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A Glossary

Notation Meaning

O(n) The orthogonal group acting on an n-dimensional vector space.

SO(n) The special orthogonal group acting on an n-dimensional vector space.

E(n) The Euclidean group acting on an n-dimensional vector space.

SE(n) The special Euclidean group acting on an n-dimensional vector space.

GL(n) The general linear group acting on an n-dimensional vector space.

O(V,q) The orthogonal group of vector space V' with respect to a quadratic form q.

0% (V,q) The orthogonal group of vector space V' with respect to a quadratic form q that
acts as the identity on R.

1% A vector space.

R The radical vector subspace of V such that for any f € R, b(f,v) = 0 for all
veV.

F A field.

R The real numbers.

N The natural numbers.

Y/ The integers.

[n] The set of integers {1,...,n}.

q A quadratic form, q: V — F.

b A bilinear form, b : V x V — F.

Cl(V,q) The Clifford algebra over a vector space V' with quadratic form q.

C1*(V,q) The group of invertible Clifford algebra elements.

c1x] (V,q) The group of invertible parity-homogeneous Clifford algebra elements.
CIMI(V,q) = {w € CI* (V,q) | n(w) € {£1}}.

v, q) The even subalgebra of the Clifford algebra. C1/(V, q) := @" ... C1™ (V,q).

c1¥ (v, q) The odd part of the Clifford algebra. C1!/(V, q) := @" ., C1™ (V,q).

1™V, q) The grade-m subspace of the Clifford algebra.

(L)) Grade projection, (_)(™ : CL(V,q) — C1'™)(V, q).

¢ Projection onto the zero grade, ¢ : CI(V, q) — C1¥(V, q).

e; A basis vector, e; € V.

fi A basis vector of R.

ea z{As Cliffor(; basis element (product of basis vectors) with e4 € Cl(V,q), A C

1,...,n}.

b The extended bilinear form on the Clifford algebra, b : C1(V, q) x C1(V,q) — F.

q The extended quadratic form on the Clifford algebra, g : C1(V,q) — F.

a Clifford main involution « : C1(V, q) — C1(V, q).

Jé; Main Clifford anti-involution, also known as reversion, 8 : C1(V, q) — C1(V, q).

o Clifford conjugation v : CL(V, q) — CL(V, q).

n Coboundary of a.. For w € C1*(V, q), n(w) € {£1} if and only if w is parity-
homogeneous.

p(w) The (adjusted) twisted conjugation, used as the action of the Clifford group.
p(w) : CL(V,q) — CI(V,q), w € CI*(V,q).

I'(V,q) The Clifford group of C1(V, q).
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Notation

Meaning

rio(v,q)

The special Clifford group. It excludes orientation-reversing (odd) elements.
POV, q) :== T(V,q) N CLY(V, q).

The radical subalgebra of C1(V, q). Le., those elements that have zero q. It is
equal to the exterior algebra of k.

The even or odd (: € {0,1}) subalgebra of A(R). /\[i] (R) = A(R) N
Cl(v,q).

The subalgebra of A (R) with grade greater than or equal to one. A=Y (R) :=
span{fi... fx | k> 1, fi € R}.

The group of invertible elements of A(R). A™(R) = F* + /\(21)(73).

The group of invertible elements of A (R) with even grades. /\[X] (R) :=F* +
span{fi...fx | k> 2even, f; € R}.

Same as \ ™ (R), but with F* set to 1.
Same as /\[X] (R), but with F* set to 1.
Spinor norm, SN : CI(V, q) — F.
Clifford norm, CN : C1(V,q) — F.
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B Supplementary Material: Introduction

Existing literature on Clifford algebra uses varying notations, conventions, and focuses on several
different applications. We gathered previous definitions and included independently derived results to
achieve the desired outcomes for this work and to provide proofs for the most general cases, including,
e.g., potential degeneracy of the metric. As such, this appendix acts as a comprehensive resource
on quadratic spaces, orthogonal groups, Clifford algebras, their constructions, and specific groups
represented within Clifford algebras.

We start in Appendix [C|with a primer to quadratic spaces and the orthogonal group. In particular,
we specify how the orthogonal group is defined on a quadratic space, and investigate its action.
We pay special attention to the case of spaces with degenerate quadratic forms, and what we call
“radical-preserving” orthogonal automorphisms. The section concludes with the presentation of the
Cartan-Dieudonné theorem.

In Appendix D, we introduce the definition of the Clifford algebra as a quotient of the tensor algebra.
We investigate several key properties of the Clifford algebra. Then, we introduce its parity grading,
which in turn is used to prove that the dimension of the algebra is 2", where n is the dimension of the
vector space on which it is defined. This allows us to construct an algebra basis. Subsequently, we
extend the quadratic and bilinear forms of the vector space to their Clifford algebra counterparts. This
then leads to the construction of an orthogonal basis for the algebra. Furthermore, the multivector
grading of the algebra is shown to be basis independent, leading to the orthogonal sum decomposition
into the usual subspaces commonly referred to as scalars, vectors, bivectors, and so on. Finally, we
investigate some additional properties of the algebra, such as its center, its radical subalgebra, and its
twisted center.

In Appendix [El we introduce, motivate, and adjust the twisted conjugation map. We show that
it comprises an algebra automorphism, thereby respecting the algebra’s vector space and also its
multiplicative properties. Moreover, it can serve as a representation of the Clifford algebra’s group of
invertible elements. We then identify what we call the Clifford group, whose action under the twisted
conjugation respects also the multivector decomposition. We investigate properties of the Clifford
group and its action. Specifically, we show that its action yields a radical-preserving orthogonal
automorphism. Moreover, it acts orthogonally on each individual subspace.

Finally, after introducing the Spinor and Clifford norm, the section concludes with the pursuit of a
general definition for the Pin and Spin group, which are used in practice more often than the Clifford
group. This, however, turns out to be somewhat problematic when generalizing to fields beyond R.
We motivate several choices, and outline their (dis)advantages. For R, we finally settle on definitions
that are compatible with existing literature.
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C Quadratic Vector Spaces and the Orthogonal Group

We provide a short introduction to quadratic spaces and define the orthogonal group of a (non-definite)
quadratic space. We use these definitions in our analysis of how the Clifford group relates to the
orthogonal group.

We will always denote with F a field of a characteristic different from 2, char(FF) # 2. Sometimes
we will specialize to the real numbers ' = R. Let V' be a vector space over I of finite dimension
dimp V' = n. We will follow [Ser12].

Definition C.1 (Quadratic forms and quadratic vector spaces). Amap q: V — F will be called a
quadratic form of V ifforallc € F andv € V:

qa(c-v) =c*-q(v), (17)
and if:

b(v1,v2) == 5 (q(v1 +v2) — q(v1) — q(v2)), (18)

DN | =

is a bilinear form over F in vi,vo € V, ie., it is separately F-linear in each of the arguments v, and
v9 When the other one is fixed.

The tuple (V, q) will then be called a quadratic (vector) space.
Remark C.2. 1. Note that we explicitely do not make assumptions about the non-degeneracy
of b. Even the extreme case with constant q = 0 is allowed and of interest.
2. Further note, that b will automatically be a symmetric bilinear form.
Definition C.3 (The radical subspace). Now consider the quadratic space (V,q). We then call the
subspace:
R:={feV|VweV.b(f,v)=0}, (19)

the radical subspace of (V, q).
Remark C.4. 1. The radical subspace of (V,q) is the biggest subspace of V where q is
degenerate. Note that this space is orthogonal to all other subspaces of V.
2. If W is any complementary subspace of R in'V, so that V.= R &+ W, then q restricted to
W is non-degenerate.
Definition C.5 (Orthogonal basis). A basis eq, ..., e, of V is called orthogonal basis of V' if for all
i # j we have:
b(ei, ej) =0. (20)
It is called an orthonormal basis if, in addition, q(e;) € {—1,0,+1} foralli =1,...,n.

Remark C.6. Note that every quadratic space (V,q) has an orthogonal basis by [SerI2] p. 30 Thm.
1, but not necessarily a orthonormal basis. However, if F = R then (V, q) has an orthonormal basis
by Sylvester’s law of inertia, see [Syl52].

Definition C.7 (The orthogonal group). For a quadratic space (V, q) we define the orthogonal group
of (V,q) as follows:

O(q) :==0(V,q) :=={®: V — V | ® F-linear automorphiswﬁ s.t. Vv € V.q(®(v) = q(v)}.
2D

If (V,q) = R®") e iff = Rand V = R" and q has the signature (p,q,7) withp + q+1r =n
then we define the group of orthogonal matrices of signature (p, ¢, ) as follows:

O(p,¢,7) := {0 € GL(n) | 0T A4,nO0 = Dpgm } » (22)
where we used the (n x n)-diagonal signature matrix:
Apgr) = diag(+1,...,+1,-1,...,-1,0,...,0). (23)
—
p-times q-times r-times
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Theorem C.8 (See [YC020]). Let (V, q) be a finite dimensional quadratic space over a field F with
char(F) # 2. Let R C V be the radical subspace, r :== dimR, and, W C V a complementary
subspace, m := dim W. Then we get an isomorphism:

OV, q) = <O1\%,%> gﬂﬁz;)) - {(A% Owgr) ‘o € O(W, qlw), M € M(r,m),G € GL(r)} ,
(24)

where M(r,m) := F™*™ js the additive group of all (r x m)-matrices with coefficients in F and
where GL(r) is the multiplicative group of all invertible (r X r)-matrices with coefficients in F.

Proof. Let ey, ..., e, be an orthogonal basis for W and fi,..., f, be a basis for R, then the
associated bilinear form b of q has the following matrix representation:

@ 0
(0 0) : (25)

with an invertible diagonal (m x m)-matrix Q). For the matrix of any orthogonal automorphism ® of
V we get the necessary and sufficient condition:

O 0\ (AT C"\[Q O\[A B
(o 0)<BT DT) (0 o) <C’ D) (26)

_ (ATQA ATQB
- <BTQA BTQB> : (27)

This is equivalent to the conditions:
Q=ATQA, 0=A"TQB, 0=BTQB. (28)

This shows that A is the matrix of an orthogonal automorphism of W (w.r.t. b|y/), which, since @ is
invertible, is also invertible. The second equation then shows that necessarily B = 0. Since the whole
matrix needs to be invertible also D must be invertible. Furthermore, there are no constraints on C.

If all those conditions are satisfied the whole matrix satisfies the orthogonality constraints from
above. O

Corollary C.9. For R?®¢7) we get:

0] 0 xr
O(p.q,r) = <M(Tf§; 9, Smo ) : (29)

where O(p, q) := O(p, g, 0).

Remark C.10. Note that the composition ®1 0P of orthogonal automorphisms of (V, q) corresponds
to the matrix multiplication as follows:

O, 0\(0, 0\ 010, 0 30)
M1 G1 Mg GQ B M102+G1M2 G1G2 ’

Definition C.11 (Radical preserving orthogonal automorphisms). For a quadratic space (V,q) with
radical subspace R C V we define the group of radical preserving orthogonal automorphisms as
Sfollows:

Or(V,q):={®cO(V,q) | ®|r =idr}. (31)

If (V,q) = R®97) e iff = Rand V = R" and q has the signature (p,q,) withp +q+1r =n
then we define the group of radical preserving orthogonal matrices of signature (p, ¢, 7) as follows:

Oxr(p,q,7) :== {0 € O(p, q,r) | bottom right corner of O = I,.} = (Mg(i)ﬁ’j—)q) 0(17'}‘1)”) )
(32)

where I, is the (r x r)-identity matrix.
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Remark C.12. Note that the matrix representation of ® € Ox(q) w.r.t. an orthogonal basis like in
the proof of theorem|C.8 is of the form:
0] Om r
( Mo ) , (33)

with O € O(W, qlw), M € M(r,m) and where I, is the (r x r)-identity matrix.
The composition 1 o Oy of Py and P2 € Ox(q) is then given by the corresponding matrix

multiplication:
O, 0\[(0y 0\ _ 0,0, 0 (34)
My I.)]\Msy I.) \MOx+ M, I.]"°

By observing the left column (the only part that does not transform trivially), we see that O(q|w)
acts on M(r,m) just by matrix multiplication from the right (in the corresponding basis):

(01, M) - (O2, M3) = (0102, M102 + My). (35)
This immediately shows that we can write O (q) as the semi-direct product:
Ox(q) = O(qlw) x M(r,m). (36)
In the special case of R®%7) we get:

Or(p,q,7) = O(p,q) x M(r,p+ q). (37)

We conclude this chapter by citing the Theorem of Cartan and Dieudonné about the structure of
orthogonal groups in the non-degnerate case, but still for arbitrary fields F with char(F) # 2.

Theorem C.13 (Theorem of Cartan-Dieudonné, see [Art57] Thm. 3.20). Let (V,q) be a non-
degenerate quadratic space of finite dimension dim'V = n < oo over a field F of char(FF) # 2. Then
every element g € O(V,q) can be written as:

g=rio---or, (38)

with 1 < k < n, where r; are reflections w.r.t. non-singular hyperplanes.
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D The Clifford Algebra and Typical Constructions

In this section, we provide the required definitions, constructions, and derivations leading to the
results stated in the main paper. We start with a general introduction to the Clifford algebra.

D.1 The Clifford Algebra and its Universal Property
We follow [LS09, |Cru90].

Let (V, q) be a finite dimensional quadratic space over a field F (also denoted an F-vector space) with
char(F) # 2. We abbreviate the corresponding bilinear form b on vectors vy, vy € V as follows:

1
b(v1,v2) := 5 (a(vr + v2) — a(vr) —a(vz)) - (39)
Definition D.1. 7o define the Clifford algebra C1(V, q) we first consider the tensor algebra of V':
T(V) ::@V‘X’m:Span{vl®~~~®vm|m20,vi€V}, (40)
m=0
VOV g...qV, VEO=F, @D
~—_———
m-times
and the following two-sided ideaﬂ'
I(q) == (v@v—q(v) - Ly |veV). (42)
Then we define the Clifford algebra C1(V, q) as the following quotient:
Cl(V,q) := T(V)/I(q). (43)

In words, we identify the square of a vector with its quadratic form. We also denote the canonical
algebra quotient map as:

m: T(V) — CL(V,q). (44)
Remark D.2. 1. It is not easy to see, but always true, that dim C1(V, q) = 2", where n :=
dim V, see Theorem|D.15]

2. Ifey, ..., e, is any basis of (V,q) then (ea) ac(n) is a basis for CI(V, q), where we put for
asubset A C [n] :={1,...,n}:
<

ea:=[] e eg := laiv.g)- (45)
icA
where the product is taken in increasing order of the indices i € A, see Corollary|D.16]
3. Ife1,..., ey is any orthogonal basis of (V, q), then one can even show that (ea) ac[n) is an

orthogonal basis for C1(V, q) w.r.t. an extension of the bilinear form b from V to C1(V, q),
see Theorem

Lemma D.3 (The fundamental identity). Note that for vi,vs € V, we always have the fundamental
identity in C1(V, q):
V1Vg + VU1 = Qb(’l)l,UQ). (46)

Proof. By definition of the Clifford algebra we have the identities:

q(v1) + v1v2 + vav1 + q(v2) = V1V1 + V1V + VoV + VoV2 47

= (v1 + v2)(v1 + v2) (48)

= q(v1 + v2) (49)

= b(’Ul + v2, V1 +Ug) (50)

= b(vy,v1) + b(v1,v2) + b(va,v1) + b(va, v2) (51)

= q(v1) + 2b(v1, v2) + q(v2). (52)

Substracting q(v1) 4+ q(v2) on both sides gives the claim. O

9The ideal ensures that for all elements containing v ® v (i.e., linear combinations, multiplications on the left,
and multiplications on the right), v ® v is identified with g(v);e.g. 2@ VRV Yy ~ ¢ ® (q(v) - 1rv)) ® y for
every z,y € T(V).
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Further, the Clifford algebra C1(V q) is fully characterized by the following property.
Theorem D.4 (The universal property of the Clifford algebra). For every F—algebr (an algebra
over field F) A and every F-linear map f : V' — A such that for all v € V we have:

f)?=q(v) 14, (53)
there exists a unique F-algebra homomorphis f: CUV,q) — Asuch that f(v) = f(v) for all
veV.

