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Supplementary materials are organized as follows. Appendix [A]reviews related work. Appendix [B]
validates the correctness of our definition of PSG. Appendix |C|discusses the physical meaning of our
proposed multi-objective static regret. Appendix [D|provides more details of DR-OMMD, including
a discussion on the lazy version of mirror descent and how to efficiently compute the composition
weights for the min-regularized-norm solver. Appendix [E] proves the tightness of DR-OMMD’s
bounds and gives a more general dynamic regret bound for arbitrary temporal variability. Appendix
[ supplements more experimental results, including more results of adaptive regularization and
an addition experiment in the online non-convex setting. In Appendix we discuss how to set
hyperparameters when V7 is unknown in the dynamic setting. Appendix |G| [H} and [l provide detailed
proofs of all theoretical claims in this work. Note that in Appendix [D]we fix a typo in the solution of
min-regularized-norm (line 277), and in Appendix [E] we fix a typo in the remark below Theorem 4.4
(line 304); both typos do not affect the following parts.

A Related Work

In this section, we review previous work in three related fields, i.e., online learning, multi-objective
optimization, and multi-objective multi-armed bandits.

A.1 Online Learning

Online learning arms to make sequential predictions for streaming data. Please refer to the introduction
books [[13} 23] for more background knowledges.

Most of the previous works on online learning are conducted in the single-objective setting. As far as
we are concerned, there are only two lines of work concerning multi-objective learning. The first line
of works provides a multi-objective perspective of the prediction-with-expert-advice (PEA) problem
[L6L[17]. Specifically, they view each individual expert as a multi-objective criterion, and characterize
the Pareto optimal trade-offs among different experts. These works have two main distinctions from
our proposed MO-OCO. First, they are still built upon the original PEA problem where the payoff of
each expert (or decision) is a scalar, while we focus on vectoral payoffs. Second, their framework
is restricted to an absolute loss game, whereas our framework is general and can be applied to any
coordinate-wise convex loss functions.

The second line of work studies online learning with vectoral payoffs via Blackwell approachability
[4] 21 [1]]. In their framework, the learner is given a target set 7 C R™ and its goal is to generate
decisions {z;}{_, to minimize the distance between the average loss Zthl l¢(z¢) and the target
set 7. There are two major differences between Blackwell approachability and our proposed MO-
OCO: previous works on Blackwell approachability are zero-order methods and the target set T is
often known beforehand (also see the discussion in [5]]), while in MO-OCO we intend to develop a
first-order method to reach the unknown Pareto front.

Submitted to 36th Conference on Neural Information Processing Systems (NeurIPS 2022). Do not distribute.



35

36
37
38
39
40

41
42
43
44
45
46
47
48
49

50

51
52
53
54

55
56
57
58
59
60
61
62

63

64
65
66

67
68
69

70
71
72
73
74
75
76
77
78

A.2 Multi-Objective Optimization

Multi-objective optimization aims to optimize multiple objectives concurrently. Most of the previous
works on multi-objective optimization are conducted in the offline setting, including the batch
optimization setting [[10l [19]] and the stochastic optimization setting [27, |18, 132, |8, [15)]. These
methods are based on gradient composition, and have shown very promising results in multi-task
learning applications.

Despite the existence of previous works on multi-objective optimization, as the first work of multi-
objective optimization in the OCO setting, our work is largely different from them in three aspects.
First, we contribute the first formal framework of multi-objective online convex optimization. In
particular, our framework is based on a novel equivalent transformation of the PSG metric, which is
intrinsically different from previous offline optimization frameworks. Second, we provide a showcase
in which a commonly used method in the offline setting, namely min-norm [[10, 27]], fail to attain
sublinear regret in online setting. Our proposed min-regularized-norm is a novel design when tailoring
offline methods to the online setting. Third, the regret analysis of multi-objective online learning is
intrinsically different from the convergence analysis in the offline setting [32].

A.3 Multi-Objective Multi-Armed Bandits

Another branch of related works study multi-objective optimization in the multi-armed bandits setting
[5, 129} 1301 20, 9]]. Among these works, the most relevant one to ours is [30], which introduces the
Pareto suboptimality gap (PSG) metric to characterize the multi-objective regret in the bandits setting,
and proposes a zero-order zooming algorithm to minimize the regret.

In this work, our regret definition also utilizes the PSG metric [30]. However, as the first study
of multi-objective optimization in the OCO setting, our work is intrinsically different from these
previous works in the following aspects. First, as PSG is a zero-order metric, we perform a novel
equivalent transformation, making it amenable to the OCO setting. Second, our proposed algorithm
is a first-order multiple gradient algorithm, whose design principles are completely distinct from
zero-order algorithms. For example, the concept of the stability of composite weights does not even
exist in the design of previous zero-order methods for multi-objective bandits [30, 20]. Third, the
regret analysis of MO-OCO is intrinsically different from that in the bandits setting.

B More Details of the Definition of PSG

Recall that in Definition 2.3, we formulate the PSG metric as a constrained optimization problem.
‘We note that, since the PSG metric is based on the notion of “non-dominance” [30], its most direct
form is actually

A'(z; K*,H) = inf e,
e>0

st. Vo’ € K*3i e {1,...,m},h'(z) — e < hi(z")
or Viec{l,...,m} h'(z) —e=h'(2").

At the first glance, the above definition seems to be quite different from Definition 2.3, since it has
an extra condition “Vi € {1,...,m},h*(z) — e = h*(2”)”. In the following, we prove that both
definitions actually yield the same value due to the infimum operation on €.

Specifically, for any possible (z, K*, H), we denote A’(z; K*, H) = ¢, and A(z;K*, H) = €.
By comparing the constraints of both definitions, it is obvious that ¢y must satisfy the constraint
of A’(x; K*, H), hence the infimum operation guarantees that e/, < €p. It remains to prove that
€y > €o. To this end, we only need to show that ), + £ satisfies the constraint of A(x; K£*, H) for
any £ > 0. Consider an arbitrary z/ € K*. From the definition of A’(x; K*, H), we know that
either 3i € {1,...,m},hi(z) — €} < hi(z”) or Vi € {1,...,m}, h'(z) — €, = h*(z""). Whichever
condition holds, we must have Ji € {1,...,m}, h'(z)—e)—& < hi(2") forany £ > 0. Since it holds
forany x/ € K*, €+ £ lies in the feasible region of A(z; K*, H), hence we have ¢y < €, +&,VE > 0
and thus € < €. In summary, we have A'(x; K*, H) = A(z; K*, H) for any (z, K*, H).
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C More Details of The Multi-Objective Static Regret

Recall that we formally formulate the multi-objective static regret Ryos(7') by making an extension
of the equivalent form of the dynamic variant in Proposition 3.1. In the following, we show that
such an alternative form also has a clear physical meaning, i.e., it measures the distance from the

cumulative loss Zthl F}(z) to the global Pareto front P* = Px (Zthl F}), which is in the same
spirit of PSG.

Proposition C.1. Denote the Pareto optimal set of the cumulative loss function Zthl Fyas X*, and
define a metric

A" ({z o {F L) = :T;g €,

T T
st Vo' e X*Jie{l,.. .,m},ZFi(xt) —e< ZFi(x”).
t=1 t=1

Then the aforementioned multi-objective static regret Ryos(T) equals to A" ({z,}1_1; {F,} ) if
Ruyos(T) = 0.

The proof is very similar to our derivation of the equivalent form of the dynamic variant, which is
omitted here. The above defined metric A" ({x;}7_1; {F;}]_,) can be viewed as PSG of the decision

sequence {z;}7_; w.rt. the loss sequence {F}}_, as it measures the distance between Zthl Fi(zy)
to P*. From the above proposition, we know that when Ryos(7) > 0, it is exactly equivalent
to A”({z4}1_1; {F:}E ;). Note that in the regret analysis, we are more interested in the case of
Ryos(T) > 0, since when Ryos(T') < 0, it is naturally bounded by any sublinear regret bound.
Hence, bounding Ryos(7) is essentially bounding A ({z:}7_,; {F;}1_,), which naturally drives

the cumulative loss Zthl Fi(x) to the Pareto front.

Remark. At its first glance, our defined regret Ryos(7") can be optimized by using the linearization
method with fixed weights Ao € S,,,, or alternatively, optimizing a single objective ¢ € {1,...,m}.
But we remark that this is not a problem of our regret definition, but an intrinsic requirement of
Pareto optimality. Specifically, Pareto optimality is the objective of multi-objective optimization,
which characterizes the status where no objective can be improved without hurting the others. Hence
merely optimizing a single objective naturally achieves Pareto optimality. Please refer to Proposition
8 in [12]] for the rigorous proof. As a general performance metric, our regret should indeed incorporate
this special case. Moreover, simple linearization may not solve MOO optimally, and more advanced
algorithms need to be motivated by extra insights from other aspects, such as the concept of “common
descent” in MGDA [10]. Indeed, in both theory (see the remark below Theorem 4.4) and experiment
(see empirical results in Figure 1), DR-OMMD achieves a smaller regret than linearization.

