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Abstract

Potential games are arguably one of the most important and widely studied classes
of normal form games. They define the archetypal setting of multi-agent coordina-
tion as all agent utilities are perfectly aligned with each other via a common poten-
tial function. Can this intuitive framework be transplanted in the setting of Markov
Games? What are the similarities and differences between multi-agent coordination
with and without state dependence? We present a novel definition of Markov Po-
tential Games (MPG) that generalizes prior attempts at capturing complex stateful
multi-agent coordination. Counter-intuitively, insights from normal-form poten-
tial games do not carry over as MPGs can consist of settings where state-games
can be zero-sum games. In the opposite direction, Markov games where every
state-game is a potential game are not necessarily MPGs. Nevertheless, MPGs
showcase standard desirable properties such as the existence of deterministic Nash
policies. In our main technical result, we prove fast convergence of independent
policy gradient to Nash policies by adapting recent gradient dominance property
arguments developed for single agent MDPs to multi-agent learning settings.

1 Introduction

Reinforcement learning (RL) has been a fundamental driver of numerous recent advances in Artificial
Intelligence (Al) applications that range from super-human performance in competitive game-playing
[30, 131} S]] and strategic decision-making in multiple tasks [23} 25} [35]] to robotics, autonomous-
driving and cyber-physical systems [7, 139]. A core ingredient for the success of single-agent RL
systems, which are typically modelled as Markov Decision Processes (MDPs), is the guarantee of
existence of stationary deterministic optimal policies [3.[32]]. This allows for the design of efficient
algorithms that provably converge towards the optimal policy [1]. However, a majority of the above
systems involve multi-agent interactions and despite the notable empirical advancements, there is
a lack of understanding about the theoretical convergence guarantees of the existing multi-agent
reinforcement learning (MARL) algorithms.

The main challenge when transitioning from single to multi-agent RL settings is the computation
of Nash policies. A Nash policy for n > 1 agents is defined to be a profile of policies (77, ..., 7)
so that by fixing the stationary policies of all agents but ¢, 7} is an optimal policy for the resulting
single-agent MDP and this is true forall 1 < ¢ < n F_] (see Definition . Note that in multi-agent
settings, Nash policies may not be unique in principle.

A common approach for computing Nash policies in MDPs is the use of policy gradient methods.
There has been significant progress in the analysis of policy gradient methods during the last
couple of years, notably including the works of [1]] (and references therein), but it has mainly
concerned the single-agent case: the convergence properties of policy gradient in MARL remain

! Analogue of Nash equilibrium notion.
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poorly understood. Existing steps towards a theory for multi-agent settings involve the papers of [11]
who show convergence of independent policy gradient to the optimal policy, for two-agent zero-sum
stochastic games, of [38] who improve the result of [[11] using optimistic policy gradient and of [40]
who study extensions of Natural Policy Gradient using function approximation. It is worth noting that
the positive results of [11} 38]] and [40] depend on the fact that two-agent stochastic zero-sum games
satisfy the “min-max equals max-min” property [29] (even though the value-function landscape may
not be convex-concave, which implies that Von Neumann’s celebrated minimax theorem may not be
applicable).

Model and Informal Statement of Results. While the previous works enhance our understanding
in competitive interactions, i.e., interactions in which gains can only come at the expense of others,
MARL in cooperative settings remains largely under-explored and constitutes one of the current
frontiers in Al research [10l 9]. Based on the above, our work is motivated by the following natural
question:

Can we get (provably) fast convergence guarantees for multi-agent RL settings in which cooperation
is desirable?

To address this question, we define and study a class of n-agent MDPs that naturally generalize
normal form potential games [24]], called Markov Potential Games (MPGs). In words, a multi-agent
MDP is a MPG as long as there exists a (state-dependent) real-valued potential function ® so that if an
agent ¢ changes their policy (and the rest of the agents keep their policy unchanged), the difference in
agent i’s value/utility, V%, is captured by the difference in the value of ® (see Definition . Weighted
and ordinal MPGs are defined similar to the normal form counterparts (see Remark I)).

Under our definition, we answer the above motivating question in the affirmative. In particular, we
show that if every agent ¢ independently runs (with simultaneous updates) policy gradient on his
utility/value V¢, after O(1/€?) iterations, the system will reach an e-approximate Nash policy (see
informal Theorem@] and formal Theorem @ Moreover, we show the finite sample analogue, that
is if every agent ¢ independently runs (with simultaneous updates) stochastic policy gradient, then
with high probability, the system will reach an e-approximate Nash policy after O(1/€%) iterations.

Along the way, we prove several properties about the structure of MPGs and their Nash policies (see
Theorem[I.2]and Section 3. Our results can be summarized in the following two Theorems.

Theorem 1.1 (Convergence of Policy Gradient (Informal)). Consider a MPG with n agents and let
€ > 0. Suppose that each agent i runs independent policy gradient using direct parameterization
on his policy and that the updates are simultaneous. Then, the learning dynamics reach an e-Nash
policy after O(1/€?) iterations. Moreover, suppose that each agent i runs stochastic policy gradient
using greedy parameterization (see {)) on his policy and that the updates are simultaneous. Then
the learning dynamics reach an e-Nash policy after O(1/€%) iterations.

This result holds trivially for weighted MPGs and asymptotically also for ordinal MPGs, see Remark [4}
Theorem 1.2 (Structural Properties of MPGs). The following facts are true for MPGs with n-agents:

a. There always exists a Nash policy profile (75, ..., 7%) so that } is deterministic for each agent
i (see Theorem[3.1).

b. We can construct MDPs for which each state is an underlying potential game but the MDPs are
not MPGs. This can be true regardless of whether the whole MDP is competitive or cooperative
in nature (see Examples([l|and 2} respectively). On the opposite side, we can construct MDPs
that are MPGs but which include states that are purely competitive (i.e., zero-sum games), see
Example

c. We provide sufficient conditions so that a MDP is a MPG. These include cases where each
state is an underlying potential game and the transition probabilities are not affected by agents
actions or the reward functions satisfy certain regularity conditions between different states (see
conditions CI and C2 in Proposition[3.2).

Technical Overview. The first challenge in the proof of Theorem[I.1]is that multi-agent settings
(MPGs) do not satisfy the gradient dominance property, which is an important part in the proof of
convergence of policy gradient in single-agent settings [[L]. In particular, there is no uniqueness of



optimal policies and as a result, there is not a properly defined notion of value in MPGs (in contrast to
zero-sum stochastic games [[11]]). On the positive side, we show that agent-wise (i.e., after fixing the
policy of all agents but 7), the value function, V', satisfies the gradient dominance property along the
direction of m; (policy of agent ¢). This can be leveraged to show that every (approximate) stationary
point (Definition d) of the potential function ® is an (approximate) Nash policy (Lemmaf.2). As a
result, convergence to an approximate Nash policy is established by showing that ® is smooth and
then applying Projected Gradient Ascent (PGA)) on ®. This step uses the rather well-known fact that
(PGA) converges to e-stationary points in O(1/¢?) iterations for smooth functions. As a result, by
applying PGA on the potential ®, one gets an approximate Nash policy. Our convergence result then
follows by showing that PGA on the potential function, ®, generates the same dynamics as if each
agent i runs independent PGA on their value function, V.

In the case that agents do not have access to exact gradients, we derive a similar result for finite
samples. In this case, we apply Projected Stochastic Gradient Ascent (PSGA) on ® which (as was
the case for PGA) can be shown to be the same as when agents apply PSGA independently on their
individual value functions. The key is to get an unbiased sample for the gradient of the value functions
and prove that it has bounded variance (in terms of the parameters of the MPG). This comes from the
discount factor, ; in this case, 1 — 7y can be interpreted as the probability to terminate the MDP at
a particular state (and +y to continue). This can be used to show that a trajectory of the MDP is an
unbiased sample for the gradient of the value functions. To guarantee that the estimate has bounded
variance, we apply the approach of [[L1] which requires that agents perform PSGA with a-greedy
exploration (see (@)). The main idea is that this parameterization stays away from the boundary of the
simplex throughout its trajectory.

Concerning our structural results, the main technical challenge is the dependence of state-transitions
(in addition to agents’ rewards) on agents’ actions. Our work in this part is mainly concerned with
showing that the class of MPGs can be significantly larger than state based potential games but also
that even simple coordination games may fail to satisfy the (exact) MPG property. Finally, concerning
the existence of a deterministic Nash policies, the main challenge is (as in Theorem [I.T)) the lack of a
value in general multi-agent settings. As we show in the proof of Theorem 3.1} this issue can be still
handled within the class of MPGs by constructing single-agent deviations (to deterministic optimal
policies) which keep the value of the potential constant (at its global maximum). This process (which
leads to a deterministic Nash policy profile) depends critically on the MPG property and does not
generalize to arbitrary MARL settings.

Other works on MPGs. There are only a few papers in the recent literature that define and
analyze MARL settings under the term Markov Potential Games using slight different definitions
(see [18} 34])E] These papers mainly focus on state-based potential MDPs (i.e., MPDs in which every
state is a potential game) and require rather restrictive additional conditions, such as equality or
monotonicity of the state-based potential functions, to address the computational challenge of finding
Nash policiesE] Our current results demonstrate the efficiency of simultaneous policy gradient as
a to powerful method to find Nash policies even without additional restrictive assumptions on the
state-based potential functions. Moreover, as mentioned in Theorem the current definition also
encompasses MDPs that are not necessarily potential at each state. To the best of our knowledge,
the only (cooperative) MPGs that have been successfully addressed in terms of convergence of
independent policy gradient prior to this work, are the ones in which all agents receive the same
value/utility (and these trivially boil down to single-agent settings) [37/]].

2 Preliminaries

Markov Decision Process (MDP). The following notation is standard and largely follows [1I] and
[L1]. We consider a setting with n agents who repeatedly select actions in a shared Markov Decision
Process (MDP). The goal of each agent is to maximize their respective value function. Formally, a
MDP is defined as a tuple G = (S, N, {A;, R; }ien, P, 7, p), where

2Ongoing works also include [21] 22]].
3The relation of these conditions to the current work is discussed in more detail in Proposition and
Remark 2}



* S is a finite state space of size S = |S|. We will write A(S) to denote the set of all probability
distributions over the set S.

e N ={1,2,...,n} is the set of the n > 2 agents in the game.

» A; is a finite action space for agent i € A with generic element a; € A;. Using common
conventions, we will write A = [, A; and A_; = [];_, A; to denote the joint action spaces of
all agents and of all agents other than ¢ with generic elements a = (a;)icpy and a_; = (a;)i£jen’s
respectively. According to this notation, we have that a = (a;,a_;). We will write X = |X’| and
A(X) to denote the size of any set X' € {A;, A_;, A} and the space of all probability distributions
over X, respectively.

* R;: 8 x A — [—1,1] is the individual reward function of agenti € N, i.e., R;(s,a;,a_;) is the
instantaneous reward of agent ¢ when agent ¢ takes action a; and all other agents take actions a_;
at state s € S.

* P is the transition probability function, for which P(s’ | s, a) is the probability of transitioning
from s to s’ when a € A is the action profile chosen by the agents.

* v is a discount factor for future rewards of the MDP, shared by all agents.

