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Abstract

Contrastive learning involves learning representations via a loss function that en-
courages each (unlabeled) sample to be far from other samples, but close to its own
augmentation. In this paper, we aim to understand why this simple idea performs
remarkably well, by theoretically analyzing it for a simple, natural problem setting:
dimensionality reduction in Gaussian Mixture Models (GMMs). Note that the
standard GMM setup lacks the concept of augmentations. We study an intuitive
extension: we define the pair of data sample and its augmentation as a coupled
random draw from the GMM such that the marginal over the "noisy" augmentation
is biased towards the component of the data sample. For this setup, we show that
vanilla contrastive loss, e.g., InfoNCE, is able to find the optimal lower-dimensional
subspace even when the Gaussian components are non-isotropic. In particular, we
show that InfoNCE can match the performance of a fully supervised algorithm,
e.g., LDA, (where each data point is labeled with the mixture component it comes
from) even when the augmentations are "noisy". We further extend our setup to the
multi-modal case, and develop a GMM-like setting to study the contrastive CLIP
loss. We corroborate our theory with experiments on CIFAR100; representations
learned by InfoNCE loss match the performance of LDA on clustering metrics.

1 Introduction

Contrastive learning (CL) is now a gold-standard paradigm for learning representations with popular
examples such as vision models like SimCLR [6]] and MoCo [8]] , text models like Dense Passage
Retrieval (DPR) [18], and vision-language models like CLIP [20]. Once learned, these representations
both demonstrate commendable zero-shot performance, and could easily be adapted to achieve SoTA
performance on various tasks like classification [6] and retrieval [13]].

Contrastive learning is a self-supervised strategy that aims to learn coherent representations given
an unlabeled dataset. The core idea is to relate similar (positive) data samples to each other while
contrasting unrelated (negative) points. To formalize, consider a pair of points (x, &), where x
is a sample from the dataset and & is a “similar”, positive example. Contrastive methods learn
representations so that the embedding of the sample x is close to that of its partner &, while being far
away from other points. Sometimes, these pairs are naturally present. For instance, in CLIP, each
training data comes as a pair of an image and the corresponding text caption. In other scenarios, they
can be manually obtained via data augmentation that preserves the underlying semantics, e.g., we can
define an image and its resized/cropped/rotated version as a pair.

It is fundamentally important to understand why this simple idea of relating/contrasting pairs
works so well. In this paper, we aim to answer this question with a theoretical study of contrastive
learning by casting is as dimensionality reduction for Gaussian Mixture Models (GMMs). We
motivate our study through the lens of representation learning which aims at finding a mapping
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between the high-dimensional input space, e.g., images of 1 million pixels, and a lower dimensional
output domain of representations, e.g., 1024-dimensional feature vectors. Similarly, contrastive
learning aims at discovering robust mappings between the data and the representations by exploiting
additional information in the form of augmentations. In our framework of GMMs, we consider linear
mappings/projections (for analytical tractability) and characterize the optimality of the mapping
functions learned by contrastive methods by analyzing the associated projection subspaces.

To highlight the success of contrastive methods in learning linear projectors, we conduct our study in
comparison to fully supervised methods and standard spectral methods, i.e., based on singular value
decomposition (SVD). We provide an example where we provide a three-way comparison in finding
anticipated projection subspaces (see Section [3.1)). Note that SVD-based methods are not designed
to leverage augmentations. Therefore, we use SVD-based methods merely as a reference point to
argue that when (noisy) augmentations are present, contrastive learning can provably go beyond what
would otherwise be possible. However, a more relevant and interesting comparison is with respect to
supervised methods, i.e., LDA in this case. In that sense, we provide principled, theoretical insight
into how contrastive learning works and how it performs with respect to a measure of optimality.

Within our GMM framework, a key proposal of ours is formalizing the “notion of augmentations”,
i.e. point-pairs, going beyond the idealized definition considered in [3]. In the context of GMMs,
a natural choice of augmentation would be drawing a random sample from the same component as
the original point belongs to. Instead, we assume that for every point x, its augmentation & is a
random draw from the GMM following a distribution (see Definition [2.2)) that is biased towards the
component of the original point x. To keep the setting realistic, we are oblivious to which GMM
component either of them comes from.

Given the model of noisy augmentations, we analyze contrastive learning objectives in two categories;
single and multi-modal GMMs. In the single modal setting, the points in a pair are drawn from the
same GMM distribution. We analyze InfoNCE and SimSiam losses, which are suited to leverage the
additional information provided by the augmentations. In the multi-modal context, the pair (x, &)
will be generated by separate GMMs. For instance, in the CLIP [] images are associated with text
descriptions such that we have pairs of the form (xy, x7), where @y (images) and @ (texts) can
have different dimensions. The objective now is to learn two different projections, one for each
modality to project them onto the same space. Contrastive methods aim to make the embedding of
xy close to that of its pair 7, and far from random other . Since the samples come in natural
pairs, we do not need augmentations. We provide further details in Section 3]

Contributions: Our objective is to theoretically understand the vital role of augmentations in
self-supervised representation learning; we do so in the context of GMMs. To summarize,

1. We formalize a generalized notion of noisy augmentation/point pairs, enabling us to
concretely characterize contrastive learning methods in the context of GMMs.

2. We quantify a measure of optimality for the projections learned in the context of GMMs. We
show that InfoNCE can find optimal projections for GMMs with general shared covariances.

3. For the multi-modal setting, we show that the CLIP loss learns linear projections that are a
subset of the (Fisher-)optimal subspaces for each modality, filtering out noise directions.

1.1 Related work

Contrastive learning and InfoNCE. Contrastive learning is at the heart of state-of-the-art repre-
sentation learning methods like SImCLR [6], MoCo [8] etc. Prior theoretical work on contrastive
learning argue that the contrastive objective leads to learning of "general purpose" representations
that facilitates better downstream performance and sample complexity. [2] gives the first theoretical
analyses of the contrastive loss, showing provable guarantees on downstream task with reduced sam-
ple complexity. [12] relaxes the augmentation assumptions made in [2]] by showing that contrastive
learning is equivalent to spectral clustering on some appropriately defined data graph. [22,[11]] extend
this line of work by arguing for the inclusion of the inductive biases of the neural network architecture
into the theoretical analyses. [16}127] extend the setup of [[12] to show that the eigenfunctions of
the positive pair graph (as defined in [[12]) are the basis of the set of view-invariant functions. They
further show that these representations are equivalent to Kernel PCA with “positive-pair kernel”.
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Self-supervised learning. BYOL [10], SWAV [5], SimSiam [7] are some of the most popular
methods for self-supervised representation learning. They are also based on Siamese architecture
used in contrastive methods, but notably, they do not make use of negatives to prevent “collapsing”
solutions. Contrastive methods like SImCLR [6] and CLIP [20] aim to learn representations so that
embedding of a point is close to its partner while far away from that of any other point. On the
contrary, non-contrastive self-supervised learning methods only enforce the former condition and
do not explicitly deal with the separation between the embeddings of samples. These methods are
empirically motivated by the notion of breaking the symmetry between the encoders in Siamese
networks [25]. [23] [15} 26] propose various techniques for breaking this symmetry and study their
training dynamics to understand their role in preventing collapse. Compared to the relevant work on
self-supervised learning, we instead focus on the fixed point analysis of the loss functions.

Dimensionality reduction for GMMs. Spectral methods are popularly used for dimensionality
reduction in GMMs by analyzing the principal directions of the data covariance. Spectral clustering
algorithms [21} 24} [1} |17, |4] essentially combine spectral analysis with standard clustering algorithms
(e.g. K-Means) in the low dimensional space. Since their error bounds grow as square root of the
ambient dimension, the two-step approach leads to lower clustering error than in the original space.

