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A COUNTER EXAMPLES

A.1 SIMPLE LINEAR REGRESSION

We first show that the bounded noise model (e.g., Mertikopoulos et al., 2020, Assumption 4) is
violated for simple linear regression. Let Z € R be a random variable such that [E [Z 2] = 1 and

E [Z4] = 2. Moreover, let € be an independent random variable with mean zero and variance 1.

Finally, let 6* € R and define Y = Z0* + e. Consider the estimation problem of minimizing F'(9)

where
1

F(0) = %IE [(Z0-Y)*] = %(9 —0%)% + 3 (16)

Letting X = (Y, Z), let f(, X) = 0.5(Z60 — Y')2. Therefore, by a straightforward calculation, the
variance of f(0,X) is (6 — 6*)2 + 1. Clearly, the variance scales with the error in the parameter,
which violates the common bounded noise model assumption. As a result, any work that makes a
globally bounded noise model assumption fails to apply to the simple linear regression problem.

A.2 LINEAR RNN FOR BINARY CLASSIFICATION

Consider observing one of two sequences (1,0,0,0) or (0,0,0,0) with equal probabilities, and
suppose that each sequence corresponds to the label 1 or 0, respectively. For convenience, denote
the first entry in the sequence by a Bernoulli random variable Z and let Y denote the label. Now
consider an 1-dimensional linear recurrent neural network which reads each element of the sequence
and uses a logistic output layer to predict either a label of one or zero. If we fix the initial memory
state to zero, the input weight to 1, and the bias to zero, then the model predicts the probability of a
1 label as

A exp(6°2)
7)) = 17
9(2) 1+exp(037)’ 17
where 6 denotes the recurrent weight.
If we use the binary cross entropy loss with £2 regularization, and let X = (Y, Z), then
1
0, X) = =Ylog§(2) — (1 = Y) log[L = §(2)] + 567 (18)
1
=Y [0°Z —log(1 + exp(6°Z))] + (1 — V) log(1 + exp(6°Z)) + §92 (19)
1
= —03ZY +log(1+exp(0*2)) + 592, (20)
and 027 exp(032)
. 3 exp
0,X)=-30°2Y + ——————2 +0. 21
Taking the expectations, we compute
1
F(0) = 5 [log(2) + log(1 + exp(6%)) — 6% + 6°] (22)
and e
F(9) = =3 ! +6. (23)

2 1+ exp(63)

From this calculation alone, it is easy to see that as § — —oo, F(G) o —02, which is not a Lipschitz

continuous function. Moreover, computing the variance of f (0, X), we recover
. . 994
IE[ 0,X)-F(0)? = ———, 24
(F0.X) = O] = 5@ @4
which does not satisfy a bounded variance assumption. Thus, any work that makes either a global
Lipschitz bound on the gradient or a global noise model bound fails to apply to this simple recurrent
neural network training problem. However, our results do apply in this context.
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B TECHNICAL LEMMAS

Lemma 5. Suppose {My, : k+ 1 € N} satisfy Properties 1 and 4. ThenVC > 0, AK € N such that
Vk > K, c

)\min(Mk) - *Amax(Mk)1+a 2

5 Amin (M) (25)

Proof. Fix C' > 0. Rearranging the conclusion, we see that it is equivalent to prove that 3K € N

such that Vk > K, 1/C > Apax(My)*k(Mj). This follows from Property 4. O
Lemma 6. Forany® e RP, v e R, L > 0 and « € (0,1],
(9) 14+« 1/a
F
Lo oo [I20)
el O] I 2 . 26
1+o¢v ()20* 1+« L (26)

Proof. If we minimize the left hand side of the inequality, we see that a minimum value occurs when
v¥ = HF(Q) H2 /L > 0. Solving for v and plugging this back into the left hand side, we conclude
that the inequality holds. O

C GLOBAL CONVERGENCE ANALYSIS

We begin by first deriving a recursive relationship between the optimality gap at iteration k£ + 1 and
the optimality gap at iteration & on the events {8;(R)} for arbitrary R > 0. Using this result, we
then provide an analysis of the convergence of the objective function. Then, we turn our attention to
the gradient function.

