train data

Bit Transmitted to Achieve 5 x 1075 MSE

24849 97111 0.0 0s 10 15 20
Kernel Feature Dimension Transmitted Bits lel0

Figure 3: Overparameterized Kernel Regression with Alg. 2. (Left) Additional simulation results
for large scale overparameterization (19x). (Right) Additional simulation results of Alg. 2 combining
with local updates, compared to when no local updates are applied.

F.3 Additional Numerical Result

Fig. 2 shows the test MSE against communication cost for the cases of N = 2500 and N = 5000.
The models are evaluated on the testing dataset of 23175 samples. Our result indicates that increasing
the dimension of kernel features decreases the testing MSE. It suggests that overparameterization
improves generalization on unseen data. The communication budget limits the number of training
samples, thus bottlenecks the generalization accuracy. In the scenario where both computation and
communication budgets are limited, Fig. 2 shows that the generalization power of Alg. 2 benefits more
from spending into communication budget (thus more training samples) than from overparametrizing,
under the situation where H < D and more training samples are available with no cost. Table 1
shows the compression ratio for the schemes used in our experiments.

Lastly, Fig. 3 (left) provides additional results for the large-scale overparameterized scenario, where
+ 1s as large as 19 which is close to the degree of over-parameterization in practice. Comparing the
two cases with D = 24,849, D = 97,111 where the latter case uses 4 times more parameters, we
observe that the bit complexity to reach an MSE of 10~° only increases by 1.4 times. Fig. 3 (right)
examines empirically the effects of running Lioco) = 2 local steps on the train MSE performance
against the number of transmitted bits.
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G The Proof of Theorem 4.4

G.1 Additional Notations

Let us further define some notations before we go into the details of the proof. Denote the parameter
in ¢-th iteration as 0° = (W})E,; P, = vec(0O;) as the vectorized output from layer [; the pre-
activation output from layer [ as ¢);. Similarly, we can define P, ., Q) » for each agent. Specifically,
Or, = Pr, = Q. Further, let us define some notations related to the singular values of the weight
matrices.

< 2 (14 smax(WY)), forl e {1,2} . j ) i
- 3 ’ 7 = i = . J—
)\l - {smax(Wlo), forl € {3,7L} 5 Al = Smin (Wl )7 A= HAZ’ )\1~>] — H)\l

(33)

Specifically, \; represents the quantity related to the largest singular value of weight matrices for
different layers; \; represents smallest singular value of weight matrices for different layers.

Further, denote A\p = Smin (B -a (X Wlo)) as the smallest singular value of the output from

first hidden layer at initialization multiplied by B. Let us define some notations related to gra-
dient. Recall we have defined u; = vec(Vw, f(0)). Let us define the per iteration gradient

as: gi = (Bué > ug JRERE ;utL, ) that collects all the (compressed) gradient of each layer. Fur-
~ T = St o _ . .

ther, let us denote 5, = B'Bub,, g, = (@b 5uf s 5ul )y ¢ = (254525 120 0)s

st (BTt .t .’ ¢ ; t t : t .

G = (B 23,323, ;21 x)» Where 25, quantizes Bus ; and z; , quantizes u; , for [ > 3; denote

ZL . = BTzl . Note, that in the above notation, both quantities with ~ has the original dimension

D. Further, g}, is the actual vector that gets used at k-th agent, while g}, represents a “virtual" vector
which has not been quantized.

Now let us define:

t._ t t_ (ot ot t
Uy = E U, U = (ug,ug, -+ ,up),

k=1
K K
t.__ t t.,t. .ot ~t .__ ~t __ (~t., 1. R
g _E gk_(BUQaUSa"'auL)a g _E gk_(u2’u3a"'auL)a
k=1

k=1
K K
t._ t __ t., t. LSt ~t .__ ~t __ rzt. t. t
q = E :qk—(22723,---72L), q = E Qk_(z27z37"'azL)'
k=1 k=1

Further, we define AW}, AW/}, which are the unvectorized @4 and g5 for I = 2 and unvectorized i}
and ¢} forl > 3:

at 1=2 < zZb =2
vec(AW}) = {UQ vec(AW/) = { 2 (36)
! ul 1>3, : ! :

That is, AVV;7 AWlt c Rmu—-1xn
Using the above notation, the ‘Update’ step in Algorithm 1, it can be expressed as
et-‘rl _ at _ nqt (37)

Denote X} = diag [vec (¢/ (Q}))] € RN™*Nm which is a diagonal matrix, whose diagonal entries
are the vectorized gradient of the activation function in each layer. Recall that we have defined

B=1,,® B in Section 4.2, where B is a Gaussian random matrix of size H x n1. For convenience,
let us assume Spax(B) = Smax(B) = 1.