2 Problem setup

We consider the task of learning a “good” representation function for points  drawn from a data
distribution. Informally, such a function should map the data onto a lower-dimensional subspace
while preserving the class information. For tractability, we restrict f to the class of linear mappings;
x — ATx, where A € R?"_ In this setup, we will show that self-supervised methods can learn the
optimal mapping for this task. We compare and contrast our results for self-supervised methods to
well-known results for supervised methods (e.g., LDA) and spectral methods.

As the basis of our study, we consider data distributions following a Gaussian mixture model
(GMM). Intuitively, each mixture component in GMM represents a class in data and we assume that
components have a shared covariance.

Definition 2.1. A Shared Covariance Gaussian Mixture Model (SharedGMM) parameterized by
{wr, pr, X}reik) is defined as the probability distribution ' = Eke[K] wiN (g, X) where

>k Wk = 1, py; are the means and X € Si . is the covariance matrix shared by the components.

To complete our data model, we formalize the definition of augmentation. Given a point x, its
augmentation & is an independent sample from the mixture distribution with a bias towards the
underlying component of . The bias implies that if « is sampled from a component z, then its
augmentation, on average, is more likely to be sampled from the same component z.

Definition 2.2. For a SharedGMM F parameterized by {wy, pr, X}pex), we define its

Augmentation-enabled Distribution (AeD) F', parameterized by {wy, pti, 3, 8} ke[K] as
F =53 welN (e, 2) x N, ) + (1= 8) (3, orl (e, £) x Y weN (e, E))

To elucidate, augmentation-enabled distribution (AeD) returns a pair of points (¢, &) ~ F in a
two-step process. We first flip a coin with bias §. Based on the coin flip, we either sample twice
from the same component or sample from possibly different components (chosen with probability
wg). The bias of the coin ¢ controls the correlation between x and &: 6 = 0 means x and & are
independent samples, while § = 1 means « and & are independent draws from the same component.
The definition ensures that the marginal of « and & are equal to F' for any 9.

Spectral versus self-supervised methods. Our results corroborate the known advantages of self-
supervised methods over spectral methods. Clearly, spectral methods learn linear mappings directly
on the data samples  ~ D, whereas, self-supervised methods operate on the augmented pairs
(z, &) ~ Dpair- Consequently, their optimization problems differ in their target objectives:

Espectral(A; D) = - ‘ |AT$| |2 & £selfsup(A; Dpair) = - (ATw)TATaA: + R(CL‘)
| — ——
attractive term regularizer

While spectral objectives find the best-fit subspace explaining maximum data variance, self-supervised
objectives are based on the principle of bringing embeddings of similar point closer in conjunction
with a loss-specific regularizer. The regularizer typically induces separation between distinct points.
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Linear dimensionality reduction (LDR). Framing our task as LDR allows us to establish a mea-
sure of comparison between mappings learned by spectral (Agpectral) and self-supervised methods
(Aselfsup). For a SharedGMM, we denote it’s "intra-component” variance (i.e. variance within a
component) by X and "inter-component” variance (i.e. the separation between components) by
Dk We kb p? [9]. A GMM is said to be well-separated if it has low intra-component variance and
high inter-component variance. LDR aims to map a GMM to a low dimensional subspace where it is
well-separated. We evaluate the performance of these mappings by Fisher discriminant [9].

Definition 2.3 (Fisher Discriminant). Suppose a SharedGMM (Def 2.I) parameterized by
{wi, pr, X} k). Then, the fisher discriminant J(A) for a mapping A is defined as:

J(A) =T ([AT54] " (AT (3 women]) A])

Remark 2.4. While J(A) is defined in terms of A, its value is solely a function of Col(A), ie.
the column space of A. We hence use the mapping matrix A and projection subspace Col(A)
interchangeably in our discussion.

Note that AT2 A and A7 (3", wiprpi ) A denote the intra-component and the inter-component
variances, respectively, after projection via A. Thus, the Fisher discriminant measures the ratio
of inter-component to intra-component variances post-projection. A “favorable” mapping A will
have a high value of the Fisher discriminant J(A), hence, the Fisher discriminant J serves as the
quantitative metric for evaluating the subspaces learned by different frameworks.

Connection to linear discriminant analysis (LDA). One can argue that it is not surprising for self-
supervised methods to have better performance than classical spectral methods. The more interesting
comparison would be against a supervised method, which would help uncover the capabilities of
contrastive methods. Therefore, we focus our attention on Linear Discriminant Analysis (LDA) [9].
LDA is a supervised LDR method that leverages the class information to learn the subspace where
the data distribution conditioned on the class label (i.e. underlying component index) is maximally
separated (see Appendix [H). We highlight that assuming AeD (Def. [2.2) is strictly weaker than
assuming a labeled dataset. We show that this relaxed condition is enough for learning the Fisher
subspace and gives similar performance to supervised LDR methods.

3 Fisher subspace

For any target dimension 7, the linear map that has the top r eigenvectors of X~1(3", wyprpl)
as its columns maximizes the Fisher discriminant. Similarly, for any mappings A; and A, if
Col(A1) C Col(As), then we have J(A;) < J(Az). In other words, J(-) is monotonic in the
subspace of the matrices. Based on this, we will have the following definition, which is necessary in
measuring the optimality of projections learned by different methods.

Definition 3.1 (Fisher Subspace). Given a SharedGMM (Def parameterized by
{wi, i, B} ek, its Fisher subspace [9], denoted by S, is the smallest subspace that achieves the
maximum Fisher discriminant, which is given by:

Sr = Span({Z " p b re(x)) 1)

We also use a unique property of the Fisher subspace [9]; it is the smallest subspace preserving the
class posterior probabilities for Gaussian mixtures with shared covariance, which we formalize next.

Lemma 3.2. Let {wy, pr., X} re[x) be a SharedGMM and Pr(z = k|x) be the posterior probability
of x being drawn from the component z. Let S be the mixture’s Fisher subspace and Ap be a
projection matrix such that Col(Ar) = Sp. Then for any x ~ F,

Pr(z = k|z) = Pr(z = k|A%Lx) Vk € [K]

Crucially, this property implies that projecting a GMM onto its Fisher subspace will not result in
mode collapse or erroneous mode merging. Moreover, any clustering algorithm operating in the
lower dimensional subspace will observe the same class probabilities as in the original space. Owing
to these properties of the Fisher subspace, we argue that it is the optimal subspace for projection,
particularly for the class of shared covariance GMMs. Under the fully labeled SharedGMM setting,
one could deduce that the subspace learned by (multi-class) LDA, St p 4, for SharedGMM coincides
with Fisher subspace Sp.
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3.1 A simple example: Parallel pancakes [17]

Spectral methods [17] are the standard methods for LDR. They are based on the principle of finding
the best-fit subspace which is (generally) given by the top singular vectors of data covariance.
Formally, the r-dimensional SVD subspace [24] S(Sg p fora GMM F'is described as the top r left
singular vectors of Eg~. [x2”]. A vanilla spectral dimensionality reduction method hence projects
the data points onto the r-dimensional SVD subspace. [17] proved that for spherical GMMs (i.e.
3 = I), SVD subspace is equal to the mean subspace S,, = Span(u). Moreover, using Eq. (I)
we can derive that Sy pa = S, = Ssyp. Hence, projection onto the SVD subspace is the optimal
dimensionality reduction method for spherical GMMs.