C.1 A RECURSIVE RELATIONSHIP

Lemma 7 (Lemma 2). Let { My} satisfy Property 1. Suppose Assumptions 1 to 4 hold. Let {0y}
satisfy (4). Then, VR > 0,
E[[F(Or+1) — Fro. 1 [Brega (R)]| Fi] < [F(0r) — Fip J1 [Br(R)]
Lry1 + 0FR
1+a

27

— Amin(My) HF(ek)Hz 1[Be(R)] + Amax(My) TG,

where G = Sup, gy G(0) < oo with G(0); and OFg = SUPyB(R) |E(0)]|2(1 + a) < occ.

Proof. Fix R > 0. For any k + 1 € N, the definition of local Holder continuity implies that L1
is well defined (see Definition 1). Therefore, Lemma 1 implies

[F(Okt1) — Fro )1 [Brri(R+1)]

: Lgr o (28)
< <[F(9k) — Fip ]+ F(0k) (k1 — 0k) + T Ij:; 1041 — Oxll5 " > 1By (R+1)].
Now, since B(R) C B(R + 1), it also holds true that
[F'(Ok+1) — Fip. 1 [Byi1(R)]
(29)

. L N
< (1900~ Fia ] + 0 Gros = 00+ T2 10101 = 00157 ) 1B ().
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Our goal now is to replace By+1(R) on the right hand side by B, (R). However, there is a technical
difficulty which we must address. First, it follows from the preceding inequality that

[F(9k+1) - Fl.b.}1 [Bk+1(R)]

. L o
< (PO = Fia + F0 Gur = 00+ 1250 1001 — 0013

x (1 Bia(R) — 1 [Bkmﬂ) G0

+ <[F(9,€) — Fyp ]+ F(0k) (Ors1 — k) + fT; 0k+1 — 9k|§+a> 1[B(R)].

The first term on the right hand side of the inequality only contributes meaningfully if it is pos-
itive. Since 1[Bi(R)] > 1[Bk+1(R)], then two statements hold: (i) 1[Bx(R)]1[Br+1(R)] =
1[Bj+1(R)]; and (ii) the first term of the right hand side of (30) is positive if and only if

(1F00) = Fia ]+ F O G = 00 + T2 o~ 63 ) 1B <0 D)

By the choice of Lgy1, Assumption 1 and Lemma 1 imply that if (31) occurs, then ||0x11]]2 > R+
1> |6 (O Xi41)]]2 =
1. Hence,

. L
(1760 = Feal + PO Gurs = 00) + T2 o - 117

X (1 [Bk+1(R)] -1 [Bk(R)} >
(32)

. L
< (~1PO0) = Fin] = PO Ousr —00) = T2 0~ 0l )

(VB = 1B (0] )1 B [0, ), 1.

We now compute another coarse upper bound for this inequality. Note, by Assumption 1 and
Cauchy-Schwarz,

(—[F(@)—Fl.b.]— F(0) (Bss — 00) — L1 ||ok-+1—9k|;+“)

1+« (33)
(XL 1B ()] )1 B [0, i), 1]
< |[F0)|, | i On x| 1 BRI [|[Mf O x| 2 1] a4
<P HMkf(ok,XkH)HHaI[Bk(m] (35)
<< aFR 2 e,c,X,fH)H1+ 1[B(R)], (36)

where OFp = sup, gy | E(8)]|2(1 + a) < oo given that || F'(6)]| is a continuous function of 6.

Applying this inequality to (30), we conclude
(F(Or+1) = Fip 1 [Bria (R)]
< (P60~ Fio] = F O MO Kur) +
x 1[Br(R)].