G.2 Useful Lemma

Now we first state a collection of results from [Nguyen and Mondelli, 2020] that will be used in our
proof. Notice that in the aforementioned work, the same pyramidal neural network structure and the
l> loss function are used, so the loss function is the same as (6). It follows that all the properties of
the loss function can be reused.
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Lemma G.1. Suppose Assumption 4 and 5 hold, for each 0%, we have the following relations:

Louf = (L, 2 0L, H st (W eTy) (0f —y), (38)
p=Il+1
001 e
" dvec(W)) (W) H (WET*P ® IN) ZtL*pfl (I”l ® Fltfl) ) (39)
L
bl = smin (017 ) TT swwin (Sh-1) i (W) 0L = v, (40)
p=3
Juf|| < 1X]Ir H smax (W) [|OF =y, 1)
p#l
L
Il Smax(W})
5. 119°]l < Smax(B )LllXHF 107, = ylI. (42)

Wt
foin Smax (W)

Furthermore, given with 6% and 6°, if A; > max (smax (W), Smax (W'lb)) for some scalars A;. Let

L _
= [I max (1,A,). Then, forl € [L],

p=1
Lo
HA
l0g = 0Ll < VEIXp-=o [0 = 0], 43)
le[L] l
dvec (0O (0%)) 0vec(Of, (Gb)) N - . X
H Dvec (W) Dvee (W}) 2S\/ZHXIIFR <1+Lp||XHFR) |0 —6°|| . (44)
- [vec (V£(6%)) — vec (Vf(@b))H
L
[T A
< | LVLIX (7= + LVLIX || pR(L+ Lo| X[ £ R) | 116" = 6], (45)
le[L] A7

Now let us discuss the properties above one by one. The relations (38) and (39) show how the
vectorized gradients of each layer, as well as the vectorized gradients of the output over each layer
are computed, which are true regardless of the algorithm; see the first and the second equalities in
[Nguyen and Mondelli, 2020, Lemma 4.1], respectively; (40) is the lower bound of the norm of the
vectorized gradient over Wy, which is true as long as the network has the pyramidal structure (and
regardless of the algorithm); see the third relation in [Nguyen and Mondelli, 2020, Lemma 4.1];
(41) is the upper bound of the norm of vectorized gradient over W, which is true regardless of the
algorithm; see the third relation in [Nguyen and Mondelli, 2020, Lemma 4.2]; (42) can be derived by
summing over [ in (41). To be specific, we have

L L
g || < [1Bubll + Y llufl] < smax(B)[[ubll + > lluf]
=3 1=3

L
< sm(B) 3 |
=
L
smax ZHX”F Hsmax |OL _y”

p#l
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L
IH1 SmaX(Wlt)
< Smax(B)L|| X || p———5
Smax(B ) [ Flm[m} (Wlt)
€[L

0%, =yl

The relation in (43) gives the upper bound of the gap between output layer with two sets of parameters
6® and 6°, and it is regardless of the algorithm; see [Nguyen and Mondelli, 2020, Eq. (19)]; Similarly,
(44) states the gap between the vectorized Jacobian matrix over IW;; see [Nguyen and Mondelli, 2020,
Eq. (20)]; Finally, (45) computes the Lipschitz constants for the gradient, it is independent of the
algorithm, and comes from plugging in (42), (43) and (44) into [Nguyen and Mondelli, 2020, Eq.
(22)].

G.3 Initialization Strategy

As stated in Theorem 4.4, special initialization strategy is required. Now let us describe the initializa-
tion in detail. Recall the definition of A; and ); in (35) and Ao = Smin (B ~a(X Wlo)) Initialize #°
such that the following holds:

186" 2| X pXi 1520 (B)OF, — o (2 2.

2\L—-2 A
(V) A3—>L

2\ >
© PN WY

(46)

To satisfy the above relation, it requires that |09 — y|| cannot be large, which means the §° should
not be far from the optimal solution so that the initial loss is small. Further, it requires the gap
between \; and 2, is small. From (45), we know that small \; induces small Lipschitz constant for
gradient, so the condition requires that the Lipschitz constant is not very large, which further implies
that the optimization landscape is smooth. On the other hand, from (40), we know the lower bound
of the norm of } is related to ;. So the initialization condition guarantees the lower bound of ||u||
is not too small, which avoids vanished gradient.

The initialization can be realized by using the procedure suggested [Nguyen and Mondelli, 2020,
Sec. 3.1]. The idea is that we can scale up W7 to make Ao not too small, and then randomly choose
Wg with small entries. Then for all [ > 3, set VVZO as scaled identity matrices (top block as scaled
identities) with large entries.

G.4 Formal Statement and Proof of Theorem 4.4

First, let us state the formal Theorem 4.4:

Theorem 4.4 Consider using Alg. 1 to solve the problem (6), with X being full row rank. Suppose
0° is initialized as (46). Choose B such as rank(BO?T) = N, choose F(-) and F(-) as in (7). Set
stepsize n and bits number b as following:

_ ¢
W—QOsz

where ¢ is defined in (47), T is defined in (50), A is defined in (48), Qo is defined in (49). The
following hold true:

b = max (log(% + 1),bo),

feh < ‘W $)f(0").