D More Details of The Algorithm

In this section, we provide more details to help better understand the design of DR-OMMD.

First, we remark that our proposed DR-OMMD is actually based on the agile version of online mirror
descent [13]], where the updated model directly moves to its projecting point onto the decision set
at each round. However, we can easily make an analogy and devise a lazy version of DR-OMMD.
Specifically, we only need to use a lazy projection operation in the mirror descent step with the
composite gradient instead of the agile projection operation (line 8 in Algorithm 1). Note that, the
analysis of the lazy version is very similar to that of the agile version [13].

In the following, we give more details of the calculation of min-regularized-norm, and discuss an
adaptive version of DR-OMMD with adaptive learning rates 7; and regularization strengths «;. Note
that there is a typo in the closed-form solution to min-regularized-norm when m = 2 in our main
paper (line 277): ", = max{min{~;’,0},1}" should be "7; = max{min{y;’,1},0}" (see the strict
proof of Proposition [D.T).

D.1 More Details of the Calculation of Min-Regularized-Norm

Similar to [27], we first consider the setting of two objectives, namely m = 2. In this case, for any
A=(7,1=7), 0 = (70,1 —0) € Sz, the L1-regularization ||A — Ag||1 equals to 2|y — yo|. Hence
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min-regularized-norm at round ¢ reduces to Ay = (¢, 1 — ) where
Y € argmin [[ygy + (1 — 7)g2/* + 2aly — 0l
0<y<1

Interestingly, we find that the above problem has a closed-form solution.

Proposition D.1. Ser v, = (95 (92— g1) —@)/|lg2— g1 and vr = (93 (92— 91) + @) /[lg2— o
Then min-regularized-norm produces weights Ay = (v, 1 — ) where

I2.

Yt = max{min{%’, 1}7 0}7 where ’72, = maX{min{’YOa 7R}a "YL}

Proof. We solve the following two quadratic sub-problems, i.e.,

min hi(7) = [[ygr + (1 — )g2l* + 2a(v0 — ),
0<v<v0

as well as

min_ha(y) = [lvg1 + (1 = ¥)g2)* + 2a(y — 7o)
Yo<vy<1

It can be checked that in the former sub-problem, h; monotonously decreases on (—oo, vr| and
increases on [yg, +00); in the latter sub-problem, hy monotonously decreases on (—oo, ] and
increases on [yr,, +00). Since each sub-problem has its constraint ([0, Y] or [0, 1]), the solution to
the original optimization problem can then be derived by comparing the optimal values of the two
sub-problems with their constraints. Specifically, notice that v, < yg and 0 < vy < 1, and we can
consider the following three cases.

(i) When 0 < 79 < 71 < 7g, then hy monotonously decreases on [0, yo] and its minimum on
[0, 0] is h1(70). Notice that hy (o) = h2(o). For the sub-problem of hy, we further consider two
situations:

(i-a) If vz, < 1, then 7y, € [0, 1], hence the minimum of hy on [y, 1] is ha(yL). Since ho(vr) <
h2(70) = h1(70), the minimal point of the original problem is 7y, and hence v; = 7.

(i-b) If 77, > 1, then hy monotonously decreases on [yo, 1], and we surely have ha(1) < ha(vg) =
hi1(70). Hence ; = 1 in this situation.

Combining the above two situations, we have v = min{~r,, 1} in this case.

(ii) When v, < yr < o < 1, then ho monotonously increases on [, 1] and its minimum on [y, 1]
is ha(0). Notice that hq(v0) = ha(70). For the sub-problem of hq, similar to the first case, we also
consider two situations:

(ii-a) If yg > 0, then yi € [0, o], hence the minimum of h; on [0, yo] is k1 (yr). Since hy(yr) <
hi1(70) = ha(7o), the minimal point of the original problem is g, and hence v, = vg.

(ii-b) If yg < 0, then h; monotonously increases on [0, yo]. Hence we have h1(0) < hi(y) =
ha2(0). Hence the solution to the original problem ~; = 0.

Combining the above two situations, we have v; = max{~yg, 0} in this case.

(iii) When vz, < 7o < g, then h; monotonously decreases on [0, o] and h2 monotonously increases
on [y, 1]. Hence each sub-problem attains its minimum at o, and thus y; = vo.

Summarizing the above three cases gives

min{yz, 1}, Yo <L
vt = § max{yg,0}, Yo > VR;
Yo, otherwise.

We can further rewrite the above formula into a compact form as follows, which can be checked
case-by-case.

v = max{min{~/’,1},0}, where 7" = max{min{yo, vz}, v},

This gives the closed-form solution of min-regularized-norm when m = 2. ]

Now that we have derived the closed-form solution to the min-regularized-norm solver with any two
gradients, in principle, we can apply [27]]’s technique to efficiently compute the solution to the solver
with more than two gradients. We provide the full procedure in Algorithm[I] which is an extension of
[27]. By following the exact line search technique [[14] in MGDA, we get our line search oracle as
line 5 in Algorithm[I] The first term is the same as that in MGDA, and the second term is an extra
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Algorithm 1 Frank-Wolfe Solver for Line 6 in Algorithm 1
1: Initialize: \; = (v},...,7") = (&,..., ).

m’ ’m

2: Compute the matrix U = VFEF,(z,)  VFi(x,), ice., Uy; = Vi) VIl (x),Vi,j €
{1,...,m}.

3: repeat

4:  Selectanindex k € argmax;cqy {1 7 Uiy +asgn(v; —5)}-

5:  Compute § € argmings< |0V fF(z¢) + (1 — 8)VFy(xy) /\t||2+oz\|5(ekf)\t)+/\tf)\0||1.
6:  Update \; = (1 — §)\ + dex.

7: until § ~ 0 or Number of Iteration Limits

8: return \;.

l1-regularization term related to the design in Algorithm 1. Unlike the oracle of MGDA that has a
closed-form solution by a reduction to the case of two gradients, the extra /;-norm term makes our
oracle difficult to get a closed-form solution. The reason is that, such an extra term is the /;-norm of
a m-dimension vector, hence it can not simply reduce to the case of two gradients. To proceed, we
can directly apply numerical methods to get the solution (e.g. similar to the implementation in [[19]).

D.2 An Adaptive Version of DR-OMMD

We discuss an alternative version of DR-OMMD with adaptive 7, and «, termed A-DR-OMMD. The
algorithm is presented in Algorithm[2| The analysis of A-DR-OMMD is very similar to the original
DR-OMMD algorithm. We provide a static regret bound of A-DR-OMMD as below.

Theorem D.2. Assume the assumptions of Theorem 4.4 hold. Then for any \g € S,,, and non-
increasing {n;}£_,, A-DR-OMMD attains the following static regret

~vD T 1 5  4F
R T) < — —(||VF, A — A = A .
mos (1) < = + E =19 ([IVEy () Aell3 + e [ At oll1)

Corollary D.3. When n; = VC?\W/? ,Qp = %, the above bound is in the order of O(v/T).

Then we give a dynamic regret bound of A-DR-OMMD as follows.

Theorem D.4. Assume the assumptions of Theorem 4.6 hold. Then for any Ao € S, and non-
increasing {nt}g;l, A-DR-OMMD attains the following dynamic regret

DV, 8G?FT
Ryon(T) < gz3 +Z”t IVE NI + (20) Z\w Nolla) + 202 GPT.
G?n3 Vr 77 —
Corollary D.5. When n, = é(%)l/?’, = 8G;fT( ), the above bound is in the order of

o(T2/3v,?).

E More Details of The Theoretical Analysis

In this section, we provide more details and highlight technical lemmas in theoretical analysis, which
are omitted in our main paper due to space limitation. Note that there is a typo in the main paper: in

the remark below Theorem 4.4 (line 304), "n; = Vg}? Ly = %" should be "n = VG%) ,a = %"
(see the strict proof of Corollary [E.T]), which does not affect the following remarks.

E.1 The Tightness of DR-OMMD’s Bounds

Recall that in the remarks below Theorem 4.4 and 4.6 in our main paper, we give the order of the

static regret bound O(+/T') and the dynamic regret bound o(Vr v/AT2/ 3) for DR-OMMD with proper
choices of  and . They are actually directly derived from the main theorems. We present these
results in formal corollaries as follows.
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Algorithm 2 An Adaptive Version of DR-OMMD (A-DR-OMMD)

1: Input: Convex set X, time horizon 7', regularization parameters o, learning rates 7, regular-

ization function R, user preference \g.
2: Initialize: z, € X.
3: fort=1,...,Tdo
4:  Predict x; and receive a loss function F} : X — R™.
5:  Compute the multiple gradients VFy(z¢) = [V fL(24), ..., VI (z,)] € RP*™,
6:  Determine the weights for the gradient composition via min-regularized-norm

At = al/"\gfsnin IV Fi(x) A5 + ael|A — o1
ESm

~

Compute the composite gradient g; = V Fy () As.
8:  Perform online mirror descent using g;

Tpp1 = argminne (g, ) + Br(x, x4).
rzeX

9: end for

Corollary E.1. Withn = VGQV\/T[,) and o = %, for any Ay € S;,, DR-OMMD achieves the following

static regret
Rumos(T) < O(VT).

