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ABSTRACT

A major challenge in modern machine learning is theoretically understanding the
generalization properties of overparameterized models. Many existing tools rely
on uniform convergence (UC), a property that, when it holds, guarantees that the
test loss will be close to the training loss, uniformly over a class of candidate
models. [Nagarajan & Kolter| (2019b) show that in certain simple linear and neural-
network settings, any uniform convergence bound will be vacuous, leaving open
the question of how to prove generalization in settings where UC fails. Our main
contribution is proving novel generalization bounds in two such settings, one linear,
and one non-linear. We study the linear classification setting of Nagarajan & Kolter,
(2019b)), and a quadratic ground truth function learned via a two-layer neural
network in the non-linear regime. We prove a new type of margin bound showing
that above a certain signal-to-noise threshold, any near-max-margin classifier will
achieve almost no test loss in these two settings. Our results show that near-max-
margin is important: while any model that achieves at least a (1 — €)-fraction of
the max-margin generalizes well, a classifier achieving half of the max-margin
may fail terribly. Our analysis provides insight on why memorization can coexist
with generalization: we show that in this challenging regime where generalization
occurs but UC fails, near-max-margin classifiers contain both some generalizable
components and some overfitting components that memorize the data. The presence
of the overfitting components is enough to preclude UC, but the near-extremal
margin guarantees that sufficient generalizable components are present.

1 INTRODUCTION

A central challenge of machine learning theory is understanding the generalization of overparame-
terized models. While in many real-world settings deep networks achieve low test loss, their high
capacity makes theoretical analysis with classical tools difficult, or sometimes impossible (Zhang
et al., [2017; Nagarajan & Kolter, 2019b)). Most classical theoretical tools are based on uniform
convergence (UC), a property that, when it holds, guarantees that the test loss will be close to the
training loss, uniformly over a class of candidate models. Many generalization bounds for neural
networks are built on this property, e.g. Neyshabur et al.| (2015; 2017bj [2018)); Harvey et al.|(2017);
Golowich et al.| (2018)).

The seminal work of |[Nagarajan & Kolter| (2019b) gives theoretical and empirical evidence that UC
cannot hold in natural overparameterized linear and neural network settings. The impossibility results
of Nagarajan and Kolter are strong: they rule out even UC on the smallest reasonable algorithm-
dependent family of models, that is, any possible models output by learning algorithm on typical
datasets. In particular, they prove that in an overparameterized linear classification problem, models
found by gradient descent will achieve small test loss, but any UC bound over these models will be
vacuous. In a two-layer neural network setting, Nagarajan & Kolter| (2019b)) empirically demonstrate
the same phenomenon for the 0/1 loss.

Many margin-based generalization bounds do not technically fit into the category of UC bounds
defined by Nagarajan and Kolter, but still may be intrinsically limited for similar reasons. Classical
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Figure 1: Thresholds for Uniform Convergence and Generalization.

margin-based generalization guarantees bounds (see eg. [Shalev-Shwartz & Ben-David (2014);
Kakade et al.|(2009)) and related margin bounds for neural networks (Wei & Mal 2019a}; 2020;
Bartlett et al., 2017 |Golowich et al., [2018) scale inversely polynomially in the margin size, and are
typically proved via uniform convergence on a surrogate loss (eg. the hinge loss or ramp loss) that
upper bounds the 0/1 misclassification loss. Nagarajan and Kolter’s results show that any UC bound
on the ramp loss is vacuous in an overparameterized linear setting, suggesting (though not proving)
that classical margin bounds may not be useful. Muthukumar et al.|(2021)) shows empirically that
such margin bounds are vacuous in a broader linear settings. In light of this, it is very important to
develop theoretical tools to analyze generalization in settings where uniform convergence cannot
yield meaningful bounds.

In this paper we establish novel margin-based generalization bounds in regimes where UC provably
fails. These bounds guarantee generalization in the extremal case where the model has a near-
maximal margin, and thus we call them extremal margin bounds.Indeed, near max-margin solutions
are achievable by minimizing the logistic loss with weak /s-regularization (Wei et al.l 2019)), and
minimizing the unregularized logistic loss with gradient descent converges to a stationary points of
the max-margin objective (Lyu & Li,[2019; |Lyu et al., [2021)). In linear settings, SGD converges to the
max-margin (Nacson et al., 2019).

Our results consider two settings, the linear setting of | Nagarajan & Kolter| (2019b)), and a commonly
studied quadratic problem learned on by a two-layer neural network (Wei et al., [2019; |[Frei et al.,
2022b). In Theorems and@, we prove that above a certain signal-to-noise threshold kg, near-
max-margin solutions will generalize. Below this threshold, max-margin solutions may not generalize
(Proposition[3.3)). Below a second higher threshold, kyc, uniform convergence fails (Proposition [3.4).
In Figure [I| we illustrate these three regions; the main significance of our results is in the challenging
middle region between kg, and sy Where generalization occurs, but UC fails.

Additionally in this regime where UC fails, we show that classical margin bounds can only yield
loose guarantees, even for the max-margin solution (Proposition and [3.6). We prove this by
showing the existence of models that achieve a large but non-near-max-margin (e.g., half the max-
margin), but do not generalize at all. This phase transition between good-margin and near-max-margin
cannot be captured by classical margin bounds where the generalization guarantee decays inversely
polynomially in the margin. Our extremal margin bounds are fundamentally different from classical
margin bounds and are not based on uniform convergence.

Prior works have also studied the challenging regime where uniform convergence does not work. In a
linear regression setting, |[Zhou et al.| (2020) and Koehler et al.|(2021) show that the test loss can be
uniformly bounded for all low-norm solutions that perfectly fit the data (this uses the data-dependent
interpolation condition to improve upon UC bounds); nevertheless, |Yang et al.| (2021]) shows that
such bounds are still loose on the min-norm solution. Negrea et al.|(2020) suggests an alternative
framework based on uniform convergence over a less complex family of surrogate models; they use
this technique to show generalization in a linear setting and in another high-dimensional problem
amenable to analysis. To our knowledge, our results are the first instance of theoretically proving
generalization in a neural network setting (that is not in the NTK regime) where UC provably fails.

We leverage near-max-margins in a unified way for both the linear and nonlinear settings, and we hope
that this approach will be useful more broadly in overparameterized settings. In the challenging regime
of generalization without UC, good learned models contain some generalizable signal components
and some overfitting components that memorize the data. Our main technique is to show that any
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near max-margin solution has to contain both signal components and overfitting components. The
overfitting component causes UC to fail, but fortunately, has a reduced influence on a random test
example, whereas the signal component has a similar influence on training and test examples.

1.1 ADDITIONAL RELATED WORK

A large body of work highlights challenges in using classical statistical theory to explain generalization
in deep learning. Experimental results (Zhang et al.,[2017; Neyshabur et al., 2017a)) point out that
despite being large in traditional capacity measures such as Rademacher complexities, deep networks
still generalize well, and new explanations are needed to understand this behavior. Belkin et al.|(2018))
show that similar challenges hold in kernel methods. Beyond the work of Nagarajan & Kolter| (2019b)),
Bartlett & Long (2021) prove that in a linear interpolation setting, model-dependent generalization
bounds fail for the min-norm solution. |[Koren et al.|(2022) show that SGD can exhibit a benign
underfitting phenomenon where the test loss is small but empirical loss is large.

One related body of work has focused on characterizing “benign overfitting”, where the model overfits
to noise in labels of the training data but still attains good test performance. Our setting differs from
benign overfitting because we study models that overfit prohibitively enough to preclude UC even
with clean data. For models that overfit to noise, (i) it still may be possible to for algorithm-dependent
notions of a UC bound to explain generalization on clean data, and (ii) if the overfitting is avoided with
regularization, UC bounds may also be possible. Most of the results in this area concern linear models:
Bartlett et al.|(2020) analyze benign overfitting in regression problems by leveraging a closed form
expression for the min-norm solution. [Muthukumar et al.| (2021); |Shamir| (2022); Cao et al.|(2021);
Wang & Thrampoulidis| (2020); |Chatterji & Long (2021) and [Wang et al.|(2021) study classification
settings. The setting of |Chatterji & Long|(2021) is particularly similar to ours since it considers
the max-margin solution under a Gaussians mixture. The works of [Muthukumar et al.| (2020) and
Shamir| (2022)) reveal that is often possible to have benign overfitting in classification, whereas in
regression for the same covariate distribution, the overfitting would imply poor generalization. Also
closely related to our work on linear classification is the work of Montanari et al.| (2019), which
asymptotically characterizes the generalization of the max-margin solution as n,d — oco. Benign
overfitting in neural networks has been shown in several simple settings. [Frei et al.|(2022a)) analyzes
two-layer neural networks trained by gradient descent on linearly-separable data. |Cao et al.[(2022)
studies benign overfitting for a two-layer simplified convolutional network. Their techniques involve
decomposing the output of the network into a sum of two terms, one involving the signal feature, and
one involving the noise feature. Our techniques are very different because this decomposition is not
possible for a fully connected 2-layer neural network.

More broadly, a variety of new generalization bounds have been derived in hopes of explaining
generalization in deep learning. While none of these bounds have been explicitly proven to succeed
in regimes where UC fails, they leverage additional properties of the training data or the optimization
process and thus are not directly susceptible to the critiques of Nagarajan & Kolter| (2019b). Among
these are works that leverage properties such as Lipschitzness of the model on the training data (Arora
et al.| 2018} [Nagarajan & Kolter, [2019a; Wei & Mal, [2019ab)), use algorithmic stability (Mou et al.|
2018 [Li et al.| | 2019a; |Chatterjee & Zielinskil [2022)), or information-theoretic perspectives (Negrea
et al.,[2019; |[Haghifam et al., | 2021)).

Finally, a body of work seeks to draw connections between optimization and generalization in deep
learning by studying implicit regularization effects of the optimization algorithm (see e.g. (Gunasekar|
et al.,[2017; L1 et al., 2017} |Gunasekar et al., 2018ab; [Woodworth et al.,|2020; [Damian et al., 2021}
HaoChen et al.,[2020; |Li et al.| [2019b; [Wei et al., 2020) and related references). Most relevent in this
literature is the aforementioned work connecting gradient descent and max-margin solutions.

2 PRELIMINARIES

Our work achieves results in two settings. The first is a linear setting previously studied by Nagarajan
& Kolter|(2019b) where both the ground truth and the trained model are linear. In the second nonlinear
setting, studied before by [Wei et al.| (2019); [Frei et al.|(2022b), the ground truth is quadratic, and
the trained model is a two-layer neural network. In both settings, the data is drawn from a product
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Figure 2: Left: Quadratic XOR Problem. Middle: H?;ESR” ' (red) and KUXCOR’h (green) as a function of

h. Right: Regions in which theorems hold. As shown in this figure, our results only hold when there
is sufficient overparameterization, that is, d > cn for a constant c.

distribution on features involved in the ground truth labeling function, and “junk” features orthogonal
to the signal. We formalize the two settings below.

Linear setting

» Data Distribution. Fix some ground truth unit vector direction 1 € R%. Let 2 = z + £, where
z ~ Uniform({u, —p}) and & is uniform on the sphere of radius v/d — 1o in d — 1 dimensions,
orthogonal to the direction p. Let y = u”'z, such that y = 1 with probability 1/2 and —1 with
probability 1/2. We denote this distribution of (z,y) on R? x {—1,1} by D, 5 4.

» Model. We learn a model w € R? that predicts § = sign(f,,(z)) where f,(z) = wlz.

Setting for Two-Layer Neural Network Model with Quadratic “XOR” Ground Truth

» Data Distribution. Fix some orthogonal ground truth unit vector directions z; and j5 in R?.
Let x = 2z + &£, where z ~ Uniform({u1, —p1, po, —p2}) and & is uniform on the sphere of
radius v/d — 20 in d — 2 dimensions, orthogonal to the directions y; and p. Lety = (ufz)? —
(uF'z)? for some orthogonal ground truth directions p; and ps (see Figure left)). We denote

this distribution of (x,y) on R? x {—1,1} by D,,, ,.,.0.a- We call this the XOR problem because

y = XOR ((p1 + p2)" '@, (—p1 + p2)*'x). For instance, if p1y = ey and pp = e, then y = 23 — 23,

As can be seen in Figure [2[left), this distribution is not linearly separable, and so one must use
nonlinear model to learn in this setting.

» Model. Fix a € {—1,1}™ so that ) . a; = 0. The model is a two-layer neural network with m

hidden units and activation function ¢, parameterized by W € R™*?. W (which will be learned)
represents the weights of the first layer and a (which is fixed) is the second layer weights. The model
predicts fu (z) = Y10, a;¢(w! x), where w; € R? denotes the i’th column of W. We work with
activations ¢ of the form ¢(z) = max(0, z)" for h € [1,2), and require that m is divisible by

We define a problem class of distributions to be a set of data distributions. In this paper, we work
with the linear problem class ng‘dcar = {Du . i € RY|ul = 1}, and the quadratic problem
class fo’(gp‘ = {Dyy yp.ond : 1 L p2 € R |1 || = ||u2]| = 1}. Here || - || denotes the ¢ norm.

We will sometimes abuse notation and say that  ~ D instead of saying that (z,y) ~ D.
Before proceeding, we make some comments on the parameter settings and compare to related work.

Large dimension assumption. In both the linear and non-linear settings, our focus is an overparame-
terized regime where the dimension d is at least a constant factor times larger than n, the number of
training samples. Such an assumption is mild relative to the assumptions made in related work, which
require d = w(n) (see eg. (Cao et al.,[2021; [Wang & Thrampoulidis, [2020; Muthukumar et al., 2021}
Shamir, [2022; |Chatterji & Long, 2021) on linear models; for neural networks, the closest related
works of [Frei et al.| (2022a) and |Cao et al.| (2022) assume that d > n? or stronger). When the dimen-

!The assumption that 1 is divisible by 4 is for convenience, and can be removed if m is large enough.
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sion is sufficiently large (in particular, at least w(n)), with high probability, the max-margin solution
coincides with the min-norm regression solution (see/Hsu et al.|(2021)), meaning the max-margin
solution can be analyzed via a closed-form expression. Our work is fundamentally different from the
work on linear classification which operates in the d = w(n) regime, because in our setting when
d = ©(n), these two solutions do not coincide.

Assumption on Data Covariance. Many works on linear classification study more general data
models which allow arbitrary decay of the eigenvalues of the covariance matrix (eg. Muthukumar
et al. (2021);[Wang & Thrampoulidis|(2020); Cao et al.|(2021)), or variance in the signal direction,
that is, z! 'y # y (eg. [Shamir (2022)). We work with a simpler distribution, which is still challenging,
because it defies existing analyses built on UC or closed-form solutions.

2.1 BACKGROUND AND DEFINITIONS ON UNIFORM CONVERGENCE

In this subsection, we provide some definitions from |[Nagarajan & Kolter| (2019b)) on algorithm-
dependent UC bounds. We also provide some definitions and background on margin bounds.

For a loss function £ : R x R — R, and a hypothesis & mapping from a domain X to R, we
define the test loss on a distribution D to be Lp(h) := E(, ,y~pL(h(z),y). For a set of examples
S = {(xi,Yi) Yie[n)> we define Lg(h) := E;c[,) L(h(x;),y;) to be the empirical loss.

Unless otherwise specified, we will use £ to denote the 0/1 loss, which equals 1 if and only if the
signs of the two labels disagree, that is, L£(y,y’) = 1(sign(y) # sign(y’)).

Typically in machine learning one considers a global hypothesis class G that an algorithm may explore
(e.g., the set of all two-layer neural networks). A uniform convergence bound, defined below, may
hold over a smaller subset H of G, eg. the subset of networks with bounded norm.

Definition 2.1 (Uniform Convergence Bound). A uniform convergence bound with parameter €y;¢
for a distribution D, a set of hypotheses H, and loss L is a bound that guarantees that

1
— > gl < =, .
Sf{)n[sgg [Lp(h) = Ls(h)| > €unit] < 4 2D

A uniform convergence bound can be customized to algorithms by choosing H to depend on the
implicit bias of an algorithm. For instance, if an algorithm .4 favors low-norm solutions, one could
choose H to be the set of all classifiers with bounded norm. Of course, if H is too small, it may not
be useful for proving generalization, because A will never output a solution in . We formalize the
notion of choosing a useful algorithm-dependent set 7 as follows.

Definition 2.2 (Useful Hypothesis Class). A hypothesis class H is useful with respect to an algorithm
A and a distribution D if Prg..pn[A(S) € H] > 2.

Remark 2.3. Our definition of a uniform convergence bound on a useful hypothesis class is essentially
equivalent to the definition of algorithm-dependent uniform convergence bound in \Nagarajan &
Kolter|(2019b). We introduce new terminology since we use it later in our results on margin bounds.

More generally, we can have generalization bounds that do not yield the same generalization guarantee
for all elements of 7. Instead, their guarantee scales with some property of the hypothesis / and the
sample S. We call these data-dependent bounds. Such bounds are useful if the favorable property is
satisfied with high probability by the algorithm of interest.

One specific type of data-dependent bound depends on the margin achieved by the classifier on the
training sample. We recall the definition of a margin:

Definition 2.4 (Margin). The margin y(h, S) of a classifier h on a sample S equals min, ,)c s yh(zx).