Lry1+ OFR

. 1+a
5O o ) 0
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By Assumption 3,
E[[F(Oks1) — Fi.o]1 [Bry1(R)]| Fi]

Lri1 + 5‘FRIE

< ([F(ew — ] = O M) + TR

st x|, | 7)) o9

Using Property | and Assumption 4,
E[[F(Or+1) = Fro.J1 By (R)]| Fi]

Lgri1+OFgR

< <[F(0k) — Fip.] = Amin(My) HF(ek)Hz T

Anlax(Mk)1+aG(9k)) 1 [Bk(R)] .
(39)

By Assumption 4, G is upper semicontinuous and B(R) is compact, which implies that G is well
defined and finite. The result follows. O

C.2 OBIJECTIVE FUNCTION ANALYSIS

Corollary 1. Let {0y} be defined as in (4) satisfying Properties | and 2. Suppose Assumptions 1 to 4
hold. Then, there exists a finite random variable F;y,, such that on the event {supy, ||0k||2 < oo},
limg 00 F'(0r) = Flim with probability one.

Proof. By Lemma 2, for every R > 0,

E[[F(Ok+1) — Fro 1 [Brr1 (R)]] Fi]

(Lg+1 + OFR)GR
14+«

By Neveu & Speed (1975, Exercise 11.4) (cf. Robbins and Siegmund (1971)) and Property 2,

limg oo [F'(0x) — Fi.b.]1 [Br(R)] converges to a finite random variable with probability one.

Since R > 0 is arbitrary, we conclude that there exists a finite random variable Fj;;,, such that

{supy, |0k, < R} C {limy F(0)) = Fiim} up to a measure zero set. Since the countable union of
measure zero sets has measure zero,

(40)

< [F(0k) — F15.]1 [Bi(R)] + Ama (M) 1.

{sup 10kl < oo} = U {sup 10k, < R} C { lim F(0y) = Flim}, (41)
k ReN k k—o0
up to a measure zero set. The result follows. O

C.3 GRADIENT FUNCTION ANALYSIS

We now prove that the gradient norm evaluated at SGD’s iterates must, repeatedly, get arbitrarily
close to zero.

Lemma 8. Let {0;.} be defined as in (4) satisfying Properties 1 to 3. Suppose Assumptions 1 to 4
hold. Then, VR > 0 and for all 6 > 0,

. 2
P {HF(Gk)HQI [Br(R)] < 6, zo} — 1. 42)

Proof. By Lemma 2,

Do MJE [ £ 15| < 5700~ Fia i ()]
(Lpt1+ OFR)GR @

Amax (M) 1T
14+« (M)

—E[[F(Or+1) — Fro]1[Besr(R)]] +
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Taking the sum of this equation for all k¥ from 0 to j € N, we have

zjj Amin (M) E [HF(@@HE 1 [Bk(R)]} < [F(60) — Fi.J1[Bo(R)]

k=0

(44)
L1+ 0FR)G .
B F(0511) ~ Fi )1 (B (R)]) - Lot L TG S (M)
k=0
By Assumption 1 and Property 2, the right hand side is bounded by
L F
(F(80) — Fu 1 (Bo(R)] + Lo - OFR)Gn g 5)

1+«

which is finite. Therefore, S°7° ; Amin (M )E[|| F'(6),)|131 [Bx(R)]] is finite. Furthermore, by Prop-
erty 3, lim infy, E[|| F'(6;)]|31 [Br(R)]] = 0.

Now, for any 6 > 0, Markov’s inequality implies that forall j +1 € N,
o0 . 2 1
P D{HF(ek)Hzl[Bk(R)] >5} < 5 min “)F (61) H 1B )}] (46)

where the right hand side is zero because lim infy, E[|| F'(6;,) (|31 [Bx(R)]] = 0.

As the countable union of measure zero sets has measure zero, we conclude that for all 6 > 0,
. 2
P {HF(@,C)H2 1[Bx(R)] <6, zo} —1. (47)

O

Unfortunately, Lemma 8 does not guarantee that the gradient norm will be captured within a region
of zero. In order to prove this, we first show that it is not possible (i.e., a zero probability event) for
the limit supremum and limit infimum of the gradients to be distinct.

