
Understanding Contrastive Learning via Gaussian
Mixture Models

Anonymous Author(s)
Affiliation
Address
email

Abstract

Contrastive learning involves learning representations via a loss function that en-1

courages each (unlabeled) sample to be far from other samples, but close to its own2

augmentation. In this paper, we aim to understand why this simple idea performs3

remarkably well, by theoretically analyzing it for a simple, natural problem setting:4

dimensionality reduction in Gaussian Mixture Models (GMMs). Note that the5

standard GMM setup lacks the concept of augmentations. We study an intuitive6

extension: we define the pair of data sample and its augmentation as a coupled7

random draw from the GMM such that the marginal over the "noisy" augmentation8

is biased towards the component of the data sample. For this setup, we show that9

vanilla contrastive loss, e.g., InfoNCE, is able to find the optimal lower-dimensional10

subspace even when the Gaussian components are non-isotropic. In particular, we11

show that InfoNCE can match the performance of a fully supervised algorithm,12

e.g., LDA, (where each data point is labeled with the mixture component it comes13

from) even when the augmentations are "noisy". We further extend our setup to the14

multi-modal case, and develop a GMM-like setting to study the contrastive CLIP15

loss. We corroborate our theory with experiments on CIFAR100; representations16

learned by InfoNCE loss match the performance of LDA on clustering metrics.17

1 Introduction18

Contrastive learning (CL) is now a gold-standard paradigm for learning representations with popular19

examples such as vision models like SimCLR [6] and MoCo [8] , text models like Dense Passage20

Retrieval (DPR) [18], and vision-language models like CLIP [20]. Once learned, these representations21

both demonstrate commendable zero-shot performance, and could easily be adapted to achieve SoTA22

performance on various tasks like classification [6] and retrieval [13].23

Contrastive learning is a self-supervised strategy that aims to learn coherent representations given24

an unlabeled dataset. The core idea is to relate similar (positive) data samples to each other while25

contrasting unrelated (negative) points. To formalize, consider a pair of points (x, x̂), where x26

is a sample from the dataset and x̂ is a “similar”, positive example. Contrastive methods learn27

representations so that the embedding of the sample x is close to that of its partner x̂, while being far28

away from other points. Sometimes, these pairs are naturally present. For instance, in CLIP, each29

training data comes as a pair of an image and the corresponding text caption. In other scenarios, they30

can be manually obtained via data augmentation that preserves the underlying semantics, e.g., we can31

define an image and its resized/cropped/rotated version as a pair.32

It is fundamentally important to understand why this simple idea of relating/contrasting pairs33

works so well. In this paper, we aim to answer this question with a theoretical study of contrastive34

learning by casting is as dimensionality reduction for Gaussian Mixture Models (GMMs). We35

motivate our study through the lens of representation learning which aims at finding a mapping36
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between the high-dimensional input space, e.g., images of 1 million pixels, and a lower dimensional37

output domain of representations, e.g., 1024-dimensional feature vectors. Similarly, contrastive38

learning aims at discovering robust mappings between the data and the representations by exploiting39

additional information in the form of augmentations. In our framework of GMMs, we consider linear40

mappings/projections (for analytical tractability) and characterize the optimality of the mapping41

functions learned by contrastive methods by analyzing the associated projection subspaces.42

To highlight the success of contrastive methods in learning linear projectors, we conduct our study in43

comparison to fully supervised methods and standard spectral methods, i.e., based on singular value44

decomposition (SVD). We provide an example where we provide a three-way comparison in finding45

anticipated projection subspaces (see Section 3.1). Note that SVD-based methods are not designed46

to leverage augmentations. Therefore, we use SVD-based methods merely as a reference point to47

argue that when (noisy) augmentations are present, contrastive learning can provably go beyond what48

would otherwise be possible. However, a more relevant and interesting comparison is with respect to49

supervised methods, i.e., LDA in this case. In that sense, we provide principled, theoretical insight50

into how contrastive learning works and how it performs with respect to a measure of optimality.51

Within our GMM framework, a key proposal of ours is formalizing the “notion of augmentations”,52

i.e. point-pairs, going beyond the idealized definition considered in [3]. In the context of GMMs,53

a natural choice of augmentation would be drawing a random sample from the same component as54

the original point belongs to. Instead, we assume that for every point x, its augmentation x̂ is a55

random draw from the GMM following a distribution (see Definition 2.2) that is biased towards the56

component of the original point x. To keep the setting realistic, we are oblivious to which GMM57

component either of them comes from.58

Given the model of noisy augmentations, we analyze contrastive learning objectives in two categories;59

single and multi-modal GMMs. In the single modal setting, the points in a pair are drawn from the60

same GMM distribution. We analyze InfoNCE and SimSiam losses, which are suited to leverage the61

additional information provided by the augmentations. In the multi-modal context, the pair (x, x̂)62

will be generated by separate GMMs. For instance, in the CLIP [] images are associated with text63

descriptions such that we have pairs of the form (xV ,xT ), where xV (images) and xT (texts) can64

have different dimensions. The objective now is to learn two different projections, one for each65

modality to project them onto the same space. Contrastive methods aim to make the embedding of66

xV close to that of its pair xT , and far from random other x̃T . Since the samples come in natural67

pairs, we do not need augmentations. We provide further details in Section 5.68

Contributions: Our objective is to theoretically understand the vital role of augmentations in69

self-supervised representation learning; we do so in the context of GMMs. To summarize,70

1. We formalize a generalized notion of noisy augmentation/point pairs, enabling us to71

concretely characterize contrastive learning methods in the context of GMMs.72

2. We quantify a measure of optimality for the projections learned in the context of GMMs. We73

show that InfoNCE can find optimal projections for GMMs with general shared covariances.74

3. For the multi-modal setting, we show that the CLIP loss learns linear projections that are a75

subset of the (Fisher-)optimal subspaces for each modality, filtering out noise directions.76

1.1 Related work77

Contrastive learning and InfoNCE. Contrastive learning is at the heart of state-of-the-art repre-78

sentation learning methods like SimCLR [6], MoCo [8] etc. Prior theoretical work on contrastive79

learning argue that the contrastive objective leads to learning of "general purpose" representations80

that facilitates better downstream performance and sample complexity. [2] gives the first theoretical81

analyses of the contrastive loss, showing provable guarantees on downstream task with reduced sam-82

ple complexity. [12] relaxes the augmentation assumptions made in [2] by showing that contrastive83

learning is equivalent to spectral clustering on some appropriately defined data graph. [22, 11] extend84

this line of work by arguing for the inclusion of the inductive biases of the neural network architecture85

into the theoretical analyses. [16, 27] extend the setup of [12] to show that the eigenfunctions of86

the positive pair graph (as defined in [12]) are the basis of the set of view-invariant functions. They87

further show that these representations are equivalent to Kernel PCA with “positive-pair kernel”.88
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Self-supervised learning. BYOL [10], SwAV [5], SimSiam [7] are some of the most popular89

methods for self-supervised representation learning. They are also based on Siamese architecture90

used in contrastive methods, but notably, they do not make use of negatives to prevent “collapsing”91

solutions. Contrastive methods like SimCLR [6] and CLIP [20] aim to learn representations so that92

embedding of a point is close to its partner while far away from that of any other point. On the93

contrary, non-contrastive self-supervised learning methods only enforce the former condition and94

do not explicitly deal with the separation between the embeddings of samples. These methods are95

empirically motivated by the notion of breaking the symmetry between the encoders in Siamese96

networks [25]. [23, 15, 26] propose various techniques for breaking this symmetry and study their97

training dynamics to understand their role in preventing collapse. Compared to the relevant work on98

self-supervised learning, we instead focus on the fixed point analysis of the loss functions.99

Dimensionality reduction for GMMs. Spectral methods are popularly used for dimensionality100

reduction in GMMs by analyzing the principal directions of the data covariance. Spectral clustering101

algorithms [21, 24, 1, 17, 4] essentially combine spectral analysis with standard clustering algorithms102

(e.g. K-Means) in the low dimensional space. Since their error bounds grow as square root of the103

ambient dimension, the two-step approach leads to lower clustering error than in the original space.104

2 Problem setup105

We consider the task of learning a “good” representation function for points x drawn from a data106

distribution. Informally, such a function should map the data onto a lower-dimensional subspace107

while preserving the class information. For tractability, we restrict f to the class of linear mappings;108

x 7→ ATx, where A ∈ Rd×r. In this setup, we will show that self-supervised methods can learn the109

optimal mapping for this task. We compare and contrast our results for self-supervised methods to110

well-known results for supervised methods (e.g., LDA) and spectral methods.111

As the basis of our study, we consider data distributions following a Gaussian mixture model112

(GMM). Intuitively, each mixture component in GMM represents a class in data and we assume that113

components have a shared covariance.114

Definition 2.1. A Shared Covariance Gaussian Mixture Model (SharedGMM) parameterized by115

{wk,µk,Σ}k∈[K] is defined as the probability distribution F =
∑

k∈[K] wkN (µk,Σ) where116 ∑
k wk = 1, µk are the means and Σ ∈ Sd++ is the covariance matrix shared by the components.117

To complete our data model, we formalize the definition of augmentation. Given a point x, its118

augmentation x̂ is an independent sample from the mixture distribution with a bias towards the119

underlying component of x. The bias implies that if x is sampled from a component z, then its120

augmentation, on average, is more likely to be sampled from the same component z.121

Definition 2.2. For a SharedGMM F parameterized by {wk,µk,Σ}k∈[K], we define its122

Augmentation-enabled Distribution (AeD) F̂ , parameterized by {wk,µk,Σ, δ}k∈[K] as123

F̂ = δ
∑

k
wk

(
N (µk,Σ)×N (µk,Σ)

)
+ (1− δ)

(∑
k
wkN (µk,Σ)×

∑
k′
wk′N (µk′ ,Σ)

)
To elucidate, augmentation-enabled distribution (AeD) returns a pair of points (x, x̂) ∼ F̂ in a124

two-step process. We first flip a coin with bias δ. Based on the coin flip, we either sample twice125

from the same component or sample from possibly different components (chosen with probability126

wk). The bias of the coin δ controls the correlation between x and x̂: δ = 0 means x and x̂ are127

independent samples, while δ = 1 means x and x̂ are independent draws from the same component.128