To compute an e-optimal solution (6), each agent is required to transmit:

L—-1

4b
- (Hng + Z nynie1)log(f(0°)/€)  bits/agent.

ne

Proof. To begin with, let us set the following constants:

—in¢, 7= A/ (@)L f(60), n==ijy A = 6V2max(B)nQoA,  (47)
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¢ . omin

C = = , Cy:= )
16v2Hm 13| Bl A0 — y 32v2Anans )0 — y||
1 mind,
03 = X 0 y 04 = i 0
V2nHnn3|| Bl A OF — 2V2nAnansl|Of — y||
Cs = ¢
(34 5) (Hoanl Bl + 5 n ) w2
1—no—5
CG = ~ I3 )
1+ 15max(B)Qo (an + > nll”l)
=3
where
L-2 L-1
1 3 )\1%L
=(= A2 A== - Ls? X
o=(3v) Wt A=(3)  LtuBIXIeoE
1>2
3 (L-1) H )\2
@=-wvi(3) xRS VIR LX),
le[L]
_ L 3_
R=352,(B) H max (1, 2)\p> .
p=1
Define

7 := min(C4, Cs, Cs, Cy, C5, Cp).

Further, let us define

L—-1

3 by

Ay = <2) 1X || p HL.
l

(48)

(49)

(50)

(G

For convenience, let us assume )y > 1. Let us explain the above constants: « is the constants based
on which the objective function contracts; 7 is the stepsize; ¢ is related to the lower bound of ||u|;

parameter related to quantization; A, is related to the upper bound for ||u!||.

The majority of the proof consists of showing the following relations by induction:

Smax (Wlt) ALl=1{23,--- L},

W = In, 1ef3,..., L},
Smax (W3 + AW =AW ' 30— 2,3, L),
Smin (W 4+ nAWLI™E — pAWL™T) (2 I\ L ={3,--- L},
FOF —mgt ) (g (1 —ne)f(011),
769 < (@)1 10,
1Bub — S € 7911 = rA (@O,

(viit)

luf = 2flle < 771 =TAV (@) F(6°).

§
2
1
2

\vg NS

Smin

(52)

Let us explain the meanings of the above relations. Relations (i) and (ii) provide the upper and lower
bounds of the singular values of weight matrices in each iteration; (iii) and (iv) give the upper and
lower bound of the singular values of weight matrices after one step update without quantization;
(v) shows the decrease of loss function after one step of update without quantization; (vi) shows the
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linear decrease of loss function in each iteration; (vii) and (viii) provide the error bound of gradient
after quantization.

Compared to the induction proof in [Nguyen and Mondelli, 2020], the key challenges are: (1) Our
analysis includes the quantization of gradient; (2) The update of parameter is not the simple gradient
but a function of gradient.

Our proof consists of two steps:

Step 1: We show the above relations hold for ¢t = 1.
Step 2: We show that if the above relations hold for ¢, then they hold for ¢ + 1.

We show Step 1 first. For simplicity, we set g° = ¢°, it is easy to verify the relations hold if we
choose ¢” in Algorithm 1 with large enough C. Step 1 will be shown in the following five substeps:
(a) Show (i) and (ii) in (52); (b) Show (iii) and (iv) in (52); (c) Show (v) in (52); (d) Show (vi) in
(52); (e) Show (vii) and (viii) in (52).

(Step 1.a) We will show

{smax (W)

<3N lell], 1e{2,3,....L}
Smin (Wll) > %Al? l

e{3,...,L}.

We will use the fact that, according to the update rule in (37), we have ¢° = g°.

For [ = 2, we have:

(Wi —welr 2 ||22H—77HBTBU2” NS max(B) 03]

(2i7)
< nsmx( 3) 2103, — |

(iv)

<Zwm )As[0% — y]| - Ve

1 1

<12 (BYO) — gl (1 4 a)
() 852 (B)A
——i—Lﬂw%—w

1
2’
where (i) is from the update rule in (37); (ii) extracts the largest singular value of B; (iii) uses the
upper bound of the gradient norm in (41) and the definition of A5 in (51) ; (iv) uses the fact that

Z Va > 1; (v) plugs in the definition of « and 1+ « 3 < 2; (vi) is because the initialization strategy
t=0
in (46).

