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ABSTRACT

The inexact stochastic proximal point algorithm (isPPA) is popular for solving
stochastic composite optimization problems with many applications in machine
learning. While the convergence theory of the (inexact) PPA has been well es-
tablished, the known convergence guarantees of iSPPA require restrictive assump-
tions. In this paper, we establish the stability and almost sure convergence of
iSPPA under mild assumptions, where smoothness and (restrictive) strong convex-
ity of the objective function are not required. Imposing a local Lipschitz condition
on component functions and a quadratic growth condition on the objective func-
tion, we establish last-iterate iteration complexity bounds of isSPPA regarding the
distance to the solution set and the Karush—Kuhn-Tucker (KKT) residual. More-
over, we show that the established iteration complexity bounds are tight up to
a constant by explicitly analyzing the bounds for the regularized Fréchet mean
problem. We further validate the established convergence guarantees of isPPA by
numerical experiments.

1 INTRODUCTION

We consider the following stochastic composite optimization problem:

m]iRn d(z) £ F(x) +r(z), where F(z) 2 Eoup[f(x;8)], (ComOpt)
z€R

where S is a sample space, P represents a distribution over S, r: R? — (—o0, +0o0] is a proper
and closed function, and for P-almost s € S, the component function f(;s): RY — (—o0, +00]
is proper and closed, while the composite component function f(-;s) + r(-) is proper and closed
convex. A special case of problem is the regularized finite-sum problem, where the
sample space S is denoted by the finite discrete domain {1, - - - ,n} for some positive integer n, the
function F' is defined as a finite sum of component functions, and the regularizer r is typically used
to impose sparsity on the parameter x. Such discrete models are common in statistics and machine
learning, including linear regression model with Lasso regularizer or elastic net regularizer.

1.1 MOTIVATION AND RELATED WORKS

Numerous stochastic first-order methods have been proposed and analyzed for solving the stochastic
problem (ComOpt). The classical stochastic gradient descent (SGD) method developed by [Robbins
& Monro (1951) remains popular due to its simplicity. Nevertheless, theoretical and empirical
results have shown that SGD suffers from instability and has significant difficulties and limitations
in stepsize selection (Moulines & Bach| [2011; |Asi & Duchi, 2019). While SGD is commonly
used in practice, its drawbacks motivated developing alternative methods to alleviate these issues.
One such method is the stochastic proximal point algorithm (sPPA) developed by Bertsekas| (2011)
for discrete problems and extended to continuous settings by Ryu & Boyd| (2014). A significant
advantage of sPPA over SGD is the stability established in (Asi & Duchil 2019). Specifically, when
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each component function is convex and there exists a uniform upper bound on subgradients over the
optimal solution set, SPPA exhibits the following property: if the stepsizes are square summable but
not summable and the subdifferential exchange with the expectation, then the iterates generated by
sPPA are bounded almost surely.

Several theoretical convergence results have been proven for sPPA under different assumptions.
Common assumptions include (restricted) strong convexity (Ryu & Boydl, 2014} [Patrascu &
Necoaral 2018}, |Davis & Drusvyatskiy, [2019; |Asi et all 2020) and (Lipschitz) smoothness (Ryu
& Boyd, 2014; [Toulis et al.l [2016} [Patrascu & Necoara, [2018;; |Yuan & Li, [2023)) or (global) Lips-
chitz continuity (Patrascu & Necoara, 2018} |Davis & Drusvyatskiy, |2019) of component functions.
Many other assumptions have also been proposed to obtain bounds of convergence rate for sPPA.
For instance, when applied to problem with weak linear regularity of F' and r = 0, [Pa-
trascu| (2021) proved an asymptotic O(k~") sublinear convergence rate of SPPA with diminishing
stepsizes ap = agk™? in the expected squared distance to the optimal solution set. Some studies
assumed “easy optimization” (Patrascul, 2021; Ast & Duchi} [2019;|Asi et al., 2020), which requires
that optimal solutions minimize each component function. However, this strong assumption is often
violated in machine learning models. Most analyses considered the exact sPPA with a batchsize of
one, which assumes the subproblem in each iteration is solved exactly. This is a strong assumption
that is typically difficult to achieve in practice. The only analysis of inexact sSPPA was conducted
by [Yuan & Li| (2023), who established ergodic convergence under the assumption that r satisfies
Lipschitz continuity over the entire domain. Nevertheless, this condition is violated by the elastic
net regularizer. We refer to Table [I]in Appendix [A]for a detailed comparison of these convergence
rate results and their underlying assumptions.

Based on the above discussion, in this paper, we consider the inexact stochastic proximal point
algorithm (isPPA) and provide the corresponding convergence analysis. Specifically, we aim to:

* Establish convergence rate guarantees under assumptions that are satisfied by most com-
mon regularized regression models in practice, including linear regression and logistic
regression, while also allowing for nondifferentiability and local Lipschitz continuity of
component functions and the regularizer.

* Impose reasonable stopping criteria that can be implemented computationally for inexactly
solving subproblems.

* Derive various versions of convergence rate bounds, with some possessing theoretical in-
sight while others being practically meaningful for assessing algorithm termination.

We mainly focus on the bounds for last-iterate convergence rates due to: a) their easier extension to
nonconvex settings than ergodic convergence rates, which rely strongly on convexity; b) last iterates
preserving properties like sparsity versus averaged iterates.

1.2 CONTRIBUTIONS
The main contributions of this paper can be summarized as follows:

e Under mild conditions, we prove the stability of isPPA, extending the stability result for
exact sPPA in literature (Asi & Duchi, 2019) to the inexact variants.

* Assuming a local Lipschitz condition on component functions and a quadratic growth con-
dition on the objective function, on the event that the iterate sequence remains bounded,
we derive nonasymptotic last-iterate convergence rates for isPPA in terms of the expected
squared distance to the optimal solution set. Specifically, this method converges linearly
to an O(«yp) neighborhood of the optimal solution set with constant stepsizes «, and can
achieve an O(k~#) asymptotic rate with diminishing stepsizes as, = agk™? (3 € (0, 1]).
Based on these results, we can further obtain the corresponding rates in terms of the ex-
pected Karush—Kuhn-Tucker (KKT) residual. Since the KKT residual is commonly used
in algorithm termination criteria, these rates have clear practical applications.

* By using the Fréchet mean problem with squared ¢s-norm regularizer as an illustrative
example, we provide lower bounds on the convergence rates of isPPA for solving problem
under the assumptions proposed in this paper, demonstrating that our derived
convergence rate guarantees are tight up to constant factors.
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Additionally, we verify the theoretical results by preliminary numerical experiments.

1.3 NOTATIONS AND BASIC ASSUMPTIONS

Denote the set [n] = {1,---,n}. For any x € RY, denote its g-norm as [zl Forany z € RY

and X C RY let dist(z, X) £ infyex ||z — y||, be the Buclidean distance from z to X, and set
proj(z, X') to be the projection of = onto X if X" is nonempty and closed convex. For any proper
and closed convex function p: R? — (—o00, +-oc], the subdifferential of p at z is denoted by dp(z),
and the proximal mapping proxp(-) associated with p is defined by

1
prox,(z) £ arg min {p(y) + - |ly— x||§} for all 2 € RY.
yeR4 2

It is known from (Rockafellar, |1976b, Proposition 1) that proxp(o) is nonexpansive, i.e., Lipschitz
continuous with constant 1. Consider the stochastic composite optimization problem (ComOpf).
Let X* £ arg min,cpa ¢(x) denote the optimal solution set and set ¢* = inf,cga ¢(z). For each
s € S, the composite component function ¢(-; 5): R? — (—o0, +-00] is defined by

o(x;8) & f(a;8) +r(x) forall z € RY,

where f(-; s) and r(-) denote the component function and regularizer of problem (ComOpt)), respec-
tively. Then, the objective function ¢(x) = E,p[p(z; s)] for all z € R?. For each k € Z, we use

Shm £ [Giym S to denote a random minibatch of size m and define

_ 1 & )
Sy & =N f(x;S)) forallw € R 11
f(.’E,Sk ) mi_l f(fE,Sk) orallx € ’ ( a)
. 1 & N :
7 (z;5p™) £ EE o(x;S) = f (z;S4™) +r(z) forallz € RY. (1.1b)
=1

To solve problem 1) we consider the isPPA method shown in A]gorithm The symbol “
indicates that the next iterate xjy; is obtained by approximately solving the following subproblem:

_ 1
3 . Sl:m _ 2
min f(z; S )+T(fc)+72akllw Tkl

until 41 satisfies an accuracy e, specified by some stopping criterion (to be defined in Section [2)).
To establish the convergence properties of isPPA (Algorithm(T), we make the following assumptions.

Assumption 1. The function F: R? — R is locally Lipschitz and r: R? — (—o0, +00] is a proper
closed function. For P-almost all s € S, f(:;5): R? — (—o0, +0o0] is a proper closed function
satisfying dom(f(;s)) D dom(r), and ¢(+;s): RY — (—o0, +00] is convex.

Assumption 2. The optimal solution set X* is nonempty. There exists a scalar 04 € Ry such that

Esup [||<p’(x*; S)H;:| < 035 for all x* € X* and all measurable selections ©'(z*;s) € Op(z*; 5).

For any fixed x* € X* and ¢’ (x*) € O¢(x*), there exists a measurable mapping ¢’ (x*;-) such that
Eswp [¢' (2%;8)] = ¢’ (%) with ' (z*;5) € Op(x*;s) for P-almost s € S,
where Eq.p [¢' (2*;5)] is defined as the integral [ ' (z*;s)d P(s).

Assumption 3. For any bounded open subset U C dom(r), there exists a measurable function

Lyv: S — Ry, satisfying \/Eswp[Lyu(5)?] < Lrp(U) for some constant Ly (U) € R depend-
ing on U, such that for P-almost all s € S,

[f(@;8) = f(y:9)] < L (s)llz =yl
holds for all x,y € U.

Assumption 4. The objective function ¢ satisfies the quadratic growth condition on X* globally,
that is, there exists ¢; > 0 such that

() > ¢* + crdist(z, X*)?
holds for all x € R,
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It is worth noting that Assumption[]is not essential for establishing the stability or almost sure con-
vergence of isSPPA. Moreover, this assumption can be relaxed to its localized version (Assumption
[3) when deriving the convergence rate of isPPA with square summable diminishing stepsizes, i.e.,
o = ok~ for some 3 € (3,1].
Assumption 5. The objective function ¢ satisfies the quadratic growth condition on X* locally, that
is, there exists ¢c; > 0 and 6 > 0 such that

o(x) > ¢* + erdist(x, X*)?  forallz € U (X*,06),
where U(X*, ) denotes the set {x € R? | dist(z, X*) < 5}
Remark 1.1. A sufficient condition for the optimal solution set X'* to be nonempty is the coercivity

of the objective function ¢, which commonly holds for regularized regression models. The last
condition in Assumption [2)is implied by the equality

Eqp [0p(x;8)] = 0¢(x) forall z € dom(gp), (1.2)
where E,p [0p(z; s)] is the expected subdifferential defined by

Brp Op(ais)] 2 v € R |05, = [ i PG
s
with ¢’ (z; -) measurable and ¢’ (x; s) € dyp(z; s) for P-almost s € S}.

In the discrete case where S = [n], it follows from (Rockafellar, 1998, Theorem 23.8) that
Nsesri(dom(p(+;s))) # 0 is sufficient for (1.2), with ri(dom(p(-;s))) relaxed to dom(¢(+;s))
for polyhedral ¢(-; s). For the continuous case, sufficient conditions are given in (Rockafellar &
Wets| 1982} Bertsekas|, [1973)). Specifically, if ¢(+; s) is real-valued and convex for each s € S,
holds due to (Bertsekas, |1973| Proposition 2.2).

Algorithm 1 Inexact Stochastic Proximal Point Algorithm (isPPA)

Parameters: initial point x1, stepsizes { oy, }x>1, accuracy parameters { ¢y } ;,>1, minibatch size m,
maximum iteration count K
1: fork=1,2,--- , K do

2: Draw a random minibatch S} with S}, id-p
3: Update
€k - . 1
~ i ;S Hm — ||z — zp||2 1.3
e % ang i { 7o SE7) 4 7(0) + 50— B 13
where f(x; S}™) is defined in (1.1al)
4: end for

Output: last iterate x g

2 ANALYSIS OF INEXACT STOCHASTIC PROXIMAL POINT ALGORITHM

In this section, we establish the convergence properties of isPPA, including the stability, almost
sure convergence, and convergence rate guarantees in terms of the squared distance to the optimal
solution set and the KKT residual.

Given €, > 0, we consider the following three criteria and say that zj is obtained according to
(1.3) if it satisfies one of these criteria:

HwkH - proxoé@(,;S;;m)(:Uk)H2 < e, (SCA)
1: 5%

Paa (Tr1 55 ™) = D oy spm < 5 (SCB)

dist (0, 0By 4y (24115 SE™)) < :7’; (SCC)

where function ®,, ., (-; SF™): RY — (—o0, +0o0] is defined by

. . 1
Doy oz (3 Sé'm) £ @(m; Sé'm) + Yar |z — ack||§ for all z € R,
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and @ £ mingepe Poy 0, (23 S5™) denotes the minimum value. Leveraging the fact
bl e
that @, ., (; S3™) is %k-strongly convex under Assumption|l} it is straightforward to verify that

Criterion (SCC)) = Criterion (SCB) = Criterion (SCA). 2.2)

Therefore, it is sufficient to establish the convergence results for isPPA with {x}, } satisfying criterion
SCA). Due to (2.2), the derived conclusions also hold for isPPA with {x}, } satisfying either criterion
SCB) or criterion (SCC).

Unless otherwise stated, we will use the following notations for simplicity. For any 8 € R, the
function ¢g: Ry — R s defined by

P 1 .
a2 )5 if 8 #0,
0 (®) {111(75) if 8 =0, 23)

for all t € Ry . For any bounded open subset U C dom(r), we assume without loss of generality
that Esp[Ls1(s)?] > 0 and set

2
Var (Lyu(s)) 1+ (m—-1)nru
A A
£ — b7V d mU = — 1] . 24
A O o o4
Fix any k € Z;. Let Fj, £ o(SF™,---,SL™) be the o-field generated by the first k& random
minibatch {S}™}% | and denote the conditional expectation Ex[-] £ E[- | Fj._1]. Additionally, we
denote the proximal point prox,, z(.;s1:m) (k) by Tk+1.