In certain parameterized hypothesis classes it is useful to define a normalized margin. If fy is
h-homogeneous, that is, f.y (z) = c" fyr () for a positive scalar ¢, we define the normalized margin

S
¥(fw,S) = % =v(fw/ wy»S)s (22

where we define the norm ||[IV|| to equal \/E;em|[|w:||?], where wj is the i’th column of V.
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We will use v*(.5) to denote the maximum normalized margin. When we are discussing the linear
problem, we let v*(S) be the max-margin over all vectors w € R¢ with norm 1, that is 7*(5) :=
SUD w2 <1 V(S fuw)- In the XOR problem, we use v*(.5) to denote the max-margin over all weight

matrices W € R™*? with norm 1, that is v*(S) := Supyyw <1 Y(S, fw)-

Most classical margin bounds prove that the generalization gap can be bounded by a term that scales
inversely linearly or quadratically in the margin (Koltchinskii & Panchenkol [2002; |Kakade et al.,
2009). More generally, we will call margin bounds in which the generalization guarantee scales

P
with (m) for a constant p a polynomial margin bound. Such bounds usually rely on proving
uniform convergence for a continuous loss that upper bounds the 0/1 loss. As we will show in the
next section, such bounds are also intrinsically limited in regimes where UC fails on the 0/1 loss.
In contrast to this, in our work, we prove bounds for classifiers that achieve near-maximal margins.
Definition 2.5. A classifier h is a (1 — €)-max-margin solution for S if y(h, S) > (1 — €)v*(5).

We refer to a bound that holds for (1 — ¢)-max-margin solutions as a extremal margin bound.

3 MAIN RESULTS

In the following section, we state our main results for the linear and quadratic problems, and provide
intuition for our findings. As illustrated in Figure[I] and in more detail in Figure 2[right), our results
show different possibilities for a near max-margin solution depending on the size of k := %, a
signal-to-noise parameter, where o, d are as in Sectlon@ When « is smaller than some threshold ke,
we are not guaranteed to have learning: even a near max-margin solution may not generalize. When
K exceeds Kgen by an absolute constant and when 02 < 1, our results show that any near max-margin
solution generalizes well. Finally, we show that if « is smaller than a second threshold «,., then
uniform convergence approaches will fail to guarantee generalization. All of our results additionally
include an overparameterization condition that d > cn for a constant c, as is pictured in Fig[2[right).

The exact thresholds xgen and xyc depend on the problem class of interest, but in both the linear
setting and the nonlinear setting we study, we show that £yc > Kgen. Thus we observe a regime where
uniform convergence fails, but generalization still occurs for near max-margin solutions.

For the linear problem, we define the universal constants

K™ := 0 and ke = 1. 3.1

For the XOR problem with activation relu”, for h € [1,2), we define the constants

néi(nm’h .= the solution to 2% \/> \/; m and kXORM .= 4, (3.2)

The constants are pictured in Figure [2 r1ght) as a function of h. Observe that for h € (1,2), we

XOR,h XOR,h XOR PR
have Kgen < Kue ", and Kgn > 0. When h = 1 and the activation is relu, we have
L XOR. I XOR,h . . .
Kgen = Kuc , and thus we do not expect to have a regime where uniform convergence fails,

but max-margin solutions generalize. We elaborate more intuitively on why h > 1 allows for
generalization without UC in Section

Our first theorem states that when K > Kgen, any near-max-margin solution generalizes.

Theorem 3.1 (Extremal-Margin Generalization for Linear Problem). Let § > 0. There exist constants
€ = €(9) and ¢ = ¢(0) such that the following holds. For any n,d,c and D € Ql“‘e“ satisfying
fig;,ear +o< k< %, and & =0 then with probability 1 — 3e™" over the randomness of a training
set S ~ D", for any w € R? that is a (1 — €)-max-margin solution (as in Definition , we have
Lp(fu) < e it e /8,

Attentive readers may observe that since /ilgié:lear =0, Theoremcan guarantee asymptotic general-

ization for some sequences of parameters (n;, d;, 0;);>1 even when x; = ﬁ = 0;500(1), as long
194

as o2 decays fast enough. In Theoremin the appendix, we state a more detailed version of this
theorem which states the exact dependence of ¢ and € on ¢, yielding precise results for k = o(1).
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We prove a similar generalization result for XOR problem learned on two-layer neural networks.

Theorem 3.2 (Extremal-Margin Generalization for XOR on Neural Network). Let h € (1,2), and let
d > 0. There exist constants € = €(0) and ¢ = ¢(8) such that the following holds. For any n,d, o and
De QZ_(’QR satisfying K = 70z > n?egR“h + 0 and % > ¢, then with probability 1 — 3¢ ="/ over the
training set S ~ D", for any two-layer neural network with activation function relu™ and weight

1
matrix W that is a (1 — €)-max-margin solution (as in Definition , we have Lp(fw) < e 2.

This theorem guarantees meaningful results whenever o is small enough. To see this, note that the
. . d 1
assumptions of the theorem require that & € |c, T L
this interval is non-empty. Further, the generalization guarantee is good if o is small enough (since
exp(—1/(co?)) tends to 0 as o approaches 0). For instance consider a setting where d > n, and
2

0% = %. Then our theorem guarantees that Lp (fi) < 1.

] . If o is small enough (in terms of §),

Key intuitions for generalization theorems. We demonstrate the gist of the analysis for the
linear problems with some simplifications. It turns out that two special solutions merit particular
attention: (i) the good solution w, = p that generalizes perfectly, and (ii) the bad overfitting

solution wy, :~ ﬁ > j y;&; that memorizes the “junk” dimension of the data, and satisfies
Elwy ~ \/7%[0 vil&l? = v d%z for all <. We examine the margin of the two solutions and have

_ _ do?
¥(wg, S) =1 and J(wp, S) = - (3.3)

At first glance, one might conclude that when ¥(w,, S) < 7(wy, S), the max margin solution will be
wy, which does not generalize. However, our key observation is that any (near) max margin solution
w always contains a mixture of both w, and w,. When the w, component is small but non-trivial and
the wy, component is large, the solution can simultaneously generalize but contain a large enough
overfitting component to preclude UC.

More concretely, suppose we consider the margin of a linear mixture w = aw, + Bwy satisfying
a? + 32 = 1 so that ||w||o = 1. Itis easy to see that the margin on the training set is

'_y(w,S) = Of_Y(wgaS) +5’_Y(wb75) (34)
Meanwhile, the margin on an test example x is only slightly affected by wy:

0,2) = a3, ) £ B = et §) £ B2, )y (3.5)

The effect wl x of the bad solution on the test sample is is smaller than 7(w, S) by a \/g factor
because x is a high dimensional random vector, and thus mostly orthogonal to wy. Therefore, even if
the margin on the training set mostly stems from the bad overfitting solution, that is, a7y (wg, S) <

B7(ws, S), the model may still generalize as long as oy (wg, S) > B5(ws, S)/%.

The optimal «, /3 satisfying a? + 32 = 1 that maximize the margin turns out to be proportional to the
original margin: § = Zgzbgg , yielding a max-margin of /3 (wg, 5)2 + 7 (wy, 5)2 & 4/ An,

oy (wg,S) "y(wg,S)2
By (wy,S) — F(wp,S)%"

of near-max margin solutions as long as % > (%)1/ 4, which by eq. occurs when 75 > 1.

In Appendix [A] we describe the challenges that arise when adapting these intuitions to nonlinear
setting, and our techniques for overcoming them.

Therefore, we have In other words, we should expect reasonable generalization

Before proceeding to our lower bounds, observe that a typical margin bound for the linear setting

would yield | Lp(w) — Lg(w)] < \/%lgsl o~ 2\/30\% +1/F", which is at least 2 for x < glinear — 1,

2More precisely, we will choose wy, to be the rescaled min-norm vector satisfying &7 wy, = y; for all 4. This
distinction is important in the case when d is only a constant factor larger than n, and the solution ﬁ Zj y;i&j

does not necessarily correctly classify the training data.



Published as a conference paper at ICLR 2023

We now proceed to present our lower bounds, which show when near max-margin solutions may not
always generalize, and when UC bounds and polynomial margin bounds are impossible.

If K < Kgen, it is possible that a near-max margin solution does not generalize at all. Since rgen = 0
in the linear setting, we only state this result for the XOR problem.

Proposition 3.3 (Region where Max-Margin Generalization not Guaranteed). Let h € (1,2), and let
€ > 0. There exists a constant ¢ = c(€) such that the following holds. For any n,d, o and D € QZ(BR

. . XOR,h d . 1. —n/ec .
Satisfying K < Kgppy —eand > c, with probability 1 — 3e n/¢ over S ~ D", there exists some

W with |W|| = 1 and v(fw,S) > (1 — €)y*(S) such that Lp(fw) = 3.

Theorems and Prop. demonstrate that in the XOR problem, there is a threshold in x above
which generalization occurs. If & is above this threshold, we achieve generalization when 02 < 1.

The next proposition states that when x < x,c, any algorithm-dependent uniform convergence bounds
will be vacuous, that is, its generalization guarantee will be arbitrarily close to 1. We state our results
for the linear and XOR neural network settings together; we state the more complicated XOR result
in full and then mention how the linear result differs.

Proposition 3.4 (UC Bounds are Vacuous). Fix any h € (1,2), and 6 > 0. For any n,d,o and
De QﬁgR, if né(n)R’h + 8 < k < KXORK 5, there exist strictly positive constants € = ¢(8) and
¢ = ¢(8) such that the following holds. Let A be any algorithm that outputs a (1 — €)-max-margin
two-layer neural network fy for any S € (R% x {1, —1})". Let H be any hypothesis class that is
useful for D (as in Definition[2.2)). Suppose that €.yt is a uniform convergence bound for D and H
that is, Prgpn [supp,cq, [Lp(h) — Ls(h)| > €unie] < 1/4. Thenif ¢ > c and n > ¢, we must have
€unif > 1-09.

A similar result holds for the linear problem with mgg;far +6 < K < KN — §and any D € Qg?jar.
In this case we achieve the guarantee that € nit > 1 — e 56407 — e~ "/8,

Prop. [3.4]is proved using the same technique as in[Nagarajan & Kolter| (2019b): we show that with
high probability over S ~ D™, the hypothesis .A(S) has good generalization, but on an “oppositite”
dataset ¢)(S) with the junk components reversed, the empirical error of A(S) is close to 1. This large
gap between empirical error and generalization forces €ynif-alg t0 be large.

Further extending this technique, we can also show the limitations of classical polynomial margin
bounds which achieve an bound that scales inversely polynomially with y(h, .S). We show that with
high probability over S ~ D™, the hypothesis .4()(.5)) has a large margin on the set S (a constant
fraction times the max-margin), but poor generalization on D. Since any polynomial margin bound
cannot predict much better generalization for the max-margin solution than for a solution with a
constant-fraction of the max-margin, we conclude that any such margin bound is far from showing
good generalization for the max-margin solution.

One subtlety to this approach is that here (unlike in the work of Nagarajan & Kolter| (2019b))), the
“opposite” data set 1(.S) is defined to be the data set with the signal features reversed. Thus we
can only show the limitations of polynomial margin bounds that are useful for both D and for its
“oppostite” distribution (D), which has the opposite ground-truth vector(s), which is a slightly
stronger assumption than in the work of [Nagarajan & Kolter| (2019b)). EI Formally, if D = D}jffar,

then we define (D) := Dlinear If D = DXOR _then (D) := DIOR

—H,0 " H1,42,07 H2,H41,0°
The following results state that if k < &y, then certain types of margin bounds cannot yield better
than constant test loss on even the max-margin solution.

Proposition 3.5 (Polynomial Margin Bounds Fail for Linear Problem). Fix § > 0. For any n,d,o
and D € Q}T‘flde“ such that /ﬁ};er;far +6 < Kk < glnear _§ and % > ¢, the following holds. Let A be

any algorithm so that A(S) outputs a (1 — €)-max-margin solution f,, for any S € (R% x {1, —1})".

3We believe considering such types of margin bounds is natural. Indeed, for most problems, the designer of
the generalization bound would not know in advance the ground truth distribution, but might know that the data
comes from some problem class, e.g., linearly separable distributions, or linearly separable distributions with a
sparse ground truth vector. In such cases, they would likely have to design a generalization bound that holds for
data coming from two distributions with opposite ground truths.
If we make this same stronger two-distribution assumption in Prop. we can additionally rule out one-sided
UC bounds, which only upper bound Lp — Ls.
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Let H be any hypothesis class that is useful for A (as in Deﬁnmo on both Dl‘“e“‘r and Dl"“e“r
Suppose that there exists an polynomial margin bound of integer degree p: that is, there is some G
that satisfies for D € {D, (D)},

G 1
Pr |sup L5 Ls } < -
P [sue 2o - 2oty = C
Then with probabllzty = —3e " over S ~ D", the margin bound is weak even on the max-margin

. p
solution, that is, > max (%, 1 — e 5607 — /8 _ 37'*@) , which is more than an absolute

HOD
constant.

This theorem says that no polynomial margin bound will be able to show that the test error of the
max-margin solution is less than an absolute constant. We know however from Theorem [3.1] that in
this same regime, the test error of the max-margin solution can be arbitrarily small for small enough
0. Thus no polynomial margin bound can predict this behaviour.

The attentive reader again may notice that if x — 0 as n and d grow, but generalization occurs, any
such margin bound is vacuous, in that % — 1. In Prop ??, we prove a more precise version,

yielding the exact dependence of ¢ and ¢ on the gap between r and the boundaries !¢ and fig;far.

We achieve a similar result in the XOR setting.

Proposition 3.6 (Polynomial Margin Bounds Fail for XOR on Neural Network). Fix an integer
p > 1, and any € > 0. There exists ¢ = c(p, €) such that the following holds for any n,d,c and
D e Q?SR with KXORb 4 e « i < IiXOR h_ % > candn > c. Let H be any hypothesis class

" gen
such that for D € {D, (D)},

Pr [all (1 — €)-max-margin two-layer neural networks fy for S lie in H] > 3 /4.
SN’DTL
Suppose that there exists an polynomial margin bound of degree p: that is, there is some G that

satisfies for D € {D, (D)},

G 1
Pr |sup L5 L
S~Dn he?l[-)t 5(h) ~ Ls(h) 2 (h S)p
Then with probablllty L _3e=m/¢ over S D", on the max-margin solution, the generalization

>1

*(S)p =c

Remark 3.7. The polynomlal margin impossibility results is slightly weaker for the XOR problem.
Namely, the hypothesis class H we consider is larger in the XOR problem: it must contain with
probability % any near max-margin solution, instead of just the one output by A.

guarantee is no better than , that is,

The combination of our generalization results and our margin possibility results suggest a phase
transition in how the margin size affects generalization. If the margin is near-maximal, Theorems [3.1]
and Prop. [3.2] show that we achieve generalization. Meanwhile, the proof of Props [3.5]and 3.6 suggest
that solutions achieving a constant factor of the maximum margin may not generalize.

The proofs of all of our results concerning the linear problem are given in Section[C} The proofs for
the XOR problem are in Section D}

4 CONCLUSION

In the work, we give novel generalization bounds in settings where uniform convergence provably
fails. We use a unified approach of leveraging the extremal margin in both a linear classification setting
and a non-linear two-layer neural network setting. Our work provides insight on why memorization
can coexist with generalization.

Going beyond our results, it is important to find broader tools for understanding the regime near the
boundary of generalization and no generalization. We conclude with several concrete open directions
in this vein. One question is how to prove generalization without UC when d < n, but the model
itself (e.g. a neural network) is overparameterized, and thus can still overfit to the point of UC failing.
A second direction asks if we can prove similar results in the non-linear network setting for the
solution found by gradient descent, if this solution is not a near max-margin solution. Indeed, in a
non-convex landscape, it not guaranteed that that gradient descent will find the max-margin solution.
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A PROOF OVERVIEW

In our proof overview, we focus on the linear problem. While basic steps and intuitions remain the same for
the more complicated neural network problem, we add explanation of where we need additional techniques or
insights.

The starting observation is that any solution w can be decomposed into a signal component and a overfitting
component. For the linear problem, lets call those components u and v respectively, where u is in the subspace
containing u, and v is orthogonal to y, such that w = u + v. Conveniently in the linear problem, we have
fw(z) = wTz = fu(x) + fu(x). The proof of our main results can be divided into three main parts, which are
sketched in the next three subsections.

A.1 THE OVERFITTING COMPONENT ONLY SLIGHTLY AFFECTS GENERALIZATION.

Since the “junk” features (orthognal to p) are high dimensional and have smaller variance, on a random
new sample drawn from the population distribution D, we have f,(z) = f.(x). We formalize the affect
on generalization in the following lemma, which shows that non-trivial generalization can occur so long as
[v]l2 $ 2u”p. Notice that if 0° < 1, this means the v component can be a great deal larger than the u

component without affecting generalization.

. T
Lemma A.1. Fix a distribution D, ».4 € Qu5™". Forw € R%, let w = u + v as above. Let q := ﬁ‘U”‘;. Then

forx ~ D, 54,
2

Pr|fo(2)] > yfu(@)] < 2¢ 507 + exp(—8d).