Corollary E.2. Withn = %(%)1/3 and o = 8F‘§TQT,f0r any \g € S;,, DR-OMMD achieves the
following dynamic regret

Ruwion(T) < O(V/3T2/3),

Next we show that both of the derived bounds are tight w.r.t. m regarding any gradient-based
algorithm. Specifically, we follow the standard worst-case analysis of deriving lower bounds and
construct a special case in which any gradient-based algorithm will incur a static or dynamic regret in

the order of Q(v/T') or Q(V,/*T2/3).

Consider the case in which f! = f? = .-+ = f/™ at each round ¢. In this case, the instantaneous
gradients of all the objectives are identical, i.e., g! = Vfi(z;) = Vf}(x,) = gf,Vi € {1,...,m}.
For any gradient-based algorithm, since it can only utilize the gradient information of the objectives,
it cannot distinguish the objective to which a certain gradient belongs. Alternatively speaking, in this
case, any multiple gradient algorithm will treat all gradients in the same way and thus behave like
a single-objective algorithm using the single gradient g;. Hence, in intuition, for any gradient-based
algorithm, the worst-case bounds are at least independent of 1. In particular, the worst-case bounds
of gradient-based algorithms cannot decrease as m increases; otherwise, the above case will be
violated.

In the following, we take the static regret as an example and give a detailed proof of the tightness of
the O(+/T) bound. In the above case, since f} = f? = --- = fJ*,Vt, the cumulative losses of all the
objectives are also identical, i.e., 23;1 = Zthl fi=-= 23:1 fi™. Therefore, the Pareto set
X'* of the cumulative vector loss Zthl F} coincides with the optimal decision set of the cumulative
loss Zle fi of the first objective, i.e., X* = argmin, ¢ y Zthl f1(x). From our definition of the
multi-objective static regret, since AT F;(z) = f}(z) for any A € S,,,, we have

Ryos(T) = sup (3 fi(we) =D fi@") =) fl(we) = min > fl ("),
t=1 t=1 t=1

TreX* =1

which exactly reduces to the static regret Rg(7T') defined by the losses { f1 }7_; of the first objective.
Hence we have Ryos(T) = Rs(T) in this case. Since the losses { f} }7_; of the first objective can
be chosen adversarially, we can follow Section 3.2 in [13] to construct a certain sequence { f} }7_;
that admits a lower bound of (/7). Hence in this certain case, any multiple gradient algorithm will
admit Ryios(T) = Q(v/T) w.rt. T and m, matching our derived static regret bound for DR-OMMD
in terms of both T" and m.

As for the multi-objective dynamic regret, the analysis is similar. Specifically, since the losses of
all the objectives are identical, the Pareto set X}* of the instantaneous loss F} coincides with the
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optimal decision set of the scalar loss f} of the first objective, i.e., X;* = argmin,  f} (z). Since
AT Fy(x) = f}(z) forany A € S,,, from Proposition 3.1, we have that the multi-objective dynamic
regret

T

T
Rmon(T) = sup Z(ftl(mt) ft i) Z ft ) — mén ft (7)),
t=1

wEeXF A<t<T {5

which exactly reduces to the single-objective dynamic regret Rp(7T') defined by the losses { f1}7_;
of the first objective. Hence we have Ryop(7T') = Rp(T) in this case. Recall that in single-objective

dynamic online learning [3} [33], the best attainable bound is Rp(T) = O(Vj{/ 312/ 3). Therefore,

the best attainable bound w.r.t. 7" and m we may expect in this case is Ryop(T) = O(V%/‘?TZ/S),
and our derived dynamic regret bound for DR-OMMD matches the order in terms of 7" and m.

Some readers may suspect it unreasonable that in the multi-objective setting, the derived regret
bounds do not increase as m increases. Now we explicate the rationality of such independence in the
following.

For the dynamic version Ryop(T'), the independence of m lies in the adoption of PSG in the
formulation of the regret. Recall that, in the definition of PSG, “Ji € {1,...,m}” means that it
just needs to pick one coordinate i to satisfy ff(z;) — e < f}(«"), which omits the dependency
of m. We can see this point from another perspective. Recall that in Proposition 1, PSG at each
round ¢ has an equivalent form, namely sup,. inf);es,, (A} )T (Fy(z¢) — Fy(x})), or equivalently

SUP,> Mile (1, m}( fi(xy) — fi(x})). In particular, PSG takes a minimum operation over all

objectives, and thus it does not necessarily increase as m increases. For the static version Ryos(T),
it similarly takes an infimum over A\* € &,,, or equivalently a minimum operation over all objectives
i € {1,...,m}, and thus it does not necessarily grow with m either.

There is another intuitive way that can help understand the rationality of the independence of m.
As is well recognized in existing research in multi-objective optimization [[12f], the proportion of
the Pareto optimal solutions (or more precisely, non-dominated solutions) in the decision domain
tends to increase rapidly as the number of objectives increases. As a consequence, it might not be
harder to reach the Pareto optimal set when m turns larger, hence intuitively, the regret bound does
not necessarily increase as m increases.

E.2 More Details in the Comparison with Linearization

Recall that in the remark below Theorem 4.4, we show that our derived bound for DR-OMMD is
smaller than that of linearization. We here remark that the two bounds are basically in the same order.
Note that this theoretical result is also very commonly seen in the offline setting, where multiple
gradient algorithms often have the same (convergence) rate as linearization [32} [19]. The benefit
of multiple gradient algorithms is mainly due to the implementation of gradient composition. For
example, the concept of common descent [27} [32] eliminates the gradient conflicting issue; the
resulting algorithm achieves substantial performance improvements compared to linearization in
their experiments. In this paper, we also consider the concept of common descent in the design of
DR-OMMD, which has the intrinsic superiority over linearization. We further show that DR-OMMD
attains smaller bounds than linearization in theory, and significantly outperforms linearization in
experiments, which are the best we can do for now. More-refined regret bound comparisons are left
as an open question.

E.3 A More Detailed Dynamic Regret Bound for DR-OMMD

We first introduce an important lemma for our analysis of dynamic regret.

Lemma E.3. Suppose the diameter of the decision set X is bounded by D. Assume F; is bounded,
fi(x)] < F forany x € X,t € {1,...,T},i € {1,...,m}. Then for any \g € Spm, A €
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{1,...,T}, DR-OMMD attains the following dynamic regret

i D T
Ryop(T) < QAZ sup () = [l ()] + 3 N
t=1
7) )
+5 t:zl IV Ey ()M || + 4AFTt=21 A = Aoll1.

In Corollary [E.2] we only give the order of DR-OMMD’s regret bound w.r.t. the core factors m, T’
and V7. In the following theorem, we supplement a more detailed regret bound for DR-OMMD
which explicates the dependency of other factors on the regret. The proof is presented in Appendix [I}

Theorem E4. Set n = 2(25Y")Y/? and a = 8FG L. Then for any \g € S,, A € {1,...,T},
DR-OMMD attains the following dynamic regret

T
~vD Vi
DU TS it (I9F@ONE +

+2(’YDG2)1/3( )1/3T2/3

8FG*T
Vr

Bmon(T) < ( A =Xoll1)

Note that, as we have discussed in our main paper, just like its simplified version Corollary the
above theorem is derived under the assumption of “regular” temporal variability, namely (1) <
Vr < o(T), which is implicitly assumed in other works for dynamic online learning [3}31L[6]. To
give a more general analysis, in the following subsection, we also provide strict regret bounds that
are valid for arbitrary Vi € [0, 00).

E.4 Dynamic Regret Bounds for DR-OMMD Under Arbitrary Temporal Variability

We here provide a detailed dynamic regret bound for DR-OMMD under arbitrary temporal variability
Vr € [0, 00). Specifically, we first give a detailed regret bound in analogy to Theorem The proof
of this theorem is given in Appendix [I|

Theorem E.5. In DR-OMMD, set n = min{max{2 (257=)"/3, &} 47} and o = %.
Then it attains the following dynamic regret

T
D V . 8FG*T
Ruon(®) < max{ (o) UL =S ine (SEEL ol + VR
5.