Next, we show the case where [ > 3. We have

W — WwFfmmu nmmw
(44) ‘

< EjnmnO%—yn~¢a

t=0

1
= A0 —yll—

1 1
<A ||OY —yl|——(1 2
IO — yll = (1 + )

) 8A
”OL yll

(v) 1
< /\l< /\l,
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where (i) is because the update of parameter in (37); (ii) uses the upper bound of the gradient norm in
o)

(41) and definition of A; in (51); (iii) uses the fact that > \/a > 1; (iv) plugs in the choice of a and
=0

14+ a2 <2 (v) comes from the initialization strategy in (46).
Applying Weyl’ inequality to the matrices W and (W} — W), we have
Smax(VVl ) < )\l + )\l _2/\l7 le {3 L},
Smax(W}1) < N\ + 17— %)\l =2,
Smin(v[/ll) 2&1_%)% %)\l, lE {3,...,L}.
This concludes the proof of this substep.
(Step 1.b) We will show
smaX(Wl nAWl — 77AW1 ) < 25\l7l
Smin(Wl + nAWl - UAWO) 2 %Alal

Since we have ¢° = g°, it is easy to derive that

AW — g AW |[p = nll AW = nAWS|| = n]l¢° - 5°)| = 0.
Thus we can conclude
{smx(Wl1 +nAWP = pAWY) = smax (W) < 3X,1={2,3,--+, L}
Smin(VVl1 =+ ﬂAWlO - WAW}O) = SmaX(VVll) 2 !
This concludes the proof for this substep.

(Step 1.c) We will show
F(0° =ng°) < (1 —nag) £(6°).
From (Step 1.a) and (Step 1.b) we know

3_
max (smax(WlO),smax(Wll)) < 5)\1.

Using the above relation, we can upper bound the differences of the gradients by using (45). More
specifically, using the the definition of Qg in (49), we have

lvee(V £(6")) — vec(VF(6°)]] < Qoll0* — 6°]], (53)
where we repeat the definition of Qg below (where R is defined in (49)):
L _
33\ 2(6-1) H AP
Q=LVE(3) XU+ LVEIX IR+ LX),
le[L]

Further, it is easy to verify that for any 6° between 6° and 61, we still have spax (W;(6°)) < 3. So
we can apply the same argument leading to (53), and obtain:

[vec(V£(6°)) — vec(Vf(8°))]] < Qol|0° — 6°|,V8° = 0° +6(0* —6°),6 € [0,1].  (54)
As long as for any 6° (54) holds, we can apply Decent Lemma. More specifically, we have
£ — ) < F8%) — . 5) + Do)

(@) Qo .
F(0%) — n(ug, a3) nZIIu 1?4+ ==n*11°(?

< f(6°) — n{ug, a9) + QO n113°11°, (55)

where (i) uses Decent Lemma, (ii) uses the fact that u° is the stacked version of {u?}izg, and §° are
stacked versions of {u{};>3 and @3.
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Next, we will bound the inner product on the right hand side of the above relation:

(w3, u3) 2 <(In 20)") f[z?_1 (W @1w) (08" = y),B7B (L, ©0f") f[z?_1 (W @1w) (08" ~y)

1=3 1=3

@ <(In2 o OV ) T3t (W ©1) (047 ) (1w @ 7501 ) [T st.1 (W7 1) (037 )

=3 =3
2
(iii)

L
(n2®BooT)HZl L (WP @1y) (09 — )

Smln(BOOT Hsmln El 1) Smm Wl HOL_yH
=3
(iv) 1
> (G0N L0k — I, (56)

where (i) uses the expression of u3 by (38) and @9 = BT Bu); (ii) and (iii) are from the property of
Kronecker product; (iv) is from Assumption 5 and fact that syax (W) = %Al.

Next, we upper bound the term ||§°||? in (55). We have

L
~ R
13°1° 2 187 B 2||2+ZIIU?H2 < max( B)[[us])* + > [[u?®

=3
(@i2) 2 012
< mdx( )HBuQH +Z”ul || - max( )Hg ||
=3

L 2
(iv) ) ~ B ll:llsmax (Wlo) 0 9
< 5hax(B) | Lowax (B) X ey | 100
() 3 2
< POt (B) X285 108 — ol

l
2209 —y|? (57)

where (i) uses the definition of §¥; (ii) extracts the largest singular value of B; (iii) is because we

assume smaX(B) > 1; (iv) uses the upper bound of gradient in (42), (v) comes from the fact that
smax(Wl ) > )\l, (iii) is because the definition of A in (48).

Recall that we have defined
¢ = (2 )Z(L Y. >‘3—>L
If we choose n = A2 , then plug (56) and (57) into (55), we obtain

F(0° =ng°%) = F(6°) = 2nef(6°) + 0o f(6°) = (1 —ne) F(6°). (58)
(Step 1.d) We will show

F(0) < af(6°).

Since §° = ¢°, we have f(6') = f(6° —ng") < (1 —ng)f(0°) < af(6°), where (i) is because
(58). This completes the proof of this step.

