Checklist

The checklist follows the references. Please read the checklist guidelines carefully for information on
how to answer these questions. For each question, change the default [TODO] to [Yes] , , or
[N/A] . You are strongly encouraged to include a justification to your answer, either by referencing
the appropriate section of your paper or providing a brief inline description. For example:

* Did you include the license to the code and datasets? [Yes]

* Did you include the license to the code and datasets? The code and the data are
proprietary.

* Did you include the license to the code and datasets? [IN/A]

Please do not modify the questions and only use the provided macros for your answers. Note that the
Checklist section does not count towards the page limit. In your paper, please delete this instructions
block and only keep the Checklist section heading above along with the questions/answers below.

1. For all authors...
(a) Do the main claims made in the abstract and introduction accurately reflect the paper’s
contributions and scope? [Yes]
(b) Did you describe the limitations of your work? [Yes]
(c) Did you discuss any potential negative societal impacts of your work? [N/A]
(d) Have you read the ethics review guidelines and ensured that your paper conforms to
them? [Yes]
2. If you are including theoretical results...

(a) Did you state the full set of assumptions of all theoretical results? [Yes]
(b) Did you include complete proofs of all theoretical results? [Yes]

3. If you ran experiments...

(a) Did you include the code, data, and instructions needed to reproduce the main experi-
mental results (either in the supplemental material or as a URL)? [Yes] The details are
given in text.

(b) Did you specify all the training details (e.g., data splits, hyperparameters, how they
were chosen)? [Yes]

(c) Did you report error bars (e.g., with respect to the random seed after running experi-
ments multiple times)?

(d) Did you include the total amount of compute and the type of resources used (e.g., type
of GPUs, internal cluster, or cloud provider)? [Yes]
4. If you are using existing assets (e.g., code, data, models) or curating/releasing new assets...

(a) If your work uses existing assets, did you cite the creators? [Yes]

(b) Did you mention the license of the assets? [IN/A]

(c) Did you include any new assets either in the supplemental material or as a URL? [Yes]

(d) Did you discuss whether and how consent was obtained from people whose data you’re
using/curating? [Yes]

(e) Did you discuss whether the data you are using/curating contains personally identifiable
information or offensive content? [N/A]

5. If you used crowdsourcing or conducted research with human subjects...

(a) Did you include the full text of instructions given to participants and screenshots, if
applicable? [N/A]

(b) Did you describe any potential participant risks, with links to Institutional Review
Board (IRB) approvals, if applicable? [IN/A]

(c) Did you include the estimated hourly wage paid to participants and the total amount
spent on participant compensation? [N/A ]
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A Experimental Details

Setup. We first provide the details to models and datasets used in the experiments:

1.

Logistic Regression on MNIST: The MNIST consists of handwritten digits 0-9, it has a training
set of 60, 000 examples, and a test set of 10,000 examples. It contains 28 x 28 = 784 features
and 10 classes. The model is of dimension d = 784 x 10 + 10 = 7850 (with bias).

LeNet on CIFAR10. The CIFAR10 dataset consists of 60000 32 x 32 colour images in 10 classes,
with 6000 images per class. There are 50000 training images and 10000 test images. The dataset
is divided into five training batches and one test batch, each with 10000 images. The test batch
contains exactly 1000 randomly-selected images from each class. LeNet is a classic convoluntional
neural network proposed by [43].

LSTM on WikiText-2. In this task we train a 2-layer LSTM on the wikitext-2 dataset, which
contains 2 million words. We set the embedding size to be 32, number of hidden unit to be 32 and
number of head to be 2. We adopt the learning rate schedule from PyTorch example repo®. We set
the sequence length (bptt) to be 35.

BERT on GLUE. The General Language Understanding Evaluation (GLUE) benchmark is a
collection of resources for training, evaluating, and analyzing natural language understanding
systems. GLUE consists of 11 different tasks. In the main paper, we evaluate on the SST-2 and
QNLI. For this task, we adopt the BERT-Tiny model released by Google Research’. BERT-Tiny
contains 768 hidden layers. For each task, we set maximum sequence length to be 32 and enable
padding.

Hyperparameters. We tune the hyperparameters for all the algorithms except GraB within a given
range. Then we reuse the hyperparameters for RR in GraB. This implies GraB can potentially provide
in-place benefit without additional tuning. We use momentum SGD (with its default value 0.9) for all
the tasks. The hyperparameters (ranges) for each task are as follows:

1.
2.
3.

MNIST.: LRe {0.1,0.01,0.001, 0.0001}; BSZ=64; GCC=32; WD=0.0001.

CIFARI10. LRe {0.1,0.01,0.001,0.0001}; BSZ=16; GCC=2; WD=0.0001.

WikiText-2. We set momentum to be 0.9 and let the learning rate follow ReduceLROnPlateau
from Pytorch with variable: {mode="min’, factor=0.1, patience=5, threshold=5}. The
initial learning rate is set to be 5.

GLUE. On the SST-2 we adopt BSZ=1; GCC=1; WD=0.01; LR€ {0.005,0.001,0.0005,0.0001}.
On the QNLI task we adopt BSZ=2; GCC=2; WD=0.01; LR€ {0.005,0.001,0.0005,0.0001}.

LR stands for learning rate, BSZ stands for batch size, GCC stands for the gradient accumulation steps
and WD stands for the weight decay.

Gradient Accumulation. As illustrated in the paper, one workaround to obtain fine-grained gradients
(subgradients over one example, or a group of examples of size smaller than batch size) is to leverage
the gradient accumulation step, especially in frameworks that do not support per-example gradient
computation like PyTorch.

for epoch in range (num_epochs):

epoch_step = 0
for batch in grab_ordered_batches:
epoch_step += 1
optimizer.zero_grad ()
grad = backward(batch)
# GraB related steps
grad_buffer.add_(grad / grad_accumulation_step)
if epoch_step ) grad_accumulation_step == O0:
optimizer.apply_gradient (grad_buffer)
grad_buffer.zero_ ()

Listing 1: A simple workaround to obtain fine-grained gradients in some ML frameworks such as
PyTorch.