* p € A(S) is the distribution for the initial state at time ¢ = 0.

Whenever time is relevant, we will index the above terms with ¢. In particular, at each time step
t > 0, all agents observe the state s; € S, select actions a; = (a;,a_; ), receive rewards
rit := Ri(st,a),i € N and transition to the next state s;11 ~ P(- | s¢,a;). We will write
T = (8¢, at, 't )1>0 to denote the trajectories of the system, where ry := (7;¢),7 € N.

Policies and Value Functions. For each agent i € N, a deterministic, stationary policy m; : S —
A,; specifies the action of agent 7 at each state s € S, i.e., m(s) = a; € A; foreachs € S. A
stochastic, stationary policy 7; : S — II;, where II; := A(.Ai)s , specifies a probability distribution
over the actions of agent ¢ for each state s € S. In this case, we will write a; ~ m;(- | $) to denote
the randomized action of agent ¢ at state s € S. As above, we will write 7 = (7;);en € 1T :=
XienA(A;)S and m_; = ())izjen € Iy := X, 2enA(A;)° to denote the joint policies of all
agents and of all agents other than 4, respectively. A joint policy 7 induces a distribution Pr”™ over
trajectories 7 = (S, &, r¢)r>0, Where s is drawn from the initial state distribution p and a; ¢ is
drawn from 7;(- | s;) foralli € N.

The value function, V! : I — R, gives the expected reward of agent i € A" when sy = s and the
agents draw their actions, a; = (a; ¢, a_; ), at time ¢ > 0 from policies 7 = (m;, 7_;)

Vsi(ﬂ) =Er [Z ’Ytri,t | so = s] . (1)
t=0

We also denote V(m) = Eq~, [Vi(rr)] if the initial state is random and follows distribution p.

Nash Policies. The solution concept that will be focusing on is the Nash Policy. Formally:
Definition 1 (Nash Policy). A joint policy, 7* = (7} );cns € II, is a Nash policy if for each agent
i € N it holds that

Vi(rr,n*,) > Vi(m,©*;), forallm € A(A;)%, andalls € S,
i.e., if the policy, ¥, of each agent i € A maximizes agent 7’s value function for each starting state
s € S given the policies, 7*; = (7} ) i, of all other agents j # i € N. Similarly, a joint policy
7 = (7} )ienr is an e-Nash policy if there exists an € > 0 so that for each agent i

Vi(mr, ) > Vi(m,m*,) —e, forallm € A(A;)°, andall s € S.
We would like to note the definition of Nash policy is the same if s ~ p (random starting state).

Markov Potential Games. We are ready to define the class of MDPs that we will focus on for the
rest of the paper, i.e., Markov Potential Games.

Definition 2 (Markov Potential Game). A Markov Decision Process (MDP), G, is called a Markov
Potential Game (MPG) if there exists a (state-dependent) function ¢, : II — R for s € S so that

D (i, mi) — Py(mi, i) = Vi (my, m_y) = Vi (m), m_s),



for all agents 7 € N, all states s € S and all policies 7;, mell;,n_; € IT_;. We should note that
by linearity of expectation, it follows that ®, (7, 7—;) — @, (7}, 7—;) =V (mi, 7)) — V (7}, 7)),
where ®,(7) 1= Eq, [Ps(T)] -

As in normal-form games, an immediate consequence of this definition is that the value function of
each agent in a MPG can be written as a sum of the potential (common term) and a term that does not
depend on that agent’s policy (dummy term), cf. Proposition in Appendix B} i.e., for each agent
i € N\ there exists a function U! : II_; — R so that

Vi(r) = ®,(r) + Ul(r_;), forallw €L

Remark 1 (Ordinal and Weighted Potential Games). Similar to normal-form games, one may also
define more general notions of MPGs, such as ordinal or weighted Markov Potential Games. Specifi-
cally, if for all agents i € A\, all states s € S and all policies 7;, 7} € II;, m_; € II_;, the function
d,, s € S satisfies

O (1, m_) — Po(ml,m_y) >0 < Vsi(m-,w,i) - Vsi(ﬂ;ﬂr,i) >0,
then the MPD, G, is called an Ordinal Markov Potential Game (OMPG). If there exist positive
constants w; > 0,7 € A so that
D (i, i) — Po(mf, m_i) = wi (Vi (mi, m_i) — Vi (m), m_4)),

then G is called a Weighted Markov Potential Game (WMPG).

Similarly to normal-form games, such classes are naturally motivated also in the setting of multi-agent
MDPs. As Example [2]in Appendix [B.T|shows, even simple potential-like settings, i.e., settings in
which coordination is desirable for all agents, may fail to be exact MPGs (but may still be ordinal or
weighted MPGs) due to the dependence of both the rewards and the transitions on agents’ decisions.
From our current perspective, ordinal and weighted MPGs (as defined in Remark[T)) remain relevant,
since as we argue, policy gradient still converges to Nash policies in these classes of games (see
Remark [4).

Independent Policy Gradient and Direct Parameterization We assume that all agents update
their policies independently according to the projected gradient ascent (PGA) or policy gradient
algorithm on their policies. Independence here refers to the fact that (PGA) requires only local
information (each agent’s own rewards, actions and view of the environment) to form the updates,
i.e., to estimate that agent’s policy gradients. Such protocols are naturally motivated and particularly
suitable for distributed Al settings in which all information about the interacting agents, the type of
interaction and the agent’s actions (policies) is encoded in the environment of each agent

The PGA algorithm is given by

w1 = Pagays (7 + 09a Vi) (PGA)

%

for each agent i € N, where Pa(A;)° is the projection onto A(A;)® in the Euclidean norm. Here,
the additional argument ¢ > 0 denotes time. We also assume that all players i € N use direct policy
parameterizations, i.e.,

mi(a]s) =Tisa 2

withz; s, > Oforalls € S,a € A; and ZaeAi Z;is,q = 1 forall s € S. This parameterization is
complete in the sense that any stochastic policy can be represented in this class [1]].

In practice, agents use projected stochastic gradient ascent (PSGA), according to which, the actual
gradient, V., Vpi (1), is replaced by an estimate thereof that is calculated from a randomly selected

(yet finite) sample of trajectories of the MDP. This estimate, @Srt) may be derived from a single or a

“In practice, even though every agent treats their environment as fixed, the environment changes as other
agents update their policies. This is what makes the analysis of such protocols particularly challenging in
full general. It also highlights the importance of studying classes of games (MDPs) in which convergence of
independent learning protocols can be obtained such as zero-sum stochastic games [11]] or MPGs as we do in
this paper.



batch of observations which in expectation behave as the actual gradient. We choose the estimate of
the gradient of V) to be

T
VO = RS Viegm(af | 5), 3)
k=0

where s ~ p, and RET’t) = Zg:o 7k, is the sum of rewards of agent i for a batch of time horizon T

along the trajectory generated by the stochastic gradient ascent algorithm at its ¢-th iterate.

The direct parameterization is not sufficient to ensure that the variance of the gradient estimator is
bounded (as policies approach the boundary). In this case, we will require that each agent i € A/
uses instead direct parameterization with a-greedy exploration as follows

mi(a | s) = (1 — &)z 0 + /Ay, 4

where « is the exploration parameter for all agents. Under greedy exploration, it can be shown that
is unbiased and has bounded variance for a-greedy exploration (see Lemmal4.6). The form of
PSGA is given below:

D = Pagays (m +nv). (PSGA)

3 Structural Properties of Markov Potential Games

Existence of Deterministic Nash Policies. The first question that we examine, is whether MPGs
possess a deterministic optimal policy profile, as is the case in normal-form potential games [24]].
In Theorem[3.1] we show that this important property indeed carries over (which settles part (a) of
Theorem[1.2).

Theorem 3.1 (Deterministic Optimal Policy Profile). Let G be a Markov Potential Game (MPG).
Then, there exists a Nash policy T € A(A)S which is deterministic, i.e., for each agent i € N and
each state s € S, there exists an action a; € A; so that 7} (a; | s) = 1.

The proof of Theorem [3.1] (which is deferred to Appendix [B) exploits the fact that we can iteratively
reduce the non-deterministic components of an arbitrary Nash policy profile that corresponds to
a global maximizer of the potential and still retain the Nash profile property at all times. At each
iteration, we isolate an agent 7 € A/, and find a deterministic (optimal) policy for that agent in
the (single-agent) MDP in which the policies of all other agents but ¢ remain fixed. The important
observation is that the resulting profile is again a global maximizer of the potential and hence, a
Nash policy profile. This argument critically relies on the MPG structure and does not seem directly
generalizable to MDPs that do not satisfy Definition [2]

Sufficient Conditions for MPGs. We next turn to the question of which types of games are
captured by Definition[2] It is tempting to think that MDPs which are potential at every state (meaning
that the immediate rewards at every state are captured by a (normal-form) potential game at that state)
are trivially MPGs. As we show in Examples[TJand 2] this intuition fails in the most straightforward
way: we can construct simple MDPs that are potential at every state but which are purely competitive
(do not possess a deterministic Nash policy) overall (Example[T)) or which are cooperative in nature
overall but which do not possess an exact potential function (Example [2)).

Example 1. Consider the two-agent, two-state, and two actions per state MDP, § =
(8§ ={0,1}, N = {4, B}, (A; = {0,1}, R)ienr, P, p) in Figure[l] At state 0 (1), agent A always
receives +-2 (0) and agent B always receives 0 (4-2) regardless of the actions they choose. That is,
the reward functions for both states are constant, which implies that both states are potential games.
The transitions are determinstic and are given by

St4+1 = st@aif @CLSBt,

where @ denotes the xor operator or equivalently, addition modulo 2, i.e., 1 & 1 = 0. The MDP G is
illustrated in Figure[I]

To show that G is not a MPG, it suffices to show that it cannot have a deterministic optimal policy as
should be the case according to Theorem 3.1} To obtain a contradiction, assume that agent A is using
a deterministic action o, € {0, 1} at state 0. Then, agent B, who prefers to move to state 1, will



(a%,a%) = (0,0)

Figure 1: A MDP which is potential at every

state but which not a MPG due to conflicting pref- Figure 2: A MDP which is potential at every state
erences over states. The agents’ instantaneous and cooperative in nature but which is not a MPG.
rewards, (R4(s,a), Rp(s,a)), are shown in ma- The action-dependent transitions do not allow the
trix form below each state s = 0, 1. derivation of an exact potential function.

optimize their utility by choosing the action a% € {0, 1} that yields a% & a% = 1. In other words,
given any deterministic action of agent A at state 0, agent B can choose an action that always moves
the sequence of play to state 1. Thus, such an action cannot be optimal for agent A which implies
that the MDP G does not have a deterministic optimal policy profile as claimed.

Intuitively, the two agents in Example [I] play a game of matching pennies in terms of the actions
that they choose (since they prefer playing in opposing states). Thus, competition arises due to the
opposing preferences of the agents over states even though the immediate rewards at each states are
determined by normal form potential games.