2.1 STABILITY AND ALMOST SURE CONVERGENCE

Before establishing convergence rate guarantees for isPPA, we first prove conditions sufficient to
ensure boundedness of the iterates {x; } generated by . By adopting the proof of (Asi & Duchi,
2019, Theorem 3.2 and Corollary 3.5) with suitable modifications, we have the following theorem.
The proof is omitted here and deferred to Appendix

Theorem 2.1. Let Assumption and hold, and let {x},} be generated by isPPA (Algorithm with
stepsizes {cu, } and parameters {e }. Suppose that the parameters {€}.} satisfy €, = a3 for each
k € Z withy € R. Then the following assertions hold:

(i) ForallTt € X* and k € Z,., we have

o2
Ey, [||mk+1 — zug] < (1+a}) llze — 25 + (1 +0f) of (ﬂf +92 ). @9
(ii) Assume further that the stepsizes {cu;} satisfy > po, @i < co. Then
sup ||agll, < oo with probability 1. (2.6)
keZy

Remark 2.1. For the finite-sum regularized regression model with real-valued nonnegative convex
component functions and a real-valued convex coercive regularizer, Remark[I.T| combined with the
compactness of the subdifferential of a real-valued convex function, implies that Assumption [I]and
[2/hold. By Theorem [2.T] this observation shows that isPPA exhibits stability under mild conditions.

With Theorem established, we are now positioned to demonstrate almost sure convergence
of isPPA with diminishing stepsizes, assuming local Lipschitz continuity of component functions.
Our proof sketch incorporates and modifies the methodologies from |Davis & Drusvyatskiy| (2019,
Lemma 4.2) and Bertsekas| (2011, Proposition 9) to initially derive convergence results for exact
sPPA (i.e., ¢, = 0), and subsequently extends these findings to inexact settings using the Cauchy-
Schwarz inequality. See Appendix [B.2]for a detailed proof. It is worth noting that our proof tech-
nique diverges from that employed by |Asi & Duchi| (2019} Proposition 3.8); see Remark in
Appendix [B.2] for more details.

Theorem 2.2. Let Assumption hold, and let {x}.} be generated by isPPA (Algorithm ) with
stepsizes {cu, } and parameters {€y}. Suppose that the stepsizes {ay} satisfy >y, o, = oo and
Y he, @i < oo, and the parameters {ey} satisfy ex, = yai for each k € Z withy € Ry. Then
with probability 1, both lim infy_, o ¢(Zy) = ¢* and there exists x* € X* such that limg_, o |21 —
x*||2 = 0 hold.
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2.2 CONVERGENCE RATE IN THE SQUARED DISTANCE TO OPTIMAL SOLUTION SET

Recall the function g defined in (2.3) and the notation py ,, 7 introduced in ([2.4). In this part, we
consider the bounds on the last-iterate convergence rate of iSPPA, measured by the expected squared
distance to the optimal solution set, under a local Lipschitz conditon on f(-;s) and a quadratic
growth conditon on ¢.

Unless stated otherwise, if there is a bounded open subset of dom(r) that contains the sequences
{1} and {Z}}, we denote this subset by U. Let s € (0, 2) be an arbitrary scalar and define

(14 2c10) (1 4 scra) o
(2—9) 7
for all « € Ry. By utilizing Lemma (see Appendix [B) and following the proof arguments

of (Moulines & Bachl 2011} Theorem 1), we can thus derive nonasymptotic convergence rates for
isPPA as summarized in Theorem 2.3] and 2.4] below.

Theorem 2.3. Let Assumption hold, and let {x}} be generated by isPPA (Algorithm |I)) with
3

constant stepsize oy, = o and parameter €, = yog forallk € Z., where ag € Ry and vy € Ry

Denote by 6; = dist(x1, X*)2 and let s € (0,2) be an arbitrary scalar. Then, on the event that
SUPkez, lzkll, < oo, we have

éfym,U,clw(O‘) £ Pf,m,ULF(U)2 + 2.7

B dist(o, 2] < () 6, 4 Cmtimaled) 238)
1ST( Tk P E— —_—Q .
o ~\ 1+ sciag ! scq 0
forall k € Zy, where C'yn v7.c, () is defined in .
Theorem 2.4. Let Assumption hold, and let {x},} be generated by isPPA (Algorithm |I)) with
3
diminishing stepsize o, = ook™? and parameter €, = yap forall k € Zy, where ag € Ry,

B € (0,1] and v € Ry. Denote by 6; = dist(z1,X*)? and let s € (0,2) be an arbitrary scalar.
Then, on the event that supy,c,, ||[xk|l, < 0o, the following assertions hold:

(i) If B € (0,1), then

E [dist(zk, X*)?] < exp <Sclaoq_g(k)> 01

5 ag L
1 —exp(—2a20 ) kB

1+sciap

~ k
O lae) aPa? e (5100 s
+ Ctm,U,er,(0) - 47 eXp( 50+ seran) G-26 (5

+ Ctamuer (o) - 4 2.9)

holds for all k € 7.y, where C , t7.¢, (- is defined in .
(ii) If B = 1, then
E [dist(2g, X*)?]

~, : 2
468, 48 mv.cy A (@0)(2+sc1a0)ag ] (l)%%

1+sciag 2—sciap k
48, 1 ~ 2 . In(k) : _ 2
< =3 T 4Of772%7U701,7(0‘0)O‘0 Tk ifaag =%,

scyag A 2

4861 (1\ZFserag 4 2CfmUcyv(@0)(2tscido)ag 1 . 2
1+sciap ( ) + scrop—2 k lfCla() > s?

k
holds for all k € 7.y, where C , t7.¢, ~(+) is defined in .

, 2
Feco <5 10

Focusing on dominant terms, we can immediately derive the asymptotic convergence rate for isPPA
as shown in Corollary [2.3] which provides a clearer estimate of the convergence rate obtained in
Theorem 2.4]

Corollary 2.5. Consider the setting of Theorem and let s € (0,2) be an arbitrary scalar. On
the event that supcz,, ||z o < oo, the following assertions hold:

(i) If B € (0,1), then E [dist(zx, X*)2] < O (k=P holds for all k € Z.
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(ii) If B = 1, then

2seqaq
~ZFscia i 2
O (k™ 2Fser 0) ifcrag < 5

E [dist(xk,/’\f*)2] << (kfl ln(k)) ifcrag = %’
O (k) if crag > 2,

holds forall k € Z.

The proofs of Theorem [2.3] and Corollary [2.5]can be found in Appendix

Diminishing stepsizes and localized quadratic growth condition. In the context of isPPA with
diminishing stepsizes o, = agk™? and parameters €, = a3, where ag € Ry, B € (%,1]
and v € R., and considering the square summability of {«j}, Theorem ensures the al-
most sure boundedness of {xj} under Assumption 1| and In this setting, since o < g and

12, az/g < 70[(1)/2 . Oéz/Q, the iterates {x } also satisfy Criterion li with &, £ ’yaz/Q,

voR =y
where 7 £ fyoz(l)/ 2, Consequently, all the results in Theorem H and Corollary hold with
probability 1, even without assuming supycz, [|2xll, < oo. Additionally, based on the fact that
{dist(zx, X*)} converges to zero almost surely as implied by Theorem 2.2 Assumption [4]in The-
orem [2.4] can be replaced with its localized version (Assumption [5)). Under this localized quadratic
growth condition, convergence results analogous to those in Theorem [2.4] and Corollary can be
achieved for sufficiently large k.

Relationship with prior work. When each component function is Lipschitz smooth and restricted
strongly convex, and the regularizer r is zero, the asymptotic convergence rate descirbed in Theo-
rem 4 of (Ryu & Boyd, [2014)) for standard sPPA (i.e., exact sSPPA with a minibatch size of one) with
stepsizes o = apk™! can be deduced from Corollary Similarly, the last-iterate convergence
rate guarantees provided in Theorem 1 of (Toulis et al. 2016) for standard sPPA with stepsizes
ar =apgk P (B € (%, 1]) can be derived from Theorem However, these guarantees established
by [Toulis et al|(2016) require more restrictive assumptions, such as the twice continuous differen-
tiability and a specific structural condition on component functions. The last-iterate convergence
guarantees in Theorem 4.3 of (Patrascu, 2021) apply exclusively to standard sPPA, and achieving
the linear rate of (Patrascul 2021, Corollary 4.5) requires the problem to be easy to optimize. The
(’)(k‘l) ergodic convergence rates in Theorem 10 of (Yuan & Li,[2023) for inexact sPPA with step-
sizes ap = apk~! are established under stringent conditions including Lipschitz smoothness of
component functions, Lipschitz continuity of the regularizer across the entire domain, and a suf-
ficiently large minibatch size. Most previous work have focused on the convergence properties of
standard sPPA when solving problem with Lipschitz smooth component functions. As
noted in Remark [2.1] the assumptions applied in this paper are reasonable and feasible in practice,
and the above comparisons indicate that our derived convergence rate estimates are competitive.

2.3 CONVERGENCE RATE IN THE KKT RESIDUAL

The bounds on the rate of convergence in terms of the expected squared distance to the optimal
solution set given in Section [2.2] possess significant theoretical importance. However, termination
criteria in practice are frequently associated with the KKT residual. Consequently, it is essential to
establish convergence rate guarantees with respect to the KKT residual. Fortunately, the following
relationship between the KKT residual and squared distance to the optimal solution set holds.

Lemma 2.6. Let ¢: R? — (—oo, +00] be a proper and closed convex function, and denote the set
of minimizers of ¢ by X*. If X* is nonempty, then for any x € R%, we have

|z — prox¢(x)|‘2 < 2 dist (x, X*),

The established relationship enables us to extend all conclusions from Section[2.2]to the correspond-
ing convergence rate bounds in terms of the expected KKT residual. For the sake of brevity, we focus
exclusively on the asymptotic convergence rates of iSPPA with diminishing stepsizes in this part.

Corollary 2.7. Consider the setting of Theorem and let s € (0,2) be an arbitrary scalar. On
the event that supcz, ||z |y < oo, the following assertions hold:
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(i) If B € (0,1), then E [ka - prox(ﬁ(xk)”z} <0 (k’g) holds for allk € Z.

(ii) If B = 1, then

o k_%) if crag < 2,
E | [Jar — prox,(ei)ll,| <0 (k7% m(k)?) ifera0 = 2,
@) k;‘%) l'fC10(o>%,

holds forall k € Z.

The proofs of Lemma[2.6|and Corollary 2.7] are deferred to Appendix [D}

3 LOWER BOUNDS OF CONVERGENCE RATE

In this section, we establish a lower bound for the convergence rate of isPPA. The main results are
summarized in the following proposition; see Appendix [E|for a detailed proof.

Proposition 3.1. Let {p;}"_; C R< be given points and A\ € R.. Consider the finite-sum convex
optimization problem:

. 2 IR 2 A2
min ¢(z) & F(z) +7(z) =~ ; e = pillz + 5 llll3 - 3.0

Denote the set [n] = {1,--- ,n}. Let {x}} be generated by with stepsize «y, € Ry and
parameter €, = 0 for all k € Z .. Then the following assertions hold:

(i) Assumptionhold for and x* £ ﬁ > i, pi is the unique optimal solution.
(ii) Set ¥ £ max;e|y ||pilly. Then supiez, [zklly < ll21lly + 2 < oo, ie, {z)} is bounded.

(iii) Assume further that there exists ig # jo € [n] with p;, # p;,. Then 0% £ %Z?ﬂ llp; —
LS pil3 > 0and forany k € Z..,

* 2
E[lloass — 2°3)

40%0f .
- W if ax > ag for some ag € Ry 4,
— 40%a2 _ .
m-k if ap = 7§ for some ag € Ry y and 8 € (0,1].

Tightness of derived bounds. Combined with the upper bounds derived in Section[2.2] the lower
bound established in Proposition [3.1] shows that for isPPA with last iterate output, solving problems
satisfying Assumption [I}i4] the following holds if the convergence rate is measured by
the expected squared distance and no other structure is known: a) when the stepsizes {cay } have
a uniform positive lower bound, the algorithm guarantees only convergence to a neighborhood of
the optimal solution (see Figure [I(b)), and thus the bound on the convergence rate of isPPA with
constant stepsizes from Theorem [2.3| cannot be improved; b) for the diminishing stepsizes {ay}
with o, = apk™” (3 € (0, 1]), the asymptotic convergence rate of O(k~?) from Corollary [2.5|is
tight up to constant factors (see Figure[1(c)).

Comparison with deterministic PPA. It is known that if the sequence of stepsizes {«ay } satisfies
Q) — Qoo fOr some oo € Ry, then inexact deterministic PPA exhibits linear convergence under
quadratic growth condition and can achieve superlinear convergence as «j; — oo (Rockafellar,
1976a};|Luque, |1984). In contrast, our analysis shows that even when solving Fréchet mean problem
(3.1) with Lipschitz smooth component functions and a strongly convex objective function, iSPPA
with lower bounded stepsizes merely approaches a neighborhood of the optimal solution but fails
to achieve exact convergence to the optimal solution. This discrepancy may stem from the noise
introduced during subproblem minimization through the term f(-; S}™) (see ). As shown in



Published as a conference paper at ICLR 2025

Appendix [C| this noise contributes to the term pf ., v Lp(U)? in the nonasymptotic estimate of
Theorem |2.3] while the first term in this estimate geometrically converges to zero. The distinctions
between the deterministic PPA and stochastic variants are empirically validated by the numerical

results presented in Figure [I(a) and [I(D)]

n=1000,d =100, A = 0.1, =0

= 1000, d = 100, A = 0.1, § = 0, m = 16 o 1 = 1000, d = 100, A = 0.1, ap = 10,

uared distance to solution

Relative distance to solution

104
10 20 30 40 50 6 70 8 9 100 ! 500 1000 1500 2000 3000 3300 4000 4500 5000 10°
Iteration(k) Iteration(k)

(a) Constant PPA (b) Constant isSPPA (c) Diminishing isPPA

107
Iteration(k)

Figure 1: Performance comparison of PPA and isPPA for solving the Fréchet mean problem (3.1)).
Legends “Algo-alpha0-cy” and “Algo-beta-3” denote methods with constant stepsizes ax, = cvg and
diminishing stepsizes ap = agk™? (3 € (0, 1]), respectively, where “Algo” refers to either PPA or
isPPA.