(Step 1.e) We will show that:

{Bu}—v}lloo <70 1=2
Hull_vlluoo <T’yo, l:{?’a 7L}

—~
=
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Notice that for [ = 2, we have
1Bub = oo < 1B — Budll + [ Bud — Blloc <. e (B) b — u]
' (B vec(V £(81)) — vee(V £(8%))
" s (B0 — 0 2 s B)Qo ]
) s B)00 ]3] C nsman(B)Q0AOY g
(viid)

< MWaf(00) =77,

where (i) uses triangle inequality; (ii) extracts the largest singular value of B and uses ¢° = ¢; (iii)

is because ||ud — ud|| < ||ut — uP||; (iv) is from (53), which uses (45) and definition of Q in (49);

(v) uses the update rule in (37); (vi) is because g° = ¢°; (vii) uses the definition of A in (48); (viii)
2

uses the definition of \ in (47) and the fact . = 1 — 4Q¢W >1-1=3

Then by Lemma 4.1, with the correspondence that ¢ = Bud,p = 29,r = 4, we can obtain

i (i)
24— Bus|l < lquan(Bub, 28,9°,8) ~ Bublw < 79",

where (i) comes from the ‘Quantize’ step in Algorithm 1; (i7) is from the first relation in Lemma 4.1.
For [ > 3, we have

(4) (i1)

lut = llse < Ml = wlll + 1l = 2l < [lvec(VF(01)) — vee(V£(6%))]
(iid) (iv) o (@) )
< Qollo = 6°1 = nQolla’ll = nQollg°ll < nQoAlIO% — yll

(vit)
< A af(eo) = Y0,

where (i) uses triangle inequality; (ii) is because g° = ¢" and uses the fact [[u) — 2P| < [|¢° — ¢°||;

(iii) is from (53); (iv) uses the update rule in (37); (v) is because §° = ¢"; (vi) uses the upper bound

of ||g°|| in (42) and the definition of A in (48); (vii) comes from the choice of ) in (47) and the fact
2 3

_ [ 1_
a—l—m>1—z—z

Then by Lemma 4.1, with the correspondence that ¢ = u},p = zlo, r =+, we can obtain

) (id)
Iz = ™ = llquant(uf, 27, 7°,0) = uj[loo < 79°
where (i) comes from the ‘Quantize’ step in Algorithm 1; (i7) is from the first relation in Lemma 4.1.
Now we have showed all the induction assumptions hold for ¢t = 1.

Next, we show Step 2. Given these inequalities in (52) hold for iteration ¢, we aim to show that they
hold for ¢t 4+ 1. We prove Step 2 in five substeps similarly as in the proof of Step 1.

(Step 2.a) We will show that

{smax (w )

< eL], le{2,3,...,L}
Smin (Wlt+1) 2

e{3,...,L}.

Njw

>l

<
~ ~

For | = 2, we have:

(i) & (i) oy
Wyt = WP < Z W3t = Wyllr < Z (2]
r=0 r=0

(i) ) )
< 0 (]| + [las — #])
r=0

(i) & .
< nZ(sfHax(B)AzHOE — yll + ning|| BT (Bub — 23) |0
r=0

41



(v) ¢

<Y (Shax(B)AOF, =yl + Hnan3 || BT [|oo | B — 25 0)
r=0

(i) & _

< 1) (sthax(B)N2||O], — yll + Hnun3 || BT || s/ (@) £(69))
r=0

(vid) \@ T
) (12 e (B2 + o nHmnd BT o 0) |03 - y||Z ;

r+1

V2 1-a
= (1 (B)As + Lo Hmnd | BTN OF -yl —

o= o

(viii) \/> 1 1
< 12 B)s + LnHmnd | BT )08 — vl (14 ad)

(i2) 8(5310 (B) A2 + Z Hran3 | BT [lo7)
S ¢
(f':) 1 1
<1 59
S + 42 <h (59)
where (i) uses triangle inequality; (ii) uses the update rule in (37); (iii) uses triangle inequality;
(iv) extracts the largest singular value of B B, the upper bound of ||ub]| in (41), definition of A,

in (51) and the relationship between I and [, norm; (v) uses the fact that | BT (Bu} — 23)| s <
Hna || Bl oo || Bub — 25 || oo; (vi) uses the induction assumption || Bub — 25|« < 7"~ ! and definition
of y"~1; (vii) reorganizes the terms; (viii) is because 0 < o < 1; (ix) uses 1 -+ a? < 2and plugs in

the choice of «; (x) is because the initialization strategy in (46) and choice of 7 in (50).

10Z, — |

So Applying Weyl’ inequality to the matrices W and (Wt+1 W) and (59), we have
- 3
Smax(WETH) < Mg+ 1= e

For [ > 3, we have the following relation:

(i) & (i) &
W —WPlr < Z W/ =W/ |p < Z (EA
r=0 =
t
Z (g |+ [lui = 2711

’]":

(i) &

< n ) (MO =yl + m—amalu] — 27 ||)
r=0

() &
<n )Y (MOL = yll + mu—1mr A/ (@) £(69))
r=0

(vi) V2 Lo,

< (A + 7777'/\7”—1”1)“0% —y|> at
r=0

(vii) V2 1

< (nA+ 7777>\nl—1nl)\|0% ~yly—5

V2 1 1
= (A + o Amam) [0F — yll g (1 +a?)
(Uzi) 8(A; + §T>\nl_1nl)

h ¢

(iz) 1 1-
< Al + >\l Al < 5)\[, (60)

107, =yl

where (i) uses triangle 1nequahty, (11) uses the update rule in (37); (iii) uses triangle inequality; (iv)
uses the upper bound of ||u!|| in (41), the definition of A; in (51) and the relationship between /5 and
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ls norm; (v) uses the induction assumption Hulr — z[|| < T’}/T_l; (vi) uses reorganizes the terms;

(vii) is because 0 < a < 1; (viii) uses the fact 1 + a® < 2and plugs in the choice of «; (ix) is from
the initialization strategy in (46) and the choice of 7 in (50).