More explicitely, if f satisfies equationand x € CI(V,q). Then we can take any representation of
x of the following form:

T=cot D G Vinc Uik, (54
el
with finite index sets I and k; € N and coefficients cy,c; € F and vectors v, j € V, j =1,...,k,

i € I, and, then we can compute f(x) by the following formula (without ambiguity):

fl@)=co-1a+> ci- f(vin) - f(vir,). (55)

icl

In the following, we will often denote f again with f without further indication.

D.2 The Multivector Filtration and the Grade

Note that the Clifford algebra is a filtered algebra.
Definition D.5. We define the multivector filtration*|of C1(V, q) for grade m € N as follows:

Cl(gm)(V, Q)= (T(Sm)(v)) , T(Sm)(V) = @V®l- (56)
=0

Remark D.6. Note that we really get a filtration on the space C1(V, q):
F=Cl=0(V,q) c QS (V,q) QS (Vg) ... QIS(V,q) =CL(V,q). (57

Furthermore, note that this is compatible with the algebra structure of CL(V, q), i.e. fori,j > 0 we
get:

reC=(Vq) A yeCS(Vg = ayed=(Vg).  (58)

Together with the equality: m(T<™) (V) = C1E™)(V, q) for all m, we see that the natural map:
m: T(V) — CL(V,q), (59)

is a surjective homomorphism of filtered algebras. Indeed, since C1(V, q) is a well-defined algebra,
since we modded out a two-sided ideal, 7 is clearly a homomorphism of filtered algebras. As a
quotient map T is automatically surjective.

Definition D.7 (The grade of an element). For xz € CI(V, q) \ {0} we define its grade through the
following condition:

grdz:=k  suchthat  x e CISP(V,q)\ CIEFD (v, q), (60)
grd 0 := —o0. (61)

10For the purpose of this text an algebra is always considered to be associative and unital (containing an
identity element), but not necessarily commutative.

" An algebra homomorphism is both linear and multiplicative.

12A filtration F is an indexed family (A;)ier (I is an ordered index set) of subsets of an algebraic structure A
such that fori < j: A; C Aj.
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D.3 The Parity Grading

In this section, we introduce the parity grading of the Clifford algebra. We will use the parity grading
to later construct the (adjusted) twisted conjugation map, which will be used as a group action on the
Clifford algebra.

Definition D.8 (The main involution). The linear map:
a: V= ClV,q), a(v) := —v, (62)

satisfies (—v)? = v2 = q(v). The universal property of C1(V, q) thus extends o to a unique algebra
homomorphism:

a: Cl(V,q) = CI(V,q), o (co + Zci SUREEE vm) (63)
iel

=co+ Z ci-a(via)- - o(vik,) (64)
iel

=co+ Y (=D)"civinevig,, (65)
iel

for any finite sum representation with v; ; € V and c; € I. This extension o will be called the main
involution?| of C1(V, ).

Definition D.9 (Parity grading). The main involution « of C1(V, q) now defines the parity grading of
Cl(V, q) via the following homogeneous parts:

Cl(v, q) := {x € CI(V,q) |a(z) = =}, (66)
Cl(V,q) = {z € CLV.q) | a(x) = —a}. (67)
With this we get the direct sum decomposition:
Cl(V,q) = (V. q) & I (V. q), (68)
z =zl + 2l 20 .= %(m +a(z), o= %(x —a(x)), (69)

with the homogeneous parts z% € C1°/(V, q) and =Y € C1V(V, ).
We define the parity of an (homogeneous) element x € Cl(V, q) as follows:
0 ifz e Cl%(V,q),
prt(e) = 4 ¥ [1]( ) (70)
1 ifz e ClYN(V,q).

Definition D.10 (Z/27Z-graded algebras). An F-algebra (A, +, ) together with a direct sum decom-
position of sub-vector spaces:

A=A g Al (71)
is called a 7,/ 27-graded algebra if for every i, j € Z/27Z we always have:
ze Al Ay e Al = z-ye Al (72)

Note that [i + j| is meant here to be computed modulo 2. The 7./27-grade of an (homogeneous)
element x € A will also be called the parity of x:

_JO ifze Al
pri(z) := {1 ifz e Al (73)
The above requirement then implies for homogeneous elements x,y € A the relation:
prt(x - y) = prt(z) + prt(y) mod 2. (74)

‘We can now summarize the results of this section as follows:
Theorem D.11. The Clifford algebra CI(V, q) is a Z./27-graded algebra in its parity grading.

13 An involution is a map that is its own inverse.
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D.4 The Dimension of the Clifford Algebra

In this subsection we determine the dimension of the Clifford algebra, which allows us to construct
bases for the Clifford algebra.

In the following, we again let F be any field of char(F) # 2.

Definition/Lemma D.12 (The twisted tensor product of Z/2Z-graded F-algebras). Let A and B be
two 7./27.-graded algebras over F. Then their twisted tensor product A®B is defined via the usual
tensor product A @ B of F-vector spaces, but where the product is defined on homogeneous elements
ay,as € A, by,by € Bvia:

(a1®b1) . (a2®b2) = (_1)prt(b1)'prt(a2)(a1a2)®(blb2)_ (75)

This turns AQB also into a 7./27.-graded algebra over F with the 7./27.-grading:
(A&B)0 .= ( Al g B[O]) o ( Al g Bm) : (76)
(4GB .= (A[O] ® B[ll) ® (A[” ® 6[01) . (77)

In particular, if a € A, b € B are homogeneous elements then we have:

prt 465(a®b) = prt 4(a) + prtz(b) mod 2. (78)
Proof. By definition we already know that A B is an F-vector space. So we only need to investigate
the multiplication and Z/27Z-grading.

For homogenous elements a1, as, as € A, by, ba, bs € B we have:

((a1®b1) - (a2®b2)) - (az&bs) (79)
_ (71)Drt(b1)'prt(a2) ((a1a2)®(b1b2)) . (a3®b3) (80)
_ (71)prt(b1)~prt(a2) . (71)prt(b1b2)'prt(a3)(a1a2a3)®(b1b2b3) (81)
= (_1)prt(b1)~prt(az)+prt(b1)-prt(a3)+prt(b2)-prt(as)(a1a2a3)®(blb2b3) (82)
= (_1)prt(b1)'Prt(a2as) . (—1)prt(bz)'prt(“3)(a1a2a3)®(b1b2b3) (83)
= (—1)Pri2)pries) (g, @by ) - ((azas)@(babs)) (84)
= (a1®b1) . ((a2®b2) . (a3®63)) . (85)

This shows associativity of multiplication on homogeneous elements, which extends by linearity to
general elements. The distributive law is clear.

To check that we have a Z/2Z-grading, note that for homogeneous elements a1, as € A, by,be € B
we have:

prt g ((@1001) - (a2®b2)) = prt 4o (((—1)prt(a2)'prt(bl)a1a2)®(b1b2)) (36)

= prt 4(araz) + prtg(b1bs) (87)

= prt 4(a1) + prt_4(az) + prtg(b1) + prtg(bs) (88)

=prt o5 (a1®b1) +prt4ep (a2®bg) mod 2. (89)

The general case follows by linear combinations. O

Remark D.13 (The universal property of the twisted tensor product of Z/2Z-graded F-algebras).
Let Ay, Ay, B be Z./]27Z-graded F-algebras. Consider 7./27.-graded F-algebra homomorphisms:

1 Al — B, Yo 1 Ag — B, (90)
such that for all homogeneous elements a1 € Ay and as € As we have:
d1(ar) - a(ag) = (=1)PrE PR gy (ag) - 4y (an). oD
Then there exists a unique 7./27-graded F-algebra homomorphism:
P Ai®A — B, (92)
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such that:

pogr =1, Yoo =1, (93)

where @1, Qo are the following 7/ 27-graded F-algebra homomorphisms:
¢1: Al = A1® Ay, a; — a1 ®1, 94)
(252 : ./42 — .A1®.A2, ag — 1®(I2, 95)

which satisfy for all homogeneous elements a1 € Ay and as € As:

d1(ar) - dalaz) = (—1)PrHen) Priez) . g, (a5) - gy (ay). (96)
Furthermore, A1 @Ay together with ¢1, ¢ is uniquely characterized as a 7./27.-graded F-algebra
by the above property (when considering all possible such B and 11, Ys).

Proposition D.14. Let (V, q) be a finite dimensional quadratic vector space over T, char(F) # 2,
with an orthogonal sum decomposition:

Then the inclusion maps: Cl(V;,q;) — CU(V, q) induce an isomorphism of 7./ 2Z-graded F-algebras:
CL(V,q) = CI(V1, q1)& Cl(Vz, q2). (98)

In particular:
dim C1(V, q) = dim C1(V4, q1) - dim CL(Va, q2). (99)

Proof. First consider the canonical inclusion maps, | = 1, 2:
& = Cl(Vi,q1) = CU(V, q), 1 @ (100)

These satisfy for all (parity) homogeneous elements x; € C1(V}, q;), I = 1, 2, the condition:

$1(21)do(w2) = @y = (—1)PHEDPIEER) gy — (Z1)PREDPIER) L gy (20) ) (7). (101)

Indeed, we can by linearity reduce to the case that ; and x5 are products of vectors v; € V; and
vg € Vo, resp. Since V7 and V5 are orthogonal to each other by assumption, for those elements we

get by the identities
V1Ug = —V2v1 + 2b(v1,v2) = —vauy. (102)
=0

This shows the condition above for x; and 5.
We then define the F-bilinear map:

Cl(V1,q1) x Cl(Va,q2) = CL(V,q), (x1,x2) — T122, (103)
which thus factorizes through the F-linear map:

¢ : Cl(V1,q1)® Cl(Va, q2) — CL(V, q), T1QTy > T To. (104)

We now show that ¢ also respects multiplication. For this let z1,y; € Cl(V1,q1) and za,y2 €
Cl(V4, q2) (parity) homogeneous elements. We then get:

¢ ((21&022) - (Y1&y2)) (105)
— 6 ((_1)prt(xz)~prt(y1) ) (x1y1)®(332y2)) (106)
= (—1)PriER ) gy 2oy, (107)
= T1T2Y1Y2 (108)
= ¢(x1072) - P(y1&y2). (109)

This shows the multiplicativity of ¢ on homogeneous elements. The general case follows by the
F-linearity of ¢. Note that ¢ also respects the parity grading.
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Now consider the Z/2Z-graded F-algebra C1(Vy, q1)® Cl(Va, q2) and Z/2Z-graded F-algebra ho-
momorphisms:

12 CU(Vi,q1) — Cl(V,q1)@ Cl(Va, q2), T @1, (110)
Wy : CL(Va, q2) — CI(V4,q1)& C1(V3, g2), 2 > 185, (1)
Note that for all homogeneous elements x; € C1(V}, q;), l = 1,2, we have:
Ya(x2) - Y1 (1) = (1Qz2) - (2101) (112)
= (—1yprilmerilea) . g G (113)
= (—1)PrtE)Prt@) (4, &1) - (1&1,) (114)
= (=1)PrE)Pril2) gy () - hy(a). (115)

We then define the F-linear map:
’(/J V= V1 D ‘/2 — Cl(Vl, q1)® Cl(‘/z,qg), V=01 + vy — 1/J1('U1) + 1/)2(1)2) =: 1/)(’[)) (116)
Note that we have:

$(0)? = (P1(v1) + Y2(v2)) - (Y1 (v1) + Y2 (v2)) (117)
= P1(v1)” 4 P (v2)® + 1(v1) - Y2 (va) + a(v2) - Y1 (v1) (118)
= 1 (v1)? + 2(v2)? + 1 (v1) - Ya(va) + (1P POy (1)) ahy(vg)  (119)

=0
= 1 (vF) + 2(v3) (120)
= q1(v1) - Y1(Lleivs,qn) + 92(v2) - Y2(loivs g2)) (121)
=91(v1) * Layvy q0)® Cl(va,ae) T 92(V2) * Leivyq1)@ Cl(Vanao) (122)
= (91(v1) + 92(v2)) * Loy, 1)@ Cl(Va,a2) (123)
=4(v) - Layvy,q0)8 Cl(Varq)- (124)
By the universal property of the Clifford algebra v uniquely extends to an F-algebra homomorphism:
¢ CIV,q) = CU(V1, q1)® CL(Va, g2), (125)
Uiy v = (D1 (i 1) Fb2(v, 2)) - (P1(vi 1) + P2 (i 2)- (126)

One can see from this, by explicit calculation, that ) also respects the Z/27Z-grading. Furthermore,
we see that ¢ o ¢; = 1y for l = 1, 2, and, also, ¢ o ¢y = ¢; forl =1, 2.

One easily sees that ¢ and 1) are inverse to each other and the claim follows. O

Theorem D.15 (The dimension of the Clifford algebra). Let (V,q) be a finite dimensional quadratic
vector space over F, char(F) # 2, n := dim V' < oco. Then we have:

dim C1(V, q) = 2. (127)

Proof. Letey, ..., e, be an orthogonal basis of (V,q) and V; := span(e;) C V, q; := q|y;. Then
we get the orthogonal sum decomposition:

(Viq)=(Vi,a1) @+ & Vi, qn)s (128)
and thus by Proposition the isomorphism of Z/2Z-graded algebras:
CLV, q) = CLUV1, 41)® -+ @ CL(Va, dn), (129)
and thus:
dim C1(V, q) = dim C1(V3,q1) - - - dim CU(V},, qn), (130)
Since dim V; = 1 and thus:
dim Cl(V;,q;) = dim (F® V;) = 2, (131)
fori =1,...,n, we get the claim:
dim CI(V, q) = 2". (132)
O
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Corollary D.16 (Bases for the Clifford algebra). Let (V, q) be a finite dimensional quadratic vector
space over T, char(F) # 2, n := dimV < oc. Let ey, ..., e, be any basis of V, then (es) acin) is
a basis for C1(V, q), where we put for a subset A C [n] := {1,...,n}:

<
e = H e, ep := loiv.g)- (133)
icA
where the product is taken in increasing order of the indices i € A.