The definition ensures that the marginal of x and x̂ are equal to F for any δ.129

Spectral versus self-supervised methods. Our results corroborate the known advantages of self-130

supervised methods over spectral methods. Clearly, spectral methods learn linear mappings directly131

on the data samples x ∼ D, whereas, self-supervised methods operate on the augmented pairs132

(x, x̂) ∼ Dpair. Consequently, their optimization problems differ in their target objectives:133

Lspectral(A;D) = −||ATx||2 & Lselfsup(A;Dpair) = − (ATx)TAT x̂︸ ︷︷ ︸
attractive term

+ R(x)︸ ︷︷ ︸
regularizer

While spectral objectives find the best-fit subspace explaining maximum data variance, self-supervised134

objectives are based on the principle of bringing embeddings of similar point closer in conjunction135

with a loss-specific regularizer. The regularizer typically induces separation between distinct points.136
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Linear dimensionality reduction (LDR). Framing our task as LDR allows us to establish a mea-137

sure of comparison between mappings learned by spectral (Aspectral) and self-supervised methods138

(Aselfsup). For a SharedGMM, we denote it’s "intra-component" variance (i.e. variance within a139

component) by Σ and "inter-component" variance (i.e. the separation between components) by140 ∑
k wkµkµ

T
k [9]. A GMM is said to be well-separated if it has low intra-component variance and141

high inter-component variance. LDR aims to map a GMM to a low dimensional subspace where it is142

well-separated. We evaluate the performance of these mappings by Fisher discriminant [9].143

Definition 2.3 (Fisher Discriminant). Suppose a SharedGMM (Def 2.1) parameterized by144

{wk,µk,Σ}k∈[K]. Then, the fisher discriminant J(A) for a mapping A is defined as:145

J(A) = Tr
([

ATΣA
]−1

[
AT

(∑
k
wkµkµ

T
k

)
A
])

Remark 2.4. While J(A) is defined in terms of A, its value is solely a function of Col(A), i.e.146

the column space of A. We hence use the mapping matrix A and projection subspace Col(A)147

interchangeably in our discussion.148

Note that ATΣA and AT (
∑

k wkµkµ
T
k )A denote the intra-component and the inter-component149

variances, respectively, after projection via A. Thus, the Fisher discriminant measures the ratio150

of inter-component to intra-component variances post-projection. A “favorable” mapping A will151

have a high value of the Fisher discriminant J(A), hence, the Fisher discriminant J serves as the152

quantitative metric for evaluating the subspaces learned by different frameworks.153

Connection to linear discriminant analysis (LDA). One can argue that it is not surprising for self-154

supervised methods to have better performance than classical spectral methods. The more interesting155

comparison would be against a supervised method, which would help uncover the capabilities of156

contrastive methods. Therefore, we focus our attention on Linear Discriminant Analysis (LDA) [9].157

LDA is a supervised LDR method that leverages the class information to learn the subspace where158

the data distribution conditioned on the class label (i.e. underlying component index) is maximally159

separated (see Appendix H). We highlight that assuming AeD (Def. 2.2) is strictly weaker than160

assuming a labeled dataset. We show that this relaxed condition is enough for learning the Fisher161

subspace and gives similar performance to supervised LDR methods.162

3 Fisher subspace163

For any target dimension r, the linear map that has the top r eigenvectors of Σ−1(
∑

k wkµkµ
T
k )164

as its columns maximizes the Fisher discriminant. Similarly, for any mappings A1 and A2, if165

Col(A1) ⊆ Col(A2), then we have J(A1) ≤ J(A2). In other words, J(·) is monotonic in the166

subspace of the matrices. Based on this, we will have the following definition, which is necessary in167

measuring the optimality of projections learned by different methods.168

Definition 3.1 (Fisher Subspace). Given a SharedGMM (Def 2.1) parameterized by169

{wk,µk,Σ}k∈[K], its Fisher subspace [9], denoted by SF , is the smallest subspace that achieves the170

maximum Fisher discriminant, which is given by:171

SF = Span
(
{Σ−1µk}k∈[K]

)
(1)

We also use a unique property of the Fisher subspace [9]; it is the smallest subspace preserving the172

class posterior probabilities for Gaussian mixtures with shared covariance, which we formalize next.173

Lemma 3.2. Let {wk,µk,Σ}k∈[K] be a SharedGMM and Pr(z = k|x) be the posterior probability174

of x being drawn from the component z. Let SF be the mixture’s Fisher subspace and AF be a175

projection matrix such that Col(AF ) = SF . Then for any x ∼ F ,176

Pr(z = k|x) = Pr(z = k|AT
Fx) ∀k ∈ [K]

Crucially, this property implies that projecting a GMM onto its Fisher subspace will not result in177

mode collapse or erroneous mode merging. Moreover, any clustering algorithm operating in the178

lower dimensional subspace will observe the same class probabilities as in the original space. Owing179

to these properties of the Fisher subspace, we argue that it is the optimal subspace for projection,180

particularly for the class of shared covariance GMMs. Under the fully labeled SharedGMM setting,181

one could deduce that the subspace learned by (multi-class) LDA, SLDA, for SharedGMM coincides182

with Fisher subspace SF .183

4



<latexit sha1_base64="DMTBzwxwzum9060rf3Whs5gp2aM=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BPXiMxDwgWcLsZJIMmZ1dZnqFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvp35rSeujYjUI05i7od0qMRAMIpWatV7ab15N+0VS27ZnYOsEi8jJchQ6xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346P3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAfXfipUnCBXbLFokEiCEZn9TvpCc4ZyYgllWthbCRtRTRnahAo2BG/55VXSvCh7lXLl4bJUvcniyMMJnMI5eHAFVbiHGjSAwRie4RXenNh5cd6dj0VrzslmjuEPnM8fBiqPYg==</latexit>

SSV D

<latexit sha1_base64="aWIlLidYq1GryugIx+9qEj0JpFo=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmgckS5idzCZDZmaXeQhhyUd48aCIV7/Hm3/jJNmDJhY0FFXddHdFKWfa+P63V1hb39jcKm6Xdnb39g/Kh0ctnVhFaJMkPFGdCGvKmaRNwwynnVRRLCJO29H4dua3n6jSLJGPZpLSUOChZDEj2Dip/dDPesJO++WKX/XnQKskyEkFcjT65a/eICFWUGkIx1p3Az81YYaVYYTTaalnNU0xGeMh7ToqsaA6zObnTtGZUwYoTpQradBc/T2RYaH1RESuU2Az0sveTPzP61oTX4cZk6k1VJLFothyZBI0+x0NmKLE8IkjmCjmbkVkhBUmxiVUciEEyy+vktZFNahVa/eXlfpNHkcRTuAUziGAK6jDHTSgCQTG8Ayv8Oal3ov37n0sWgtePnMMf+B9/gCBaI+z</latexit>

Sµ

<latexit sha1_base64="DMTBzwxwzum9060rf3Whs5gp2aM=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BPXiMxDwgWcLsZJIMmZ1dZnqFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvp35rSeujYjUI05i7od0qMRAMIpWatV7ab15N+0VS27ZnYOsEi8jJchQ6xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346P3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAfXfipUnCBXbLFokEiCEZn9TvpCc4ZyYgllWthbCRtRTRnahAo2BG/55VXSvCh7lXLl4bJUvcniyMMJnMI5eHAFVbiHGjSAwRie4RXenNh5cd6dj0VrzslmjuEPnM8fBiqPYg==</latexit>

SSV D

<latexit sha1_base64="/ZQ4uhoe3Iq6UJWOmtxEGU1Fltc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXJHoMevEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlhzI97xVLbsWdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE177Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNi4pXrVTvL0u1myyOPJzAKZTBgyuowR3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AjD2NVQ==</latexit>

(a)
<latexit sha1_base64="yaE0A6BiX3P/IX8my1C+yNhqcO4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXJHoMevEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlh3Jw3iuW3Io7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrz2J1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqaFxWvWqneX5ZqN1kceTiBUyiDB1dQgzuoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AjcKNVg==</latexit>

(b)
<latexit sha1_base64="fuaK+lzswX/n1m5gphIpxwzqzr8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXJHoMevEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlhzI77xVLbsWdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE177Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNi4pXrVTvL0u1myyOPJzAKZTBgyuowR3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8Aj0eNVw==</latexit>

(c)

<latexit sha1_base64="at6ZB4rtQejxqDo07spna8xUpx4=">AAAB73icbVDLSsNAFL2pr1pfVZduBovgqiQi1WV9LFy4qGgf0IYymU7aoZNJnJkIJeQn3LhQxK2/486/cdJmoa0HLhzOuZd77/EizpS27W+rsLS8srpWXC9tbG5t75R391oqjCWhTRLyUHY8rChngjY105x2Iklx4HHa9sZXmd9+olKxUDzoSUTdAA8F8xnB2kid+35ye32Rlvrlil21p0CLxMlJBXI0+uWv3iAkcUCFJhwr1XXsSLsJlpoRTtNSL1Y0wmSMh7RrqMABVW4yvTdFR0YZID+UpoRGU/X3RIIDpSaBZzoDrEdq3svE/7xurP1zN2EiijUVZLbIjznSIcqeRwMmKdF8YggmkplbERlhiYk2EWUhOPMvL5LWSdWpVWt3p5X6ZR5HEQ7gEI7BgTOoww00oAkEODzDK7xZj9aL9W59zFoLVj6zD39gff4AEhGPWg==</latexit>

SLDA

<latexit sha1_base64="Y5smqVDJRX3Bh369yg36UuOpHeI=">AAAB+XicbVC7TsMwFHV4lvIKMLJYVEgMqEoQKozlMTAwFEEfUhtFjuu0Vm0nsp1KVZQ/YWEAIVb+hI2/wWkzQMuRru7ROffK1yeIGVXacb6tpeWV1bX10kZ5c2t7Z9fe22+pKJGYNHHEItkJkCKMCtLUVDPSiSVBPGCkHYxucr89JlLRSDzpSUw8jgaChhQjbSTfth/9tMeT7NT0+9urrOzbFafqTAEXiVuQCijQ8O2vXj/CCSdCY4aU6rpOrL0USU0xI1m5lygSIzxCA9I1VCBOlJdOL8/gsVH6MIykKaHhVP29kSKu1IQHZpIjPVTzXi7+53UTHV56KRVxoonAs4fChEEdwTwG2KeSYM0mhiAsqbkV4iGSCGsTVh6CO//lRdI6q7q1au3hvFK/LuIogUNwBE6ACy5AHdyBBmgCDMbgGbyCNyu1Xqx362M2umQVOwfgD6zPH3/7ku8=</latexit>