However, it is easy to construct examples demanding for a sophisticated method. Spectral methods
aim to maximally explain the data, leading to possibly “bad” projections when the variance in certain
directions dominates the separation between the means. In Figure [1| we present such an example;
consider a two component GMM that resembles “parallel pancakes” such that the components are
narrow and separated along one direction, and spherical in all other directions. The two dimensional
SVD subspace for this GMM is given by a plane parallel to the pancakes. The Fisher subspace (and
equivalently LDA subspace), however, is the plane passing through the means; formally, Ssvp ¢ Sr.
In fact, the Sgy p has the smallest Fisher discriminant among all two-dimensional subspaces. Finding
the optimal subspace for non-spherical GMMs is known to be non-trivial [4}[17].

4 Contrastive learning for Gaussian mixture models

We analyze solving the dimensionality reduction task for GMMs with two popular self-supervised
methods, SIMCLR and SimSiam. Both methods build on using augmentation pairs, but differ in their
optimization objective (specifically how they regularize). We show that both objectives are able to
effectively leverage the augmentations and learn mappings onto the (optimal) Fisher subspace.

4.1 Optimization objective

InfoNCE loss [19] is popularly used in contrastive learning methods (like SimCLR). It learns
representations that pull data points and their augmentations close together while pushing them away
from other points in the embedding space. We define the InfoNCE objective for linear mappings as,

log <jEF [exp ((ATm)TAT:'i:)} )] . Q)

~

Linto(A)=— E l(ATa:)TATﬁ;

(x,&)~F

+ E
x~F

where (x, &) ~ F'is a sample from augmentation-enabled distirbution (Def such that x ~ F
and € ~ F are independent draws from the mixture. The attractive term (i.e. the first term) keeps
x and  close by maximizing their dot product, while regularization term penalizes proximity to
random samples. In other terms, the first term increases inter-component variance while the second
term decreases data variance and hence intra-component variance.

SimSiam loss [7] is another popular self-supervised loss without the negatives.

AT AT \T AT%
E ) Sto Grad(A>
<|A2;ATw||2 P AT ][

(z,&)~EF
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Unlike InfoNCE, Simsiam only operates on augmentations (from F') and doesn’t use negatives.
The loss is parameterized by two matrices; the mapping A and the “prediction head” A, which
is not utilized for projection. Observe that Simsiam might be prone to a collapsing solution, i.e.,
mapping all points onto the same vector. Prior work (23] [15 26] has argued that A, which makes
the optimization asymmetric, and StopGrad, which zeros out the gradients flowing through it, play a
crucial role together in the guiding the training dynamics, preventing the occurrence of collapse. Our
goal is to analyze the fixed point of this loss function. For tractability, we introduce some simplifying
assumptions and examine a modified loss:

Lsiam(A) = —E, o p [(AT2)" AT&] + E Epr [|[AT | ] 3)

We remove the StopGrad operation and set the prediction head (i.e. A,) to I. We also trade the
normalization term with a regularization term weighted by £. The attractive term in SimSiam behaves
similar to InfoNCE loss, while the regularization term penalizes the norm of the projected points.
The loss scales linearly with || A||?, therefore, we impose a norm constraint when optimizing for A.

We have already established that maximizing total variance on its own in the projected space is not the
preferable strategy for dimensionality reduction. In the presence of augmentation (and negatives), self-
supervised objectives could take a finer-grained approach by maximizing inter-component variance
and keeping intra-component variance low, simultaneously. Next, we will formalize our claim that
self-supervised learning is a good proxy for fully supervised techniques (e.g., LDA).

4.2 Main theorem

Nex, we prove that InfoNCE and (simplified) Simsiam can find the Fisher-optimal projection matrix
for the class of SharedGMMs.

Theorem 4.1. Suppose F is a SharedGMM parameterized by {wy, px, X} re[x) and Fis its
Augmentation-enabled Distribution with bias §. Let Sp be the Fisher subspace (Eqn|I)) of F.
Denote \pin as the minimum non-zero eigenvalue of >3 (Zk wkukug) >3 and

AInfo = argmin £Info(A)7 ASiam = argmin £Siam(A)
AeRdXT' AERdXT, HAH2S1

Then for some © > K, Sinto = Col(Ammto), Ssiam = Col(Asiam ), we have :
° SInfo - SF~ ]f6 =1, then SInfo = SF

° SSiam - SF~ Ifo < 5 < %ﬂl) then SSiam = SF

Remark 4.2. Access to Augmentation-enabled Distribution is provably sufficient for learning the
Fisher subspace for SharedGMMs matching the performance of supervised LDA. The result implies
that class labels which are typically assumed by supervised LDR methods like LDA, are not necessary.

The proof of Theorem [4.1]can be found in Appendices[C|and [D] For population setting, the fact that
self-supervised methods learn mapping onto a subset of the Fisher space implies that the projected
points do not capture any noise and only contain (a subset of) the useful features. Note that spectral
methods do not have guarantees of this form. The theorem also states if we have perfect augmentations
for InfoNCE loss, i.e. § = 1, we cover all directions in the Fisher space and learn it exactly.
The equivalence is true for SimSiam loss when the regularization coefficient £ is upper bounded
appropriately. On a related front, this precludes learning of the collapsing solution for SimSiam loss,
verifying the claims in prior work on a simplified version of the loss function. Most importantly,
self-supervised methods in question learn the same subspace as supervised dimensionality reduction
methods like LDA which needs the knowledge of underlying components for all the samples.

Technical difficulties. Although we do not provide a proof for Spro = S when 0 < 6 < 1, we
conjecture that it is true, for which we include an empirical discussion in Section [6] Figure 4a]
suggests that St,s, = Sp even for § < 1, analysis of which we leave as future work. Additionally, we
do not have an exact characterization of InfoNCE solution; we characterize just the column space of
Annfo. Our empirical results show that the mapped points are well-separated compared to a projection
onto the Fisher subspace (see Fig [2d). Furthermore, while we prove that both contrastive and
non-contrastive objectives learn the same subspace, further investigation is required for their direct
comparison. In Appendix E we provide an example where Ay, is strictly better than Ag;y,siam (for
r < K). We also present an empirical study on the effect of 7 (see Figure [Ac).
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5 Multi-modal Gaussian mixture models

Previously, we considered a setup where a point and its augmentation follow the same distribution. It
is a natural assumption for methods like SimCLR and SimSiam where augmentations of points (i.e.
images) are defined by transformations (e.g., cropping, color jittering) on the image. This assumption
may not hold in general. Text embeddings models like DPR [18] or image-text embedding models
like CLIP [20] consider input samples as a pair of points following (possibly) different distribution.

For instance, each sample could be a pair of an image with its corresponding caption (for CLIP) or a
search query with a relevant document that answers the query (for DPR). The objective in this multi-
modal setup is to learn a joint representation space for both modalities. These joint representations
can be used downstream for finding similarities between data points belonging to different ambient
spaces, and are surprisingly competitive with fully supervised representations [20]. Our goal is to
theoretically analyze the representations learned by such model, specifically the CLIP model. Next,
we define CLIP-GMM to capture multi-modal data in a theory-friendly setting.

Definition 5.1. (CLIP-GMM) A CLIP Gaussian mixture (CLIP-GMM) is defined as the probability
distribution Fgjip = Zke[K] wipN (pv,i, Bv) x N (pr k., 1) where wy, are the mixture weights,

{v ke, Bv and {7 e k), S are the parameters for the two coordinate spaces.

CLIP-GMM is a mixture of product distribution over Gaussians. To elaborate, sampling a pair
(zv,x7) ~ Faip is a two step process. We first sample an underlying component index, and then
draw independent samples from the component with the same index in the respective coordinate
space. [, can be used to define marginal distribution over each coordinate space, for instance,

Fy = Y ek WeN (v, Bv).