Proof. Since Cl(V, q) = T(V)/I(q) and

T(V) =span{e;, ® - -®e;, |m>0,i; € [n],j € [m]}, (134)
we see that:
Cl(V,q) =span{e;, ---e€;,, |m >0,i; € [n],j € [m]}. (135)
By several applications of the fundamental identities [D.3}
e e, = —e; e, +2b(e;,,e;), ei e, = q(ei), (136)

we can turn products e;, - - - e;,  into sums of smaller products if some of the occuring indices agree,
say ¢, = i;. Furthermore, we can also use those identities to turn the indices in increasing order. This
then shows:

Cl(V,q) =span{es | A C [n]}. (137)

Since # {A C [n]} = 2™ and dim C1(V, q) = 2" by Theorem|D.15 we see that {e4 | A C [n]} must
already be a basis for C1(V, q). O

D.5 Extending the Quadratic Form to the Clifford Algebra

We provide the extension of the quadratic form from the vector space to the Clifford algebra, which
will lead to the constrution of an orthogonal basis of the Clifford algebra.

Definition D.17 (The opposite algebra of an algebra). Let (A, +,-) be an algebra. The opposite
algebra (A°P, +, ) is defined to consist of the same underlying vector space (A°P,+) = (A, +), but
where the multiplication is reversed in comparison to A, i.e. for x,y € A°P we have:
Tey:=y-T. (138)

Note that this really turns (A°P, 4+, «) into an algebra.
Definition D.18 (The main anti-involution of the Clifford algebra). Consider the following linear
map:

B:V — CIV,q)°P, v, (139)
which also satisfies v+ v = vv = q(v). By the universal property of the Clifford algebra we get a
unique extension to an algebra homomorphism:

B: CIV,q) — CI(V,q)°P, B (co + Zci SUREE 'vi,ki> (140)
iel

:CO+Zci‘Ui,1°""vi,k7; (141)
iel

=0+ D Ci ik Ui, (142)
iel

for any finite sum representation with v; ; € V and c; € F. We call 3 the main anti-involution of
CL(V, q).

Definition D.19 (The combined anti-involution of the Clifford algebra). The combined anti-involution
or Clifford conjugation of C1(V, q) is defined to be the F-algebra homomorphism:

v: CIV,q) = CLV,q)°P, V(@) = Bla(z)). (143)
More explicitely, it is given by the formula:

v (Co +> e u) =co+ Y (~DF i vig, o ovin, (144)
iel j
for any finite sum representation with v; ; € V and c; € F.

32



Remark D.20. Ifes,...,e, € V isan orthogonal basis for (V,q). Then we have for A C [n]:

[A] [A[+1

alea) = (—D)es,  Blea) = (—1)(Zen,  lea) = ()= es.  45)

Recall the definition of a trace of a linear map:

Definition D.21 (The trace of an endomorphism). Let ) be a vector space over a field F of dimension
dimY =m < ocoand® : Y — Y avector space endomorphis Let B = {by,...,by} be abasis
forY and B* = {b3,...,by,} be the corresponding dual basis of J*, defined via: b3 (b;) := 0; ;.

Let A = (%g)z‘:l,...,m, be the matrix representation of ® w.r.t. B:
j=1,....m

Vieml. @)= ai;b. (146)
i=1
Then the trace of ® is defined via:
Tr(®) =Y aj;=» bi(2(b;)) €F. (147)
j=1 j=1

It is a well known fact that Tr(®) is not dependent on the initial choice of the basis B. Furthermore,

Tr is a well-defined F-linear map (homomorphism of vector spaces):
Tr: Endp(Y) — F, O — Tr(P). (148)

We now want to define the projection of z € C1(V, q) onto its zero component z(?) € F in a basis
independent way.

Definition D.22 (The projection onto the zero component). We define the F-linear map:
¢: Cl(V,q) = F, C(z) == 27" Tr(x), (149)

where n := dim V and Tr(z) := Tr(L,), where Ly, is the endomorphism of C1(V, q) given by left
multiplication with x:

Ly : CI(V,q) — CL(V,q), y = Ly(y) = zy. (150)
We call ¢ the projection onto the zero component. We also often write for x € C1(V, q):

2@ = ¢(x). (151)

The name is justified by following property:

Lemma D.23. Let ey, ..., e, be a fixed orthogonal basis of (V,q). Then we know that (ea) ac[n) is
a basis for C1(V, q). So we can write every x € C1(V, q) as:

r= Y xa-ea (152)

with x4 € F, A C [n]. The claim is now that we have:
!

C(w) = zp. (153)

Proof. By the linearity of the trace we only need to investigate Tr(e4) for A C [n]. For A = (), we
have ey = 1 and we get:

Tr(l) = Y ep(l-ep)= » 1=2" (154)

BC[n] BC[n]

14A map from a mathematical object space to itself.
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which shows: ((1) = 27" Tr(1) = 1. Now, consider A C [n] with A # ). Let A denote the
symmetric difference of two sets. Further, we can write + to refrain from distinguishing between
signs, which will not affect the result.

Tr(ea) = Y ehleacn) (155)
BC|[n]
= Z + H q(e:) - epleann) (156)
BC[n] €ANB
= > = I[ aled) - dpann (157)

BC[n] i€ANB

= > + II ale)-d0.a (158)

BCln] i€ANB
=0, (159)
where the third equality follows from the fact that B = AA B holds if and only if A = (), regardless

of B. However, A = () was ruled out by assumption, so then in the last equality we always have
8p.4 = 0. So for A # () we have: ((es) = 27" Tr(es) = 0. Altogether we get:

1, ifA=0,

160
0, else. (160)

Clea) =049 = {

With this and linearity we get:

C@)=C| > marea| = wa-Clea)= > wa-bap=uap. (161)
AC|[n] AC[n] ACIn]

This shows the claim. O

Definition D.24 (The bilinear form on the Clifford algebra). For our quadratic F-vector space (V, q)
with corresponding bilinear form b and corresponding Clifford algebra C1(V, q) we now define the
Sollowing F-bilinear form on CI(V, q):

b: CLV,q) x CI(V,q) — T, b(z,y) == (B(x)y). (162)
We also define the corresponding quadratic form on C1(V, q) via:

q: CIV,q) = F, q(z) := b(z,z) = ¢((B(z)x). (163)

We will see below that b and q will agree with b and q, resp., when they are restricted to V. From
that point on we will denote b just by b, and q with q, resp., without (much) ambiguity.

Lemma D.25. Forv,w € V we have:

b(v,w) = b(v,w). (164)

Proof. We pick an orthogonal basis ey, . . ., e, for V and write:
n n
v:Zai-ei, w:ch~ej. (165)
i=1 j=1
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We then get by linearity:

n n
b(v,w) = ZZaicj -b(ei, e)) (166)
i=1 j=1
=Y aic; - ((Bleney) (167)
i=1 j=1
=Y aic; - (eiey) (168)
i=1 j=1
= Za,;cj 'C(eiej)JrZaicj -((eiej) (169)
vy N——
1F] =0 =]
= aic;-qe;) - ¢(1) (170)
i=1 >
n n q(ei)-6i, 5=
——
= ZZaicj . b(ei,ej) (171)
i=1 j=1
=b Zai~e¢7ch-ej (172)
i=1 j=1
= b(v,w). (173)
This shows the claim. O
Theorem D.26. Letey,. .., e, be an orthogonal basis for (V,q) then (ea) ac[y) is an orthogonal

basis for C1(V, q) w.r.t. the induced bilinear form b. Furthermore, for x,y € C1(V, q) of the form:

=Y za-ea y= D ya-ea, (174)

AC[n]

with x o,ya € F we get:

= > za-ya-[Jale) @)= > @%-[late).  a79)

AC[n] i€A AC[n] i€A

Note that: q(eg) = q(1) = 1.

Proof. We already know that (e4)ac[y) is a basis for CI(V,q). So we only need to check the
orthogonality condition. First note that for ec = ¢e;, - - - €;, we get:

qlec) = ¢(Blec)ec) = Clei, -+ eiy ey -+ ei,) = qleq,) - ales,). (176)

Now let A, B C [n] with A # B, i.e. with AAB # (). We then get:

blea,en) = ((Blea)en) = £ H q(e;) - C(eann) = 0. (177)
1€ANB
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This shows that (e4) ac[n is an orthogonal basis for C1(V, q). For ,y € CI(V, q) from above we
get:

bz,y) =b | > za-ea, Y yp-es (178)
ACIn] BC|n]
= Z Z Ta-yp-bea,en) (179)
AC[n] B[]
=Y > za-yp-dlea)-dan (180)
AC[n] B[]
= Y wa-ya-dlea) (181)
AC|[n]
= wa-ya-[]ale) (182)
AC|[n] icA
This shows the claim. O

D.6 The Multivector Grading

Now that we have an orthogonal basis for the algebra, we show that the Clifford algebra allows a
vector space grading that is independent of the chosen orthogonal basis.
Let (V, q) be a quadratic space over a field F with char(F) # 2 and dim V' = n < co.

In the following we present a technical proof that works for fields F with char(F) # 2. An alternative,
simpler and more structured proof, but for the more restrictive case of char(F) = 0, can be found in
Theorem [D.37]later.

Theorem D.27 (The multivector grading of the Clifford algebra). Let ey, ..., e, be an orthogonal
basis of (V,q). Then for every m = 0, ..., n we define the following sub-vector space of C1(V, q):

CI™(V,q) := span{e;, ---e;, |1 <iy < -+ <ipy <} (183)
=span{es | A C [n],|A| =m}, (184)

where C10(V, q) := F.

Then the sub-vector spaces C1"™ (V,q), m = 0, ..., n, are independent of the choice of the orthogo-
nal basis, i.e. if by, ..., by, is another orthogonal basis of (V. q), then:

CI™(V, q) = span {b, ---b;, |1 <ip < -+ <ip <n}. (185)

Proof. First note that by the orthogonality and the fundamental relation of the Clifford algebra we
have for all i # j:

e;e; = —eje;, bib; = —b;b;. (186)
We now abbreviate:
B™ .= span {bj, ---b;, |1 <j1 <+ < jm < n}, (187)
and note that:
CI™(V, q) = span {e;, ---e;,, |1 <iy < -+ <ip <n} (188)
=span{e;, - -e; |1 <id1,...,im <N,Vs FEtis £ it} (189)
We want to show that for 1 < 77 < --- < 7, < n we have that:
bj, -+ bj,, € Cl™(V, q). (190)
Since we have two bases we can write an orthogonal change of basis:
bj = aije; €V =Cl(V,q). (191)
i=1
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Using this, we can now write the above product as the sum of two terms:

bjl e ijn = : aihjl e ainl;jm : 67:1 e einz (192)
il-,-nﬂ’m
= E a’ihjl e a’im,yjm ' eil e eirn + § : ail;jl e aim7j7n ' eil e eim'
i1yeeesim i1seim
Vst g4y TsAt. =it

(193)

Our claim is equivalent to the vanishing of the second term. Note that the above equation for b
already shows the claim for m = 1. The case m = 0 is trivial.

We now prove the claim for m = 2 by hand before doing induction after. Recall that j; # jo:

n

bj,bj, = Z @iy, j1 Wiz js * Ciy €iy + Zamai,j? Seie; (194)
1,02 i=1
11702
n
=2 iy iy gy €€y T Y i, i, - q(e:) (195)
i1 i—1 —
1,22 —
il;é’ig 7b(€’iabj2)
= Y @i iy - €ireiy, + b(bjy b)) (196)
i1io —
e =0
11702
= Z @iy 51 Qig,jo * Cig Ciy (197)
11,12
i17£02
e C1?(v, q). (198)

This shows the claim for m = 2.

By way of induction we now assume that we have shown the claim until some m > 2, i.e. we have:

bjl T b]m = Z ailvjl e a’inujnleil o Eim € Cl(m) (‘/? q) (199)

D1 5-eeybim

VEAL i

Now consider another b; with j := jy, 11 # ji, K = 1,...,m. We then get:
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n
bj, -+ bj,, b = § Qiy gy """ Qi G €ir """ €y, E a; je;
i1, i=1

VAL i

n
= E E iy gy 7 Qi jim Qi 5 €0y """ €4y G

i=1 i1 im
VkEL in i
n
= E iy g1 " Qi i A5 €0y 7 €y €4
i=1 i1, i
VELL iy
i {i1,yim}

n
+ E E Qiggi " Qi G, €y~ Ciy €
i=1

Vk£L i
i€ i1, oyim }
= § @iy g1 Qi G Vi1, 5m1 €1 ° 7 €y Gl g1
81,0y bmstm 1
V£l in 74

n m
+ E E E iy gy " Qi iy Qi €0y " " €4, €4

i=1s=1 d1,...,im
kAL 1 i

is=1
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We have to show that the last term vanishes. The last term can be written as:

E E E iy gy " Qi o Qi " €y """ €4y €4 (206)
i=1 s=1  i1,...,im
VEk#L. zk;éu
is=i
n m
= E ,E § Uiy gy g gig " Bigy G B €y "7 iy * " " €4, € (207)
i=1 s=1 41,..im
VEAL i,
=1
n m
e . c e e e . s e e . . Y . .. e e e . . .. —_ m—s
- § : § : z : a’117]1 a’lsvjs almv]ma‘ld e'Ll % elmels € ( 1) (208)
i=1 s=1 d1,...,0m
Vk;ﬁl Zk?le
'LS—Z
n m
—S
= E E E Qiy o " Qg " Vi o @i~ €y " i €4, (1) q(e;) (209)
=1 s=1 dQ1,...,im
Vk;él ik Fi
1s=1
m n
m—s
=33 D gy GG € i€, - (1) q(e) (210)
s=14=1 i1,...,im
VEAL iy i
1s=1
J— m—sS
- : : : : ailvjl o .a’isvjs ' aZme alsv] 611 o %' : .eiwn : (71) q(Eis) (211)
i1,ee00lm
Vk;él %?ﬁll
m n
J— m—Ss
= Z Z Z iy gyt Wiy et Qi G By Ciy ** Ci €y - (—1)" 7 (e4,)
s=1 7{}/ 1s=1
k k;éll 7/5%{117 ;/7 77;7n}
212)
m n
m—s
=> Y iy Gy Qi it €y e, (—1) T (e,) (213)

s=1iy 1,- ;J/v Sim is=1
k?'él ik FiL
m
m—s
- > > Qiy i Qg " Wiy G Qi €3y " €i €y (1) P (e4,)
5=Liy, g im b5 €{i1,. 360 im }
VEk#L i #i
(214)
m n
= . . . e . ... . . . . “ .. - .. m—=s . . . . .
= E E Qiy gy Qg Qi i~ €y " 8457 €y 1) } ai, j. i, jq(e:,)
s=Liy, g im is=1

I i1

m
75 : E : § : iy, g1 " Qig,js

s=Liy, gGim s €{01,.560im }

L. i
m
:_Z Z Z iy gy w7 Qg m
5=14y,... 3¢ . im 1€{i1,. 4, im }
Vk#l 1k7éll
m
= § : E Qiy gy " Qiggs " Qi iy, Qg

s=1

MMS

i1, ;).5/: Jityesim
VE#L ip 7
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=b(bj,b;,)=0
(215)

Ciy - Lig ey, - (1) 7a(es,)

* Qi jin Fig,j

(216)

Qij - €iy i e, - (=1)" 7 q(e)

Qi Gim

.eil..