Sµ, SLDA

<latexit sha1_base64="m7+RLJLASt0YVB3B5cfcKuv+Fu0=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCCymJSHVZtQsXLiq1D2hDmEyn7dCZJMxMhBLixl9x40IRt/6FO//GSZqFth4Y7uGce7lzjxcyKpVlfRsLi0vLK6uFteL6xubWtrmz25JBJDBp4oAFouMhSRj1SVNRxUgnFARxj5G2N75O/fYDEZIG/r2ahMThaOjTAcVIack19xtu3ONRcqJro1XL6m3tMim6ZskqWxngPLFzUgI56q751esHOOLEV5ghKbu2FSonRkJRzEhS7EWShAiP0ZB0NfURJ9KJswsSeKSVPhwEQj9fwUz9PREjLuWEe7qTIzWSs14q/ud1IzW4cGLqh5EiPp4uGkQMqgCmccA+FQQrNtEEYUH1XyEeIYGw0qGlIdizJ8+T1mnZrpQrd2el6lUeRwEcgENwDGxwDqrgBtRBE2DwCJ7BK3gznowX4934mLYuGPnMHvgD4/MHEhKWAg==</latexit>

Sµ, SSV D, SLDA

Figure 1: (a) (Spherical Gaussians) SSV D = SLDA and projection onto SSV D leads to well seperated
GMM. (b) (Non-spherical Gaussians) Large variance in one direction means SSV D ̸= SLDA and
projection onto SSV D leads to mode collapse. (c) (Shifted non-spherical Gaussians) Sµ ̸= SLDA.

3.1 A simple example: Parallel pancakes [17]184

Spectral methods [17] are the standard methods for LDR. They are based on the principle of finding185

the best-fit subspace which is (generally) given by the top singular vectors of data covariance.186

Formally, the r-dimensional SVD subspace [24] S(r)
SV D for a GMM F is described as the top r left187

singular vectors of Ex∼F [xx
T ]. A vanilla spectral dimensionality reduction method hence projects188

the data points onto the r-dimensional SVD subspace. [17] proved that for spherical GMMs (i.e.189

Σ = I), SVD subspace is equal to the mean subspace Sµ = Span
(
µ
)
. Moreover, using Eq. (1)190

we can derive that SLDA = Sµ = SSV D. Hence, projection onto the SVD subspace is the optimal191

dimensionality reduction method for spherical GMMs.192

However, it is easy to construct examples demanding for a sophisticated method. Spectral methods193

aim to maximally explain the data, leading to possibly “bad” projections when the variance in certain194

directions dominates the separation between the means. In Figure 1 we present such an example;195

consider a two component GMM that resembles “parallel pancakes” such that the components are196

narrow and separated along one direction, and spherical in all other directions. The two dimensional197

SVD subspace for this GMM is given by a plane parallel to the pancakes. The Fisher subspace (and198

equivalently LDA subspace), however, is the plane passing through the means; formally, SSVD ̸⊂ SF .199

In fact, the SSV D has the smallest Fisher discriminant among all two-dimensional subspaces. Finding200

the optimal subspace for non-spherical GMMs is known to be non-trivial [4, 17].201

4 Contrastive learning for Gaussian mixture models202

We analyze solving the dimensionality reduction task for GMMs with two popular self-supervised203

methods, SimCLR and SimSiam. Both methods build on using augmentation pairs, but differ in their204

optimization objective (specifically how they regularize). We show that both objectives are able to205

effectively leverage the augmentations and learn mappings onto the (optimal) Fisher subspace.206

4.1 Optimization objective207

InfoNCE loss [19] is popularly used in contrastive learning methods (like SimCLR). It learns208

representations that pull data points and their augmentations close together while pushing them away209

from other points in the embedding space. We define the InfoNCE objective for linear mappings as,210

LInfo(A) = − E
(x,x̂)∼F̂

[
(ATx)TAT x̂

]
+ E

x∼F

[
log

(
E

x̃∼F

[
exp

(
(ATx)TAT x̃

)])]
. (2)

where (x, x̂) ∼ F̂ is a sample from augmentation-enabled distirbution (Def 2.2) such that x ∼ F211

and x̃ ∼ F are independent draws from the mixture. The attractive term (i.e. the first term) keeps212

x and x̂ close by maximizing their dot product, while regularization term penalizes proximity to213

random samples. In other terms, the first term increases inter-component variance while the second214

term decreases data variance and hence intra-component variance.215

SimSiam loss [7] is another popular self-supervised loss without the negatives.216

− E
(x,x̂)∼F̂

[(
AT

p A
Tx

||AT
p A

Tx||2

)T

StopGrad

(
AT x̂

||AT x̂||2

)]
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Unlike InfoNCE, Simsiam only operates on augmentations (from F̂ ) and doesn’t use negatives.217

The loss is parameterized by two matrices; the mapping A and the “prediction head” Ap, which218

is not utilized for projection. Observe that Simsiam might be prone to a collapsing solution, i.e.,219

mapping all points onto the same vector. Prior work [23, 15, 26] has argued that Ap, which makes220

the optimization asymmetric, and StopGrad, which zeros out the gradients flowing through it, play a221

crucial role together in the guiding the training dynamics, preventing the occurrence of collapse. Our222

goal is to analyze the fixed point of this loss function. For tractability, we introduce some simplifying223

assumptions and examine a modified loss:224

LSiam(A) =− E(x,x̂)∼F̂

[
(ATx)TAT x̂

]
+ ξ Ex∼F

[
||ATx||2

]
(3)

We remove the StopGrad operation and set the prediction head (i.e. Ap) to I . We also trade the225

normalization term with a regularization term weighted by ξ. The attractive term in SimSiam behaves226

similar to InfoNCE loss, while the regularization term penalizes the norm of the projected points.227

The loss scales linearly with ∥A∥2, therefore, we impose a norm constraint when optimizing for A.228

We have already established that maximizing total variance on its own in the projected space is not the229

preferable strategy for dimensionality reduction. In the presence of augmentation (and negatives), self-230

supervised objectives could take a finer-grained approach by maximizing inter-component variance231

and keeping intra-component variance low, simultaneously. Next, we will formalize our claim that232

self-supervised learning is a good proxy for fully supervised techniques (e.g., LDA).233

4.2 Main theorem234

Nex, we prove that InfoNCE and (simplified) Simsiam can find the Fisher-optimal projection matrix235

for the class of SharedGMMs.236

Theorem 4.1. Suppose F is a SharedGMM parameterized by {wk,µk,Σ}k∈[K] and F̂ is its237

Augmentation-enabled Distribution with bias δ. Let SF be the Fisher subspace (Eqn 1) of F .238

Denote λmin as the minimum non-zero eigenvalue of Σ− 1
2

(∑
k wkµkµ

T
k

)
Σ− 1

2 and239

AInfo = argmin
A∈Rd×r

LInfo(A), ASiam = argmin
A∈Rd×r, ||A||2≤1

LSiam(A)

Then for some r ≥ K, SInfo ≜ Col(AInfo), SSiam ≜ Col(ASiam), we have :240

• SInfo ⊆ SF . If δ = 1, then SInfo = SF241

• SSiam ⊆ SF . If 0 < ξ < δλmin

1+λmin
, then SSiam = SF242

Remark 4.2. Access to Augmentation-enabled Distribution is provably sufficient for learning the243

Fisher subspace for SharedGMMs matching the performance of supervised LDA. The result implies244

that class labels which are typically assumed by supervised LDR methods like LDA, are not necessary.245

The proof of Theorem 4.1 can be found in Appendices C and D. For population setting, the fact that246

self-supervised methods learn mapping onto a subset of the Fisher space implies that the projected247

points do not capture any noise and only contain (a subset of) the useful features. Note that spectral248

methods do not have guarantees of this form. The theorem also states if we have perfect augmentations249

for InfoNCE loss, i.e. δ = 1, we cover all directions in the Fisher space and learn it exactly.250

The equivalence is true for SimSiam loss when the regularization coefficient ξ is upper bounded251

appropriately. On a related front, this precludes learning of the collapsing solution for SimSiam loss,252

verifying the claims in prior work on a simplified version of the loss function. Most importantly,253

self-supervised methods in question learn the same subspace as supervised dimensionality reduction254

methods like LDA which needs the knowledge of underlying components for all the samples.255

Technical difficulties. Although we do not provide a proof for SInfo = SF when 0 < δ < 1, we256

conjecture that it is true, for which we include an empirical discussion in Section 6. Figure 4a257

suggests that SInfo = SF even for δ < 1, analysis of which we leave as future work. Additionally, we258

do not have an exact characterization of InfoNCE solution; we characterize just the column space of259

AInfo. Our empirical results show that the mapped points are well-separated compared to a projection260

onto the Fisher subspace (see Fig 2d). Furthermore, while we prove that both contrastive and261

non-contrastive objectives learn the same subspace, further investigation is required for their direct262

comparison. In Appendix F, we provide an example where AInfo is strictly better than ASimSiam (for263

r < K). We also present an empirical study on the effect of r (see Figure 4c).264
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5 Multi-modal Gaussian mixture models265

Previously, we considered a setup where a point and its augmentation follow the same distribution. It266

is a natural assumption for methods like SimCLR and SimSiam where augmentations of points (i.e.267

images) are defined by transformations (e.g., cropping, color jittering) on the image. This assumption268

may not hold in general. Text embeddings models like DPR [18] or image-text embedding models269

like CLIP [20] consider input samples as a pair of points following (possibly) different distribution.270