The effect of different balancing algorithms. We extend the experiment from Figure 1 and run
Algorithm 5 and Algorithm 6 for different epochs. Figure 4 summarizes the results: although the

https://github.com/pytorch/examples/tree/main/word_language_model
"https://github.com/google-research/bert.
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Figure 4: Evaluating the herding bound of Algorithm 5 and Algorithm 6. The epoch denotes the
number of times that recursively call the algorithm.

two algorithms differ when single time sorting is used, but they obtain similar results when called
repeatedly (10 times). Note that the running of Algorithm 6 requires tuning a hyperparameter c
and generate a series of random numbers. To avoid these overhead, in practice we recommend
using Algorithm 5. Another interesting observation is that in terms of ¢-2 norm, the naive balancing
(Algorithm 5) outperforms Algorithm 6 in high-dimensional setting (b)(c) in Figure 4 when epoch=
1.

B Theoretical Analysis

In this section, we provide the detailed proof for all the theorems in the main paper. Throughout the

proof, for simplicity, we denote wy1 = w,(clle = w,(cnﬂ) for all the k£ > 1. Additionally, we define
the maximum backward deviation within an epoch to be

Ap = max H'w,im) f'wkH forall k=1,..., K.
m=2,...,n+1 jo%e)
For any k, we let o}, ' (i) = {t = 1,--- ,n|o%(t) = i} to be the step when i-th example is visited.

Unless otherwise specified, we use ||-|| to denote the 5-norm.

B.1 Details to the greedy statement

Proof. [25] We first construct a group of 2-d vectors. Without the loss of generality, we let n divides
2. And let n/2 vectors be [1,1] " and the other n/2 vectors be [4, —2] . Algorithm 1 will always
select [1,1]T in the first n/2 steps based on the current sum being [m,m] T, ¥m < n/2. We show
this with induction. Note that when ¢ = 1, [1,1] T is selected. Then suppose in the k-th selection the
current sum is [k, k] 7, the algorithm will again select [1,1] 7 since 2(k +1)2 < (k+4)2 + (k — 2)2.
This makes the herding objective Q(n) with Algorithm 1.

On the other hand, consider using a random permutation. Let random variable X; denote the value
of herding objective at ¢-th selection. Then we know that X, is a 2-d martingale. So that from
Azuma-Hoeffding Inequality we know || X|| < O(y/n) for all k. O

B.2 Proof to Theorem 1

Theorem 1. In Algorithm 2, under Assumptions 1, 3 and 4, if we set o to be

o = min{ ¢/ L) =" ! ! !
24nH22L3 K’ 8n(L + La,0c)  32nLoo’ 16H Ly o

then it converges at the rate

K 2 2 2
1 5 s H*G2L5 JF? (2 32F(L+ Lo + Loo) G64FHLy o
R <:: - S~ e ) )
K kz:l”vf(wk)ll <36 K2 KT K TR

where F' = f(w1) — f*. Furthermore, under the additional PL condition (Assumption 2), with « as

amin{ L1 1 > <<f<w1>f*+<2>n2u31<2>}’

np 48HLy o 96n(L + Lo oo + Log) nuK  ° 192H2L3 2
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where Wy denotes the Lambert W function, Algorithm 2 converges at the rate

H 2L§,oo<2>

J(wi) ~ f <0 ( e

Proof. From Lemma 1, we get

2

K 2 K
1 2 _ 2(f(wy) = f*) | L3 ()
— V{(w < 2 m wi — W
KI;” A S kzzl ?XH BT

On the other hand, from Lemma 3, we obtain
K K
Z A7 <160°n*¢* + 480> H?*G* K + 48a*n? ZHVf(wk) 12
k=1 k=1

Combining them together gives us,

I 5 2 2(f(w) -~ f*) I3 S :
o ZHVf(wk)H < + =2 [ 16a%n%¢? 4 480’ H*? K + 480°n? ZHVf(wk)HOO
k=1

ank K
k=1
K
2(f(wy) — f*) 16a2n2§2L§7 480°n? L3
S=—— T TARTHACLE o+

— Vw2
k=1

Note that for any z € R?, ||z||« < ||z||2. And so the last term can by bounded by its £o-norm.
Moving it to the left side of the inequality gives us

1—48a2n*L3 o & o 2(f(wr) — f*)  16a%n%?L3
———=3v < 2 4+ 480 HSPL3 .
K k:lH e K st R0

Finally, we choose «a so that

a=min< { flwy) — f* 1 L L
24nH2g2L§’OOK’ 8n(L + L2.oo) 32nLo;’ 16H Lo o

(f(wy) — f*) 32a2n2§2L§700 2772 272
e = +960°H2? L3

1 & , 4
?vaf(’wk)u <
k=1

56 \/ HL L (f(wn) — 1) &

n2K? K
n 32(f(w1) = f*)NL+ Lo oo + Loo) n 64(f(w1) — f*)HL2
K nk '

Denoting F' = f(w1) — f*, we finally obtain This gives

K 2 2 2
1 2 s H22 L5 F? 2 32F(L+ Ly o + Loo) . 64FH Lo o
1 < ag i H2P L3 02 62 , oo
K I;”vf(w’“)” =36 2K: KT K LS

This gives us the bound for general smooth-convex case. We proceed to prove the PL case:

From Lemma 3 we have the following relation:
Ap <2aHs + (8anLog + 40H Ly o) A1 + 2an||V f(wy)|| ., VE > 2.
Square on both sides

A? <302(4H Ly oo 4+ 8nLoo )2 A7, + 1202 H26% + 120202 ||V f (wy) ||
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Summing from k = 1to K — 1,