Note that the positional index ¢ can occure before or after the positional index s. Depending of its
position the elements e;, will appear before or after the element e;_ in the product. We look at both
cases separately and suppress the dots in between for readability.

First consider ¢t > s:

m m
ST D i G G G i €y e ey € (1) (es,) (219)

m m
_92 _
=33 D i g Qi G iy (—1) e, ey e e e, (1) g (es,)

s=1 g;; Zlv}cﬂ;z/l»:g]:y 1:;71
(220)
=3 3> A i, - ai (1) a(e, ) (< 1) e, - i) (221)
s=1 t=1i;=1
t>s
with 7, ,(7) := Z iy jr * Qigef s Qiefe* Vi o * Cin " G €47 " €y (222)
ll;;](,;]t/,;lm
Vk;él"bk#ll
Vk. i i
=N g, aig, - aig - a(ed) - e o) (223)
s=1t=1 i=1
t>s
m m
=3 uls,t), (224)
s=1t=1
t>s
with (s, t) ==Y (=)™ a; - aij, - ai;qles) e mou(i). (225)
i=1
It is important to note that for all s # ¢ we have:
y(s,t) = y(t,s). (226)
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Now consider ¢t < s:

m m

m—s
> > iy gy * Qiggo " Vig g * Qi jon Qi * Ciy * €0y~ €17 €4y, - (—1)"77q(es,) (227)
s=Lt=1 4y iy, jdrim
1<s LAl

t—1

o
NE

D iy g, Wi Qi iy (1) e e e e e, - (1) % (es,)

s=1t=14y,.,i¢,.54 im
t<s 1Vk7él~)’jik/¢il
(228)
=3 i i i (<)) (1) e, - (i) (229)
s=1t=114;=1
t<s
m m n
= Z Z Z(_l)m+s+t+lai,js @i, aij-q(ei) - e ms (i) (230)
s=1t=1 i=1
t<s
W) o
s=1t=1
t<s
=33 ues) =
t=1 s=1
s<t
== ylst) 239
t=1 s=1
s<t
W) o
s=1t=1
t>s

In total we see that both terms appear with a different sign and thus cancel out. This shows the
claim. O

Corollary D.28. Letey, ... e, andby, ..., b, be two orthogonal bases of (V, q) with basis transition
matrix C' = (¢; j)ie[n].je[n)*

Vien. b= cije (235)

i€[n]
Then C is invertible and we have the following matrix relations:

diag(q(by), ., q(ba)) = C7 diag(aler)s . ., a(en))C. (236)

Furthermore, for every subset J C [n] we have the formula:

by = Z detC’LJ-eI, (237)
IC[n]
[T|=|J|

with the submatrix: Cr ;= (¢; ;)icl jeJ-
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Proof. For j,1 € [n] we have:

diag(q(b1), -, q(bn))j1 = a(bs) - 45, (238)
= b(b;,by) (239)
= Z Z Cij - Cry - blei, er) (240)
i=1 k=1
=3 cijcra-ale) S (241)
=1 k=1
= (C" diag(a(er),- -, a(en))C) ;- (242)
This shows the matrix identity:
diag(q(b1), - ..,q(b,)) = C" diag(q(er), ..., q(en))C. (243)
Furthermore, we have the following identites:
by =1bj,---bj, (244)
= Z Cilvjl : eil T Z cimvjm, ' e":m, (245)
i1€[n] im €[n]
= > (Cirga " Cimj) * (€3, - €4,,) (246)
i1€[n],...,im €[N]
= > (Cirsja =" Ciujin) (€31 - €5,,) (247)
i1€[N],...,im E€[n]
[{i1,sim }=m
= Z sgn(il, e ,Zm) . (Ci17j1 e Cim,jm) . e{ihm,im} (248)
i1€[n],...,im €[N]

Hitseesim }=m

= > <Z sgn(0) * Ci g1y "'Cia<m,>,jm> “€{ireim} (249)

i1, im€[N] \OESH
i1 <<
= > detCry-er. (250)
IC[n]
[ I|=m
This shows the claim. O
Notation D.29. For m ¢ {0,...,n} it is sometimes convenient to put:

1™ (v, q) := 0. (251)

Corollary D.30. We have the following orthogonal sum decomposition (w.r.t. q) of the Clifford
algebra CL(V, q) into its F-vector spaces of multivector components:

CLV.q) = P ™ (V.a), (252)
m=0
which is independent of the choice of orthogonal basis of (V,q). Also note that for allm =0, ... n:
dim C1™ (V, q) = (”) . (253)
m

Definition D.31. We call an element x € C1™ (V, q) an m-multivector or an element of C\(V, q) of
pure grade m. For x € CI(V, q) we have a decomposition:

SR () B C B () (254)

with 2™ € C1™(V,q), m = 0,...,n. We call 2™ the grade-m-component of .
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Remark D.32. Note that the multivector grading of C1(V, q) is only a grading of F-vector spaces,
but not of F-algebras. The reason is that multiplication can make the grade drop. For instance, for

veV =ClYV,q) we have vo = q(v) € C1(V, q), while a grading for algebras would require
that v € C1'®)(V, q), which is here not the case.

Remark D.33 (Parity grading and multivector filtation in terms of multivector grading).

1. We clearly have:

(v, q) = EB a™(wv,q), cltlv,q) = @ CI™(V,q).  (255)

2. Itis also clear that for general m we have:

CIE™ (v, q) = @01 MW,q) <  CIV,q). (256)
=0

A simpler proof of Theorem |D.27|can be obtained if we assume that char(IF) = 0. We would then
argue as follows.

Definition D.34 (Antisymmetrization). For m € N and x1,...,2,, € Cl(V,q) we define their
antisymmetization as:

[T15. .5 Tm] — Z Sgn(0) - To(1) -+ To(m), (257)
oESH

where S,,, denotes the group of all permuations of [m). Note that, due to the division by m! we need
that char(F) = 0 if we want to accommodate arbitrary m € N.

Lemma D.35. Let ey, ..., e, be an orthogonal basis of (V,q) and x1, ...,z € CIV,q). Then we
have:

1. [x1;...; ) is linear in each of its arguments (if the other arguments are fixed).

20 [T s ] = =X T TR T

3 [xrs . mes . xnm] = 0if g = @y

4. leiy;...sei ] =e€iy e, if|{i1,-..,im}| = m (ie if all indices are different).
Definition D.36 (Multivector grading - alternative, basis independent definition). Form =0,...,n

we (re-)define:
C1™(V, q) := span {[v1;...;vm] | V1, .., vm € V). (258)

Theorem D.37. Let eq,...,e, be an orthogonal basis of (V,q), char(F) = 0. Then for every
m = 0,...,n we have the equality:

C1™ (V,q) = span{ea | A C [n], |A| = m}. (259)

Note that the rhs is seemingly dependent of the choice of the orthogonal basis while the lhs is defined
in a basis independent way.

Proof. We can write every v;, € V as a linear combination of its basis vectors:

Uk = Z ckvjk ’ 6jlc' (260)

Jr€ln]
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With this we get:

iesoml = Y T eran - leniies]

J1,--dm€[n] k€[m)]

= Z H Ck,jk [ejl; R ej'm.]

J1s--0dm€[n]  k€[m]
‘{jlv-“vjm,}l:m

= E H Ckjr " €1 """ €

j‘17~~-7j7n€[7l] ke[m]
i1, sdm=m

- Z + H Ch.jk " €{j1sensim}

jl,...,j_mG[’ﬂ] ke[m]
H{d1s-dmH=m

€ spanfea | A C [n],|Al =m}.
This shows the inclusion:
C1U"™(V, q) C span{ea | A C [n], |A] = m}.
The reverse inclusion is also clear as:
ea=lej;-- e, € Q1M (V,q),
where A = {j1,...,Jm} and |A| = m. This shows the equality of both sets.

D.7 The Radical Subalgebra of the Clifford Algebra

(261)

(262)

(263)

(264)

(265)

(266)

267)

Again, let (V, q) be a quadratic vector space of finite dimensions dim V' = n < oo over a field F of

char(IF) # 2. Let b the corresponding bilinear form of g.
Notation D.38. We denote the group of the invertible elements of C1(V, q):

C1*(V,q) :=={z € CI(V,q) |3y € CI(V,q). 2y = yx = 1} .

Let R C V be V’s radical subspace. Recall:
R:={feV|VveV.b(f,v)=0}.

Definition D.39 (The radical subalgebra). We define the radical subalgebra of C1(V, q) to be:

A\(R) :=span{1, fi--- fi |k € No, y e R, =1,...,k} C CL(V,q).

Note that q|r = 0 and that \(R) coincides with CI(R, q|r ).
Notation D.40. We make the following further abbreviations:

/\[i] (R):== A(R)nC1(V,q),
(=1)

AN~ (R):=span{fi- filk> 1 fie RI=1,... k),
/\X(R) — ]FX i /\(21)(7?/>7

/\[X](’R) =T +span{fi- - fu |k >2even, fie R, I=1,...,k},
(z1)

AN®R=1+\""(R),
/\[*](R) :=1+span{fi-- fu|k>2even, fi e R, =1,...,k}.

Here, F* denotes the set of invertible elements of FF.
Lemma D.41. 1. Forevery h € /\(21)(7?,) there exists a k > 0 such that:
R = 0.

In particular, no h € /\(21)(73) is ever invertible.
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(272)
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2. Everyy € N*(R) = A(R) \ /\(21)(72) is invertible. Its inverse is given by:
y l=c ' (1—h+h®—- -+ (-1)FnF), (278)
where we write: y = c¢- (1 + h) withc € F*, h € /\(21)(72), and k is such that h*+1 = 0.

3. In particular, we get:

A (R) = \(R)NCI* (V. q). (279)
Proof. Items 1 and 3 are clear. For item 2 we refer to Example [E.2T] O
Lemma D.42 (Twisted commutation relationships). 1. Forevery f € Randv € V we have
the anticommutation relationship:
fo=—vf+2b(f,v) =—vf. (280)
=0

2. Forevery f € R and x € CI(V,q) we get the following twisted commutation relationship:

a(@)f = (@ =2 f = £ + 211 = fa. (281)

3. Foreveryy € \(R) and every x € C1°(V, q) we get:
Ty = yx. (282)

4. Foreveryy € A(R) and v € V we get:

a(y)v = Y -y = vy + ylt) = vy. (283)

5. Foreveryy € /\[0] (R) (of even parity) and every x € CI(V, q) we get:
yr = xy. (284)

Remark D.43. A direct consequence from Lemma 25.42 is that the even parity parts: /\[0] (R),
/\[X] (R) and /\[*] (R) all lie in the center of C1(V, q), which we denote by 3(CL(V, q)):

N'®yc N w) e N ®) 30V, a), (285)

i.e. everyy € /\[0] (R) (of even parity) commutes with every x € Cl(V,q). For more detail we refer
to Theorem

In the following we will study the center of the Clifford algebra 3(C1(V, q)) more carefully.

D.8 The Center of the Clifford Algebra

In the following final subsections, we study additional properties of the Clifford algebra that will aid
us in studying group representations and actions on the algebra in the upcoming sections.

Let (V, q) be a quadratic space over a field F with char(F) # 2 and dim V' = n < oo.

Definition D.44 (The center of an algebra). The center of an algebra A is defined to be:

3A) :={ze A|Vx € A.zz = zzx}. (286)

Lemma D.45. Let ey, ..., e, be an orthogonal basis of (V,q). For A C [n] := {1,...,n} let
eq = HZ—<€A e; be the product in C1(V, q) in increasing index order, ey := 1. Then we get for two
subsets A, B C [n]:

|Al-|B|—|ANB|

eaep = (—1) -epes. (287)
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In particular, for j ¢ A we get:

eac; = (—1)14 ¢ ey, (288)
and:
caej —ejea = ()" =1) - ejea = (DD + Deao gy, (289)
where 1 is the position of j in the ordered set AU {j}.
Fori € Awe get:
eae; = (—D)IAITgiey = (—1)‘A|_sq(ei)e,4\{i}, (290)
and:
€AC; — €jeq = (—1)5((—1)"4| + 1)a(es)eafiys (291)

where s is the position of i in the ordered set A.

Proof. Let B := {j1,...,jip} C [n].

< <
esep = H €; H e; (292)

i€cA  jEB
_ < <
= (-plA-tede; TTe T e (293)
i€A  jEB\j1
- (_1)\B|IA\—EJEB Hi€Ale pe s (294)
= (—1)|BIIAI=IANBl e (295)
O
For the other two identities, we similarly make use of the fundamental Clifford identity.
Lemma D.46. Let (V,q) be a quadratic space with dimV = n < oco. Let e1,...,e, be an
orthogonal basis for (V, q). For x € C1(V, q) we have the equivalence:
x € 3(C1(V,q)) — Vi € [n]. me; = e;x. (296)
Proof. This is clear as C1(V, q) is generated by ey, - - - eg,.
O

Theorem D.47 (The center of the Clifford algebra). Let (V, ) be a quadratic space with dim' V' =
n < oo, charF # 2, and let R C V be the radical subspace of (V, q). Then for the center of CL(V, q)

we have the following cases:

1. If nis odd then:

siv,a) = \"R) o ™ (V,a) 97)
2. Ifnis even then:
siv.a) =" (R). 298)
In all cases we have:
A’ ®) < 31v;q). (299)
Proof. Let ey,..., e, be an orthogonal basis for (V, q). The statement can then equivalently be

expressed as:
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1. If nis odd or q = 0 (on all vectors), then:

3(CUV,q)) = span {1,e4, e[ | |[A] even , Vi € A.q(e;) =0} (300)
= /\H +Cl(") V,q). (301)
2. If nis even and q # 0 (on some vector), then:
3(Cl(V,q)) =span{l,es||A| even Vi c A.q(e;) =0} (302)
- /\[0] (R). (303)

Note that if n is even and q = 0 then both points would give the same answer, as then V = R and
thus:

a”w,q) = A" ®) < A" (R). (304)

We first only consider basis elements e 4 with A C [n] and check when we have e4 € 3(CL(V, q)).