Example [2] shows that a state-based potential game may fail to be a MPG even if agents have similar
preferences over states. In that case, the reason is that one cannot find an exact potential function
due to the dependence of the transitions on agents’ actions. However, in the case of Example[2] it is
straightforward to show that the game is an ordinal potential game, cf. Remark [2]

Example 2. Consider the two-agent, two-state MPD, G = (S = {0,1},N' = {A, B}, {A,,
Ri}tien, P, p) in Figure At state sg, each agent has two actions, A; = {0, 1}, whereas at state s1,
each agent has a single action. The transitions and instantaneous rewards, (R4(s,a), Rp(s,a)),s =
0,1,a = (a%,a}) of this MDP are shown in Figure 2] If the action profile a = (a%, a%) = (0,0) is
selected at state sg, then the play remains there, otherwise the play transitions to state s; and remains
there forever.

Since, the game at sg is a version of the Battle of the Sexes and hence a potential game (see also
Appendix B.T), there exists a potential function ¢y, such that we may write the instantaneous reward,
Ri(s0,a) of agent i = A, B at that state as the sum of the potential, ¢ (7) (common term) and a
dummy term, uj)(7_;), which does not depend on the action (policy) of agent 4, but only on the
action (policy) of agent —i, i.e., R;(so,7) = ¢o(m) + ul(m_;), for i = A, B. Here we are using the
slight abuse of notation that R;(s,7) = Ea~r R;(s,a). This leads (after some standard algebra) to
the following expression for the value function V(i (7) of agent i = A, B with starting state sq

iy o(m) | ui(my)
Vo(m) = T—pg T 1T-pg

where p, ¢ € [0, 1] are the probabilities with which agents A and B respectively select their action
0 at state sg. This expression clearly indicates the complexity that emerges in MPDs versus static
games. Namely, the first term of the value function is a common term (same for both agents) that
can conveniently become part of a potential function. However, the second term is a mixture of a
common term (denominator) and a term that is different for each agent (numerator). The reason
is that the policy of each agent determines the time that the agents spend at each state and thus, it
does not (generally) allow for an agent independent term (as required by the definition of a potential
game). However, this game is clearly a potential-like game in which agents have common interests.
This motivates to look at the notion of ordinal or weighted MPGs. Note that (by a straightforward
calculation) this game is an ordinal MPG for the potential function &5 = ¢, for s = 0, 1.

, fori=A B,

Based on the intuition from the previous Examples, we formulate the following sufficient conditions
in Proposition [3.2] which ensure that a state based potential game (i.e., a game that is potential at
every state) is also a MPG according to Definition 2] (cf. Theorem [I.2] part (c)).



Figure 3: A 2-player MPG which is not potential at every state. The rewards in state s; form a
potential game, whereas the rewards in sy do not. However, the states inside the dotted rectangle do
form a potential game and this can be leveraged to show that the whole MPG is a potential game
whenever pg does not depend on agents’ actions.

Proposition 3.2 (Sufficient Conditions for MPGs). Consider a MDP G in which every state s € S
is a potential game, i.e., the immediate rewards R(s,a) = (R;(s,a));cn for each state s € S are
captured by the utilities of a potential game with potential function ¢s. Additionally, assume that one
of the following conditions holds

Cl. Agent-Independent Transitions: P(s' | s,a) does not depend on a, that is, P(s' | s,a) = P(s |
s) is just a function of the present state for all states s,s' € S.

C2. Equality of Individual Dummy Terms: P(s' | s,a) is arbitrary but the dummy terms of
each agent’s immediate rewards are equal across all states, i.e., there exists a function
u' : A(A_;)° — R such that

Ri(s,a;,a_;) = ¢s(mi,m—s) + ui(w,i), for all states s € S.

If either C1 or C2 are true, then G is a MPG.

Remark 2. As the rest of the proofs of Section [3] the proof of Proposition [3.2] is provided in
Appendix [B] The following remarks are due.

1. Condition C2 (or variations of it) is also known as state-transitivity and is present as requirement
in the existing definitions of potential-like MDPs, see e.g., [I18] 121} [22] and along with some
additional conditions on the transitions also in [34]. Example E] shows that such conditions
are restrictive, in the sense that they do not capture very simple MDPs that intuitively have a
potential-like (cooperative) structure. These observations motivate the study ordinal or weighted
potential games as natural models to capture instances that are of cooperative nature but which
are not MPGs (cf. Remark[I). As we show, our convergence results about independent policy
gradient naturally extend to these classes as well (see Remark [4).

2. Another condition that is (trivially) sufficient to ensure that a MPD that is potential at every
state is also a MPG is that the instantaneous rewards of all agents are the same at each state, i.e.,
that R;(s,a;,a_;) = ¢s(a;,a_;) for all agents i € N, all actions a; € A; and all states s € S.
MDPs that satisfy this condition are called Team Markov Games and their study (in terms of
learning their equilibria) boils down to a single agent setting [37]].

The previous discussion focuses on games that are potential at every state as natural candidates
to generalize the notion of normal-form games to state games. This leaves an important question
unanswered: are there games which are not potential at every state but which are captured by the our
current definition of MPGs? Example [3|answers this question affirmatively. Together with Example/[T}
this settles the claim in Theorem part (b).

Example 3 (Not potential at every state may still imply MPG). Consider the 2-agent MDP of Figure[3]
At state s, agents’ rewards, (R;(sg,a), R2(so,a)) form a constant sum (equivalent to zero-sum)
game. The agents’ actions at sq induce a deterministic transition to a state sqp with a,b € {H, T} in
which the only available actions are precisely the chosen actions at sg. Each agent’s instantaneous
reward at this state is the reward of the other agent at sy (scaled by 1/~). The MDP then transitions
deterministically to state s; which is a potential game with rewards (R1(s1,a), Ra(s1,a)). After the
agents select their actions at s1, there is an exogenous given probability, pg, according to which the
play transitions to state s = 0. Otherwise it remains at s;.

While the game at state s = 0 is not a potential game, the combined states in the dotted rectangle of
Figure [3|do form a potential game, with potential function equal to the sum of the agent’s payoffs at
so (the rewards of both agents are equal for every pass of the play through the states in the dotted



rectangle). Thus, it is not hard to see that both value functions are of the form
Vi (m1,ma) = c1(s) - X0 (R1(s0,a) + Ra(s0,a)) yo + ¢2 (s) - x1 Ri(s1,2)y1,
for s € {sg,s1} and i = {1,2}, where ¢ (s), ¢z (s) > 0 are appropriate constants that depend only

the state s € {sp, s1} and not on the agents. Since the game at s; is a potential game, with potential
function given by a 2 X 2 matrix ¢, it is immediate to see that

{08 (71'1, 772) =C (8) Xg (R1(So, a) =+ RQ(SO, a)) Yo + ¢C2 (S) . de)lyl, for s € {So, 81}
is a potential function so that G satisfies the definition of an MPG.

4 Convergence of Policy Gradient in Markov Potential Games

The current section presents the proof of convergence of (projected) policy gradient to approximate
Nash policies in Markov Potential Games (MPGs). We analyze the cases of both infinite and finite
samples using direct and a-greedy parameterizations, respectively.

Before we proceed with the formal statements and proofs of this section, we provide the definition of
distribution mismatch coefficient as it is commonly used [[14] applied to our setting.

Definition 3 (Distribution Mismatch coefficient). Let u be any distribution in A(S) and let O be the
set of policies m € A(.A)° so that 7 is 0.1-Nash policy (moreover assume for the rest of the paper
that ¢ < 0.1). We call

s
S0

Holloo
the distribution mismatch coefficient, where d} is the discounted state distribution (16)).

D := max
TeO

The first auxiliary Lemma has to do with the projection operator that is used on top of the independent
policy gradient, so that the policy vector wft) remains a probability distribution for all agents ¢ € N
(see (PGA)). It is not hard to show (due to separability) that the projection operator being applied
independently for each agent 5 on A(A;)° is the same as jointly applying projection on A(A)®. This
fact is captured in lemmafd.1]

Lemma 4.1 (Projection Operator). Let 7 := (71, ..., T, ) be the policy profile for all agents and let
=71+ nV,®,(1),
be a gradient step on the potential function for a step-size o > 0. Then, it holds that
Paays (') = (Pacays (1), -« Paca,)s ()

The main implication of Lemma[4.T|along with the equality of the derivatives between value functions
and the potential function in MPGs, i.e., V., V(1) = V., ®() for all i € N (see property P2 in
Proposition [B.T)), is that running independent on each agent’s value function is equivalent
to running (PGA) on the potential function ®. In turn, Lemma [.2] suggests that as long as policy
gradient reaches a point 7(*) with small gradient along the directions in A(A)?, it must be the case
that 7(*) is an approximate Nash policy. Together with Lemma this will be sufficient to prove

convergence of (PGA)).
Lemma 4.2 (Stationarity of ® implies Nash). Let ¢ > 0, m be an e-stationary point of ® (see

Definition . Then, it holds that T is a \/F_{)/ £-Nash policy.

To prove Lemmaf.2] we will need the Gradient Domination property that has been shown to hold in
single-agent MDPs []]. This is presented in Lemma[4.3]

Lemma 4.3 (Agent-wise Gradient Domination Property in MPGs [11]). Let G be a MPG with potential
function ®, fix any agenti € N, and let 7 = (m;,7_;) € A(A)® be a policy. Let 7} be an optimal
policy for agent i in the single agent MDP in which the rest of the agents are fixed to choose 7_;.
Then, for the policy m* = (7}, 7_;) € A(A)° that differs from T only in the policy component of
agent i, it holds that

*

1 ||d]
(bp(ﬂ-*) — q)p(ﬂ') S ﬁ f ﬂ/:r(I}r?));_b)(ﬂ-/ — ﬂ)TVﬂ—iq)M(ﬂ'),

for any distributions i, p € A(S).



Remark 3 (Best Response). Intuitively, Lemma[4.3|implies that there is a best response structure
in the agents’ updates that we can exploit to show convergence of (projected) policy gradient to an
optimal policy profile. In particular, given a fixed policy profile of all agents other than 7, the decision
of agent i is equivalent to the decision of that agent in a single MDP. Thus, the inequality (which
stems directly from the gradient domination property in the single MDP)

: : 1 |dr
Vir) = Vim) < ——— |1 =

L=~ n

implies that any stationary point of V (w.r.t the variables z; s , of agent’s i policy with the rest of
the variables being fixed) is an optimal policy for i, i.e., a best response given the policies of all other
agents.

max (7’ —7) "V, Vi(n)

-
oo ™= i) L

Lemma4.3|also suggests that there is an important difference in the Gradient Domination Property
between (multi-agent) MPGs and single agent MDPs (cf. Lemma 4.1 in [1]]). Specifically, for MPGs,
the optimal policy may not be unique which implies that the gradient domination property, as stated
in Lemma[4.3] will only be enough to guarantee convergence to one of the optimal (stationary) points
of ® (and not necessarily to the absolute maximum of ®). Having all these in mind, we can now
prove Lemma4.2]

Proof of Lemma[d.2] Fix agent ¢ and suppose that ¢ deviates to an optimal policy 7 (w.r.t the
corresponding single agent MDP). Since 7 is e-stationary it holds that (Definition f)

! T
=) Vi@ < VSe. 5
e (w = m) TV, By (m) < VSe (5)
Thus, with 7* = (7}, 7_;), Lemma.3|implies that
* 1 dg* / T
D)~ Bpm) < ||| max (7 —m) V@, ()
L=y p || m=(rlim—s)
(6)
B D
< ——VSe.
I—v

Thus, using the definition of the potential function (cf. Definition[2)), we obtain that

1, % 7 _ % \/§D€
Vo) = Vo (m) = (") = @p(m) < 5—

\/gDe
1—y

Since the choice of 7 was arbitrary, we conclude that 7 is an -approximate Nash policy. O

The last critical step before we proceed to the formal statement and proof of Theorem [I.1]is that the
potential function ® is smooth. This fact is used in the analysis of both and its stochastic
counterpart (PSGA).