K-1

K—1—k A2
Sty
k=1

K-1
:pKﬁA% + Z pkakAz
k=2
K-1
<pRTEAT 4 Y piH (3042(4HL2,00 +8nLoo)?A7_y + 1202 H?? + 12a2n2||Vf(wk)||2)
k=2
K-1 e}
<pXTPAT 4302 (4H Lo oo + 8nLoc)® Y pNTRAR L + 1207 H )
k=2 1=0
+120°n% Y N HV f ()
k=2
K-1
12 2H2 2
<pNT2AT 4+ 30% 7 (AH Lo + 8nLoc)” Y pN T ETIAL 4 S
k=2 P
K-1
+120%0% Y pN T HV f (aop) |
k=2

Recall from Lemma 3 that
A2 < 8a2n? ||V f(w)|? + 8a2n%e?,
this gives us,
K—1 K—1
S PR TIEAR <pK 2 (8an? W f (wn) |2, + Sa?ne?) + Batp T (4H Ly e + SnLc)? Y pKTITRAR
k=1 k=1
1202 H2%¢?

K—
=, + 120%n? Z PRV F (w2

k=2
Using the fact that

1 1 1
“ _mm{w A8H Ly,  96n(L + Lo + Loo )}
Solve it, we obtain

= 2402 H?¢? =
D pRTIRAY < 64pK 0 + T +240°n% Y pN TRV ()|
I—-p
k=1 k=1
First from Lemma 2 we get
an K—1 an =
Flwie) = 17 <pM(flwn) = 1)+ TR ST PR - 28 Z S ()
k=1 k=1
2402 H?L2 2
<p" (f(wr) = f7) +320% 00 13 * 4+ 2,
' H
where in the last step, we apply the learning rate bound that
1 1
a< < .
- 96n(L + Lo + LOO) ~ 96nLa

The RHS of the inequality can be further bounded by

24042H2L§700§2
L

(1 — anp/2)" (f(wi) = f* +¢%) +
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<(f(wr) = f* + %) exp(—anpK /2) + 240’ H L5  *p~"

Take derivative with respect to « and set it to zero, we obtain

- WO<<f<w1>—f*+<2>n2u3K2>,

nuk 192H2L3 2
and
288H?L3 2 flw) — f* + )2 K2 Flwy) — f* + )2l K2
flwg) = " <———575— 32’2 -Wo (f(ew) 22)2# 14+ Wo (f(w1) 22)2ﬂ
n2u3 K 192H L2’OO§ 192H L2’OO§

_o [ H xS

- 132 K? )
where Wy (+) denotes the Lambert W function. That completes the proof. O

B.3 Proof to Theorem 3

Theorem 3. In Algorithm 4, under Assumptions 1, 3 and 5, if we set o to be

a=min«{ ¢ flwy) — f* i 1 1
32nA2§2L%7mK’ nL’26(n + A)Ls . 260nLo

then it converges at the rate

K 2 2 2
1 5 s/ H2¢2 L5 (F? 2 65(F(L+ Lo + Loo) 8FALy o
J— \V4 w <11 [t et I 2 : .
K;H Flww)l” < < K HETYS

where F' = f(w1) — f*. Furthermore, under the additional PL condition (Assumption 2) with « as

1 | L2 () - ot AR
a=minq —, —, ) ) Wo 2 ’
np’ nL’ 52(n+ A)Ls o 520nLo’ nuk 256A2L5  ¢*

where Wy denotes the Lambert W function, it converges at the rate

#12)

flwg) = f* <0 ( e

Proof. From Lemma 1, we get

K 2 K
1 2 _ 2(f(wy) — f*) | L3 &
7o V)l < ST S o — wl

k=1 k=1 o
On the other hand, from Lemma 4, we obtain

K K
Z A7 < 12002n%6* + 6402 A% K + 48a2n? ZHVf(wk) ||io
k=1 k=1

Combining them together gives us,
1 )
K Zva(wk)H
k=1
_2f(wi) = ) | LB < K )

< + 12002n%¢? + 6402 A%2 K + 48a°n? ZHVf('wk) Hio
anK K Pt

2(f(wy) — f*) 120a2n2§2L§700 480202132 X

< 42A22L2 U 200 2.
UGS | B B i a1+ B S )
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Given

a=min«{ 2 flw) — f* i 1 !
32nA%2L5 (K’ nL’ 26(n+ A)Ly o’ 260nLe |’

we get

K 2 272
1 o _A4(f(wy) — f*) | 240a"n7¢"L; 242 272
2 2V wn)| <=2+ = +1280%A%2 L2

<11§/ HL3 () ~ )&

n2K? K
L 6507 (w0) ~ )L+ Lot L) S(Fmn) — )ALy
K nkK '

This gives us the bound for general smooth-convex case. We proceed to prove the PL case: From
Lemma 7 we know

= 12002 A2 =
Z pET1RAZ 102402 p% %6 + =5 + 64a’n? Z pK_l_kHVf(wk)Hio
k=1 k=1

On the other hand, from Lemma 2 we get

K-1

K-
* * an 1 an
flws) = <p"(flwn) = f) + 5 L5o0 Y o7 PAR = =5 Z TV (i)l
k=1 k=1
1202 A%L3 _ 2
<p"(fwy) = £*) + 51205 a*nL3 * + %,
where in the last step, we apply the learning rate bound that

1
< —.
“= 52nLy o
The RHS of the inequality can be further bounded by
12002 A%L3 ¢
(1 amp /20 (flawn) = f* %) R
<(f(wr) = f*+ %) exp(—anukK/2) + 12002 A’ L3 . ¢*p~ "

Take derivative with respect to « and set it to zero, we obtain

2 " <(f(w1) —f* +§2)n2,u3K2> |

npk 256A2L3 2
and
320A2L3 .¢? wy) — f* 4+ )Pt K> wy) — f*+ )PP K2
flwg) — f 2322 Wy (f(w1) f22)2ﬂ 14 W, (f(w1) f22)2u
n?us K 256A%L5 s 256A%L5 s

5 Ang’oog2

- wn2K? |’
where Wy (-) denotes the Lambert W function. That completes the proof. O