4 NUMERICAL EXPERIMENTS

In this section, we present numerical results to validate the theoretical convergence rate guarantees
derived in Section 2] For brevity, the discussion here is limited to the performance of isPPA on the
synthetic data, with details on real data sets available in Appendix [F} We generate the synthetic data
using the model b = Ax* + o, where A is sampled from standard normal distribution, x* is the
predefined true solution, £ is a noise vector from a standard normal distribution, and o denotes the
noise level. The number of nonzero elements in * is set to | psd| with ps = 1%. The results are
averaged over b trials with consistent parameters and initialization across each trial of isSPPA.

4.1 LASSO LINEAR REGRESSION MODEL

Consider the linear regression model with a Lasso regularizer (Tibshirani, |1996):

1
. A 2
min so(x) = = ||Ax = b5 + A1 ||z, , 4.1
»cRE ¢La530( ) 2 || ”2 1 || ”1 (4.1)
where matrix A € R™*? and vector b € R" are given data, with \; € R, as the regularization
parameter. For each trial of isPPA with diminishing stepsizes o, = agk™? where § € (%, 1], given
that the optimal solution may not be unique, we first obtain an approximation, denoted by z*, of the

optimal solution, to which the sequence {x} converges almost surely as indicated in Theorem
See Appendix [F.1]for details on obtaining £*.

For the Lasso linear regression model (@, we utilize the efficient semismooth Newton (SSN)
method (Li et alll 2018| Algorithm SSN) to solve the inner-loop subproblem (I.3)) inexactly, with
the sequence {xy } satisfying criterion ; see Appendixfor further details. In our numerical
experiments with synthetic data, we test with n = 10000 and d = 1000, setting ¢ to zero in noiseless
experiments and to 1072 otherwise. The regularization parameter \; is set to A, ||ATb||OO with
Ac = 1072, The accuracy parameter €y, is defined as ya? with v = 1072, and the minibatch size m
is fixed at 32. The top row of Figure 2] displays the convergence curves of isPPA with diminishing
stepsizes ap = ook ~? for various stepsize exponents 3 € {0.55,0.75,0.9,1}, starting with an
initial stepsize oy = 50. It is observed that isPPA with a stepsize exponent of 3 = 1 exhibits
the best performance. The asymptotic convergence rate measured by the squared distance to the
solution set is O(k~#), considering ||z — * Hg as an upper bound of dist(z, X*)?2. It also shows
that the asymptotic convergence rate regarding the KKT residual (defined in ) is O(k=P/2).
These observations confirm the results derived in Corollary 2.5]and [2.7]
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4.2 ELASTIC NET LINEAR REGRESSION MODEL

The linear regression model with an elastic net regularizer (Zou & Hastiel |2005) is defined by

1 A
100, Yetastie () £ 5 Az = blly + Al + 5 [l2lly “2)
where A1, A2 € Ry, are the given regularization parameters. It is straightforward to verify that
the objective function ©|astic is A2-strongly convex over R4, ensuring the uniqueness of the optimal
solution to (&.2). The setup for the numerical experiments of isPPA for solving (.2) is similar to that
previously described for (@.I)); see Appendix [F2]for further details. Notably, given the uniqueness
of the solution to (#.2)), we directly employ the semismooth Newton augmented Lagrangian (SS-
NAL) method (L1 et al.l 2018, Algorithm SSNAL) to approximate the optimal solution, to which the
sequence {xy} converges almost surely. This approximate optimal solution is denoted by Z*. The
numerical results, illustrated in the bottom row of Figure 2] demonstrate asymptotic convergence

rates of O(k~?) for the squared distance ||z — 7* ||§ and O(k~7/?) for the KKT residual (defined
in (E8)), thereby validating the findings from Corollary [2.5]and 2.7]

KKT residual

1
KKT residual

Tteration(k) . teration(k) cration(k)

(a) Noiseless setting (b) Noisy setting

Figure 2: Performance of isPPA in solving the linear regression models (Lasso - top and elastic net -
bottom) for four values of stepsize exponents 3 = 0.55, 0.75, 0.9 and 1. The legend “isPPA-beta-3”
denotes isPPA with diminishing stepsizes o = aogk~?. (a) The noiseless setting with o = 0. (b)
The noisy setting with o = 1072,

5 CONCLUSION

In this paper, we consider inexact stochastic proximal point algorithm (isPPA) for solving stochastic
composite optimization problems, allowing subproblems to be solved inexactly via suitable inner-
loop stopping criteria. Under mild conditions, we demonstrate the stability and almost sure con-
vergence of this method. By further assuming a local Lipschitz condition on component functions
and a quadratic growth condition on the objective function, we establish convergence rate guaran-
tees. These rates are measured by the expected squared distance to the optimal solution set and the
expected KKT residual. While the former provides theoretical insights, the latter offers practical
estimates for algorithm termination. Our findings confirm that these convergence rate guarantees
are asymptotically tight up to constant factors. Empirical validation from numerical experiments
supports our theoretical analyses. In future work, we will focus on enhancing its efficiency with
acceleration strategies and variance reduction techniques, and establishing the corresponding con-
vergence analysis.

REPRODUCIBILITY STATEMENT

Upon acceptance of the paper, we will release the code used for the demonstration examples in the
numerical experiments.
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A COMPARISON OF CONVERGENCE RESULTS FOR SPPA SCHEMES

Table (1| summarizes and compares convergence rate guarantees and associated assumptions for
sPPA-type schemes in solving problem (ComOpt). We use the following abbreviations:

bd (bounded), cld (closed)
lin.reg (linear regularity)

cvx (convex), s.cvx (strongly convex), r.s.cvx (restricted strongly convex), wk.cvx (weakly
convex);

Lip (Lipschitz continuous), loc.Lip (locally Lipschitz continuous), Lip.sm (Lipschitz con-
tinuous gradient), C? (twice continuously differentiable), sm (differentiable)

wk.lin.reg (weak linear regularity), qd.grow (quadratic growth), e.qd.grow (expected
quadratic growth), e.sharp.grow (expected sharp growth)

easy.opt (easy to optimize)

l.e (sufficiently large)

sq.dist (convergence rate in terms of {E[||xy — «* H;]}), sq.dist.set (convergence rate in
terms of {E[dist(zx, X*)?]}), func.gap (convergence rate in terms of {¢(xy) — ¢*}),
sq.norm.grad.ME (convergence rate in terms of the squared gradient £2-norm of Moreau
envelope with respect to ¢)

Table 1: Comparison of convergence rates for sPPA-type methods solving stochastic composite

optimization problem (ComOpt]).

Method Literature Model Assumptions Stepsize Rate
f(:;8) r.s.cvx & Lip.sm 2o ?{qdilSt (/})(%)
Qo L.e.
Ryu & Boyd| (2014) r=0 F(58) ns.cvx o linear convergence to
O(ap) (dist)
L) — T, “ sq.dist O( =
Toulis et al (2016 0 ;Ex S))c_ ];Eaﬁ';;)éc c? W {(}3 €(3 (1,35})0r
t al. = ©;S) CvxX 1 2
SPPA oulis et al.|( ) T (8= T&aolel
df(-;s) bdon X'*; g sq.dist.set O(kiﬁ)
F wk.lin.reg kP {B€(0,1)}or
{=1&ap le.}
Patrascu| (2021) r=0 9f(;s) bdon X o linear convergence
F wklin.reg (n = 0); (sq.dist.set)
easy.opt
fX(.; S%CVX & Lip; o = func.gap O(ik)
= MNsesXss oL :
X, cld.cvx & X lin.reg; ( ‘/E) (ergodic)
fX( 5} 8) S.cVX & sm; ao linear convergence to
i B = MNsesXxys O(a) (sq.dist)
New-sPPA  [Patrascu & Necoaral (2018)) r=1x X, cld.evx & X linreg; (ao) (sq
f(5s) s.cvx & Lip.sm; a sq.dist O(77)
X = Nsesx,; kP {B€(0,1)}or
X cld.cvx & X lin.reg; {8=1&aple}
f(+;8) cvx & e.sharp.grow; g lineal.r convergence
casy.opt kB (sq.dist.set)
{ ﬁ S (_007 1)}
APROX Asi & Duchi|(2019) r=1x f(;8) cvx & e.qd.grow; ag linear convergence
easy.opt kB (sq.dist.set)
{BeR}

continued on next page
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continued from previous page

Method Literature Model Assumptions Stepsize Rate
F'loc.Lip;
rcld; g sq.norm.grad.ME O( )
fe(58) +7(-) wkevx;
fx (' 5) Lip;
13 10(.2.L1p, = func.gap O(—=)
rcld; O(L) di VEk
Model-based [Davis & Drusvyatskiy| (2019) - f(8) () evx V&) (ergodic)
f(:; ) Lip;
r IOC..Llp, a0 = func.gap O(%)
rcld; (’)(l) ( dic) k
f(;8) + () s.cvx; k ergodic
f(:;5) Lip;
f(;s) cvx & Lip.sm; . func.gap O(5 + 1)
T CVX; & (ergodic)
X cld.cvx; {mle}
. ¢ qd.grow { ao Le}
M-SPP Yuan & Li|(2023) r=r+1lx (5 8) cvx & Lip.sm; Qo = func.gap O( :nk + 25
T CVX; O(ﬁ) (ergodic)
X cld.cvx { @0 = const(m, k, Lip;) }
f(ss) cvx & Lip.sm; o func.gap O(7z + 77)
r cvx & Lip; & (ergodic)
X cld.cvx; {mle}
¢ qd.grow {aole& e = O(Z)}
Inexact M-SPP  [Yuan & Li|(2023) r=r+1x  f(.s)cvx & Lip.sm; a0 = func.gap O(—= + 7)
r cvx & Lip; o( 1 ) (ergodic)
X cld.cvx VEZ { ag = const(m, k, Lip;)}
{en= O(ﬁ)}
o linear convergence to
0 (@] dist.set
Theorem F'loc.Lip; (a0) (sq;s set)
rcld; { €r = yagd '}
isPPA - F(58) +7() evx; o sq.dist.set (39(?113)
7 5) Lip: gz qad)
Theorem ¢ qd.grow {B€(0,1)}or

{,6:1&0401.6.}

Here 1 denotes the indicator function of a set X C R%, which is defined by

1X(a:)é 0 ifzeX,
oo otherwise.

The symbol “(ergodic)” appearing in the table indicates the ergodic convergence rate. Otherwise,
the rate shown refers to the last-iterate convergence rate by default.

B PROOFS FOR THE RESULTS IN SECTION 2.1]
In this section, we provide the detailed proof for Theorem and presented in Section

Recall that the notation Z1 is defined as the proximal point prox,, (., slim (zk), and the symbols
ny,u and py . v given in (2.4) are defined by

2
1 -1
i s (| EOTE )’

The following three technical lemmas are needed in our proof argument.

oy V(o)
npu =1 Eswp [Ly,u(s)?]

Lemma B.1. The following assertions hold:

(i) Let Assumption[I|hold. Then the function ¢ is proper and closed convex.

14
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(ii) Let Assumption 3| hold. Then the function F is Ly (U)-Lipschitz over any bounded open
subset U C dom(r), i.e.,

|F(z) = F(y)l < Le(U)llx —yl2 forallz,y € U.

Lemma B.2. LetAssumptionhold and let {x} } be generated by isPPA (Algorithm with stepsizes
{ax}. Then forall v € R and k € 7., we have

ki1 — 212 < s — 2l — 205 [7 (Frs1: SE™) — 2 (2 S5™)] — g — aally. BoD)

Lemma B.3. Let Assumptionand hold, and let {x},} be generated by isPPA (Algorithm with
stepsizes {ay, }. Suppose that the sequences {xy, } and {Z.} are contained in some bounded open set
U C dom(r). Then for all x € RY and k € Z, we have

Ey [ Zh+1 — 23] < o — 23 — 20 - Ex [6(@h11) — (@) + ppmuLe(U)? o, (B2)
which implies
1 -
B [howes = alB) < (147 ) (how = ol = 200 B 9(an) - o)

) (B.3)
+ (1 + t) prmuLrp(U)? - ai + (1+1t)e;

foranyt e R .

The proof of the previous three lemmas are deferred to Appendix [B.3]

B.1 PROOF OF THEOREM [2.1]

Proof of assertion (i). Fix any Z € X* and k € Z,. Note that ¢ is convex by Lemma [B.Tfi). It
follows that 0 € 9¢(T) and thus, by the second condition in Assumption we can take ¢’ (T; S}) €
dp(T; Si) such that

Ey [¢'(z;5))] =0 fori=1,---,m. (B.4)

Set @' (z; Sp™) £ 3" ¢/ (T; S)). Then &'(T; Sp™) € 0%(x; Sp™) and By, [¢(T; S5™)] =

T m

0. Based on the convexity of (+; ;™) implied by Assumption we have
¢ (57 S}inn) _ ¢ (ijrl; Sim) < <¢/ (f7 S}iﬂn) T — i‘k+1>
= (@ (T:S™), T —an) + (@ (T S5™) Tk — Tagr) B.5)
m\ = —! (= : 1 -,
< (@ (T 55™) T —w) + % 12’ @ SE™) |2 + o a1 = il

where the last inequality uses the Cauchy-Schwarz inequality. By setting = ¥ in inequality
of Lemma [B.2]and combining it with (B.3), we can conclude that

|51 — i3
—12 —! (=. gl:m — % —/! (=. gl:m 2
S ||xk:_$H2+2ak |:<(P (J?,Sk ),$—$k>+ 2 H@ (J),Sk )H2

1 5 2 ~ 2 (B6)
to— Zr+1 — 2xlly| = 1Zr+1 — zkll3

20tk
— —/ (= m\ = —/ (= m\ |12
= llok =75 + 208 (& (7 S™) 7 = i) + o [ (@ 50) -
Fix any ¢ € R, . It follows directly from the Cauchy-Schwarz inequality and criterion (SCA)) that

lzksr = 2l3 = [loesr — Frrlls + (| Frrr — 2ll3 + 2(Tps1 — T, Tag1 — )

1
~ 2 ~ 2 ~ 2 ~ 2
<okt = Trgally + 1Zha1 — 2o + Ellzesr — Tz + n [Zx41 — 25 (B.7)

1
< (1 + t) |Zr1 — |3+ (1+1t) e forallz € RY
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It follows from the definition of @' (Z; S{™) that

i k

1 ! (7. Q
— > (xS
g

- L 2

LN (@51 B [¢ (@ 50)])

m
i=1

2

e [I7 @ st =

> (B.8)

m

Z [ll¢ @ 55) — B [ @ 50)]113)

iEk [l @0 12).

where the second equality uses condition (B.4), the third holds because of the mdependence of the
random variables and the last use again condition (B.4). By setting x = Z, t = and €r = yas % in

inequality (B.7), we have
|2k — T3 < (14 ) [Ere1 — 23 + (1 +ad) airy?
< (1+03) {ka — 7|5 + 200 (F (T SE™) . T — p) + o} |@ (5 SE™) ||§]
+ (1 + ai) ai’yQ,

N

where the second inequality follows from (B.6). Taking expectations on both sides of the previous
inequality with respect to Fj_; yields that

B [lonsn - 73] < (1+02) lloe — 73 + (1+a3) of (B [[# (@ 5™ [15] ++2)

= (L+aj) lze — 5+ +(1+aj)a ( QZEk | xSk)H] >
< (14 03) ok T2+ (1 +0}) o? ( ﬂ)

where the first inequality comes from the condition that [ "(m; St )] = 0 and the last is due to
Assumption[2} and the equality holds because of (B.8). This completes the proof of inequality (2:3)
in assertion (1).