Applying Weyl’ inequality to the matrices Wf“ and (VV;’Jrl — W}), we have
- 1< 5+ 3+ 1 1s
Smax (W) <N + ZN = Z)\l < 5)%, Smin(WITH) = N — 5&; = 5)\1- (61)

(Step 2.b) We will show that
Smax (W + nAW! —nAW}) < 3M,1=1{2,3,--- L}
Srnin(VVltJrl + nAVVlt — ’I’]AVVlt) 2

For | = 2, we have

) (i) .
Smax (W3 T+ nAWE — nAWY) < smax(Ws ™) + 0| AW — AWS ||

(i1) - -
= SmaX(Wthrl) + 77”25 - ug”

(i)
< Smax (W3 ™) + nnana|| BT (Buj — 25)|

(iv) ~
< Smax(Wa ™) + Huun || BT [|oo|| Bub — 23|

(v) -
< smaX(W§+1) + Hn1n§||BT||OC777'/\\/(a)rf(eo)
(vi) 1 1 3

. (v) _ B
< Smax(Wa™) 4+ Hnyn|| BT ||aonm M/ F(09) < A + 3+ts5= iAQ,

where (i) uses Weyl’s inequality and the relationship between the Frobenius norm and /s norm of
matrix; (ii) uses the definition in (36); (iii) uses the relationship between [s and /., norm and the
definition of @ and Z4; (iv) uses the fact that | BT (Bub — 23)||oc < Hna|B||oo||Bul — 25||o and
the definition of 4" ~1; (v) is from the induction assumption || Bu} — 25|/ < 79"~ 1; (vi) is from the
fact that o < 1; (v) is from the (59) and choice of 7 and A in (50) and (47).

For | > 3, by Weyl’s inequality, we have
- (@) -
Smax(Wlt+1 + UAWzt - UAWlt) < Srrlax(mt+1) + TIHAVV; - AVVZtHF
i (4i4)
E IS smax (W) + i amrA/(0) £ (09)

- Smax(VVlt+1) + ,'7”22f - u?
(iv) - @_ 1.1 3
< Smax (W) + mu—imm AV F(09) < At A+ A < g (62)

where (i) uses the Weyl’s inequality on W;“r1 and n(AWlt — AWlt); (ii) uses the update rule in (37);
(iii) uses the relationship between /5 and [, norm and the induction assumption; (iv) is because
a < 1; (v) uses (60) and choice of 7 and X in (50) and (47).

Similarly,
- Q] -
Smin(VVthrl + nAWf - UAWzt) > Smin(Wth) - 77||AWzt - AI/Vzt”F

(1) (44)

= Smin(W/T) = nllzf — ufll = smin (W) = pruimm A/ () £(6°)
(iv) w3 1 1

= Smin(WlH_l) - Tlnl—lan/\\/ f(gO) Z ZA[ - ZAI = 5&,

where (i) uses Weyl’s inequality on Wf“ and n(AWlt — AW/); (ii) plugs in the update rule in (37);
(iii) uses the relationship between [/ and [, norm and the induction assumption; (iv) is because
a < 1; (v) comes from (60) and choice of 7 and A in (50) and (47).

(Step 2.c) We will show that:
f(0" —ng") < (1—n¢)f(6").
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From (1) and (2) we know

3_
max (smaX(Wlt)7smaX(Wf)) < 5)\1.

Using the above relation, we can upper bound the differences of the gradients by using (45). More
specifically, using the the definition of Qg in (49), we have

[vec(V f(6"+1)) — vec(V f(6")]| < Qo0 — 6",
where @ is defined in (49).

Further, it is easy to verify that for any 6" between 6% and 6", we still have spax (W;(6?)) < SN
So we can apply the same argument leading to (53), and obtain:

[vec(Vf(6Y)) — vec(VF(8Y)|| < Qol|6 — 6, V0" = 6! + 56+ — 6%),6 € [0,1].