13
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We show a similar lemma for the two-layer neural network, proved in Section[D.4.1] Recall that for a two-layer
neural network with weight matrix W € R™*¢, we define fw (2) = E;c(mjaip(w] x), where the weights a;

are fixed, and w; is the ith row of TW. Recall that ¢(z) = max(0, 2)" for h € (1,2).

Lemma A.2. Fix a distribution Dy, jiy.0,a € U5O%. For W € R™ let W = U + V where V is
orthogonal to the subspace containing p1 and po. Then for some universal constant c, for any t > 1, with
probability at least 1 — e~ on a random sample © ~ Dy 1u0.0,d>

(@) = fo@)] < @IUI+3) (¢ + Do [VI® +2 ((t + Do |V]?) *.

A.2  ANY NEAR-MAX-MARGIN SOLUTION SHOULD LEVERAGE BOTH SIGNAL AND
OVERFITTING COMPONENTS.

A max-margin solution aims to maximize the minimum margin of any training example while holding the
norm of the solution constant. To get a sense of why such a solution must leverage both signal and overfitting
components, we consider first what would happen if we used a signal or overfitting component alone.

In the linear problem, setting v to be zero and only considering the signal direction, it is easy to check that the
max-margin solution is achieved by setting u = u, leading to a margin v, of 1. We call this good solution w,.

If we optimize in the direction orthogonal to 4 alone and set u to zero, the max-margin solution can be shown to
> 95

found by choosing v to be very near the vector ;w8

, which achieves a margin ~; of roughly % We call
this bad overfitting solution wyg.

Depending on the choice of o, the margin -, might be larger that ~y,. Fortunately, this does not preclude
generalization. Indeed, we will show that combining these two solutions achieves an even larger margin! Consider
constructing the solution @ = cuw, + Bwp and o + B2 = 1. It is easy to check since fy (x) = fu(x) + fo(z)
that w achieves a margin of « + . The following simple optimization program characterizes the optimal
trade-off between « and :

max ayy + B (A.1)
o+ 82 <1, (A.2)

Analyzing this program shows that optimal values are achieved by choosing % = ?/—i, which suggests that the
max-margin solution will include a significant component both of w, and wy.

While this alone is not enough to prove that any near-max-margin solution has a significant component of
u, we can extend this argument to show that any solution that achieves a margin larger than v, must include
some component in the signal direction, and in particular, this component must be in the p-direction. This is
formalized in Lemmal[C.2]

The linear problem had two nice properties which unfortunately we will not be able to leverage in the non-linear
problem:

1. Itis easy to understand the affect of linearly combining solutions from the signal space and the junk
space. That is, for any w = w + v, we have f,(z) = fu(z) + fo(x).

2. Any component in the signal subspace which improves the margin is guaranteed to stand alone as a
good enough solution. That is, for any v, if the margin of f,, is better than the margin of f,, then it
must be the case that f,, generalizes. This is because any component in the signal subspace which
improves the margin must be in the direction of f.

In the XOR problem, the failure of (1) to hold is challenging because it turns out that adding the max-margin
solutions in the signal space (which we call the “good” solution W) to the max-margin solution in the orthogonal
space (which we call the “bad” solution W) has the affect of partially cancelling each other’s margins out.
Ultimately, we will resolve this by showing that we can construct an alternate bad solution W, that does not
cancel out the margin at all when combined with the good solution W,. Even though alone W has a slightly
worse margin than W, we show that the benefit from combining W, and W, overcomes this loss. This benefit
scales with the convexity of the activation ¢ is the positive region. This is why we require that h, the power of
the activation, is strictly greater than 1.

The failure of (2) to hold is challenging because there are many weight matrices U in the p1, 42 subspace that
may improve the margin, but not stand alone well. For instance, U might just use the p; direction and not the po
direction, and thus still improve the margin, but not stand well alone. Fortunately, we can rule out this behavior
by arguing, similarly to before, that any solution that does not use both signal directions equally cannot exceed a
certain (non-maximal) margin. This argument takes the form of a series of lemmas presented in section[D.1}
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Even more challenging however is the potential to have a component W that uses its component in the w1 -
direction (or analogously in the uo-direction) only to improve the margin on points from one of the two positive
clusters (see Figure[2). We are able to rule out this behavior by reducing our understanding of max-margin
solutions on the neural net to a simpler 3-variable optimization problem which concerns a single neuron w € R?
and a pair of training examples x; and x;, from the two positive clusters (see Figure Ekleft)), thatis, z; = p1+&;,
and x;; = —p1 + &

Definition A.3 (Trivariate Subproblem).
max ¢(b+c¢) + p(=b+d): (A3)
b+ 2(8 +d¥) <1 (Ad)

In this problem, the variable b represents p” w, the strength of the signal component. The variable ¢ represents
wT'¢;, and d represents w™ & ;- the strengths of the overfitting components. This 3-variable optimization problem
can be viewed as an analog of the optimization problem in eq.[A1]

The following lemma argues that if the neuron w is on average good for both z; and z;/, ie., the objective is
large, then for both x; and x;, a constant fraction of the activation must be explained by the component of w in
the p1 direction.

Lemma A.4 (Simplification of Lemma . Suppose ¢(x) = max(0,z)" for1 < h < 2 and k > Kli,(fo,,k’h.
Then for any a sufficiently small constant € = €(k), any (1 — €)-optimal solution to the program in Deﬁniti()n
satisfies

1 o) > Q
2. ¢(=b) >

(1)é(b+ ¢); and
Q(1)p(—b+ d).

We note that this lemma is also the key step in arguing that signal solutions and in the overfitting solutions can
be combined efficiently enough that using a non-zero component in the signal-subspace is effective.

In Section D] we flesh out this argument in detail, making rigorous the reduction from the full neural net and the
full data-set to a the sub-problem in Definition[D.6]

A.3 ANY NEAR-MAX-MARGIN SOLUTION SHOULD HAVE A LARGE ENOUGH OVERFITTING
COMPONENT TO PRECLUDE UC.

In order to show the failure of standard uniform convergence bounds on the problems we consider, we must
argue that the overfitting component of any near-max-margin solution roughly exceeds the size of the signal
component, as outlined in the Intuition section. The argument described in the previous subsection guarantees
this: for this linear problem it is enough to show that v, > 4, and for the non-linear problem, we will need to
leverage the full version of Lemma|[D.T5] which shows that c and d are large relative to b.

A larger overfitting component than signal component ensures the phenomenon similar to the one described in
the work of Nagarajan and Kolter: if the signal component of the data were changed, but the junk feature stayed
the same, the data would still be classified correctly by the classifier learned on the original data. Showing this
phenomenon is the key step in proving Theorems[3:4] To prove the margin lower bounds, we also need to show
that the this “opposite” dataset is still classified with a large margin by the original classifier.

B AUXILIARY LEMMAS

If M is a matrix, we use || M||2 to denote the spectral norm of M.

We will use the following lemma throughout, on the concentration of random covariance matrices in both the
linear and XOR problems.

Lemma B.1 (Concentration of Random Covariance Matrix). There exists a universal constant (ig1) such that
the following holds. Suppose d > Cﬁmn and 2 € R¥™, where each column of 2 is a random vector distributed
uniformly on the sphere of radius \/do in d dimensions. There exists a universal constant Cgq such that with
probability at least 1 — 3e™" the following two events hold:

L |55 E - 1|l < QB

2. Forany ¢ € R", ifv € R is the minimum-norm vector v satisfying E*v = c exists and has

||,UH2 c llell3 1 1
2 € i | VT T
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The lemma still holds if the rows of Z are instead drawn i.i.d. from a sphere of dimension d — a of radius
Vd — ao in any subspace of dimension d — a, for a € {1,2}.

Proof. We prove this using a similar result for matrices with i.i.d. entries. Observe that = = ZD, where
Z € R**™ is a random matrix with i.i.d. normal entries from A(0, o?), and D € R™*" is the diagonal matrix

with D;; = "—‘_/E, where z; is the jth column of Z.
L E71 P J

Thus
Lo gl Z [ LpzTzp o (B.1)
o2d~ ~ 2_ o2d 5 ’
1 _
<|D|}|| =277z - D72 B.2
<Dz oy ) (B.2)
1 _
< ||D||§( TZTZ—JH +||D 2—1||2> (B.3)
o2d 5

Vershynin| (2018) (see Theorem 3.1.1 and the discussion thereafter), states that for any j, for some universal

2
constant C, with probability 1 — e™2", \% -1 <C \/g .|Vershynin (2018) (Ex. 4.7.3) also guarantees that
with probability 1 — 2e™", ﬁZ Tz -1 H 5 < C \/g . Unioning over the the first event occurring for all 7,

and the matrix concentration even happening, we have (for some new constant C'), with probability

1—-2 " —ne ™ >1-3e"", (B.4)

I7EE -1, <oV

For the second conclusion, it well-known that the min-norm solution to overparameterized linear regression
problem X' = b satisfies arg min,, yr,_, ||all2 = X (X X)'b, where 1 denotes the pseudo-inverse (see
eg. Bartlett et al.| (2020), page 5). Observe that 27 = is invertible since d > %I and thus Cfm\/g <1.1It
follows by that we can solve explicitly for v, yielding v = Z(E7Z) ™" ¢. Hence,

¢ lell3 1 1 .
o*d |1+ 0gmy/% 1 - Oeny/5

To see that the lemma applies if the rows of = are orthogonal to some subspace, it suffices to assume the
subspace is spanned by e; or e1 and es. Thus one can view the matrix = as being in R?~%*", and the conclusion
follows by replacing d with d — a. The constant (Jgg] can be adjusted so that the conclusion written holds for
a€{1,2}. O

TE)—IETE(ETE)—lc _ CT(:T:)—l

(B.5)

Lemma B.2. Let ¢(x) = max(0,z)" for h € (1,2). For any values s, t, we have ¢(s+t) < (¢(s)+¢(t))2" "

Proof. By homogeneity of ¢,

o(s)+o(t)  d(:5) + () B6)

P(s+1) ¢(1) ’ '
so we need to show that ¢(a) + ¢(b) > 2' " for any a + b = 1. Since ¢ is convex, subject to this linear
constraint, by the KKT condition, the minimum is attained when ¢'(a) = ¢’(b) which occurs when a = b =

(Note, we cannot have ¢’ (a) = ¢'(b) = 0, since at least one of a and b must be positive.

[HESIES

C PROOFS FOR LINEAR PROBLEM

Throughout this section, since we are only concerned with the linear problem, we will abbreviate {2 = Q},ifljar,

linear linear
Kue = Kye 7, and Kgen = Kgen

C.1 TECHNICAL LEMMAS

Throughout the following subsection, we assume D,, » 4 is fixed. For a vector w € RY, we let u = ppu’w and
v= (I — pp")w, such that w = u + v.

Our training data is given by the matrix (X, y), where X € R**™ and y € R", where z; = Xe;, and (2, y;)
denotes the jth training sample. Recall that we have z; = z; + &;, where z; = py;, y; ~ Uniform(—1, 1),
and &; is uniformly distributed on the sphere of radius o0+/d — 1 in the d — 1 dimensions orthogonal to p. We
use = € R4*™ to denote the matrix with columns &;.
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Lemma C.1. On the event that the conclusion of Lemma@holds for Z, for any v,

[oll2¢/ (1 + GEmy/5)
mingy;v’¢; < NG . C.1)

Proof. Let vy := min; y;v” &; and suppose y > 0; otherwise the lemma is immediate. Observe that ||v||2 must
be larger than the norm of least norm vector (call it w) achieving wT€;y; > ~ for all j, which implies that
|wT¢&;| > ~forall 5. Let ¢ := w”E, such that ||c||* > ny?. By Lemma L on this event of the lemma,

1 el 1 ny? K
T 1+ 0gmy/7 do* T 1+ 0Emy/G do® T 1+ Geay/g

The conclusion follows. O

ol = fJwl® >

2
<m1nij 57) . (C2)

Let Kgen := 0, and let Ky := 1.

The following is our main technical lemma. It shows that if the margin is near-optimal and K > Kgen, then w
must have a large component in the y direction. If additionally x < &y, then the spurious component must
explain more than half of the margin on every data point, or even more if  is very small.

Lemma C.2 (Main Technical Lemma) For any K > Kgen, there exist a universal constant c such that if
¢ < <min(k, 1) and VE < < Lmin (k, ), with probability 1 — 3¢~ " over (X,y), for any (1 — €)-margin
maxzmzzmg solution w with ||wH = 1 we have
wlp S 2v2
oll2vE = 3~
If additionally k < Ky and € < %min (m, %, (Kue — f-c)2) and \/g < % min (m %, (Kue — 5)2), then for
every j,

(C.3)

11 11
ijng > max (1 + Pt %) w” p = max (1 + P %) ijsz. (C4)

Proof. We condition on the events that the outcome of Lemmam(and hence Lemma@ hold of =, which
occurs with probability at least 1 — 3e™". By Lemma

v(w, S) = w’ p+ miny;nT, (C.5)
J

_or eley/ (0 GEy)
<w p—+ \/E .

Further, we can lower bound the max-margin by constructing a solution w in the following way:

(C.6)

Letw = where 4 = npy, and 0 is the min-norm solution to °= = (do?)y. Since the conclusion of

u+ H ’
Lemma B.1|holds, we have [|9]|* < ;—2=%—.

Thus we have
2<1 In > n + do? 7
Vn2? + no2d
(1fcm,/@>,/1+f. (C.8)
d K

We prove the first conclusion of the lemma first. Putting together Equations[C-5]and[C.7] we have

lvll2y/ (1 + Oz n
w”p+ (ﬁ d)z(l—e)v*(S)z(l—e)\/Hi(1—0 E)' (C.9)

Thus for some (different) universal constant C', we have

T [[v][2 n 1
> .
W+ N (1 e—C d) 1—|—K (C.10)
- e n 1 T,,)2 2
= (1 e—C d) 1+ - ( (wT )2 + vl ) (C.11)
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T

For the remainder of the proof, let €’ := e + C'\/Z. Letting ¢ = 1%-£, we have

ez

1 , 1
quﬁz(lfe) 1+E(\/1+q2>. (C.12)

Squaring and rearranging terms, we have

¢ (1 —(1-¢)? (1+ %)) +q (%) + (% —(1-¢)? (1+ %)) >0, (C.13)

or equivalently,

2
q q

where
ai=(r(1-(1=¢)") = (1-¢)%) (C.15)
622%7(1*6/)2 (14»%)7 (C.16)

Claim C.3. For a small enough constant 9, for any k,n,d,e > 0 such that \/g < % and € <

d min(k,1/K) 2v2
2 3

,we have a < 0, and ¢ < —

Proof. Not that the conditions of the claim imply that ¢’ < § min(x, 1/&). Thus for a small enough &, we have

2
(1—6,)2 > (1—6min <K7%>) > 1 — 35 min <m,%> . (C.17)

Thus for a small enough 4,

c:%— (1-¢)? (1+%) (C.18)
< l— (1—36min (H,l>) (1—&-1) (C.19)
K K K

. 1 1
< —1+4 36 min (m, 7> <1 + 7> (C.20)

K K
§71+65<723ﬁ, (€21

and similarly,

a=r(1-(1-¢)?) - (=€) (C.22)
< k(30 min(k,1/k)) — (1 — 3d min(k, 1/k)) (C.23)
< —1+66. (C24)
O

Viewing Equation as a quadratic function f of %, if the claim above holds, then

L SO e VB

q
ﬁ (C.25)

Since g was defined to be ﬁTT‘f, this proves the first part of the lemma for e, \/% <
large enough.

min(k

1
f’“) for a constant ¢

We perform a similar argument for the second conclusion. Observe that by plugging in the contents of
Equation@into Equation@ we have for some constant C' (whose value changes throughout this equation,
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but does not depend on k),

w' p+ mjin yvl € > (1 —e— C\/g) 1+ % (wT p)? + ||v||? (C.26)
U (A K (min; y;07¢;)?

Z(l € C\/;) 1+/~c\/(wTr“)2+ 1+Gm\/§ (C.27)
2

> (1 —e— C\/g) A/1+ Ili\/(wTu)2 + kK <mjin ijT§j> (C.28)

in; y;vT ¢, e qs . .
Letr := W Dividing through by w” 1 and squaring, we obtain:
n\’ 1
(r+1)*> (17670 3) (1+;) (1 + rr?), (C.29)

Rearranging, and multiplying by ~, we have

(rx)? (i - <1+%) (1—6—0\/Z>2> +2(k) + (n— (k+1) (1—6—0\/Z)Z> >0 (C.30)

Now, for K < Ky = 1, for a small enough constant § (independent of k), if \/g < W and ¢ <
M, we ¢ = 7k, we have
1 1
¢ (; — (1 + E) (1 — 30 (Kue — m)%))) +2¢+ (k= (K +1) (1 = 38(kue — K)°k)) >0, (C31)
$O
—q% (1 = 66(kuc — K)*) +2g — (1 — 65(kuc — &)%) > 0, (C.32)
or
P2 1> (€C33)
(1 —66(kuc — K)2) =7 '
Let 2 = 66(#yc — )2, The smallest root of this equation is given by

-2+2)+ 2+ -4 2+ — iz —a?

>1— .
— 3 >1 -z, (C.34)
s0q > 1—V60(Kue — K).
Thus for a constant § small enough, we have
inj y;0TE; 14+ -1 1
ming g0 & g 1+ VE—1) (L) (C.35)
wTp K K 2
O

The following lemma shows that the influence of the v on the label of a test example is small.