Lemma 4.4 (Smoothness of ®). Let Apax := max;en |A;| (the maximum number of actions for
some agent). Then, for any initial state sy € S (and hence for every distribution i € A(S) on states)
it holds that

QIYAmaxn

||vﬂ'@50 (W) = Vi ®g, (W/)”z < (1 — 7)

I = |l )

; i 2 Amax
ie, ®,(m)is (T35 -smooth.

Exact gradients case. We are now ready to prove Theorem (restated formally), following
standard arguments about (PGA). Recall that Ay ax := max;en |A;| is the maximum number of
actions for some agent (which scales linearly in the number of agents). Note that the global maximum
among all values/utilities of agents must be at most one.

Theorem 4.5 (Formal Theorem [I.1} part (a)). Let G be a MPG and let sy € S denote an arbitrary

2
initial state. Let also Apmax = max; |A;|, and set the number of iterations to be T = %
j— 3 . . .
and the learning rate (step-size) to be n = 2&/1 T 7_) —. If the agents run independent projected policy

gradient (PGA) starting from arbitrarily initialized policies, then there exists at € {1,...,T} such
that 7 is an e-approximate Nash policy.

10



Proof. The first step is to show that ® is a 5-smooth function, in particular, that V@ is S-Lipschitz
with 3 = 2?1‘4_‘%’5!’ as established in Lemma Then, a standard ascent lemma for Gradient Ascent
(see Lemma from [6]) implies that for any S-smooth function f it holds that f(z’) — f(z) >

ﬁ ||z — z||5 where 2’ is the next iterate of (PGA). Applied to our setting, this gives

1-° 2
o, (r+D) — @, () > yr S Hw““) —a® H2 ®)

2
%, then there must exist a 1 < ¢ < T so that

|7+ — 7)), < 62(11)75) . Using a standard approximation property (see Lemma , we then

conclude that 7(**1) will be a E5317\;%)-stationalry point for the potential function ¢. Hence, by

Thus, if the number of iterates, 7', is

Lemma 4.2} it follows that 7(**1) is an e-Nash policy and the proof is complete.

Finite Sample case In the case of finite samples, we analyze on the value V' of each agent
1 which (as was the case for PGA) can be shown to be the same as applying projected gradient ascent
on ®. The key is to get an estimate of the gradient of ® (3) at every iterate. Note that 1 — ~y now
captures the probability for the MDP to terminate after each round (and it does not play the role of a
discounted factor since we consider finite length trajectories). Lemma[4.6]argues that the estimator of
equation (3) is both unbiased and bounded.

Lemma 4.6 (Unbiased estimator with bounded variance ). It holds that @59 is an unbiased estimator
0f Vi, ® foralli € N, that is

E, VY =V, @,(n ") foralli e N.
Moreover, for all agents i € N, it holds that

o2 24A2
v max_ - foralli € N.

]Eﬂ'(t) 9 = mv

Proof. 1t is straightforward from Lemma and the equality of the partial derivatives between
the value functions and the potential, i.e., V., @, = V.V, forall i € N (see property P2 in
O

Proposition [B. .

We now state and prove part (b) of Theorem|[I.1]

Theorem 4.7 (Formal Theorem|[I.1] part (b)). Let G be a MPG and let sy € S denote an arbitrary
48(1—7) Apax D*S26*
€643

initial state. Let Apax = max; |A;

, and set the number of iterations to be T’ =
4 3

%. If the agents run projected stochastic policy

gradient starting from arbitrarily initialized policies and using «-greedy parametrization with

a = €2, then with probability 1 — § there exists at € {1,...,T} such that 71 is an e-approximate

Nash policy.

and the learning rate (step-size) to be n =

Proof. Letd; = v - V@, (r®) and set A = 2;114_ "f)Sn (the inverse of the smooth parameter in

. Moreover, we set y(! 1) = Pp 45 (7)) + nV®(xM))) (y**! captures the next iterate of the
projected (deterministic) gradient ascent).

We follow the analysis of Projected Stochastic Gradient Ascent for non-convex smooth-functions
(see [12]], Theorem 2.1) that makes use of the Moreau envelope. Let

1 2
== i 7¢L Y - )
oa(x) arg min —9, ) + 5 lly ==

11



(definition of Moreau envelope for our objective ). From the definition of ¢ and a standard property
of projection we get

1 2
oA (D) <~ (D) 1 L Hﬂ(t+1) _ y(t+1)H

IN

2
—3, (yY) H 4 pv® <t+1>H2 9)

+ 20 _ et T 0

— 0, () + 2k

2
ool g o)

il

Since V" is unbiased (Lemma @i we have that E[6;|7(®)] = 0, therefore E [5, (y* 1) — 7(V)] =
} 24nA2
<

max

= e(l-ym*-

0. Additionally, by Lemma (applied for all agents ¢) we also have E [H
Hence by taking expectation on @) we have:

2477 nAmax
Ae(l — )4

Using the definition of Moreau envelope and the fact that ® is %—smooth (Lemma after the

parametrization the smoothness parameter does not increase) we conclude that
24n°n A2,
Ae(1 — )4

277 1 2 2477 nAmax
< Elon () + FB [0(r) - 2y0+0) + g [ e[|+ S

1 2l 2
Efa(r )| <E [—wy(”“) + 5 | - ymnM +SE[( Oy D) TV, (x D))+

Eloa(r )] < Bfor ()] + B[ — ) TV, (r0)] +

or equivalently

Bla () —E[on (r)] < 2B [8,(x0) = ,67D) + [0 — 0 ] 2L L

o

Ae(1 — )4
(10)
Adding telescopically (10), dividing by 1/7" and because w.l.o.g —® € [—1,0] we get that
1 24n*nA2 2n n d 2
L 28 N max 4{3[@ 1)y _ § (n® } _ " N"g H (t+1) _ (1)
T e —n)t = A0 (2 = 2ulm) T 2| Tl
=1 (1)
> min 2—n]E {CD (Y — @, (v )| — lE[Hy(Hl (t)H
T te[r] A " " A2

Let ¢« be the time index that minimizes the above. We show the following inequality (which provides
a lower bound on the RHS of (TI):

2 1 2
E <I’M(y(t*+1)) _ ‘I’H(ﬂ'(t*))} 2)\ |:H (tx+1) _ (t*) 2:| > X]E l:Hy(t*+1) _ 7_l,(t>|<) 2:| (12)
Observe that by §-smoothness of ®,, we get that H (z) := —®,,(z) + § ||z — m(t*) ||; is 1 -strong
convex and moreover y(*+1) is the minimizer of H. Therefore we get that
1
tx tx+1 tx
H(x') = Hy" ) 2 5o | -

or equivalently
* * 1 * * 2 1 * * 2
)~ )~ 2
By taking expectation of terms above, (I2)) follows. Combining (IT) with (TZ) we conclude that

1 249’nAR,. _ 29 a2
T 2e(—n)s = ZE ([l =y 5] -

12



By Jensen’s inequality it occurs that

E |:Hy(t*+l) _ 7_(_(t*)

A2 12n\ A2
< |2 4 2 max 1
2} = \/ZnT LT (13)

To get an e-Nash policy with probability at least 1 — §, we have to bound ||y(**+1) — z(*)|| <
e(1=7)

2DV S6(24+vVnAaz)

[D.3]Lemmaf.2] and Markov’s inequality. Hence we need to choose 7), T' so that

a2 R 120\ A2, _ e(l—7)
2T (T =)' = 2DVI(2 + vinAmas)

and choose v = €2 in the greedy parametrization. This is true because of Lemma

4 3 40254
(=" and T to be 22— AmaxD7S707 O

We conclude that 77 can be chosen to be IBnD?A%,_S67 o

We conclude this section by giving a remark on Weighted and Ordinal MPGs (cf. Definition in[T).

Remark 4 (Weighted and ordinal MPGs). It is rather straightforward to see that our results carry over
for weighted MPGs. The only difference in the running time of (PGA) is to account for the weights
(which are just multiplicative constants).

In contrast, the extension to ordinal MPGs is not immediate and the reason is that we cannot prove
any bound on the smoothness of @ in that case (i.e., we cannot generalize Lemma @ Therefore,
we cannot have rates of convergence of policy gradient. Nevertheless, it is quite straightforward that
(PGA)) converges asymptotically to critical points (in bounded domains) for differentiable functions.
Therefore as long as ® is differentiable, it is guaranteed that asymptotically will converge to a
critical point of ®. By Lemmad.2] this point will be a Nash policy.

O

S Experiments: Congestion Games

We next study the performance of the policy gradient algorithm in a general class of MPGs that are
congestion games at every state.

Experimental setup: We consider a MDP in which every state is a congestion game (cf. [4]). In
the current experiment, there are N = 8 agents, A; = 4 facilities (resources or locations) that the
agents can select from and S = 2 states: a safe state and a distancing state. In both states, all agents
prefer to be in the same facility with as many other agents as possible (follow the crowd) [13]. In
particular, the reward of each agent for being at facility k is equal to a predefined positive weight wfjfe
times the number of agents at k = A, B, C, D. The weights satisfy w$ < wiife < w@le < wife,
i.e., facility D is the most preferable by all agents. However, if more than 4 = N/2 agents find
themselves in the same facility, then the game transitions to the distancing state. At the distancing
state, the reward structure is the same for all agents, but the weights are reduced by a constant factor,
ie., wg‘“ = w?j‘e — ¢, where ¢ > 0 is a (considerably large) constant for k = A, B, C, D. To return
to the safe state, the agents need to achieve maximum distribution over the facilities, i.e., no more
than 2 = N/4 agents may be in the same facility. We consider deterministic transitions, however,
the results are quantitatively equivalent also when these transitions occur with some probability (see
Appendix [E).

To see that this MDP is a MPG, it suffices to check that every state is a potential game and that
condition C2 (i.e., equality of individual dummy terms) of Proposition [3.2]is satisfied. The first claim
is straightforward since at each state, the agents play a congestion game [24}27]]. The second claim
follows from the fact that the rewards of all agents in all facilities at the distancing state are shifted by
the same constant amount, c. (If ¢ is different for each facility, then the resulting MDP is not an MPG
but cooperation is still desirable. For this case, see Appendix [E). The MPG is illustrated in the upper
left panel of Figure

13
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Figure 4: Upper left panel: An illustration of the MPG that is used in the experiments with .S = 2
states, 4 facilities and N = 8 agents (description in text). Lower left panel: The distribution of agents
at the equilibrium that is reached by the policy gradient algorithm (common for all runs). Right
column: Trajectories of the L1-accuracy (average difference between current policy and Nash policy)
over the 10 runs for both equal (upper panels) and different learning rates among agents (lower
panels).