3G
(’7DG2)1/3( )1/3T2/3 6V, 7(2’}/D)1/2T1/2}.
The above bound can be rewritten into a simpler form, if we are only interested in its order w.r.t.

m, T and V7, just as in Corollary [E.2]

Corollary E.6. In DR-OMMD, set 1 = min{max{ 2 (25y")"/3, 22} N2} and o = %.
Then it attains the following dynamic regret

Ryiop(T) < max{O(Vr'*T*/*), 0(Vr), O(T"/*)}.

F More Experimental Results

F.1 More Details of the Experimental Setup

The protein and covtype datasets used in our experiments are publicly available in [[11]. The
MultiMNIST dataset is acquired by the code provided by [27].

All runs are deployed on Xeon(R) E5-2699 @ 2.2GHz.

F.2 More Results for Adaptive Regularization

We supplement the empirical results on covtype in Figure |1} which have been omitted from our main
paper due to the lack of space. These results are consistent with the results on protein as presented in
our main paper.
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Figure 1: Results to verify the effectiveness of adaptive regularization on covtype. (a) Performance of
DR-OMMD and linearization under varying A\g = (A\j, 1 — A}). (b) Performance using the optimal
weights g = (0.1,0.9).
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Figure 2: Results to verify the effectiveness of DR-OMMD for online deep learning. The plots
show the average cumulative loss, training loss and test loss for both tasks (fask L and fask R) on
MultiMNIST.

F.3 Non-Convex Experiments: Deep Multi-Task Learning via Multi-Objective Optimization

We evaluate DR-OMMD in the online non-convex setting. We adopt MultiMNIST [26], which is
a multi-task version of the MNIST dataset for image classification and commonly used in deep
multi-task learning [27} [18]. In MultiMNIST, each sample is constructed by putting a random image
of some digit at the top-left and another image at the bottom-right. The goal to classify the digit at
the top-left (trask L) and that at the bottom-right (task R) at the same time.

We follow [27]]’s setup and adopt the LeNet architecture. For linearization, we examine two choices
of weights (0.5,0.5) and (0.75,0.25) [18]. For all the examined algorithms, learning rates 7 are
selected via a grid search over {0.0001, 0.001,0.01,0.1}. For DR-OMMD, the parameter « is set
according to Theorem 4.4, and the initial weights are simply set as A\g = (0.5,0.5). Note that in
online experiments, samples arrive at the learner one after another in a sequential manner, which is
largely different from offline experiments where batches of samples are randomly sampled from the
training set.

Figure [2] compares the average cumulative loss, training loss and test loss of all the examined
algorithms. Note that the first metric is often used in online experiments and the last two are
commonly used in offline experiments [25]. The results show that DR-OMMD outperform counterpart
algorithms using min-norm or linearization in all metrics on both tasks, which verifies the effectiveness
of DR-OMMD in the online non-convex setting.

F.4 More Results for Simulation Experiment: Handling Unknown V7

Recall that our analysis of the multi-objective dynamic regret Ryop(7') follows the dynamic setting
of [3]], where the temporal variability V7 is assumed to be known in advance. However, in many
real-world application scenarios, the value of V7 is often unknown to the learner. Since the step size



317

319
320
321

322

324
325

326
327
328
329

330
331
332

333
334

335
336
337
338

339
340
341
342
343
344
345

346

347

348
349
350

i : —— DR-OMMD
1l . ++++ DR-OMMD + grid
012 : —. DR-OMMD + estimate
i Phase 1 ! Phase 2 —— min-norm

lin-opt

o
o
©

Average PSG

o
=3
=

0.03 1 %\

0 2000 4000 6000 8000 10000
# Rounds

Figure 3: The plot compares the performance of DR-OMMD using grid search, DR-OMMD using
estimated V7, DR-OMMD using true V7, and the two baselines.

71 and the regularization strength o in DR-OMMD depend on V7, we need to handle unknown V-
when applying DR-OMMD to these scenarios.

In fact, in online learning, it is ubiquitous that the choice of hyperparameters depends on the value of
some parameters that are hard to know in advance [24, [3]]. Typically, there are many approaches to
handle unknown parameters. Here we discuss three of them in the existing literature.

The first way is to conduct a grid search on the unknown parameter and choose the best setting from
the grid [22]]. Since the only unknown parameter in our dynamic setting is V-, similar to the grid
search conducted in [22]], we can directly perform a grid search on V7 and then derive 1 and « from

Vr. Specifically, we set the grid of Vi as {2i | 1 <i < Nj}. Then the hyperparameters can be set as

- 2 . . . . .
n= %(%)1/3 and a = 35¢°L fory € {2¢ | 1 <4 < N;}. In the simulation experiment, since

the time horizon 7" = 10000 and the maxima of the loss function F' < 9, we set N7 = 17 so that any
possible V7 lies in the range of our grid [2, 27V1]. We conduct DR-OMMD using the above grid, and
find that the best value of v is 13.

The second way is to fit the unknown parameter into some growth pattern w.r.t. T'. For example, [3]]
assume Vi = T and estimate the value of 3. Following [3]], we can estimate 3 according to the first
T’ rounds. In the simulation experiment, we set 7" = 1000, which is considerably small compared to
the total time horizon 7" = 10000. We first simulate for 7" rounds and derive the estimate B = 0.95,
then use V7 = T to decide the hyperparameters 7 and «.

The third way is to combine the above grid search with a meta-algorithm [34]]. For example,
runs multiple dynamic algorithms with varying hyperparameters and uses a meta-algorithm called
VariationHedge to integrate the decision of each algorithm. Following [34], in practice, we can run
multiple DR-OMMDs where 7 and « are decided by the above grid V- € {2 | 1 <i < Ni}.

We realize the first two approaches in the simulation experiment, and compare their performance
with DR-OMMD using the true V7 and min-norm and lin-opt in Figure 3] The results show that
DR-OMMD equipped with the above approaches perform comparably to DR-OMMD using the true
Vr and substantially outperforms the two examined baselines. Specifically, the average regret of
DR-OMMD using grid search is 0.0211, and the average regret of DR-OMMD using estimated V7 is
0.0216. They are slightly worse than DR-OMMD using the true Vi (0.0209) but still substantially
better than the min-norm (0.0772) and lin-opt (0.0302) baselines.

G Onmitted Proofs of Proposition 3.1 (The Equivalent Form of
Multi-Objective Dynamic Regret)

Proof. We first analyze the PSG measurement A;(x;) at each round ¢ € {1,...,T}. Specifically,
for any comparator z € X, we first define the pair-wise suboptimality gap between decisions
and z, i.e.,

t(ze;2) = igg{e | Fy(zi) — €1 3 Fy(z)}.

10
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Then PSG can be expressed via A¢(71) = Sup,ep, (r,) 0t(Tt, 7).

We then focus on the pair-wise gap d:(x¢; ) w.r.t. any Pareto optimal decision x € X} = Px (F}).
Since z is a Pareto optimal decision of F}, from the definition of Pareto optimality, there must exist
some i € {1,...,m} such that f}(z;) — f{(x) > 0.

The pair-wise suboptimality gap has an equivalent expression, namely,

O¢(wy; ) = A m.in {(ftk(xt) - ff(x))+}7

€{1,...,m}

where ()4 = max{l,0},! € R is the truncation operator. Denote U,,, = {e, | 1 < k < m} as the
set of all unit vector in R™, then we equivalently have

5t(‘rt;1’) = min )\T(Ft(fﬂt) — Ft(CL'))+

AEUM

Note that, we here slightly abuse the truncation operator (1) to allow [ to be a vector in R™, which
represents the vector whose i-th coordinate equals to max{/",0} forany i € {1,...,m}.

Now the calculation of §;(z;; ) becomes a minimization problem over A € U,,. Since U,, is a
discrete set, we can apply a linear relaxation trick. Specifically, we now turn to minimize the quantity
p(A) = AT (Fy(z¢) — Fi(z))+ over the convex curvature of U,,, which is exactly the probability
simplex S;,, = {A € R™ | A = 0,||A\||; = 1}. Note that, U, contains all vertexes of S,,,. Since
infyes,, p(A) is a linear optimization problem, the minimal point A} T must be a vertex of the simplex,
ie, A T € U,,. Thus the relaxed problem is equivalent to the original problem, namely,

nin AT (Fy(xe) = Fy(2))4 = Jnf AT (Fy(e) = Fy(x))+-

For now, we have transformed the calculation of pair-wise suboptimality gap d;(x¢; x) into a opti-
mization problem of finding the minimal linear scalarization of (F;(x;) — Ft(z))4. Hence, the PSG
at each round ¢ can be expressed as

Ai(zy) = sup inf N (Fy(zy) — Fy(z)) 4.
zeXy AESm

In the above expression, the existence of truncation operator (-); will incur irregularity (i.e., non-
linearity) when we try to optimize the loss F}. Suprisingly, we find that such operator can be dropped
when we compute A;(z;) w.r.t. the Pareto set X}, as shown in the following.