B.4 Technical Lemmas

Lemma 1. In Algorithm 2 and Algorithm 4, if anL < 1 holds and Assumption 1 (except PL
condition), 3 and 4 hold, then

K 2 K
1 3 2 2(f(wi) - f) | Lieo 3 H (t)H2
— V{f(w < 2 m wi — W
Kk:IH A S el AL
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Proof. Note that in both algorithms, the update can be written as

Wiyl = Wy — aZVf(wl(:);wﬂk(t)).

t=1

By the Taylor Theorem, for all the k = 1,--- | K — 1,
f(wg1)

gf('wk)—om<Vf wy), ZVf w,it), Ty ( )>+

2L 2

va wk; 3 G'k(t))

2

=f(we) = IV F (o) Zw wis Toun)

2L 2
_|_7

2
vf wk _7va wk- awak 1‘)) va wk ; ak(t))

2

<flwi) = Vi)

n 1 &
5| VS wi) = = Vi @)
t=1

In the second step, we apply —(a, b) = f%||a||2 - %||b||2 + 1la — b||*,Va, b. In the third step, we
use the condition that an < 1. Expanding the last term using Assumption 1, we get

2

va(wk) - % Z Vi ;@)
t=1

1 n
— EZVJC(’UJM:BU,C@ ——Zw w: @, 1)
t=1
Ly : 1), 2
SE Zva(wk’mak(t))) 7vf(wk 7mok(t))H
t=1

L3 oo & 0|2
<Y e — i)
S el

<L3 A;.

In the second step we apply the Jensen Inequality. Put it back, we obtain
an anL3 A%
i) < flwp) = IV F(wp)|* + =5+

Finally, summing from £ = 1 to K — 1, we obtain

K 2 K
1 5 2 2(f(w) = f1) | Lo 3 H (t)H2
— V{(w < 2 m wi. — W
Kkzln A S 2[R T

That completes the proof. O

Lemma 2. In Algorithm 2 and Algorithm 4, if anL < 1 holds and Assumption 1 (including PL
condition), 3 and 4 hold, then

K—1 K—1
. . an 1 an 1
flwg) — f* < p"(f(wr) — f*) + TL%OO Z pE17RAZ vh Z pi—1 kHVf(wk)Hz.
k=1 k=1
Proof. Since the this lemma is a special case of Lemma 1, we can just borrow the derivation there
and get forallthe k. =1,--- [ K —1
an an
flwin) < flwe) + L3 AF = - [V (wi)]*

2
an an an
= f(wy) + 5 L3 A% = IV (wi)|” = =1V f (w)|”
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< flwe) + L3 A2 = SR (fw) = ) = TV (i) [*. (PL condition)

Define 1 — anu/2 = p, then
fwigr) = f* < p(f(wr) = f7) +

Recursively apply it from & = 1 to K — 1, we obtain

an on 9
7L§,ooAi - THVf(’wk)H :

K-1 K-1
Flwi) = < S (Flwn) = ) + L3 o Y P TRAR = S5 Y TV ()]
k=1 k=1

That completes the proof. O
Lemma 3. In Algorithm 2, if the learning rate o fulfills

1 1
o
@ = mm { 320 Lo’ 16H Ly o } ’

then the following inequalities hold:
Ap < 200HS + (8anLoo + 4aH Ly o) Ap—1 + 2an||V f(wy) || o, VE > 2

and,
A2 < 80%n?||V f(w1)|%, + 8a2n’?,
and finally,

K K
Z A7 < 16a%n*¢? + 480* H*¢* K + 48a°n? ZHVf(wk)Hio
k=1 k=1

Proof. Without the loss of generality, for all the m € {2,--- ;,n+ 1} and allthe k € {2,--- | K},

m—1
i a3 0 ()

t=1

m—1
ot o (t
=wj, — o E Vf (w,gfll( 8 )));wgk(t)>
t=1

m—1
(o121 (on (1))
o Z (Vf (wl(ct);mﬂk(t)) -Vf (wk—kl s ;wﬂk(t)>) .
t=1

Now add and subtract

m—1 n n
1 a(m—1) ¢
o Z E va (wl(es—)l;mUk—l(s)> = T va (w]i—)l;mo'k—l(t)) ’
t=1 s=1 t=1

which gives
(m) = (074 (71)). 1\ o
w,. =W, — & Vf w4 awdk(t) - ﬁzvf (wk—l’wo'kfl(s))
s=1
\Y

a(m—1) < t
DS (wf? )
‘We further add and subtract

-1
w a“(ak(t)));wak(t))) _
a(m—1)

NV f (wks @,y ) = a(m — )V f ()
t=1

n

|
Q
7N
<
~
—
g
3
8
Q
E
N
<
~
7N
=~
I
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to arrive at

m—1 n
m (U_,l (ok(1))) 1 s
wli ) =W, — « <Vf (wkkl 117k ;;L-Jk(t)> - ﬁ ZVf (wé)l;wgkl(s))>
s=1

n

(Vf (Wi @0y 1)) — Vf (w,(fll; wa’k—l(t)))

t=1

m—1
1 (or()
—a), (Vf (w;(f);x%@) Vf( k 7%@)))-
t=1

We can now re-arrange, take norms on both sides and apply the triangle inequality,

m—1 o o 1 n .
Z (Vf ( (o k 1( K ( )));xgk(t)) - E ZVf (’w](c)l;wgk_l(s))>
t=1 s=1

Jrok” ] <

+a(m = 1|V f(wi)]
a 1
+ % Z (VS (Wi @a, ) = VI (w20, 1))
t=1 o
m—1
o> (vf (wl(f)%%(t) Vf( (o) 1(ak<t>>>;%k(t)>> @
t=1 o

There are four different terms on the right hand side, we will apply the Assumption 4 on the first term,
and Assumption 1 on the last two terms. First, for the first term,

Vf< ak 1(ka(t))) > Z (wk 13 crk71(s))