‘We now consider three cases:

1. A = (). We always have: ey = 1 € 3(CL(V, q)).

2. A = [n]. For every i € [n] we have:

empei = (—1)" 7" - eiep) = £a(es) - e fiy- (305)

So e) € 3(CL(V, q)) iff either n is odd or g = 0 (on all e;).

3. 0 # A C [n]. Note that for ¢ € A we have:

eae; = (—1)"4"1 -ejeq = £q(e;) - ea\ (i} (306)
while for j ¢ A we have:

eaej = (—1)"4‘ -ejeq. (307)

The latter implies that for e4 € 3(C1(V, q)) to hold, | A| necessarily needs to be even. Since
in that case (—1) lAI=1 = _1, we necessarily need by the former case that for every i € A,

q(e;) = 0.

Now consider a linear combination 2 = 3~ 4|, ca - ea € CL(V,q) with c4 € F. Then abbreviate:

Z :=span{eq | A C [n],es € 3(CI(V,q))} C 3(CL(V,q)). (308)
We need to show that x € Z. We thus write:
T=y+ 2z, y::ZcA-eA, Z::ZCA'EAEZ. (309)
AC[n] ACln]
GAQZ eA€EZ

So with z, z € 3(C1(V, q)) also y € 3(CL(V, q)) and we are left to show that y = 0.
First note that, since ey = 1 € Z, there is no eg-component in y.

We now have for every i € [n]:
0=ye; — ey (310)

= E ca-(eae; —een) (311)
ACl[n]
eAtZ

= Z ca-(eae; —ejeq) + Z ca-(eae; —ezen) (312)
ACln] ACln]

eadZ eadZ
€A igA

S R+ Dale)eaeangy + Y H(DHT +Deaeqngy. (B13)
AC[n] AC[n]

eAtZ eAtZ
€A igA
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Note that for A, B C [n] with A # B we always have:

A\ {i} # B\ {i}, ificAicB, (314)
A\ {i} # BU {i}, ificAig¢B, (315)
AU {i} # B\ {i}, ifi¢ Aie B, (316)
AU {i} # BU {i}, ifi¢ Ai¢B. 317)

So the above representation for ye; — e;y is already given in basis form. By their linear independence
we then get that for every A C [n] withes ¢ Z and every i € [n]:

0= ((—=1) A1+ 1)q(es)ca, fori € A, (318)
0= ((—1)AH+ 4 1)ey, fori ¢ A. (319)
First consider the case ef,,) ¢ Z. By the previous result we then know that n is even and q # 0. So
there exists e; with q(e;) # 0. So the above condition for ¢ € [n] then reads:
0 = 2q(e;)cp) fori € [n], (320)
which implies cf,; = 0 as g(e;) # 0. So y does not have a e,,;-component.

Similarly, for A C [n] with A # [n] and e4 ¢ Z and |A| odd there exists ¢ ¢ A and the above
condition reads:

0= 2ca, fori ¢ A, (321)
which implies ¢4 = 0. So y does not have any e 4-components with odd | A|.

Now let A C [n] with A # [n] and e4 ¢ Z and | A| even. Then by our previous analysis we know
that there exists ¢ € A with g(e;) # 0. Otherwise e4 € Z. So the above condition reads:

0 =2q(e;)ca, fori € A, (322)

which implies c4 = 0 as q(e;) # 0. This shows that y does not have any e 4-component with even
A

Overall, this shows that y = 0 and thus the claim. O
D.9 The Twisted Center of the Clifford Algebra

Notation D.48. Let ey, ..., e, be an orthogonal basis of (V,q). For A C [n] := {1,...,n} let
eq = H;A e; be the product in C1(V, q) in increasing index order, ey := 1. Then (ea) ac[n) forms
a basis for C1(V, q).

Definition D.49 (The twisted center of a Z/2Z-graded algebra). We define the twisted center of a
7./2Z-graded algebra A as the following subset:

R(A) = {y eA ‘ Ve e A yal 4 (y0 — o1z = :vy} . (323)

Theorem D.50. We have the following identification of the twisted center with the radical subalgebra
of the Clifford algebra C1(V, q) and the set:

R(CUV,q)) = A\(R) = {y € CU(V,q) |Vv € V. a(y)v = vy} . (324)

Proof. Lety € A\(R) then by Lemma|D.42|we get:

yrl 4+ a(y)zt = 20y 4 20y = 2y, (325)
This shows that:
y € R(CL(V; q)), (326)
and thus:
A(R) € R(CUV, q)). (327)
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Note that the following inclusion is clear as V' C CI(V, q):
R(CUV, q)) € {y € CUV,q) | Vo € V. aly)v = vy} (328)

For the final inclusion, let y = 3 5, cp - ep € Cl(V,q) such that for all v € V' we have
a(y)v = vy. Then for all orthogonal basis vectors e; we get the requirement:

ey = a(y)ei, (329)

which always holds if q(e;) = 0, and is only a condition for q(e;) # 0. For such e; we get:

(ZCB ep + ZCB eB+ZCB €B+ZCB €B> (330)

[n] BC|n] BC|n] BC|n]
| B| even | B| even | B| odd | B odd
i€B i¢B i€B i¢B
= ey (331)
= a(y)e; (332)
a( Z cg-ep+ Z cp-ep+ Z cg-ep+ Z cB -+ 63)61 (333)
BCl[n] BC|n] BC[n]
| B| even |B|even | B| odd | B odd
i€B i¢B i€B i¢B
= ( Z cp-€ep+ Z CB-€B — Z CB-€B — Z cB - 63)61 (334)
BC|[n] BC|[n] BC|[n]
|B|even | B| even \B\odd | B| odd
i€B i¢B i€B i¢B
( Z cp-ep+ Z cp-ep — Z cp-ep+ Z cp - eB> (335)
BC|[n] BCln] BCln]
|B|even | B| even | B odd |B| odd
i€B i¢B i€B i¢B

Since e; with q(e;) # 0 is invertible, we can cancel e; on both sides and make use of the linear
independence of (ep) pcn) to get that:

cg=0 if ieB. (336)

Since for given B this can be concluded from every e; with q(e;) # 0 we can only have cp # 0 if
q(e;) = 0 for all j € B. Note that elements e; with q(e;) = 0 that are part of an orthogonal basis
satisfy e; € R. This shows that:

Y= Z cp-ep €span{es | A C [n],VieA.eieR}:/\(R). (337)
BCln]
VjeB. q(e;)=0

This shows the remaining inclusion:
{y € CU(V,q) |Vv € V. a(y)v = vy} € \(R). (338)

This shows the equality of all three sets. O

E The Clifford Group and its Clifford Algebra Representations

We saw that Cartan-Dieudonné (Theorem [C.13)) generates the orthogonal group of a (non-degenerate)
quadratic space by composing reflections. Considering this, we seek in the following a group
representation that acts on the entire Clifford algebra, but reduces to a reflection when restricted to
V. Further, we ensure that the action is an algebra homomorphism and will therefore respect the
geometric product.
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E.1 Adjusting the Twisted Conjugation

Recall the notation C1* (V, q) := {x € C1(V,q) | Jy € CL(V,q).zy = yx = 1}.

Motivation E.1 (Generalizing reflection operations). For v, w € V with q(w) # 0 the reflection of v
onto the hyperplane that is normal to w is given by the following formula, which we then simplify:

b(w,v)

—v—2

rw(v) =v b(ur, w)w (339)
b(w, v)
= wwv/q(w) — 2 w (340)
)

= —w(—wv + 2b(w,v))/q(w) (341)
= —wow/q(w) (342)
= —wvw_l. (343)
So we have 1, (v) = —wvw™! for v,w € V with q(w) # 0. We would like to generalize this to

an operation p for w from a subgroup of T C C1*(V,q) (as large as possible) onto all elements
x € CUV,q). More explicitely, we want for all wi,ws € T' and x1,25 € Cl(V,q), v,w € V,

q(w) # 0

p(w)(v) = —wovw ™ =7, (v), (344)

(p(w2) o p(w1)) (z1) = p(waw)(z1), (345)
p(wi1)(z1 + x2) = p(wi)(21) + p(wi)(z2), (346)
p(w1)(@122) = p(w1)(z1)p(w)(z2). (347)

The second condition makes sure that C1(V, q) will be a group representation of T, i.e. we get a group
homomorphism:

p: T — Aut(CL(V,q)), (348)
where Aut(C1(V, q)) denotes the set of automorphisms CL(V,q) — CL(V, q).

In the literature, the following versions of reflection operations were studied:

po(w) : x — wrw pr(w) : = alw)zw po(w) : = wralw) . (349)
Since po(w) is missing the minus sign it only generalizes compositions of reflections for elements
w=wy--wg w; €V, q(v) # 0, of even parity k. The map p1(w), on the other hand, takes
the minus sign into account and generalizes also to such elements w = wy - - - wy, of odd party
k = prt(w) as then: a(w) = (—1)P**(“w. However, in contrast to po(w), which is an algebra
homomorphism for all w € C1* (V. q), the map p1(w) is not multiplicative in x, as can be seen with

v1,v2 € Vand w € V with q(w) # 0:

p1(w)(v1v2) = a(w)vivew ™! (350)
= (- 1)prt(“’)wv w 1(—1)1””(“’)(—1)"”(7”“)101)21171 (351)

= (=P py (w) (v1) pr (w) (v2) (352)

# pr(w)(v1)pr(w)(v2). (353)

The lack of multiplicativity means that reflection and taking geometric product does not commute.

To fix this, it makes sense to first restrict p1(w) to V, where it coincides with r., and also still is mul-
tiplicative in w, and then study under which conditions on w it extends to an algebra homomorphism
CI(V,q) = CL(V, q).

More formally, by the universal property of the Clifford algebra, the obstruction for:
plw): V= ClV,q), p(w)(v) = a(w)ow™ = wn(w)ow™, n(w) = wa(w), (354
with general invertible w € C1*(V,q), to extend to an F-algebra homomorphism:

p(w) : CU(V,q) — CL(V. q), (355)
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is the following:

eV,  q(v) = (p(w)(v))? (356)
= p(w)(v)p(w)(v) (357)
= (wn(w)vw™")(wn(w)ow™) (358)
= wn(w)vn(w)vw™?!, (359)
which reduces to:
Yo eV. q(v) = n(w)vn(w)v. (360)

The latter is, for instance, satisfied if n(w) commutes with every v € V and 1 = n(w)?. In particular,

the above requirement is satisfied for all w € C1*(V, q) with n(w) € {£1}, which is equivalent to
a(w) = tw, which means that w is a homogeneous element of C1(V, q) in the parity grading. This
discussion motivates the following definitions and analysis.

Notation E.2 (The coboundary of «). The coboundary 1 of « is defined on w € C1*(V, q) as follows:
n: CI(V,q) = CI*(V, q), n(w) = w™ a(w). (361)

Remark E.3. 1. n is a crossed group homomorphism (aka 1-cocycle), i.e. for wy,ws €
CI*(V, q) we have:

n(wiwz) = n(w)"*n(ws), with — n(wi)™ = wy n(wr Jws. (362)

2. Forw € CI*(V, q) we have:
w = n(w)"t. (363)

3. For w € CI*(V,q) we have that w is an homogeneous element in C1(V, q), in the sense of
parity, if and only if n(w) € {£1}.
Definition E.4 (The group of homogeneous invertible elements). With the introduced notation we
can define the group of all invertible elements of C1(V, q) that are also homogeneous (in the sense of
parity) as:

(v, q) = (C*(v,q) n (v, ) u (01 (V) n (v, q)) (364)
= {w e CI*(V,q) | n(w) € {£1}}. (365)
Notation E.5 (The main involution - revisited). We now make the following abbreviations:
a:=id: CI(V,q) — CI(V,q), a¥(z) := 20 4 20 = o (366)
a'i=a: Cl(V,q) — CI(V,q), ot (z) == 20 — 2, (367)
Forw € CI(V, q) we then have:
aP™t @) . C(V, q) = CL(V,q), aPrt W) () = g0 4 (—q)preCw) (368)

Note that oP**("*) is an F-algebra involution of C1(V, q) that preserves the parity grading of C1(V, q).

We also need the following slight variation o, which in many, but not all cases, coincides with
P (W) Forw € C1*(V, q) we define the w-twisted map:

o CL(V,q) — CL(V, q), a(z) := 20 4 p(w)2. (369)

Remark E.6. Note that for w € C1)(V, q) we have that n(w) = (—1)P*®) and thus o® = aPT*),
in which case «* is an F-algebra involution of C1(V, q) that preserves the parity grading of C1(V, q).

Definition E.7 (Adjusted twisted conjugation). For w € C1*(V, q) we define the twisted conjugation:

p(w) : CI(V,q) = CL(V,q), p(w)(z) == wrllw™! + a(w)zMw™?. (370)
—w (x[‘” + n(w)xm) w! 371)
= wa (z)w™. (372)

51



We now want to re-investigate the action of p on C1(V q).

Lemma E.8. For every w € C11¥! (V,q) the map:
plw): CUV.q) = CUV.a), @ = plw)(@) = w (ol +n()alT) w™!,  (373)

is an F-algebra automorphism that preserves the parity grading of CI(V, q). Its inverse it given by
-1
p(w™?).

Proof. First note that o agrees with the involution a*™*(*) for w € 1] (V,q). Since aP™(®) js an
[F-algebra automorphism that preserves the parity grading of C1(V q) so is a* for w € c1x V,q).
Furthermore, the conjugation po(w) : x + wzw ™! is an F-algebra automorphism, which preserves
the parity grading of C1(V, q) if w € C1)(V, q). To see this, note that 0 = prt(1) = prt(ww=!) =
prt(w) + prt(w=1t). As such, prt(w) = prt(w~1t). Then, prt(wzw=') = prt(w) + prt(z) +
prt(w™1) = 2prt(w) + prt(z) = prt(z). Here, we use the fact that the Clifford algebra is Z/27Z-
graded.

So, their composition p(w) = pg(w) o a* is also an F-algebra automorphism that preserves the
parity grading C1(V, q) for w € C1X/(V, q). O

As a direct corollary we get:

Corollary E9. Let F(Ty1,...,The) € F[Io1,...,T1e] be a polynomial in 2¢ variables with

coefficients inF. Let z1, . .., xy € CL(V, q) be { elements of the Clifford algebra and w € C11*) (V,q)
be a homogeneous invertible element of C1(V, q). Then we have the following equivariance property:

p(w) (F(x[f’h Sl ,xg;])) = Fpw)(z) ..., ptw)(@), ..., p(w)(z)). (374)
Proof. This directly follows from Lemma E.g8] O

Futhermore, we get the following result:
Theorem E.10. The map:

p: CIM(V,q) — Autaig,pre (CLV, 1)), w = p(w), (375)

is a well-defined group homomorphism from the group of all homogeneous invertible elements of
CI(V, q) to the group of F-algebra automorphisms of CI(V, q) that preserve the parity grading of

CI(V, q). In particular, C(V, q), C1I%(V, q), C1M(V, q) are group representations of C1¥! (V,q) via
p.