Lemma G.1. Let X be the Pareto set of Fy : X — R™. Then for any xy € X, it holds that

inf A\ (F - F, = inf A\ (F — Fy(x)).
ISEu/Yp* kler}sm ( t(.rt) t(x))+ $S€u-xpt* )‘lerlsrn ( t(xt) t(x))

Proof. Define the alternative “gap” metric without the truncation operator as d;(z:;x) =
infyes,, AT (Fy(xs) — Fy(z)). Moreover, define the supremum of d)(xs;x) over x € X as
Aj(r¢) = supyex- 0y(v¢;x). Then from the definition of truncation operator (-);, we have
§(zy;x) > 0" (zg;2) and Ay(zy) > Af(xy).

It then suffices to prove that, for any given x; € X, there exists some certain x; € A} such that the

value of ' (x4; x7) can be as large as A;(x;). Indeed, if this is the case, then A;(z;) < A(z;), and
hence the two quantities A;(x;) and A}(x;) are equal. We consider the following two cases:

(i) x¢ is already a Pareto optimal point of F}, i.e., x; € A}". Then from the definition of PSG, we
directly have A¢(z¢) = 0. Notice that ¢'(z4;2¢) = 0, and hence A¢(z1) = sup ey ' (2452) >
8’ (x+; x¢) = 0. Consequently, the relation A;(x;) < Aj(x4) holds in this case.

(ii) x; is not a Pareto optimal point of F}, i.e., x; ¢ X;*. Then we have A;(x;) > 0. Set € = Ay(xy),
and denote x; € argmax,¢ y- 6¢(x+; z), then d¢ (z4; 27) = € > 0. Therefore, from the definition of
8¢ (wy; x}) we know that, for any i € {1,...,m}, we have f}(x;) — fi(z}) > €. Thus all entries of
Fy(xy) — Fy(z*) are positive, and we have (Fy(z¢) — Fi(2*))+ = Fi(ay) — Fi(«*). Consequently,
we have Aj(21) = supge x- 0p(we;2) > &' (s 27) = 6(2e; 27) = Ag(21). [ |

11
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From the above lemma, the PSG measurement at round ¢ has an equivalent form as

Ay(xy) = sup mf N (Fy(zy) — Fy(z)),
TEX, *)\E

and correspondingly, the multi-objective dynam1c regret becomes

T
Ryon(T) = Ay(x) Z sup inf AT (Fy(zy) — Fy(2)).

= 1IEX*)‘€ m

Since the time horizon T is finite, we can first swap the summation over ¢ and the supremum over z,
then swap the summation over ¢ and the infimum over A. Then the multi-objective dynamic regret
further equals to

T

Rywon(T) =  su inf N TE () — AT Fy(ah)),
mon (1) z;ex,ffgthAz-..Aresm;(t t(ze) — Ay Fi(xy))

which proves the proposition. ]

H Omitted Proofs of Proposition 4.1 (Min-Norm May Incur Linear Regrets)

Proof. As we have described in our main paper, we consider the followmg two-objective optimization
problem. Decision domain is set as X = {(u,v) |u+v < 1,0 —u < $,v > 0}. Ateach round ¢,
the loss function F} : X — R2 takes

(lz = all®, llz = bJ2), t=2%—1,k=1,2,.;
Fi(z) = 2 2
(lz = b||%, |l — c||?), t=2k,k=1,2,..,
where ¢ = (—2,—1),b = (0,1),c = (2, —1). For simplicity of analysis, we first consider the case

when the total time horizon 7" is an even number. Then it can be checked that the cumulative loss
function takes

ZFt (e —all® + |l = b]%, | = bl* + [l — c[|*)

:T-((u—|—1)2+v2+2,(u—1)2+v2+2),

for any x = (u,v) € X. Obviously the Pareto optimal set X* of the cumulative loss coincides with
the line segment between (—1,0) and (1,0), i.e., X* = {(u,v) | =3 < u < 3,v = 0} (note that
X'* is the intersection of the line segment and X).

Now consider equipping OMD with vanilla min-norm, where the composite gradients are produced
by the min-norm method. Suppose the learning process starts at any 21 = (u1,v;) € X such that
v > 0. Note that this is true if and only if z; ¢ X*. Then for the iterate x; = (u;, v;) at each round
t, we can directly calculate the gradients as

L [2(we—a)=(2ue +4, 20+2), t=2k-1;
E2(z — b) = (2uy, 20y —2), t=2k.
2 2(zy — b) = (2uy, 20 —2), t=2k—1;
t 20wy —c) = (2uy — 4, 2v,+2), t=2k.

The min-norm weights can be computed as Ay = (¢, 1 — ;) where

(zr—b)T(a—b) 1—u —uv,

= t=2k—1;
lla— bl 4 ’ ’
V= T
(wg—c) (b—c) 3 —us+uy ‘oK
[b—cl> 4 T

The composite gradient
comp Y- 2(x—a)+ (1—y) - 2(x—b) = (up — v + 1, —ug+ov— 1), t=2k—1;
o w2 —=b)+(1—y)-2x—c)=(~us —vs — 1, —ug—vy—1), t=2k.

12
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Recall that the update form of OMD takes
comp)

o1 = (2 — negy
where 1; > 0 is the learning rate and Iy is the projection operation onto X. Denote the iterate
2t = (ug, vy) at each round. Now we can investigate the relation between x; and ;1 by considering
the following two cases:
com

W) If vy — gy

(i) If 2 — 9" ¢ X, then we need to project z; — 1,g;""" back to X. Denote z},, =
x — nege” T . For simplicity we consider the projection based on the Euclidean distance, namely
Hy(z) = argmin,, ¢y ||z — 2'||3. Since the composite gradient is orthogonal to the boundary on
which the iterate after projection x; 1 = Ilx (2} ) is located, it can be checked that x; lies on
the line segment linking x; and x_ ;. Alternatively speaking, ;41 can be expressed as x; — 1,9, "

for some 0 < 7, < 1.

P € X, then we do not need projection, and directly have x; 11 = x; — n:g; " .

Combining the above two cases, we know that at each round ¢, there exists some 7; € [0, 7]
such that x; 11 = x; — 1;g;"" 7. Now we can analyze the relation between each entry of z; and
x41. Specifically, since the second entry of the composite gradient is always non-positive, namely
—ur+v—1 < 0and —uy — vy — 1 < 0, we have v.1 > vy for any ¢. Moreover, since the first entry
of g;°™? is non-negative when ¢ = 2k — 1, namely usg_1 — vor—1 + 1 > 0, we have ugy, < ugg_1
for any k; since the first entry of g;°""" is non-positive when ¢ = 2k, namely —ug), — var — 1 < 0,

we have uogy1 > ugg for any k.

Now we can go back to analyze the gap between the composite weights at any two consecutive
rounds. It is easy to verify that yor_1 < 72 and o > Y2141, hence we have

2 — (ugp — ugkp—1) + (vor + vor—1)

Aok = Aok—1ll1 = 2(v2k — Y2k—1) = > > 1+,
2 — (ugg — u + (vop + v
IA2k+1 — A2kllt = 2(yak — Yor41) = (tua 2k+12) (var + Vak+1) > 1+

Therefore, the composite weights \; indeed change radically at any two consecutive rounds.

The above analysis on v; also implies the failure of min-norm in this problem. Recall that any Pareto
optimal solution z* = (u*,v*) € X* must satisfy v* = 0. Suppose the initial iterate 21 = (u1,v1)
does not lie in X'*, i.e., v; > 0, which is almost sure for random initialization x; € X. Then we
iteratively have 0 < v; < w9 < ... < v, which means that z; moves away from the Pareto set X*.
In the following, we strictly prove that min-norm indeed incurs a linear multi-objective static regret.

To calculate Ryos(T'), we first investigate the quantity R(z*,\) = AT EL(Ft(mt) — Fy(x*)) for
any fixed weights A = (y,1 — ) € S and best fixed decision * = (u*,0) € X'*. Specifically,

recall the form of ZtT:1 F}; derived above, then we have
T
ATS T F(a") = (v + 1) + (1 =) (u' = 1) + 2)T.
t=1

Denote the cumulative loss Z;T:l Fy(xy) = (L1, L), we now consider the loss of each objective L;
and Lo separately. Specifically, for the first objective, we have

T/2
Ly = ((uak—1+2)* +udy + (var—1 + 1)* + (var — 1)),
k=1
Since 0 < v1 < wg < ... < wp < 1, for the term regarding v; we have
T/2 T/2—1
Z((vzkﬂ + 1)+ (v —1)*) = (v1 + 1)* + (vr — 1)* + Z ((var, — 1) + (vag41 + 1)?)
k=1 k=1
T/2—1 T/2—1
> > (v =1+ (02 +1)%) = > (205, +2)
k=1 k=1
T/2—1 T
> > (P+2)= (2v§+2)(5 ~1)>?T+T-2.
k=1

13



442 For the k-th term regarding wu, we have
(ug—1 +2)* + u3p = (uor—1 + 1)% + (ugr + 1) + 2(ugk—1 — uag) + 2.

443 Recall that we have derived usr, < uop_1, thus we have

T/2 T/2 T
D (ugk-1+2)%+udy > Y ((uak-1+1)°+ (ugp +1)°42) > Y (w+1)*+7T > (a+1)°T+T,
k=1 k=1 t=1

444 where 4 = % Z;‘F:l u; and the last inequality is derived from Jensen’s inequality. In summary, for
445 the cumulative loss L, of the first objective, we have

Ly > (@+1)*T +0iT + 2T — 2.