5.1 Optimization objective

Following CLIP [20], we want to learn different representation functions for each modality. We let
these functions be linear mappings, i.e., Ay € R4*" Ap € R%*" Recall that optimal mapping
matrices for each coordinate space would have their column space equal to that of Fisher subspace for
the marginal distributions Fy/, Fr. Concretely, let the representation of a sample (v, 1) be given
by (AL xy, ALzr), where Ay, At are the mappings. Then, we define CLIP InfoNCE loss [20] as,

Lap=  ~E  [(Afer)"ATay]+ E_[log( E_ [exp((Afer)"ATay)] )]
(zv,27)~Felip xr~Fp xy ~Fy

Each coordinate space serves as augmentation for the other. Similar to InfoNCE, CLIP InfoNCE

attracts embeddings of 'y and @7 via the first term, while regularizing with the Log-Sum-Exp term.

5.2 Results

Our main result for CLIP-GMM states that we can learn a subset of Fisher subspace for the constituent
modalities by minimizing the CLIP InfoNCE loss. We state our results in the following theorem.

Theorem 5.2. Suppose {wy,, vk, WT,k> 2V, 27 } e (k] is @ CLIP-GMM. Let the Fisher subspace
of Fyv be Sy, and Fr be St . Denote A3,, A% as the optimal solution of the CLIP InfoNCE loss,
v AT = argmin Laip(Avy, Ar)
AV ERdl ><7‘7 ATGRd2 xXr
For any r > K, let Sy qip = Col(A},) and St i, = Col(A%). Then, Sycip € Sv,p and
St.ctip € ST, F-

The proof of Theorem[5.2]can be found in Appendix [E] In simple words, CLIP InfoNCE learns the

subset of the Fisher subspace instead of the exact space, which is weaker than the single-modal

setting. This is due to the fact that the means in the two spaces can vary arbitrarily. Hence, one can

choose means and covariances adversarially such that particular directions in the Fisher subspace of

either Fy, or F'r does not contribute to the inter-component distance and are not learned by the CLIP
1 1

InfoNCE. For certain special configuration of model parameters, such as 3.2 pur, = 2,2 sy, e
can achieve St ciip = S7,r and Sy ciip = Sv,r. The result still shows that self-supervised learning
for multi-modal data is better than non-supervised methods. Accessing augmentations are strictly
weaker than the knowledge of the labels, and they also naturally occur in the multi-modal setting.
The fact that contrastive losses learn a subset of the optimal subspace verifies their capabilities.
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Figure 2: We empirically validate our theoretical findings for four main settings. (a) InfoNCE is
robust to noise in augmentations for various values of . (b) InfoNCE (and SimSiam) are invariant
to variance orthogonal to Fisher subspace. (c¢) InfoNCE outperforms spectral methods for every
mapping dimension. (d) InfoNCE learns a good scaling within the Fisher subspace

6 Experiments

We validate our theoretical findings with experiments on synthetic and real data. For the synthetic
data, we study the effect of noise ¢ in Augmentation-enabled Distribution , rank r of the projection
matrix and condition number of covariance matrix on learned representations. For the real data
experiments, we compare self-supervised methods against baselines for clustering CIFAR100 dataset
on low dimensional subspaces using K-Means.

6.1 Setup

We evaluate different linear dimensionality reduction methods for SharedGMMs. We adopt a two-step
process; the first step is dimensionality reduction with the target method, and the second step is
clustering with an out-of-the-box clustering algorithm (i.e. K-Means ). We compare the methods
based on their clustering performance in the second step using well-known metrics.

Metrics. Following prior work [14] we use Adjusted Rank Index (ARI) and Adjusted Mutual
Information (AMI) to measure the quality of a clustering algorithms. We give the ground truth number
of clusters to K-Means as input. ARI and AMI both vary between 0 and 1, with O corresponding to
random clustering and 1 corresponding to perfect clustering.

Data generation. For synthetic experiments we consider K = 10 with equally likely component
mixtures. For the CIFAR100 experiments, we randomly sample K = 20 classes out of 100. See
Suppl [G.T] for details.

Methods. We consider learning a mapping matrix A using gradient descent with respect to InfoNCE
and SimSiam loss and we compare them againts 5 baselines. Ambient is clustering in ambient
dimension. Random projects onto a random r-dimensional subspace. Optimal projects onto top r
directions in Fisher subspace. PCA projects onto r-dimensional Ssy p. LDA finds a projection that
maximizes inter-class variance with respect to intra-class variance (Optimal in the synthetic case).

6.2 Synthetic experiments

We observe that InfoNCE often performs better than Optimal, projection onto the Fisher subspace.
We interpret that InfoNCE loss learns to scale within the subspace leading to better clustering
performance (see App for orthonormalized plots of InfoNCE/SimSiam). Moreover, SimSiam
shows a sub-par performance compared to InfoNCE. We believe this is due the difficulty in optimizing
the SimSiam objective (projected gradient descent) compared to InfoNCE.
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Table 1: Clustering performance of linear dimensionality reduction methods on CIFAR100:
Bolded and underlined values indicate the best and second-best scores for each column. We report
clustering performance for K-Means on = 5,10, 15, 19-dimensional subspaces using the linear
mappings learned by 6 different methods. We measure the clustering performance using ARI and
AMI, which is reported as pairs, in the format ARI | AMI. InfoNCE and LDA outperform the rest by
significant margins in all mapping dimensions. LDA shows the best performance in terms of ARI,
while InfoNCE achieves higher AMI values across the board.

| Mapping Dimension

Method | 5dim 10 dim 15 dim 19 dim
Random 0.0147510.04694 0.0156710.05241 0.0189410.05796 0.0244610.07188
PCA 0.03360 | 0.09254 0.0329210.09509 0.0343510.09427 0.0315410.09269
Ambient 0.0316010.09481 0.0316010.09481 0.0316010.09481 0.0316010.09481
SimSiam 0.0287010.09581 0.0273210.09114 0.0370710.10830 0.02868 1 0.09498
InfoNCE 0.05065 10.12730 0.05138 10.12801 0.05402 1 0.12835 0.0528510.12947
LDA 0.05067 1 0.12360 0.0548910.11782 0.0635210.12359 0.0597010.11933

Effect of noise in augmentations. We vary the noise parameter § for the AeD with everything else
held constant. We can see in Fig [4a]that InfoNCE is robust to the variation in ¢.

Effect of variance orthogonal to Sr. Increasing the variance orthogonal to the Fisher subspace
is equivalent to making the pancakes in Fig|l|flatter. We quantify “flatness” as oin(2)/0max(2).
Fig @] shows that InfoNCE is (almost) invariant to “flatness”, while PCA and Ambient fail when the
variance orthogonal to Fisher subspace is large (i.e. 0min(2)/0max(X) is small).

Effect of projection dimension. We vary the dimension of the lower dimensional space that we aim
to learn. InfoNCE’s performance increases with increasing r and finally plateaus.

Effect of variance within Sr. We show that InfoNCE learns a "good" scaling within the Fisher
subspace. We set the dimension of ambient space equal to the dimension of mean subspace (i.e.
d = K — 1). We select K/2 orthogonal directions and increase the variance in the subspace spanned
by these direction by a factor of oynax(X)/0min(2). Since none of the baselines learn scaling in the
subspace, they perform almost the same, while InfoNCE outperforms all the baselines.

6.3 Real-data experiments on CIFAR-100

We consider images from CIFAR-100 as inputs instead of generating data from a synthetic GMM. We
consider 20 fine-labeled classes (10K images) where each class corresponds to a single component.
We convert images into a 256-dimensional vector by subsampling, grayscaling, mean scaling. Images
belonging to the same class will be the augmentations of each other. We still consider a linear
model and hence have the same baselines. We measure the clustering performance using ARI and
AMI on mapping to » = 5,10, 15, 19-dimensional subspaces in Table |1} Surprisingly, InfoNCE
could still outperform LDA in certain metrics even in the real data setting where naturally, our data
distribution assumptions and augmentation will no longer hold. LDA has the best performance for all
dimensions in terms of ARI (first value in each column) which indicates that it excels at maintaining
local groupings. On the other hand, InfoNCE achieves larger AMI values underlining that contrastive
learning could be better at preserving overall class distributions.

