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(b) Did you specify all the training details (e.g., data splits, hyperparameters, how they were
chosen)? [Yes] The information can be found in the description of each experiment in
Section 4.

(c) Did you report error bars (e.g., with respect to the random seed after running experi-
ments multiple times)? [Yes] They were reported in Table 1, but not in the figures as
such error bars make the figures too busy and not easy to read.

(d) Did you include the total amount of compute and the type of resources used (e.g., type
of GPUs, internal cluster, or cloud provider)? [Yes] Please see Appendix C for the
details of resources used. Since we do not propose new algorithms, we do not include
running times of those off-the-shelf algorithms in our experiments.

4. If you are using existing assets (e.g., code, data, models) or curating/releasing new assets...

(a) If your work uses existing assets, did you cite the creators? [Yes]

(b) Did you mention the license of the assets? [Yes] The real data sets used are publicly
available and a Data Availability statement is included in the Supplemental material.
The licenses of the R packages used in this work can be found in Appendix C.

(c) Did you include any new assets either in the supplemental material or as a URL? [N/A]

(d) Did you discuss whether and how consent was obtained from people whose data you’re
using/curating? [N/A] We used two publicly available, de-identified real datasets.
Consent was obtained by the research groups that collected and made the data publicly
available.

(e) Did you discuss whether the data you are using/curating contains personally identifiable
information or offensive content? [Yes] The two real datasets are de-identified and
publicly available.

5. If you used crowdsourcing or conducted research with human subjects...
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A Proof of Theorem (1]

We begin by stating and proving the following theorem, which will play an important role in the proof
of Theorem |1} Suppose we have N observations {z; }~ ; drawn from an arbitrary domain Dg and let
1 N
Egw) = =x— Z Riw(zi, Ai)|g(x:i) — yil
>im Ri i

Furthermore we define D = Egw(z, A)?, in this section we use Eg to represent that the expectation
is taken with respect to this arbitrary domain Dg. Then we have the following result:

Theorem 3. Let H be a hypothesis set with VC-dimension (pseudo dimension in regression setting)
d. Let g be an arbitrary prediction model from hypothesis set H. If D < N/8, then, for any § > 0,
with probability at least 1 — 0, the following bound holds:

= BCy4(N, Dv,§)
Esw(z, 4) lg(@) - y(@)| - E(g,0)| < . ©)
‘ N1+ E)log(1+ £) —1]
C(N, D®,5) = log % + %log ng if g € {0,1} is a classification model
AT log% (%e)d + %d log \s/év’ﬁ if g € [0,1] is a regression model and N > d

Proof. The proof follows a standard approach in deriving generalization error bound related to
VC-dimension (or pseudo-dimension). Recall that an observation z = {x, y}, we begin by letting
fq(2) == w(2)|g(x) — y(x)|. Then since g € H, we let F denote the set of f,. In the rest of the
proof, we simply ignore subscription g and let f(z) := w(z)|g(x) — y(x)|. This is possible since
the analysis holds for arbitrary g € H, i.e. f € F. We simplify the notation by defining

-~

g(ng) = ]P)Nf(z)
and
Esw(z) |g(x) —y(z)| = Pf(2)
We further let Dy denote the training data {(z;,y;)}¥.,. We also consider a set of “ghost” sample
Dy = {(z},y})}¥, with size N. In reality we do not have access to them but we will make use
of them to prove the theorem. We let fx be the maximizer of [Pf — Py f| in F and 02 = Var [fn].
Similar to Py, we can define Py for the ghost samples. Firstly notice that

I(Pfn —Pnfnl > ) T(Pfy — P fn| <t/2) < I(Pyfyv —Pnfn| > t/2)
Taking expecation with respect to the ghost sample yields
I(Pfx —Pnfn|>1t) Po, ([Pfn — Py fnl <t/2) < Py (P fv —Pnfn|>t/2)
Chebyshev’s inequality gives
4Var[fn] 402 _ 4D¥
/ —P < =<
Ppy, ([Pfy =By fnl > /2) < —3 NE S Ve

where the last inequality is given by the fact that D¥ = Ew? > Var [fn] = o2 (see Lemma 2 in [13]).
This in turn gives

w

I(|Pfn —Pnfn] >t) <1 A

NE ) < Ppy (|[Pyfn —Pnfn| > t/2)

P (sup Pf —Pnfl > t) <2P (Sup Py f—Pnfl> t/2> “)
fer feF

We further define Fiy = {(f (1,91),...,f(®n,yn)) | f € H}. Then

feFan

P (Sup Pyf—Pnfl> t/2> =P < sup |Piyf—Pnf|> t/2>
feF
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Let N7 (t/8, F,2N) denote the uniform covering number defined as
Ni(t/8,F,2N) = max N (t/8, Flan,d1) 5)
Dy, DYy

where N (t/8, Flon, dl) is the t/8-covering number of set Fl2n with respect to L' distance. Now
define G C Fjoy as a t/8-cover of Flon with |G| < N1(t/8, F,2N). Then