Lemma 9. Ler {0} } be defined as in (4) satisfying Properties 1 and 2. Suppose Assumptions 1 to 4
hold. Then, VR > 0 and for all 6 > 0,

P[| £, 1B (] > 6. [ £ 00| 11Bu(R) <6, 0] = 0. (48)

Proof. Let~y > 0. Let Ly be as in Definition 1, and G be as in Lemma 2. Then, for § > 0,

[HF Orir) H 1[Bei1 (R [HF (0r) H 1[Bi(R)] < 5} > 5+Lmﬂ (49)
(ol s, ol

<1 [|[Fon)], 18R] < 6] >0+ Lare] 51
< P|Lal6ss 03 1 BRI [[F 0] 1B < 0] > L] 2
_ {HMkf O, Xs1) H 1By (R [HF (0r) H 1[Bx(R)] < 5} >’y} (53)
<P [HMkf(ek,XkH)Hzl[Bk(R)} >1] (54)
< s DS [ i), A s 59
< Wa 1M |17 Gr (56)

15



Under review as a conference paper at ICLR 2022

By Property 2, the sum of the last expression over all kK + 1 € N is finite. By the Borel-Cantelli
lemma, forall R >0, > 0andy > 0,

: {HF(HICH)HQ 1[Byt1(R)] > 6 + Lry®,

Since this holds for any v > 0, it will hold for every value in a sequence vy, J 0. Since the countable
union of measure zero events has measure zero,

P [||£0ks)|| 1B ()] > 6, [ £(00) | 1[Bu(R)] < 6, i0.] = 0. (58)
O

F(ek)H2 1[Bi(R)] <6, zo} =0. (57

We now put together Lemmas 8 and 9 to show that, on the event {sup, ||0x||2 < oo}, || F(6x)|l2 = 0
with probability one.

Corollary 2. Let {01} be defined as in (4) satisfying Properties 1 to 3. Suppose Assumptions 1 to 4
hold. Then, on the event {supy, ||k |l2 < oo}, limy—yo0 [|F'(0k)|l2 = O.

Proof. Forany R > 0 and § > 0, Lemma 8 implies
P |:HF(9k+1)H2 1[Bit1(R)] > 6, i-O-}

= 2 [{[ )| 1 B > s o {00 1smi <600}
We see that this latter event is exactly,
P [HF(ek+1)H2 1[Bii1(R)] F(ek)H2 1[BL(R)] <4, i.o.], (60)

which, by Lemma 9, is zero with probability one. Therefore, P[||F'(f41) |21 [Bri1(R)] > 6, i.0.]
is zero. Letting d,, | 0 and noting that the countable union of measure zero sets has measure zero,
we conclude P[|| F(0k+1)]l21 [Br+1(R)] > 0, i.0.] = 0.

Therefore, for all R > 0, {supy, [|0x]l, < R} C {limy_,00 |[F'(6%)]l2 = O} up to a measure zero set.
Since {supy, ||0k||2 < 00} = Uren{supy, |0x]|2 < R}, the result follows. O

C.4 CAPTURE THEOREM

The final step in our proof is to study the event {sup,, ||0x| < co}.

Theorem 4 (Theorem 1). Let {6y} be defined as in (4), and let { My, } satisfy Properties 1 and 2. If
Assumption 4 holds, then either {limy_, o, 0, exists} or {liminfy_, o ||0k||2 = oo} must occur.

Proof. Let § € RP. Fix R > 0 and let v > 0. Then,
Hlm —0ll, > R+, [|6x — 6], < R]

P [[|0k1 = 0[], L[]0k — 0|, < B] = R+1] (61)
=P [([|0k1 =0, = [|0x = Ol + [[0 = 0[],) 1[[|0x = O[], < BR] = R+4]  (62)
<P [([|0k41 = 0|, = [|0x = 0l,) 1 [[|0x = 0|, < B] + B> R+ 4] (63)
<P [0x1 = Okl 1[[|0k — 0], < B] > 9] (64)
sw[]\Mkf(ek,Xk+1>]\21 ll6x — 8], < R] > ] (65)
< Lt (B ||| en Xo) || F| 16 - 8, < R] (66)
7 * 2
< 5 IMUEE (G0 [||ox 0], < B (67)
1
< IMiI3 G o (68)
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where G 5/, < 00 (as defined in Lemma 2), since G is upper semi-continuous. By Property 2,
we see that the sum of the probabilities is finite. Together with the Borel-Cantelli lemma, P[|60k+1 —
Olla > R+, |0k — 0||2 < Ri.o.] = 0. Since vy > 0 is arbitrary, we can show that this statement
holds for a countable sequence of «y,, | 0. Since R is arbitrary as well, we conclude that either
|6k — 8]|2 diverges or |6 — 0||2 must remain finite. Since this holds for any 6, we can choose three
distinct values of § which are not colinear, and, by triangulation, the result holds when the iterates’
norms remain finite. O