7 Conclusion and limitations

We study contrastive learning in the classical setting of linear dimensionality reduction for GMMs
for which we define a generalized notion of imperfect augmentations. Our main result underlines
that the contrastive methods learn the Fisher-optimal subspace for the class of shared-covariance
GMMs; going beyond the capabilities of unsupervised methods and matching that of fully supervised
strategies. Our work particularly focuses on linear mappings, and it is an important open problem
to theoretically verify performance of contrastive methods when projectors are non-linear, which
is usually the case in practice. Similarly, we acknowledge that our results are not immediately
generalizable for data distributions beyond GMMs, which we will investigate as future work.
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" Appendix

s0 A Additional Lemmas

451 Lemma A.1. The function given by f({z;}; c) = log(>_, exp(cTx;)) where {z;}, c € R is strictly
452 convex in ¢ € Span({x;}).

453 Proof. Using the definition of strict convexity we need to prove that:

fzi}; (Aer + (1= Nez))
Af({zitser) + (1= AN f({zi}ie2)

454 when ¢; # co. Taking exp(.) on both sides :

exp(f({zi}; (Aer + (1 = N)ew)))
<exp(Af({zi}; er)) exp((1 = A) f({#:}; e2))

455  Simplifying the LHS we have :

exp(f({x:}; (Aer + (1 — N)ez)))
= Zexp ((hey + (1 — /\)CQ)TfL'i)
- Zexp()\c{wi) exp((1 = A)ej ;)

i

a5 Using Holders inequality (3=, z;y; < (32, [iP)* (3, |yi|9) 7, where S+ ¢ =D withp = £ and
457 ¢ = 7, wehave:

S exp(Ael @) exp((1 - Al ;)

i

)\c a:l CT:B'L _
S(Ze 1 Zexp 2 ))(1 A)

Zexp fe)) (3 exp<ch,.>><m>
ZeXp()\f({wi},q))eXp(( Nf{xi};e2))

453 Note that Holders equality holds only when ¢! @; = ¢l'x; for all 3. For ¢1, ¢y € Span{z;}, this
459 equality holds only when ¢; = ¢5. Hence, for ¢; # ¢ we have strict inequality i.e.

Z exp(Aef @) exp((1 — N)eg ;)

(e N e IS0
—exp\(fr ) xp((1 - A)f(a)ie2)

460 This gives strict convexity. Hence proved. O
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B Main Proposition

In this section, we state and prove a key proposition which is used to prove our main result (Thm .1
Proposition B.1. Suppose F parameterized by {wy, pr,, I }r.e[x] be a spherical gaussian mixture

model and F be its augmentation-enabled gaussian mixture with bias 6 (Def . Let Sg be the
fisher subspace (Eqn[l) of F' and A* be the optimal solution of the InfoNCE loss (Eqn[2) :

A* = argmin L(A)
AcRdxr

Then given r > K, Col(A*) C Sg. Moreover if § = 1, then Col(A*) = Sp.

We prove the proposition in two parts. In the first part we prove that Col(A*) C Sg for any § > 0.
In the second part we prove that if § = 1, then Col(A*) = Sg.

B.1 Column space of A is a subset of Fischer Subspace

We prove that : Col(A*) C Sp when d > 0

Proof.
(AT2)"(ATy) = 2 AATy = 2" By,
where B = AAT, ie. B is positive semi-definite (PSD) matrix of rank r. We substitute into
InfoNCE loss to get :
L = —E; z[x" B&] + Ey[log(Ez[exp(xz” B&)])]
We relax the rank-constraint on B throughout the proof. We show that rank of our optimal solution

B* < K which satisfies the rank constraint implicitly (as K < r).

Note : The above loss function is strictly convex in B (using Lemma[A.T)) and the minimization of is

over a convex set (i.e. set of B € Si).

Let B* be the optimal solution. Denote the eigendecomposition of B* as UAUT, where A = 0 (as
B > 0)and U is a unitary matrix. Equivalently :

B* =) Nuu/ )

where u; are columns of U. Consider the indices where the eigenvalue \; > 0 as Z. The solution
A* is hence [v/Au;], ;. We aim to show that Col(A*) = Span{u; }iez C Span{py } re(x]-

The condition Span{w;};cz € Span{py }rec(x) implicitly implies that rank of B* < K. This
follows because there can’t be more than K orthogonal vectors (i.e. columns of U) in a subspace of
dimension K (as there are only K means spanning the subspace).

Suppose the condition is not true. Then there exists a unit vector v, such that v p;, = 0 for all
k € [K] and vTu; # 0 for some i where \; > 0.

We construct a new matrix U, whose columns are reflection of U through the plane with normal
vector v givenby R = I — 2'0va. The reflection matrix is defined such that Ry, = R” puy, = py..
Define B from the constructed U.

RU = (I —2vo"U
=UAU" = RB*R"

@ S
Il

B # B. U # U is still a unitary matrix (product of unitary matrices), is identical to U in
Span{ ik } e (K]

U'U=U"R"TRU=U"U=1
Uy =U"R" i, = U" puy,
Upr = URpy, = Upy,

13



491 The first term in the loss £ at B* can be simplified as
Ep ez’ B*2]
=Ees[(x2”, B")]
=(Eyz 2[z2"], B*)

Zwkﬂk dpg + (1 =9 Zwﬂh

k

6Zwkukuk+ (1-9¢ Zwkuk Zw]uj

492 This is where we use the fact that the augmentation is generated from the augmentation oracle.

493 We can now see that

=6Zwkuwk+ (1-6 Zwkﬂk ZwJuJ ,B

k
5Zwkukﬂk+ (1-9¢ Zwkuk ijﬂj ,RBR")

6ZkaTukuk
Z wieRT puy)( Z wJRTl'l’J B*)
5Zwkukuk +(1- Zwkuk ngug

k
=K, z[x” B* %

494 Now see analyze the second term in £ where we prove :

Ex[log(Ez[exp(x” B&)])] = Ey[log(Ez[exp(x” B*Z)))]

ae5  For this we show that the random variables 7 B*& and T B& have identical distribution. We first
a96  simplify =7 B*Z below.

" B#
=" RB*R%
=( — p. + p.)' RB*R( — pz + pz)

=((x — p.)" R+ pl R)B*(R(Z — pz) + Rps)
=((x — p.)" R+ pl)B*(R(& — pz) + pz)

a7 where ' R = p?' (I — 2vv?) = p? — 2(uTv)v? = ul'. Now we prove that their distributions

498 are identical.
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Pr(z” Bz < c)
=Pr(((x — p2)" R+ pl)B*(R(& — pz) + pz) < ¢)
=Pr(((x — p.)" + p)B* (& — pz) + pz) < )
=Pr(xB*z < ¢)

We use the fact that (& — )7 (I — 2vv7T) is identically distributed to (x — ) i.e. N'(0, I).

Now since 7 B* &, T B% are identically distributed, second term in the loss are also identically
distributed and have the same expectation i.e.

Eo[log(Eg[exp(a” B*2)])] = Eo[log(Ez[exp(z” B)))]

This proves that £ is identical for B* and B’. But since our loss is strictly convex we have
L(BSB) < 1(L(B*) + £(B)) = L(B*). This contradicts the fact that B* is optimal in S%.
Hence proved. O

B.2 Column space of A is equal to Fischer Subspace

We prove that : Col(A*) = Sp whend = 1

Proof. Consider the eigendecomposition for the optimal solution B* (Eq[5). Suppose there is a
direction v € Span ({px },) which is not in Span ({u; }icz).