For instance, each sample could be a pair of an image with its corresponding caption (for CLIP) or a271

search query with a relevant document that answers the query (for DPR). The objective in this multi-272

modal setup is to learn a joint representation space for both modalities. These joint representations273

can be used downstream for finding similarities between data points belonging to different ambient274

spaces, and are surprisingly competitive with fully supervised representations [20]. Our goal is to275

theoretically analyze the representations learned by such model, specifically the CLIP model. Next,276

we define CLIP-GMM to capture multi-modal data in a theory-friendly setting.277

Definition 5.1. (CLIP-GMM) A CLIP Gaussian mixture (CLIP-GMM) is defined as the probability278

distribution Fclip =
∑

k∈[K] wkN (µV,k,ΣV ) ×N (µT,k,ΣT ) where wk are the mixture weights,279

{µV,k}k∈[K],ΣV and {µT,k}k∈[K],ΣT are the parameters for the two coordinate spaces.280

CLIP-GMM is a mixture of product distribution over Gaussians. To elaborate, sampling a pair281

(xV ,xT ) ∼ Fclip is a two step process. We first sample an underlying component index, and then282

draw independent samples from the component with the same index in the respective coordinate283

space. Fclip can be used to define marginal distribution over each coordinate space, for instance,284

FV =
∑

k∈[K] wkN (µV,k,ΣV ).285

5.1 Optimization objective286

Following CLIP [20], we want to learn different representation functions for each modality. We let287

these functions be linear mappings, i.e., AV ∈ Rd1×r,AT ∈ Rd2×r. Recall that optimal mapping288

matrices for each coordinate space would have their column space equal to that of Fisher subspace for289

the marginal distributions FV , FT . Concretely, let the representation of a sample (xV ,xT ) be given290

by (AT
V xV ,A

T
TxT ), where AV ,AT are the mappings. Then, we define CLIP InfoNCE loss [20] as,291

Lclip = −E
(xV ,xT )∼Fclip

[
(AT

TxT )
TAT

V xV

]
+ E

xT∼FT

[
log

(
E

xV ∼FV

[
exp

(
(AT

TxT )
TAT

V xV

)] )]
Each coordinate space serves as augmentation for the other. Similar to InfoNCE, CLIP InfoNCE292

attracts embeddings of xV and xT via the first term, while regularizing with the Log-Sum-Exp term.293

5.2 Results294

Our main result for CLIP-GMM states that we can learn a subset of Fisher subspace for the constituent295

modalities by minimizing the CLIP InfoNCE loss. We state our results in the following theorem.296

Theorem 5.2. Suppose {wk,µV,k,µT,k,ΣV ,ΣT }k∈[K] is a CLIP-GMM. Let the Fisher subspace297

of FV be SV,F and FT be ST,F . Denote A∗
V ,A

∗
T as the optimal solution of the CLIP InfoNCE loss,298

A∗
V ,A

∗
T = argmin

AV ∈Rd1×r, AT∈Rd2×r

Lclip(AV ,AT )

For any r ≥ K, let SV,clip = Col(A∗
V ) and ST,clip = Col(A∗

T ). Then, SV,clip ⊆ SV,F and299

ST,clip ⊆ ST,F .300

The proof of Theorem 5.2 can be found in Appendix E. In simple words, CLIP InfoNCE learns the301

subset of the Fisher subspace instead of the exact space, which is weaker than the single-modal302

setting. This is due to the fact that the means in the two spaces can vary arbitrarily. Hence, one can303

choose means and covariances adversarially such that particular directions in the Fisher subspace of304

either FV or FT does not contribute to the inter-component distance and are not learned by the CLIP305

InfoNCE. For certain special configuration of model parameters, such as Σ− 1
2

T µT,k = Σ
− 1

2

V µV,k, we306

can achieve ST,clip = ST,F and SV,clip = SV,F . The result still shows that self-supervised learning307

for multi-modal data is better than non-supervised methods. Accessing augmentations are strictly308

weaker than the knowledge of the labels, and they also naturally occur in the multi-modal setting.309

The fact that contrastive losses learn a subset of the optimal subspace verifies their capabilities.310
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Figure 2: We empirically validate our theoretical findings for four main settings. (a) InfoNCE is
robust to noise in augmentations for various values of δ. (b) InfoNCE (and SimSiam) are invariant
to variance orthogonal to Fisher subspace. (c) InfoNCE outperforms spectral methods for every
mapping dimension. (d) InfoNCE learns a good scaling within the Fisher subspace

6 Experiments311

We validate our theoretical findings with experiments on synthetic and real data. For the synthetic312

data, we study the effect of noise δ in Augmentation-enabled Distribution , rank r of the projection313

matrix and condition number of covariance matrix on learned representations. For the real data314

experiments, we compare self-supervised methods against baselines for clustering CIFAR100 dataset315

on low dimensional subspaces using K-Means.316

6.1 Setup317

We evaluate different linear dimensionality reduction methods for SharedGMMs. We adopt a two-step318

process; the first step is dimensionality reduction with the target method, and the second step is319

clustering with an out-of-the-box clustering algorithm (i.e. K-Means ). We compare the methods320

based on their clustering performance in the second step using well-known metrics.321

Metrics. Following prior work [14] we use Adjusted Rank Index (ARI) and Adjusted Mutual322

Information (AMI) to measure the quality of a clustering algorithms. We give the ground truth number323

of clusters to K-Means as input. ARI and AMI both vary between 0 and 1, with 0 corresponding to324

random clustering and 1 corresponding to perfect clustering.325

Data generation. For synthetic experiments we consider K = 10 with equally likely component326

mixtures. For the CIFAR100 experiments, we randomly sample K = 20 classes out of 100. See327

Suppl G.1 for details.328

Methods. We consider learning a mapping matrix A using gradient descent with respect to InfoNCE329

and SimSiam loss and we compare them againts 5 baselines. Ambient is clustering in ambient330

dimension. Random projects onto a random r-dimensional subspace. Optimal projects onto top r331

directions in Fisher subspace. PCA projects onto r-dimensional SSV D. LDA finds a projection that332

maximizes inter-class variance with respect to intra-class variance (Optimal in the synthetic case).333

6.2 Synthetic experiments334

We observe that InfoNCE often performs better than Optimal, projection onto the Fisher subspace.335

We interpret that InfoNCE loss learns to scale within the subspace leading to better clustering336

performance (see App G.2 for orthonormalized plots of InfoNCE/SimSiam). Moreover, SimSiam337

shows a sub-par performance compared to InfoNCE. We believe this is due the difficulty in optimizing338

the SimSiam objective (projected gradient descent) compared to InfoNCE.339
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Table 1: Clustering performance of linear dimensionality reduction methods on CIFAR100:
Bolded and underlined values indicate the best and second-best scores for each column. We report
clustering performance for K-Means on r = 5, 10, 15, 19-dimensional subspaces using the linear
mappings learned by 6 different methods. We measure the clustering performance using ARI and
AMI, which is reported as pairs, in the format ARI | AMI. InfoNCE and LDA outperform the rest by
significant margins in all mapping dimensions. LDA shows the best performance in terms of ARI,
while InfoNCE achieves higher AMI values across the board.

Mapping Dimension
Method 5 dim 10 dim 15 dim 19 dim

Random 0.01475 | 0.04694 0.01567 | 0.05241 0.01894 | 0.05796 0.02446 | 0.07188
PCA 0.03360 | 0.09254 0.03292 | 0.09509 0.03435 | 0.09427 0.03154 | 0.09269
Ambient 0.03160 | 0.09481 0.03160 | 0.09481 0.03160 | 0.09481 0.03160 | 0.09481
SimSiam 0.02870 | 0.09581 0.02732 | 0.09114 0.03707 | 0.10830 0.02868 | 0.09498
InfoNCE 0.05065 | 0.12730 0.05138 | 0.12801 0.05402 | 0.12835 0.05285 | 0.12947
LDA 0.05067 | 0.12360 0.05489 | 0.11782 0.06352 | 0.12359 0.05970 | 0.11933

Effect of noise in augmentations. We vary the noise parameter δ for the AeD with everything else340

held constant. We can see in Fig 4a that InfoNCE is robust to the variation in δ.341

Effect of variance orthogonal to SF . Increasing the variance orthogonal to the Fisher subspace342

is equivalent to making the pancakes in Fig 1 flatter. We quantify “flatness” as σmin(Σ)/σmax(Σ).343

Fig 4b shows that InfoNCE is (almost) invariant to “flatness”, while PCA and Ambient fail when the344

variance orthogonal to Fisher subspace is large (i.e. σmin(Σ)/σmax(Σ) is small).345

Effect of projection dimension. We vary the dimension of the lower dimensional space that we aim346

to learn. InfoNCE’s performance increases with increasing r and finally plateaus.347

Effect of variance within SF . We show that InfoNCE learns a "good" scaling within the Fisher348

subspace. We set the dimension of ambient space equal to the dimension of mean subspace (i.e.349

d = K − 1). We select K/2 orthogonal directions and increase the variance in the subspace spanned350

by these direction by a factor of σmax(Σ)/σmin(Σ). Since none of the baselines learn scaling in the351

subspace, they perform almost the same, while InfoNCE outperforms all the baselines.352

6.3 Real-data experiments on CIFAR-100353

We consider images from CIFAR-100 as inputs instead of generating data from a synthetic GMM. We354

consider 20 fine-labeled classes (10K images) where each class corresponds to a single component.355

We convert images into a 256-dimensional vector by subsampling, grayscaling, mean scaling. Images356

belonging to the same class will be the augmentations of each other. We still consider a linear357

model and hence have the same baselines. We measure the clustering performance using ARI and358

AMI on mapping to r = 5, 10, 15, 19-dimensional subspaces in Table 1. Surprisingly, InfoNCE359

could still outperform LDA in certain metrics even in the real data setting where naturally, our data360

distribution assumptions and augmentation will no longer hold. LDA has the best performance for all361

dimensions in terms of ARI (first value in each column) which indicates that it excels at maintaining362

local groupings. On the other hand, InfoNCE achieves larger AMI values underlining that contrastive363

learning could be better at preserving overall class distributions.364

7 Conclusion and limitations365

We study contrastive learning in the classical setting of linear dimensionality reduction for GMMs366

for which we define a generalized notion of imperfect augmentations. Our main result underlines367

that the contrastive methods learn the Fisher-optimal subspace for the class of shared-covariance368