Vf( o (ak(t))) ak(t)> _ %Z < 1(ox (1)) 3 Lop_1(s) H
o, e 1 -

B )t

(0,21 (ok(t))) s
T 1fon wl(czl

Assume. 1 and 3

oo

L3 oo (U (ok(t)))
e )

<¢+ 2L2,00Ak7—1

This implies if we denote

oty (on(t) 1< s
uy =Vf ( - 1 i w”k(ﬂ) - E va(wl(c—)l;wak—l(s))
s=1

We can now use Assumption 4 to obtain a bound on the prefix sum

m—1 u
t
[ < H
t—zl S+ 2L2,00Ak:—1 -
- oo
that is,
m

< H(§ + 2L2,00Ak'—1)-

oo

Z( ( (o1 (o), Ukt) va (wk ¥ U“(s))>
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Now we have a bound for the first term in Equation (4), we proceed to bound the last two terms where
we apply Assumption 1. We can then rewrite Equation (4) into,

m aLoo(m—1) «
Hw,(C ) —'wkH <aH(s+2Lg 0o Ag_1) + a(m — 1)||Vf('wk)|\oo+7< ) ZHwk —w,(leH
o] n =1 o]

+ ol

ok 1(ok<t>>>H

oo

Furthermore, applying the trlangle inequality to the norms in the last two terms, we obtain

Hwk 1 wkH = H’wl(f) — Wg_1 + Wi—1 — 'wk""gl H < 2Ak 1
and similarly,
-1
w,(ct) ](C *r - k(t)))H = H'w,(:) — Wi + Wy — Wi + Wi_1 — w,iffl( k(t)))H < Ap 42051

This gives us
| wi™ = wi| <o (s + 20200 Ak 1) + alm = 1)V F(wp) o, + 20Loc(m = 1) Ay

+ aLoo(m —1)(2A5—_1 + Ag)
<aH(s+ 2L2,OOA]€_1) +a(m — 1)||Vf(’wk)|‘oo + alo(m —1)(4Ar_1 + Ag).
%)
Note that Equation (5) only holds with k € {2,--- , K} and m € {2,--- ,n + 1}. We now discuss

the boundary cases. Note that the bound of Equation (5) trivially holds with m = 1 for any & since
the left hand side becomes zero. On the other hand, when £ = 1, we have,

m—1

ol w150 (o)
et
t=

n m—1
=w; — aZ%ZVf wl,wgl )—l—aZVf(wl oy (¢ ) 0421Vf W1 Ty, t))
t=

1 s=1

—1 n

+a Z VI (wi;xe,1)) — @ Z %va (w120, (s))
t=1 s=1

t=1

take norms and apply the triangle inequality, we obtain

m—1 1 n
- Vf W1, Ly, (s
t; n; (w1520, (5)) )
m—1 1 n
Z <Vf (w150, 1)) — Ezvf (wl;wgl(s))>

t=1 s=1
<a(m—1)[|Vf(w1)| +a(m—1)Loc Ay + a(m — 1)
<an||V f(w)|l,, + anleAq + ang. (6)

Now that we have the bounds for A, we next will sum them up. Taking a max over m on both side
in Equation (5), this implies for all the k& > 2,

Ak- S OéH(§ —+ 2L2_’00Ak_1) + aLoon(4Ak_1 + Ak) + om||Vf(wk)Hoo
as m — 1 < n. Considering the fact that aL.,n < 1/2, we get
A < 200HG + (8anLog + 40H Lo o) A1 + 2am||V f (wy)]| o

This completes the proof of the first inequality in the lemma. Applying this recursively from any
k > 2 to 2, this gives

m—1

o| Y (9F (wi20,0) = VF (wii,c0))

i -] <o
o0

oo

+ «

oo

A <(8anLe, + 4aH Ly o0)" 1A, —I—Z 8anLe + 4aH Ly o) (2aH¢ + 2an||V f(wy) | .) -
i=1
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Applying the learning rate conditions that 32anL., < 1 and 16aH Ly o, < 1, we obtain

1 k—1
as(3) A dats s tanl Vil

Square on both sides,
1\F1
A? <3 (4) A? + 4802 H% + 480202 |V f (wy) |1,
We can apply the similar trick to Equation (6) and get

A? < 8a2n2||Vf(w1)|| + 8a%n?¢2.

This completes the proof of the second inequality in the lemma. Summing from k = 1 to K, we will
get

K K
S AT =AT+Y A}
k=1 k=2

K

1 k—1 K
=A7+3A7) (4> +480°H?*(K — 1) +480°n> > [V f (wy) |2,
k=2 k=2

0o k K
1
<AZ43A2%° (4) +48a” H2 (K — 1) + 480”0 ) ||V f(wy)|2,
k=1 k=2

K
<160”n? ||V f(w1)|%, + 160n%c* + 4802 H2*(K — 1) + 48a°n> > [V f(wy)| %,

k=2
K
<16a*n?¢? + 48a* H*G* K + 48a°n? ZHVf(wk) Hio
k=1
That completes the third inequality, and we have finished proving all three inequalities. O
Lemma 4. In Algorithm 4, if the learning rate o fulfills
< i 1 1
a < min
- 26(n + A)L2 o’ 260nLy J
then the following inequalities hold:
K K
Z A7 <12002n%6* + 6402 A% K + 48a2n? ZHVf(wk) ||io
k=1 k=1

Proof. With out the loss of generality, for all the m € {2,--- ,n+ 1} and allthe k € {3,--- , K},

m—1
ol <37 ()

w0 Z vy ( (732 (1) wgkm)
m—1

ot (oR ()
-« (Vf (wk 75130;,(:&)) Vf <wk ey 1 Lo (U))

t=1

Now add and subtract

ozmz_lrllin (w](:,)g;wo'k_z(s)) = va (wk 21 %oy _s(s ))’
t=1 ' s=1
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which gives

m—1
w](cnl) —w, —a Z (Vf <w’(:fk1 1 U'k(t))) ak(t)> J— ZVf (wk 25 o'k2(3))>

t=1 s=1

DS v (w0

t=

~a Z (Vf (i 2o0) = V£ <wff o, <t>>)