Without loss of generality assume v”u; = 0 Vi € Z (if not then project onto the null space and

re-normalize). Now since A\; = 0 Vi ¢ 7, we can rotate the eigenvectors [u;];¢7 Wwith a unitary
matrix such that u; = v for some j. This operation doesn’t change B*

That implies there exists u; such that u; € Span({uk} k) and A\; = 0. We now show that

oL
aTj\B:B* <

Hence A; > 0 for optimal B*.

First consider the derivative of first term of £ with A;

8Ew,@[wTB:i] _ r OB
T = <§ Wi ok by, 37)\j>

=0 wppepf wgul) = wi(pfug)? =Y wiad
k k k

where a; = pfu;. Since u; € Span({p}x) that implies there exists a non-zero aj,. Hence we

T
have that W > 0 for any B # 0.
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517 For the second term in the loss we have :

OEz[log(Eg[exp(x” BZ)])]

OAj
xp(x” B) 2% B2]
N i )
g, Bl Dol ")
=5 e e e

exp(z! B)
z[exp(z” Bz)|

]

518

520

521

522

where we define g(&; x, B) as

g(x;x,

withEz[g(#; z, B)] = 1. Alsodefine x| = u; (u]T:c) and x|

5. | (07w, s (@0, B)2 uH

exp(z? B%)

B) * Er fexp(@ Ba)

Notice that since \; = 0 for B*, we have

g(&;x, B*)

=g(@);x, B")

=g(x;x), B")

We evaluate the inner term in the above expression at B = B* :

wfpn

_ZwkEiW\/(MJ)[ (z;x, B")x u]]
k

:ZwkEi~N(ukJ)[ (z;x, B )x uj]
k

We look at each of the expectations individually

E@NN(HkJ)
=Ezn(un1)

=Ez N (ur.1)

g(:f:;:c,B*):chuj]

g(&; x, B*)(ax + ZTuj)]

9(Z;z, B )ax |+

= (I—uju] )x. Hence © = x| +x|.

Emn (pr,1)

=Bz N (1) [Q(i; x, B")
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s23  where 2 is the noise in & and hy(x; B*) = Ezzr(u,,1) {g(i; x, B*)} . We use the property that 2

se4  is independent of g(&; ¢, B*) = g(Z; , B*) to show that its equal to 0.

Eznn (ui,1) 9(971|;33,B*)(2fuj)}

=Esn(ur,) |9(Z); 2, B*)} Egon (ue.1) [EI%}

=Ezrn (1) |9(Z); x, B*)} *0=0

525 Hence we have

Ez [9(57; , B*)SE’TUj] = wyarhy(z; B*)
k

526 We have ), wiphi(x) =1

Zwkhk(m; B)
k

= Z WeEg A (1) [9(@ ;x, B)}
%

N _exp(@' BE)
exp(z” Bz) ]

Ealexp(@? B)]|

_E, {

527 While g(&; x, B), is the weight x gives to a point &, hy (x; B) can be interpreted as a weight & gives
528 to cluster & (i.e. expectation of g over a cluster).

529 Going back to the expression at B = B*

Ee

(xTu;)Es [g(gz; x, B*)chujH

=E, | (xTu;) Z wgaghy(x; BY)

k i

= wiarE, {(wTuj)hk(wé B")
k

= wiarEy {(wTuj)hk(% B")
k

= Z Wgak Z wk/EwwN(uk/,I) {(mTu])hk(m, B*)
k k'
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h inherits the property hy,(x; B*) = hy(x; B*) from g (this is because A; = 0 in B*). Evaluating
the inner expression we have

B (1) (mTunhk(a:;B*)]

=Epn(u 1) | (arr + 2L w;) g (; B*)]

=ap Born(u,, 1) | he(x; BY)

N (1) (zfuj)hk(:c;B*)}

=ap Bon(p,, 1) | Pi(x; BY) | = ap frr i

where z is the noise in 2. We use the property that z, is independent of h(x; B*) = hy(z); B*)
to show that its equal to 0.

Z Wi fir ) = Z WrEe N (uy 1) [hk(x; B*)]
% %

Eor A (g, 1) [Zwkhk(fﬂ; B*)] =
k

since ), wihi(x; B*) = 1.

Define a matrix F € RE*K as F,; = f,; and W = diag(wy,ws,...,wk) and @ =
[al,ag,...,aK]T.

Ee

(z"u;)E; [ (&;x, B*)Z u]H
= 5 v 30 B @015

= Z Wiag Z (T
:aTWFWa = (VWa)"VWFVW (VWa)

Eigenvalues of v W FvW are equal to eigenvalues of F'W (since this is a similarity transform).
And if v is eigenvector of F'W, then v W is the eigenvector for v W FvVW.

Since F' has expectation of exponentials as its entries i.e. F;; > 0 and W > 0 from definition.
Hence we have that every entry of F'W is strictly greater than 0. The Perron—Frobenius eigenvalue r
is given by

min Y (FW)i; <7 < max (FW);,
j _

But we have that for every ¢ the sum is equal to 1.

ZFW’L] ZZ lvvlj Zfi,jwjzl
J J

Hence r = 1 and the Perron vector is simply 1 = [1,1,..., 1] € RX. Hence we show that eigenvector
with largest eigenvalue (i.e. 1) for VW F+W is v W1. Hence we have that
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564

VWa) ' VW FVW (VWa) < |[VWal|? = Zwkai
k

The equality only holds when a € Span(l), i.e. all a;, are equal. This is not true (since >, ar =0
and there exists a nonzero ax). Hence

Eo [(:BTUJ-)E [ (&;x, B*)& u]H < Zwkak

The loss for the whole term is

%‘ _ OEgs[z" Bz
0)\j B=B* N 6)\3
OB [log(Ez[exp(x? Bz)])]
+
OA\;

<—Zwkai+2wkai =0
k k

Hence proved.

C Proof for InfoNCE loss

In this section, we use Proposition [B.T|to prove our main theorem. We recommend the reader to
first go through Proposition[B.T]and it’s proof (in Appendix [B) to understand the proof for the main
theorem.

Proof.
£ = ~Eq4[2" Ba] + By llog(Esexp(a” Ba)))]

where B = AAT ie. Bis positive semi-definite (PSD) matrix of rank r. The above step follows
from Proposition[B.1] We relax the rank-constraint on B. We finally show that rank of B* i.e. the
optimal solution < K which satisfies the above condition as K < r.

Now consider a change of variables given by ' = X~ 2. This implies that ' now fol-
lows a GMM w1th means given by {E 2uk}k€[K and isotropic covariance I (as E[z'z'T] =
EX 2ze’® 2] = X 2EfzzT|S "2 = I).

The loss be hence be written as :

L=-FEy TS BEd
+ Eq [log(Eg [exp(x' T2 BE2&)])]

Now let B’ = £3 BX3. B’ is also a PSD matrix. Hence loss can be written as :

L= —Eyu 42" B'@'] + Ey[log(Eg [exp(z'” B'z')])]

Let the optimal B"* be denoted by ) . /\ZuzuZT and let Z be set of indices with \; > 0 (note \; > 0V47).
But from Proposition [B.1] we know that , where Span{u;}icz = Span{p} }rc(x) where {p}} is
the set of means.
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For an invertible X and p), = 72y, we have

Span{w;};cz = Span{p} }
— Span{ui}iez = Span{E_%uk}
- Span{E_%ui}ieI = Span{z_ll,l,k}

Substituting and B* = £~ 2 B’*% "2 we get :

= WA (A )

Hence the optimal solution in the original space A* = [\//\izféul} . We proved that

i€T
Span{X~2u;}icr = Span{X~'pr}rek]- This implies that column space of Col(A*) =
Span{¥~ 2w, }icr = Span{X !y, }re (k] Hence proved.