Paremeters: We perform episodic updates with 7" = 20 steps. At each iteration, we estimate
the Q-functions, the value function, the discounted visitation distributions and, hence, the policy
gradients using the average of mini-batches of size 20. We use v = 0.99. For the presented plots,
we use a common learning rate 7 = 0.0001 (upper panels) or randomly generated learning rates
(different for each agent) in [.00005, .0005] (lower panels) in Figure Note that these learning rates

3
are (several orders of magnitude) larger than the theoretical guarantee, n = % ~ le — 08, of

Theorem @3] Experiments (not presented here) with even larger learning rates (e.g., n = 0.001) did
not lead (consistently) to convergence.

Results: The lower left panel of Figure ] shows that the agents learn the expected Nash profile in
both states in all runs (this is common for both the fixed and the random learning rates). At the safe
state, the agents distribute themselves equally among the two most preferable facilities (C and D).
This leads to a maximum utility and avoids a transition to the distancing (bad) state. At the distancing
state, the agents learn the unique distribution (2 agents per facility) that leads them back to the safe
state. Importantly, this (Nash) policy profile to which policy gradient converges to is deterministic in
line with Theorem{.3] The panels in the middle and right columns depict the L1-accuracy in the
policy space at each iteration which is defined as the average distance between the current policy and
the final policy of all 8 agents, i.e., L1-accuracy = % >, |m — il = L5~ 3™ 3 |mi(a |
s) — winal(q | s)|. The results are qualitatively equivalent in both cases (common and non-common
learning rates). However, due to the larger step-sizes used by some agents, the algorithm becomes
more responsive and exhibits faster convergence in the non-common case.

6 Further Discussion and Conclusion

In this paper, we have presented a number of positive results (both structural and algorithmic) about
the performance of independent policy gradient ascent in Markov potential games. Specifically,
deterministic Nash policies always exist and independent policy gradient is guaranteed to quickly
converge to a Nash policy profile even in the case of finite samples. Given these positive results, a
number of interesting open questions emerge.

Open questions. Price of (Markov) Anarchy. Price of Anarchy (PoA) [[L6] is a classic notion
in normal form games that captures the inefficiency due to the lack of a central authority that can
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coordinate all agents to implement the social optimum outcome. Formally, it is defined as the ratio of
the social cost of the worst Nash equilibrium divided by the cost of the social optimum. PoA has
been studied extensively in many classes of games including several classes of potential games for
which tight PoA bounds exist (e.g. congestion games [28]]). It would be interesting to explore to what
extent this type of analysis can be generalized to Markov Potential Games as well as more general
classes of Markov Games.

Stability of Deterministic Policies. When it comes to online learning in normal form potential
games, it sometimes possible to prove that the dynamics do not converge to an arbitrary Nash
equilibrium but that in fact most initial conditions converge to a deterministic (sometimes referred
to also as pure) Nash equilibrium [[15} [26, 8| [19]. To produce such equilibrium selection results,
standard Lyapunov arguments do not suffice and one needs to apply more advanced techniques such
as the Center-Stable-Manifold theorem [[17]] which would be a fascinating direction for future work
in Markov potential games.

Other Algorithmic Approaches: Softmax Parametrization & Natural Policy Gradient. In [1]],
the authors show asymptotic convergence to the global optimum to single-agent MDP in the tabular
setting with exact gradients for the softmax policy parameterization. Moreover, polynomial conver-
gence rate is shown when additional KL-based entropy regularizer is used, as well as dimension-free
convergence to optimum when Natural Policy Gradient is applied. Extending such algorithmic
techniques to the case of multi-agent MPGs is a natural direction for future work.

Global Convergence in other Multi-Agent Markov Games. Recently, there has been intense
interest in understanding convergence to Nash policies for different classes of learning dynamics
in Markov zero-sum games [[11} 38} 40]. Our approach moves in orthogonal direction focusing on
MPGs and establishing strong convergence results in these games. A natural open question is whether
and under what conditions can we prove strong convergence guarantees in more general classes of
Markov games, possibly by combining tools and techniques from both lines of work.

Regularities beyond Equilibration in Multi-Agent Markov Games. Given the complexities of
such multi-agent settings, it is highly unlikely to expect practical algorithms which can always
guarantee convergence to equilibrium. This is already the case even for the more restricted setting
of normal-form games [36} 2]]. Nevertheless, strong guarantees can be shown via, e.g., existence of
cyclic/recurrent orbits, invariant functions [20] or strong social welfare guarantees [33]. Whether
such results can be extended to Multi-Agent Markov Games is a stimulating direction for future
work.
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A Additional Notation and Definitions: Section 2]
We first provide some additional notation and definitions that will be used in the proofs.
Q-value and Advantage Functions. Recall from the main part that the value function, Vsi I —

R, gives the expected reward of agent 7 € N when sy = s and the agents draw their actions,
a; = (a;¢,a_;4), at time ¢ > 0 from policies ™ = (m;, m_ ) and is defined as

thri)t | 5o = s] .

t=0

Vi (m) = Err

S

Similarly, we will write V() := E,~, [V ()] to denote the expected value of agent i € A" under
the initial state distribution p.

For any state s € S, the Q-value function Q% : P x A — R and the advantage function A% :
P x A — Rof agenti € N are defined as

Qi(ma) =E, lz vtmﬁt | so = s,a9 = a] , and (14)
t=0
Ay(m,a) i= Qi(m,a) — V(). (15)

Discounted State Distribution. It will be useful to define the discounted state visitation distribution
d7 (s) for s € S that is induced by a (joint) policy 7 as

dg,(s) = Z’ytPr (st =s]|sp), forallsesS. (16)

As for the value function, we will also write dj (s) = Eg,~,[d7, (s)] to denote the discounted state
visitation distribution when the initial state distribution is p.

Stationary point for potential function ® . Formally a stationary point for the potential function
® is given below.

Definition 4 (e-stationary). A policy 7 := (71, ...,m,) € A(A)® is called e-stationary for ® w.r.t
distribution p as long as

max D 6 Ve u(m) <e (17)

(m1481, i +0n) €A T e 101351 S5

In words, the function ®(7) cannot increase in value by more than e along every possible local
direction ¢ that is feasible (namely 7 + 4 is also a policy).

B Omitted Materials: Section[3

Proposition B.1 (Separability of Value Functions and Equality of Derivatives). Let G = (S,N, A =
{Ai}ienr, P, R, p) be a Markov Potential Game (MPG) with potential ®, for s € S. Then, for the
value function V!, s € S of each agent i € N, the following hold

Pl. Separability of Value Functions: there exists a function UZ : A(A_i)s — R such that for each
joint policy profile # = (m;, ;) € A(A)S, we have V(1) = ®4(m) + Ul(m_;).

P2. Equality of Derivatives: the partial derivatives of agent i’s value function V} coincide with the
partial derivatives of the potential ® s that correspond to agent i’s parameters, i.e.,

Op, . V(1) =0y, . ®s(), foralli € Nandalls € S.

ZTi,s,a’ s Ti,s,a

Proof. To obtain P1, consider any 3 arbitrary policies for agent i, notated by 7;, 7/, 7' € A(A;)°.
Then, by the definition of MPGs, we have that
Oy (mi, ;) — Py(ml, ) = Vi(m,ﬂ,i) — Vi(7r/ T_i)s

S 29

O, (1, m_q) — Po(nl m_y) = Vi(mg,my) — Vi(rl  m_y).
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for every starting state s € S. This implies that we can write V! (7;, 7_;) as both
Vsl(ﬂh W*i) = (I)S(T‘—iﬂ 7‘—*1‘) - (PS(WZ" 71—*2’) + V;(Wm ﬂ;i)
Vi (miymoi) = @(miy moi) — (), i) + Vi (], 7-s)

Thus, we have that —® (7}, 7_;) + Vl(ﬂ' ;) = —®y (! 7_;) + Vi(n!, 7_;) for any arbitrary
pair of policies 7} and 7r’ " for agent 7, implying that agent ¢’s policy has no impact on these terms.
Accordingly, we can express them as

Ulr_y) = =@y (nl, ) + Vil my) = =@y (nl 7)) + V(! my),

where U!(m_;) is a function that does not depend on the policy of agent 7. Thus, we can express the
utility function of any agent ¢ in a MPG as

Vi(m) = ®y(m) + Us(m—y).
as claimed. To obtain P2, we use P1 for a vector z; parameterizing 7;, and obtain that
ami,avi (W) = awi,aq)(ﬂ') +0

for any coordinate z; , with a € A; of x;, from which we can see that our claim is true. L]

Note that P1 serves as a characterization of MPGs. Namely, a multi-agent MDP is a MPG if and only
if the value function of each agent i € A/ can be decomposed in a term that is common for all players
(potential function) and in a term that may be different for each agent ¢ € N but which depends only
on the actions of all agents other than 7. This property carries over from normal form (single state)
potential games. Also note that both properties, P1 and P2, hold for any (differentiable for P2) policy
parameterization and not only for the direct one that we use here.

Proof of Theorem@] Let ® be the potential function of G. Since the space A(A)° = A(A;)°

.. x A(A,)? is compact and ® is continuous, ® has a global maximum ®,,,,. Let (7§, ..., )
denote a global maximizer, i.e., a joint policy profile at which &, is attained. By the Definitions of
MPGs and Nash policies, this implies, in particular, that (77, ..., 7)) is a Nash policy, since

0< @S(’/T;k, ’/Til) - (bs(ﬂ'i,ﬂ'ii) = VZ(”?WL) - Vsl(ﬂ—ia’[rti)a (*)

foralli € N, s € S and all policies 7; € A(A;)°. If w5, ..., 7 are all deterministic we are done.
So, we may assume that there exists an 7 € A so that 7} is randomized and consider the MDP G’
in which the policy of all agents other than ¢ has been fixed to 7* ;. G’ is a single agent MDP with
the same states as G, the same actions and rewards for agent ¢ and transition probabilities that are
determined by the joint distribution of the environment and the joint policy of all agents other than 7.
As a single agent MDP, this setting has a deterministic optimal policy, say 7;, for agent 7. Thus, it
holds that
Vi &, 7)) < Vs w5, < VEF, 7%5),

where the first inequality follows from the fact that 7* is a Nash policy and the second from the
optimality of 7;. It follows that

Vi(#, ) = Virr, 7)),

i.e., the payoff of agent 7 at (7;, 7*,) is the same as in (7], 7*,). Hence, by the definition of the
potentlal function, we have that

0= Vs*l(ﬁ'laﬂ'iz) - Vsi(ﬂ;j‘?ﬁii) = q)‘?(ﬁ'hﬂ'iz) -, (Wraﬂ*l)a

which implies that
O (7, m",) = Oo(m], 7" ,) = Prax.