Proof of assertion (ii). Now we assume that Y.~ , o < oo. To prove assertion (ii), we first recall
the so-called supermartingale convergence lemma, the proof of which can be found in (Robbins &
Siegmund, |1971} Theorem 1).

Lemma B.4. Let Zy, By, & and (i be nonnegative random variables adapted to the filtration Fy,
and satisfying

E[Zksr | Fi) < 1+ Br) Z + &k —
forall k € Z. Then on the event that Y -, B, < 0o and Y ;o | & < oo, with probability 1, we
have 220:1 (x < 0o and there exists a random variable Z ., such that limy_, o Zy = Zo.

Fix any 7 € X'*. The assumption that 21?;1 ai < oo implies o, < 1 for k sufficiently large and
thus

oo

Z(1+ai)ai<oo.

k=1

By Lemma|[B.4] given the conditions that 3_3% | a7 < oo and 372, (1+a}) af < oo, we can
deduce from the derived inequality (2.5) that the sequence {||z; — Z||,} converges to some finite
value with probability 1. This implies (2.6)), thus completing the proof of assertion (ii).
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B.2 PROOF OF THEOREM [2.2]

By assumptions given in Theorem [2.2] we can deduce from Theorem [2.1] that with probability 1,

sup ||zl < oo (B.9)
keZy

Then, to prove Theorem[2.2] it is sufficient to show that on the event holds, with probability 1
both

(i) liminf,_, o0 ¢(31) = ¢* and

(ii) the sequence {x} converges to some x* € X'*.

On the event that holds, criterion (SCA) along with the conditions that €, = ~ya? and
Yo @i < oo implies Supgez, ||Zkll, < oo. Thus, we denote by U a bounded open subset

of dom(r) satisfying

{xk}kez+ U {jk}kez+ - U
By setting t = oTl,i and €, = ya? in inequality 1| of Lemma we have
Ep, [[lzrsr —2l3] < (1 +aF) (low — 2l3 — 20k - Ex [¢(Zr11) — ¢(2)])
9 9 9y o (B.10)
+ (prmuLr(U)* +97) - (1+ai) i

forall k € Z, and z € R? To prove the assertion (i) and (ii) above, we recall the following
elementary inequality:
1+t <exp(t) forallteR. (B.11)

Proof of assertion (i). Suppose on contrary that there exists e > 0 such that

P {Hkminf o(Tr) > " + 36} > 0. (B.12)
— 00
The definition of ¢* implies the existence of & € R? such that
O +e> (). (B.13)
On the event that lim infy,_,c ¢(Tx) > ¢* + 3e, it follows from (B.13) that
likm inf ¢(Z1) > H(T) + 2e. (B.14)
—00
Note that we can pick some K € Z_ such that
o(zr) > likm inf (%) —e and (B.15a)
— 00
(prmuLr(U)*+7%) ay<e forallk € Z; and k > K, (B.15b)

where the first inequality uses the definition of the limit inferior of {¢ (%)}, and the second follows
from the fact limy_, o, o = 0 implied by the condition Z,:il ai < oco. Without loss of generality,
we assume that K > 2.

- Fixany k € Z; with k > K. Then (B.14) together with (B.15a)) yields ¢(Z1+1) — (&) > €

and thus
Ep [¢(Zk41) — (2)] > €
It then follows from the previous inequality and (B.10) with z = Z that

Ey [lenir — 23] < (1+f) (lox — 2[5 — 20ne + (pf,muLe(U)* +4°) - af) -

By taking the expectation of both sides of the preceding inequality and applying the law of
total expectation, we can derive

E [|zr41 — 23] < (1 +a) (B [[lox — 23] — 2ake + (p,muLeU)* +97) - af)
< (1 + ai) (]E [ka - §3||§] - ake) ,
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where the second inequality comes from (B.15b). Thus,

0 <E [Jonss — 213 < (1 +a2) (E (s — 213] - axe)
(1+0az) (1 +aioy) (E [llzx-1 — 23] — ar-1€) — axe)
(1+ Oéi) ((1+ oz,%,_l) E [||zg—1 — :i||§] — Qp_1€ — Qge)

< (o) (T (o) 2l 15 - 3o

which combined with (B.11) and the assumption that Y~ , a} < oo implies

iaiﬁiﬁ(l—&-a) E [|lzx — 23] exp(Za) [lzx — 23]

Y2

IA A

IN

< Zexp ( af) E [[lzx — 2[|3] forallk € Zy and k > K.
€ h

Taking k to oo yields that

- 1
’g;{ak < — exp (Z a; ) [lzx — 23] - (B.16)

- Additionally, for each k € Z, it holds that

E [lzg1 — 23]
< (1+03) (lzn — 213 — 20y - Ey [¢(Er41) — 8 + 0" — ¢(2)])
+ (prmuLrU)? +9%) - (1+a}) af
< (1+03) (lzw — 2113 4 2ak€) + (prmuLr(U)* +9°) - (1 +03) of,

where the first inequality is due to (B.10) with x = %, and the second follows from (B.13]
and the fact that ¢(Zp41) > ¢*. Taking the expectation of both sides of the preceding
inequality and applying the law of total expectation gives

E [llzisr — 2l3] < (1+ o) (B [z — 2[13] + 20ne + (prmuLrU)* +79°) - of) -
Applying this recursively £ times leads to

E [Jlzk1 — 2[13]
k k

(14 a?) HCL’17$H2+QEZ(11H 1+a
j=i

<

—.

s
I
-

k k
+ (pfmuLlr(U Za H 1+a

i=1 Jj=t
k k
<[[(+e}) <|x1 — 22 4 2¢ Z @i+ (prmuLeU)* ++7) a3>
=1 =1 =1
k k k
< exp (Z a?) <||:z:1 — &[5+ 26 i+ (prmuLeU)? +77) Za§> ,
1=1 1=1 1=1
and thus

E [|lzx — &13]

K—1 K—1
< exp(Z a?) (Hxl—xz—l—%Z% pfmULF(U) + 42 Za >
i=1 i=1

(B.17)
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Combining (B.T6) with (B:I7) confirms that

Zak< Zak+exp<20> [lzx — 23]

K-1 K-1 K—1
1
< ; ag + gexp <; a?) (xl — :f?||§ + 2¢ ; o; + (pfm,ULF(U)2 +’y2) ; a?)
< o0

on the event that lim infy_, o ¢(Z) > ¢* + 3e. Then (B.12)) implies that

S - - «
]P’{Zozk < oo} > P{h}gl_l}gf(b(xk) > ¢ +36} > 0,

k=1

which leads to a contradiction of the assumption that Y - ; o, = oo. Therefore, on the event that
. ) holds, lim infy_,~ ¢(Zr) = ¢* holds with probability 1.

Proof of assertion (ii). ~Since X* is nonempty by Assumption 2} assertion (i) derived above implies
liminfy_ o ¢(Zx) = ¢* € R. Then by using the definition of the limit inferior of {¢(Z)}, one can
easily deduce that there exists a convergent subsequence {¢(Zy) }rex of {¢(Z)} such that

kﬁlogvrllﬁelcgb (Z) = hkrglogfd) (Zx) = ¢ (B.18)

Fix any T € X*. It then follows from (B:I0) with z = Z that

Ey [[lok+1 — ]3]
(1+a2) (lzw — 213 — 20 - Ex [@(Fh41) — 0(@)] + (prmu Le(U)* +7°) - af)

<
< (1+03) lzw =3+ (prmuLrU)? +47) - ai (1+a3) forallk € Zy,

which combined with Lemma [B.4] and the condition .-, @i < oo confirms that the sequence
{llzr — T||2} converges to some finite value with probablhty 1. That is, for each T € X',

the sequence {||xy — Z||2} converges with probability 1.

Combining the previous result with the fact that
lim ap =0 and |zgpe1 — Zppille < ex =yai forallk € Z, (B.19)
k— o0

yields
the sequence {||Z; — |2} converges with probability 1. (B.20)

The proof of assertion (ii) is as follows:

- If X* = {z*} is a singleton, then by (B.20), we have {||Z; — 2*||2} converges with prob-
ability 1. Note that {Z } is bounded and thus its subsequence {Z }rex is bounded. Then

there exists a subsequence {Zy }reicr of {Zx }rex such that {Z }recxr converges to some
# € R?. Since ¢ is closed by Lemma i), it follows from (B.18)) that

z) < i f li )= 1 Tr) = @F
o(@) < lminf ¢(ix) =, lim  ¢(@x) = lm ¢ (T)=¢",
which implies ¢(Z) = ¢* and & = x*. Hence, on the event that {||Z; — z*||2} converges,
we have
hm [z — 2|2 = lim_ [[Z, — 2"z = [|Z — 2"[]2 =0,
k—00 k—s00,kEC!
where the second equality comes from the fact that {Z } rex: converges to Z.

- Now we consider the case where X'* contains two or more points. Since ¢ is convex by
Lemma @1) then X* is convex and thus infinite. Thus, X'*, being a infinite subset of the
seperable metric space (R, |- ||2 , 1s seperable and we can choose a countable dense subset
V of X*. For each v € V, by (B.20) we have {||Z — v||2} converges with probability 1,
which combined with the countability of V' leads to the conclusion that with probability 1,

the sequence {||Zx — v||2} converges forallv € V. (B.21)
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By following an argument nearly identical to that in the discssion for the case where X'*
is a singleton, we can obtain that there exists a subsequence {Zj }rcik converges to some
Z € X*. Fix any € > 0. The fact that V' is dense in X'* implies that there exists v, € V'
such ||Z — ve||2 < €. Then, on the event that holds, we have

li}n;o T — vell2 = kei{lﬁew |12k — vell2 = |7 — vell2 <€,

where the second equality uses the fact that {Zj }rexs converges to Z. By combining the
preceding inequality with the triangle inequality, one can easily derive

limsup ||Zx — Z|]2 < lim ||Zx — vel|2 + [Jve — Z||2 < 2e.
k—o00 k—o0
Taking € to 0 yields that limy_, o ||Z — Z||2 = 0 with & € X'*.

Therefore, on the event that holds, there exists some z* € X* such that
{Zx} converges to z* with probability 1,

which combined with yields assertion (ii). This completes the proof of Theorem [2.2]
Remark B.1. It is worth noting that the proof technique adopted here differs from that of Proposition
3.8 in (Asi & Duchi, [2019). For the case where all the assumptions in Theorem @] hold, even if
the accuracy parameter €, = 0, i.e., subproblems are solved exactly, we cannot directly apply the
argument in the proof of (Asi & Duchi, 2019, Proposition 3.8) to deduce the almost sure convergence
of isPPA. The reason for this is that when using (B.2) in Lemma[B.3|with = T € X'™*, we can only
obtain

Ey, [lloxr1 — 73] < llew — T3 — 20 - By [d(z141) — "] + ppmuLle(U)?-af  (B.22)
for all k € Z,. However, observing that the term appearing in the right-hand side of (B.22) is
Ei [¢(xr41) — ¢*] rather than ¢(xy, ) — ¢*, we cannot apply the supermartingale convergence lemma
(see Lemma|[B.4) to conclude that

> e [¢(xr) — ¢*] < oo with probability 1,
k=1

which is the key to deriving the desired convergence results via the proof technique of (Asi & Duchi,
2019, Proposition 3.8). Indeed, the proof technique provided in this paper is inspired by the proof
of (Bertsekas, 2011, Proposition 9), with appropriate modifications to deal with the case where
subproblems are solved inexactly.

B.3 PROOF OF AUXILIARY LEMMAS

B.3.1 PROOF OF LEMMA [B1]

Note that Assumption [I]and 3] correspond to (Davis & Drusvyatskiyl 2019, (C3)-(C4)) with p = 0.
Lemma then follows by an argument almost identical to that used for (Davis & Drusvyatskiy,
2019, Lemma 4.1). The details are provided below:

(i) Suppose that Assumption 1| holds. Then by definition, function ¢ is proper and closed
with dom(¢) = dom(r). It only remains to show that ¢ is convex. Pick some s € S
such that f(-; s) is proper, dom(r) C dom(f(+;s)) and ¢(-; s) is convex. Then dom(r) =
dom(¢(+; 8)) and thus dom(r) is convex, implying the convexity of dom(¢). Fix any
x,y € dom(¢) = dom(r) and 0 € [0,1]. Setz = fz + (1 — 6)y. We can easily deduce
that

6(2) = F(Z) + 1(2) = Baup [f(Z: 8)] + 7(2)
- / f(Z8)d P(s) + 1(z) = / (f(z:5) +r(2)) d P(s)
S S

< /S [0 (f(z;8) + () + (1= 0) (f(y; ) + ()] d P(s)

=0(F(x)+r(x)+ (1-0) (F(y) +7(y))
=0¢(z) + (1 - 0)o(y),

where the inequality uses Assumption[I} Then ¢ is convex, which completes the proof of
assertion (1).
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(ii) Now we assume that Assumption [3|holds. Let U be a bounded open subset of dom(r) and
fix any z,y € U. It holds that

|F(z) = F(y)| =

/S F(a:8) — f(y:9)] d P(s)

< /S F(w55) — f(y;5)|d P(s)
< /S Lyv()lz - yll2d P(s) = Eawp Ly (9)] - 12—yl

S\ Esnp [Lru(s)?] - 2 =yl < Le(U)|lz — yll2,

where the second last inequality uses Jensen’s inequality. This completes the proof of
assertion (ii).