GMMs; going beyond the capabilities of unsupervised methods and matching that of fully supervised369

strategies. Our work particularly focuses on linear mappings, and it is an important open problem370

to theoretically verify performance of contrastive methods when projectors are non-linear, which371

is usually the case in practice. Similarly, we acknowledge that our results are not immediately372

generalizable for data distributions beyond GMMs, which we will investigate as future work.373
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Appendix449

A Additional Lemmas450

Lemma A.1. The function given by f({xi}; c) = log(
∑

i exp(c
Txi)) where {xi}, c ∈ Rd is strictly451

convex in c ∈ Span({xi}).452

Proof. Using the definition of strict convexity we need to prove that:453

f({xi}; (λc1 + (1− λ)c2))

<λf({xi}; c1) + (1− λ)f({xi}; c2)

when c1 ̸= c2. Taking exp(.) on both sides :454

exp(f({xi}; (λc1 + (1− λ)c2)))

< exp(λf({xi}; c1)) exp((1− λ)f({xi}; c2))

Simplifying the LHS we have :455

exp(f({xi}; (λc1 + (1− λ)c2)))

=
∑
i

exp((λc1 + (1− λ)c2)
Txi)

=
∑
i

exp(λcT1 xi) exp((1− λ)cT2 xi)

Using Holders inequality (
∑

i xiyi ≤ (
∑

i |xi|p)
1
p (
∑

i |yi|q)
1
q , where 1

p + 1
q = 1) with p = 1

λ and456

q = 1
1−λ , we have :457

∑
i

exp(λcT1 xi) exp((1− λ)cT2 xi)

≤(
∑
i

exp(
λcT1 xi

λ
))λ(

∑
i

exp(
(1− λ)cT2 xi

1− λ
))(1−λ)

=(
∑
i

exp(cT1 xi))
λ(
∑
i

exp(cT2 xi))
(1−λ)

=exp(λf({xi}; c1)) exp((1− λ)f({xi}; c2))

Note that Holders equality holds only when cT1 xi = cT2 xi for all i. For c1, c2 ∈ Span{xi}, this458

equality holds only when c1 = c2. Hence, for c1 ̸= c2 we have strict inequality i.e.459 ∑
i

exp(λcT1 xi) exp((1− λ)cT2 xi)

<(
∑
i

exp(
λcT1 xi

λ
))λ(

∑
i

exp(
(1− λ)cT2 xi

1− λ
))(1−λ)

=exp(λf({xi}; c1)) exp((1− λ)f({xi}; c2))

This gives strict convexity. Hence proved.460
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B Main Proposition461

In this section, we state and prove a key proposition which is used to prove our main result (Thm 4.1)462

Proposition B.1. Suppose F parameterized by {wk,µk, I}k∈[K] be a spherical gaussian mixture463

model and F̂ be its augmentation-enabled gaussian mixture with bias δ (Def 2.2). Let SF be the464

fisher subspace (Eqn 1) of F and A∗ be the optimal solution of the InfoNCE loss (Eqn 2) :465

A∗ = argmin
A∈Rd×r

L(A)

Then given r ≥ K, Col(A∗) ⊆ SF . Moreover if δ = 1, then Col(A∗) = SF .466

We prove the proposition in two parts. In the first part we prove that Col(A∗) ⊆ SF for any δ > 0.467

In the second part we prove that if δ = 1, then Col(A∗) = SF .468

B.1 Column space of A is a subset of Fischer Subspace469

We prove that : Col(A∗) ⊆ SF when δ > 0470

Proof.

(ATx)T (ATy) = xTAATy = xTBy,

where B = AAT , i.e. B is positive semi-definite (PSD) matrix of rank r. We substitute into471

InfoNCE loss to get :472

L = −Ex,x̂[x
TBx̂] + Ex[log(Ex̃[exp(x

TBx̃)])]

We relax the rank-constraint on B throughout the proof. We show that rank of our optimal solution473

B∗ ≤ K which satisfies the rank constraint implicitly (as K ≤ r).474

Note : The above loss function is strictly convex in B (using Lemma A.1) and the minimization of is475

over a convex set (i.e. set of B ∈ Sd+).476

Let B∗ be the optimal solution. Denote the eigendecomposition of B∗ as UΛUT , where Λ ⪰ 0 (as477

B ⪰ 0) and U is a unitary matrix. Equivalently :478

B∗ =
∑
i

λiuiu
T
i (4)

where ui are columns of U . Consider the indices where the eigenvalue λi > 0 as I. The solution479

A∗ is hence
[√

λiui

]
i∈I . We aim to show that Col(A∗) = Span{ui}i∈I ⊆ Span{µk}k∈[K].480

The condition Span{ui}i∈I ⊆ Span{µk}k∈[K] implicitly implies that rank of B∗ ≤ K. This481

follows because there can’t be more than K orthogonal vectors (i.e. columns of U ) in a subspace of482

dimension K (as there are only K means spanning the subspace).483

Suppose the condition is not true. Then there exists a unit vector v, such that vTµk = 0 for all484

k ∈ [K] and vTui ̸= 0 for some i where λi > 0.485

We construct a new matrix Ū , whose columns are reflection of U through the plane with normal486

vector v given by R = I − 2vvT . The reflection matrix is defined such that Rµk = RTµk = µk.487

Define B̄ from the constructed Ū .488

Ū = RU = (I − 2vvT )U

B̄ = ŪΛŪT = RB∗RT

B̄ ̸= B. Ū ̸= U is still a unitary matrix (product of unitary matrices), is identical to U in489

Span{µk}k∈[K]490

ŪT Ū = UTRTRU = UTU = I

ŪTµk = UTRTµk = UTµk

Ūµk = URµk = Uµk
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The first term in the loss L at B∗ can be simplified as491

Ex,x̂[x
TB∗x̂]

=Ex,x̂[⟨xx̂T ,B∗⟩]
=⟨Ex,x̂[xx̂

T ],B∗⟩

=⟨
∑
k

wkµk(δµk + (1− δ)(
∑
j

wjµj))
T ,B∗⟩

=⟨δ
∑
k

wkµkµ
T
k + (1− δ)(

∑
k

wkµk)(
∑
j

wjµj)
T ,B∗⟩

This is where we use the fact that the augmentation is generated from the augmentation oracle.492

We can now see that493

Ex,x̂[x
T B̄x̂]

=⟨δ
∑
k

wkµkµ
T
k + (1− δ)(

∑
k

wkµk)(
∑
j

wjµj)
T , B̄⟩

=⟨δ
∑
k

wkµkµ
T
k + (1− δ)(

∑
k

wkµk)(
∑
j

wjµj)
T ,RBRT ⟩

=⟨δ
∑
k

wkR
Tµkµ

T
kR+

(1− δ)(
∑
k

wkR
Tµk)(

∑
j

wjR
Tµj)

T ,B∗⟩

=⟨δ
∑
k

wkµkµ
T
k + (1− δ)(

∑
k

wkµk)(
∑
j

wjµj)
T ,B∗⟩

=Ex,x̂[x
TB∗x̂]

Now see analyze the second term in L where we prove :494

Ex[log(Ex̃[exp(x
T B̄x̃)])] = Ex[log(Ex̃[exp(x

TB∗x̃)])]

For this we show that the random variables xTB∗x̃ and xT B̄x̃ have identical distribution. We first495

simplify xTB∗x̃ below.496

xT B̄x̃

=xTRB∗Rx̃

=(x− µz + µz)
TRB∗R(x̃− µz̃ + µz̃)

=((x− µz)
TR+ µT

z R)B∗(R(x̃− µz̃) +Rµz̃)

=((x− µz)
TR+ µT

z )B
∗(R(x̃− µz̃) + µz̃)

where µT
z R = µT

z (I − 2vvT ) = µT
z − 2(µT

z v)v
T = µT

z . Now we prove that their distributions497

are identical.498
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Pr(xT B̄x̃ ≤ c)

=Pr(((x− µz)
TR+ µT

z )B
∗(R(x̃− µz̃) + µz̃) ≤ c)

=Pr(((x− µz)
T + µT

z )B
∗((x̃− µz̃) + µz̃) ≤ c)

=Pr(xB∗x̃ ≤ c)

We use the fact that (x− µz)
T (I − 2vvT ) is identically distributed to (x− µz) i.e. N (0, I).499

Now since xTB∗x̃,xT B̄x̃ are identically distributed, second term in the loss are also identically500

distributed and have the same expectation i.e.501

Ex[log(Ex̃[exp(x
TB∗x̃)])] = Ex[log(Ex̃[exp(x

T B̄x̃)])]

This proves that L is identical for B∗ and B′. But since our loss is strictly convex we have502

L(B
∗+B̄
2 ) < 1

2 (L(B
∗) + L(B̄)) = L(B∗). This contradicts the fact that B∗ is optimal in Sd+.503

Hence proved.504

B.2 Column space of A is equal to Fischer Subspace505

We prove that : Col(A∗) = SF when δ = 1506

Proof. Consider the eigendecomposition for the optimal solution B∗ (Eq 5). Suppose there is a507

direction v ∈ Span
(
{µk}k

)
which is not in Span

(
{ui}i∈I

)
.508

Without loss of generality assume vTui = 0 ∀i ∈ I (if not then project onto the null space and509

re-normalize). Now since λj = 0 ∀i /∈ I, we can rotate the eigenvectors [uj ]j /∈I with a unitary510

matrix such that uj = v for some j. This operation doesn’t change B∗511

That implies there exists uj such that uj ∈ Span
(
{µk}k

)
and λj = 0. We now show that512

∂L
∂λj

∣∣∣
B=B∗

< 0

Hence λj > 0 for optimal B∗.513

First consider the derivative of first term of L with λj514

∂Ex,x̂[x
TBx̂]

∂λj
= ⟨

∑
k

wkµkµ
T
k ,

∂B

∂λj
⟩

=⟨
∑
k

wkµkµ
T
k ,uju

T
j ⟩ =

∑
k

wk(µ
T
k uj)

2 =
∑
k

wka
2
k

where ak = µT
k uj . Since uj ∈ Span

(
{µk}k

)
that implies there exists a non-zero ak. Hence we515

have that ∂Ex,x̂[x
TBx̂]

∂λj
> 0 for any B ̸= 0.516
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For the second term in the loss we have :517