P( sup [Pyf—Byfl2t)2 sp(sup|P9vg—PNg|zt/4)
fe€F 2N g€g

< Ni(t/8,F,2N)sup P (|[Pyg — Png| > t/4)  (6)
g€eg

< 2N (t/8,F,2N)sup P (|Pyg — Pg| > t/8)
g€eg

Let us first consider the case of classification, in which the predicted outcome g(x) € {0, 1}. Then
according to classical bound of covering number (Theorem 1 in [25]]):

d
N(t/87./_'.‘2]\[,d1) < €(d+ 1) <1fe)

The part remained is analysis of the probability sup,cg P (|[Pyg — Pg| > ¢/8). Bennett’s inequality
gives:

_ 2 2
sup P (|[Png — Pg| > t/8) < exp (NUh(Bt/U)) )

g€g B2

with h(u) := (1+u) log(1+u)—u. Notice that here t < 1, we further have that hp ,(t) = h(Bt/o?)
is lower bounded by function

b = [+ S)logt1+ ) - 5

The argument is obtained by observing that 2(0) = hp ,(0), h(1) = hg (1), B(0) = hp 4 (0)

and that h(0)" is decreasing while i ,(0)" is a constant. Together with equation , we have that

2
sup P ([Bxg — Pg| > £/8) < exp (—N [(1 g1+ 2y - 1} t?) ®)
geg B B o

Combining the bound of covering number yields:

d
P (sup Pf —Pyf|> t) <de(d+1) <166) exp (N {(1 N
feF t B

B
N ‘ N 2 B
g 2
<de(d+1) (166 8D‘“> exp <_B [(1+B)log(1—|—02)—1} t >
4 )

Let § = de(d + 1) (1661 /%) exp (—% [(1 +2)log(1+ 5) - 1} t2). Simplify the equation
gives

N 2 B
5 {(1 + JE)log(l + ;) - 1} t? — C4(N,D*,8) =0

where
(d+1)8e)d*tt d

Cy(N,D*,0) = log 25 +§10g

2D
This equation has non-negative solution

4 = BC4(N,D¥,§)
PTAN[O+ ) log(1+ Z) — 1]
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Thus we have

1-6<P(sup|Pf—Pyfl<ts| <P|supPf—PByf|<
feF feF

BCy(N, D=, 5)
N1+ %)log(l+ E)—1]
Now we consider the regression case, in which the predicted outcome g(x) € [0, 1] comes from the

hypothesis class H with pseudo dimension d. Notice that all the results above hold before equation
@. Now by Theorem 12.2 in [3], we have that

16Ne>d

N (t/8, Flan,d1) <N (t/8, Flan,do) < < >

when N > d/2. Combining with (7) yields

16Ne\? N o2 B
P|sup |Pf—P > 2 —— |1+ =) log(l+ =) —1|¢
(s -munz1) <2 () o (5 [ owut 2 )

d
16Ne N N o? B 9
< - Z il
_2< g 8D“) exp( B[(1+B)10g(1+02) l]t)
d
Letd =2 (1651\76,/“%) exp (—% [(1 + %j)log(l +5)- 1] t2) and define

" 2 (8e\?  3d N
Cq(N,D ,5)—10g5<d> +310g 3D5

Following exactly the same procedure as above, we can have

BCy4(N, D%
1—5§P<Sup|IP’f—IP’Nf|§t5> gP(supmf_pNﬂg\/ Ca(N, D¥,9) >
fer fer

N[(1+ %) log(1+ ) -1]
Finally, notice that D¥ > o2 and that (1 + x) log(1 + 1/x) is monotonic decreasing, we have that

B BC4(N, D¥,6) B
P(?gglp‘f Pnfl< \/N [(1+D§’)1og(1+£)—1]> z1-9

for both classification and regression cases.