B.3.2 PROOF OF LEMMA B2

It follows from Assumptionmthat functions (x; S;) and B(; SE™) + 5o || — |3 are convex

1 . . . .. ~
and a—k—strongly convex with respect to the variable x, respectively. Then the definition of 254

implies

_ m 1
{Sﬁ (2 55™) + m”x - $k|§}

) 1 1 )
> {sﬁ (Zrt1; ™) + m“gjk-&-l - Ik||§] + EHI‘ — Zp41ll3 forall z € RY,

which completes the proof of Lemma[B.2]

B.3.3 PROOF OF LEMMA [B3|

Inspired from the technique used in (Davis & Drusvyatskiy, 2019, Lemma 4.2), we provide the
following proof of Lemma@ Recall that the terms 1y 7 and p ,,, 7 are defined as follows:

2
Var (Ly,u(s)) 14 (m—1npu

A T RUY)  and 2 = 1.
ngu E..p [Lf,U(s)2] and  Pfm.U m +

In the case where m = 1, follows directly from (Davis & Drusvyatskiyl 2019} (4.12)) with
7 = n = 0. To extend this to the minibatch case, we employ the following result whose proof is
straightforward and provided at the end of this section.

Lemma B.5. Let X1, -+, X,, be independent and identically distributed random variables with
mean E[X;] = p and variance Var(X;) = o for eachi = 1,--- ,m. IfE[(X1)?] > 0, then

2
1 & 1 1+ (m—1)p 9
E 75 X, =4+ put="" JIENX
(mi_l Z) m’ e m (X7,

Var(X1)

where 1 21— B[(x07"

Proof of Lemma|B.3| By assumption, U is a bouned open subset of dom(r) which contains the
sequences {x,} and {#;}. Fixany z € R?and k € Z .

(i) Taking the conditional expectation with respect to Fj,_; on both sides of inequality (B.T)
in Lemma|[B.2] gives

Bk [llz = Zxg1ll3 + [|Zrt1 — zill3] — llz — 2|3

3 1:m e 1I:m ~ (B23)
<2y - Eg [f(.T, SE™) +r(x) — f(Zre1;S,™) — r(xk+1)] .
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Let ty £ \/Ep[||Zx+1 — x]]3]. Then we have
Ey [l — Zx1ll3] + 6 — llo — 2l
< 2ay - Ky [f(; SE™) 4 (@) = flan SE™) — r(Zh11)]
1 & )
— 3 L (S - | - xan]

< 2ay, - By [F(x) + r(z) — I_T(xk) —r(Zry1)]

2
1 & .
2 E — L St \/E T — 2
+ 204 k (m,; 7. k)) k Tkt — zkll3]

<20y, - By [F(2) + r(z) — F(ag) — r(Fp41)]
1+ (m = Dnsu

+ 20ay - Eg

(B.24)

+ 2()ék LF(U)-tk,

where the first inequality comes from Assumption |§| and the fact that xy,Zr+1 € U, the
second is due to the Cauchy-Schwarz inequality and the last follows from Assumption [3]
and Lemma[B.3] By Jensen’s inequality, the following assertion holds:

Er [||Zk1 — zkl2) < ti. (B.25)
Using inequality (B.24), we can deduce that
Ei [z = Zx41l13] + 13 — llz — 2ll3
< 2ay - By [F(z) + r(z) — (F(@k41) — Lr(U)||Zks1 — 2kll2) = 7(Zk41)]
1 -1
+ (m = Dnypu Le(U)t
m
< 20 - By [F(2) + r(2) = F(Zk41) — 7(@k+1)] + 2/0rmu Lr(U) - arty,
where the first inequality uses Lemma ii) and the fact that xy, Z; 1 € U, the second

follows from (B-23) and the definition of p,,,, ;7. Rearranging the previous result, one can
conclude that

Ey, [llz — Zrr1ll3] < lle — zxll3 — 200 - Ex [¢(Tr41) — ¢(2)]
+ 2/05muLr(U) - agty — t;
<z = @pll3 — 20 - B [$(Fr41) — o()]
+ max {2y/pmuLe(U) - axt = 7}

= llz = 2xll3 — 20 - Er [$(Fk41) — 6(2)] + prmvLr(U)? - af,
which completes the proof of (B.2).

(ii) Inequality (B:3) follows directly from the combination of (B:2) derived in (i) and (B.7)
mentioned before.

+ 204

This completes the proof of Lemma[B.3] O

B.3.4 PROOF OF LEMMA B3

The first equality is easily established as follows:

el (25) | cvr (L 5w 4 (e

|
SM\H
™
S
B
_|_
—
3=
&=
M=
=
~_
|
\
ql\)
_|_
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where the second last equality uses the fact that the random variables X7, - - - , X,,, are independent.
Note that o2 + p? = Var(X1) + (E[X1])? = E[(X71)?] > 0. Then
_q_ Var(X;) 1 A
TTUTECG? T EX)? T E[G)
and 1 1 1+ ( 1)
2, 2 2 2 +m—1n 2
— =—(1-nE}[(X E[(X1) ] = ——E[(X
—o® i = — (1= ) E[(X1)7] + nE[(X1)’] (X)),

which proves the second equality and completes the proof of Lemma[B.3]

C PROOFS FOR THE RESULTS IN SECTION

In this section, we establish the convergence rate guarantees for iSPPA in terms of the expected
squared distance to the optimal solution set. Recall that function g is defined in ([2.3)) as follows:

s JESL i £,
g‘3(15){1]{(515) if =0,

for all ¢ € R;. To prove the convergence rate results presented in Section we need the
following three technical lemmas, the proofs of which are deferred to Appendix for brevity.

Lemma C.1. Consider the scalar sequence {6y} satisfying the recursive relation:
Op+1 < a10; +ae forallk € Z
for some constants a1 € (0,1) and ay € Ry. Then it holds that:
O < alfflél +as(1— al)_1 forallk € Z, .
Lemma C.2. Consider the scalar sequence {6y} satisfying the recursive relation:
Spy1 < exp(—aion)0 + azai  forallk € 7.,

with o, = k=P for some constants B € (0,1), ag € Ry, ay € Ry, and ay € R,. Then it
holds that

Ok < exp (—a1aps1—g(k)) 01
4"(12043 1 aiag k
T T = 4 4Bg.al (_7k175> S =z
+ 1—exp(—ajag) kP A a2apexp 2 128\ 3
forallk € Z,.
Lemma C.3. Consider the scalar sequence {6y} satisfying the recursive relation:
e < — L b tar—"%  fralkez
 r— as——  fora
Rl = 1+aiak k 21+a104k *

with oy, = agk ™! for some constants oy € Ry, a; € Ry and ay € R. Then it holds that

2aj g

45, das(24a10)ag | | (1) 3Ta1a5 ;
|:1+a10¢0 + 2—aiap (k) ifarog < 2,

46 In(k .
0 < T1~%—|—4a20(3- nI(C) ifaa0 = 2,

2a1aq 5

481 . (1)2Fajeg daz(2taiao)eg 1

1+a1a0 (k) + a1a072 k l‘falao > 2'

Let s € (0,2) be an arbitrary scalar. Recall that the term C' ;. 7., ~ (o) is defined as:

(I4+2c100) (1 + scion) o
~y
(2-9)

Crmuern(@0) 2 prmuLeU)*+ forap € Ry .

As mentioned in Section 2.2} if exists, U denotes a bounded open subset of dom(r) which contains
the sequences {z} and {Zy }.
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C.1 PROOF OF THEOREM [2.3]

On the event that sup,.cz, ||z, < oo, similar to the proof of Theorem[2.2} we utilize the Cauchy-
3

Schwarz inequality combined with criterion li and the condition ¢, = ~yag to show that
supgez, Tkl < oo. Consequently, there exists a bounded open subset of dom(r) containing
the sequences {z} and {7 }. We denote this subset by U by default. Let &, = E[dist(x, X*)?]
for each k € Z,.. The proof of Theorem 2.3 proceeds by establishing the validity of the following
deterministic recursive relation:

Claim C.1. Let Assumptionhold, and let {xy} be generated by isPPA (Algorithm with step-
3

sizes {ou,} and accuracy parameters €, = o} for all k € Z with v € Ry. Suppose that the
sequences {xy} and {Z} are contained in some bounded open set U C dom(r). Then for all
k € Z,, we have

2

Sk + Crm,Usery (k) - B — forallk € Z.

1) < -
kL =17 + sciay 14 scray

Assuming that the above assertion holds, we immediately have

2

~ «
Opp1 < ——— 0 +C —L  forallk € Z,.
BS T e + Cfm,Uer v (@0) 1+ scro +
. 1 = az . . .
Taking a1 = (1 + scio) ' and ag = Cy m,v,e, ~(00) - Trsean in Lemmaleads to inequality
(2.8) in Theorem 2.3] The only remaining task is to prove Claim For brevity, its proof is

deferred to Appendix [C.2.1]

C.2 PROOF OF THEOREM [2.4]

Use the same notations as in the proof of Theorem and set 0, = E[dist(xy, X*)?] for each
k € Z,. Now we prove the results for isPPA with diminishing stepsizes a;, = agk™? where
B € (0,1]. Then

O<oar <apy1 <ay forallkeZ,. (C.1)

On the event that sup,¢z, ||2kll, < oo, similar to the proof of Theorem [2.2] the combination of

3 3
criterion 1| the Cauchy-Schwarz inequality, and the condition €, = yo < oy leads to the
conclusion that supyc, [|Zx[l, < oo. We can thus use U to denote a bounded open subset of

dom(r) containing the sequences {z)} and {Zj}. This confirms that all the assumptions required
in Claim are satisfied. Fix any k € Z,. Note that Cf ,, v7.c, () is nondecreasing on R and
thus by (C.1), we have

Crm e (k) < Cpmrer 4 (20). )
Then, it follows from Claim [C.I] that

~ «
S < - 5 C ap) - ——k
R vl + Ctm,Uer v (k) T—
L 5+¢ () o (C.3a)
_— (07 . Ja
~ 14 sciap k Frm,User,y YE0/ 7 770 sciap
2
scroy ~ o
=1—— |6 C . —
( 1+Sclak) k + Cfm Uy (@0) TEp——
2
sC1O ~ o
<e e ) C . .
< XP< 1+sclak) k+ Cfm, Uy (@0) TEp——
sc10 ~ 5
< exp (‘mclao) O + Crm,Uery (a0) - 0, (C.3b)

where the second inequality uses the relation (C.2)), the third follows from (B.TT) and the last holds
because of inequality (C:I)).
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Proof of assertion (i). If 3 € (0, 1), by taking a; = sc1(1+sciap) ™! and ag = CN’f,mﬁUﬁcl,A, (o)
in Lemma [C.2] we can easily obtain the estimate (2.9) from inequality (C.3b), thus confirming
assertion (i) of Theorem [2.4]

Proof of assertion (ii). ~As for the case where B =1, the estimate (2.10) follows from (C.3al) and
Lemmawith ay = scy and ag = C' 1, U,c, - This verifies assertion (ii) and thus completes the
proof of Theorem [2.4]

C.2.1 PRrROOF OF CLAIM[C.T]

It only remains to prove Claim @ We present the detailed proof as follows: Fix any k € Z.
Setting = proj(Zg41, X™*) in inequality yields
dist (wp41, %) < ||2ps1 — Proj (Fpr1, X*)Hg

1 N . .
< (14 3) les = proj (o A+ (140

1
= <1 —+ t> dlSt (jk—i-l; X*)Q + (1 + t) Ei,
and thus
1
o [dist (ka,X*)?} < (1 n t) o {dist (ikH,X*)Q] F(A+t)e. (C.4)

Note that the sequences {x} and {Z;} are contained in U. By setting T = proj(zj, X*) in in-
equality (B.2) of Lemma[B.3] one can conclude that

o [dist (Frs1, X*)ﬂ <E, [||:zk+1 — proj(zs, x*)ug]

2k — proj(wk, X*)|l5 — 20 - Bk [¢ (Zk11) — ¢*] + prm,u Lr(U)? - o

< ||lzg — proj(xg, X*)Hg —2ciap - By, [dist(£k+1, X*)Q] + pfm,ULF(U)2 . a%
= dist (a:k, X*)2 — 2010% . Ek [diSt(.’I’,’kJrh X*)2] + pf,m’ULF(U)Q . Oéi,

where the last inequality comes from the quadratic growth condition in Assumption ] Rearranging
the preceding inequality yields

VARVAN

2

@
E[d'w ,X*2}<7d't XV 4 ppmulpU)? —2k (5
k| dist (Zpp1, X7)7| < [T 200, (@, X7)" + prmuLr(U)" - oeian (C5)
Avolvi . , : L liscia _ 8 ,
pplying (C.5) to inequality (C.4) with ¢ G—s)erar and €, = a7, and using the fact that
. 1 1420 I
t) 142c0 1+sciar 14+2ciar 14 sciap’
(141) af = 1 +2ciap o = (1+2ciap) (1 +scrag) ol ,
(2 = 8)crag (2—35) 1+ scioy
we have
Ek {dist (Ik+1,X*)2]
e dist (g, A7)+ Le(v)? + L Zaon) (¥ saaon) o) o
~ 1+ sciax ko PrmUSE (2 —s)c; 14 sciop

Taking the expectation of both sides of the previous inequality, applying the law of total expectation
and using the definition of Cf ,,, 7.¢, ~(-) defined in (2.7), we can immediately derive Claim

C.3 PROOF OF COROLLARY 2.3

For the case where 3 = 1, the dominant term of the bound (2.10) obtained in Theorem [2.4] can be
readily determined. Thus, we only need to check the case where 5 € (0,1). Note that the bound
(2.9) given in Theorem [2.4]can be written as

C k
E [dist(a?k, X*)z} < Crexp(—Aici—s(k)) + ka + Csexp (—Agkl_ﬂ) ESEDY (2> , (C.6)
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where C; € Ry and A; e Ry fori=1,2,3and j = 1,2. Since 3 € (0,1), then
Crexp(—Arq_s(k)) < O (b’f“‘*) <0 (kP
for sufficiently large &, where b; € (0,1).