O
D Proof for SimSiam Loss
In this section, we use the same methodology as in part of Proposition [B.|to prove the theorem.
First we use the strict convexity of the loss to show that the solution lies in the fisher subspace.
Afterwards, by differentiating the loss function w.r.t. any direction in the fisher subspace, we show

that all directions in the subspace should be learnt assuming sufficient capacity.

Proof. We write the objective by computing the expectations as :

Lss(A)= —E |(ATx)TAT&| +¢ E ||ATw|2]
(m,&)~F z~F
= —E [(AAT za”)| +¢ E [(AAT xa®)
(@,@)~F z~F
= _<AAT7 E ['@mTD +£<AAT7 E [meD
(@)~ F P

= —(AAT, 0 wpprpf) + E(AAT)D wpprpl + 3)
k k

(=0+ M) +&(B, %)

(=0 + M + &%)

BB, (=0 + S T ME " +£1)

B' (=6 + &M’ +£I)

B
B

)
1
2

=
=
=
-

where we have B = AAT, M = S wppppl, B = £2B%2 and M’ = £~ 2 MY 2. Note
K

that the loss is linear in B (and B’). Since we restrict ourselves to || A||2 < 1, it is also true that
IB]|2 < 1.

We now show that the optimal B’ has column space (and row space, since symmetric) lying in column
space (and row space) of M. Let B* be the optimal solution. Denote the eigendecomposition of
B*asUAU?, where A = 0 (as B = 0) and U is a unitary matrix. Equivalently :
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where wu,; are columns of U. Suppose the condition is not true. Then there exists a unit vector v, such
that M'v = 0 and B'v # 0.

We construct a new matrix U, whose columns are prO]eCtIOIl of U onto the plane with normal vector
v given by R = I — vv™. The projection matrix is defined such that RM’ = M'. Define B from
the constructed U.

= RU = (I —vo" U
UAUT = RB*R”

W S

Now through some algebra we see that loss at B is less than at B* and hence B* can’t be optimal.

(B, (=0 + &M’ +<I)
=(B*, (-0 +)R"M'R+¢R'R)
=(B*, (=6 +&{)M' + &I+ E(RTR - 1))
(B*, (=0 +&)M' +¢I) +€(B*,(R"R—I))

Now we show that (B*, (RT R — I)) < 0 and since & > 0, loss at B is less than at B*. The fact is
intuitively clear and aa formal proof is as follows :

(B*,R"R) = tr(RB*R") = Z/\ || Ru;||% < Z)\ ||wi]|2 = (B*,I)

The strict inequality is due to fact that B'v # 0, i.e. there exists a i with \; > 0 and v7u; # 0 (and
hence ||Ru;|3 < [|ui][3). ||[Ru;|3 < ||u,||3 is true generally because R is a projection matrix.

Hence we showed that column space of B* (i.e., optimal B’) lies in column space of M’. Now
we show that it spans the whole column space. Suppose not. Let B* be the optimal solution
with decomposition with notation as used above. Then WLOG there exists u; which € Span(M ! )
and )\; = 0 (if it doesn’t exist we can rotate the u;’s with O eigenvalues so that a u; aligns in the
subspace). We take derivative w.r.t. A; and show that it’s negative.

0Lss
o\

OB, (=0 + &M’ +¢I)
B'=B* )y
—ul (=6 + M’ + 1)u
=(=6+ & uf M'u; +¢

if & < % for all directions v in Span(M’) (as u; € Span(M’)), then achsiS is < 0.

T ’ . . . . . .
&TiMM? is monotonic in vI M’v. The minimum value of vI M'v is the smallest non-zero
eigenvalue of M’ denoted by Anin. Hence if 0 < § < 5 "‘"‘ - we are good.

Now we showed that B* (i.e., optimal B’) spans the complete column space of M'. Hence using

the facts B’ = 2 BX2 and B = AT A, we can argue that for the optimal value of A denoted by
A*, Col(A*) = SF. O

E Proof for CLIP Loss

In this section, we use the first part of Proposition [B.1]to prove the theorem, i.e. we use the proof of
Col(A*) C Sp.
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Proof. We write the objective by substituting the functional form of f as :

L= —Eg, o, [z AAyT,]
+Eq, [log(Eg, [exp(z{ ArA]Z,)))]
= ~Eq, o, [z{ Bx,] + Eg, [log(Es, [exp(x] B,)))]

where B = A;AT. We can further do a change of Varlable byx, =%, 2z, and !, = X, *x,,. The

1 1
means are now p} , = 3, ut rand ) =3, uv % Define B’ = X2 BX.}. Now x; and x;,
have components with covariance being isotropic. Now we have :

L = —Eq, o [ Bz, + Eq, [log(Bs, [exp(x] B,)])]
= _Ewi,m; [:B;TB/:B;] + Ew; [lOg(E@; [exp(:cQTB’aE;)])]

We argue that optimal B’ has its row space equal to Span{;, , } and its column space equal to
Span{ ug, « - We present the argument for column space (row space argument follows similarly).

Suppose there exists a unit vector v such that ’UT[I,27 . = 0forall k € [K], vT B"* # 0. Then we can

define a new matrix as B’ = RB'* = (I — 2vvT)B’*, where R = I — 2vv' is a reflection matrix.
Following arguments from Proposition we can prove that ;7 B*&! is identically distributed to
x}T B'%! . Hence using this we can show that £(B’*) = L(B’). Then by the strict convexity of the

loss function £ we have that E(B/*;B/) < ﬁ(B/*);E(B/) = L(B’*). Hence B’* can’t be optimal.

Hence proved. O

F Representation collapse in non-contrastive learning

Consider a two component GMM in a d dimensional ambient space. The means of the components
lie on the = and y axis (i.e. the first two dimensions), equidistant from the origin. Both components
have isotropic covariance. We plot the first two dimensions below in Figure 3] Note that for this setup

A
\
\
\
\
\
\
\
\
\
\
\
\
v

Figure 3: The means of the GMM components in the first two dimensions.

the rank of the fisher subspace is two (i.e., K = 2) and the fisher subspace is the x — y plane.

Consider learning a mapping matrix onto a one-dimensional subspace (i.e. » < K). InfoNCE
type contrastive objectives would learn the subspace given by the pink line (i.e. gaussian would be
projected onto the pink line and hence would be well seperated). This is stated without proof, but we
know that InfoNCE loss would learn a subspace lying in the fisher subspace. And through some basic
algebra we can convince ourselves that the solution would be the pink like (i.e. the line x 4+ y = 0).
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Figure 4: We further extend the results presented in Figure 2| with orthonormalized InfoNCE and
SimSiam mappings

But for non-contrastive objectives like SimSiam, while we can only prove that the optimal solution
lies in the z — y plane. SimSiam objective is not able to distinguish between the lines x + y = 0 and
x = y, and hence might lead to collapse of representations. But as stated in the Theorem 4.1} this is
only the case if r < K. For r > K, the SimSiam objective learns the complete Fisher subspace (and
only the fisher subspace).

G Experimental Details and Additional Results

G.1 Data Generation for Synthetic Experiments

We also ensure that . For directions orthogonal to the mean-subspace we upscale the variance by a
factor of .

Ambient Dimension We consider the ambient dimension to be 100 for all experiments (except for
scaling curves in Figure 2d} where we let ambient dimension equal to K — 1).

Means of Components For generating means of the components, we first sample X — 1 times from
a 0 mean, I normal distribution in ambient dimension space. We chose the K'th mean such that the
means sum upto 0. Hence the means lie in a K’ — 1 = 9 dimensional space.