Lemma A.1. Fix a distribution D, ».,q4 € ng’;ar. Forw € R?, let w = u + v as above. Let q:= \TvTHZ Then
forx ~ Dy o4,
2
Prf| fu(x)] > yfu(x)] < 2”57 + exp(—8d).

T . o e . — X ~
Proof. For any z, we have f,(z) = u" p. Now f,(z) is distributed like ||v||ov/d 17@’ where X
N(0,1), and Y is a Chi-square random variable with d — 2 degrees of freedom. Thus we can bound the
probability that | f, ()| > yfu(x) by the probability that ||v||cX > Ly f.(z) plus the probability that X* + Y
is smaller than 4.

Thus we have

Prlf ()] 2 ufu(o)] £ PN 00l 2 ol e [P 4y < ] €30
= Pr[INV(0,0%)| > |q|/2] + exp(—d/8) (€37

< 26_5 + exp(—d/8). (C.38)

O
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C.2 PROOF OF MAIN RESULTS

We use the results of the previous subsection to prove our main results in the linear setting.

First we prove our linear generalization result, Theorem[3.1] which we restate for the reader’s convenience.
Theorem 3.1 (Extremal-Margin Generalization for Linear Problem). Let & > 0. There exist constants € = €()
and ¢ = ¢(0) such that the following holds. For any n,d,o and D € ng‘;ar satisfying /i(l;er,‘,ear +5< k< %,
and % > ¢, then with probability 1 — 3¢™™ over the randomness of a training set S ~ D", for any w € R? that
is a (1 — €)-max-margin solution (as in Definition , we have Lp(fw) < e_ﬁ‘ e /8,

We prove the following slightly stronger result, which implies Theorem 3.1} and gives the exact dependence of ¢
on 4.

Theorem C.4. There exists a universal constant c such that the following holds. For anyn, d, o and D € QST‘;‘"
such that k = 75 > ngr,’far and % > cmax (K—lz, ,%2), with probability 1 — 3e™" over the randomness of a
training set S ~ D", for any w € R? that is a (1 — €)-max-margin solution (as in Definition , we have

Lp(fuw) <e” S6doT + 67"/8, where € = %min (%7 m).

Proof._The proof follows from combining Lemmas [C.2] and Let c be the universal constant from Lem-
mas For any x > Kgen, by Lemmas for constants € = £ min (k, ), if £ > ¢® max (k?, %), with
probability 1 — 3e™", for any w which is a (1 — ¢) max-margin solution, we have

wT n \/5

> - C.39
ol = 3 (€39

Now appealing to Lemma A1} this means that £ (f,,) < 2" 5607 + exp(—d/8) < 2" 5607 + exp(—n/8).
O

To prove our impossibility results, for any D = D,, 4. € 2, we define the following mappings ¢ and ). For
(z,y) € R® x {—1,1}, where x = py + &, define ¥((z,y)) = (—py + &, y). This mapping swaps the signal
direction of the example, but maintains the label and junk component, and we will use it for our margin lower
bound. Define ¥ ((z,y)) = (uy — &, y), which swaps the signal direction of the example, but maintains the
label and junk component. We will use this for our UC lower bound.

For a set of training examples S, let 1(S) (resp. 1)(S)) be the set where each example is mapped via v (resp.

v). Finally define ¢(D) := D—_,,a,0 - Thus ¢(D) is the distribution with the opposite signal direction, and
¥(D) = D. It is immediate to check that for any classifier w € R, Lp(fuw) = 1 — Ly p)(fw). Note that 1
and ) implicitly depend on D through the parameter p. If it is not clear from context that we are speaking about

a specific D, we will use 1p or Yp to denote the mapping associated with D.

We now prove the the linear part of Proposition[3.4] We restate a version which just includes the linear part, and
gives more precise dependence of c and € on the distance between « and the boundaries ryc and Kgen.

Proposition C.5 (UC Bounds are Vacuous for Linear Problem (From Proposition @). There exists a universal
constant c for which the following holds. For any n,d,o and D € Q. j*" such that /@L‘;}far < g < gllnear

4> m, the following holds for any € <
which is a (1 — €)-max-margin solution for any S € (R* x {1, —1})". Let H be any hypothesis class that is
useful for A on D (as in Definition @ Suppose that eunit is a uniform convergence bound for D and H, that is,

Pr [sup |[Lp(h) — Ls(h)] > eunit] < 1/4.
S~D™ hen

K (e — k)2
c

. Let A be any algorithm that outputs w € R?

_ n _
Then eunis > 1 — € 36402 — ¢~ /8,

Proof. LetTp C 9®{=11D)" be the set of training sets S on which the conclusion of Lemmaholds
for S. Thus Prg.pn[S € Tp] > 1 — ‘387’”. Let H C 2(RdX{71’1})n be the set of training sets .S on which
A(S) € H. Thus Prspn[S € H] > 3.
Let Tp, be the set on which

|L‘/D(h) — £¢(s)(h)| < €unif Vh € H, (C.40)

where ¢ := tpp. By assumption, Prg~pn[¢(S) € Tp] = Prs~pn[S € Tp] > 2. By a union bound, for
n> 2,

lwo

Pr(SeThnSeToASeH] 21~ (1—%) - <1—%+3e*"> =-—-3">0. (C4)

20



Published as a conference paper at ICLR 2023

This is because the distribution of 1(S) with S ~ D™ is the same as the distribution of n samples from
(D) = D.

Let S be any set for which the three event above hold, ie.,
SeTp NS €ETypy NS € H. (C.42)

With f.,, = A(S), we have by combining the results of Lemmasand u that Lp(fw) < e~ 3as7 — e /8,
Further, by the second conclusion of Lemma we know that L4 (s (fw) = 1, since f,, misclassifies every

point in S. It follows that €ynis > 1 — e 56407 — ¢~ "/8, O

Finally we prove Propositionvia a similar technique, but using the mapping 1 instead of ).

Proposition 3.5 (Polynomial Margin Bounds Fail for Lmear Problem). Fix § > 0. For any n,d,o and
De Qh“ear such that H;L?,ear 40 < K < ginear _ 5 and > ¢, the following holds. Let A be any algorithm so
that A(S) outputs a (1 — €)-max-margin solution fy, for any S € (R? x {1, —1})™. Let H be any hypothesis
class that is useful for A (as in Definition on both Dh“e’” and DU Syppose that there exists an

e S
polynomial margin bound of integer degree p: that is, there is some G that satisfies for D € {D, (D)},
G 1
Pr |sup L3 L < =
25, [pam ot - 200> 2o

Then with probability % — 3e " over S ~ D", the margin bound is weak even on the max-margin solution, that

—n/8 3

— P Lo
is, > max (%, 1—e 3602 —e 7“) , which is more than an absolute constant.

_G
v (S)P
We prove the following slightly stronger result, which implies Proposition[3.3] and gives the conditions depending
on the distance between « and the boundaries xyc and Kgen.

Proposition C.6. There exists a universal constant ¢ such that the following holds. For any n, d,o and
D e th“ar such that k < K2R gnd i > m, the following holds. Let € = m and let A
be any algorithm so that A(S) outputs a (1 — €)-max-margin solution f., for any S € (R* x {1, —1})". Let

H be any hypothesis class that is useful for A (as in Definition on both Dlme“ and Dl_”;f’;‘,r Suppose

that there exists an polynomial margin bound of integer degree p: that is, there is some G that satisfies for
D € {D,%(D)},

G 1
£&E2%‘)‘“) MSJ<’

Then with probability % — 3e " over S ~ D", the margin bound is weak even on the max-margin solution, that

—n/8 3

= p Lo
is, *L >max (1.1 —e 3602 —e =E ) which is more than an absolute constant.
Y*(S)P = c? c

Proof. For any D € Q, let Tp C 9®{=L1D"™ be the set of training sets S on which the conclusion of

Lemmaholds for D and S. Thus for any D € Q, Prg~pn[S € Tp] > 1—3e ™. Let H C 2<RdX{’1’1}>n
be the set of training sets S on which A(S) € H. Thus forany D € Q, Prgpn[S € H] > 3.

For any D € (2, let T’ be the set on which

G
Lo(h) S Ls(h) + —e VhEM. (C.43)

By assumption, for any D € Q, Prg~pn[S € Tp] > 3.
Now fix any D = D,, .4 € 2. By a union bound, with ¢ = ¢p,

Pr [S € Th A(S) € Ty A(S) € H] > 1~ (1 _ %) - <1 - % + 36—") _ % e
(C.44)
This is because the distribution of ¢(S) with S ~ D™ is the same as the distribution of n samples from (D).
Let S be any set for which the three events above hold, ie.,
S € Tp AY(S) € Typy ANY(S) € H. (C.45)

With f., = A((S)), we have by combining the results of Lemmasmand.that Lyy(fw) <e T

and thus Lp(fw) > 1—¢ ~ 5402 . Further, by the conclusion of Lemma | we know that for (z;,y;) € S,
with y being the direction of the distribution ¥ (D), for some C' > 0,
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1 1

e > — = )w .
yo'E > (HC,%) " (C46)

Observe that v*(1(5)) < 1 (w” p + y;v"¢;), and thus letting b = w” p and @ = min; y;v" ¢;, we have

Y(fuw, 5) a-b max (14 5, 35) ~ 1
— = > (1 —e)—— 1-— >(1- 1—4k | > —,1—-2¢—-38
’y*(w(s))_( e)a+b>( E)max(1+é,i)+1_( €) max 30 k| > max Yok € K
(C.47)
since C' is a constant and e is sufficiently small.
It follows that for any such S, we must have
p
G > (1—e 9at)y(fw,S)’ > (1 — e 9407 ) max (%, 1—2e— 8/@) Y ((9))?. (C.48)

Thus for the distribution (D), with probability at least % — 3e™ ", the margin bound yields a generalization
guarantee no better than

__n 1
1— do? —1
(1 — e 9407 ) max ( Yol
where we have assumed c is a sufficiently large constant, and plugged in the assumption that ¢ < .

P 1 - P
— 2¢ — 8/@) > max (f, 1—e 92 — 9/{) , (C.49)
c

O
D PROOFS FOR XOR 2-LAYER NEURAL NETWORK PROBLEM
Throughout this section, since we are only concerned with the XOR problem, we will abbreviate 2 = QZ’;(OR,
_ _XOR,h _ _XOR,h '
Rue = Kuc , and Kgen = Kgen .

In subsection|D-1] we present a series of technical lemmas. In subsection[D.3] we prove our main theorems for
the XOR problem, assuming the technical lemmas. In subsection[D-4] we prove the technical lemmas.

D.1 TECHNICAL LEMMAS

Notation. Throughout the following subsection, we assume D = D, uy,0,4 € 2 is fixed. For a weight
matrix W € R™*%, we define U = Wllspan (g ,pe) @nd Vo= WL 00,01 00yt > Where Il is the orthogonal

projector onto T'. For i € [m], let w; € R, u; € R% and v; € R denote the rows of W, U and V respectively.
We use E to denote the expectation over ¢ uniformly in [m]. Let H4 : {i : a; > 0},and H_ : {i : a; < 0}

Recall that our samples z1,...,z, are of the form x; = z; + &;, where z; € {u1, —p1, p2, —p2} and
&; L span(u1, p2). Let P, P—1, N1 and N_; denote the four clusters of points, that is,

Pi={j€nl:z=m} (D.1)

Poa={jeln]:z=—m} (D.2)

N ={jen]:z =p2} (D.3)

Noa={jeln]:z =—pa} (D.4)

Let P = PLUP_j,and let N = N1 UN_;. Let Z € R¥*" be the matrix with jth column &;. Let
Nmin = min (JNV1], N1, [P, [P=1]), and nmax := max ([Ni|, [INZ1],|P1], |P=1|) such that we expect
Nmin aNd Nmax to be close to %, as per the Lemma below.
Assume throughout the following section that h € (1, 2) is fixed, and recall that we have defined the activation
#(2) = max(0, 2)"™.
Lemma D.1. For any 8 > 0, with probability as least 1 — 8e 85 over S € D", for all clusters C' €
P1,P_1,N1,N_1, we have

)ICI - %’ < fn, (D.5)

and thus for B < é,

Nmax _ max (|P1], [P-1|, N1, IN-1])
_ ma <1+ 168. D.6
Mo min (|P1, [P_a], M|, [NZ1]) — g (b0

This lemma follows immediately from Hoeffding’s inequality on Bernoulli random variables: To prove it, one
can apply Hoeffding’s inequality four times (once for each cluster), and take a union bound.
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D.1.1 OVERVIEW OF TECHNICAL LEMMAS.

Our goal will be to analyze near-optimal solutions to the following optimization program which is defined using
the n training examples.

Definition D.2 (Opt 1).
Parameter: Py
Variables: W € R™*¢

max vy D.7)
Eiaip(w; ;)y; >y V) (D.8)
Ei|lwi|® < Py (D.9)

In this subsection, we define a chain of optimization programs beginning from Opt 1. Each subsequent
optimization problem becomes simpler and involves fewer variables. The chaining lemmas in this section
typically show two conclusions:

1. If a solution is near-optimal for the ith optimization program in the chain, then that solution can be
transformed into a [series of] solutions that are [mostly] near-optimal for the (i + 1)th optimization
program in the chain.

2. An optimal solution to the ¢th optimization program in the chain can be converted into a near-optimal
solution to the (¢ — 1)th optimization program in the chain.

Ultimately, in Lemma[D.T5] we study the optimal solution to the final simplest optimization program, which
only includes 3 variables. From this, using the first conclusion of the lemmas, we are able to chain back through
the optimization programs to analyze certain properties of any W which is a near-max-margin solution. This
analysis ultimately leads to Lemmas[D.17]and Lemma[D.18] which are our main tools in proving generalization
and the impossibility of UC bounds.

The second conclusion of the lemmas allows us to construct a near-max-margin solution W which satisfies
certain properties allowing us to show the the limitations of margin bounds, and the failure of generalization for
near-max-margin solutions when & < Kgen. This is captured in Lemmas[D.25]|and

Chain of Optimization Programs. We define the chain of Optimization Programs. Unless otherwise
specified, all variables and parameters lie in R. Like Opt 1, these programs all assume that the set of training
examples S = {(;,y;)}jeqn is fixed.

Definition D.3 (Opt 2).
Parameter: P»
Variables: {cij}icim),jein) 18i Yiem, , {ti}iem_

max y (D.10)
%]EieH+¢(si +cij) >y Vi€ Py (D.11)
%EieH+¢(—si +cij) > Vj € P_1 (D.12)
%EieH, d(ti +cij) > Vj e M (D.13)
%]EieH_ S(—ti +ci) >~ VieN (D.14)
Bien, |4 g S| Bien |24 oy | <P (D.15)
o jer TYY
Definition D.4 (Opt 3).

Parameter: Ps
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Variables: {cij}YicH,jes,us_q» {biticn

max -y (D.16)
1
iEiEH(ﬁ(bi =+ Cij) >y Vj € S (D.17)
1
§EiEH¢(_bi teij) >y ViESa (D.13)
2 1 2
Eicu | b7 + o7 Z ci; | < P, (D.19)
JES1US 4

where sets S1, 51 C [n] with |S1] = |S—1| = nmin, and H C [m] with |H| = .

Definition D.5 (Opt 4).
Parameter: Py
Variables: {c;}icu, {di}icna, {bi}icH

max y (D.20)
1
§EmH¢@r+Q)ZV (D.21)
1
iEi€H¢(_bi +d;) >~ (D.22)
2 Nmin , 2 2
) 2 2 2V <
Eien (0] + 250 + D)) < Pu, (D.23)

where H C [m] with |H| = .

Definition D.6 (Opt 5: Trivariate Simplification).
Parameter: Ps
Variables: c,d,b

1
max o (¢p(b+c) + ¢(—b+d)) (D.24)
S <, (D.25)
where k= 743(‘7“3“.

For i € {1,2,3,4,5}, let D; denote the domain of parameters and variables in the program Opt . For an
instance of program Opt ¢ in D;, we say it is (1 — €)-optimal if the objective value given by the variables is at
least (1 — ¢) times the maximum objective value for the parameters in the instance. We use Z; € D; to denote
an instance of the program Opt . When such an instance is fixed, we will freely use the names of the parameters
and the variables associated with Opt i to refer to the variables and parameters of Z;. For instance, if Z; € D1,
then W is the variable associated with Z;.

D.1.2 CHAINING LEMMAS.

Throughout the following section, we globally assume that % > 46[%:] and e < i, such that on the condition

that Lemmaholds, we have (]m\/g < % Such conditions are assumed in the theorems that follow from
these lemmas, so there is no harm in making the assumption now. All of the lemmas in this section are proved in
Section|D.4.2]

Lemma D.7 (Opt 1 <+ Opt 2). Assume the conclusion of Lemma@holds for E.
Define the mapping V12 : D1 — D2 as follows. Given input I, with variable W = U + V, output:

« P,=P (1+0en/%)
o cij = vl foralli € [m), j € [n]
¢ 5, = ,u{wifor alli € Hy
o t; = ,uQTwiforalli € H_
Define the mapping 121 : D1 — D2 as follows: Given input s, output I, as follows:

N
Pr= e
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e Foralli € Hy, let u; = s;u1, and choose v; to be the min-norm vector such that v,-Tfj = ¢y for all
jE€Pandvlé; =0forallj € N.

e Foralli € H_, let u; = t;u2, and choose v; to be the min-norm vector such that ’U;'ng = ¢;; for all
j € Nandvl¢; =0forallj € P.