(i) If B € (0, 1), then ¢;_25(£) < O (k'~2F) by (C.7) (see Lemmai) below). Note that
(B.11) implies exp(—t) < 11 forall ¢ € Ry. Thus we have

Chexp (— A2k %) - 6125 (;) <O (k0P R) =0 (k7).
(i) If 8 = 1, then
k .
Csexp (—A2k'P) - c1_0p (2) =0 (bﬁ ln(k)) <O(k™2)

for sufficiently large k, where by € (0,1).
(i) If B € (3, 1), then g1_25(%) < Tl—l by 1| and thus

OgeXp (_Azkl—ﬂ) ESEDY (g) < O(bglfﬂ) < @ (k_fg)

for sufficiently large k, where b3 € (0,1).

Combining the previous results with (C.6) verifies the estimates for the case where 5 € (0,1),
thereby completing the proof of Corollary[2.5]

Remark C.1. The convergence rate results in Theorem [2.3] and Theorem [2.4] provide insights into

how the minibatch size m affects the performance of isPPA. In general, increasing the minibatch
size m improves the convergence rate of isPPA. Specifically, from equation (2.4), we have

L—nsv
o €10.1] and ppnp = (14 =55+ 1),
indicating that p; ,,, ;7 is a nonincreasing function of m. Then, from the definition of C ,, 17.¢, ~(-)
in (2.7), C.m.v.c, () decreases with m for a fixed a. This leads to the following observations:

* Neighborhood shrinks when using constant stepsizes. For isPPA with constant stepsizes,
when increasing the minibatch size m, the linear convergence of {x} to a neighborhood
of the optimal solution set improves, as the neighborhood shrinks due to the noise term in

12.8) from Theorembeing proportional to C'f. . 17.c, (o)

* Coefficient decreases when using diminishing stepsizes. For isPPA with diminishing
stepsizes, when increasing the minibatch size m, the sublinear convergence of {z)} im-
proves in the sense that the coefficient of the dominant term decreases. For instance, as
shown in the proof of Corollary [2.5] the dominant term in (2.9) from Theorem [2.4]is the
second part O(k~?), whose coefficient is proportional to C ., 17.¢, ().

While a larger minibatch size m improves the convergence rate of isPPA, it also increases the com-
putational cost of solving the subproblem. Therefore, a trade-off must be considered when selecting
m.

C.4 PROOF OF AUXILIARY LEMMAS

It only remains to prove the auxiliary lemmas presented before. Note that the proofs of Lemma
[C.2] and Lemma [C.3| leverage techniques similar to those employed in the proof of Theorem 1 in
(Moulines & Bach| [2011)). We first present the following lemma summarizing several useful in-
equalities to be subsequently employed.

Lemma C.4. The following assertions hold:
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(i) Let 5 € R. Then the function <g satisfies sg(1) = 0,

1 .
-3 ifB <0,
sp(t) < {t; iF8 > 0. (C.7)

forallt € Ry, and is nondecreasing over R ..

(ii) The following inequality holds:
k+1
% <2 forallkeZ,. (C.8)
Let p € Rand j,k € Nwith k > j+ 1. Then
k

1 ) . .
o5 " lepri(k +1) —cpa (G +1)] < > if <opra(k+1) —spa(i+1)

i=j+1
ifB =0, (C.92)
. fos 1 .
g1k +1) —cpa(i +1) < Z g [Sp+1(k +1) = <p1(j + 1)]
i=j+1
if 8 <0. (C.9b)
Moreover, if j, k € Zy withk > j + 1, then
k
Sp+1(k) —sp1(d) < Z i’ <(B+2)- [sg+1(k) —sp+1(7)] if >0, (C.10a)
i=j+1
k
> i <spra(k) = sp41(d) if 3 <0. (C.10b)
i=j+1
(iii) Let B € (0,1). Then the following assertions hold:
(1+t)’ <14+ pt forallt € [—1,00), (C.11a)
1 t
(iv) Let a € Ry and define h(t) = m forallt € Ry,. Then the function h is

nondecreasing over R .

An elementary proof of the previous lemma is deferred to Appendix [C.4.4] for reference.

C.4.1 PROOF OF LEMMA[C]

Fix any k € Z,. Applying the recursion k times yields that
k-1
Op+1 < a]f51 + as Zaﬁ = a’fél +ay -
i=0
< akd +as (1 - al)_1

k
1—af

1—(11

where the equality is due to a; # 1, and the second inequality follows from the facts that a; € (0, 1)
and a € R . This completes the proof of Lemma[C.1]

C.4.2 PROOF OF LEMMAI[C.2|

Fix any k € Z, . Applying the recursion k times yields that

k k k
Op+1 < exp (—al Za,) 01+ as Za?exp —a Z aj | . (rBound)
i=1 i=1

j=i+1
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Define

k
I, £ exp <—alzai> and I, 2 Za exp | —a; Z aj |- (defTerm)
i—1

j=i+1

Note that o, = apk~? for all k € Z with 3 € (0, 1). Then it follows from (C.9b) with j = 0 that

k
I = — P < - _glk+1)—¢_5(1
1= exp ( a0 i:le > <exp(—arap [s1—p(k + 1) —c1-5(1)]) (I Bound)
=exp (—a1a0 - q1-p(k +1)),
where the last equality uses the fact that ¢;_3(1) = 0 implied by Lemma [C.4[i). It only remains to
obtain an upper bound on I5. Set m £ | £-1 |. We can easily verify that

k E+1
= 1<, C.12
2 m + 5 ( )

For simplicity, we denote by Zf: = £ 0 for j,k € Z, with j > k. Then by using the definition of
a, the term I3 can be written by

Za exp | —a1ag Z J B+ Z a? Jexp | —a1 Z o é12(1)+[2(2)_

J=i+1 i=m-+1 Jj=i+1

By assumption, we have § € (0,1). Then the term 12(1) can be bounded by

m

Y <3 aZexp (—arag (q-p(k+ 1) — (i +1)))
=1

< exp(—arap (s1-p(k +1) —q1-p(m + 1)) Za

< exp (—a1a0 (§15(k +1)—qs (T))) ia?

<o (=50 b)) Sl

i=1

(k+ 1)) faamas(m +1) = aogs(1)

a1 _ k+1
< 4Pa2exp (— 12 O (k+1)! ﬁ) “S1-28 () )

a1 o

< 4Pa2exp (

2

where the first and second last inequalities follow from (C.9b)), the second is due to Lemma [C.4{i),
the third and last are due to Lemma|C.4[i) and inequality (C.12)), and the fourth comes from (C.11D).

For the term 1. 2(2), we obtain the following bound:

k k
12(2): Z aZexp | —ay Z Qj

i=m—+1 j=i+1
k
af
= E 1—() exp | —ay E aj | —exp —CL1§ aJ
— ex —a104
i=m-+1 p 164 Jj=i+1
k
< > i E E
< Qg1 - ——|exp | —a1 aj | —exp | —a1 Y «;
T L 1 —exp(—aioy) P ’ P !
i=m-+1 j=i+1
k
&%)
§am+11—()- E exp | —aq E aj | —exp | —aq E 04]
— eX —a1
p 1¢0 1=m-+1 Jj=i+1

28



Published as a conference paper at ICLR 2025

k
o
=Qmr1———— |1l —exp | —a4 s
"1 = exp (—a1a) j:%;rl !
2
« [0
< Qm1 - 2 (m+1)~"

1—exp(—aa) 1 —exp(—araq)

- ol kY ol E+1\7"7 ( k \77
~ 1—exp(—ajag) \ 2 1 —exp(—aj) 2 k+1

< a? k+1\"°
~ 1—exp(—aiap) 4 ’

where the first inequality is due to (C.I)), the second follows from Lemma [C.4[iv) and (C.I), the
second last comes from (C.12)), and the last holds by (C.8). Thus,

ajo _ k+1
I, < 4%a2exp (— 12 0 (k+ 1)1 'B) G128 (2 )
4Paf -8
—— (k+1 .
1 —exp (—aiap) (k+1)

Combining with (defTerm)), (ITBound) and (I2Bound-IT)) proves Lemma|[C.2}

C.4.3 PROOF OF LEMMA[C3]

(12Bound-11)

The proof of Lemma [C.3| differs from the proof of Lemma [C.2] because now 3 = 1. Applying the
recursion k times yields that

k 1 k o2 k 1
0 < — ] — — . Bound’
k+1_<_ 1+a1ai> 1+a221+a1ai H 1+aa; (tBound’)
=1 1=1 Jj=i1+1
Define
k 1 k o2 k 1
L2 _ d I, 2 —t — . defTerm’
! H1+a1ai an 2 Zl+a1ai H 1+a104j ( ¢ erm)
i=1 i=1 Jj=i+1
Note that ap, = apk~! for all k € Z and that
1
arag < §a1a0i forallt € Z4 and i > 2. (C.13)
With the previous observation, we can establish the following bound on /;:
1 o 1 _ ) -1 a1
1+a104 B 1+Cl10[0i_1 N 1+ a1qg B 4+ a1
2a1 21000 ._
el U et e (C.14)
2i + a1t 2+ a1

2
< exp (—2_?;?2[()1'_1) foralli € Zy andi > 2,

where the first inequality follows from (C.13)) and the second is due to (B:IT). Using (C.14) above,
we can derive that
k

1 1 1 2100 o
I, = < _ 140 1
! 1+aiap (Hl—i—alai) - 1+a1a0€Xp< 2+ a1 Zz

ol + 1) - <o<2>1)

1 ( 2a100

1 2a10 k+1 1 2 2tareo
—————eXp | — In =
1+a1a0 2+a1a0 2 1+a1a0 k+1

S ——eXxX e
1 + ajp 2 + a1
2ajag

< 4 1 2+ajaqg
- 1 —+ 2@1040 k —+ 1 ’

(I1Bound”)
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where the second inequality is due to (C-9b) with j = 1, and the last uses the fact that

2a1a0
C.15
24+ a0 ( )
It remains to obtain an upper bound on I5. By using (C.I4) again, one can easily verify that
k k
1 2a1a0 1
T Sexp| -5 — J
j::l:!:J 1 +(110£j 2+CL10[0 j;—l
2a100 .
< exp (—M [o(k+1) = soli+ 1)]) (C.16)
2a;ag
2a1 a9 1 k+1 o+ 1\ 2Fereo
=exp | — n =
L TR W | k+1
fori=1,---,k,
where the second inequality comes from (C.9b) with j = i. Then
k k k Z+ 1 22::1110230
f; +a1al jg 1—|—a1a] ; k+1
:ozg (k+1) ~Traag Zz (i+1) THiag
i=1
k ; 2
_2ajag 2ay3ap 1
=al(k+1)" Troran (i+ 1)2“11‘100 2 (Z Jlr > (C.17)
i=1
k 2ajoq 2a7 g k41 2a7 ag
<4ad(k+1)” THarag Z i+ 1)2Faiao 2= 402 (k + 1) 2Ferao Zi2+“1”o B
i=1 i=2
_ 2aq g
< 402 (k + 1) FFarns [gziaallafo (k1) = e _1(1)]

2aq1
=402 (k + 1)72“11‘100 S 20100 4 (k+1)
2+4aq g
where the first inequality follows from (C.I6), the second last is due to (C.8), and the last comes
from (C.I5) and (C.I0b) with j = 1. Using the previous inequality and the fact that

201
10 <l & aay<?2,
24+ ajo
201
S 1 e g =2, (C.18)
24 a1
2a1 ¢
0 >1 & ajag > 2,
24 a0
we can deduce from the relation li in Lemma i) and the definition of function ¢ za;aq ()
2¥aig
given in (2.3) that the following assertion holds:
4(24-a100)a 1 22Jfllaoo
1Q0 a1 .
W . kT-l> ifaiap < 2, /
< In(k+1 . -
1> Aoy (2) n](erl ) if aya = 2, (I2Bound-e1")
4(2+a1a0)a 1 .
W ) if ajog > 2.

Combining (rBound’) with (defTerm’), ([1Bound’) and (I2Bound-e1’) proves Lemma|C.3]

C.4.4 PROOF OF LEMMA[C.4

By using the definition of the function ¢g given in (2.3, Lemma[C.4|can be derived from elementary
calculations, as shown below:
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Proof of assertion (i). Fix any 5 € Rand ¢ € R, . Using the definition of ¢g given in @), we
can easily verify that ¢g(1) = 0 and that

tP—1 1—t? 1 :
= — S - lfﬁ < 0,
sa(t) = {taﬁ_l ? g

= g% if 3> 0.

Note that the derivative ¢ (t) = t?=1 > Oforallt € R, ;. Thus, the function 4(+) is nondecreasing
over Ry 4.

Proof of assertion (ii). Note that (C.8) holds since 1 + + < 2 forall k € Z. Let j, k € N such
that k > 5 + 1.

- Suppose that 3 > 0. Then

k k ; 8 1 k
B _ : B . = . B
S =3 60 () 2 X G4
=741 =741 1=j5+1
1 k i+1 5 1 k i+1 5 1 k+1 5
:2—62/ (z+1)dt22—52/ tdt:Q—B/ tPdt
i=j+17" i=j4+17? J+1

1 .
= o5 [k + 1) =g (G + 1),

where the first inequality follows from (C.8) and the fact that 3 > 0. Similarly,

k k i1 k it+1
Zz‘f’: Z/ iPdt < Z/ tBdt

i=j+1 i=j+1v? i=j+17"
k+1
:/ t'dt = ppa(k +1) — a1 (j + 1),
Jj+1
which combined with the previous inequality implies (C.9a).

- Now consider the case where 8 < 0. We can obtain
k k i+1 k i+1
S =3 [Pz 3 [ de gl )= gl
i=j+1 i=j+17% i=j+17%

and

k k , PN ,
S =Y 4 '(z‘+1> S;ﬁi;l(i—i—l)

i=j+1 i=j+1
1 & i+1 5 1 & i+1 5
:2732/ (z+1)dt§2—ﬂZ/ tPdt
i=j+17? i=j+17?
1 )
= o5 [k +1) = pra (G + 1),

where the first inequality follows from (C.8) and the fact that 8 < 0. This completes the

proof of (C.9b).