Now we are ready to prove Theorem [T}

Proof. Notice that for both groups a € {0, 1}:

£alg) — Es,w(z,0)lg(@) = y(@)]| = [Es. (wol=.a) —w(z.a) lg@) —y@)| | (10)

By triangle inequality, combining (I0) in Theorem [3]and (3] yields that with at least probability
1—26:

€0(9) — £1(9)] - [E0tg,0) — Ev(,)

< Y [Es.(wo(z @) —w(z.a)) lg(@) — y(@)| | + |Es,w(zq) l9(@) - y(@)| - &g, )|
ae{0,1}

BC’d(na,D‘*’,(S)
< Es, (wo(z,a) — w(z,a))|g(x) —y(z)| | + " :
P ool [0+ B tog(1 + )~ 1]
(11

Notice that by definition of total variation distance:
drv(Dr,[|wDs,) = |Es, (wo(z,a) — w(z,a)) |g(x) — y(z)] ‘
Finally substituting § to /2 yields the result.
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B Proof of Theorem 2

Proof. Since we have w = wy, we only use w in the proof for the sake of simplicity. The proof
is inspired by the technique used in Theorem 9 in [I3]. Assume (x,y) = {(z;, y:)};27™" is the
complete cases, in which ng of the data belongs to sensitive group A = 0. Let

¢g(w7y) = go(ng) - gl(ng)

1 <
= oo > w10, 0)lg(®o,i) — o,
i=1

n1

1
- 2l [ 31 1) %
o > w((@1,91,0), Dlg(@1,:) — 1.4]

i=1

with ¢ € H. Obviously when true weights are adopted, we have E¢,(x,y) = E(g) — £1(g).
Without loss of generality, we assume ng < ni. We let 07 := Varg, (w|g — y/|). Furthermore let

0% = 02 + (no/n1)o?. Now consider U := w Notice that
1.2 1 2
=05+ =0 1
Ez? =00 m 1 (12)
g Nno
Meanwhile we can split the expectation into
EU*1y1e0.1/ (ki) + BU L u1e1/ by vim) T BU L Ulefu/ i 400)
which is upper bounded by

1 u?
g + %P(U/vno > |U| > 1/(kvng)) + EU Ly efu) /g, +00)
Combined with yields
k2 -1 no
P(u/v/no > U] > 1/(kv/o)) 2 =55~ ?EUQl\Ule[u/\/%&oo) (13)

Now notice that ngEU 21|U‘e[u / /715, +o00) €an be written as

+oo
noBU* 1 ujefu/ /s, +o0) :/0 P [nolUP 1> s > 1] dt

2

_ [ plwrs “as [T elvs JE a (14)
- [" H /) [" vno]

—QP{U> “} +OOP[U> t}dt
L R P LT

The probability in the last line can be upper bounded by

t 1 & o [t
P {|U > HJ <P |(n* ;W(wO,ivyO,iNg(wO,i) —y0,i| — Es,w(z,0)|g(z) —y|)| > 5 no]
+P I(iiw(w 1) |9(w1,6) — il — Es,w(z, 1)]g(x) — \)|>g\/i
n o 1,45 Y1,:)|19 (L1 4 Yi,i S1 s g Yy 5 "o
2 2
<exp|— il +exp | — (n1/no)o”t

803 +4/3Bo /- 807 +4/3Bo /-
where the second inequality is given by Bernstein’s inequality. We now state that
(nl/no)UQt > t
807+ 4/3Bo\ [t~ 8+4/3V1
To see this, consider two cases ¢ > o1 and ¢ < 7. If ¢ > o7 then
(nl/no)azt > O'Qt

> S—
807+ 4/3Bo\ /L~ 802 +4/3Bo, /L~ 8+4/3Vi
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where the second inequality is given by the assumption B2 /0% < ng. If 0 < 04

(nl/no)UQt . t((nl/no)(fg —I-O'%) > tO’% > t
807 +4/3Bo\ /L 802 +4/3Bo\[ L 80 +4/3Bo% [~ 8+4/3V1
o2t

Notice that v/t > 1/k, take k = 24, we have

t t 3Vt
P [|U| > ] < 2exp <—) < 2exp (—\[>

no 8+4/3\/t 5
Plug into (14)) gives that

3u +oo 3\/£
noBU1|v|efu/ 5, +00) < 2u” €xp (5) +/ Zexp (5> a

2

LI 5\° . 3u
f— —_— _— X —_——
3 3 P\75
when u = 12, above is smaller than 0.29. In this case, (T3] yields

PU| > 1/(24y/ii)) > Plu/v/iig > |U] > 1/(@4yig) = o0 929 _ T _ T <1>

T 576u? w2 10u2 10 \ 12
(16)

Similarl > L.
y 803+4/3Bo,[-L ~ 8+4/3V1

15)

Finally we have the observation

2 2
o , %

P> 1/t = P || (€olo) ~ £1(0)) — (Eolg,) ~ Ealg.)| > 570/ 2 +

24 no s
which completes the proof of first argument. To see the second argument, it can be proven that when

. m\/cf%(g,w) TSN u+1/24¢o§<g,w> | oHg.w)

)