∂Ex[log(Ex̃[exp(x
TBx̃)])]

∂λj

=Ex

[Ex̃[exp(x
TBx̃)∂x

TBx̃
∂λj

]

Ex̃[exp(xTBx̃)]

]
=Ex

[
Ex̃[exp(x

TBx̃)(xTuj)(x̃
Tuj)]

Ex̃[exp(xTBx̃)]

]
=Ex

[
(xTuj)

Ex̃[exp(x
TBx̃)(x̃Tuj)]

Ex̃[exp(xTBx̃)]

]
=Ex

[
(xTuj)Ex̃

[
exp(xTBx̃)

Ex̃[exp(xTBx̃)]
x̃Tuj

]]

=Ex

[
(xTuj)Ex̃

[
g(x̃;x,B)x̃Tuj

]]

where we define g(x̃;x,B) as :518

g(x̃;x,B) ≜
exp(xTBx̃)

Ex̃[exp(xTBx̃)]

with Ex̃[g(x̃;x,B)] = 1. Also define x⊥ = uj(u
T
j x) and x∥ = (I−uju

T
j )x. Hence x = x⊥+x∥.519

Notice that since λj = 0 for B∗, we have520

g(x̃;x,B∗) = g(x̃∥;x,B
∗) = g(x̃∥;x∥,B

∗)

We evaluate the inner term in the above expression at B = B∗ :521

Ex̃

[
g(x̃;x,B∗)x̃Tuj

]
=
∑
k

wkEx̃∼N (µk,I)

[
g(x̃;x,B∗)x̃Tuj

]
=
∑
k

wkEx̃∼N (µk,I)

[
g(x̃;x,B∗)x̃Tuj

]
We look at each of the expectations individually522

Ex̃∼N (µk,I)

[
g(x̃;x,B∗)x̃Tuj

]
=Ex̃∼N (µk,I)

[
g(x̃;x,B∗)(ak + z̃Tuj)

]
=Ex̃∼N (µk,I)

[
g(x̃;x,B∗)ak

]
+

Ex̃∼N (µk,I)

[
g(x̃;x,B∗)(z̃T

⊥uj)

]
=akEx̃∼N (µk,I)

[
g(x̃;x,B∗)

]
= akhk(x;B

∗)
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where z̃ is the noise in x̃ and hk(x;B
∗) = Ex̃∼N (µk,I)

[
g(x̃;x,B∗)

]
. We use the property that z̃⊥523

is independent of g(x̃;x,B∗) = g(x̃∥;x,B
∗) to show that its equal to 0.524

Ex̃∼N (µk,I)

[
g(x̃∥;x,B

∗)(z̃T
⊥uj)

]
=Ex̃∼N (µk,I)

[
g(x̃∥;x,B

∗)

]
Ex̃∼N (µk,I)

[
z̃T
⊥uj

]
=Ex̃∼N (µk,I)

[
g(x̃∥;x,B

∗)

]
∗ 0 = 0

Hence we have525

Ex̃

[
g(x̃;x,B∗)x̃Tuj

]
=

∑
k

wkakhk(x;B
∗)

We have
∑

k wkhk(x) = 1526

∑
k

wkhk(x;B)

=
∑
k

wkEx̃∼N (µk,I)

[
g(x̃∥;x,B)

]
=
∑
k

wkEx̃∼N (µk,I)

[
exp(xTBx̃)

Ex̃[exp(xTBx̃)]

]
=Ex̃

[
exp(xTBx̃)

Ex̃[exp(xTBx̃)]

]
= 1

While g(x̃;x,B), is the weight x gives to a point x̃, hk(x;B) can be interpreted as a weight x gives527

to cluster k (i.e. expectation of g over a cluster).528

Going back to the expression at B = B∗529

Ex

[
(xTuj)Ex̃

[
g(x̃;x,B∗)x̃Tuj

]]

=Ex

[
(xTuj)

∑
k

wkakhk(x;B
∗)

]

=
∑
k

wkakEx

[
(xTuj)hk(x;B

∗)

]
=
∑
k

wkakEx

[
(xTuj)hk(x;B

∗)

]
=
∑
k

wkak
∑
k′

wk′Ex∼N (µk′ ,I)

[
(xTuj)hk(x;B

∗)

]

17



h inherits the property hk(x;B
∗) = hk(x∥;B

∗) from g (this is because λj = 0 in B∗). Evaluating530

the inner expression we have531

Ex∼N (µk′ ,I)

[
(xTuj)hk(x;B

∗)

]
=Ex∼N (µk′ ,I)

[
(ak′ + zT

⊥uj)hk(x;B
∗)

]
=ak′Ex∼N (µk′ ,I)

[
hk(x;B

∗)

]
+Ex∼N (µk′ ,I)

[
(zT

⊥uj)hk(x;B
∗)

]
=ak′Ex∼N (µk′ ,I)

[
hk(x;B

∗)

]
= ak′fk′,k

where z is the noise in x. We use the property that z⊥ is independent of hk(x;B
∗) = hk(x∥;B

∗)532

to show that its equal to 0.533 ∑
k

wkfk′,k =
∑
k

wkEx∼N (µk′ ,I)

[
hk(x;B

∗)

]
Ex∼N (µk′ ,I)

[∑
k

wkhk(x;B
∗)

]
= 1

since
∑

k wkhk(x;B
∗) = 1.534

Define a matrix F ∈ RK×K as Fi,j = fi,j and W = diag(w1, w2, . . . , wK) and a =535

[a1, a2, . . . , aK ]T .536

Ex

[
(xTuj)Ex̃

[
g(x̃;x,B∗)x̃Tuj

]]

=
∑
k

wkak
∑
k′

wk′Ex∼N (µk′ ,I)

[
(xTuj)hk(x;B

∗)

]
=
∑
k

wkak
∑
k′

wk′ak′fk′,k

=aTWFWa = (
√
Wa)T

√
WF

√
W (

√
Wa)

Eigenvalues of
√
WF

√
W are equal to eigenvalues of FW (since this is a similarity transform).537

And if v is eigenvector of FW , then
√
Wv is the eigenvector for

√
WF

√
W .538

Since F has expectation of exponentials as its entries i.e. Fi,j > 0 and W > 0 from definition.539

Hence we have that every entry of FW is strictly greater than 0. The Perron–Frobenius eigenvalue r540

is given by541

min
i

∑
j

(FW )i,j ≤ r ≤ max
i

∑
j

(FW )i,j

But we have that for every i the sum is equal to 1.542 ∑
j

(FW )i,j =
∑
j

∑
l

(Fi,lWl,j) =
∑
j

fi,jwj = 1

Hence r = 1 and the Perron vector is simply 1 = [1, 1, . . . , 1] ∈ RK . Hence we show that eigenvector543

with largest eigenvalue (i.e. 1) for
√
WF

√
W is

√
W1. Hence we have that544
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(
√
Wa)T

√
WF

√
W (

√
Wa) ≤ ||

√
Wa||2 =

∑
k

wka
2
k

The equality only holds when a ∈ Span
(
1
)
, i.e. all ak are equal. This is not true (since

∑
k ak = 0545

and there exists a nonzero ak). Hence546

Ex

[
(xTuj)Ex̃

[
g(x̃;x,B∗)x̃Tuj

]]
<

∑
k

wka
2
k

The loss for the whole term is547

∂L
∂λj

∣∣∣
B=B∗

=− ∂Ex,x̂[x
TBx̂]

∂λj

+
∂Ex[log(Ex̃[exp(x

TBx̃)])]

∂λj

<−
∑
k

wka
2
k +

∑
k

wka
2
k = 0

Hence proved.548

549

C Proof for InfoNCE loss550

In this section, we use Proposition B.1 to prove our main theorem. We recommend the reader to551

first go through Proposition B.1 and it’s proof (in Appendix B) to understand the proof for the main552

theorem.553

Proof.

L = −Ex,x̂[x
TBx̂] + Ex[log(Ex̃[exp(x

TBx̃)])]

where B = AAT , i.e. B is positive semi-definite (PSD) matrix of rank r. The above step follows554

from Proposition B.1. We relax the rank-constraint on B. We finally show that rank of B∗ i.e. the555

optimal solution ≤ K which satisfies the above condition as K ≤ r.556

Now consider a change of variables given by x′ = Σ− 1
2x. This implies that x′ now fol-557

lows a GMM with means given by {Σ− 1
2µk}k∈[K] and isotropic covariance I (as E[x′x′T ] =558

E[Σ− 1
2xxTΣ− 1

2 ] = Σ− 1
2E[xxT ]Σ− 1

2 = I).559

The loss be hence be written as :560

L =− Ex′,x̂′ [x′TΣ
1
2BΣ

1
2 x̂′]

+ Ex′ [log(Ex̃′ [exp(x′TΣ
1
2BΣ

1
2 x̃′)])]

Now let B′ = Σ
1
2BΣ

1
2 . B′ is also a PSD matrix. Hence loss can be written as :561

L = −Ex′,x̂′ [x′TB′x̂′] + Ex′ [log(Ex̃′ [exp(x′TB′x̃′)])]

Let the optimal B′∗ be denoted by
∑

i λiuiu
T
i and let I be set of indices with λi > 0 (note λi ≥ 0∀i).562

But from Proposition B.1, we know that , where Span{ui}i∈I = Span{µ′
k}k∈[K] where {µ′

k} is563

the set of means.564
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For an invertible Σ and µ′
k = Σ− 1

2µk, we have565

Span{ui}i∈I = Span{µ′
k}

=⇒ Span{ui}i∈I = Span{Σ− 1
2µk}

=⇒ Span{Σ− 1
2ui}i∈I = Span{Σ−1µk}

Substituting and B∗ = Σ− 1
2B′∗Σ− 1

2 we get :566

B∗ = Σ− 1
2 (
∑
i

λiuiu
T
i )Σ

− 1
2

=
∑
i

(
√
λiΣ

− 1
2ui)(

√
λiΣ

− 1
2ui)

T

Hence the optimal solution in the original space A∗ =
[√

λiΣ
− 1

2ui

]
i∈I

. We proved that567

Span{Σ− 1
2ui}i∈I = Span{Σ−1µk}k∈[K]. This implies that column space of Col(A∗) =568