Now we assume that j, k € Z, with k > j + 1.
- If p <0, then we have

zk: i# = zk: /iliﬁdtg zk: /

i=j+1 i=j4+17 1~ i=j+17/11

that is, (C.T0b) holds.

%

k
tPdt = / tPdt = y1(k) — sa11(d),
J
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- If 8 > 0, then

k k—1
i =D E = <gaa(k) —san () K 57, (C19)
i=j+1 =7

where the inequality follows from (C.9a). The fact that 5 > 0 and k > j + 1 > 2 implies
(B+1) - [p1(k) = spa ()] — (K7 = 57)

— (kﬁJrl _ kﬁ) _ (j6+1 —jﬁ) — kP (k—1) +jﬁ(1 —3)

>k (k=1)+°(1—k) = (K = %) (k- 1)

>0,
that is,

K =37 < (B4 1) - [opea (k) = sp1 ()]

Combining the preceding inequality with (C.19) yields (C.10a)) and completes the proof of

assertion (ii).

Proof of assertion (iii). Note that 5 € (0,1). We first show (C.11a) holds. If ¢ = —1 then it

holds trivially. Thus we consider the case where t € (—1,00). Define g(t) = (1 + t)? for any
t € (—1,00). Then g is twice continuously differentiable with

g(t) =B+ and g"(t) = BB -1)(1+4)"* <0
for any t € (—1, 00), which implies g is concave over (—1, c0). Thus, we have
1+t =g(t) <g(0)+4(0)-t=14pt forallte (—1,00),

which completes the proof of (C.1Ta). Then we prove (C.ITb) by using this result. Fix any t € R, .
It follows from the definition of ¢5 given in (2.3) that

B B B B B

' 1 t t 1 t 3 '

D)= |P— (L) =2 1-(1-2) |22 1-(1-2)] =L

o= (5) =3[ () =5 [ (-9 =5 - (-)]-%
where the inequality comes from (C.ITa). This completes the proof of assertion (iii).

Proof of assertion (iv). This result follows immediately from the fact that h is differentiable over
]R++ and

_ 1= exp(—at) —t - (aexp(—at)) _ 1= (1 + at) exp(—at) <
(1 — exp(—at))? (1 — exp(—at))?

h'(t)

for all ¢ € R, where the inequality uses (B.T1)) with ¢ = at. This completes the proof of Lemma
IC.4

D PROOFS FOR THE RESULTS IN SECTION [2.3]

In this section, we prove the main results on the convergence rate in terms of the KKT residual
outlined in Section 2.3

D.1 PROOF OF LEMMA [2.6]

Fix any ¢ € R Recall that X* = argmin,cpa ¢(). By assumption, we have ¢ is proper and
closed convex. Then by using the characterization of the proximal mapping prox(-) (Rockafellar,
1976b, (2.2)), one can derive the following relation:

TEX" & T-T€0p(z") & T=prox,(T) <& T-—proxy(T)=0.

32



Published as a conference paper at ICLR 2025

Thus, combining the preceding equivalence relation with the triangle inequality and the nonexpan-
siveness of the proximal mapping prox(-) (Rockafellar, 1976b, Proposition 1(c)) gives

o pro,(@)ll, = J2 = prox,(a) - (5 — prow,(@)l
<llz -7, + Hprox¢(x) — prox, (f)”2
<2|z—7z||, forallZe X",

which implies
|z — prox¢(:17)H2 < 2 dist (x, X*)

and thus completes the proof of Lemma 2.6]

D.2 PROOF OF COROLLARY [2.7]

Fix any k € Z. It follows directly from the Jensen’s inequality and Lemma [2.6] that

E {ka — prox, (xk)HQ} < \/IE [Hajk — prox (xk)Hﬂ < 24/E [dist (zg, X*)].

Using this bound on the expected KKT residual, all results in Corollary follows immediately
from Corollary [2.3| proved earlier.

E PROOFS FOR THE RESULTS IN SECTION 3]

In this section, we present the proof of Proposition [3.1|shown in Section[3]

E.l1 PROOF OF PROPOSITION[3.]]
Proof of assertion (i). Denote the sample space S = [n]. For each s € S, define
fla;s) 2 |l —ps|>  forallz € RY

Then, the function F'(z) can be expressed as the expectation Es p[f(x; s)], where P denotes the
discrete uniform distribution over S.

- For each s € &, function f(-;s) is real-valued, locally Lipschitz and 2-strongly convex,
which implies F' is locally Lipschitz and Assumption [3]holds.

- Note that function r(-) is real-valued and A-strongly convex. Then ¢(-; s) is real-valued
and (2 + )\)-strongly convex for each s € S, leading to the (2 4+ \)-strong convexity of ¢
over R%. Thus, Assumption|I]and 4/ hold.

- The existence and uniqueness of z* follow from the strong convexity of ¢. Additionally,
it can be readily inferred from the optimality condition for differentiable convex functions
that

n

0=V¢(z¥) = %Z(x*—pi)—i—)\x*

i=1

. 2 1
— = .= i
[$ 24X n ;p
Then, the optimial solution set X* = {z*} is nonempty, and
o] AN 2 A
Eer [V )l3] = = Y lle* = pill} 2 05 < o,
i=1

which proves the first and second conditions in Assumption 2 By Remark we have
(T.2) holds and thus the last condition in Assumption [2|holds.

This completes the proof of assertion (i).
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Proof of assertion (ii). Fix any k € Z_ . By the definition of =1 ; and the optimality condition of
differentiable convex functions, we can obtain

Tp41 = arg mln { ZHm_pS”L

)\ 2 1 2
5 lzll3 + 2ar |z — xk”z}

(E.D)
QOék 1
T2t Nap+1 'E;psi T e a1
Recall that XX = max;e[,) [|pil|,- It follows from (E.1)) and the triangle inequality that
20, 1 — 1
< - -r . i [
lorrll < 5o e 51 m ; Hpsk ot T a1 Nl
20% 1
< IS NTells -
24+ Nag+1 (24 Nag + 1 Ikl
Applying the recursion k times yields that
i 1 1
< —_— |- 2 — |2
HM*N2_<£E@+Aﬁn+1>|M”2+<§:‘”ll 2+Mam+1>
k k 1
< llall, + <Z2az 11 ) 2
=1 m=l (2 + )\) Qm T 1 (E2)
k
2 1
= — 1 —_— e
el + 5775 ( WE[ (2+)\)am+1>
<zl + 5 < Mol +2
where the equality comes from the following relation:
k k 1
2 -
Zal7¥[l2+)\a +1 ;2 al—i—l 1_1[+ 2+ N am+1
S § PR T
l_1(2+)\)al—|—1 1-— (2+/\)az+1 = 2+ Nay, +1 42 24+ N am+1
k k
703 H s W
— i 2+)\)am+1 ot 2+ N an+1

_ 1
N 2—|—)\)am+1

Assertion (ii) follows directly from (E.2) and the trivial observation that ||z |, < [lz1]|, + .

Proof of assertion (iii). Recall that 0 = L 37" [|p; — + 3", pi[[3. Then 0 > 0 and

1 _ .
=0 & pj:EZ;pq; forallj € [n] < p;=p; foralli,je[n],

from which we have o > ( according to the assumption that p;, # p;, for some ig # jo € [n]. Fix
any k € Z. . It follows from (E.I) that

* 2ak Z + 1
Tpy — T = ——————  — Pty — ",
k1 @+ Nag+1 m &5 T @ Nag 117
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which implies

Ep o - w*lﬂ = Ex (2041 — x*,xm —a")]

20v,
T e T e ,

Zps @+ N+ 1] K ZPS >]

20, 1S,
BT Km ZP >] (E3)

20y, 1 [EE (g, z*)

kR = ; _

* 2+ Nag + 12 Kx’“ m2p5k>] - (24 Ny +117 2+ Nag +1

2a xm) 2
<2+A>ak+1[< Zps>] CES e LAY

Note that

4o
[(2 + Ny, + 1)

1 n
Ey {psd = ij foralli € [m] and Ej
j=1

1 & 1 ¢ 24X,
i=1 j=1
Then we can prove the following two assertions:

(a) It follows from (E.4) that

1 & 2+ . 24\ .
Ek [<m ;pSivmk>‘| = < ijvxk> < 9 7xk> = 9 <(Ek,l' >a

1 & . 1 . 24X, 24+ A o
N A

which combined with (E-3) yields that

Ex [||ﬂ?k+1 - x*\ﬂ

404% < (2+>\)0¢k )
[(2+)\)Oék+ ZPS 24+ Nap +1 \ (2+ Nag +1 (zg, x")
[ENE ( 2(2+/\)ak ) -
+ —2 41— =" ) |z
(24 Nay + 1) 2+ Nay + 1 "I
= 2 S ded ips
[(2+ Ny +1]° (2 + N + 112
2(2 + )\ (63 1 .
- ot 5 ) 13
24+ Nag +1 [(2+ Nay, + 1]
2
B 2 2 *ZPS;‘C - T
(24 Nak +1° [(2+ N +1] m 25k >,

(b) Using (E-4) again, one can derive that

1 & ?
m Zpsz
i=1 2

2

2t
2

1 & ’ 1 & ’
R o [ AR e
i=1 2 i=1 2
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m 2

1
=K — i —E =K
k m;psk k k

1 m
o 2 (s ~Eu [ps;])

i=1

1 m

2
2

2

2
2

2 1 1 ¢ o
= a2 -

2

1 m
~m2 ZEk [HPS,Q —E {PS;J
i=1

where the third last equality holds because the random variables S}, - - - , ST are indepen-
dent and identically distributed, and the last comes from the definition of .

Assertion (a) together with assertion (b) above leads us to the result that

2+ Nax+17 ' [2+Nag+1° m’

Taking the expectation of both sides of the previous inequality and applying the law of total expec-
tation gives

2 2 2
T, — x* 4o o
By, [||9?k+1 - x*\lg} - Iz :

%12
E [llz — 2] 4a? o E5)

* 2 —
E [||$k+1 - H2j| = (2 + Noar + 1]2 + [(24+ Nag + 1]2 m

Denote by 6; = ||z, — z* H; Applying the recursion k times yields that

E{lloasn — 2°13)

(L 1 12 ¢, (L 1 (E.6)
(wa>'5l*mz“l'<n ]2>

=1 oy (24 Nag, +1

holds for all k € Z..

- First consider the case in which aj, > « for some ag € Ry, . Define h(t) £ m
forall t € Ry . Then h is differentiable over R and
24 N)t+1—-(24+ Nt 1
h/(t) = ( + ) + ( —2|— ) = ) >0 forallt e R++7
[(2+N)t+1] [(2+N)t+1]
that is, h is nondecreasing over Ry . We can thus obtain from (E.5)) that
N 4o} o2 « > 402
IE[kaH—x ||§] >~k .= = <k) .
(24 Nag +1]7 m 2+ Mo +1 m
> < ) )2 Ao? do’ag
“\2+Nag+1)  m m[2+ Nag + 1]

holds forall k € Z,..

- Now we prove the assertion for the case where ap = apk™? for some ap € Ry, and
B € (0, 1]. Observe that

2 : 1
1 o <n11__[l [(2+Nam + 1]2>

0412 b 1
A ES < II [(2+/\)am+1]2>

m=Il+1

1 U b 1
—[(2+A)a0+1}3zal'< 11 (2+)\)am+1>’

=1 m=Il+1

I\Mar

l

B

l

V
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where the inequality uses the fact that oy, < oy for all k£ € Z_. Moreover, the last term is

bounded below by
k < k )
2
Sai-( I )
= i1 2+ Nay, +1
k 1 k k
2
St (1 g o)
= 1~ oman m:l+1(2+>\)am+l A7 2+)\am+1
_i(2+)\)a?+al ﬁ 1 ﬁ 1
_ll 24+ A 1 (2+A)am+1 (2+)\)0&m+1
= m=I+1 m=l
k a k 1 k 1
!
> _
_;2“(}:{“(2%)%“ nI:[l(2+A)am+1>
a k k 1 k
>
_2+AZ< 1l 2+ Nam +1 H 2+)\am+1>
=1 m=Il+1 =1
1

k
g 1 o
= 1-— —_— | > 1-—
2+)\< H 2—|—/\)ozm—|—1> 2—|—/\< (2—|—)\)a1—|—1>
_ o (1_ 1 ): o? .
24+ A 24 Nap+1 24+ Nag+1

where the second inequality is due to the fact that «; > «y, for all [ € Z,4 with [ < k, and
the second last equality comes from the fact that oy = « implied by the definition of the
stepsizes. Combining (E.6) with the previous two relations leads us to the conclusion that

E o - a7[] = 22 e (11 :
A= m P e+ Mo + 112

=1

40? 1 a? _
> . . 0 LB
T m o[22+ Na+ 17 2+Nag+1
4020 -3

m[(2+ Nag +1]*

holds for all k € Z.

This completes the proof of assertion (iii) and thus proves Proposition [3.1]

F DETAILS OF NUMERICAL EXPERIMENTS

In this section, we provide the essential details required to implement the numerical experiments
described in Section [4]

F.1 LASSO LINEAR REGRESSION MODEL

Recall the Lasso linear regression model defined as:

1
min Yraseo(®) £ 5 Az = b5 + M ||z, -
zERY 2

Solve inner-loop subproblems. Denote the sample space S by the finite discrete domain [n].
Then, when using isPPA to solve Lasso linear regression model, the inner-loop subproblem (I.3) at
iteration k can be formulated as

. 1 AL 1 2
iy, { 5 A 2 = bl + 2Ll + o - 213} E)
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where A si:m . denotes the submatrix of A consisting of rows indexed by S;™ and b sm denotes

the subvector generated by the elements of b indexed by S} ™. Set A 2 ~ A1 and dg = Sk Then
(F.I) can be written as

. 1 2
i {1 (Agpm2) +3le) + 5 o sl |

zERC

(F.2)
2 -
, forally € R™ and p(z) £ \;||z||; forall z € RY.