A
s(g:w) 2 2 no ni 2 no ny
the interval [ﬁs(g, w) —u/ /g, Ag(g,w) +u/ ‘/no] will never intersect with the interval
[—ﬁs(g,w) —1/(24/ng), —ﬁs(g,w) + 1/(24./710)}. Hence we have

> J—
24 no ny

P ||ar(g) - As(g,w) 1\/Ug(g’w)+”%(g"") > P(u/v/mo > U] > 1/(24v/70))

The third argument can be proved in a similar way: when A s(g,w) < 7—12 032790’“) + ”f%gl’w), we
have that
A2(9) = Bs(g,w)| = | (&le) — 1(9)) — (Eolg,w) — Ei(g,0)) | ~ 2Bs(g.)
1 Job(g,w)  oflg,w)
> = +
72 o ny
O

At the end of this section, we would like to provide a brief discussion about the case when the true
weights wq are estimated by w, from a correctly-specified propensity score model. In this case, we
apply Theorem [2]to w and obtain that:

|(Bsiw(@,0)lg(@) — y(@)| - Es,w(@, Dlg@) — y(@)]) = (Eolg.w) —Ei(g.0))|

a7

oL Joblg.w)  oilgw)
— 24 no ni

1

5 )2. We make two additional assumptions:

with probability at least %(
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e The propensity score model is correctly specified and satisfies: |w — wo| = Op((no +
nl)_1/2>

o The prediction model satisfies that for arbitrary x, E|g(x)—y(x)] £ 0 where the expectation
is taken with respect to y given x.

From above we have that D¥ — D0 = Eg w? — Eg, w2 = O,((ng + n1)~!/2) for both groups
a € {0,1}. This yields

\/Ug(g’w) +U%(gaw) — \/O'g(gaWO) +U%(Q,UJQ)

no ny no ny

1/2

+op(ng /2 0P (18)

Meanwhile, we have
[Es,w(@,a)lg@) - y(@)| - Ealg)| = [Es. (@ = wo)lg(®@) — y(@)]| = 0p((no +n1)"1/2) (19)
for both groups. Therefore,
|(80(9) —&1(9)) = (Eolg,w) = &g w) )|
Es,wo(@,0)lg(@) — y(@)| ~ Es,wo(@, Dg(@) — y(@)]) = (Eo(g.w) — Ea(g, ) |
B (w(,0) = wo(@,0)|g(@) - y(@)| — Bs, (w(@, 1) — wolx, 1))lg(x) - y()]
Es,w(@,0)lg(@) — y(@)| — Es,w(@, Dlg(@) — y(@)|) — (£(9) ~ &1(9) )|

Es, (w(@,0) — wo(@,0))|g(x) — y(2)| - Es, (w(z,1) — wo(z,1))lg(x) — y(w)l) ’

Il
/N N

Y

I
~

IV
—~

1 2(g,w 2(g,w
+— 05(9,w) +U1(9 )
24 no nq

where the last inequality holds with probability at least ;5. Combining equation (18) and (19), we

know that for arbitrary d, there exists Ny and N7 such that whenever ng > Ny and n; > Ny, with
probability at least 1 — 6,

|(Bs, (w(@,0) - wo(@,0))lg() ~ y(@)] — Es, (@(@, 1) ~ wo(w, D)lg(@) - y(a)] )|

1 \/oaw,w) | tlow) 1\/aa<g,wo> | tg.w)

- ﬁ no ny 25 no ni

Thus with probability at least ;5 — 9,

’(&)(9) - 51(9)) - (éA‘O(g,w) _ 51(g,w))‘ >

25 no ny

1 W%(g,wo) , 7g.w0)

Following the procedure as that of Theorem 2, we can prove that the lower bound have order
O((ng)~'/?). Of course, the bound also holds with a low probability.

C Experiment details

The experiments are run using R (version 3.6.1) on a single 6-Core Intel Core i7 (2.6GHz). We
use R package ‘e1071’ (licensed under GPL-2 | GPL-3) for SVM, ‘ranger’ (used for prediction
model, licensed under GPL-3) and ‘randomForest’ (used for PS model, licensed under GPL-2 |
GPL-3) for random forest and ‘xgboost’ (licensed under Apache License (== 2.0)) for XGB. The
‘randomForest’ is a commonly-used package for random forest and ‘ranger’ provides an efficient
implementation for the algorithm, which can be adapted to the learning task in high dimensions. (e.g.,
the prediction model in the real data experiments).
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Data Availability

The de-identified COMPAS dataset is publicly available at https://github.com/propublica/compas-
analysis/blob/master/compas-scores-two-years.csv. The de-identified ADNI dataset is publicly
available at http://adni.loni.usc.edu/.
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