‘We further add and subtract

—

w tZ:; vf('wk—l; wak_2(t)) = a(m - 1)Vf('wk—1)

to arrive at

m—1

N (o7 (o) Ly :
'w,(c )= wy, —a (Vf (wkkl o 333%@)) n va (w’(C)Q;w”’“”(S)))
s=1

t=1

—am - )V ) + S (OF (wnsiag, o)~V (0l 0))

t=1

m—1
(o4 on(0)
—a ) <Vf (w;(f);%ku)) Vf( e «’Bokm))
t=1

We can now re-arrange, take norms on both sides and apply the triangle inequality,

p ity (o 1< ,
Z <Vf ( k 1 ( A(t)))7wgk(t)> - ZVf (wézz;wng(s))>
=1 s=1

o ] =
oo

t

+a(m = DVf(wi-1)ll

oo

+ a(mT_l) Z (Vf (wkfl;wakfﬂt)) - Vf ('w,(:)Q;ing Z(t)))
t=1
m—1
. (Vf - Vf( ak 1ok t))) H
«a 2 (wk k(t))

Similar to the proof of Lemma 3, for the last two terms, we simply apply the Assumption 1 to obtain

an-2 2": (Vf (Wr—13%0, o) = Vf (wl(vtl?x”k*(t)))

t=1
a(m

-1) n .
ST ZHVf (Wk—1;$0k72(t)) - Vf (w,(€32;:cak72(t)> HOO
t=1
~ 1)L
com=1Dle > [wcs — ]
n
t=1

a(m —1)Le i ( H H )
cum—1)hoo L we o —
< - > (lwier — wi—all o + |fwi2 — wi,

t=1

<a(m — 1)L (2Aj_2),

oo

and

m—1

(0 L (ok(®)
« Z <Vf (w,(:);:cok(t)> Vf( ' § ,wak(t))>

o0
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m—1 _1
<aLy Z 'w,(f) - w;ia_kll(gk(t)))H
t=1 0
[ ATR (01 (01 (1)
§aLoo Z (H’wk — wkH + ||'wk — wk—lHoo + H'wkl — wk—kfl H )
t=1 e oo

<a(m —1)Loo(Ak + 2A%_1).
For brevity, we use r, k > 3 to denote

m—1

(o511 (or (1)) 1 s
> (Vf <wk—k1 ' %%m)) - EZW (w1§323wak2<s>>>
s=1

T = max
2<m<n+1

o0

Then the expression of Ay can be written as
Ap < arp+anLoAp +2anLo Ag_1 + 20n Lo Ag—o + an||V f(wi—1)|| .-
Now square on both sides, it gives us
A? < 5a”ri +5a*n? L2 A7 4 200*n? L2 A2, +20a’n? L2 A7 _, + 5a2n2||Vf(wk,1)||io.

Now summing k from k£ = 3 to K on both sides of the inequality, we get

K
> A%
k=3

K K K K K
<502 Z 2 4+ 5a’n?L?, Z A2 4200’0 L2, Z A2 | +20a*n* L% Z A2, +5a2n? ZHVf(wk,l)Hio
k=3 k=3 k=3 k=3 k=3
K K K—1
<5a? Z r 4+ 450°n? L2, Z A2 +40a%n? L2 A3 + 20a*n? L2 AT + 5a°n? Z ||Vf(wk)|\io
k=3 k=3 k=2
Now we apply Lemma 6 to replace the first term,
K K
D A} <300°n%6% 4 300° A% (K — 2) + 5a” - (T92n° L%, + T8A’L3 ) > A}
k=3 k=3
+50° - (24n° Ly oo + 24A%L3  + 384n° L2 ) AT
+50” - (6n°L3 o, + T8A’L3  + 768n” L2 )A3.
K K—1
+ 450°n% L2, Z A2 + 400’02 L2 A2 4 200°n* L2 A3 4 5a°n? Z ||Vf(wk)\|io
k=3 k=2

K
=300"n" + 300° A**(K — 2) + 5a” - (T81n°L2, + T8A’L] ) > A}
k=3

+ 507 - (24n° Ly oo + 24A° L3  + 388n°L2) AT
+ 50 - (6n°L3  + TRAZL3 . + TT6n° L% ) A2,

K-1
+50°n” |V f(wp)]%,
k=2
1 K K—-1
<300%n%c% + 3002 A%3 (K — 2) + A2 + A2 + 5 S AL 450707 > [V f(wr)|,
k=3 k=2

where in the last step, we apply the learning rate requirement that

1 1
< mi .
@ = mm { 26(n + A)La.0o’ 260nLog }
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Now solve the LHS,
K _
D A} < 60a*n6* + 6007 A% (K — 2) + 2AF + 243 + 100707 > ||V f(wy) |12,

k=3

We have now proved k& > 3. We next discuss the k = 1, 2 case, note that these cases follow exactly
Equation (6), so that we can reapply the k = 1 case from Lemma 3 and obtain

A2 < 8a2n2||Vf(wk)||§o +8an%t k= 1,2.

Now we can sum over all the epochs as follows

K 2 K
SAL=D AT+ A}
k=1 k=1 k=3

2 K—1
<24a*n? ZHVf(wk)Hio + 48a*n%¢* + 60a’n*s? + 60a? A%* (K — 2) + 10a’n? Z HVf(wk)Hio
k=1 k=2
K
<1200°n%” + 640 A% K + 480°n> > ||V f(wy)| 1%,
k=1
That completes the proof. O
Lemma 5. Consider a group of time-variant input vectors zi g, ..., Zn,k R? changing over time

k=3,---, K that satisfy the following conditions:

lziks1 — zikll o, < ar,VEk,i

n
E Zik
i=1

||zi7kH2 < ¢, Yk, i.