Proof. By the previous Lemma[E.§| we already know that p is a well-defined map. We only need to
check if it is a group homomorphism. Let wy, wo € C1X! (V,q) and 2 € CI(V, q), then we get:

(p(w2) o p(wr)) (x) = p(we)(p(w1)(x)) (376)
= plwa) (wra? ) (2w !) (377)
= woaPrt(w2) (wlaprt(wl)(x)wl_l) wy (378)
= wmprt(wz)(wl)aprt(wa)(aprt(wl) (x))aprt(wz) (wl)_lwgl (379)
iy (1 )PE2) PE(n) Pt (uw)Hprt () () YPrewe) pren) =1y =1
(380)
_ w2w1aprt(u)2)+prt(wl) (x)wl—le—I (381)
= (wowy )P (W21 (1) (wow ) 7 (382)
= p(wowy)(x), (383)
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where we used the multiplicativity of aP™ (") (z):

a(z)a” (y) = ((~1)™ 2l 4 2fo]) (—1)rrHeyhl 4y ) (384)
:(_1pnw»( Mym_%ﬂﬂﬁm)+xD@UL+xMyM (385)
=a" ((wy)[”) + (zy) (386)
= a“(zy). (387)

This implies:
p(wz) o p(wr) = p(wawr), (388)
which shows the claim. O

Finally, we want to re-check that our newly defined p, despite its different appearance, still has the
proper interpretation of a reflection.

Remark E.11. Let w,v € V with q(w) # 0. Then p(w)(v) is the reflection of v w.r.t. the hyperplane
that is normal to w:

p(w)(v) = wa™ (V)w™' = —wow ™ = ry(v). (389)
Remark E.12. The presented results in this subsection can be slightly generalized as follows. If
w € C1*(V,q) such that n(w) € \(R) then by Theoremwe getforallv eV:

vn(w) = a(n(w))v =n(w)"v. (390)
This implies that for allv € V:
n(w)vn(w)v = n(w)n(w) " v = q(v), (391)
and thus forallv € V:
(a(w)vw™ M (a(w)vw™) = q(v). (392)
By the universal property of the Clifford algebra the map:
plw): V= Cl(V,q), v a(w)ow ™!, (393)
uniquely extends to an F-algebra homomorphism:
p(w) = CL(V,q) = CL(V, q), (394)
with:
T =co+ Zci SVl Uik (395)
il
— co+ Z ¢i - a(w)v; qw —l... a(w)vi’kiw_l (396)
icl

=w (co + Z ¢ - n(w)vg - n(w)vi}ki> w! (397)

el

=w | co+ Zci-vi71-~-vlk + n(w ZCZ Vil Uik, w! (398)
iel iel
k; even k; odd

=w (x[o] + n(w) - x[l]) w . (399)

To further ensure that the elements w € C1*(V,q) with the above property form a group we
might need to further restrict to require that n(w) € /\[X](R). At least in this case we get for
wy, we € CI*(V, q) with n(wy),n(ws2) € /\[X](R) C 3(CIV,q)), see Remark that:

Dwsw) = wi n(ws)wrn(wy) = wi win(ws)ne) = n(w)n(w) € \R). @o0)
So the following set:

C;{wG@XVq

) e /\ } (401)

is a subgroup of C1” (V, q) where every w € C defines an algebra homomorphism:

plw) : CLUV.q) = CL(V, ). plw)(e) = w (% + n(w)ell) =l @02)
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E.2 The Clifford Group

Motivation E.13. We have seen in the last section that if we choose homogeneous invertible elements
w e C1% (V,q) then the action p(w), the (adjusted) twisted conjugation, is an algebra automorphism
of CI(V,q) that also preserves the parity grading of C1(V,q), in particular, p(w) is linear and
multiplicative.

We now want to investigate under which conditions on w the algebra automorphism p(w) also
preserves the multivector grading:

CUV,q) =WV, ) APV, q) @ --- @ ™ (V,q) @ --- & C1™ (V, q). (403)

If this was the case then each component c1m) (V,q) would give rise to a corresponding group
representation.

To preserve the multivector grading we at least need that forv € V = Cl(l)(V, q) we have that
also p(w)(v) € C1Y(V,q) = V. We will see that for w € C1*(V, q) such that p(w) is an algebra
homomorphism, i.e. for w homogeneous and invertible, and such that p(w)(v) € V forallv € V,
we already get the preservation of the whole multivector grading of C1(V, q).

Again, let (V, q) be a quadratic space over a field F with char(F) # 2 and dimV = n < oo and
ei, ..., e, and orthogonal basis of (V, q).

Remark E.14. In the following, we elaborate on the term Clifford group in constrast to previous
literature. First, the unconstrained Clifford group is also referred to as the Lipschitz group or
Clifford-Lipschitz group in honor of its creator Rudolf Lipschitz [[LSO9]. Throughout its inventions,
several generalizations and versions have been proposed, often varying in details, leading to slightly
non-equivalent definitions. For instance, some authors utilize conjugation as an action, others apply
the the twisted conjugation, while yet another group employs the twisting on the other side of the
conjugation operation. Furthermore, some authors require that the elements are homogeneous in the
parity grading, where others do not. We settle for a definition that requires homogeneous invertible
elements of the Clifford algebra that act via our adjusted twisted conjugation such that elements
from the vector space V' land also in V. The reason for our definition is that we want the adjusted
twisted conjugation to act on the whole Clifford algebra C1(V, q), not just on the vector space V.
Furthermore, we want it to respect, besides the vector space structure of C1(V, q), also the product
structure, leading to algebra homomorphisms. In addition, we also want that the action to respect the
extended bilinear form b, the orthogonal structure, and the multivector grading. These properties
might not (all) be ensured in other definitions with different nuances.

Also note that the name Clifford group might be confused with different groups with the same name in
other literature, e.g., with the group of unitary matrices that normalize the Pauli group or with the
finite group inside the Clifford algebra that is generated by an orthogonal basis via the geometric
product.

Definition E.15. 1. We denote the unconstrained Clifford group of C1(V, q) as follows:
I'(V,q) == {w e CI*(V,q) | Vv € V. p(w)(v) € V'}. (404)

2. We denote the Clifford group of CI(V, q) as follows:

L(V.q) = CIM(V,q) N E(V.0) (405)
= {w € CI*(V,q) | n(w) € {£1} AVv € V. p(w)(v) € V'}. (406)

3. We define the special Clifford group as follows:

(v, q) = T(V,q) N CI%(V.q) = T(V,q) n 1%V, ). (407)
Theorem E.16. For w € T'(V, q) and x € CI(V, q) we have forallm =0, ... ,n:
plw) (™) = p(w) ()™, (408)

In particular, for z € C1"™ (V, q) we also have p(w)(z) € C1™ (V, q).
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Proof. We first claim that for w € I'(V, q) the set of elements:

by == p(w)(e1),...,by == p(w)(en), (409)

forms an orthogonal basis of (V,q). Indeed, since p(w)(e;) € V, by definition of T'(V, q), the
orthogonality relation, ¢ # j:

0= 25(61', 6]‘) = €€ + €€, (410)
transforms under p(w) to:
0= p(w)(0) = p(w) (eie; + eje;) (411)
= p(w)(ei)p(w)(e;) + p(w)(e;)p(w)(ei) (412)
= bib; + by, (413)
— 26(by, b;). (414)
This shows that b, . . ., b, is an orthogonal system in V. Using p(w ') we also see that the system
is linear independent and thus an orthognal basis of V. By the basis-independence of the multivector
grading C1™)(V, q), see Theorem we then get for:
T= Y Cipin €€y € QLY (V0), (415)
i< iy
the relation:
pw)(@) = > iy biy oo by, € CI(V,q). (416)
i1 <<l
This shows the claim. O
Corollary E.17. The map:
P F(K CI) - AUtAlg,grd (Cl(‘/a CI)) ’ w = P(w)7 (417)

is a well-defined group homomorphism from the Clifford group to the group of F-algebra automor-
phisms of C1(V,q) that preserve the multivector grading of C1(V,q). In particular, C\(V, q) and

Cl(m)(V, q) form =0, ..., n, are group representations of T'(V, q) via p.
Corollary E.18. Let F(T4,...,Ty) € F[T4,...,Ty] be a polynomial in ¢ variables with coefficients

inFandlet k € {0,...,n}. Further, consider { elements x1,...,xy € CI(V,q). Then for every
w € D(V, q) we get the equivariance property:

plw) (F(ml, . xg)w)) = F(p(w)(x1), ..., plw)(x))*, (418)

where the superscript (k) indicates the projection onto the multivector grade-k-part of the whole
expression.

Example E.19. Ler w € V with q(w) # 0, then w € T'(V, q).

Proof. 1t is clear that w is homogeneous in the parity grading, as n7(w) = —1. Forv € V we get:
b(v, w)
pw)(v) =ry(v)=v—2 w e V. 419)
(w)(0) = ru(0) o)
This shows w € T'(V, q). O

Example E.20. Lete, f € V with b(v, f) = 0 forallv € V, and put: v =1 + ef € ClI%(V, q).
Then~ € I'(V, q).

Proof. First, note that for all v € V' we get:
fv=—vf+4+2b(f,v)=—vf. (420)
Next, we see that:

v l=1—ef. 421)
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Indeed, we get:

(I+ef)Y(1—ef)=1+ef —ef —efef (422)
=1+effe 423)
=1+q(f)ale) (424)
7

- 1. 425)

Now consider v € V. We then have:
p(1) () = a(y)oy™! (426)
=(1+ef)v(1—ef) (427)
=1 +ef)(v—uvef) (428)
=v+efv—vef —efvef (429)
=v—evf —vef —eveff (430)
=v—(ev+wve)f —q(f)eve (431)

>

=v —2b(e,v)f (432)
ev. (433)
This shows v € T'(V, q). O

Example E.21. Let f1,. .., f € V be a basis of the radical subspace R of (V,q). In particular, we
have b(v, f;) = 0 for all v € V. Then we put:

g:=14+h, with h €span{fy, - fr.|s>2even, 1 <ky <ks<...ks<r} CClV,q).
(434)

Then we claim that g € T'(V,q) and p(g) = idcyv,q).-

Proof. Since we restrict to even products it is clear that g € c1 (V, q). Furthermore, note that, since
h lives in the radical subalgebra, there exists a number £ > 1 such that:

R = 0. (435)
Then we get that:
gl =1—h+h2+ -+ (=1)*nk (436)
Indeed, we get:
k k k
(1+h) (Z(—l)lhl> =D (=D'RH ) (-1t (437)
1=0 1=0 =0
k k
_ _nipl Bl o (_1\k pRFL
=14> (-D'R' =) (-1’ 4+ (-1)F (438)
1=1 I=1 =0
=1. (439)
Furthermore, g lies in the center 3(C1(V, q)) of C1(V, q) by Theorem|D.47] Then for v € V we get:
p(9)(v) = a(g)vg™ (440)
=gug™! (441)
= vgg™! (442)
—v (443)
ev. (444)
So, g € T(V, q) and acts as the identity on V, and thus on C1(V q), via p. O
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E.3 The Structure of the Clifford Group

We have identified the Clifford group and its action on the algebra. In particular, our adjusted twisted
conjugation preserves the parity and multivector grading, and reduces to a reflection when restricted
to V. We now want to further investigate how the Clifford and the Clifford groups act via the twisted
conjugation p on V and C1(V, q). We again denote by R C V the radical subspace of V w.r.t. q. We
follow and extend the analysis of [Cru80, |Cru90l I DKL10].

We first investigate the kernel of the twisted action.

Corollary E.22 (The kernel of the twisted conjugation). 1. We have the following identity for
the twisted conjugation:

ker (p‘CIX(V,q)) = {w S Clx (V, q) |p('lU) = idCl(V,q)} é /\>< (R) (445)

2. For the twisted conjugation restricted to the unconstrained Clifford, group and to V' the
kernel is given by:

ker (p: T(V,q) = GL(V) ) i= {w e D(V.a) [ plw)ly =idv } = \"(R).  (446)

3. For the twisted conjugation restricted to the Clifford group, the kernel is given by:
ker (p: T(V,q) = Autaig(CLI(V,q))) := {w e T(V,q) | p(w) = idcyv,q) ) (447)

L /\M(R). (448)

Proof. This follows directly from the characterizing of the twisted center of C1(V, ¢) by Theorem
D.50} Note that we have for w € C1* (V, q):

p(w) = idciy,q) <= Vo € CI(V,q). p(w)(z) = = (449)
— Vz e Cl(V,q). wrllw™! + a(w)zMw™ =z (450)
— Ve Cl(V,q). wzl® + a(w)z! = zw 451)
= we RCV,q) = \(R). (452)

From this follows that:

we C(V,9)n AR) = A" (R). (453)
The other points follow similarly with Theorem [D.50]

For the last point also note:

P =fvanawae,  A®namg=AT®. asy

This shows the claims. O
Lemma E.23. 1. For every w € C1*(V,q) we have:

p(w)|r = idg. (455)

2. For everyw € CI™(V, q) we have:

p(w)[AR) = idAR)- (456)
3. Forevery g € \™(R) we have:
p(g)lv = idy. (457)
4. Forevery g € /\[X](R) we have:
p(9)lciv,q) = idciv,q)- (458)
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Proof. This directly follows from the twisted commutation relationship, see Lemma [D.42. For
w € C1*(V,q) and f € R CV we have:

p(w)(f) = a(w)fw™" = fuw™" = f. (459)

Forw € C1X] (V, q) the map p(w) is an algebra automorphism of C1(V q) and satisfies p(w)(f) = f
for all f € R. So for every y € A(R) we have:

p(w)(y) = p(w) (Z ¢ fri -fzi> (460)
i€l
=Y e p(w)(fi) - plw)(fi,) (461)
el
= Z ci - fki . fli (462)
el
=1. (463)

Forg € A" (R)and v € V we get:
p(9)(v) = alg)vg™" =vgg™" =v. (464)

For g € /\[X] (R) the map p(g) is an algebra automorphism of C1(V, q) and satisfies p(g)(v) = v for
all v € V. As above we see that for z € C1(V, ¢) we get:

p(9)(x) = p(g) (Z Ci - U, ~vz7~,> (465)

i€l
=Y i plg)(wr,) -+ plg)(vr,) (466)
iel
= ci-vk, (467)
i€l
= . (468)
This shows all the claims. O

From Lemmawe see that p(w)| () = idp(r) forw € C1>I(V, q). Together with Corollary
[E-18we arrive at a slightly more general version that allows one to parameterize polynomials not just
with coefficients from F, but also with elements from A (R), and still get the equivariance w.r.t. the
Clifford group I'(V, q):

Corollary E.24. Let F(T1,...,Ti1s) € F[T1,...,Toss] be a polynomial in £ + s variables with

coefficients in F and let k € {0, ...,n}. Further, consider { elements 11, ...,z; € CI(V,q) and s
elements y1,...,ys € N(R). Then for every w € T'(V, q) we get the equivariance property:
p(w) (F(x]"?"'71:£7y1""’y8)(k‘)> :F(p(w)('rl)?'"7p(w)(1‘€)7y1?'"7y8)(k)7 (469)

where the superscript (k) indicates the projection onto the multivector grade-k-part of the whole
expression.