Span{Σ− 1
2ui}i∈I = Span{Σ−1µk}k∈[K]. Hence proved.569

570

D Proof for SimSiam Loss571

In this section, we use the same methodology as in part of Proposition B.1 to prove the theorem.572

First we use the strict convexity of the loss to show that the solution lies in the fisher subspace.573

Afterwards, by differentiating the loss function w.r.t. any direction in the fisher subspace, we show574

that all directions in the subspace should be learnt assuming sufficient capacity.575

Proof. We write the objective by computing the expectations as :576

LSS(A) = − E
(x,x̂)∼F̂

[
(ATx)TAT x̂

]
+ ξ E

x∼F

[
||ATx||2

]

= − E
(x,x̂)∼F̂

[
⟨AAT , x̂xT ⟩

]
+ ξ E

x∼F

[
⟨AAT ,xxT ⟩

]
= −⟨AAT , E

(x,x̂)∼F̂
[x̂xT ]⟩+ ξ⟨AAT , E

x∼F
[xxT ]⟩

= −⟨AAT , δ
∑
k

wkµkµ
T
k ⟩+ ξ⟨AAT ,

∑
k

wkµkµ
T
k +Σ⟩

= ⟨B, (−δ + ξ)M⟩+ ξ⟨B,Σ⟩
= ⟨B, (−δ + ξ)M + ξΣ⟩

= ⟨Σ 1
2BΣ

1
2 , (−δ + ξ)Σ− 1

2MΣ− 1
2 + ξI⟩

= ⟨B′, (−δ + ξ)M ′ + ξI⟩

where we have B = AAT , M =
∑
k

wkµkµ
T
k , B′ = Σ

1
2BΣ

1
2 and M ′ = Σ− 1

2MΣ− 1
2 . Note577

that the loss is linear in B (and B′). Since we restrict ourselves to ||A||2 ≤ 1, it is also true that578

||B||2 ≤ 1.579

We now show that the optimal B′ has column space (and row space, since symmetric) lying in column580

space (and row space) of M ′. Let B∗ be the optimal solution. Denote the eigendecomposition of581

B∗ as UΛUT , where Λ ⪰ 0 (as B ⪰ 0) and U is a unitary matrix. Equivalently :582

B∗ =
∑
i

λiuiu
T
i (5)
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where ui are columns of U . Suppose the condition is not true. Then there exists a unit vector v, such583

that M ′v = 0 and B′v ̸= 0.584

We construct a new matrix Ū , whose columns are projection of U onto the plane with normal vector585

v given by R = I − vvT . The projection matrix is defined such that RM ′ = M ′. Define B̄ from586

the constructed Ū .587

Ū = RU = (I − vvT )U

B̄ = ŪΛŪT = RB∗RT

Now through some algebra we see that loss at B̄ is less than at B∗ and hence B∗ can’t be optimal.588

⟨B̄, (−δ + ξ)M ′ + ξI⟩
=⟨B∗, (−δ + ξ)RTM ′R+ ξRTR⟩
=⟨B∗, (−δ + ξ)M ′ + ξI + ξ(RTR− I)⟩
=⟨B∗, (−δ + ξ)M ′ + ξI⟩+ ξ⟨B∗, (RTR− I)⟩

Now we show that ⟨B∗, (RTR− I)⟩ < 0 and since ξ > 0, loss at B̄ is less than at B∗. The fact is589

intuitively clear and aa formal proof is as follows :590

⟨B∗,RTR⟩ = tr(RB∗RT ) =
∑
i

λi||Rui||22 <
∑
i

λi||ui||22 = ⟨B∗, I⟩

The strict inequality is due to fact that B′v ̸= 0, i.e. there exists a i with λi > 0 and vTui ̸= 0 (and591

hence ||Rui||22 < ||ui||22). ||Ruj ||22 ≤ ||uj ||22 is true generally because R is a projection matrix.592

Hence we showed that column space of B∗ (i.e., optimal B′) lies in column space of M ′. Now593

we show that it spans the whole column space. Suppose not. Let B∗ be the optimal solution594

with decomposition with notation as used above. Then WLOG there exists ui which ∈ Span
(
M ′)595

and λi = 0 (if it doesn’t exist we can rotate the uj’s with 0 eigenvalues so that a ui aligns in the596

subspace). We take derivative w.r.t. λi and show that it’s negative.597

∂LSS

∂λi

∣∣∣
B′=B∗

=
∂⟨B′, (−δ + ξ)M ′ + ξI⟩

∂λi

=uT
i

(
(−δ + ξ)M ′ + ξI

)
ui

=(−δ + ξ)uT
i M

′ui + ξ

if ξ < δvTM ′v
1+vTM ′v

for all directions v in Span
(
M ′) (as ui ∈ Span

(
M ′)), then ∂LSS

∂λi
is < 0.598

δvTM ′v
1+vTM ′v

is monotonic in vTM ′v. The minimum value of vTM ′v is the smallest non-zero599

eigenvalue of M ′ denoted by λmin. Hence if 0 < ξ < δλmin

1+λmin
we are good.600

Now we showed that B∗ (i.e., optimal B′) spans the complete column space of M ′. Hence using601

the facts B′ = Σ
1
2BΣ

1
2 and B = ATA, we can argue that for the optimal value of A denoted by602

A∗, Col(A∗) = SF .603

E Proof for CLIP Loss604

In this section, we use the first part of Proposition B.1 to prove the theorem, i.e. we use the proof of605

Col(A∗) ⊆ SF .606
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Proof. We write the objective by substituting the functional form of f as :607

L = −Ext,xv
[xT

t AtA
T
v xv]

+Ext [log(Ex̃v [exp(x
T
t AtA

T
v x̃v)])]

= −Ext,xv [x
T
t Bxv] + Ext [log(Ex̃v [exp(x

T
t Bx̃v)])]

where B = AtA
T
v . We can further do a change of variable by x′

t = Σ
− 1

2
t xt and x′

v = Σ
− 1

2
v xv . The608

means are now µ′
t,k = Σ

− 1
2

t µt,k and µ′
v,k = Σ

− 1
2

v µv,k. Define B′ = Σ
1
2
t BΣ

1
2
v . Now x′

t and x′
v609

have components with covariance being isotropic. Now we have :610

L = −Ext,xv
[xT

t Bxv] + Ext
[log(Ex̃v

[exp(xT
t Bx̃v)])]

= −Ex′
t,x

′
v
[x′T

t B′x′
v] + Ex′

t
[log(Ex̃′

v
[exp(x′T

t B′x̃′
v)])]

We argue that optimal B′∗ has its row space equal to Span{µ′
v,k} and its column space equal to611

Span{µ′
t,k}. We present the argument for column space (row space argument follows similarly).612

Suppose there exists a unit vector v such that vTµ′
t,k = 0 for all k ∈ [K], vTB′∗ ̸= 0. Then we can613

define a new matrix as B̄′ = RB′∗ = (I − 2vvT )B′∗, where R = I − 2vvT is a reflection matrix.614

Following arguments from Proposition B.1 we can prove that x′T
t B′∗x̃′

v is identically distributed to615

x′T
t B̄′x̃′

v . Hence using this we can show that L(B′∗) = L(B̄′). Then by the strict convexity of the616

loss function L we have that L(B
′∗+B̄′

2 ) < L(B′∗)+L(B̄′)
2 = L(B′∗). Hence B′∗ can’t be optimal.617

Hence proved.618

F Representation collapse in non-contrastive learning619

Consider a two component GMM in a d dimensional ambient space. The means of the components620

lie on the x and y axis (i.e. the first two dimensions), equidistant from the origin. Both components621

have isotropic covariance. We plot the first two dimensions below in Figure 3. Note that for this setup

Figure 3: The means of the GMM components in the first two dimensions.

622
the rank of the fisher subspace is two (i.e., K = 2) and the fisher subspace is the x− y plane.623

Consider learning a mapping matrix onto a one-dimensional subspace (i.e. r < K). InfoNCE624

type contrastive objectives would learn the subspace given by the pink line (i.e. gaussian would be625

projected onto the pink line and hence would be well seperated). This is stated without proof, but we626

know that InfoNCE loss would learn a subspace lying in the fisher subspace. And through some basic627

algebra we can convince ourselves that the solution would be the pink like (i.e. the line x+ y = 0).628
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Figure 4: We further extend the results presented in Figure 2 with orthonormalized InfoNCE and
SimSiam mappings

But for non-contrastive objectives like SimSiam, while we can only prove that the optimal solution629

lies in the x− y plane. SimSiam objective is not able to distinguish between the lines x+ y = 0 and630

x = y, and hence might lead to collapse of representations. But as stated in the Theorem 4.1, this is631

only the case if r < K. For r ≥ K, the SimSiam objective learns the complete Fisher subspace (and632

only the fisher subspace).633

G Experimental Details and Additional Results634

G.1 Data Generation for Synthetic Experiments635

We also ensure that . For directions orthogonal to the mean-subspace we upscale the variance by a636

factor of κ.637

Ambient Dimension We consider the ambient dimension to be 100 for all experiments (except for638

scaling curves in Figure 2d, where we let ambient dimension equal to K − 1).639

Means of Components For generating means of the components, we first sample K − 1 times from640

a 0 mean, I normal distribution in ambient dimension space. We chose the Kth mean such that the641

means sum upto 0. Hence the means lie in a K − 1 = 9 dimensional space.642

Covariance Matrix To construct a covariance matrix we start with a unit variance I matrix. We643

then upscale the variance in (Ambient - NumMeans+1) dimensional space orthogonal to the means644

subspace by factor of κ, where κ = σmax(Σ)/σmin(Σ). We take κ to be 1/0.1 = 10.0 by default.645

For scaling experiments, we choose random NumMeans/2 orthogonal directions, and increase the646

covariance in those directions. Note for condition number experiment we take κ to be 1/0.x where x647

goes from 1 to 9.648

G.2 Orthonormalized InfoNCE and SimSiam649

We plot the ARI/AMI numbers for orthonormalized InfoNCE and SimSiam matrices in Figure 4.650

Specifically, we do a QR decomposition on these matrices and take the orthogonal Q matrix as the651

projection matrix. In these plots the convergence issues of InfoNCE loss become more apparent, as652

we can see that InfoNCE lagging behind optimal.653

23



Table 2: Clustering performance of linear dimensionality reduction methods on CIFAR100:
Bolded and underlined values indicate the best and second-best scores for each column. We re-
port clustering performance for K-Means on r = 5, 10, 15, 19-dimensional subspaces (mapping
dimensions) using the linear mappings learned by 6 different methods. We measure the clustering
performance using ARI and AMI. We run the methods for 5 different seeds, corresponding to 5
random 20-class subsets of CIFAR-100 datasets. The average scores over 5 runs are reported with
standard deviation given in paranthesis. InfoNCE and LDA outperform the rest by significant margins
in all mapping dimensions. LDA shows the best performance in terms of ARI, while InfoNCE
achieves higher AMI values across the board.