< blka

Now considering a sequence of ordering of {ak}ﬁig that fulfills condition: for any k > 3, oy, and
Ok+1 are the input and output of Algorithm 3, then it holds that ,

2 2
K t t K
2
Ema Ez ; <2max§z ; —I—E Aci. + 2by, + 2axn)” .
1<t<n 7k (7)k — T1<t<n 3(7)3 (Acx k w1)
k=3 =~ ||j= = ="li=1 k=3
oo oo
Proof. For convenience, we use the notation 7, to represent
T, = max E Zoo (i
k 15t<n)|4 ok(4).k
j=1 I
For any k£ > 3, by the Triangle Inequality we have
t t
llgtagxn E :z0k+1(j),k+1 :fgtagxn § : Zo111(3)k T Zopr1(5),k4+1 — Ropi1(G)k
Jj=1 s Jj=1 oo
t ¢ i
< fg%xn 2 : Zoky1(4)k 27: ort1(4),k+1 Uk+1(j)7k)
=1 %) - oo

t
< max z ; + max z z ;
= 1<t<n § : ort1(4),k 151 E : okt1(d)k+1 — 0k+1(3)’k)

< max E z j + max E Hz z [
= 2|4 ort1(4),k 15t<n o1 (G),k+1 T RBopy1(5).k
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t

< max z ; + agn.
= <i<n E 1: ort1(4).k k
ji

o0
We now derive the relation between o1 and 0. Suppose we run Algorithm 3 and obtain the signs
for all the vectors. Denote ¢, ; as the sign assigned to z; ;. Let all the vector indices with positive
signs form a set M and indices with negative signs form a set M ~. Then we know that for any
1<t<n,

t t
Zzak(j)Jc + Zek,jzak(j),k =2 Z Zai(j).k
j=1 j=1

JEM*TNIK]
t t
Z Zow(i)k — Z €kjZoi(j)k =2 Z 2ok (4)k
Jj=1 Jj=1 JEM—N[k]
By using the triangle inequality, for any &
Acy, + 7,
S | <A
jEM+N[k] -
Acy, + T,
D ZaGk S
JEM—NI[K] o

Given these bounds, now we can consider the permutation of 01, suppose when ¢ = ¢, the partial
sum of oy 1 reaches it maximum, then if tg < |M™ |, from the previous bound, we obtain

to

Acg + T, Acg + T
> Zor Gk S5 Sht—5—

On the other hand, if the ¢y > |M ™|, and we obtain

Jj=1

to n n
§ :zﬁkﬂ(j)ﬁ'C = Zopr1(i)k — E : Zopy1(d)k
j=1 o |li=t j=to+1 -
n n
< Zovnk| F|| DL FornG)k
Jj=1 . j=to+1 ~

oo

And so that,

t
Tk41 = max E Zopi1(5),k+1 < max E Zoi1(5)k +an
Jj=1

1<t<n T 1<t<n
1. 1
§§Tk + 3 (Ack + 2by, + 2axn) .

Square on both sides, we get
1 1
P2 < 57:,% + 5 (Ack +2b, + 2axn) .

Then we sum from £ = 3to K — 1, we get

K—-1 1 K-1 1 K-1
B+ i §f§+§ Zf§+§ > (Ack + 2y, + 2axn)?
k=3 k=3 k=3
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which implies

) ) 2
];rk <24 E;rk + 5;(/1% + 2bg + 2an)°

moving the terms and we finally get

K K
ST <2+ (Ack + 2by + 2a5n)”.
k=3 k=3

Replace the 7, we finally get

2 2

K t K
2
Z max. Z Zoy()k|| <2 max. Z Zos(i),3|| T Z (Ack + 2by, + 2axn)” .
k=3"= "5 - = =i=1 W k=3
That completes the proof. O

Lemma 6. In Algorithm 4, for k > 3, with notation of

t

nfl
_ (0 (o (5))) (s) .
ri = max 2:1 (Vf< 'l wom)) Zon (wk—27w0k2(3)>> ;
j= 5=

(oo}

we have

K K
D i <60 + 643 (K — 2) + (1920° L3, + T8APLS ) D A}
k=3

+ (24n° Lo oo + 24A% L5 + 3840° L2, ) AT

+ (6n°L3 o, + T8A’L3  + 7T68n* L2 )A3.
Proof. We will apply Lemma 5 to the main derivation. Denote

Zin —Vf( (O'k 1(1))7 ) ZVf (wk 2 Uk72(s)),

and so
(o1 (ox(3))) 1N (s)
Zoy(j)k =V.f (wk o P T, (j)) - > Vi (wkg—Q; %H<s>) ~
s=1
We first need to derive ay, by, ¢, in Lemma 5 in order to apply it, we will repeatedly use Assumption 1.

In the derivation, we will also use the relation that ||la|| < ||al|,.

First, we derive ay,

12041 = 2.k ll o

va (@), ) w( (02100, ]>H
+ fZVf (w0, 1)) va (072520, a00)
| (i) s (w5 e

+ ZVf< ) g )—iin(ka%“);ws)

oo




ak 1(s a'k 2(s)

Wy _o

e

<L <H“’ o (@) ,wkH + lwk — wi—1 | + Hwk_l w,(f"l 1(J))H )

(e .