Then with € = \/1 —(1-¢) (1 —qm:l\/g)hr

1. If T, € Dy is (1 — €)-optimal, then 12(Z1) is 1 — € -optimal on Opt 1 and has objective value at
most 1%6, larger than the objective of 1.

2. IfIo € Do is (1 — €)-optimal, then 121(Z2) is 1 — € -optimal on Opt 1.

The following lemma states that in a near-optimal solution to Opt 1, most of the contribution to the norm
constraint comes from the the variables that get used in the mapping 12 to Opt 2.

Lemma D.8. Assume the conclusion of Lemma[B-1| holds for =. Then any solution W = U + V to Opt I with
lW || = 1 that is (1 — €)-optimal must satisfy:
1 3Bien, [l wil® + 2 Sien 06| + $Eien [lifwil®+ 22 Tep 0767 <
()’

/

2. Foratleastal — mfraction of the data points j, we have %Ei:sign(ai):—yj [(ving)ﬂ < % Kron:)

where ¢ = epg(e) := \/205m/5 + 2e

Lemma D.9 (Opt 2 <+ Opt 3). Define the mapping 23 : D2 — D3 X D3 as follows. Given input I, output
M, 7(® whereforI<1)'
3430 3 -

° H2:H+

o 1m. 2 1 2
* Py:=5Eien, (Si + %z Ljep Cz‘j)

e Let S1 be an arbitrary set of nmin elements of P1, and let S_1 be an arbitrary set of min elements of
‘P_1. Define c;; to be the same as in Iy forall j € S1US_1,1 € Hi.

e b, =s;forie Hy,
and for Iéz):

e H:=H_

e P3s:=FEicy_ (t? + # ZjEN 012.7)

 Let S be an arbitrary set of nmin elements of N1, and let S—1 be an arbitrary set of nmin elements
of N_1. Define c;j to be the same as in I forall j € S US_1,i € H_.

o b = tifori € H_,

Define the mapping 132 : Ds — D2 as follows. Given input I3, output Lo, where

Mmin

o Pyi= Py ()

* Define an arbitrary bisections w4 and w_ from Hy and H_ respectively to H. Similarly define
surjections py1: P1 — S1, p—1: P-1 — S—1, p+,1 : N1 — S1, p—1 : N1 — S_1, such that
forz € {1,-1}, ]E]‘EPIEieHC?p+’I(j) < E]’ESI]EZ‘QHC?J', and similarly, ]EjeNI]queHC?pi’z<j> <
]EjesmEieHC?j. Forti € Hy, define s; := b,r+(i) and cij := Cr_ (i)py . (j) forallz € {1,-1} and
J € Pz Fori € H_, definet; := b, _(;y, and c;j := c,ri(i)p%z(]-)forallx €{l,-1}andj € No.
Note that we here the c;; variables we are defining come belong to I, and they are define in terms of
the c;; variables from 1L3.

Then with €' = \/1 —(1—¢) (m)ih

Mmin
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1. If o € D5 is (1 — €)-optimal, then each instance of 123(I2) is (1 — €')-optimal on Opt 3, and has
objective at most ﬁ times the objective of Ls.

2. IfIs € D3 is (1 — €)-optimal, then v32(Z3) is (1 — €')-optimal on Opt 2.

Lemma D.10 (Opt 3 <> Opt 4). Define the mapping 134 : D3 — Dy™™ as follows. Arbitrarily choose a list of
Nomin pairs p = (j, 7') € S1 X S—_1, such that each j € Sy appears in one pair, and each j' € S_1 appears in

one pair. Given input I3, output Iép) for each pair p as follows:
o Py:=Eicn (b + 222 (cf; + ijr))
e Keep H and all the b; the same as in L.
* Putc; := cij and d; := ¢, foralli € H.
In reverse, define the mapping 143 : D4 — D3 as follows:
e Put P3 := Py.

e Keep H and all the b; the same as in Is.

Foralli € H, put c;j := c; forall j € Sy and ¢;5 := d; forall j € S_1.
Then:

1. IfI3 € D3 is (1 — €)-optimal, then on at least a 1 — \/€ fraction of the % instances of V34(Z4), the

instance is (1 — +/€)-optimal on Opt 4 and has objective value at most 171 7 larger than the objective

szg .

2. IfT4 € Dy is (1 — €)-optimal, then 1va3(Z4) is (1 — \/€)-optimal on Opt 3.

Lemma D.11 (Opt 5 <> Opt 4). define the mapping Va5 : Dy — D? as follows. Given input Ta, output %3
instances Iéi) fori € H with

o« PO =0l 4 5 + ),
* (bed)? = (bisciy i),
Define the mapping 54 : Ds — Dy as follows. Given input Ls, output:

A P4 = P5

For half of the © € H, put (b;, ¢;,d;) = (b, ¢, d).

For the other half of the i € H, put (b;, ¢;,d;) = (—=b,d, ¢).
Then:

1. IfT4 € Dy is (1 — €)-optimal, then the average objective value of the 3 instances of Yas(Za) is at
most i times larger than the objective of Ly.

2. If Is € Ds is (1 — €)-optimal, then 1s54(Zs) is (1 — \/€)-optimal on Opt 4.

Our main tool in proving these chaining lemmas is the following analysis lemma. We first state a definition.
Definition D.12. An optimization program is q-homogeneous with with respect to a parameter P if the optimal
objective equals C' P4, for some fixed value C.

Lemma D.13. Consider two optimization programs Opt A and Opt B with domains D 4 and D 4 with are
g-homogeneous with respect to parameters Pa and Pg respectively. Suppose for some positive integer k, we
have a mapping Wap : Da — D% and pa : D — D 4. Suppose for any feasible instances Ta € D s and
I € Dpg:

1. All k instances of 1 ap(Za) are feasible, and have at least the same objective value as Ta. Similarly
Ya(IB) is feasible and has at least the same objective value as Ip.

2. The average parameter Pp of the k instances of wap(Za) it at most (1 + 0) times the parameter Py
OfIA.
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3. Pa(¥Ba(Zs)) < (1+6)Ps(ZR). (Here the notation P(ZI) refers to the parameter P in an instance
7)

Then letting € = /1 — (1 —¢€)(1 +6)~24,

1. IfZais (1 — €)-optimal, then for at least a 1 — € fraction of the k instances a5 (Zg) are (1 — €')-
optimal and have objective value at most ﬁ times the objective of Ta.

2. If Ip is (1 — €)-optimal, then g a(Zg) is (1 — €')-optimal.

In particular, if § = 0, ¢ = /e.

D.1.3 ANALYSIS OF OPT 5: TRIVARIATE PROGRAM.

The lemmas in this section are proved in Section[D.4.3]

Define o (k) := 2¢ (\/g) and let v, (k) := ¢ (, [+ ,/ﬁ). It is straightforward to check that

~o(#) is 4 times the optimum of Opt 5 when Ps = 1, and we impose the additional constraint that b = 0.
Similarly, v. (&) is 4 times the optimum of Opt 5 when we impose the additional constraint that d = 0.

Recall that we have defined rgen to be the threshold at which s (Kgen) = Y0(Kgen), and kyc to be the threshold in
ratwhich | /25 = ,/ﬁ. Observe that ke = 4.

The following lemma yields the optimal solution to the program Opt 5.

Lemma D.14. Let k := % and assume Ps = 1. If k > Kgen/4, then if we impose the additional constraint
that b > 0, the supremum of Opt 5 (in Definition @) and it is achieved uniquely at the point where d = 0,

b=,/ H_Lk andc = ,/ m Outside of any neighborhood of this point, the supremum is bounded away from
from the supremum of Opt 5.

If k < Kgen/4, then supremum is achieved by some optimal point with b = 0.

Lemma D.15. There exists strictly positive constants € = €(k), n = n(&), and q = q(R), such that any
(1 — €)-optimal solution to Opt 5 (in Definition @) the following holds. If k& > Kgen, then

1. ¢(b) > ne(b+c); and
2. ¢(=b) 2 nd(=b+ d).
If additionally k < Kuc, then any such solution also satisfies
1 ¢() < lz;hq¢(b+ c); and
2. 6(~b) < S546(~b+ d).
Finally, if & < Kgen, then at the optimum, ¢(b) = ¢(—b) = 0.

The following lemma is a more tailored version of a chaining lemma between Opt 4 and Opt 5, which explicitly
leverages the previous lemmas on the solution of Opt 5.

Lemma D.16 (Opt 4 — Opt 5). Suppose i > Kgen. There exists positive constants € = €(k), n = n(k), and
q = q(R) such that for any (1 — €)-optimal solution to the program Opt 4 in Definition

Eicnd(bs) > gEiEHqs(bi +a); (D.26)
Eicnd(—bi) > gEieH¢(—bi +d). (D.27)
(D.28)

If additionally & < Ky,

Eien[p(bi)] < (1 _2,?/2) Eicu[o(bi + ci)l; (D.29)
Eier[¢(—bi)] < (1 ;3/2> Eicn [p(—b;i + di)]. (D.30)

Here n(&), q(&) > 0 are the constants from Lemma[D.13]
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D.2 KEY LEMMAS FOR MAIN RESULTS.

Putting together the results of Lemmas|D.7HD.16] we carry out the chain of reductions from Opt 1 though Opt 5
to achieve the following results.

Lemma D.17 (Generalization Lemma). Assume k > Kgen. There exists strictly positive constants € = €(k)
and ¢ = c(k) and n = n(k) such that for any solution to Opt 1 which achieves a margin ~y that is at least

(1 — €)-optimal, the following holds. For & > c, with probability 1 — 3¢~/ over the training data, we have
1. $Eicn, [¢(ufw:)] > L
2. 3Bien, [¢p(—pfwi)] > 5
3. 3Eicn_[¢(pswi)] > 4
4. %EieH, (¢ —Mgwi)] > 3.

Proof. Condition on the event in Lemma holding for = and the event in Lemma holding for § =
%, for some constant ¢; = c1(k) > 8 to be chosen later. These events occur with probability at least
min(0,1 — 3e™" — 86’8"/%) >1-— 36’"/“?*1) for n > 1. If we begin with an instance Z; which is
(1 — €)-optimal on Opt 1, then:

LIy = ¢ua(Th) is L — €3 := \/((1—6) (1—%\/§)h) > \/((1—6) (1-0133 %)h)

optimal on Opt 2 (Lemma|[D.7)

—h
2. Both instances (Z$”,Z%) := to3(Zs) are 1 — €5 = 1 — \/1 —(1-¢ (”—) >1-

~n
\/1 —(1—¢ (1 + i—f) -optimal on Opt 3 (Lemma

3. For at least one pair p = (j,5') € P1 x P_1, the instance Iim of w34(I§1>) indexed by that pair is
1— €4 := 1 — /es-optimal on Opt 4. (Lemma. The same holds for some (j, ') € N1 X N_1

on 134 (I§2) ).

Now choose c¢; large enough and € small enough constants such that for ¢ > ¢, we have & = (m) K >

Mmax

Kgentr
2

, and ¢4 is less than the value min E €(k") from Lemma|D.16| Thus applying Lemma|D.16
K 5K

‘e

we observe that on the pair (j, j') € P1 x P_1, we have

Eicrd(bi) > gJE,-quS(bi te) > %”; (D31)
Eiend(—bi) 2 JEiend(~bi+di) = T, (D.32)

(D.33)

where +y is the objective value of Ii(j’j/)), and n = n(k) := min e [»agen+~ ] no1a(k’) where mo1a(-) is the
K —5 .k

positive constant called 7 from Lemma By definition of the mapping 34, this means that in I§1>,

Eicnd(b) > "0 (D.34)
Eicrd(—b;) > % (D.35)
(D.36)

where 7y is the objective value of Iél). By definition of the mapping 123, this means that in Z,

Eicm, ¢(s:) > %; (D.37)
Eicm, ¢(—si) > %, (D.38)
(D.39)
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where ~y is the objective value of Z,. Finally by definition of 12, in Z1,

1

sEicn [o(uiw)] > T (D.40)
1
sEien [$(—piwi)) > T, (D.41)

where ~y is the objective value of Opt 1. This yields the first two conclusions of the lemma. The second follows
via an identical argument on the pair (j, j) € N1 x N_1. Choosing ¢ = ¢} + 1 yields the result with probability
at least 1 — 3e~™/°, O

We can now put together the results of the chain of reductions to prove the following:

Lemma D.18 (Phenomenon Lemma). Assume Kgen < Kk < Kuc. For any constant 6 > 0, there exists strictly
positive constants € = €(k,0) and ¢ = ¢(k, ) and ¢ = q(k) such that for any solution to Opt 1 which achieves

a margin 7y that is at least (1 — €)-optimal, the following holds. For % > ¢, with probability 1 — 3¢ "/ over
the training data,
1 1—q/4
SEicn. fo(ul ) < -2, (D42)
1 1—q/4
gEien_[p(ui n2)] < % (D.43)
and for at least a 1 — § fraction of j € [n],
1 Y¥(1+q/4
EEi:sign(ai):yj [(;b(vleJ)] Z % (D44)

Proof Condition on the event in Lemma[B-1| holding for = and the event in Lemma [D:1] holding for 8 =

, for some constant ¢; = ¢1(d,x) > 8 to be chosen later. These events occur with probability at least
mln((), 1—3e™"— 86_8”/6%) >1- 3e~n/(F+D) If we begin with an instance Z; which is (1 — €)-optimal
on Opt 1, then:

1. Ty = ¢1a(Tn) is 1 — € = \/((1—5) (1—qm\/§)h) > \/((1_6) (1_% %)h)_

optimal on Opt 2 (Lemma|[D.7)

—h
2. Both instances (I§1>,I§2>) = o3(To) are 1 —e3 := 1 — \/1 —(1-¢ ("m—“‘) >1-

~n
\/1 —(1—¢ (1 + i—f) -optimal on Opt 3 (Lemma

3. Let {Ii(p)}peLl = 1/134(15”) be the nmin instances of Opt 4 indexed by some list L1 of nmin pairs
p € P1 x P_y. Similarly let {Z{} e, := 134(ZS?) for some list of nmin pairs in Ny x N_;.
For at least and 1 — ¢4 := 1 — /e3 fraction of pairs (j j')in Ly, I((j’j Dis 1 — e4- optimal on
Opt 4. The same hols fora 1 — es fractlon of the pairs in L. (Lemmam) For each cluster in

P1, Po1, N1, N_1, at least a jmmin- > G 16 fraction of the points 5 in that cluster appear in a pair in

one of the lists L7 or Ls.

Now choose c¢; large enough and € small enough constants such that for ¢ > ¢, we have & = ("m—"‘) K >

Mmax -
Kgent+K
2

Lemmal|D.16l
Applying this Lemma|D.16| we observe that on at least a 1 — ¢4 fraction of pairs (j, j') in the list L1, we have

, and

+16 is both less than § and than minﬁ,e{mgeﬁn ] e(k'), where €(-) is the function from
o1 —z

Bienlo)] < (1512 ) Benloto + el (D45)
Bienlo(-00] < (1522 ) Buenlo(-bi+ do) (D46)
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where ¢ = q(k) = minn,e[nmm ] qoTa(k’) where goag(-) is the positive constant called g from
—z
Lemma m We first use this to prove the first conclusion the lemma for j (the argument is analogous

for j'). By definition of the mapping w34, this means that in Iél),

1—gq/2
2h

]EleH[qb(b,)] < ( ) EleH[gi)(b@ —+ Ci]’)]; (D.47)

By definition of the mapping 23, this means that in Z,,

Eien [¢(s:)] < (1 _23/2) Eicn[o(si + cij)l; (D.48)

Finally, by definition of the mapping 112, this means that in Z1,

Bicn, od )] < (152 ) Bicn, ol o, + 07 6)] = (1522 ) Bucw, ool )], @49

Now by Lemma for any values s, t, we have ¢(s 4 t) < (¢(s) 4+ ¢(¢))2" 71, and thus

Eicn, [p(ui z;) + ¢(v] &)] > 27" Bicu, [d(w] z;)] (D.50)
So by Equation[D49] we have
Eicn, [6(v7€;)] > (1 sl 2) Eicr, [6(w!z,)]. (D51

Now to relate Eicpr [¢(w] x;)] to ~y, observe that by Lemma and M the objective value of Iﬁj o /),

which equals min (3Eicu, ¢(w;] z;), 1Eien, ¢(w] z;)), is at least v and at most T aya—ay- Now

we also know by the first conclusion of Lemma that 145 (Iij 91 ) produces some instances Iéi) forti € Hy
with objective values 'y(z), for which

Eien+y? < 1_

. 1 1
min (§EieH+¢J(wiij), §EieH+¢J(wiij/)) . (D.52)

Plugging in the fact that v = L (¢(b; + ¢;) + ¢(=b;i + ds)) = L (¢p(w] z;) + p(w] z;:)), we have

TEicis (o0ulm) + 6wlan) < 11—

. (1 1
min (§EieH+¢(wiij), iEiEHJrqb(w;‘rxj/)) . (D.53)

Since min(a, B) > (1 — p) “E> implies that a, b € max(a,b) < 12, we must have that

—p
1 ) T . 1 + €4
e o(wie;) €7 [l’ (1—e)(l—ea)(1— 64)2] B39

Thus for € small enough in terms of ¢, we have €2, €3, and €4 all small enough that from Equations @and

[D:51] we have

Eien, [6(u]2,)] < <1 ~y 2) Eicn, [p(wla;)] < (1271?{4) y (D55)
Bien, (607 e)] 2 (1522 ) Biem, lotwl ) > (15:22) 056

The argument holds for ;' in the pair with j, and we can also repeat an analogous argument for the 1 — €4
fraction of pairs in the list of pairs Lo from A7 X NV_1. Now at least a 1 — § fraction of examples j lie in a pair
p from Ly or Lo for which Zip ) is (1 — €a)-optimal. This yields the second part of the lemma which involves
specific data points. The first point follows for the fact that Equatio@ only needs to hold for a single example
4 in each of the four clusters. Choosing ¢ = ¢? + 1 yields the result with probability at least 1 — 3e~"/°,

O

Lemma D.19 (No Generalization Lemma). For any k < Kgen and € > 0, there exists some positive constant

c(€), such that if & > ¢, with probability at least 1 — 3¢ "¢ over S ~ D", there exists a classifier W with

|W|| = 1 such that

L A(fw,8) = (1 —€e)v"(S)
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2. U=0.