1
where H(y) £ 5 Hy — bs;:m

In an effort to obtain the next iterate xj satisfying the stopping criterion (SCA), we propose the
following claim and defer its proof to the end of this section for reference.

Claim F.1. Consider the subproblem at iteration k of isPPA (Algorithm with stepsizes {ay }
and accuracy parameters {¢i }. Define

¥ 2 H4(©) + 0 (prove (2 - AZ0 ) )
k

A
2

forall§ € R™,
2

Qg

2

.Tk T fL'k T
— — A — prox,x | — — A
dk. S;,m):g p el dk Sé.m’:g

ag

where H* and p* are the Fenchel conjugate functions of H and p, respectively. Fix any k € Z. If
T+1 is obtained via the following update rule:

Tk T .
Uk41 = PrOX p* (~ — Asézm,,:§k+1> with

ar \ Ok
Epr1 ~arg min U(§) where ||V (q1)|y < % (F.3)
£ER™ Qg

~ T - T
1 =Tk — Qi (Agrm Eot1 + Unt1 ) = Proxg, , (Th — G Agrim Ert1 ),
Spim, kP Spim,

then 1 satisfies the stopping criterion (SCA)), i.e.,

Thi1 — Pfoxaka(-;s;:m)(mk)H2 < k.

Note that
1
H (€)= sup {{5.€) — H ()} = 5 [l + (bsy &) forallE R (R4)
yeR™
Then the function ¥ defined in Claim [FI]is 1-strongly convex and continuously differentiable on
R™ with
* ~ Tk T Lk T
V\P(g) = VH (5) — OékASli:m7: (Ozk — Asi;-,,L7:€ — prOX% <5W€ — AS]}:”"’;S))

=&+ bgim — Agrom proxg (xk - &kA:qri;y,z7:§) for all £ € R™.

QEp

Therefore, utilizing Claim E we can obtain {1 by applying the semismooth Newton (SSN)
method (Li et al.} 2018| Algorithm SSN) to solve the minimization subproblem in @

Obtain an approximate optimal solution. For each data set, we first apply the semismooth New-
ton augmented Lagrangian (SSNAL) method (Li et al. 2018) to solve problem (#.I)) and obtain an
approximate solution Z* satisfying the relative KKT residual 7rc1 1asso < 108, where

s Hx — prox, ), (77 — AT (A27 — b))H2
Trel,Lasso — 1+ Hj*“z + ||A—r (A-i'* - b)||2

Then 11,5550 (Z*) can be taken as an approximation of the optimal function value. For each trial, we
run isPPA to solve (@.T)) and obtain an approximate solution Z* such that the relative gap drel, Lasso <

1075, where
6re1 Lasso 2 |¢Lasso(£*) - wL?sso (‘%*)| )
’ 1+ ‘wLasso(x*”
Then &* is the desired approximation of the optimal solution, to which {x} converges almost surely.
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Numerical results on real data sets. The real data sets are taken from the UCI data repository
(Chang & Lin, [2011)) and the original features of the obtained data are expeneded by following the
settings in (Li et al.l 2018). We test on real data sets abalone7 with (n,d) = (4177,6435) and
space_ga9 with (n,d) = (3107,5005), and set the regurlarization parameter A\; = A, HA—'—bHOo

with A\, = 1072, The KKT residual with respect to the Lasso model is defined by
Neasso (T) 2 Hx — ProXy ||, ({E —AT (Ax — b)) H for all z € R%. (F.5)
2

Given that 7 € A if and only if T = prox, . (T — AT(AZ — b)), it follows that N a0 () <

2+ ||A||§)dist(x, X*), ensuring the applicability of all results from Corollary [2.7/t0 Npasso- AS
illustrated in the top row of Figure[3] the convergence curves are analogous to those for the synthetic
data, where the asymptotic convergence rates for the squared distance to the optimal solution set and

the KKT residual are O(k~?) and O(k~F/?), respectively.

F.2 ELASTIC NET LINEAR REGRESSION MODEL

The elastic net linear regression model is presented as follows:

. 1 2 A2 o
min Velastic (T) = 3 [Az = b5 + A1 [z, + > lzll5 -

Solve inner-loop subproblems. Use the same notations as in Appendix [F.1]and set

< 1
)\2 é ﬂA27 jjk £ — =Tk and @k é Oéijf‘_.
n 14+ Aody 14+ Aody,

Then we can formulate the inner-loop subproblem (I.3)) at iteration k as follows:

_ Ao oL 2
min {H (As;:m,:x) + () + 5 el + % [z — x|

1+ hoa 1 2
<& min ( H (Asl:m :x) + p(x) + il 220k g —x
reR4 ko 2ay, 14+ Xaay, 2 (F.6)
. A 12
o iy {8 (Agpm.z) +2(0) + 51l - 13}
£

1 2 -
where H(y) 3 Hy - bS;:mH2 forally € R™ and p(z) 2 A\ ||| forall z € RY.

By using the equivalent formulation (F.6) described above and following the proof argument of
Claim [FI] for the Lasso model, one can easily check the validity of the claim below:

Claim F.2. Consider the subproblem @) at iteration k of isPPA (Algorithm with stepsizes {ay }
and accuracy parameters {¢i }. Define

z
U(E) = H* (&) +p* (PTOXP* (Ak — Agpm 5))
or \ O B
P 2
=k forall € € R™,

2 2
where H* and p* are the Fenchel conjugate functions of H and p, respectively. Fix any k € Z.. If
Ty+1 Is obtained via the following update rule:

Tp

Tr T
— Al € —prox, (= —Al..
S;' 115 b el dk Sé- ’;g

ap

T
Uk+1 = PrOX p* (Ak — A;:m ,§k+1> with
. €k
~ U h AV} < —, (E7)
Ek+1 arg min (&) where [|[VU (§ga)ll, < oo

A ~ T A A T
Tpy1 = T — Q (AS,i:m,:gk""l —+ uk_H) = prOX&kp (Z‘k — akASi:m7:£k+1) 5

then xy,1 satisfies the stopping criterion (SCA)), i.e.,

Thi1 — proxoék@(_;Si;m)(nck)H2 < .

Similar to the Lasso model, the iterates {x} generated by isPPA are computed by employing the
SSN method to solve the minimization subproblem specified in (F7).
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Obtain an approximate optimal solution. For each data set, we employ the SSNAL method
to solve problem (#.2) and obtain an approximate solution Z* satisfying the relative KKT residual
Tlrel,elastic < 1078’ where
~ ~ T ~ ~
Lo |~ prosay i, (@ - AT (43 — 1) - i) |,
e o flaly + AT (A5 =) + o],

Then z* is the desired approximation of the optimal solution to (4.2).

Test setup for synthetic and real data and numerical results for real data sets. For numerical
experiments on synthetic data, we use n = 10000 and d = 1000, setting o to zero for noiseless
conditions and to 10~2 otherwise. The regularization parameters, \; and A, are set to Aey HATbHOO

and A, [[ATb||__, respectively, with Ac, = 5 x 107 and A, = 5 x 1072, For test on real
data sets, specifically the data sets abalone7 and space_ga9, we set the regularization parameters
to (A, A2) = (N, ﬁATbHOOQ\CZ |ATb|| ), with (Ac,, Ac,) = (107%,107") for abalone7 and
()\Cé ,Ae,) = (1072,1072) for space_ga9, respectively. The accuracy parameter ¢y, is defined as
o, with v = 1072, and the minibatch size m is fixed at 32. The KKT residual for the elastic net

Lasso model is defined as:

etastic(2) £ |2 prosy, ., (= AT (Az = b) = Do)

) (E.8)
2

which is upper bounded by (2+ A2 + ||A||§)dist(z, X'*), affirming that all the results from Corollary
apply tO 7elastic- The performance of isPPA with diminishing stepsizes o = apk P for various
stepsize exponents 5 € {0.55,0.75,0.9, 1}, starting with an initial stepsize g = 50, is displayed in
the bottom row of Figure[3] The observed convergence results align with those tested on synthetic
data, thus validating Corollary [2.5]and 2.7]

KKT residual
KKT residual

KKT residual
KKT residual

(a) ()

Figure 3: Performance of isPPA in solving the linear regression models (Lasso - top and elastic net -
bottom) for four values of stepsize exponents S = 0.55, 0.75, 0.9 and 1. The legend “isPPA-beta-5”
denotes isPPA with diminishing stepsizes ay, = ok ~?. (a) The test on data set abalone7. (b) The
test on data set space_ga9.

F.3 PROOF OF CLAIM[E]]

The proof of Claim[F.I]are based on the following result. Here we still use H* and p* to denote the
Fenchel conjugate functions of H and p, respectively.

Claim F.3. Consider the following composite optimization problem

min ®(z) £ H(Az) + p(x), (F.9)

zeRd
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where A € R™*4, H: R™ — (—o0, +0c] and p: R — (—0c0, +-00] are proper and closed convex
functions. FixanyT € R%, o € R, and ¢ € R,. Define

V() £ H (&) +p" (proxpa* (2 — AT&))

forall € € R™.
2

Jra
2

r_ ATE — prox (x — AT§>
a a \«a

Suppose that H* is ng-strongly convex for some ng € Ry . If

U £ prox, (m — ATg) with

a «

e 1) i[9 (9] =

then & 2T — a(ATE + @) satisfies

(F.10)

ISE]

1
~ arg ;Iel%[{r‘li {H(AJU) + p(x) + % lx — x||§} where  ||Z — prox,q (T)[|, < e

By using ClaimllEI with A = Agi.m . and functions H and p defined in @), we can deduce from
the 1-strong convexity of H* (see (F.4)) that

kaH — proxa@(‘;Slim«b)(at:k)H2 = Hl‘k+1 — proxakq)(xk)Hz < e,
where ®(z) £ H(Agim .x) + p(z) for all z € R?. It only remains to prove Claim
Proof of Claim[F3) Let & 2 prox,s(T). We assume that (£,7) € R™ x R? satisfy (F.10) and

set ¥ 27— a (ATg + a) By following an argument nearly identical to that in the proof of
(Rockafellar, [1976a, Proposition 6), we can obtain

£€R‘NL

I3 — 2|2 < 20 - <\If (5) — inf @ (5)) . E11)

Given that H* is ng-strongly convex, W is also 7 -strongly convex. Thus,
in in — — |€ — = - — .
£ER™ ~ term ’ 2 2 2ng 2

This property together with (FIT)) implies

&~ &, < %a (q, (€) gggg,,ﬂf@)) < \/za Al O <

where the last inequality follows from the definition of é in || This completes the proof of Claim
[F3] For completeness, we provide a detailed proof of (F1I) below. Let L, denote the augmented
Lagrangian function:

. e} 2
La(&u,2) & HY(€) +p"(u) = (AT u,2) + 5 [ATE + |
for all (€, u,z) € R™ x R? x R%.
Note that

VoLa(€,4,7) = — (AT£+ u) - %
Then, the concavity of L, (£, @, -) leads us to
La (gaaaf) + 0[71 <‘i —I,T 7f> 2 La (é,ﬂ,l’) Z

inf Lo (€.u.2).
bt g Lo (S0 7) (F.12)
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Fix any x € R?, Tt is easily verified that the maximization problem
1 2
ma (Ay) =™ (y) = 5 ly = =l
is the dual of the following minimization problem:

: H* * o AT g AT 2
ain O+ (w) E+uz)+ S [[ATE+ul

< H*(€) + p*(u) — (w, ) + % w2 (E.13)

min
(&,u,w)ER™ xR xR
s.t. AT¢+u—w=0

Note that the objective function of problem (F.I3) is proper, closed and strongly convex. Then, it is
bounded below over a nonempty feasible set, ensuring that the optimal value of problem is
finite. By combining this property with the fact that problem (FI3) is convex and satisfies Slater’s
condition, we conclude that strong duality holds, i.e.,

1 2
i f L = ,H** A o ¥% - . '
il Lo (6 ) ;55{ (49) =57 (0) = 5 I —o13}

Based on this result, and given that both H and p are proper and closed convex, we deduce that

inf  Lg (&u,x) = sup {—H(Ay) —p(y) — % IIy—wllg}

(&,u)ER™ xR yERd E1d)
. .
= sup {—@(y)—2||y—:c||§} for all z € R%.
yER o
Combining (F12) with (F14) yields
~ 1
La <§UT> > —0(i) — 5 e -z} —a (G -7 —7) foralloeR.  (EIS)
a
Similarly, we can obtain
1 2
inf LO( ’ 77 - —d - — —
el (& u, ) ;55{ (Y) = 5 lly 33”2}
1 2
i d By — T (F.16)
ant fo) + 5 Iy -3}
1 2
= — @ ) — — ||t —7
(@) - o &~ 7.

where the first equality comes from (FI14) with 2 = T, and the last follows from the definition of .
On the other hand, it follows from the definition of ¥ and « that

inf L, YU, T
ey b g L (&)

. . * * . (6% 2
= inf inf {H (&) +7"(w) — (AT¢ +u,z) + 3 ||AT§+u||2}

2
s . * * g T _E _i =12
— éle%glulgﬂgd{ff (&) +p"(u) + 5 HA Etu—= . % ||$||2}

= inf {H*(f) +p* (proxp* (x — AT£>> + @ HAT§ -+ Prox p* (a: — ATE) _z
~ \ « 2 o\«

2
Qg

£eR™
1, _ 2
—%||9U||2
. 1, _ 9
= inf U(&) - —
(f, (&) = 55 I1Z1l2
and
o TP 1 1
o = - TZ | - —2 = —2
Lo (6:07) = 1@ + 2 @) + 5 [4€ v a = | - 513 = w1 - 5 el
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Then, we can deduce from the previous two equations that

V(- v O -1 (87~ e 60

which combined with (F.13)) and implies
v (5) ~ inf W(¢)

gER™
>[—@@w—1|m—xW—awf—xx—xﬂ—[—®@w—lnf—ﬂﬂ
- 200 2 ’ 200 2
N AP TP - d
—%(||;v—:r||2—||x—x||2—2<x—x,x—x>> for all z € R

Hence, the inequality (FTT)) can be derived from the aforementioned results as follows:

w(@—-mfwg>zmm{;101—z§—|@—z@—2@—xw—x0}

geRm s

Lo 02 2 =12 o/ = =~
= 5 (2 =35 = |7 =33 — 2 (2 — 7,5 - 2))
L. L2
= o lla - 23
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