Mapping Dim = 5 Mapping Dim = 10 Mapping Dim = 15 Mapping Dim = 19
Method ARI AMI ARI AMI ARI AMI ARI AMI
Random 0.020 (0.003) 0.061 (0.009) 0.026 (0.003) 0.078 (0.009) 0.028 (0.003) 0.084 (0.007) 0.033 (0.007) 0.094 (0.015)

Ambient 0.039 (0.006) 0.113 (0.013) 0.039 (0.006) 0.113 (0.013) 0.039 (0.006) 0.113 (0.013) 0.039 (0.006) 0.113 (0.013)

PCA 0.038 (0.006) 0.110 (0.013) 0.040 (0.006) 0.113 (0.014) 0.040 (0.006) 0.114 (0.014) 0.041 (0.007) 0.116 (0.015)

SimSiam 0.035 (0.009) 0.111 (0.020) 0.037 (0.009) 0.113 (0.021) 0.035 (0.010) 0.110 (0.021) 0.035 (0.009) 0.110 (0.018)

InfoNCE 0.058 (0.009) 0.146 (0.016) 0.064 (0.011) 0.156 (0.018) 0.063 (0.005) 0.157 (0.014) 0.066 (0.008) 0.159 (0.014)

LDA 0.060 (0.008) 0.145 (0.014) 0.074 (0.012) 0.153 (0.013) 0.074 (0.010) 0.148 (0.014) 0.076 (0.014) 0.149 (0.017)

G.3 CIFAR-100 Experiments and Additional Results654

In this section, we present a seeded version of our results in the manuscript for the CIFAR-100655

experiments. We randomly sample 20 classes from the datasets and collect the data points that belong656

to these 20 classes. The randomly selected subset of images are then normalized before inputting the657

the mapping method. Once the methods learn linear maps, it is then applied on the normalized data.658

Finally, we cluster the (linearly) transformed data using K-Means where the number of classes is the659

same as the number of components in the GMM. We repeat this procedure for 5 times with different660

seeds for the random number generator. We report the results in Table 2, which are consistent with661

the results in the main text.662

H Linear Discriminant Analysis (LDA) and Fisher LDA663

H.1 Linear Discriminant Analysis664

The classical binary class LDA objective is defined as a bayes-optimal solution for classification665

under the assumption that the data is generated from a two-component Gaussian mixture model with666

identical covariances. For non-shared covariance for two component case we don’t have a closed667

form solution and the problem is referred to as Quadratic discriminant Analysis. The LDA solution668

for two-component GMM with shared covariance is the subspace projection on which leads to no669

loss in likelihood of data. It is given as :670

SLDA = Σ−1(µ1 − µ2)

H.2 Fischer Linear Discriminant Analysis671

Instead of defining the LDA objective to be the Bayes-optimal under the assumption that data is672

generated from a two-component Gaussian mixture model with shared covariance, Fischer LDA673

considers an alternative objective. It does away with both the GMM and the shared covariance674

assumption and assumes data to be coming from two different distributions, where each distribution675

belonged is defined by it’s class. Fisher defined the separation between these two distributions to be676

the ratio of the variance between the classes to the variance within the classes i.e.677

Sfischer =
|θT (µ1 − µ2)|2

|θT (w1Σ1 + w2Σ2)θ|

The solution maximizing this is given by (Σ1 + Σ2)
−1(µ1 − µ2) is termed the Fisher subspace.678

When the data is generated from a two-component shared covariance GMM, the solution coincides679

with Σ−1(µ1 − µ2) learnt by LDA.680
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Answer: [Yes]685
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theoretical results that validate our claims. We also conduct experiments to corroborate out687

theoretical claims.688

Guidelines:689

• The answer NA means that the abstract and introduction do not include the claims690

made in the paper.691

• The abstract and/or introduction should clearly state the claims made, including the692

contributions made in the paper and important assumptions and limitations. A No or693

NA answer to this question will not be perceived well by the reviewers.694
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2. Limitations699
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Answer: [Yes]701
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will be specifically instructed to not penalize honesty concerning limitations.730
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to make their results reproducible or verifiable.763
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be necessary to either make it possible for others to replicate the model with the same767

dataset, or provide access to the model. In general. releasing code and data is often768

one good way to accomplish this, but reproducibility can also be provided via detailed769

instructions for how to replicate the results, access to a hosted model (e.g., in the case770

of a large language model), releasing of a model checkpoint, or other means that are771

appropriate to the research performed.772
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sions to provide some reasonable avenue for reproducibility, which may depend on the774

nature of the contribution. For example775
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to reproduce that algorithm.777
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from (intentional or unintentional) misuse of the technology.906

• If there are negative societal impacts, the authors could also discuss possible mitigation907

strategies (e.g., gated release of models, providing defenses in addition to attacks,908

mechanisms for monitoring misuse, mechanisms to monitor how a system learns from909

feedback over time, improving the efficiency and accessibility of ML).910

11. Safeguards911

Question: Does the paper describe safeguards that have been put in place for responsible912

release of data or models that have a high risk for misuse (e.g., pretrained language models,913

image generators, or scraped datasets)?914

Answer: [NA]915

Justification: Our work does not pose any such risks related to its content; we do not release916

new models or datasets.917

Guidelines:918

• The answer NA means that the paper poses no such risks.919

• Released models that have a high risk for misuse or dual-use should be released with920

necessary safeguards to allow for controlled use of the model, for example by requiring921

that users adhere to usage guidelines or restrictions to access the model or implementing922

safety filters.923

• Datasets that have been scraped from the Internet could pose safety risks. The authors924

should describe how they avoided releasing unsafe images.925

• We recognize that providing effective safeguards is challenging, and many papers do926

not require this, but we encourage authors to take this into account and make a best927

faith effort.928

12. Licenses for existing assets929

Question: Are the creators or original owners of assets (e.g., code, data, models), used in930

the paper, properly credited and are the license and terms of use explicitly mentioned and931

properly respected?932

Answer: [Yes]933

Justification: Our theory and numerical experiments do not use any existing assets that934

requires license. Any academic resource, model, dataset and algorithm used are properly935

cited.936

Guidelines:937

• The answer NA means that the paper does not use existing assets.938

• The authors should cite the original paper that produced the code package or dataset.939

• The authors should state which version of the asset is used and, if possible, include a940

URL.941

• The name of the license (e.g., CC-BY 4.0) should be included for each asset.942
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• For scraped data from a particular source (e.g., website), the copyright and terms of943

service of that source should be provided.944

• If assets are released, the license, copyright information, and terms of use in the945

package should be provided. For popular datasets, paperswithcode.com/datasets946

has curated licenses for some datasets. Their licensing guide can help determine the947

license of a dataset.948

• For existing datasets that are re-packaged, both the original license and the license of949

the derived asset (if it has changed) should be provided.950

• If this information is not available online, the authors are encouraged to reach out to951

the asset’s creators.952

13. New assets953

Question: Are new assets introduced in the paper well documented and is the documentation954

provided alongside the assets?955

Answer: [NA]956

Justification: We do not release any assets that requires licensing and/or documentation.957

Guidelines:958

• The answer NA means that the paper does not release new assets.959

• Researchers should communicate the details of the dataset/code/model as part of their960

submissions via structured templates. This includes details about training, license,961

limitations, etc.962

• The paper should discuss whether and how consent was obtained from people whose963

asset is used.964

• At submission time, remember to anonymize your assets (if applicable). You can either965

create an anonymized URL or include an anonymized zip file.966

14. Crowdsourcing and research with human subjects967

Question: For crowdsourcing experiments and research with human subjects, does the paper968

include the full text of instructions given to participants and screenshots, if applicable, as969

well as details about compensation (if any)?970

Answer: [NA]971

Justification: Our paper does not involve crowdsourcing nor human subjects.972

Guidelines:973

• The answer NA means that the paper does not involve crowdsourcing nor research with974

human subjects.975

• Including this information in the supplemental material is fine, but if the main contribu-976

tion of the paper involves human subjects, then as much detail as possible should be977

included in the main paper.978

• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,979

or other labor should be paid at least the minimum wage in the country of the data980

collector.981

15. Institutional review board (IRB) approvals or equivalent for research with human982

subjects983

Question: Does the paper describe potential risks incurred by study participants, whether984

such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)985

approvals (or an equivalent approval/review based on the requirements of your country or986

institution) were obtained?987

Answer: [NA]988

Justification: The theory-oriented scope of our work does not require such approvals.989

Guidelines:990

• The answer NA means that the paper does not involve crowdsourcing nor research with991

human subjects.992
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• Depending on the country in which research is conducted, IRB approval (or equivalent)993

may be required for any human subjects research. If you obtained IRB approval, you994

should clearly state this in the paper.995

• We recognize that the procedures for this may vary significantly between institutions996

and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the997

guidelines for their institution.998

• For initial submissions, do not include any information that would break anonymity (if999

applicable), such as the institution conducting the review.1000

16. Declaration of LLM usage1001

Question: Does the paper describe the usage of LLMs if it is an important, original, or1002

non-standard component of the core methods in this research? Note that if the LLM is used1003

only for writing, editing, or formatting purposes and does not impact the core methodology,1004

scientific rigorousness, or originality of the research, declaration is not required.1005

Answer: [NA]1006

Justification: The development process does not involve LLM use as any important part of1007

it.1008

Guidelines:1009

• The answer NA means that the core method development in this research does not1010

involve LLMs as any important, original, or non-standard components.1011

• Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)1012

for what should or should not be described.1013
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