Proof. We work backwards from Opt 5 through Opt 1. Condition on the event in Lemma@holdmg for = and
the event in Lemmaholdmg for 8 = —=, for some constant c1(€) > 8 to be chosen later. Given an optimal

solution Z5 to Opt 5, we can construct an mstance Ty = 21 (¥32(1a3(¥s54(T5)))), which is €'-optimal over all

/ —h
solutions W’ with the same norm for ¢/ = \/1 —(1-¢ (1 - C{ij where é = /1 — (ZmaX) <

1-— (1 + E) . This can be seen via Lemmas D. 10} [D.11} which show that at each step of the
to Opt 2 and from Opt 2 to Opt 1.

chain, we do not lose any optimality expect from from

Now recall from Lemma that since K < Kgen, for 1arge enough c1, we have & < Kgen, and thus the optimal
solution to Opt 5 has b = 0. Applying the four mappings above, in the instance Z;, the variable W = U + V'
has U = 0. Taking c; large enough such that for ¢ > c;, we have ¢ < e. If we choose c(€) = c; + 1, then the

desired events hold with probability at least 1 — 3e7 /¢ (see eg. Lemmafor the computation). Scaling W
to have ||| = 1 concludes the lemma. O

D.3 PROOFS OF MAIN RESULTS

Using Lemma[D.17] Lemma|D.8] and Lemma[A-2] we can prove Theorem[3.2] We restate the theorem for the
reader’s convenience.

Theorem 3.2 (Extremal-Margin Generalization for XOR on Neural Network). Let h € (1,2), and let 6 > 0.

There exist constants € = €(8) and ¢ = ¢(5) such that the following holds. For any n,d,o and D € Q9"
satisfying k = 5 > ri;(mOR 48 and % > ¢, then with probability 1 — 3¢~/ over the training set

S ~ D", for any two-layer neural network with activation function relu’ and weight matrix W that is a

1
(1 — €)-max-margin solution (as in Definition|2.5), we have Lp(fw) < e~ co2.

Proof of Theorem[3.2] First note that kgen = Fpeo ™ Let W = U 4 V be the decomposition of W into the

signal space and the orthogonal space, such that V' L span(u1, p2). It suffices to consider W with ||W]| = 1.
Let -y be the margin achieved by fy-, and observe that +y is at least a positive constant since we can achieve a
margin of i by choosing a solution that only uses components in the signal subspace.

Recall that |U]| < 1 and ||V|| < 1, and consider a random x ~ D.

Choosing to co = ¢(k) and €(k) to be the values from Lemma | if ¢ > ¢, with probability 1 — 3¢ =™/
over the training data (and not x), the conclusion of Lemma Lm and Lemmal@hold and thus we have for

sucha W:
1. %Ei:sign(ai):y [p(ulx)] > W( ) by Lemma since K > Kgen-

h
2. LBisign(an——ylo(ui )] < (2¢+20gm/%)2. This is by Lemma we have
%Eizsignm):,y[HuiTzHQ] < 2 + QCm\/g, and thus by he homogeneity of the activation,
h
3Eisign(a)=—y[0(u )] < (2¢ 4+ 20Em/%) ? maxx.gx2j—1 E[¢(X)].By Jenson’s inequality
h
maxXx.g[x2] -1 E[p(X)] < maxXx.g[x2]=1 (E[X2]) *=1L

Thus with probability 1 — 3¢ ™™/ over the training data,

yfu(z) = Ei:sign(ai):y[¢(u?$)} - Ei:sign(ai)=—y[¢(uzx)] > me(K) - <2€ + 2%\/%) i . (D.57)

2

1
For some constant ¢; = ¢1(k), by Lemma , with probability 1 —e c1°* over z, (x) — fu(x)] < %0%
Here we plugged in ¢t = to LemmalA.2{ and note that +y is at least a constant.
100(+ % 4) (n(~> R

Thus for % > ¢y for some c2 = c2(k), we have with probability at least 1 — 3~/ co,

7772() (2 +2Oim\[) >7n

and thus the loss is at most 1 — e <197 =1 —¢” °1" Choosing ¢ = max(co, ¢1, ¢2) yields the theorem. [
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We now use Lemma[D.T8] Lemma[D.8] and Lemma[A-2]to prove Proposition[3.4[the XOR part) and Theorem[3.6]
on the limitations of uniform convergence and inverse margin bounds.

To prove these results, we will demonstrate two phenomenons:

1. Given a near max-margin classifier fy for a a certain “opposited” dataset 9(S), the classifier fi
completely misclassifies a certain the data set S while still achieving good margin on the distribution
from which S and (S are drawn.

2. Given a near max-margin classifier fy for a set .S, the classifier fi correctly classifies a certain
“opposite” dataset 1»(,S) while still achieving good margin on this opposite dataset.

‘We will use the first phenomenon to prove Proposition and we will define the mapping v as follows:

Definition D.20. For D = D, 5,0,a € Q, define the map 1 : R® — R? to keep ¢ the same, but map z to be
in an orthogonal direction, and reverse y as follows:

(VQ +¢, 1) (x,y) = (/J‘l +¢, _1)
- _ (7/12 +€7 1) (:E,y) = (7'“1 + 67 71)
PED =Y nre) @) = (n+e) 39
(_Ml +’£7_1) ($7y):(_ﬂ2+£71)

We will use the second phenomenon to prove Proposition@ and we will define the mapping 1) as follows:

Definition D.21. For D = D, us,0,4 € €, define the map 1) : R? — R? to keep ¢ the same, but map z to be
in an orthogonal direction, as follows:

(“2+£71) (m,y) = (/“Ll +£7 1)
)2+ €1 (zy) = (- + 1)
V@)= 00 1651) @) = (u+ 6 -1) (D-59)
(—/.1,1 +£7 _1) ('7;7y) = (_M2 +£7_1)'

When it is clear that we have fixed D, we will just use ¢ or 1 to denote this mapping. Otherwise, we will specify
that we mean the mapping associated with D by denoting it ¢)p (or ¥p).

For ¢ € {4, }, we abuse notation and denote (¢(z), 1 (y)) := ¢(x, ), and for a set S, use #(.S) to denote the
element-wise application of ¢. For D = Dy, 1,,0,4, We also denote (D) = Dy, ;0,4 to be the distribution
with the opposite labeling ground truth. Thus the following claim is immediate:

Claim D.22. Fix D € Q. For any W, we have Lp(fw) =1 — Lyp)(fw).

Observe also that 1) is a measure preserving bijection from D to (D), and that ¢(D) = D.

To prove Proposition [3.4] we will use the following lemma, which shows that with high probability, any
near-max-margin classifier does well on the “opposite” dataset, but has poor test loss on the opposite distribution.

Lemma D.23. Suppose kgen < K < Kye. Let A be any algorithm which returns a (1 — €)-max margin solution.

For a dataset S ~ D™ = DZl,m,md’ consider the classifier W = A(S). For any constant § > 0, there exists
—n/c

constants €(6, k) and ¢ = c(k, §) such that if € < e(8, ) and £ > ¢, with probability at least 1 — 3e
S ~ D", we have

over
1. [:zp(D)(fW) >1—- 67'0%.
2. Lys)(fw) < 6.
Proof. The first statement follows from Theorem since the probability of classifying a example from (D)
correctly is the same as the probability of misclassifying a example from D (Claim[D.22).

We now prove the second statement. We expand the margin on the examples in ¢ (.5). For clarity, we will
assume we are expanding on a example from 1 (x;) where j € Pi, such that by definition of ), we have
Y(x;) = p2 + &;. The same argument will apply to examples mapped from any other cluster by interchanging
the roles of the four vectors p1, —p1, 2, —p2 and the two sets H4 and H_ accordingly.

G(ys) fw ((@;)) = Eily;d(wi ()] (D.60)
= %Eiem:yj [p(w] p2 +v] &) — %EieH_ [p(w] p2 +vi &) (D.61)
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By Lemma|[D.26] (second statement), we have the following:

i, [p(wi g2+ v &)] — Eien, [o(vi &) (D.62)
< 2Fien, [¢(U¢T€j)2 + 1} Eicn, [(wfp2)] +h (IEz‘eHJ(UHTuz)Q])7
(D.63)
Similarly appealing to Lemmal@ (first statement), we have
Bicn_[p(wi po +vi &) — Bien_[p(w] p2)]] (D.64)
< \fEien_ 4T p2)? +2)\/Bien_ [(07€)2) + h (Bien_[(07€)) *
(D.65)
< (2101+v2) Eicn_ [07&)) +h (Bien_[07€)) " (D66)
(D.67)
Thus
P(y;) fw (P (x5)) = %Eiem [p(wy p2 + 0] &)] — %]EZEH_ [p(wy p2 + v )] (D.68)
> %Eiem (v &)] — %Eiem [p(w] p2)] — %5]-, (D.69)
where
& = 2Wicn, [q&(vfg]-)? T 1] Eicr, [(w]p2)?] + h (Eiem [(w?uz)z]) 2 (D.70)
+4y/Eien_ (076 +h (Bien_[07€)7) " (D.71)
(D.72)

where we have plugged in the fact that ||U|| < ||W|| < 1.

By the first and second conclusions of Lemma @ for Kgen < K < Kye, for at least a 1 — qpg a set of
examples 7' C S of size at least (1 — ¢ygn), we have if j € T, LEicn, [(w] p2)?] < (¢pg)® and

1Eicu_ [(v€)%] < L - ¢pg where g = \/2GEm/% + 26 Thusif j € T,

& < 2Bicn, [gzs(vfgjf + 1} Q@Tm +h (ﬂam)h + 4\/2(1%3 +h (QG'ITE) : (D.73)

2 /
< 8Bicn, [6(0]'€)” + 1] |/ BB + 4 (D.74)
for g small enough.

Now by Lemma applied to S, if € < €(k,6/2) and £ > ¢(k, §/2), there exists a set 7" C S size at least
(1 — £)n on which the second conclusion of the lemma holds. Thus for the constant ¢ = () in Lemma

%Eiem [p(ui )] < (1_2#% (D.75)
pEien_ ol ) < E 10, ®.76)
andif j € T,
L Bien, fowray)) > LAY (D.77)
Thus
1 T 1 T 1
Y(y;) fw (P(x5)) > iEi€H+ [o(v; &5)] — §EieH_ [P(u; p2)] — 55} (D.78)

which is greater than zero for e small enough and c large enough in terms of ¢ and §. (In particular, we will need
that £; < 7 and oy < %, and note that ~y is at least a constant).
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Thus fw correctly classifies each example ¥ (z;) for j € T N T’, which is at least a 1 — § fraction of the
examples in 1(S).

The final statement follows from the fact that +»(S) has the opposite labels as ¢(S), but is otherwise the
same. O

We now prove Proposition [3:4] for the XOR problem. We restate the proposition below, and only include the
XOR part.

Proposition D.24 (UC Bounds are Vacuous for XOR Problem). Fix any h € (1,2), and 6 > 0. For any n,d, o
and D € QYR if k™" +6 < K < kaeXToP — 6, there exist strictly positive constants € = €(8) and ¢ = ¢(6)
such that the following holds. Let A be any algorithm that outputs a (1 — €)-max-margin two-layer neural

network f forany S € (R* x {1, —=1})". Let H be any concept class that is useful for D (as in Definition .
Suppose that eunis is a uniform convergence bound for D and H that is,

Pr [sup [Lp(h) — Ls(h)] > eunit] < 1/4.
S~D™ ey
Then if% > cand n > ¢, we must have €gnir > 1 — 6.

Proof. Let c = 3co and € = 3¢p where ¢ and €( are the constants from Lemma for k and 0.

LetTp C 2® < {=11D" be the set of training sets S on which the conclusion of Lemma holds for D

and S. Thus Prspn[S € Tp] > 1 — 3¢~/ for some cp = ¢(k,d). Let H C 2E X {=11D" be the set of
training sets S on which A(S) € H. Thus Prs~pn[S € H] > 2.

Let T, be the set on which

|Lp(h) = Lys)(h)] < €t Yh € H, (D.80)
where ¢ := 1. By assumption, Prsp» [¢(S) € Tp] = Prs~p»[S € Tp] > 3. By a union bound, for any
D € Q, forn > ¢ = 3co, with ¢ = p,

Pr [SeThASeTymASeH >1—(1-2)—(1-343e) =L _gen/eo 5,
S~Dn ¢(P) = 4 4 2
(D.81)

Let S be any set for which the three events above hold, ie.,

SeTpANSETympyAS € H. (D.82)

1
With fir = A(S), by the first conclusion of Lemma , we have Lp(fw) < e <0 . Further, by the third

_ 1
conclusion of Lemma , we know that £¢(S) (fw) > 1 —4. It follows that eynir > 1 — e c0o? | Since
¢ > co, this yields the proposition. O

Lemma D.25 (Margin Lower Bound Lemma). For any kg < Kk < Ku and € > 0, there exists some
positive constants q(k) > 0, ¢ = c(k,¢€) such that if% > ¢ with probability at least 1 — 3¢~™/¢ over

S ~ D" =Dy, 0.0 there exists a classifier W with ||W || = 1 such that

Y(fw,S) =2 (L =)™ (S)
2. Ew(p)(fw) >1-— e_w%.
3. v(fw, ¥(S)) = q(r)v*(5)

Proof. We work backwards from Opt 5 through Opt 1. Condition on the event in Lemma [B-T] holding for =
and the event in Lemmaholdlng for 8 = —-, for some constant co(k, €) > 8 to be chosen later. We will

n/c

eventually choose c(k, €) > ¢ + 1, such that these events hold with probability at least 1 — 3e™
Lemma [D.T7]for the computation).

(see eg.

Given an optimal solution Z3 to Opt 5, we can construct an instance Z1 = 21 (¥32(143(¥54(Z5)))), which

is ¢’-optimal over all solutions W’ with the same norm for ¢’ = 1 — (1 -6 - Gpny/%)". where

—h —h
€ = \/1 _ (%) < \/1 - (1 + %) . This can be seen via Lemmasﬂ- D.10} [D.11} which
to

show that at each step of the chain, we do not lose any optimality expect from from Opt 2 and from Opt
2to Opt 1.
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This will yield the first statement in the lemma for ¢ large enough in terms of € and % > co. If we make €

S
small enough (in terms of k), then we know from Theorem 3.2|that Lp(fw) < e <12? for some ¢1 = ¢1 (k).
This yields the second conclusion (as long as ¢ > c1), since the probability of classifying an example from (D)
correctly is equal to the probability of classifying an example from D incorrectly (Claim[D.22).

We proceed to analyze the properties of fy to obtain the final conclusion.

Recall from Lemma that Since & < Kk < Kuc, the optimal solution to Opt 5 has ¢(b) < 1;% (b+c¢) and

o(—b) < 1;% (—b+ d) for some constant g1 = q1(r). Let ~y; be the margin y; fw (z;), and observe that by

the symmetry of the backwards mapping -y; is the same for all points j. We call this value ~.

Applying the four mappings above, in the instance Z;, the variable W = U + V satisfies for all j € P and

i€ Hy,

1-— q1
on

Slyjwi ) < Slyswi m +wi &), (D.83)
and forall j € Nandi € H_,

1—
P(y;w; p2) < T(hqﬁ(ij?uz +w] &), (D.84)
Further, by definition of the mapping )21, for i € H, we have w] uz = 0 and wy &; = O forall j € N.
Similarly, for i € H_, we have w y11 = 0, and wl'¢; = 0 forall j € P.