Thus, (7;, 7* ;) is also a global maximizer of ® which implies that (7;, 7* ;) is a Nash policy by the
same reasoning as in equation . Note that the value of all players other than i may not be the same
at the joint policy profile (7;, 7*,) as itis in (7}, 7* ;). However, what we need for our purpose is
that this step reduces the number of randomlzed policies by one and that it retains the value of the
potential function invariant at its global maximum (which ensures that the ensuing policy profile is
also a Nash policy). By iterating this process until 7} becomes deterministic for all agents j € N,
we obtain the claim.
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Proof of Proposition[3.2] The proof is constructive and proceeds by finding the potential function,
®,, s € S in both cases, C1-C2. Since the individual rewards of the agents at each state s € S are
captured by a potential function ¢, then for the reward, R;(s,a) of each agent ¢ at the action profile

a, it holds that ,
Ri(sva) = ¢S(a) + uzs(a*i)a (18)

where u? : A(A_;) — R is a function that does not depend on the actions of agent i in any way.
Thus, we may write the value function of each agent i € A as

Vsi(ﬂ') = ]ETNTr Z’YtRi(staat) | S0 = 3‘|

Lt=0

=K, . Z’yt (¢s(ar) +ul(a_iy)) | so= s]

Lt=0
'r~7r lZVU —1,t |SO_S] (*)

where 7 ~ 7 is the random trajectory generated by policy 7. To show that G is a MPG, it suffices to
show that the value function of each agent ¢ € N can be decomposed in a term that is common for
all agents (and which may depend on the actions of agent ¢ € ) and in a term that does not depend
(in any way) in the actions of agent ¢ (dummy term), cf Proposition[B.T] The first term in expression
B, e, Eror [Yoroo v ds(ar) | so = s], depends on the actions of all players and is common for all
agents 4 € A (and is thus, a good candidate for the potential function). The second term in expression
G, e, Brnn D02, ’ytui(a_i,t) | 5o = s, does not depend on player i via the payoffs u’(a_; ),
but, in general, it does depend on player ¢ via the transitions 7 ~ 7. The two cases in the statement of
Proposition [3.2]ensure precisely that this term is either independent of agent ¢, in which case it is a
dummy term for agent ¢ or that is also common for all players, in which case it can be included in the
potential function. Specifically, we have that

= ]ETNTI‘ Z’yt(bs(at) | S0 =S
=0

C1. If the transitions do not depend on the action of the players, we have that 7 ~ P, where P is an
exogenously given distribution function (state-wise). In this case, we have that

D7) = Ernr | 2'0(a0) | 50 = ]
=0
is a potential function and Ul(7_;) 1= Erur [> 7o v'ui(a_;) | so = s] is a dummy term

that does not depend (in any way) on the policy of agent ¢ € A/. For a rigorous argument, let
ot o(mi, ;) = Prla; = a|s; = s|] — Pr[a} = als} = s] for any policies 7 = (m;, 7_;) and
7’ = (m}, m_;). By (crucially) using the fact that Pr" [s;, = s] = P [s} = s] according to our
assumption that P does not depend on actions, we then have that

TNT( Z’Y a—zt ‘50—3 - TNﬂ' [ZV —zt 50_8]:
— ZPT[St = 9] (Z a;s(ﬂ', ﬁ:)ui(a)>

Now note that we must have ), of, ,(m;, 7}) = 0. Intuitively, for whatever probability went up
for an action when agent ¢ went from 7; to 7}, an equal mass of probability must have gone down
for other actions. Let A* = {a | of, ,(m;,7;) > 0} and A~ = {a|al, (7, 7]) < 0}. Then this
implies we can find some number M of pairs (a/t,a,,) € AT x A~, with coefficients 3,,, such

m? m

that Y2 B = Y acar h (M, ) = =D ca- b o(mi, 7)), and such that we have

ZPrst—s <Zo¢as7r7r ) ZPrst—s Zﬂm “alh) —ul(ag))
= ZPI" St =S§ Zﬁm ¢s a:;l _¢s(a;1))
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where the last equality uses the fact that the game at state s is a potential game. Now, the right
hand side of the last expression is equal to the difference of the common terms, i.e.,

> _Plsi =51 B (0s(af) — dslan)) =
—Ern [Z’YQS —7,t |SO_S

oo
=Err | Y V'0s(ain) |50 =
t=0

which, thus implies that
és(ﬂ-ia W—i) - (ps(ﬂ-;? ﬂ-—i) = ‘/si(ﬂ.i? ﬂ-—i) - ‘/si(ﬂ-;a 7T_1')
as claimed.

C2. If the dummy terms for each player ¢ € N are equal across states, i.e., if there exists a function
u' 1 A(A_;)° — Rsothat u'(a_;) = u'(a_;) for all s € S, then it holds that the term
Eor [Zfio fthi (a_;) | so = 8] is equal for all trajectories 7 ~ 7. Hence, this term does not
in the actions of player ¢ and the same decomposition as in condition C1 applies.

Summing up, in both cases, C1-C2, G is an MPG as claimed.
O

Note that the proof of the (trivial) case in which the instantaneous rewards of all agents 7 € A/ are
equal at each state s € S (cf. Remark @) is similar. In this case, it is immediate to see that the
instantaneous rewards are precisely given by the potential function at that state, i.e., it holds that
R;(s,a) = ¢s(a) forall i € N and all s € S. In this case, it holds that u’(a_;) = 0 foralli € N/
and all s € S and hence,

(I>s =Eran

Z’Yﬁbs |SO—3]

is a potential function for GG, and the dummy terms are all equal to 0, i.e., U, ;(W—i) =0.

B.1 Examples

Example 2 (Continued). At each state, s € {0, 1}, the agents’ payoffs, (R!, R?), form a potential
game (at that state), and are given as follows

0 1

0 5 2 —-1,-2 . . 4 0
State 0: (R}, R?) = ’ ’ , with potential ¢y = ( ) ,
( 0 0) 1 ( _57 4 17 4> p 0 -6 2

State 1 : (R}, R?) = (0,0), with potential ®; = 0.

In this MDP, agents need only to select an action at state sg. Thus, we will denote a policy, 71, of
agent 1 by m; = (p, 1 — p) where p € [0, 1] is the probability with which agent A selects action 0 at
state so. Similarly, we will denote a policy, 7o, of agent B by w2 = (¢, 1 — q) where ¢ € [0, 1] is the
probability with which agent B selects action 0 at state sq. Moreover, we will slightly abuse notation
and write 4 4 '
Ry(m) = Ry(mi,m) = m Ryma = [p, 1 — p|Rylg, 1 —q]

We also assume that the horizon is infinite and there is a discount factor v € [0, 1). Accordingly, we
can calculate the value functions V{ (71, 72) of agents i = A, B starting from state s as follows,

Vs () = Ry (m) +ypgVg () — (1 = pg) x 0
which yields the solution
Ry (m)

, fori=A,B.
1 —vpq

Vi (m) =
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Next, we use the Performance Difference Lemma (Lemma 3.2 by [[1]) to determine the difference in
the value between two different policies. We will do this for agent 1 (the calculation is similar for
agent 2: we use here 1 for agent 1 and 2 for agent B). For a policy m = (71, m2), we have at state s
that

EQNWI(.‘SO)[A(l)(W’,a)] = pAY(7',0,a9) + (1 — p)A (7', 1, az)
= p [Ro(0,m2) +7gVo (") = Vo(m')] + (1 = p) [Ro(1,72) + 0 — Vo ()]
= pRy(0,m2) + (1 — p) Ry (0, m2) — (1 — pq)Vo(n')
= Ro(m) — (1 = vpg) Vo ().
At state s, there is only one available action for each agent which yields a payoff of 0. Thus,
o, (15041 (7", 2)] = 0.

Moreover, concerning the discounted visitation distribution, we have that

_ 1=
1 —9pq’

dg(s0) = (1 =) Y _A'Pr" (s = s0 | s0) = (1 =) [1 4 vpg + (vpg)* + .. ]
t=0

and df(s1) =1 —dJ(so) = Vl(ii;ig). Thus, using all the above, we have that

Volo) = Valw') = 1 | T (Rb(m) — (1= Vo)) + T o
= B o) = Vo) — Vot

which shows that our initial calculations conform with the outcome specified by the Performance
Difference Lemma.

Finally, a direct calculation shows that s = ¢, for s = 0, 1 is a valid potential function for which
the MDP is an ordinal MPG.

Example 3 (Continued). At state sg, we consider the game with action sets Ay (sg) = Az2(sg) =
{H, T} and (instantaneous) payoffs

H T H T
H 1 -1 H (-1 1
Ri(so,a1,a2) = T <_1 1> and  Ra(so,a1,a2) = T < 1 _1>’

where a; denotes the action of agent 1 and ao the action of agent 2 (agent 1 selects rows and agent 2
selects columns in both matrices). This is a constant sum game (equivalent to zero-sum) and hence, it
is not an (ordinal) potential game. Apart from the instantaneous rewards, agents’ actions at sg induce
a deterministic transition to a state in which the only available actions to the agents are precisely the
actions that they chose at state s and their instantaneous rewards at this state are the rewards of the
other agent at sg. In particular, there are four possible transitions to states s, with a,b € {H, T},
with action sets and instantaneous rewards given by

Al (sab) = {Cl}, A2(Sab) = {b}7 Rl(saby a, b) = R2 (807 ba a/)v RQ(SGZH a, b) = R1(807 ba G/),

for agents 1 and 2, respectively. Note that the visitation probability of this states is equal to the
visitation probability of state sy. After visiting one of these states, the MDP transitions to state s;
which is a potential game, with potential function given by

L R
L(4 3
‘I’IZR(?) 0)

As mentioned above, the game in state sy does not admit a potential function. However, the joined
rewards R.Jq, RJ of agents 1 and 2 which result from selecting an action profile (a,b) € H, T? at
50 and then traversing both sg and the ensuing s,;, (part included in the dotted rectangle in Figure [3)),
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do admit a potential function. The potential function in this case is the sum of agents’ rewards and is
given by

H T H T
o _H(1-1 1-1\_H (0 0
Gab=7 \1-1 1-1) T {0 0)
Let 11 = (x0,%1) denote a policy of agent 1. Here xo = (x9,1 — xg), where zg € [0,1] is

the probability with which agent 1 chooses action H at state so. Similarly, x; = (21,1 — 21)
where z; € [0, 1] is the probability with which agent 1 chooses action L at state s;. At states
Sab,a,b € {H,T}?, agents only have one action to choose from, so this choice is eliminated from
their policy representation. Similarly, we represent a policy of agent 2 by mo = (yo,y1) with
Yo, y1 € [0, 1]. Let also

po = po (m1,m2) = Pr(si+1 = so | st = s1,m1,72), (19)

In the general case, po, i.e., the transition probability from s; to sg, may depend on the actions of the
agents or it may be completely exogenous (i.e., constant with respect to agents’ actions). If we write

po(ai,az) :=Pr(si11 = so | st = s1,a1,a2), foray,as € {L, R},
to denote the probability of transitioning from state s; to state sy given that the agents chose actions

a1, as € {L, R} at state s1, then we can write pg as

bo = E(al,az)N(m,m)[po(ahaz)] = Z Pf(al,az \ 7T1,7T2) 'pO(ahCLQ)
(a1,a2)€{L,R}?