So we have
) ) Q )
18" = ng") < J(87) (', ") + 0?1517
(i1) Q
= f(0") — n{ul, a5) 77Z||ul||2 2?5

< F(0") — nlubyab) + QO 2131

where (i) uses Decent Lemma; (ii) expands (u?, §t) by utlhzmg the stacked structure. Similar to (56),
with the induction assumption smm(Wl ) > % A, 1 > 3, we have the following relation:

(ub, a5) > 6[|O7, —yl|*.
Similar to (57), with the induction assumption smaX(Wl ) < /\l, [ > 2, we have
13°]1* < A?[|OF, — ylI.
If we choose i < ﬁ, we obtain
F(0" =ng") < f(6") = 2n9f(6") + 0o f(0°) = (1 — ne) f(6).
(Step 2.d) We will show that:
FOY) < af(oh).
We have the following relation:
FOFY) = 0" — (0" —ng") + f(0" —ng")
() 1 - . -
< GIGEO™) = GO = ng")|I” + (G(0) = G(0" = ng"), G(0" —ng") - y)
+ f(0" + 0" —ng")
(i) 1 . 1 _ Jé] -
< *IIG(Ht“) —- G0 —ng")|* + BIIG(Gt“) — G(0" —ng")|I* + §|IG(9tt -ng") —yl?
+ (0"t —ng")
@) 1

<Gt g)HG(et“) — GO =ng")|I” + (1 +B)(1—n9)f(¢")
e %)wec(vmét)), —nd' +ng")* + (1+ B)(1 = n9) f(6")
¢ P+ %)Hvec(m(ét))u?nqt =3P+ (L4 B) (1= no)f(6Y),

where (i) expands and reorganizes the loss function; (ii) uses Young’s inequality with constant 3; (iii)

uses the induction assumption f(6*+1) < (1 —n¢) f(6?); (iv) uses the mean value Theorem where 6
will be discussed in the next paragraph, the update rule in (37); (v) uses Cauchy-Schwartz inequality.
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Now we discuss 0 and derive a bound for ||vec(VG(6"))|. By the Mean Value Theorem we have
0" = 0" + 5(ng" —ng'),
for some § € [0, 1]. By (61) and (62), we know that
5< - 3-
Smax(VVl(atJrl)) < Z)\l’ Smax(Wl(Gt - Ugt» < 5)\1
So it is easy to conclude that for [ > 3,

)
SmaX(VVl(at)) < smaX(Wl(9t+l)) + 677”45 - “}5”

(i7) ) 3-
< s W) et ) < 2

where (i) uses Wely’s inequality on W™ and on(AW} — AW}); (ii) is because § € [0, 1]; (iii) uses
(62). We can derive the similar result for [ = 2. By (42) without ||O% — y||, it is clear that

lvee(VG(67))] < A

So we have

P+ DoV G@N F 7 + 0+ 5)1 - 10)7(0)

(@) 1

<G+ B)A? (1 — a2 + Z it — 212) + (1 + B)(1 — nd) £(8")
(”)21 1222~t ~t 112 L2 20..t t12 t
< (5 + B)A (ninallas — 2|5 + 2”1—1”1 ui = 2/115) + (1 + B)(1 —ne) f£(6)
=3
(44) . L
<+ %)AQ(H?n%n%\\BT||iO||Bu; SR+ S n2 il — 2 2) + (1+ B)(1 - ) F(6")
=3

L
e %)AQ (H%%nénéT|2072A2<a>tf<90> + Zn?m?TQAQ(a)tf(HO)> (14 B)(1 - 1) (8)

=3

L

1 1 ~

= ((1 +B8)(1—nd) +n’(5 + E)(HQTL‘%”%HBTHio + Zn?—ln%)A2T2)‘2> (@) £(6°),
1=3

(i) uses (42) with the fact that symax(W;(0*)) < 2\, and expands || — §*||?; (ii) uses the relationship

between I and I, norm; (iii) uses the fact that || BT (Buj — 25)|lce < Hna || Blloo||Bub — 25 | oo;

(iv) uses the induction assumption || Bub — 25|| < 7'~1, £(6%) < («)! £(6°) and the definition of
-1

Y .

1
Let B = l’inf , we have

L

11 ~

"5+ ) Hmnl BT % + Z”?—ln?)A272A2> () £(6°)
=3

L

1 -

5 T”@><Hn1n%||BT||§o +> n%1n5>A2T2A2) (a)'£(6°)
g 1=3
1

< (1= 7ne)(@)' £(6°) = ()" £(6°),

where (i) plugs in the choice of 3; (ii) is because the choice of 7 and A in (50) and (47).

(Step 2.e) We will show that:

{”But“ 5 oo <79t 1=2
lup™ = 2 loo < 7', U= {3, , L}.
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For [ = 2, we have

(1) (#1) -
HBut;l - Z%HOO < |\Bu§+1 - Butzll + ||But2 - Z%HOO < SmaX(B)HuéJrl - ut2|| + HBUE - Zé”oo

(ii4) -

< Smax(B)[u'™ — || + || Bub — 25|

(iv) .