Now we appeal to the fact that by Lemma|[B.2] for any values s, t, we have ¢(s 4 t) < (¢(s) + ¢(¢))2" ", and
thus (repeating the argument in Equations|D.50]and [D.5T]of Lemma[D.T8] which we omit the details of here) for
all j € P and taking expectation over ¢ € H,

1 1
Eicn, [p(v] &) > ( ;Lhm) Eicn, [p(w] ;)] = ( ;‘h) (29). (D.85)
Similarly forall j € N andi € H_,
T 1+aq T (14 aq@
Eien, [o(vi &)] = < oF >E7LEH+ [p(w; ;)] = ( o ) (27)- (D.86)

Finally, by inspecting the mapping in Lemma[D-T1] and the fact that all of the backwards mapping duplicate
solutions to the simpler problems, we have the following symmetry property of W:

Eicn, [p(w] 1)) = Eicn, [p(—w] 1)) = Eicn_ [p(w] p2)] = i [p(—w] p2)]. (D.87)
We can now examine the margin on the flipped dataset ¢/(.S). Without loss of generality, consider an example
1/)(.T]) where j € Pi, such that w(itj) =2 +§;.

Dyi) fw ((x)) = Eilyjaid(wi (x;))] (D.88)
1 1
= 5Eicn, [p(wi 2 + v &)] — HEicH_ [p(wi p2 + vi &)] (D.89)
1 1
= 3B, [6(0/€)] = 5Eien_[o(w/ ji2)] (D-90)
1+¢ 1—gq
z( o 1)(7)—( o 1)(7) (D91)
q1
= 2T (D.92)
Thus 9 (y;) fw (P(x;)) > 5755 > (1 =€) %@, and the conclusion follows by choosing ¢ = I} since we
have €’ < 1 for ¢y large enough. O

Proposition 3.6 (Polynomial Margin Bounds Fail for XOR on Neural Network). Fix an integer p > 1,

and any € > 0. There exists ¢ = c(p, €) such that the following holds for any n,d,c and D € Q?,(SR with

RXORh Lo < 5 < kXORP _e &> candn > c. Let H be any hypothesis class such thatforﬁ e {D,v(D)},
g n y nyp >
Pr [all (1 — €)-max-margin two-layer neural networks fw for S lie in H] > 3/4.
S~Dn

Suppose that there exists an polynomial margin bound of degree p: that is, there is some G that satisfies for

D € {D,y(D)},
G 1
(h) — > 2 | <=
sT5, [sup £olh) = Ls(h) 2 75 a0 | < g

Then with probability % — 3e™¢ over S ~ D", on the max-margin solution, the generalization guarantee is
1

no better than %, that is, ﬁ > <
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To prove Proposition 3.6 we use Lemma[D.23]

Proof of Proposition[3.6] Let ¢ = 3co, where co = c(, €) is the constant from Lemma

Forany D € Q,let Tp C 9® X {=11N"™ 1o the set of training sets S on which the conclusion of Lemma
holds for D and S. Thus for any D € Q, Prg.pnr[S € Tp] > 1 — 3¢~/ for some constant c. Let

H ¢ 2®4-11D" pe the set of training sets S on which all (1 — €)-max-margin two-layer neural networks
fw for S lie in H. Thus for any D € Q, Prs~pn[S € H] > 2.

For any D € (), let T, be the set on which

G
Lp(h) < Ls(h)+ W Vh € H. (D.93)

By assumption, for any D € ©, Prg~pn[S € Tp] > 3.
Now fix any D = D, 5,4 € 2. By a union bound, with ¢ = ¢p,

3 _ 3 1 _
/ > _ _ =z _ n/co_ _ 2 _ - _ n/cg-
SE’%W’[S €Tp ANY(S) € Typy ANp(S) € Hl > 1 (1 4) 3e (1 4> 5 3e
(D.94)
This is because the distribution of ¢(.S) with S ~ D" is the same as the distribution of n samples from (D).

Let S be any set for which the three events above hold, ie.,
S € Tp Ap(S) € Tyy AY(S) € H. (D.95)
Let fw be the classifier produced by Lemma[D.23]on input 1(.S) and distribution (D), such that:

1. v(fw,¥(S)) > (1 — €)v*(¥(S5)), and thus since »(S) € H, we have fiy € H.

1
2. Lp(fw)>1—e cgo? |

3. y(fw,S) = ¢v" (¢(S)) for some constant g(k).

It follows that for any such S, we must have

1

G > (1 e ) A(fw, S > (1 e ) (S (D.96)

Thus for the distribution ¢ (D), with probability at least % — 3e~™/°0, the margin bound yields a generalization
guarantee no better than

_ 1
(176 07) 7. (D.97)

1 _ _kd
, o, <) yields the proposition. Note thate °0°® = e <o, so for

1

1
(e 5)
T eno2
1—e

c07” is bounded away from 0 and thus c only depends on x and § (since co additionally depends on co).

O

Taking ¢ = max(

il

3l

> @
- K

Finally, we prove Proposition 3.3} which we restate.

Proposition 3.3 (Region where Max-Margin Generalization not Guaranteed). Let h € (1,2), and let ¢ > 0.
There exists a constant ¢ = c(€) such that the following holds. For any n,d,o and D € Qf,(SR satisfying
K < kM — e and & > ¢, with probability 1 — 3¢~/ over S ~ D", there exists some W with |W|| = 1

and y(fw,S) > (1 — €)v*(S) such that Lp(fw) = 3.

Proof of Proposition[33] This follows directly from Lemma|[D.19] since for any Dy, .,,0,4, any classifier fuwr
with U = 0 must have a test loss of exactly % O

D.4 PROOF OF TECHNICAL LEMMAS

Throughout the following section we assume Dy, ., ,0,a € §2is fixed, b € (1,2), and we use the same notation
defined in the notation section at the beginning of Section [D.1}
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D.4.1 PROOF OF LEMMA [A.2]

We begin by proving Lemma[A-2] for which we will need the following general analysis claim:
Claim D.26. For any random variables a and b, with ¢(x) = max(0, z)", we have

IElo(a+b) — (0] < VE[Aa® + 2VER] + h (BP*)) * (D.98)

and
IE [¢(a + b) — ¢(b)]]| < 2E[1 + ¢(a)] V/E [b] +h(E[b2) (D.99)

Proof. First note that for any a, b, we have:

|¢(a+b) — p(a)| < ¢'(a+b)[b] < (¢'(a) + ¢'(b)) [b] < ¢'(a)[b] + h[b]". (D.100)

and
¢'(a) =< 2Ja| + 1, (D.101)
E[p(a+b) — d(b)]| <E[|¢'(a)b]] + RE[|b]"] (D.102)
< VE[(¢'(a))2]/E [b?] + RE[|b]"] (D.103)
< VE[(2la] + 1)2]E [b?] 4+ hE[|b]"] (D.104)
< VE[4a2 + 2]\/E [b?] + hE[|b|"] (D.105)
< VE[4a? + 2]/E [b2] + h (E[b*]) Ly (D.106)

Here we used Equation [D.T00]in the first inequality, Cauchy-Schwartz in the second, Equation [D-T01]in the
third, Jenson’s in the fourth, and Jensen’s again in the fifth inequality.

If instead of Equation[D-T0O0} we can obtain an alternative result.

(¢'(a))?® = h® max(0,a)*" % < 4(1 + ¢(a)) (D.107)
This yields
[E[¢(a+b) — ¢ < VE[(¢'(a \/IE [62] + hE[1b]"] (D.108)
< 2VE[1 + ¢(a)]/E 2] + hE[|b|" } (D.109)
<2E[1+ ¢(a \/]E[7+h(]E[b NE. (D.110)
O

We restate Lemma[A2] for the reader’s convenience.

Lemma A.2. Fix a distribution Dy, ;u,,0,4 € QZ:?OR. For W € R™ % et W = U + V where V is
orthogonal to the subspace containing 1 and p2. Then for some universal constant c, for any t > 1, with
probability at least 1 — =", on a random sample © ~ D, 1y 0.4,

(@) — fur(@)] < @IUI+3) (¢ + Do [VI* +2 (¢ + Do |V]?) .

Proof of LemmalA2] We can write x = z + £ for where z € Span(u1, p2) and & L 1, po, such that by
Claim[D.26l we have

|fw (x) = fu(z)] =

E: [o(ulz + 07 €) - o(ul2)]| (D.111)

< BBl R T+ h (Bl0TO7) T @i

< VE Bl + 2 /E (0797 + b (B0 €)7]) * (D.113)

where we have plugged || 2|2 < V2.

Now it suffices to get a high probability bound on E;[(v]€)?] = ¢TE;[v;v] )¢ for a random &. Let M :
E; [viviT ]. We know by the Hanson-Wright Inequality that for some universal constant c,

T T 2 . 2 t
r [€7E;[vivT ) > o Tr (M) +t] < 2exp (—cmln (IIMII%’ ”M”2>> (D.114)
. o2t? ot
= 2o (*Cm““ (W m)) : (D-113)
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where ||| 7 denotes the Frobenius norm, and ||||2 denotes the spectral norm. Thus for ¢ > 1,
Pr [fTIEi[viv;‘F]{ > (t+ 1)02|\V|\2] < 2exp(—ct). (D.116)
If follows that for any ¢ > 1, with probability 1 — 2 exp (—ct),
(@) = fu(@)] = ST +3) L+ D IVI? +2 (¢ + DV 2 . (D.117)
O

D.4.2 PROOF OF CHAINING LEMMAS

Proof of Lemma[D.8 To prove the lemma, we will begin with a (1 — €)-solution 1 to Opt 1. Assuming toward
a contradiction that items (1) or (2) in the lemma statement do not hold, we will construct a solution W'’ for
Opt 1 that is more than a 1/(1 — ¢)-factor times better than W, contradicting the (1 — ¢)-optimality of W. We
condition on the event that the conclusion of Lemma|B.1holds for =. Given a solution W to Opt 1, construct a
solution W’ for Opt 1 as follows. First define c;; := wy &;. Fori € Hy, let w} = pypi w; + v}, where v} is
the min-norm vector such that (v])7¢; = ¢;; forall j € P, and (v])T¢; = O forall j € N. Fori € H_, let
w} = pep3 u; + v}, where v} is the min-norm vector such that (v;)7¢; = ¢;; forall j € AV, and (v})T¢; =0
for all j € P. Note that all such v; are guaranteed to exist since the conclusion of Lemma holds.

Let si = [|papf wil| and t; = ||p2pd wi.
Observe that by Lemma|[BI] we have:

lwil|? < s + ||vil|? < 57 + (1+C(EZI\/7) dUQch Vi€ Hy (D.118)
JEP
lwil|® < & + ||vf]|® < t7 +(1+qm\/*> . ch Vie H- (D.119)
1
||wz‘||2ZS?HEJFHWHQZS?H?Jr(1*% g)ﬁ > (D.120)
o JEPUN
(D.121)

Bl (1 Gy ) P+ g B 122

where
1 2 1 2 1 2 1 2
D= 5Ei€H+ tl + ﬁ Z C,L] + §]Ei€H7 S; + ﬁ Z C’ij . (D123)
JEN jeP

Further observe that:
o((w)"zj) = p(wiz;) Vi:a;>0,j€P (D.124)
d((wH)Tx;) =0< ¢p(w]x;)  Vi:a;i <0,j€P (D.125)
d((w)Tx;) =0< pw] x;)  Vi:ai>0,5EN (D.126)
d((w) x;) = plw] x;)  Vi:a; <0,j €N, (D.127)
(D.128)

thus W' satisfies the constraint that B;a;¢(w] x;)y; > . Indeed, we have by construction that have for all
j € P that

Zam wiz)y; = Y o(wiz) — Y dw)w) (D.129)
i€H i€H_
> > d((wh) @) — D ((w) w) (D.130)
i€H i€EH_
= Za@((w;)Ta:i)yj (D.131)
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and similarly for all j € N. If D > 2Cigm./% + 2€, then

Elluil?] < Elluil’) - (1- )% ) D 012
In In

<1- (1 — Uz E) (26 + 2051 E) (D.133)

<1 — 2 (D.134)

where we have used the global assumptions that € < 1/4 and (g < 1/2. Thus we can scale W’ up by a factor

s 127)
of (Ballws %)) > i to achieve a feasible solution 7/ that has objective value —2— > —(li ) times better than
(Eilllwjl121) 2 (1-2¢)2 €

the solution given by W. This would contradict the (1 — €)-optimality of W, proving the first conclusion of the
lemma.

For the second part, suppose for greater than a QGBEI\/% + 2¢ fraction of data points we have
LEien [07&)7] > L+ \/20mmy/5 +2¢ GF j € P) or 3Bienr, [(07€)7] > - \/20mmy/F + 2
(if j € ') . This would imply that D > (%) = (ny/20my/F + 2€) = 2mmy/5 + 2

which as we saw above contradicts the (1 — €)-optimality of TV.

O

Proof of Lemma@ By homogeneity, there exists some value C'g such that the optimum of any instance of
Opt B with parameter Pg equals Cp Pg. Thus by the properties of ¢ 4, given an optimal instance Zj; € D
with parameter Pg, we can construct and instance of Opt A with parameter at most (1 4 ) Pg and optimum at
least C'g Pg. Thus for some value C4 > C(1 4 6) 9, the optimum of any instance of Opt A with parameter
P4 equals C4 P}.

Suppose Z4 with parameter P4 is (1 — €)-optimal and I](Bl), e ,Ifgk) :=Yap(Za). Let 7y be the objective
value of Z4. Define P](;) e Pg ) to be the parameters Pp of the k instances respectively, and let y(”) be their

»
&y Then: s(p) = —2 -

objective values. For p € [k], let s(p) be the optimality of each Ij(gp) times =

SO
s(p)Cp(PPY? > (1 — €)Ca(Pa)? > (1 —€)(146) Cp(Pa)? Vp (D.135)
Epern [P < (1+0)Pa (D.136)

Here the first inequality in the first line follows from the fact that the objective value achieved by Ig’ ) is at least
as large as the objective value of Z4, which by assumption is at lease (1 — ¢)-optimal.

We now proceed by contradiction: Suppose for some set S C [k] of size at least ke’, we have s(p) < 1 — €.
Then

1 1
Epem(PE)] 2 2 D P + > Py (D.137)
pES péS

> ¢ ((1 —d) (1 — )i (14 5)*1PA) +(1—¢) ((1 i1+ a)*lpA) (D.138)
=Pal=gi(1+8)" (1 -€) i+ (1-¢)) (D.139)

Thus if
(ca-T+a-))>a+6P0-971, (D.140)

we will have a contradiction, since the equation above will be strictly greater than (1 + §) Pa.

Choosing ¢ = \/ 1— (1 —€)(1 + 6)—29, this produces the desired contradiction. Indeed, on can check that for
all ¢’ € (0,1), we have

fl—é) a+(1-€)>(1— (), (D.141)

yielding the desired contradiction. Thus for at least a 1 — €’ fraction of p € [k], we have
i . : (p) ot
e x (optimality of ") > 1 — €,
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which implies that each of these two terms are greater that 1 — ¢’
This proves the first conclusion.

To achieve the second conclusion, consider the mapping ¥4 5 : D — D4 which maps Z4 to the instance of
1 aB(Za) which has the smallest parameter Pg. Necessarily, this value at most (1 + &) Pa, since the average
value of P](gp ) is at most (14 6)Pa4. Thus the pair of mappings 154 and 1’y 5 and 15 satisfy the conditions
of the lemma, which we now apply with £ = 1, and the roles of A and B reversed. The second conclusion
follows. =

Proof of Lemma|D.7] Recall that we have conditioned on the event that for any ¢ € R™, the min-norm vector v

2
satisfying 27v = c has ||v||3 € ‘ch‘lj [1+ ! el 1 \/5} :
m d m d

Observe that the mappings 112(Z1) produces a feasible instance, since for all ¢ € H,

2 1 2 2 1 2
=D BT =3 DL (D152

1
< lwaill® + 207 (1 + qm\/g) o?d|vi||? < (1 + qm\/g) lw:]|®.  (D.143)

A similar statement holds for 4 € H_, summing over j € . Further, the objective value of 112 (Z1) is at least
the objective value of Z;.

The mappmg ¢21 always mamtams the exact same objective value, and is feasible because for i € H,
llvs||? < fer—e - 2]67, ;7> and a similar statement holds for i € H_.

Thus applying Lemmamtwice (with Opt A = Opt 1 and Opt B = Opt 2, and then in reverse, and with ¢ = %
and 146 = - \/7) yields the result.

O

Lemma D.9 (Opt 2 <> Opt 3). Define the mapping 123 : D2 — D3 X Ds as follows. Given input I, output
M, ¥ whereforI(l)'
3 43 3 -

e H:= H+
e P3i= %EieH+ (Sf + ﬁ ZjE”P C?j)

e Let S1 be an arbitrary set of nmin elements of P1, and let S_1 be an arbitrary set of Nmin elements of
P_1. Define c;j to be the same as in L forall j € Sy US_1,i € Hy.

e b, =s;fori € Hy,
and for Iéz):
e H:=H_
o P3:=Eijcu_ (tf + 2 Dien C?j)

e Let S1 be an arbitrary set of nmin elements of N1, and let S_1 be an arbitrary set of Nmin elements
of N_1. Define ¢;; to be the same as in I, forall j € St US_1,i € H_.

o b = tifori e H_,

Define the mapping sz : D3 — D2 as follows. Given input Is, output Lz, where

e Pr:=P; (nmfix)

nl’l]ll’l

* Define an arbitrary bisections w4 and w_ from Hy and H_ respectively to H. Similarly define
surjections py1: P1 — S1, p—1: P-1— S_1, p+1: N1 — S1, p—1 : N1 — S_4, such that
SJorz € {1,-1}, EjE’PinEHC?er‘m(j) < EjeSineHC?j, and similarly, Eje/\[,‘t]EieHC?piym(j) <
]EngmEigHC?j. Fori € Hy, define s; := by (i) and c;j := c,w(i)pﬁz(j)for allz € {1,—1} and
J € Pe. Fori € H_, definet; := b, _(;), and c;j = Cr_(i)ps.o () Jorall z € {1,-1} and j € N.
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Note that we here the c;; variables we are defining come belong to I, and they are define in terms of
the c;; variables from I3.