D STABILITY ANALYSIS

We begin with a recursive relationship on the events {7; > k}. We use this result to prove that the
objective function converges to a finite limit on these events. Then, we use this result to conclude
that the gradient function converges to zero on {v; > k}. Finally, we study the combination of these
events to establish that the two statements above hold with probability one.

D.1 A RECURSIVE RELATIONSHIP

Lemma 10 (Lemma 3). Ler { My} satisfy Property 1. Suppose Assumptions 1 to 4 hold. Let {6}
satisfy (4). Then, forany j +1 € Nand k > j,

E[(F(0yi1) — Fip)1[r; > k]| Fi] < (F(Hk) — Fip — F(@k)’MkF(Hk)) 1>k —1]

/\max(Mk)lJra k 2
_ - 1]7; —1].
+ 1+a Ce(ek)G(ek) +a ﬁe(ek) [TJ >k ]
Proof. By the construction of 7;, when 7; > k, then
L(6k)

F(Ors1) — Fio. < F(61) — Frp, + F(0r) (Bri1 — O1) + 10k41 — Okl ™. (70)

1+«
Using this relationship and using 1[7; > k] =1[r; > k — 1] —1[r; = k],
E [{F(0k41) — Fro.} 1[5 > k]| Fi]

<& {F0) - R+ FO O - 00+ 528 s —oul Y10 > k- 1) 7]
—EHF(ek)—ﬂb.ﬂLF(ek)/(GkH—9k) Eli )||9k+ —9k||1+a} [szk‘]‘fk]

(71)
For the first time on the right hand side, we can apply Assumptions 3 and 4, Property 1, and (4) to
calculate

E |:{F(9k) — Fiy. + F(0) (Orr — 0i) + £lbr)

1+
(M,

[0k41 — 9k||1+a} [1j >k — 1]‘}7@]

)

< {F(9k) — Fy. — F(0) My F(6y) + Amax (M) ™

1o ‘Cﬁ(ek)G(ek)} 1 >k—1].

For the second term on the right hand side of (71), we first note 1[r; = k] < 1[r; > k — 1]
which implies 1[r; = k] = 1[r; = k] 1[r; > k — 1]. Second, the Cauchy-Schwarz inequality and
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Lemma 6 imply

. L.(0 a

— PO M0, Xi) + 52 HMkfwk,kan“

>~ FO0) | MO X, + 52 0 O, X7 73)

. 1o
_ « HF(ek)H2 (74)
1+ L(0r)
Hence, using (4),

_ _ T / _ E( ) _ 1+«

[F(0r) — Fip.] — F(0r) (Ok41 — Or) — T+ a 10k+1 — Okllo

. 1+ 1/
(75)
o |[FE0],

< —[F(br) — Fip] +

1+« £€(0k)

With the help of Theorem 5, we conclude

) L. N
—E HF(ek) — Fro. + F(0) (Or1 — Or) + 11(L ) 10k1 — Olly" } [7j = k]‘ ]:k]
. 14+« 1/0‘
<{—[F(0x) - F < HF(MH K Fllr > k-1 76
<~ FO) = Pl + 200 [7j = k| Fi]1[r; >k —1]  (76)
1/«
Amax(Mk 1+a HF 0k H

1[7; —1]. 77
ST 1ta L.(0r) lrs > k= 1] 77)
By putting the bounds on the first and second term together, the result follows. O

By applying Assumption 5 to Lemma 3, we have the following simplified form.