446 Similarly, we can analyze the cumulative loss Ly of the second objective
T/2
Ly = Z(ugk_l + (ugk — 2) + (v2p—1 — 1)* + (var + 1)%).
k=1
447 Since 0 < v1 < vy < ... < wp < 1, for the term regarding v; we have

/2 7/2
> ((var—1 — 1)* + (v2 +1)%) > Z ((vak—1 = 1)* + (v2p—1 + 1)*) > 0} T + T.
k=1

448 For the term regarding u;, we also have

T/2 T/2
D (Wdy + (uak —2)%) =D ((uzr—1 — 1) + (ugk — 1)* + 2(uge—1 — uax) +2)
k=1 k=1

T
> (u =1’ +T>@—1>°T+T,
t=1
449 where the last inequality is derived from Jensen’s inequality. Therefore, we have
Lo > (@ —1)*T +viT + 2T.

450 Combining the above inequalities, we have
T
R(z*,\) =L+ (1 =)Ly = A" > Fi(x
t=1

>y((@+1)2 = (u + 1))+ (1 —((@-1)% = (u* —1)%) +viT — 2.
451 Forany A € S, (i.e., v € [0, 1)), set 2’ = (@, 0) € X'*, then it holds that
R(x',\) > v?T — 2.
452 Equivalently, the multi-objective static regret satisfies

Rmos(T) = sup  inf R(z*,\) > mf R(x',\) > viT — 2,
zreXx* AES2

453 which is linear w.r.t. T for any x; = (u,v;) € X such thatv; > 0.
454 We now investigate the case when 7' is an odd number. Since the calculation of the composite weights

455 A\ and the composite gradient g;”""? at each round is independent of the total time horizon T, we
as6  still have || Ary1 — At|l1 > v1 + 1 for any t. Hence the first desired property also holds for any odd T'.

457 It remains to prove that OMD with min-norm still incurs a linear regret when 7" is odd. In this case,
458 the Pareto optimal set X'* does not lie in the xz-axis anymore, hence it is difficult to directly compute
459 Rmos(T). However, we can still use our derived R(x*, \) for any even T to estimate the regret.

a0  Specifically, set 2’ = (T T Zt 1 U, 0); from the above derivation with even T', for any A € S, we
461 still have (note that now 1" — 1 is an even number)

T—1
AT Fi(y) = AT ZFt ) > 0T — 2.
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a2 Since for any z € X, we have 0 < ||z — al|?, ||z — b]|?, ||z — ¢||* < 10, we have

T
=AY Fi(a) AZFt ) > 0T — 12.

463 Furthermore, from the definition of Pareto optimality, there exists some z” € X* that Pareto
w4 dominates 2’ regarding the cumulative loss Y, Fy, namely 3", Fy(«”) < Y21, Fy(z'). Hence

T T
R(",\) = AT ZFt(l't) - AT ZFt(x/’) > R(x', \),
t=1

t=1
465 for any A € Sy. Therefore, the multi-objective static regret

_ > " > > 2
Ryos(T) = z5161)12 A1££2R($ A) 1££2R(a: JA) 1££2R(x A) > oiT — 12,

466 which is also linear w.r.t. T" for any z1 = (u1,v1) € X such that v; > 0. |

7 1 Omitted Proofs of the Regret Bounds for DR-OMMD

468 1.1 Proof of Theorem 4.4

a69  Proof. We start from the definition of Ryos (7). Specifically, for any A € S, and A1 ..., Ap € Sy,
470 it holds that

T T

Rwos(T) = £ S N (Fy(xy) — Fi(z)) < M (Fy( Fi(z*
mos () LSEBM\IQ&H; (Fe(xt) t(2")) LSEE*Z t(z) — Fi(z™))

M=

(AT Fi(w) = AT (@) + AT (Fi() = F@) + (T Fi(a®) = AR (%)

t=1
T

<Y FIA- AtHlJrZAt (Fu() ZFH)\ Ml
t=1 t=1

T T
=2F Y A= Nllr+ YN (Fulr) — Fifa™)).
t=1 t=1

471 To tackle the second term in the above inequality, we set u; = ug = ... = up = z* in Lemma|l.2}
472 which results in

) \

T T
Z (Fy(a) — Fy(a*)) < nBR o* 1) + 2 Z IV Fy () e 2.

473 Consequently, the static regret can be bounded as

T
1 .
Rumos(T) < 2F > [|A = Xofl1 + HBR(x ;1) +

t=1 t

[V (me)Aell2

N3
[M]=

1

N3
N

= 2FZ [As = Aollx + BR(I »a1) + IVE () Aell2
t=1 t=1
77 T
— 2
— HBR ¥, 1) 5; [V E, ()M + 7||Af Xolly),
474 which proves the theorem. |
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1.2 Proof of Corollary [E.1]

Proof. We now set a = % in DR-OMMD, and specify A; to be the composition weights
generated by the algorithm at round ¢. The min-regularized-norm solver guarantees that
Ao € argmingep, [VF(2)AZ + 25X = Xofli.  In particular, we have ||V E(az¢)A|? +

A8, — Xolli < IV Ei(z:)Mol|2. Therefore, from Theorem 4.4 we know that
n *

T
RMOS(T) < T)BR z* .1‘1 gg VFt l‘t )\oH

Recall that the domain of X is bounded by D. From Assumption 4.2 we further have Br(x*, 1) <

Y|lz*, z1]| < D. Utilize Assumption 4.3, and set ) = VGZ\#) then we have

Ruos(T) < 22 & ”G2T G\/27DT,
which proves the reduced bound. n

1.3 Proof of Lemmal[E.J3|

Proof. Before analyzing the dynamic regret bound of DR-OMMD, we first introduce two useful
lemmas.

Lemma I.1. For the standard OMD algorithm with learning rate ) and loss /\tTFt(m), we have the
following recursion

A Fi(x) — M| Fy(a}) < =(Br(};20) — Br(z]; 2041)) + gHVFt(xt))‘tHia (1)

S|

foranyt e {1,...,T}.

Proof. Our proof is similar to the analysis of OMD in the single-objective setting [28,[7]. Specifically,
fix f; = A\ ' F, and g = )\tTFt(a:t). From the convexity of f;, we have

fe(@e) = fi(@y) < g (we — 27) = g (@1 — 27) + g; (20 — Te31).

From the first-order optimal condition of x4, 1, for any 2’ € X, we have
(ﬁVFt(.I‘t))\t + VR($t+1) - VR(SCt))T(l'/ — 1't+1) Z 0.
We set 2’ = x} in the above inequality, and consequently derive
fe(xe) = fe(ag) < (VR($t+1) VR(@:) " (27 = xe41) + 9 (1 — 2e11).
Recall the definition of Bregman divergence Br. We can check that (also see [2])

Br(x},2) — Br(a},2141) — Br(is1, 1) = (VR(2441) — VR(we)) ' (2] — 441).-

Since R is 1-strongly convex, we have Br(z¢11,2¢) > ||z¢11 — x¢]|?/2. Hence

fuar) = Fla?) < L(Brlai,20) ~ Balol oenr) = gllovss —al®) + o] (o0 = i),

Moreover, from the Cauchy-Schwartz inequality we have

1
T 2 2
g (Tt — Te41) < ||9t|| + %Hﬂ?t — e "
Combining the above two inequalities, we can prove the lemma. ]
Lemma 1.2. For an arbitrary comparator sequence u1, . ..,ur € X, we have

T 1

T T
D AT (Fulws) = Fi(ue) 77 Z llue — wesr || + nBR(uhm gz IV Ey ()Ml
t=1 t=1
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498 Proof. Summing the inequality in Lemma[L.IJover ¢ € {1,...,T}, we have

T
ZAtT(Ft(JZ‘t Ft ut Z BR ut,xt BR(ut,$t+1)) + gHVFt(xt)/\tHE

1 T-1

1
< 2 (Balues, zu1) = Brlun o)) + L Brlun,an) + 5 IVEEONIE,
t=1

3

g9 Recall the assumption that Br(x, z) — Br(y, 2) < v||lz — y||, Vz,y, z € X. We then obtain