We now investigate the image/range of the twisted conjugation.

Theorem E.25 (The range of the twisted conjugation). The image/range of the Clifford group T'(V, q)
under the twisted conjugation restricted to V coincides with all orthogonal automorphisms of (V, q)
that restrict to the identity idg of the radical subspace R C V of (V,q):

ran (p : I'(V,q) = GL(V)) = Ox(V, ). (470)

Again, recall that the kernel is given by:

ker (p: T(V,q) — GL(V)) = /\[X](R). 471)
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Proof. We first show that the range of p when restricted to V' will consistute an orthogonal automor-
phism of (V, q). For this let ey, . . ., e,, be an orthogonal basis of (V, ¢) and R the radical subspace
of (V,q), r = dim R. W.l.o.g. we can assume that €y, ..., €m, Emi1, - - -, Emtr With:

R =spani{emii,---,Cmir}, E :=span{ey,...,en}. (472)

For w € T'(V, q) we now apply p(w) € GL(V) to the basis elements e;. Note that by definition of
I'(V, q) we have p(w)(e;) € V. With this we get:

2b(p(w)(es), p(w)(e;)) = p(w)(ei)p(w)(e;) + p(w)(e;)p(w)(e:) (473)
= p(w) (eie; + eje;) (474)
= p(w) (2b(ei, €5)) (475)
= 2b(ei, ej). (476)

a(p(w)(v)) =a(d_ a; - p(w)(e:) 477)
i=1
= ai - alp(w)(e:)) (478)
i=1
=> a7 q(e;) (479)
i=1
=q() _ai-e) (480)
i=1
=q(v). (481)
Since p(w) is also a linear automorphism of V' with inverse p(w~!) we see that:
p(w)lv € O(V,q). (482)
By Lemma [E.23| we also see that:
Together this shows that:
p(w)ly € Or(V.q). (484)
This shows the inclusion:
ran (p: T'(V,q) = GL(V)) C Ox(V,q). (485)
Recall the definition of the set of radical preserving orthogonal automorphisms:
L . ~ O(an‘E) Om,><r
Or(V.a)i= (0 < OV.a) | ol = ide) = ({0 o (456)
~ O(E,q|lg) x M(r,m). (487)

So an element ® € O (V, q) can equivalently be written as:
O 0 O 0 I 0
@:(M I>:<O I)O(M I) (488)
_ (01 O Op 0 I 0 I 0
—<0 I>O O(o I)O(Ml,l I)O""’(Mm,r I)’ 5

where O = O; --- Oy, is a product of £k < m reflection matrices O; by the Theorem of Cartan-
Dieudonné|C.13, and M = 7", 3%, M; ; where the matrix M; ; = ¢; ; - I ; only has the entry
¢ ; € Fat(7,7) (and O otherwise). Now let w; € V' be the normal vector of the reflection O; with

q(wy) #0forl=1,...,k,andfori =1,...,mandj=1,...,7 put:
Yij =14 cij-eiemy; € CIV,0), (490)
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and further:

wi=wy WY1 Ymer € CUV, Q). (491)
Note that by Examples and[E.20]we have:
{weV]q(w)#0} CT(V,q), (492)
Yi ::1+eiZci’jemﬂ- ci,jEF,izl,...ij:l,...,r QP(V,C[), (493)
Jj=1
which implies that w € T'(V, q). With this we get:
p(w) = p(w) oo p(wg) o p(y1,1) 0 -+ 0 p(Ym.r) (494)
({01 0 Or 0 I 0 I 0
_<O I)O --o<0 I>O<M1,1 I>O.“O<Mm,7" I> (495)
= . (496)
This thus shows the surjectivity of the map:
p: T(V,q) = Ox(Vq). (497)
This shows the claim. ]

We can summarize our finding in the following statement.

Corollary E.26. We have the short exact sequence:
1— /\M(R) 2TV, q) -2 Or(V,q) — 1. (498)

From the above Theorem we can now also derive the structure of the elements of the Clifford group.

Corollary E.27 (Elements of the Clifford group). Let (V,q) be a finite dimensional quadratic vector
space of dimension n := dim'V < oo over a fields F with char(IF) # 2. Let R C V be the radical

vector subspace of (V,q) with dimension r :== dim R. Putm :=n —r > 0. Let ey, ..., e, be an
orthogonal basis of (V,q) ordered in such a way that €y, 41, . .. em4+r = ey, are the basis vectors
inside R, while e1, . .., e, are spanning a non-degenerate orthogonal subspace to R inside (V,q).

Then every element of the Clifford group w € T'(V, q) is of the form:
w:c.ful...vk.ryl...f}/m.g7 (499)
withc € F*, k € No, vy € V withq(v;) #0forl=1,... k,
Vi=1+e Y Cijems, (500)
j=1

withe; j € Ffori=1,....m j=1,...,r, andsomege/\[*}(R).

E.4 Orthogonal Representations of the Clifford Group

Lemma E.28. Lereq, ..., e, be an orthogonal basis of (V,q) and w € T'(V,q). If we put for j € [n]:

b; = p(w)(e;), (501)
and for A C [n]:
<
ba =[] b = pw)(ea), (502)
i€EA
then by, ..., by is an orthogonal basis for (V, q) and both (ea) acjn) and (ba) ac[n) are orthogonal

bases for (CI(V, q), q).
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Proof. First note that by, ..., b, is a basis of V. Indeed, the releation:

n
0=> a; b, (503)
i=1
with a; € F implies:
0 = p(w)~*(0) (504)
= p(w) ™ (Z a; - m) (505)
i=1
= a;-p(w) " (bs) (506)
i=1
= Z ai - e;. (507)
i=1
Since ey, ..., e, is linear independent we get a; = 0 for all ¢ € [n]. So also by, ...,b, is linear
independent and thus constitute a basis of V.
To show that by, . .., b, is an orthogonal basis of (V, q) let ¢ # j and then consider the following:
2-b(b;,b5) = b;bj + bjb; (508)
= p(w)(ei)p(w)(e;) + p(w)(e;)p(w)(e:) (509)
= p(w) (e;ej + eje;) (510)
= p(w)(2 - b(e;,e5)) (511)
=0
=0. (512)

This shows that by, . .., b, is an orthogonal basis of (V, ¢).

Theorem then shows that both (e4) ac[n] and (ba) acn) are orthogonal bases for (C1(V, q), q).
O

Theorem E.29. Let w € T'(V,q) and x € CI(V, q) then we get:

A(p(w)(z)) = q(z). (513)
In other words, p(w) € O(CI(V,q),q). Furthermore, we have:

pw)|Ar) = ida(r)- (514)

In other words, p(w) € O ) (CL(V,q), q).

Proof. Let ey, ..., e, be an orthogonal basis for (V,q) and b; := p(w)(e;) for j € [n]. Then
by Lemma we know that by, ..., b, is an orthogonal basis of (V, q) and both (e4)ac[n) and
(ba)acn) are orthogonal basis for (C1(V, q), q). Now let z € CI(V, q) and write it as:

T = Z TA-€en, Z xa - plw Z Ta-ba. (515)

AC[n] ACln]
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Then we get:

d(p(w)(@) = > za- [ a®:) (516)
ACIn] i€A
= > za-[Jalo(w)(e)) (517)
AC[n] iCA
= D za- [ plw)(enp(w)(e:) (518)
AC[n] €A
= > a4 [ pw)(ed) (519)
AC[n) icA
=Y za- [ pw)(ale:) - 1) (520)
AC[n) i€A
=Y za-[Jale) - p(w)(1) (521)
AC[n) i€A
=Y aa-[Jale) (522)
ACIn] i€A
=a(z). (523)
This shows the claim. The remaining point follows from Lemma [E.23] O

Similarly, and more detailed, we also get the following, using Theorem [D.27, Corollary [E.17and
Lemma[E23}

Corollary E.30. For everyw € T'(V,q) and m = 0, ..., n we have:
p(w)|crem (v,q) € Opm () (C1'(V, q),9). (524)

In words, p(w), when restricted to the m-th homogeneous multivector component Cl(m)(V, q) of

CI(V, q) acts as an orthogonal automorphism of C1™(V,q) w.rt. §. Furthermore, it acts as the
identity when further restricted to the m-th homogeneous multivector component of the radical

subalgebra: /\(m) (R) C C1I'™(V, q).

Remark E.31. Form € [n] we use ™) to denote the group homomorphism p when restricted to
act on the subvector space C1™ (V, q):

plm L'(V,q) — O/\(m>(7z)(01(m)(v7 q),9), pt™ (w) == P(w)|01(m)(v,q)- (525)
By Theoremor Corollarywe see that /\[X] (R) always lies inside the kernel of p{™:
/\[X](R) C ker p™ CT(V, q). (526)
So we get a well-defined group homorphism on the quotient:
~(m (x] E—p-
P T(Voa)/ \ T (R) = O gy Q1™ (V,),@), 5 ([w]) = p(w)|crom v,q)- (527)
Furthermore, by Theorem|E.23|we have the isomorphism:
_ (x] ~ _ _
PV T(V,0)/ T (R) 200y (C1Y(V,0),8) = Or(Viq), 5([w]) = p(w)|v. (528)
Consequently, for all m € [n] we get the composition of group homorphisms:

~ () [x] . 50m . _
P Or(Via) =2 T(V,a)/ N\ (R) = O pim () (C1™(V,9), ), (529)

P(@) = p(w)lciom (v.q)s  for any w € T(V,q) with pV(w) = @, (530)

—
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Similarly, we get an (injective) group homomorphism:
p: Or(V,q) = Opr)(CL(V,q), 1), (531)
p(®) := p(w), foranyw € T(V,q) with pV (w) = ®. (532)

So, the group O (V,q) acts on CA(V, q) and all subvector spaces C1'™ (V,q), m = 0,...,n, in the
same way as T'(V, q) does via p, when using the surjective map pM) to lift elements ® € Or(V,q) to
elements w € TV, q) with p™") (w) = ®.
Specifically, let x € CI(V,q) be of the formx = ), ¢; - vi1 -+ Vig, Withv; j € V, ¢; € F and
® € Or(V,q) is given by ® = p(Y) ([w]) with w € T(V,q), then we have:

pw)(x) =i pw)(vin) - p(w)(vig,) =Y ci- ®(vi1) - B(vig,). (533)

i€l iel

This means that the action p of O (V, q) transforms a multivector x by transforming all its vector
components v; ; by ®, acting through the usual orthogonal transformation on vectors.

As such, we have the following equivariance property with respect to Oz (V q).

Corollary E.32. Let F(Th,...,Tots) € F[T4,...,Tiys) be a polynomial in £ + s variables with
coefficients in F and let k € {0, ...,n}. Further, consider { elements x1,...,xy € Cl(V,q) and s
elements y1, . ..,ys € N(R). Then for every ® € O (V, q) we get the equivariance property:

5(®) (F(xl,,...,xg,yh...,ys)(k)) = F(3(®) (1), .- (@) (), y1s - ye) P, (534)

where the superscript (k) indicates the projection onto the multivector grade-k-part of the whole
expression.

E.5 The Spinor Norm and the Clifford Norm

In this subsection we shortly introduce the three slightly different versions of a norm that appear in
the literature: the Spinor norm, the Clifford norm and the extended quadratic form. We are interested
under which conditions do they have multiplicative behaviour.

Definition E.33 (The Spinor norm and the Clifford norm). We define the Spinor norm and the Clifford
norm of CI(V, q) as the maps:

SN : CI(V,q) — CI(V,q), SN(z) := B(z)x, (535)
CN: Cl(V,q) — CLV,q), CN(z) := y(z)z. (536)

Also recall the extended quadratic form:
q: Cl(V,q) = F, q(z) = ((B(z)x) = ((SN(x)). (537)

As a first preliminary Lemma we need to study when the projection onto the zero-component is
multiplicative:

Lemma E.34. Let z € \(R) and y € C1(V, q) then we have:

C(zy) = ¢(z) C(y). (538)
As a result, the projection onto the zero component induces an F-algebra homomorphism:
¢: A\(R) = F, y = ((y). (539)

Proof. We now use the notations from [D.40 and Lemma |D.41. We distinguish two cases: = €

/\(21)(72) and:
re ARAAT ®R) = N ®R) =F<+ A\ (R (540)

In the first case, we have: ((xy) = 0 = ((z) ((y), as multiplying with = € /\(Zl)(R) can only
increase the grade of occurring terms or make them vanish.

(z1)

In the second case, we can write z = a + f witha € F* and f € /\(21)(73). Clearly, {(x) = a. We
then get by linearity and the first case:

C(zy) = Clay + fy) = aC(y) + ((fy) = ¢(=) C(y) + 0. (541)

This shows the claim. O
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Lemma E.35. Ler x1, 22 € CI(V, q).
1. IfSN(z1) € 3(CL(V,q)) then we have:

SN(l'leQ) = SN(JJl) SN(J?Q) (542)
2. IfCN(z1) € 3(CIV, q)) then we have:
CN(l‘ll‘g) = CN(.’L‘l) CN(Z‘Q) (543)
3. IfSN(z1) € /\[O] (R) or q = 0 then we have:
q(z122) = q(z1)q(22). (544)
Proof. SN(z1) € 3(CL(V, q)) implies:
SN(JEll‘g) = ﬁ(ﬂilxg)mll‘g (545)
= ﬂ(mg)ﬂ(l‘l)fﬂlzg (546)
= B(x2) SN(z1)z2 (547)
z1)€3 )
SNEOEAAVD) N (1) B(w2) 2 (548)
— SN(z1) SN(z»). (549)
Similarly for CN.
Together with Lemmaand SN(z1) € /\[0] (R) C A(R) N 3(CLV, q)) we get:
= ¢ (SN(z1) SN(z2)) (551)
= ((SN(z1)) ¢(SN(z2)) (552)
This shows the claim. O
Lemma E.36. Consider the following subset of C1(V, q):
(v, q) = {33 e v, q)uci(v,q) | vv e VI € V.a(z) = v'x} . (554)
Then TNV, q) is closed under multiplication and for every x € TI7)(V, q) we have:
[0] [0]
SN(z) € \ (R), CN(z) e A\ (R). (555)
Proof. Forx,y € ri- (V,q) we also have that 2y is homogeneous. Furthermore, we get for v € V:
a(zy)v = a(x)a(y)v (556)
= a(z)v'y (557)
_ oy, (558)

for some v/, € V. So, zy € IV, q) and T17)(V, q) is closed under multiplication.