Lemma 11 (Lemma 4). If Assumptions 1 to 5, and Properties 1 and 4 hold, and {01} satisfy (4),
then there exists a K € N such that for any j + 1 € N and any k > min{K, j + 1},

E[(F(Or11) — Frp.)1 [1j > k]| Fi

Cs
14+« _ . _
(1 + Amax (M) Tta > (F(Or) — Fip ) [mj >k —1] (78)
= (M) HF(ek)H 17 > k= 1]+ A (M) 42 -2
o /\min 9 J max 1+«

Proof. The result follows by first using Assumption 5 in Lemma 3. Then, collecting similar terms,
we apply Lemma 5 to find K. O

D.2 OBIJECTIVE FUNCTION ANALYSIS
With this recursive formula, we now have the first result.

Corollary 3. If Assumptions 1 to 5 and Properties 1, 2 and 4 hold, and {0y} satisfy (4), then
limy_, oo F'(0y) exists and is finite on U?‘;O{Tj = oo}

18
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Proof. By Lemma 4 and Robbins & Siegmund (1971); Neveu & Speed (1975, Exercise 11.4), the
limit as k goes to infinity of (F'(0) — F1.5.)1[r; > k] exists with probability one and is integrable.
Therefore, on the event {7; = oo}, the limit of F'(8;) — F} ;. exists and is integrable. As a result,
the limit of F'(0)) — F}.;. exists and is finite on U?’;O{Tj = oo} O

Additionally, we can state the following useful result.

Lemma 12. If Assumptions 1 to 5, and Properties 1, 2 and 4 hold, and {0y} satisfy (4), then 3K € N
such that for any j > K, 3N; > 0 for which

iupIE [(F(0r) — Fi.p.)1 [T; > k]] < Nj. (79)
>j

Proof. By Lemma 4, Property 2, and any k > 7,

C o0
E[(F(0k1) = Fio )Ll > Fl+ 7 D0 Amax(Mo)'
t=k+1
< Cy 14+ & - 1+
S exp m)\max(Mk) E [(F(ek) - -Flb)1 [Tj >k — 1” + 1 T a Z )\max(Mf)
t=k
(80)
Hence,
O oo
E[(F(Bi1) = Fun)U [y > K]+ 77— D0 Auax(Me)'
t=k+1
o b o (81)
SO g 4—2 D Amax (M) | B [(F(0;) = Fup)l + — > Amax(Mp) |
« = + a =
where we have used 1[r; > j — 1] = 1. By Property 2, the summation in the exponent is finite,
which implies the result. O

D.3 GRADIENT FUNCTION ANALYSIS
Lemma 13. If Assumptions 1 to 5, and Properties 1 to 4 hold, and {01} satisfy (4), then, for any

0 >0,
P[HF(&,C)HQHTJ- >k-1<dio| =1 (82)

Proof. By Lemma 4,

%)\min(Mk)]E “)F(@@Hj 1r; >k — 1]} <E[(F(O) — Fup)1[r; > k —1]]

—E[(F(Ok+1) — Fro )]y > K] + 102aAmaX(Mk)1+“IE [(F(0r) — Frp)1[r; > k —1]]

Cl 14+«
mAmax(Mk) .

(83)

By applying Lemma 12,
1 . 2
5 Amin (M )E {HF(%)HQ 17 >k — 1]} <E[(F(0) — Fro)1[r; >k —1]]
(84)
CoN; +C
—E [(F(9k+1) — ﬂb)l [Tj > k’“ + )\maX(Mk)l—HX (211—;1> .
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By summing and using Assumption 1,

;gkmm(Mk)E [HF(Gk)Hz 1[r; > k]}

(85)
CoN; 4 C1
<E[F(§;) — F, N A (M)
<E[FO;) - Fp]+— kZ_J (M)
By Property 2, the right hand side is bounded. Now, by Property 3,
. 2
lim inf E [HF(&@H 17, > k]] ~0. (86)
k—o0 2

Using Markov’s inequality, for any / € N and any 6 > 0,

P lﬁ {HF(Gk)HQI [r; > k] > 5}] < %gg?E [HF(@,ﬁ)H; [r; > k]] —0. @87
k=¢ 2

As the countable union of sets of measure zero have measure zero, the result follows. O

Corollary 4. If Assumptions 1 to 5, and Properties 1 to 4 hold, and {0y} satisfy (4), then, on
U;’io{yj = 0o}, limg_y0 || F'(0)]| = 0.