T—1
1 1
E A (Fi(z) — Fi(uy)) < " § Yue = wga ]l + EBR(Uhxl) + gIIVFt(xt)AtIIE,

t=1

s00 which proves the lemma. ]

500 We can now return to prove Lemma [E3] Notice that, for an arbitrary comparator sequence
502 u1,...,ur € X, the multi-objective dynamic regret can be decomposed as

Z)\t Fy(x¢) Z)\tTFt )
T
:Z)‘tT Z)\t Fy(uy “I‘Z)\t Fy(ug) Z/\t Fy(xy)
=1

term A term B

503 We now instantiate the comparator sequence to be a piece-wise stationary sequence, i.e.,

* * * * * *
{ulv"'auT}: Wz, Wy, W yoeey W s YT ) » YT ’
1 1 Eam rZ7-1 1L r&1
A times )
A times (1+£-TZ7)A times

s04 which starts with w} and only changes for every A steps (A is an integer such that A < T'). More
sos specifically, for any ¢ € {1,...,[T/A]}, denote p; = (i — 1)A + 1 and ¢; = A, and then
so6  Z; = [pi, q;] is exactly the i-th stationary piece of the comparator sequence.

s07  For any piece i € {1,...,[T/A]}, we setall u;,t € Z; to be the best fixed decision x7 regarding
so8 the cumulative linearized losses during interval Z;, i.e., u; = 27, = argminge x ZteL- /\tTFt(x),

sos foranyt € Z;,i € {1,...,[T/A]}. Then we can apply Lemma [[.2]to such comparator sequence
st0 and bound the term A as

MOz , X .
A< p > luz, —uzg,,, |+ UBR uz, 1) 52 IV Ey ()12
i=1 P}
v, T vD n ) " T
< ;((51 —1)D+ o T3 S IVE@)N? = —[ 1+ 52 IV Ey () A2
t=1 t=1

511 Notice that, the second term B measures the difference between the cumulative linearized loss of the
si2 best decisions 7. regarding each interval Z; and that of the comparators {x; }. To analyze this term,

st3  we consider such difference B; restricted to any interval Z;,i € {1,...,[T/A]}:
B = Z >\t Ft ’LLt Z )\f Ft ’It
teT; teT;
=Y NTF(u) =Y N, T F (@p) + Y A Fp(ap) = Y AT Fi(a).
tel; teT; teZ; teT;
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527

528

529

Recall our definition of u; and z}, then we have ), ;. A Fi(uy) < doteT, )\tTFt(a:;i) and
A, | F (z5,) < Ap, | F,.(xF). Hence we further have
T * T
Bi < Z At Ft(xpi) — Z Api p7 + Z >\P1 i l’t Z )\f Ft .Z'f
teZ; teZ; teZ; teZ;

Moreover, for any t € Z;,z € X, we have

-1
N T F (@) =Ap, T Fp (@) = 1Y (en | Fregr (@) =X Fr())] < Z sup [\ " Fi ()= Aet1 | Frp(@)]-
k=p; k=p; €

Recall that Z; has at most A elements, we further have

B; <2A Z SUPP\k Fi(x) = M1 Frpa ().

k=p; reX

Hence the term B can be bounded as

[T/A] [T/A] q;
B = Z B; <2A Z Z Sup|)\k Fe(2) = Meg1 | Fiega ().
i=1 k= pl

From the definition of p; and ¢;, we further have

T-1

B < 2A Z bug|)\t Ft( ) )\t+1TFt+1($)|.
t—1 T€

Combining the above two inequalities on terms A and B, we derive

- [r/Al-1 1 0 T
Ryop(T) < p lluz, — vz, [l + EBR(UIUM) +3 Z IV (o) Ael|2
=1 t=1
T—1
+ 2A Z SUE |AtTFt(.’I3) — /\t+1TFt+1(J,‘)‘.
=1 x€

We note that, term ZtT:_ll SUP,ex |\t | Fy(#)=Aig1 ! Fip1 ()] in the above regret bound is analogous

to the term ZtT:_ll sup,cx | ft(x) — fir1(x)] in the dynamic regret analysis for the single-objective
setting. Note that, in the single-objective setting, from the definition of temporal variability, we

directly have ZtT;ll sup,ex | fi(z) — fiy1(z)| < Vr. However, things become much more complex
in the multi-objective setting, since the vector loss F;(z) is now coupled with the composite
weights )\;. As a result, we cannot directly use the temporal variability of each loss component to
bound this term. To tackle this term, we introduce the following lemma which is highly non-trivial.

Lemma 1.3. For DR-OMMD with any initial weights \y € S, it holds that

T
Z sup AT Fi(2) = At Frn () S2F) A = Aol + Vi
t=1 %€ t=1

Proof. We decompose the supremum operation as

Zbup\)\t Fy(x) = M1 | Frya(2)]

—q TeX
T-1
< Z Sgg(K)‘t = X1) " Fe1 (@) + [N (Fi(z) = Figa (@)
t=17
T-1 T—1
< Z sup [(A¢ = Apr1) T Frpa ()] + Z sup [Ae | (Fy(2) = Frpa ()],
1 reX ) TEX
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s30 Then forany z € X, |f{(z)| < F, and consequently

T—1 T-1 T_1
D sup [ = Ag1) TR (@)] < 0 1IN = Al Fea (@)oo < 2F Y A= A
t=1 TEX t=1 t=1

s31 It then remains to tackle the term Zz:ll supyex [N (Fi(z) — Fypa(z))|. For any Ao =
532 ()\(1), e AG) € Sm, we can decompose this term as

Zsup|)\t (Fi(z) — Fyya())]

zeX

- Z sup (A — Ao) " (Fi(@) = Figa(@)) + Ao | (Fi(x) — Frya(2))]

t—1 TEX
T-1 -1
< Z sup [(Ar — Xo) " (Fi(@) — Fiya(2)] + Z sup | Ao " (Fy(x) — Fiya(2))].
1 rzeX . zeEX
term A term B

sss  Since we have assumed that |f{(z)| < F forany z € Xt € {1,...,T},i € {1,...,m}, it holds
ss that |f}(x) — fi 1 (x)] < 2F. Consequently, we can bound the term A as

term A = ZSUP|Z (N = X)) (fi(z) — ft1+1(33))‘

1"E i=1

m

<z:bup2:|/\Z Mol - 1fE () = S ()]

=1 reX

T—1 m .
<D A=A Suplft( ) = figa(2)]

t=1 i=1

T—1 m T-1

<D OD TN =N 2F =D 2F A — Ao,

t=1 i=1 t=1

535 where \! and )\, represents the i-th entry of \; and \g, respectively.

536 As for term B, we have

T—1 T—1
term B = Z Sgg Ao (Fi(x) = Fiya () Z SUP Z)\z |fi(x fti-i-l(x)'
t=17 t=1 %€

T-1
éZ%}bgW@#@WSZ%%:w
=1 t=1

i=1
537 where the last inequality is derived from the assumption of temporal variability. Combining the above
538 bounds for term A and term B, we finally prove the lemma. ]

539 Assume that the diameter of the decision domain X is upper bounded by some D > 0, then
50 ||uz, —uz,,, || < D and Bg(uz,, 1) < v||luz, — x1|| < vD. Hence we have
[T/Al-1

D
1Y lun il  Betu, ) < Z2(T/A] - 1) +
=1

1D ﬂ[Z]
noAT

541 Plugging the above result and lemma into the above bound for Ryop(T), and replace the quantity
se2 A€ {l,...,T} by d, we have

T T
n ’yD T
R T) <26Vp + 46F A — A = |IVE(z)A
mop(T) <26V + ;”t o||1+22::| p(@e) AT + ?7(5]7
s43 forany d € {1,...,7}. We thus prove the lemma. [ |
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1.4 Proof of Theorem 4.6

Proof. This theorem can be directly derived from Lemma[E.3]

Specifically, when é‘g <n< 46‘1,/{ , we can set § = ”%‘ZT, which satisfies 1 < ¢ < T'. Plugging it

into Lemma [E.3] and rearranging the inequality, we can directly derive the theorem. ]

1.5 Proof of Theorem

Proof. Since this theorem is a special case of its following Theorem[E.5|when (1) < Vi < o(T),
it can be proved as we derive Theorem [E.5]in the following subsection.