= 21y1po(L, L) + 21(1 — y1)po(L, R) + (1 — z1)y1po(R, L) + (1 — z1)(1 — y1)po(R, ]20)

Using this notation, we can now proceed to compute the value function of each state of the MDP in
Figure Since the value of states s, 5, a,b € H, T2 is equal to a constant reward plus the value of
state s; (discounted by ), it suffices to calculate the value for states sy and s;. We have that

Vol (my,m2) = XOR(l)YO + (Xo (Rg/’)’) YO) + ’72V11 (71, m2)

Vi (1, m2) = x1Riy1 4+ [poVy (1, 72) + (1= po) Vi (w1, m2)]
which after some trivial calculations yield

Vi (m1,m2) = %o (Ry + Rg) yo +7v° V' (w1, 72)

1 1 1
m [X1R1Y1 +vpoVy (71772)] .

This is a system of 2 equations in the 2 unknown quantities, V! (71, 72) and Vi! (71, m2). Solving
for these two quantities, yields the unique solution

Vi (w1, mp) =

1
vl = 1—~(1- R! + R? 2% Riyq].
o (m1,m2) 1—7(1—po) — 3o [( 7 ( po))Xo( 0ot o)}’o+7 X1 1}’1]
1
Vi (m1,m2) = [vpoxo (Ry + RY) yo + x1Riy1] -

1=~ —po) —7*po
In the case that pg is a constant with respect to 71, o, then both value functions are of the form
Vi (my,ma) = e (s) - %o (Ré + R})yo+co(s) - x1Riy:, forsée {so,s1}, andi = {1,2},

where ¢1 (s), c2 (s) > 0 are appropriate constants that depend only the state s € {sg,s1} and on
agents 1, 2. Since the game at s; is a potential game, with potential function given by a 2 x 2 matrix
®, it is immediate to infer that
Vil mo) — Vi (my,m) = ®, (7}, m0) — @ (1, 72) , for s € {50, 51},
with
(I)s (7‘(1771'2) =C (S) X0 (Ré —+ Rg) Yo —+ Co (S) . Xl(I)lyl,fOI' s € {So, Sl}.

However, if py depends on the actual policies of agents 1 and 2, cf. equation (T9), then it is not
immediate to determine a potential (or even to decide whether a (exact) potential exists or not).
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Remark 5. Several elements of Example [3]have been selected in the sake of simplicity and are not
necessary for the main takeaway, i.e., that there are MDP that are not potential at some states but
which are MPGs. First, the transitions from sg to the states s,; need not be deterministic. To see this,
let ¢ € (0, 1) and assume that if the agents select actions H, T is sg, then the process transitions with
probability ¢ to a state sy with rewards (—1,1) /g7y and with probability (1 — ¢) to a state s’y
with rewards (1, —1)/(1 — ¢)~. The rest remains the same. Accordingly, the expected reward for
agent 1 after (H, T') has been selected in s is the same as in the current format.

Second, the construction with states sq and 45, (a,b) € H,T? is not the only one that leads to such
an example. Another very common instance occurs in the case of aliasing between sg and states Sqp,
i.e., when the agents cannot tell these states apart. The intuition which carries over from the currently
presented example is that the roles of the agents are essentially reversed between the two states but
the agents do not know (from the observable features) in which state they are. Thus, any valid policy,
selects the same action in both states leading to the same situation as in the presented example.

Finally, if the horizon is finite, then the instantaneous rewards in states s, still work if we eliminate
the scaling factor (here ). Thus, the construction works in both episodic and continuing settings.

C Omitted Materials: Section 4]

Before we proceed with the formal statements, we provide the definition of the commonly used
distribution mismatch coefficient [14] applied to our setting.

Definition 5 (Distribution Mismatch Coefficient). Let x4 be any distribution in A(S) and let O be the
set of policies m € A(.A)° so that 7 is 0.1-Nash policy (moreover assume for the rest of the paper
that ¢ < 0.1). We call

T
S0

I

the distribution mismatch coefficient, where d7 is the discounted state distribution (I6).

D := max
TeO

oo

Proof of Lemma Observe that for any set X C R™, it holds that
. 2
Px(y) = argmin ||z -y .
zeX

Thus,

n

. 2 . 2
Pa(ays(y) = argmin [lz — 7'[|, = argmin Dl =7l
c€A(A)S 21EA(A1)S,..zn €A(AL)S 21

n

. 2
=5 argmin [lz; — w2 = (Pagayys(nh), - Pagays(mh)
i—1 Ti€A(A:)S

O

To prove Lemma[d.3] we will use a multi-agent version of the Performance Difference Lemma (cf.
[L] for a single agent and [11] for two agents).

Lemma C.1 (Multi-agent Performance Difference Lemma). Consider an n-agent MDP G and fix
an agent i € N. Then, for any policies 7 = (m;,7—;), 7" = (n},7_;) € Il and any distribution
p € A(S), it holds that

_ . 1 .
Vy(m) =V (x') = i Esndr Bajmr, (1) Ba_jmr_i (1) [AS(7' @i a-4)]

where a_; ~ 7w_;(- | 8) denotes the action profile of all agents other than i that is drawn from the
product distribution induced by their policies m_; = (1) jicn € 1I_;.
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Proof. For any initial state s € S and joint policies 7 = (m;, 7_;), 7" = (w}, 7_;) € I, it holds that

Vi(m) = Vi) = Ernr thm,t | s0=s| = Vi(n')

=Ernn th rip = Vo (') + Vs, (2") | 50 = 5| = Vi(n)
=E x Z’V Tlt )+PY‘/SH—1( I))|30:S

=Err th (rig +YE [Vao, (7') | s, 0,854 — Vi, (7)) | s0 = 81
Lt=0

=E;or Z*ytAl ', ay |SO:S}

1 ‘
- ﬁ Byndy Boymmi()s) Ba_smm (1) [Aé’ (7', a)] :

Taking expectation over the states s € S with respect to the distribution p € A(S) yields the
result. O

Proof of Lemma[#-3] Fix an agenti € N and let 7 = (m;, m_;), 7" = (7}, 7_;) € I = A(A)®. By
the definition of MPGs (cf. Definition2)), it holds that

Thus, using the multi-agent version of the Performance Difference Lemma (cf. Lemma|[C.T), we have
for any distribution p1 € A(S) that

©,(77) = By(m) =V, (n*) = V(m)
1

= T—5 ESng* Eaimrr(1s) Ba_imrr (1s) [Ai(”’ ai’tva—ivt)]

AN
—_
| |+
2
3
s
=1
—
Q,
RES

(5) Eaymrs (1) Ba_imrr (1) [A5(T, a5,8-5)] } ;

s€ES
1 dr (s) ,
= —— max - dﬂ(s) anz'\‘ﬂ'f('|3) ]Eafi"/ﬂ'*,-(‘ls) [AZ(W,%a—i)] )
1= wen, {SES dr(s) "
1 d“* ;
1—7 Fgﬁ( {Zdu azwwé('\S) ]Eafi"’ﬂ'ii("s) [As(ﬂ-’ Qi a—i)} } :

To proceed, observe that
IEair\«7ri(~|s) Ea_iwﬂ'ii(-\s) [Aé(ﬂ—7 Qs afi)} =0.
Thus, for any 7, € II; and any state s € S, it holds that

Eamn(s) Ba_imm (1s) [As(T,a5,8)] =
= Z (mi(ai | 8) = mi(ai | $))Ea_,mne (1s) [AL(m, ai,a5)]

a; EA;

> (milai | s) = 7ilai | $) Ba_,nne (1) [QL(T, a2 ;)]

a; EA;
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since V() does not depend on a;. Substituting back in the last inequality of the previous calculations,
we obtain that

dr’ dr (s .

% gleal;[i {SZ: ]_H_(,z/ (ﬂ-l{(ai | S) - ﬂ-i(a‘i | 3)) EafiNﬂ'ii("S) [QZ(W7aiva—i)]}
= ﬂ max (7, — m;) "V, V()

dz Trée]_[i 7 K3 TG o k)

where we used the policy gradient theorem ([1, 132]) under the assumption of direct policy pa-
rameterization (cf. equation (2)). We can further upper bound the last expression by using that
dy(s) > (1 —y)u(s) which follows immediately from the definition of the discounted visitation
distribution dJ (s) for any initial state distribution 4. Finally, property P2 of Proposition implies
that V., V) (m) = Vi, ®,(7) (making crucial use of the MPG structure). Putting these together, we
have that

*

&)~ Bym) < —— ||| max (7 - m) TV Vi)
L=yl p | ==imz) '
o .
= —||— a 7w —m) Vg®,(7),
| ﬂ_(ﬂ;mi)( ) u(m)
as claimed. O

Proof of Lemma @ It suffices to show that the maximum eigenvalue in absolute value of the Hessian
n

of ® is at most 2(1_;)‘2", 1.€., that

217y Amax

V2, ||, < =2
|| “H2 (1 _ ,},)3
We first prove the following intermediate claim.

Claim C.2. Consider the symmetric block matrix C with n x n matrices so that ||Cy;||, < L. Then,
it holds that ||C||y < nL, i.e., if all block submatrices have spectral norm at most L, then C has
spectral norm at most nL.

Proof. We will prove the claim by induction on n. For n = 2 we need to show that

Cll C(12
021 C'22

if [[C11lly, [[Cr2ll5 s [Cotlly , [|[Coz|l, < L. Define matrix W' to be

< 2L

icl, :=\
2

W::QL.I—CZ<2L'I_CH —C )

—Co 2L -1 —Cy

where I is the identity matrix (of appropriate size). If we show that W is positive semi-definite, then
it follows that W has only non-negative eigenvalues, which, in turn, implies that the spectral norm of
C is at most 2L. To see this, set

([ L-I-Cn 0 _( L-I —Ci
Wl'—( 0 L~1022)’W2'—<021 L1 )
W1 is positive semi-definite as a block diagonal matrix with diagonal blocks positive semi-definite

matrices. Moreover, by Schur complement we get that W is positive semi-definite as long as L - I is
positive semi-definite and L - [ — % - C12C9; is positive semidefinite. By assumption, we have that

1 1
7 [C12Ca1 ||, < I |Ci2ll5 [|Cizlly < L,
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which implies that L- I — % -C12C51 has non-negative eigenvalues. Thus, W is positive semi-definite.
We conclude that W, 4 W5, is positive semi-definite (sum of positive semi-definite matrices is positive
semi-definite) and the claim follows.

For the induction step, suppose that the claim holds for an n = k£ — 1 > 2. To establish that it also
holds for &, we need to show that

Cii Ci2 ... Cu
021 022 . Cgk
Cii Cro ... Cig

2
as long as ||Cj;||, < Lforalli,j. Let W = kL - I — C. To show that T is positive semi-definite
consider

KL-T—Cy —Ciy —Chis ... —Cix
—Cq L-1 0 0

Wy = ) ) . ) Wo =W — Wi,
O 0 0 ... L-I

By induction, it follows that W is positive semi-definite. We need to show that the same holds for
W1. By Schur complement we obain that W is positive semi-definite if and only if kL - I — Cy; —

% Zf=2 C1,C;1 is positive semi-definite. It follows that

k
1
<Cully+ 7 D1l [Cinlly < L+ (k= 1)L = kL.
2 =2

1
Ci1 — 7 Z C1iCan

Hence W, is positive semi-definite and the induction is complete. O

Returning to the statement of Lemma[d.4] we will show that

vz, <c @1

5T

for all 4, 5 € N with C chosen to be 2&’3%"‘; Assuming we have shown , we conclude from
Claim that

722, < nC.
and hence ® will be nC-smooth (the proof of Lemma will follow).