“h
Then with € = \/1 —(1—¢) (nmax)

Mmin

1. IfTo € D5 is (1 — €)-optimal, then each instance of 123(Z2) is (1 — €')-optimal on Opt 3, and has
objective at most % times the objective of Ls.

—€/

2. IfIs € D3 is (1 — €)-optimal, then v32(Z3) is (1 — €')-optimal on Opt 2.

Proof of Lemma It is easy to check by the definition of the mappings that if an instance Zo € D> is feasible,
then so is 123(Z2). Likewise, if instance Z3 € Ds is feasible, then so is 132 (Z3). Indeed, in ¢32(Z3), we have

iEieHJr

2 1 (2)\2 | _ 1 2 NMmax 1 (3)\2 NMmax P3
i+ o ()| = gEiem | b + e (e < = (D.144)
JEP JESIUS 1

where we have supersripted the variables ¢;; in 132(Z3) by (2), and those in Z3 by (3). A similar statement
holds for the sum over A/, such that

1 2
s; + 102 Z (ng))z
jeP

< Dmaxp _ p, (D.145)

Mmin

2 1 (2)\2
t; + P Z (ci;”)

1
+ §EiEH_
JEN

§Ei€H+

It is easy to check also that the objective value of 123(Z2) is at least that of Zo, and likewise the objective value
of 132(Z3) is at least that of Zs.

We can now apply Lemmawith Opt A=Opt2and Opt B=Opt 3, q = %, 146 = "max and k = 2.
This yields the result.

O

Proof of Lemma[D.10] The proof is similar to the last lemma. It is straightforward to check the conditions of
Lemma |D.13|Opt A = Opt 3, Opt B = Opt 4, the mappings 34 and Yu3, k = 7, q = %, and 6 = 0. The
conclusion follows from Lemma[D.13

O

Proof of Lemma[D.IT1) We will eventually appeal to Lemma[D.13] First observe that the mapping ¢4 yields an
program in D4 with the exact same objective value and parameter. We will construct an alternative mapping
Y45 : Dy — D5 that preserves the parameter and maintains or increases the objective. We use 145. Let Py and

~ be the parameter and objective of Z,4. First identify the instance Iéi) of 145(Z4) which achieves the highest
2

ratio between objective value, which we denote v(*), and P . By the positivity of the of the ~+® and Péi) and
Jenson’s inequality, for at least one instance ¢, we have

@ O] )
Yoo ERYl o ERYT S

(P): T EI(P)*

> > (D.146)
] (B[P)E T P,

Then scaling each variable in this instance by a factor of ,/ i‘j to produce an instance feasible instance of Opt 5
with parameter P, and objective value .

This suffices to apply Lemma with the mappings 54 and 145 and § = 0. The second conclusion follows.

Now we prove the first conclusion. Let C4 and C5 be such that optimal value of Opt 4 equals C4 P % and

the optimal value of Opt 5 equals C’5P%. This holds by the homogeneity of the programs. The argument of
Lemma in the paragraph beginning “We now proceed”, applied using the mappings 54 and 145 shows
that Cy = Cs.
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Observe that
Ey?] < E[C5(P?)?] (D.147)
< (ElCs(PO)) : (D.148)
— CyP} (D.149)
—CuPf < — (D.150)

Here the first line follows from homogeneity of Opt 5, the second follows from Jenson’s since i < 2, the third
line from observing that the mapping 145 produces instances with an average parameter equal to Py, and the
fourth from the fact that Cy = C5 and that Z4 is (1 — €)-optimal.

This proves the first conclusion of the lemma. O

D.4.3 PROOF OF LEMMAS ANALYZING OPT 5

We now prove the two lemmas analyze the trivariate program, Opt 5.

Proof of Lemma|D.14] We consider two classes of feasible solutions. In the first, S1, we impose the constraint
that —b + d > 0. In the second, S5, we have —b + d < 0.

For solutions in S1, it is easy to check that for any (b, ¢, d), we can increase the objective value via the solution

(',c,d), where d = 0,and ¢’ = 1—kb2 -

The the optimum in S, is achieved by setting d = 0. It is then easy to check via the KKT conditions of the
resulting convex program that the optimum in this set chooses b and c as in the claim.

We now consider the second set, S2. Our goal will be to re-parameterize the objective in terms of a single
variable o := 213, and then analyze the one-dimensional optimization landscape as a function of .. Recall that

Yo = MaX, g.ke21raz<1 (P(b+ c) + ¢(—b + d)). Further define

Vo = (b(b+c) + p(—b+ d)) (D.151)

max
b,c,d:0<b=d,kc2+kd2<1
We proceed in a series of claims.

The first claim reduces this 3 variable program to a 2 variable program.

Claim D.27.
max o(b+c) + dp(=b+d) (D.152)
b,e,d:0<b<d,b2+k(c2+d2)<1
< k(c—d —k(c—d d
<max (oo a6k @)+ 0+ (ke — ) +))
(D.153)
(D.154)

Proof. This claim reduces to showing that any locally optimal solution in S that is not at one of the boundaries
b= 0orb = dmustsatisfy b = k(c— d). We proceed by contradiction. Suppose there was a feasible solution in
S with 0 < b < d which didn’t satisfy b = k(c — d). Then we can construct a new solution ¥’ = b+ A, ¢’ =
c—A, d = d+ A. Then the objective value doesn’t change (¢(b' +c') + ¢(—b" +d') = ¢(b+c) +¢(—b+d)),
but for small enough A with the correct sign (sign(—b + k(¢ — d))) the constraint value decrease, since

) +k(()? +(d)?) = b* —k(c® +d°) = 2A (b— k(c — d)) + ©(A?) < 0. (D.155)
Thus is we make this change and then scale up the solution such that the constraint is satisfied with equality, we
will have increases the objective. Further, since b is bounded away from 0 and d, for A small enough, we will

still have a point in S2. Note, also introduce a constraint that ¢ > d, since by the convexity of ¢, we can switch
the values of ¢ and d and increase the objective if ¢ < d. O

The next claim reduces the two-variable program to a single variable optimization problem.
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Claim D.28.

k(c—d —k(c—d)+d D.156
c,d:k(cfd)Sdgc,g(ac}id)2+k(cz+d2)§1 ( (C ) + C) + ¢( (C ) + ) ( )

h
< max | Y0, max L 2(¢<(k+1>a+1)+¢( (kJrl)aJrl))
— b bd’ e BN o . L a a - a a b
0 0<a< grkr i f(a)=0 (2+5)a2+ % 2 2 2 2
(D.157)
where

fla)=01-a)¢' (2k+Da+1)—(1+a)¢' (-(2k+1)a+1)=0. (D.158)

Proof. First we reparameterize A = ¢ — d and B = ¢+ d, such that we can upper bound by the optimum of the
following program:

1 1 1 1
s o((e+ D) s 20) wo (- (ke 1) as 1) w159
2k 2 koo
s.t. k™ + 5 AT+ §B <1 (D.160)
B
<AL D.161
0sAs 2k +1 ( )
.. . . B
Now by the KK(;T cond;t;ons, for any stationary point bounded away from the boundary of A = 0or A = ST
29 af
we must have %jg = Zajg, where f and g represent the objective and the constraint respectively. Thus at these
stationary points, we have
(2K + kA _ k43¢ ((k+5)A+5B) —¢' (- (k+5) A+ ;B)
kB T T 1 1 1 ; 1 s (D.162)
3 ¢ ((k+3)A+3B)+¢' (= (k+3)A+3B)
or equivalently, setting o := %,
"((k+3)A+1iB

l—a ¢ (-(k+3)A+1iB)’

This manipulation and reparameterization in terms of « is useful for analysis because it allows us to leverage the
homogeneity of ¢ without explicitly computing the KKT solution. Indeed, by homogeneity (and plugging in
o= %), we have at stationary point,

l+a ¢ (2k+1Da+1)
l—a ¢ (=Qk+1Da+1)’

(D.164)

fla):=1-a)¢' (2k+Da+1)—(1+a)d (-2k+1)a+1)=0 (D.165)

Now we check the boundary points. When A = 0, this corresponds to the point where ¢ = d and b = 0, which

yields the objective value vo. When A = %, this corresponds to the point when b = d, and thus yields the

objective value vp,q. O

In the next claim, we will show the single variable optimization program in terms of « achieves its maximum at
the boundaries.

Claim D.29.

1 2 1 1 1 1
020 ol (a0 ((k:Q—i- g) o T g) (¢ (<k+ §> o+ 5) +¢ (— <k+ 5) a+ 5)) < max (70, Ved) -

max
(D.166)

Proof. First we show that f(c) = 0 has at most one strictly positive solution. To show this, since we know
f(0) = 0, it suffices to check that the second derivative of f(«) is always positive for 0 < o < 1. Indeed, the
second derivative evaluates to

2 1+« l-« 1 1
(2= h)(h— 1)t <(1_;)H - (Hm)H) +2(h—1)t<(1_m)H - (Hm)H). (D.167)
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where ¢ := (2k + 1). Since h € (1,2) and t > 0, this expression is positive for a > 0 since ~—T% . >

(1—tx)3—h
l—a 1 1
(reays=r A4 Gy > e

Now, we will show the derivative of the objective, which we will call g(«), is positive at the boundary point

a = Tlﬂ At this value, the term inside the second ¢ evaluates to 0, and thus so does its derivative. The

remaining part of the objective evaluates to

() ()3 (e (o) ).

(D.168)

1 1\? 1\ o 1\!
((k+§>a+§> ((k+§>o¢ +§) (D.169)

is increasing as a function of «.. Indeed we can take the derivative to confirm this is the case for o < 1.

so it suffices to check that

Now since g(«) is increasing at the upper boundary o = ﬁ and has at most one stationary point between 0
and the upper boundary, we conclude that this stationary point cannot be a maximum. Thus the maximum must
be obtained at the boundary. Again the boundary points correspond to when ¢ = d and b = 0, yielding o and

when b = d, yielding 4. O

These three claims have shown that the maximum inside S5 is obtained at one of the boundaries where b = 0 or
b = d. It is easy to check that any solution when b = d is suboptimal if d > 0, since we can decrease d and
increase c by a small amount which will improve the objective. Now if & > Kgcn, then by definition, yo < 7+,
and thus the optimal solution with b > 0 is given by choosing c and d as in the lemma.

If & < Kgen, the greater solution of o and . is given by ~o, and thus we choose c and d to be equal as in the
lemma. O

Proof of Lemma[D.I3] Because of the homogeneity of each constraint, it suffices to prove the result for By = 1.
Consider some e-optimal solution (b, ¢, d). Without loss of generality, by the symmetry of the problem and the
conclusion, we can assume b is non-negative.

Observe that for € = ¢(#) small enough, by the continuity of the objective, any (1 — €)-optimal solution must be
arbitrarily close to the solution given in Lemma|D.14] which we name (b*, ¢*, d").

This means that for & > Kgen, We must have b arbitrarily close to 4/ ﬁ, c arbitrarily close to 4/ 7 ii,a) ,and d
arbitrarily close to 0. Thus the first conclusion follows by the fact that

im0 e) (1 )"
1%¢<b+c>‘¢<b*+c*>‘(1+g) ' (D170

The second one follows from the fact that in a neighborhood of b* and d*, both sides are 0.
If additionally & < Ky, then by definition of k., we have that b* < ¢*. So for small enough ¢, b < ¢. Thus

o(b) = 2—1,L¢(2b) < Q—I,Lqﬁ(b + ¢), which yields the third conclusion. Again the fourth conclusion follows from
the fact that in a neighborhood of b* and d*, both sides are 0.

The last conclusion (if & < Kgen) follows immediately from the Lemma O

Proof of Lemma[D16] For each i € H, define an instance of Opt 5 by putting b = b;, ¢ = ¢, d = ds,
and Ps = P5(Z) = b7 + k(c? + d?). Let ~; denote the objective value of this instance of Opt 5, that is,
@(bi + ¢) + o(—b; + ds).

h
By the homogeneity of Opt 5, the optimum of Opt 5 equals C4P;* for some value Cy. Further, Clai

guarantees that the optimum of Opt 4 is at least %C4(P4)%, because it is possible to construct a solution
to Opt 4 from an optimal solution (b*,c*,d") of Opt 5 in the following way: For half the ¢ € H, take
(bsyci,di) = (b",c",d"). For the other half, take (b, c;,d;) = (—b",d",c"). Then the objective value is
exactly half of the optimum of the optimum of Opt 5 with P5 = Pj.
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Fori € H, let s(7) be the optimality of the respective instance of Opt 5, that is, W If the solution to
Cy(P5")2
Opt 4 is (1 — €)-suboptimal, then we have

h
2

Eis(i)Ci (P7)7 > (1- ) Ca(Pn) ¥ (D.171)

EP!" < P,. (D.172)

Plugging the second equation into the first, and applying Jensen’s inequality to the concavity of the function
T — :ch/Z, we obtain

h

Eis(i) (P")* > (1- ) (EP)

h h
2 2,

> (1— e E(PY) (D.173)

h
Let o(i) := (Pg”) ? . In the remainder of the lemma, we use the o and s to denote random variables over the

randomness of ¢, and all expectation are over ¢ uniformly from H.

For any §, we have,

(1-¢)E[a] < Elas] (D.174)
=Elasl(s > 1—0)] +E[asl(s < 1—9)] (D.175)
<Elal(s > 1—06)]+ (1 - 6)E[al(s < 1 — )] (D.176)
=E[al(s >1-90)]+ (1 —9) (Elo] — E[al(s > 1—19)]) (D.177)
= 6E[al(s > 1 —6)] + (1 — 8)E[q], (D.178)
$0

E[al(s > 1 - 4)] > (1 - g) E[a], (D.179)

and hence,
Elsal(s > 1—8)] > (1 - 0) (1 - g) Ela]. (D.180)

Let qp15 and ) be the constants € and 7 from Lemrna By Lemma|D.15} for any ¢ with s(¢) > 1 — qp-13,
we have ¢(b;) > n¢(b; + ¢;). Thus

Eicr[p(bi)] > Eicu[o(b:)1(s(i) > arm)] (D.181)
> NEicm[p(bi + ci)1(s(i) > 1 — ao1a)] (D.182)
=0 (Eicr[d(bi + ¢i)] — Bicn[¢(bi + ci)L(s(i) < 1 — qoz3)]) (D.183)
> 1 (Eicr([p(bi + ¢i)] — Eien[(¢(bi + ci) + ¢(—bi +di)) L(s(i) < 1 — quzm)]) (D.184)
=n(Eicu[d(bi + ;)] — Elasl(s < 1 — ao1m)]) (D.185)
> 1 (Eien([p(bi +c:i)] — Elal(s <1 — qz1m)]) (D.186)
> (EiEHw(bi +e) - E[a]) (D.187)

‘We need one more claim:

Claim D.30. [f the solution to Opt 4 is (1 — €)-optimal, then

Eien[p(bi +ci)] > % (1 —€) Eicu[p(bi + ci) + (—bi + di)]. (D.188)
Eien[p(—bi + di)] > % (1 — &) Eicu[p(bi + i) + ¢(—bi + ds)]. (D.189)

Proof. Suppose without loss of generality that E;c g [¢(b; + ¢;)] = ¢ (Eicu[p(bi + ¢i) + ¢(=b; + d;)]) for
some q < %
Then the optimum of the program is at most g, so we have

h h
2 2

gCa(2P) % > qBicn[b(bs + i) + d(—=bi + di)] > (1 —€) 304(2134) (D.190)

The conclusion follows.
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Using the claim and Equation[D:173]

Eicu[p(bi +ci)] > % (I =€) Bicu[p(bi + i) + ¢(=bi + di)] = % (1 —¢)Efas] > % (1-¢)”E[a).
(D.191)
Thus plugging this into the Equation[D-I81] we have
Eiculo(b:)] > n (EieH[¢(bi +c)] — E[a}) (D.192)
2

The second statement of the lemma can be proved identically, but using the second result of Lemma [D.13]
Now we consider the case when additionally we have kK < Kyc.

We can bound

Eier[6(bi)] < Eicw[p(b:)1(s(i) > 1 — qom)] + Ricn[¢(bi)1(s(3) < 1 — qorm)] (D.194)
< (71 +2‘1(“>) Eienld(bi +e)1(s() > 1 — qumm)] + Eienla(i)1(s(i) < 1 — azra)

(D.195)

< (FH) Buenlots + ol + o] (D.196)

< (qu("‘)/?) Ecnlé(b: + )] (D.197)

for € a small enough constant. Here in the second inequality we used Lemma[D.T5]and additionally the fact that
for any 4, we have ¢(b;) < «(¢) in any feasible solution. In the third inequality, we used Equation[D.179] In the
final inequality, we used Equation|D.191|and chose € small enough in terms of ¢(x) and o135

The same argument holds for d; and —b;. O
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