In fact, as we assume (1) < Vp < o(T), in the following derivation of Theorem we are
always in the case of (i). In addition, when Q(1) < Vp < o(T') in Theorem we exactly have

n== ( 'YgVT )1/3. Hence this theorem can be directly derived from Theorem ]

1.6 Proof of Theorem

Proof. Denote 1y = 2 (127)'/3. We consider the following three cases:

(i) When é‘g <n < G2T , we can directly apply the above lemma.
(ii) When 1o < 2%F, or equivalently Vr > (22)'/2GT, we have n = 2%%.. Set § = 1 in Lemma
[E3] then it can be verified that

T
2V DG?T?
Ryion(T') < 2Vr + GQ; E :(OZH)\t = ol + IVE(zo)Mel2) + WALT

< 4Vr + ﬁ Z IV Ey(z4) Xo |2

2V )
<4V + GQTZG = 6Vr.

(iii) When 19 > 4¥F, or equivalently V7 < (32)Y/2G, we have n = LF. Set § = T'in Lemma
then it can be verified that

T
2V
Ruion(T) < 2TVr + 55 > _(alh = Aolls + [VE)MI2) +

yDG?
4Vr

T
2V;

3G

T
2V,
SG(QWD)1/2T1/2+G72TZG2 < : (2yD)V/2T1/2,
t=1

Combining (i)-(iii), we prove the theorem. |

1.7 Proof of Corollary [E.2]

Proof. Since this corollary is a special case of its following Corollary [E.6|when (1) < Vi < o(T),
it can be directly derived from Corollary [E.6
Specifically, since V7 > (1), we have V:ﬁ/STQ/3 > O(T*"/?). Moreover, since Vi < o(T), we

have V1/3T2/3 > o(Vy). Therefore, the dominating term in the bound of Corollaryis y1/372/3,
which proves the corollary. |
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1.8 Proof of Corollary [E.6]

Proof. We start from the general bound derived in Theorem[E.3] Specifically, in the first regret term,
since A; is selected to minimize «||As — Ar—1|[1 + ||V E:(2+) A¢]|5 at each step t, we further have

anin {alA = A+ IVE@OAR} < IVE @A < (et IV F ) )® < G

Plugging it into the bound in Theorem [E.5directly proves the corollary. |

J Omitted Proofs of the Regret Bounds for A-DR-OMMD

The proofs of A-DR-OMMD are very similar to the proofs of DR-OMMD in Appendix |I} except that
we replace the fixed learning rate 1 by the adaptive ones 7;. For conciseness, we here only highlight
the different steps from the proofs of DR-OMMD.

J.1 Proof of TheoremD.2]

Proof. Forany A\ € S, and A1 ..., A\p € S,,,, by the same deduction in the proof of Theorem 4.4 in
Appendix [T} we have

T T
Ryos(T) < 2F > A= Mlli + > A (Fy(ze) — Fola)).

To proceed, we introduce two lemmas, which are the analogies of Lemma [.T]and [[.2)in Appendix [[.3]

Lemma J.1. For the standard OMD algorithm with non-increasing learning rates n; and loss
A\ | Fy(z), we have the following recursion

1
N (e = AT F(af) < o (Ba(efs) = Br(edeen)) + S IVE@ME @

t
foranyt e {1,...,T}.

Proof. Since the lemma is only regarding any single round ¢, the proof is nearly the same as the proof
of Lemma|L.T)in Appendix[L.3] In fact, we just need to replace all A in the proof of Lemma[L.T|by A;,
then we recovers the proof of this lemma. |

Lemma J.2. For an arbitrary comparator sequence U, ..., ur € X, we have

T
Z Ft LEt Ff(ut < E— + Z |U{» — Uf+1|| =+ Z nt |VFt(£Et))\t||

Proof. Summing the inequality in Lemmauover te{l,...,T}, we have

T T
SN (Fyr) — Fi(w)) < Z ; (Br(ut, ) — Br(ut, xe11)) + ) %HVFt(xt))\tHf.
= t=1 1t t=1

Since the Bregman divergence is always non-negative, we have
T

1
> = (Br(us, x0) — Brluy, x141))
—

T—
1 1
< —BRu T — —Bpr(us, x + —Bgr(ui, x1).
g o 41, Tiq1) e (we, Tiq1)) m (u1,21)

Now we consider each summation term. Since {7, }_; is non-increasing, we have % < ﬁ, hence

1
Br(ttp1,Te41) — U*BR(uuﬂCtJrl)

Nt+1 t
1 1 1
= (—— — —)Br(ut+1,7111) + — (Br(us+1, Te+1) — Br(us, Te41))
Nt+1 Uiz e
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Recall the assumption that Br(x,2) — Br(y,2) < 7|z — y|,Vz,y,2 € X. We then obtain

BR(ut+17l‘t+1) — BR(Ut,l‘t+1) S 'y||ut+1 — ut|| and BR(ut+17l‘t+1) S ’)/D Hence

1 1 1 1 1
——Br(ut41,T141) — —Br(ut, m41) < (—— — —)vD + —7|lur — ugpa]]-
Mt+1 Ui Mt+1 Mt n

Plugging it into the desired formula, we have

T
Z/\tT(Ft(ﬂﬁt — Fy(ug)) < — + Z Hut — U + Z [V (o) Aell2,
which proves the lemma.

Now set u; = up = ... = ur = z* in Lemma[l.2} we have

Z)\t Ft .T?t ( < E— +Z ||VFt Tt >\t||

Consequently, the static regret can be bounded as
T

vD
Ryos(T) < 2F Y [|A — )\oHlJrn—Jer IV Ey () Aelf?
t=1 t=1

T
D Mt , AF
= —(IVF A N = A

nr +tz:; 2 (H t(xt) tH* + e H t OHl),

which proves the theorem.

J.2  Proof of Corollary[D.3|
Proof. In A-DR-OMMD, when «o; = ‘%, from the formulation of \; we have

T
D .
Ryios(T) = —;T 3275 min (IVFEOAL + aclA = doll)

~vD
-I-Z IVE () Aol2 < TTJr—Zm

When 7, = VGZ:}?, we further have

RMos(T) < G\2vDT,

which proves corollary.

J.3  Proof of Theorem [D.4]

Similar to the proof of Theorem 4.6, before analyzing the dynamic regret of A-DR-OMMD, we first

introduce a lemma, which is an analogy to Lemma with adaptive n; and .

Lemma J.3. Suppose the assumptions of Lemma-hold Then for any Mg € Spm, A € {1, ...

and non-increasing {n;}1_,, DR-OMMD attains the following dynamzc regret

D
Ruon(T) < (A 77T + Z 2V F M2 + 4AFZ IAe = Aolls + 24V
t=1 t=1

Proof. Similar to the proof of Lemma|[E.3] we decompose the regret as

Z)\t Ft .’Et Z)\tTFt fl?t

T

ZAtT Z}\t Ft ’LLt +Z)\t Ft Ut Z)\t Ft xt
t=1

term A term B

22
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607 and construct a comparator sequence

{u,...,ur} = w}l,...,w}N...,w}r%]_l,...,1(1}%]_1,11)}[%]7...,w}r%1
A times A times (A+Z—TL])A times
eos Foranyie€ {1,...,[T/A]},denotep; = (i — 1)A + 1 and ¢; = ¢A. Then Z; = [p;, ¢;] is the i-th
e09  stationary piece of the comparator sequence. For any i € {1,...,[T/A]}, we setall us, ¢t € Z; to be
610 T% = argmingex y, ez, )\tTFt(x). Then we can apply LemmalJ.2|to bound the term A as
[T/A]-1
A< 3 lun —uzl 4 =+ Z IV E 2
i=1 pi
A 1 T m
TR P I

e11  Since {n;}1_, is non-increasing, we further have

T’yD L

A<x1 +Z@vaxmn

612 The analysis of the term B is the same as that in the proof of Lemma[EJ] i.e.,
T-1

B < 2A Z sug |)\f Ft( ) >\t+1TFt+1(£ZJ)|.
t—1 T€

613 We can further apply Lemma[[:3]to the term B and derive

T
B <AAFY |\ — Aol + 2AV7.
t=1
614 Combining the above two inequalities we have

Rwmop(T) < +Z LIV E, (z) A ) +4AFZ At — Aollx + 2AVy,

615 which proves the lemma. u

616 Now we can go back to prove Theorem [D.4]

617 Proof of Theorem[D.4] We start from the general bound in Lemma Set A = M, then

YDVr U 2, dnrG®FT
Ryop(T) < e +Zf\|vm ) M) T;H)\t Xoll1 + 200 G>T,

618 which proves the theorem. ]

619 J.4 Proof of Corollary[D.5|

620 Proof. When a; = SGVf S (L), from the formulation of A, we have

DV; .
RonT) < 2V LS i 9 (A2 £ A~ ol + 21 GPT
G*ny =1 2 xes.

IN

DV, )
>+ 5 IVE@)A|2 +200G°T

Gy =
DVy G2 &

< Ty 5D M+ 200G
G? N t=1
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When 7 = & (22Y)1/3 since by induction we can prove that 3, (1)/3 < 27°%/3, we have

Ryon(T) < O(T*3V,E3),

which proves the corollary. n
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