With the above conditions on x we get for every v € V:

a(SN(x))v = a(B(x))a(x)v (559)
= a(B(z))v'x (560)
= a(B(x))(—a(B()))x (561)
= —a(B(z)B(V"))x (562)
= —a(f('z))z (563)
= —a(B(a(z)v))x (564)
= —fB(ala(z)v))x (565)
= —fB(za(v))x (566)
= B(zv)x (567)
= B(v)Bla)e (568)
= v SN(x). (569)



This implies by Theorem [D.50]that:
SN(z) € A\(R). (570)

Since for homogeneous x € C1(V, q) we have: prt(3(x)) = prt(z) and thus: SN(z) = S(z)z €
C1%(V, q). This implies:

0
SN(z) € A(R) nC1%(V, q) = /\[ ](R). (571)
This shows the claim. O

Theorem E.37 (Multiplicativity of the three different norms). Both, the Spinor norm and the Clifford
norm, when restricted to the Clifford group, are well-defined group homomorphisms:

SN: T(V,q) — /\[X](R), w s SN(w) = B(w)w, (572)
CN: I(V,q) — /\M(R), w — CN(w) = v(w)w. (573)

Furthermore, the extended quadratic form q of CL(V, q) restricted to the Clifford group is a well-
defined group homomorphism:

q: I'(V,q) = F%, w = q(w) = ((B(w)w). (574)
Proof. This directly follows from Lemma and Lemma Note that I'(V, q) C TV, q).
O

Example E.38. 1. Fora € F we get:
SN(a) = B(a)a = a®. (575)

SN(w) = B(w)w = w? = q(w). (576)
This also shows: q(w) = q(w).
3. Fory=1+ef withe € Vand f € R we have:

SN(v) = (1+ fe)(1+ef) 577
=1+ fe+ef + feef (578)
=1+2b(e, f) +a(f) -ale) (579)
—1. (580)

This also shows: q(y) = 1.
4. Forg=1+he N\ (R) we get:

SN(g) = (1 + B(h))(1 + h) (581)
14 B(h) + h+ B(h)h, (582)

and thus: q(g) = 1.
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E.6 The Pin Group and the Spin Group

We have investigated the Clifford group and its action on the algebra through the twisted conjugation.
In many fields of study, the Clifford group is further restricted to the Pin or Spin group. There can
arise a few issues regarding the exact definition of these groups, especially when also considering
fields other than the reals. We elaborate on these concerns here and leave the general definition for
future discussion.

Motivation E.39 (The problem of generalizing the definition of the Spin group). For a positive
definite quadratic form q on the real vector space V.= R™ with n > 3 the Spin group Spin(n) is
defined via the kernel of the Spinor norm (=extended quadratic form on C1(V, q)) restricted to the
special Clifford group T'”! (V,q):

spin(n) = ker (@: T(V,q) = B*) = {w e TP (V,q) [a(w) = 1} =l ., (D (583)

Spin(n) is thus a normal subgroup of the special Clifford group T'%(V, q), and, as it turns out, a
double cover of the special orthogonal group SO(n) via the twisted conjugation p. The latter can be
summarized by the short exact sequence:

1 — {£1} 2% Spin(n) -2 SO(n) — 1. (584)
We intend to generalize this in several directions: 1. from Spin to Pin group, 2. from R™ to vector
spaces V over general fields F with char(F) # 2, 3. from non-degenerate to degenerate quadratic
forms q, 4. from positive (semi-)definite to non-definite quadratic forms q. This comes with several
challenges and ambiguities.

If we want to generalize the above to define the Pin group we would allow for elements not just
of (pure) even parity w € I‘[O](V, q). Here the question arises if one should generalize to the
unconstrained Clifford group T'(V, q) or the (homogeneous) Clifford group T'(V, q). As discussed
before, to ensure that the (adjusted) twisted conjugation p is a well-defined algebra automorphism of
CU(V, q) the parity homogeneity assumptions is crucial. Furthermore, the elements of I'(V, q) that
lead to non-trivial orthogonal automorphisms, e.g. v € V with q(v) #0and vy =1+ef withe € V,
f € R, are already homogeneous. So it is arguably safe and reasonable to restrict to the Clifford
group T'(V, q) and define the Pin group Pin(V, q) as some subquotient of T'(V, q).

In the non-definite (but still non-degenerate, real) case R®9 p q > 1, the special orthogonal
group SO(p, q) contains combinations of reflections o o r1 where the corresponding normal vectors
vo,v1 € V satisfy q(vo) = 1 and q(v1) = —1. Their product vov, would lie in the special Clifford

group ol (V,q). However, their spinor norm would be different from 1:

q(vovl) = q(vo)q(vl) =-1 75 1. (585)
Here now the question arises if we would like to preserve the former definition of Spin(p, q) as
q|;[}]](vq)(1) and exclude vyvy from Spin(p, q), or, if we adjust the definition of Spin(p, q) and

include vovy. The former definition has the effect that Spin(p, q) does, in general, not map surjectively
onto SO(p, q) anymore, and we would only get a short exact sequence:

1 — {1} 2% Spin(p, q) = SO(p, g) —» R* /(R*)? (586)
—_———
~{+1}

The alternative would be to define Spin(p, q) as E||;[}J](V~q (£1). This would allow for vov; €

)
Spin(p, q) and lead to the short exact sequence:

1 —> pa(R) 2% Spin(p, ¢) -2 SO(p, q) — 1, (587)
——
={£1}

which exactly recovers the former behaviour for Spin(n), and, which makes Spin(p, q) a double
cover of SO(p, q).

However, for other fields F, char(F) # 2, and non-degenerate (V,q), dim V' > 3, one would get,
with the last definition E||1:[£] V) (1), the exact sequence:

1 — ua(F) 2% Spin(V,q) 25 SO(V, q) —% F*/(F* )2, (588)
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and one would need to live with the fact that: a) ps(F) := {x e F~* | rt = 1} could contain a
number of elements k different from 2, rendering p a (k : 1)-map, in contrast to a (2 : 1)-map, and,
again, b) the non-surjectivity of p. The latter comes from the fact that a combination of reflections
ro o r1 where the corresponding normal vectors vy, vy € V with q(vg), q(v1) # 0 cannot, in general,
be normalized such that the q(v;)’s lie in {1} by multiplying/dividing the v;’s with some scalars
¢; € F*. Note that we get:

q(vi/ci) = q(vi) /. (589)

This shows that we can only normalize the v;’s such that the q(v;)’s lie inside a fixed system of
representatives S C F* of F* /(F*)?2, which is thus of size:

#S = # (F*/(F*)?) (590)
which can be different from 2 = # {+1}.
So, in this general setting, the first definition of Spin(V, q) as E{|1f[[1)] V.a) (1) would at least correct the
map p to be a (2 : 1)-map. We would get the following short exact seequence:

1 — {£1} 2% Spin(V, q) -2 SO(V, q) = FX /(F*)2. (591)

The normalization argument around Equation for general fields T now would also give us a third
option: we could, instead of restricting elements to have a fixed value q(v;) € S, which depends on

the choice of S, identify elements w1, wy € rll (V,q) if they differ by a scalar ¢ € F*:
Wi = C- Wa. (592)
Then for their spinor norms (modulo (F*)?) we would get:
q(wr) = ¢ q(ws), [6(wn)] = [a(w2)] € F*/(F*)%. (593)
So, the spinor norms of w1 and wo would be represented by the same representative s € S, as desired.
However, this definition would just identify Spin(V, q) with SO(V, q) via p:
Spin(V;q) = TV, q)/F* £ 50(V,0), (594)

and nothing new would emerge from this. Note that the latter isomorphisms always holds for
non-degenerate (V, q) with dim V' > 3, char(FF) # 2, and can be expressed as the exact sequence:

1 — F* 24 1l q) 25 SOV, q) — 1. (595)

A fourth option would be to mod out the scalar squares (F* )2 instead of F* and use T'°)(V, q) /(F*)2
as the definition of Spin(V, q). This would lead to the exact sequence:

1 — FX/(F*)% 294 Spin(V, q) -2 SO(V, q) — 1, (596)

which would again coincide with the real case of Spin(n) as then R* /(R*)? = {£1}. However, in
the general case, again, p is here a (k : 1)-map instead of a (2 : 1)-map with k := # (F* /(F*)?).
Furthermore, the spinor norm @ on Spin(V, q) would not be well-defined anymore, in its current form,

as different representatives of elements [wy] = [wa] € TI%(V, q)/(F*)? would differ by a scalar
square: wi = c2 - wa. Their spinor norms would thus differ by by a forth scalar power:

q(w1) =q(c* - wa) = ¢* - q(wa). (597)
So, the spinor norm on TNV, q) /(F*)2 would only be well defined modulo (F*)* C (F*)2:
@l = POUVLa) /(%) = B/ (F), [w] = [a(w)]. (598)

Things become even more complicated in the degenerate case. At least we always have a short exact
sequence for m > 3:

1— AR 29 r0) (v, q) 25 SOR(V,a) — 1, (599)
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where SOx (V,q) indicates the set of those special orthogonal automorphisms ® of (V,q) with
®|r = idg, where R is the radical subspace of (V,q) withr := dim R, n := dimV, m :=n —r.
Recall that we have:

N'®) = A\ (), (600)
/\[*](R) =1+span{fi--- fx|k>2even, fieR,I=1,...,k}. (601)

Note that for g € /\[*] (R) we have p(g)|v = idy and q(g) = 1. So the elements from /\[*] (R) are
only blowing up the kernels of p and q and can be considered redundant for our analysis. So one can

argue that one can mod out /\[*] (R) in the above groups. We thus get a short exact sequence:

1 —F* —T10%W,q)/ /\[*] (R) -5 SOR(V,q) — 1, (602)

=1 (v,q)
which now looks similar to the non-degenerate case. We can now consider the same 4 options for the

definition of the Spin group as before:
=[0]

—|—1 —1—1
q|f[O](V,q)(1)7 q‘f[o](v’q)(i1)7 F

v,q/Fx, U

(V,q)/(F*)%. (603)
As before, the third option can easily be discarded. If we want to preserve generality, we have the
option to either preserve q and the (2 : 1)-property of p and pick the first option, or, preserve the
surjectivity of p and take the fourth option. If we are only interested in the R-case, then the second
option preserves all properties. Note that in the R-case the groups of the second and forth option are
isomorphic as groups anyways:

——1 ~ 7il0] x\2

q|f[°](v,q)(il) =T (V,q)/(R)". (604)
The reason is that we always have that: §(F*) = (F*)2, and, in the R-case, the left group already
contains the relevant elements to also map surjectively onto SOx (V, q) via p.

One could further discuss if one wanted to replace the extended quadratic form ¢, which is given by
q(z) = {(B(x)x) € F*, by the other possible definition of the spinor norm SN, which is only given

by SN(z) = B(z)z € /\[X](’R). However, for all relevant elements of T\ (V, q) both definitions
agree, but the description of the set of the rather irrelevant elements, which satisfy SN(z) = 1

and p(x)|v = idy, becomes more complicated than the set /\[X] (R). As we mod those irrelevant
elements out anyways and we prefer to have our “norm map” to map to the scalars F* instead of to

/\[X] (R), it is safe and reasonable to work with the extended quadratic form q in all definitions.

In this paper we are mostly interested in working with the orthogonal groups and thus are interested
in preserving the surjectivity of p. Since, for computational reasons, we usually restrict ourselves to
the R-case, it is easier to work with (a restricted set of) elements of a group than equivalence classes,
and, the spinor norm/extended quadratic form has computational meaning, we side with the second
definition in this paper, but only state it for the R-case below. We leave the general definition for
future discussion.

Definition E.40 (The real Pin group and the real Spin group). Let V' be a finite dimensional R-vector
space V, dimV = n < oo, and q a (possibly degenerate) quadratic form on V. We define the (real)
Pin group and (real) Spin group, resp., of (V, q) as the following subquotients of the Clifford group
I'(V,q) and its even parity part T'°N(V, q), resp.:

Pin(V,q) i= {x € D(V,)|a(2) € (1)} / \ " (R), (605)

Spin(V, q) := {x e TNV, q) | §(z) € {ﬂ}}//\[*] (R). (606)

If (V,q) = R®97) s the standard quadratic R-vector space with signature (p, q,r) then we denote:
Pin(p,q,r) := Pin(R(p’q’T)), (607)

Spin(p, q,r) := Spin(R(p’q’r)). (608)
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Corollary E.41. Let (V,q) be a finite dimensional quadratic vector space over R. Then the twisted
conjugation induces a well-defined and surjective group homomorphism onto the group of radical
preserving orthogonal automorphisms of (V, q):

p: Pin(V,q) = Or(V,q), (609)
with kernel:
ker (p: Pin(V,q) = Or(V,q)) = {£1}. (610)
Correspondingly, for the Spin(V, q) group. In short, we have short exact sequences:
1— {£1} Inc} Pin(V,q) 2 Ox(V,q) — 1, (611)
1 — {£1} 2% Spin(V, q) - SO (V,q) — 1. (612)

The examples [E. 19} [E.20] [E.2T] [E.38]allow us to describe the elements of the Pin and Spin group as
follows.

Corollary E.42 (The elements of the real Pin group and the real Spin group). Let (V, q) be a finite
dimensional quadratic vector space over R with signature (p, q,r). We get the following description
of the elements of the Pin group:

Pin(V, q) = {ivl UK YL Yptg - 9 | K € Noyq(ur) € {£1},9 € /\[*](R)}//\[*](R),
(613)

where v; = 1+ ¢; 25:1 CijCptqtj Cij ER fori=1,....p+qandj=1,...,r,and, vy €V
with q(v;) € {£1} withl =1,...,l and k € Ny. Note that {e,1q+; | j € [r]} is meant to span the
radical subspace R of (V, q).

We similarly can describe the Spin group as follows:

Spin(V, q) = {ivl S VR Vg - 9 | k€ 2No,q(uy) € {1} ,g € /\[*](R)} //\M(R),
(614)

with the same conditions as above, but where k needs to be an even number.

Corollary E.43. Note that we also get well-defined group representations:
p: Pin(V,q) = Autang era(CL(V.)) N Op ey (CL(V. ). ). (615)
with kernel ker p = {£1}.

In particular, CI(V, q) and Cl(m)(V, q) form =0,...,n, are orthogonal group representations of
Pin(V, q) via p:

p: Pin(V,q) = O o () (C17 (V, ), ). (616)

Also, if F(Ty,...,Tyys) € R[T1, ..., Tyys] is a polynomial in £ + s variables with coefficients in R
and z1,...,x¢ € CV,q), y1,...,ys € N(R), and k € {0, ...,n}. Then for every w € Pin(V, q)
we have the equivariance property:

p(w) (F(:cl, R T V; ,ys)(k)> = F(p(w)(z1),..., plw)(xe), 1, .. ys) . 617)
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