Proof. Let§ > 0and y > 0. Note, 1{v; > k] < 1[v; > k — 1]. Then,

g H‘F(e’““)Hz L[y > k] > 6+ Lo(0x) FaryTia,

‘F(ek)HQ 1y >k—1]< 5‘ fk} (88)

: P{ (HF(ok+1)H2 N HF(Q’“>H2 - HF(G’“)HQ) L[y > K] > 6+ Lo(bp) 77,

HF(@@(L 1y >k—1]< 5‘&] (89)
< ]P)|:,C€(9k) H6‘k+1 — eng 1 [l/j > k] > Eé(ek)ﬁ’}/ﬁ, (90)
‘]F(ek)H21[yj >k —1] gé]-‘k} ©1)

<P L00) T 01— Oull5 L[y > K] > 7757,

F(ek)H2 1y, >k—1] < 5‘ ]—'k] 92)

1 .
< ;)\max(Mk)”o‘Ee(Gk)G(Ok)l v > k—1]1 [”F(Gk)Hz 1y; >k—1] < 5} (93)
< %)\max(Mk)lJra (Cr + Co(F(0k) — Fro)1[v; > k — 1] 4 C56%) O

where we have made use of Assumption 4, Markov’s inequality, and Assumption 5 in the last two
lines. Taking expectations, using supy ; E[(F'(0k) — Fip.)1[v; > k]] < N; (Lemma 12), and
applying Borel-Cantelli with Property 2, we conclude

P £@)|, 1005 > K> 6+ LB ey,

’F(ek)Hz 1y, >k—1 <6 zo} = 0. (95)

Since -y is arbitrary, the result holds for a collection of 7,, | 0. As the countable union of measure
zero events has measure zero,

P {HF(H’““)HQ 1[v; > k] > 6,

F(ek)H2 1[; > k=1 <dio] =0, (96)

Using this result in conjunction with Lemma 13, P [limk_mo HF(F)kH)H 1v; >kl =0| =
2

1. Hence, on the event {v; = oo}, lim_,o0 |[F(fx)]] = 0. Thus, on UXo{y; = oo},
limy o0 [|F(61)]| = 0. =
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D.4 STOPPING TIME ANALYSIS

By Lemma 1, {7; = k} C {v; = k}. Therefore, {r; < k} C {v; <k}, and {r; > k} D {v; > k}.
Using these relationships, we can compute the probabilities of {7; = k} and {v; = k}.

Theorem 5. Let {7; : j + 1 € N} be defined as in (12), and {v; : j + 1 € N} be defined as in (13).
If Assumptions 1, 2 and 4 and Property 1 hold, and {01} satisfy (4), then, for any j +1 € N and
anyk+1€N,

.
Pl7, = k| Fe] < Py = k| Fa] < {0 k<, ©7)

Amax (M) k> 4.
Moreover, if Property 2 also holds, then P [U?‘;O{Tj =oo}] =P [U?‘;O{Vj =oo}| = L.

Proof. The case of k < j is trivial. So consider only k£ > j. By the construction of L(-,-) and

,CE('), w e {L(@k,ak_H) > ﬁe(ﬁk)} implies w € {||9k+1 — 9k||2 > (G(Gk) V 6)1‘*%‘} Using (4),
Markov’s inequality, Property 1, we conclude

. 14+
Blrj = k| Fi] SPlv; = k| Fi] <P [HMkf<ek,xk+l>H2 > GOr) V e fk} 98)
. 1+«
)‘maX(Mk)1+aE I:“f(ekan+l‘)2 fk]
99)

- G(Qk) Ve
Applying Assumption 4 supplies the bound on P [7; = k| Fy] and P [v; = k| F}]. For the second
part, note
Plrj=o00] > Py =00 > 1 -Plr; <oo] 21— Y Amax(Mp)' ™. (100)
k=j+1

Moreover, {v; = oo} C {v;4+1 = oo}. Therefore,

P|J{r=oc}| 2P ||J{y =o0}| = lim Ply; = q]. (101)
i=0 i=0 e

Since lim; Plv; = oo] > 1 — lim; 3772 - Amax (M, )1+, applying Property 2 supplies the final
result. O
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