< Smax(B)|vec(Vf(6°1)) = vee(V £ (6°)[| + || Bub — 25| oo
(v) -

< SmaX(B)Q0||9t+1 - 9t|| + HBUE - 25”00

(vi) 5 ~ t
= nsmax(B)QOHth + ||B’U’; - ZSHOC

(viz) ~ B B 5
< M3max(B)Qo(lg' | + 15" = @'[l) + |1 Bus — 23]l

(viid)

< D5max(B)QoAOL, =yl + n57ax(B)Qollg" — a'l| + || Buj — 23| o

(ix) . N L .
< NSmax(B)QoAOL — yll + 05%ax(B)Q0 Y _ [t — 2f[| + 1157an (B)Qol| Bub — 25| + || Bub — 23]
=3
(@) L
< Nmax(B)QoA O — yll + 1520 (B)QoHnz|[uh — 24 ]lco + n5%hax (B)Qo > mu—ymulluf — 2f[|oc + | Bub — 25|
=3

(i) _ L .
< <1 + NS max (B)Qo (Hna + anml))T’yt_l + N8max(B) QoA 07, — yl|
=3

X

y L ~
(S) AV (@)t f(0°) (7‘ + T30 (B)Qo (Hnz + Y ny_ymy) + ﬂnsma);\(B)QoA>
=3

(zid)
< WaV (@00 = M,

where (i) uses triangle inequality; (ii) extracts the largest singular value of B, (iii) uses the fact
|ttt —ut|| > |lubtt — wub]|; (iv) uses the definition of u*; (v) upper bounds the differences of the
gradients by using (45) (vi) uses the update rule in (37); (vii) uses triangle inequality; (viii) uses the
upper bound of gradient norm in (42), and it extracts the largest singular value of B and definition of
A in (48); (ix) uses the stacked structure of g* and ¢° to expand ||g* — ¢*||; (x) uses the relationship
between l» and [, norm; (xi) reorganizes the terms and uses induction assumption; (xii) uses the
definition of v/~ 1; (xiii) is from the choice of 7 and \ in (50) and (47).

Then by Lemma 4.1, with the correspondence that ¢ = Bub™, p = 24,7 = ¢, we can obtain

i (i)

|47 = Bub | @ quant(Bubt, 24,9",6) — Bub o < 7.

where (i) comes from the ‘Quantize’ step in Algorithm 1; (i%) is from the first relation in Lemma 4.1.
For [ > 3, we have

(1) (i7)
g™ = 2 lloo < g™ —wfll +lluf = 27lloe < [t =l || + [luf = 2flloo

W |lvec(V (1)) = vec(V FO)]| + lut — 24l

(g) ~t t ot

< 77Q0||q H + ||ul 2] ”oo

(v) B B N

< nQo(I3] + 13 — a1) + [l — 2!l oo

(vi) -

< nQoA||O% — yll + nSmax(B)Qollg" — ¢' || + [luf — 2{ [l

(vit)

L
< NQoAOL = yll + nSmax(B)Qo Y _ lluf — 2f || + 15max (B)Qol| Bub — 25| + [|ub — 25
=3

X
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(vids) . . L
< 1QoA[OL, — yll + Nsmax(B)QoHns || Bub — 25100 + 18max(B)Qo D mu—1mulluf — 2{[lo + [|ub — 2510
1=3
(iz) . L
< (1 + N8max(B)Qo (Hnz + mez))T’yt_l +nQoA (07, —yl|
1=3

L
(g) AV fF(01) (7‘ + TNSmax (B) Qo (Hno + an_ml) + \/577)\620/\>
1=3

(i)
< Wan/ f(0Y) = M,

where (i) uses triangle inequality; (ii) uses the fact ||u!™t — w!|| > ||ub™ — ub]|; (iii) uses the
definition of u¢;(iv) uses the update rule in (37); (v) uses triangle inequality; (vi) uses the upper bound
of gradient norm in (42), extracts the largest singular value of B and uses the definition of A in (48);
(vii) uses the stacked structure of g¢ and ¢* to expand ||g* — ¢||; (viii) uses the relationship between
I and I, norm; (ix) uses the induction assumption; (x) uses the definition of v'~1; (xi) is because
the choice of 7 and ) in (50) and (47).

t+1
2

Then by Lemma 4.1, with the correspondence that ¢ = Bué“, p = 25, r = ~%, we can obtain

(4) @)
12" = up ™ = llquant(ui ™ 2,9, 0) = Bup™leo < 77,
where (i) comes from the ‘Quantize’ step in Algorithm 1; (i%) is from the first relation in Lemma 4.1.

Now we have proved that (52) holds. So for ¢t > 0, there is

1 2
F8) < () F(6°), where a =1 Tnp=1- 45; =
Thus, if we want the objective function to compute an e-optimal solution, the total number of
2
iterations is log(f(6°)/€)/log(1/(1 — 4Q¢T)) Since in each iteration, each agent k transmits a

length-H vector q,tc, so we conclude that the total number of bits each node needs to communicate is

log(f(6°)/€)/log(1/(1 — 3557))  bits. Notice that log(1/(1 — 13)) = —log(1 — yxz) ~

4%)21\2 , so we can derive the simplified total number of bits as b - 4%)21\2 log(f(6°)/e). O
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