Covariance Matrix To construct a covariance matrix we start with a unit variance I matrix. We
then upscale the variance in (Ambient - NumMeans+1) dimensional space orthogonal to the means
subspace by factor of x, where kK = o pax(X)/0min(X). We take k to be 1/0.1 = 10.0 by default.
For scaling experiments, we choose random NumMeans/2 orthogonal directions, and increase the
covariance in those directions. Note for condition number experiment we take « to be 1/0.x where z
goes from 1 to 9.

G.2 Orthonormalized InfoNCE and SimSiam

We plot the ARI/AMI numbers for orthonormalized InfoNCE and SimSiam matrices in Figure [4]
Specifically, we do a QR decomposition on these matrices and take the orthogonal Q matrix as the
projection matrix. In these plots the convergence issues of InfoNCE loss become more apparent, as
we can see that InfoNCE lagging behind optimal.
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Table 2: Clustering performance of linear dimensionality reduction methods on CIFAR100:
Bolded and underlined values indicate the best and second-best scores for each column. We re-
port clustering performance for K-Means on » = 5,10, 15, 19-dimensional subspaces (mapping
dimensions) using the linear mappings learned by 6 different methods. We measure the clustering
performance using ARI and AMI. We run the methods for 5 different seeds, corresponding to 5
random 20-class subsets of CIFAR-100 datasets. The average scores over 5 runs are reported with
standard deviation given in paranthesis. InfoNCE and LDA outperform the rest by significant margins
in all mapping dimensions. LDA shows the best performance in terms of ARI, while InfoNCE
achieves higher AMI values across the board.
| MappingDim=5 | MappingDim=10 | MappingDim=15 | MappingDim=19
Method |  ARI AMI | ARI AMI | ARI AMI | ARI AMI

Random | 0.020 0003y 0.061 ©0.009) | 0.026 0003y 0.078 0009 | 0.028 0003 0.084 ©0.007 | 0.033 0001y  0.094 015
Ambient | 0.039 0oy 0.113 ©o13) | 0.039 ©0osy 0.113 ©013) | 0.039 0006y 0.113 @013 | 0.039 ©000s)  0.113 0013

PCA 0.038 0006y  0.110 0.013) | 0.040 0006y  0.113 0014y | 0.040 0005y 0.114 ©.014) | 0.041 0007y 0.116 ©.015
SimSiam | 0.035 ©o09y  0.111 ©020) | 0.037 0009 0.113 0021y | 0.035 0010p  0.110 0021y | 0.035 0009y  0.110 .018)
InfoNCE | 0.058 0009 0.146 ©.016) | 0.064 0011y  0.156 ©.01s) | 0.063 ©0.005) 0.157 ©0.014) | 0.066 0008y  0.159 0.014)
LDA 0.060 000y 0.145 0014y | 0.074 00120  0.153 0013 | 0.074 ©0010) 0.148 0014y | 0.076 0014y 0.149 ©.017)

G.3 CIFAR-100 Experiments and Additional Results

In this section, we present a seeded version of our results in the manuscript for the CIFAR-100
experiments. We randomly sample 20 classes from the datasets and collect the data points that belong
to these 20 classes. The randomly selected subset of images are then normalized before inputting the
the mapping method. Once the methods learn linear maps, it is then applied on the normalized data.
Finally, we cluster the (linearly) transformed data using K-Means where the number of classes is the
same as the number of components in the GMM. We repeat this procedure for 5 times with different
seeds for the random number generator. We report the results in Table 2] which are consistent with
the results in the main text.

H Linear Discriminant Analysis (LDA) and Fisher LDA

H.1 Linear Discriminant Analysis

The classical binary class LDA objective is defined as a bayes-optimal solution for classification
under the assumption that the data is generated from a two-component Gaussian mixture model with
identical covariances. For non-shared covariance for two component case we don’t have a closed
form solution and the problem is referred to as Quadratic discriminant Analysis. The LDA solution
for two-component GMM with shared covariance is the subspace projection on which leads to no
loss in likelihood of data. It is given as :

Sppa ="' (p1 — p2)
H.2 Fischer Linear Discriminant Analysis

Instead of defining the LDA objective to be the Bayes-optimal under the assumption that data is
generated from a two-component Gaussian mixture model with shared covariance, Fischer LDA
considers an alternative objective. It does away with both the GMM and the shared covariance
assumption and assumes data to be coming from two different distributions, where each distribution
belonged is defined by it’s class. Fisher defined the separation between these two distributions to be
the ratio of the variance between the classes to the variance within the classes i.e.

07 (1 — pa)
\BT(lel =+ w222)0|

| 2

'Sfischer -

The solution maximizing this is given by (31 + X3) (1 — o) is termed the Fisher subspace.
When the data is generated from a two-component shared covariance GMM, the solution coincides
with 271 (p1 — p2) learnt by LDA.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: We propose a standard theory framework in machine learning, and provide
theoretical results that validate our claims. We also conduct experiments to corroborate out
theoretical claims.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

 The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It s fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: We have a section for limitations at the end of the paper. We also follow up the
theorem statements with discussions on the implications and shortcomings of the results.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

¢ The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [Yes]

Justification: We clearly state the assumptions we make for the theorems. In particular, we
refer to the data and augmentation distribution assumptions and clearly define the objective
functions with their properties.

Guidelines:

» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: We state the details of our experimental setup. For the synthetic experiments,
we give the recipe for data generation and for the real data, we describe how the data is
randomly subsampled.

Guidelines:

* The answer NA means that the paper does not include experiments.
* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.
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5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer:

Justification: We are planning to release our code after we prepare a clean and distributable
version which is also de-anonymized.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: We describe the experimental setup in details in the manuscript. We provide
details on data generation, split and also properties of the algorithm(s) used.

Guidelines:

» The answer NA means that the paper does not include experiments.
* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: Please see the Appendix for a complete overview of our results with statistical
details.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.
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8.

10.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

« It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

¢ For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: We discuss the details related to compute resources in the Appendix.
Guidelines:

* The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines]?

Answer: [Yes]
Justification: We abide by the NeurIPS Code of Ethics to the best of our abilities.
Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer:

Justification: We study a fundamental theory problem in machine learning. Our work and
results do not have any negative societal impact.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.
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11.

12.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justification: Our work does not pose any such risks related to its content; we do not release
new models or datasets.

Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

* Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: Our theory and numerical experiments do not use any existing assets that
requires license. Any academic resource, model, dataset and algorithm used are properly
cited.

Guidelines:
* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.
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13.

14.

15.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: We do not release any assets that requires licensing and/or documentation.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: Our paper does not involve crowdsourcing nor human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: The theory-oriented scope of our work does not require such approvals.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.
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993 * Depending on the country in which research is conducted, IRB approval (or equivalent)

994 may be required for any human subjects research. If you obtained IRB approval, you
995 should clearly state this in the paper.

996 * We recognize that the procedures for this may vary significantly between institutions
997 and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
998 guidelines for their institution.

999 * For initial submissions, do not include any information that would break anonymity (if
1000 applicable), such as the institution conducting the review.

1001 16. Declaration of LLLM usage

1002 Question: Does the paper describe the usage of LLMs if it is an important, original, or
1003 non-standard component of the core methods in this research? Note that if the LLM is used
1004 only for writing, editing, or formatting purposes and does not impact the core methodology,
1005 scientific rigorousness, or originality of the research, declaration is not required.

1006 Answer: [NA]

1007 Justification: The development process does not involve LLM use as any important part of
1008 it.

1009 Guidelines:

1010 * The answer NA means that the core method development in this research does not
1011 involve LLMs as any important, original, or non-standard components.

1012 ¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
1013 for what should or should not be described.
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