To prove (21, we follow the same proof steps as in the proof of [1l], Lemma D.3. We will need to
prove an upper bound on the largest eigenvalue (in absolute value) of the matrix
2 i _ o2 i

Vow Vi =V Ve,
along the direction where only agent i is allowed to change policy.
Fix policy 7 = (71, ...,y ), agents i # j, scalars ¢, s > 0, state so and «, v be unit vectors such that
mi+t-u€ A(A)% and 7; + s v € A(A;)5. Moreover, let V(t) = Vi (m; +t - u,7m_;). and
Wi(t,s) = Vi (mi+t-u,m+s-v,m_; _;). It suffices to show that

2 . 2 . .
2V0) 2 a0 2VATAL

d .
dt? m dids (1 —~)3

= max
(L= Jull,=1

» We first focus on V().

Hu‘lz:l

It holds that V(t) = ZaeAi ZaeAii(xi,so,a + tui,so,a) Hj;éi Lj.s0,a; Qio((ﬂ-i + tu, ﬂ—i)v (a’a a))
(note that ZaeAi ZaEA,i(xiasma + U 50.0) H#i Tjso,a; = 1 since it is a distribution), hence
taking the second derivative we have

d2V (0) d*Qy, (m, (a,a))

acA; ac A_; JFi (23)
dQ: (m,(a,a))
+2 Z Z ui,soﬂl_[xjxsoﬂj%
a€A;acA_; VE)
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For the remaining of the first part of the proof, we shall show

Q00| WAL g | POl )| 2E1AL
dt (1—7)? dt? (1—7)?
and then combining with (23) we get
d2v(0)‘ 27\/|T S gl + 2L 272 A;|
a2 | = R (R

2’Y|v4i| 27| A
T (=92 (1-9)?
27Amax
T (1=9)3

To bound the derivative of the Q-function, observe that Q% ((m; + tu,7_;), (a,a)) = e] (I —

yP(t))~1r, where 7(so, a) is the expected reward of agent i (w.r.t the randomness of the remaining
agents) if he chooses action a at state sg and P(t) is state-action transition matrix of w.r.t the joint
distribution of all agents but i, i.e., m_; and the environment.

It is clear that ‘fl tf = 0 (linear with respect to ¢ because of direct parametrization) and moreover

|| ||OO <D aea, IWiso.al < VA; € /Apax. Using the fact that H(I — 71:’(15))’1”Oo < % we

‘W’:v e all = P0) T (- p ()
(24)
- WAL v A
T (1= T =y
and also
2Q! (m,(a,a
T 2927, 1 =) = (o) R e )

272|-Ai| < 272Amax
T (=) T (I =y)3

(25)
Since w is arbitrary, the first part of (22)) is proved.
* For the second part, we focus on W (¢) which is equal to
= Z Z Z (xi,so,a + tui,so,a)(l'j,so,b + SUj,SO,b)‘
a€A; bE.A' acA_ i,—j (26)
H Tj',50.a; /Qso((ﬂz + tu, m; + sv,mi ;) (a, b, a))
J'#4.g
We consider the derivative of W (26) and we get
dW(0,0) i
dtds Z Z Z Ui,s0,aVs,50,b H Tj’,s0,a; Qso (7Tv (CL, b, a))
a€A; bEAjacA_; _; J'#i,3
dQs, (m, (a,a))
+ > > tisa [ s, =
acA;acA_; 7' #1 (27)
@y, (m, (b,a))
bE.Aj aEAfj J'#3
d*Q: (m,a)
) (T a)
+2 H””ﬂ B0 T s
acA j/
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\/\ 1|| il

The first term of the sum in absolute value is at most (assuming rewards lie in [0, 1].)

MT\/\T

Moreover using the second term of the sum in absolute value is bounded by

2 7
the third term by 77% To bound the %

to prove (25)) with the extra fact that the state-action transition matrix is P (¢, s) and moreover the
reward (s, a, b) is the expected reward of agent i (w.r.t the randomness of all agents but ¢, j) if ¢
chooses action a and j chooses b at state sg.

, the same approach works that we used

Finally for the fourth term we get that

2 T,a
P 2ler (1-1P.0) PO (1 p0,0) 1 PO (7 pio,0)
142 [e o1 = vP0,0) PO 1 p0, 0y PO 1 po, o))+
3]l utt =100 D (b0, 0
AT | AT 3P 20y FATAL 2y A
e () R L (R A (i )

O

D Auxiliary Lemmas

Recall that Py denotes the projection onto some set X'

Lemma D.1 ([6] Lemma 3.6). Let f be a B-smooth ﬁmcttorﬂ with convex domain X. Let x € X,
= Py(z — fo( )) and gx (x) = B(x — ™). Then the following holds true:

fat) = f(@) < —% g @),

Lemma D.2 ([1], Proposition B.1). Let f(r) be a B-smooth in © € A(A)°. Define the gradient
mapping

661 = 5 (Paca (5 5ette)) )

and the update rule for the projected gradient is #' = 7 + %G(’T(). If |G(m) ||y < € then

max STV f(r') < 2.
T+IEA(A)S,||6],<1

Lemma D.3. Ler f(x) be a B-smooth in where x uses c-greedy parametrization. Define the gradient
mapping

Glz) = B (PA(A)S (x + ;Vf(x)) - x)

and the update rule for the projected gradient is ' = x + %G(x) If |G ()|, < € then

7') < 2e+ V/naAnax.

max
THSEA(A)T, |5, <1

Proof. 1t is a direct application of Lemma and the fact that ®, is Lipschitz with parameter

V(”A“““‘ (this is Proposition 3 in page 23 of [ 1]) O

Lemma D.4 (Unbiased with bounding variance [IT]). It holds that V\) is unbiased estimator of
V., V* forall i, that is
Ero VY =V V(W) for all i.
Moreover for all agents © we get that (this is what the authors actually prove)
2 < 24 A2

v

ur

max

E, — -
Tl = at— )

>Differentiable with V f to be 3-Lipschitz.
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E Additional Experiments
In this part, we provide a systematic analysis of variations of the experimental setting in Section 3]

Coordination beyond MPGs  As mentioned in Remark ] we know that policy gradient converges
also in other cooperative settings which may fail to be exact MPGs. To study this case, we modify our
experiment from Section[5] The setting remains mostly the same, except now in the distancing state
the weights are no longer reduced by the same constant factor, i.e., wﬂis‘ = w,sjfe — cfor all facilities

k, but are instead reduced by differing (yet still sufficiently large) c;’s, i.e., wgis‘ = w?j‘fe — ¢y, for
k=AB,C,D.

Policy Gradient: agents = 8, runs = 10, 1) = random

40 mem Safestate
mmm Distancing state
35 Policy Gradient: agents = 8, runs = 10, 1) = random Policy Gradient: agents = 8, runs = 10, 1) = random
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25 \ 25
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20 20 \
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10 ¢ 1.0
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: 00 T
00 00
A B c D

0 100 200 300 400 0 100 200 300 400
Facility Herations terations

B
Li-accuracy

Average number of agents
S
L1-accuracy

°

Figure 5: Figures similar to FigureEI, except now with ¢ > c4 > c¢p > c¢o > cp as described in the
text. Independent policy gradient requires more iterations to converge compared to the MPG setting,
but still arrives at the same Nash policy.

This change is such that the MDP no longer satisfies condition C2 of Proposition Since the
transitions depend on the actions of the players, a similar reasoning as in Example [2| suggests that
the game is not an MPG. However, it is still natural that cooperation is still desirable in this setting.
In particular, if the ¢;’s for all k = A, B, C, D are taken to be greater than the ¢ of the MPG from
Section [5] then the agents can be said to have even “stronger” incentive to cooperate. The results
of running independent policy gradient on this variant are shown in Figure[5] Independent policy
gradient requires more iterations to converge compared to the MPG setting, but still arrives at the
same Nash policy.

Policy Gradient: agents = 16, runs = 10, 1) = 0.0001 Policy Gradient: agents = 16, runs = 10, 7 = 0.0001 Policy Gradient: agents = 16, runs = 10, ) = 0.0001

8  mmm Safe state
; === Distancing state
6
5
4 a

pa)
3 10
2 05
.

00

0 A ) c D £ 0 00 200 300 400 500 600 7DO 80D 0 100 200 300 400 500 600 TOO 800

Facility terations lterations.

Mean L1-accuracy
0 1-standard deviation

Average number of agents

Figure 6: Convergence to deterministic Nash policies of independent policy gradient in a variation
of the MPG of SectionElwith N = 16 agents and A; = 5 facilities, A; = {A, B,C, D, E} with
wy < wp < we < wp < wg (i.e., E is the most preferable by all agents). Again, while there are
several (symmetric) deterministic Nash policies, all of them yield the same distribution of agents
among states (leftmost panel). All runs converge successfully to that outcome (however, some runs
required a larger number of iterates to converge).

Coordination with more agents and facilities We next test the performance of the independent
policy gradient algorithm in a larger setting with N = 16 agents and A; = 5 facilities, A; =
{A,B,C,D,E} withws < wp < wg < wp < wg (i.e., F is the most preferable by all agents).
We use a learning rate 7 = 0.0001 for all agents (which is again much larger than the theoretical
guarantee of Theorem[@.3)). All runs lead to convergence to an (optimal) Nash policy as shown in the
middle and rightmost panels. The leftmost panel shows the distribution of the agents among facilities
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in both states, which is the same (and the optimal one) in all Nash policies that are reached by the
algorithm. The results are shown in Figure[6]

Policy Gradient: agents = 8, runs = 10, ) =0.0001 Policy Gradient: agents = 8, runs = 10, 1) = 0.0001 Policy Gradient: agents = 8, runs = 10, 1) =0.0001
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Figure 7: Convergence to deterministic Nash policies of independent policy gradient in two variations
of the MPG of Section[3] with stochastic transitions between states.

Coordination with random transitions Next, we study the effect of adding randomness to the
transitions on the performance of the individual policy gradient algorithm. In this case, we experiment
with the same setting as in Section [3] (i.e., N = 8 agents and A; = 4 facilities that each agent
i € N can choose from), but use the following stochastic transition rule instead: in addition to the
existing transition rules, the sequence of play may transition from the safe to the distancing state with
probability p% regardless of the distribution of the agents and may remain at the distancing state with
probability ¢% again regardless of the distribution of the agents there.

Two sets of results are presented in Figure In the first (upper panels), we use p, ¢ = 1%, 10% and
in the second p, ¢ = 5%, 20%. In both cases, we use a learning rate = 0.0001 (several orders of
magnitude higher than what is required by Theorem[4.7). Independent policy gradient converges in
both cases to deterministic Nash policies despite the randomness in the transitions. However, for
higher levels of randomness (lower panels), the algorithm remains at an e-Nash policy for a high
number of iterations. This is in line with the theoretical predictions of Theorem .7
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