Lo (Ak + QAkfl) + Loo (Ak71 + 2Ak,2)
ZLOO (A 4+ 3Ak—1 +2Ak_2).
We proceed to derive by,

- - CRNE)) 1
e 13 (v () - L3
j=1

w )

ak 1(s

— Wg—-1

O 2(s)
‘wk 27 Wy

J

+ lwr—1 — wr—al| + ‘

IN
()=
VR
<
k.ﬁ
/
:rgx—\
RS
HLH
<
<
N~
|
S|
[]=
<
~

J=1 s—1 s=1 -
i 1 n ) 1 n o, ,(s)
<0+ 3|23 (w0 i) - 30y (6 e,
Jj=1 s=1 s=1 o)
Sk oil(s)  opty(s)
§ZEZLOO ‘wkil —w, "y
=1 s=1 oo
<il Y Lo wok‘l(s)fwk_l + ||wg—1 — wr_2|| Wy_o — W
=225 k—1 k—2
Jj=1 s=1 o
<nLoo(Ap—1 + 2Ak_2)
And finally for cg,
(<7 ' ) o 2( s).
l2iall, = Vf( O g ) Zw( S )
2
(<7 1(3)) o 1(])
Jer(s59n) ()
2

T va( O’k 1(.7)’ S) _ %Zv‘f (wk_l;ms)
T 7va wy_ 1,.’133 _va< o 1()7 >

2
+ va( Th 1()7 >va< . 2()’ )

<6+ 2L9 0o Ap—1+ Lo oo (H i 1(S)—wkq

2

2

+ lwi—1 — wr—all, + Hwkz —w,

<6+ Looo(3Ak—1 + 20k 2).
Now we have the ay, by, and ¢, ready, we can now apply Lemma 5, and get

K K
S orE <23+ [Ac+ 2nLoo A + (BALs o + 8nLoo)Ap_1 + (2AL3 00 + 8nLoo) Ap—a]”.
k=3 k=3
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Finally, we look at 73, note that

t _ . n—1
T3 = max Z <Vf (wé% 1(03(3)));%3(]_)) _ % Z v (wgs);wal(s)»
T |g=t s=0 -
n . ) 1 n—
SZ Vf (wéaz (JS(J)));xog(j)) _ Ezvf (w?);mo’l(s))
Jj=1 s=0 o
<csn

<ng + nlo oo (309 + 2A1).
Square on both sides, we can get
r3 < 3n%c? + 27n2L§)OOA§ + 12n2L§)OOA%.

Push it back we can finally obtain the bound as

K
Z 2 <6n%c? + GnQLSMA% +24n? Ly o A?
k=3
K
+) " [As +2nLoc Ay + (BAL200 + 8nLoc)Ag_1 + (2AL5 o + 8nLoo)Ap_s]”
k=3
<6n°c* + 6n°L3 L AF + 24n° L3 A7
K K K
+6A%P(K —2) +24n°L2)Y A7 +54A°L3 > AR, +384n°L2 Y A7,
K K
+24APL3 D AL, 438407 L2 Y A},
k=3 k=3
K
<6n°c” + 6A°*(K — 2) + (T92n° L% + T8A’L3 ) > A}
k=3
+ (24n° Ly o + 24A°L3  + 38407 L2 ) AT
+ (6n°L3 o + T8A’L3  + T68n* L2 )A3.
That completes the proof. O
Lemma 7. In Algorithm 4, under the PL condition, it holds that
K-1 K-1
12002 A%¢2
Z pE 1R AZ <96002 p n?c? + % + 64a*n? Z pK717k||Vf(wk)||io.
k=1 k=1

Proof. This lemma proves a weighted summation sequence for PL case convergence of GraB. Many
of the steps are overlapping with Lemma 5 and Lemma 6. For brevity, we will omit some of the steps,
while their detailed derivations can be found in the proof of Lemma 5 and Lemma 6.

First we define r for any &k > 3 the same as Lemma 6

t n—1
(o121 (0k () 1 s
Tk = max Z <Vf (wkkl no ;xak(j)> s Z Vf (wl(c)2;$0k—2(s))>

7j=1 s=0 oo

From Lemma 5 and Lemma 6 we know that for any & > 3,
1 1
7"1%4-1 < 57",% + 5 (Ack + 2by + Qakn)2 ,

where the definition of a, by, and ¢ can be found in Lemma 6. We times pK —1=(k+1) on both sides
and obtain

1 1
pK—l—(k+1)T12€+1 < %pK—ka]zc + %pK—l—k (Acy, + 2by, + 2%”)2.
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Summing from k& = 3 to K — 2, we obtain

K— K—2
1
pK1(3)2+ZpK1(k+1)2 <pK1(3)T,+ Z K1k2 Z Klk(ACk+2bk+2akn).
k=3 P =

This implies that

K-1

K-1
1 Kol-ky2 o pK—4,2 4 1 K—1-k
(12p> I;Bp ri <p Zp (Acy, + 2by, + 2axn)> .

We times 2p on both sides, it gives us

K—1 K-
(2p—1) pE—1=Fk2 Z 1k (Acy + 2by, + 2axn)> .
k=3 =3

Note that2p — 1 =1 —any > %, SO we can get

K-1

ZpK R <apR g 42> " pR TR (Acy + 264 + 2akm)”.
k=3

From Lemma 6 we know that
r3 < 3n¢® +2Tn?L3 A3+ 12n°L3 A,
and
(Acy, + 2bg + 2axn)® <6A%? + 24n2L2 A} + 54A%L2 A} | +384n%L% A |
+24AL5 (A7 5+ 384n2L§OAk_2

For the latter part, we can get

K—1
Z pKﬁl*k (Acy + 2by + 2akn)2
k=3
< 7§ +24n2L?, pK_l_kAi
k=3
K-1 K-1
5dplAZL2 pK717(k71)A2 |+ 384p 10212 Z pK717(k71)Ai_1
3 k=3

—1 K-—1
+24p AL Z KmOm2A7 4 384p72n2 L2 > pf 1 2A7
k=3
2.2
<6A S

K—-1
+ (79207 0" L2, + T8p 2 APL3 ) Y p" 1 RAR
k=3

+(24p 2 A%L3 . +384p 0 L2))p" TP A
+ (78p 2 AL + T68p *n’L2)p" 73 A3.

Combine everything together,

K-1
ZpK 1=kp2 <y ph=3 2+2ZpK 1=k (Acy, + 2by, + 2axn)?
k=3
SlQPK 3 2§2+12n2L2 OopK 3A2+48p_1n2L2 pK QA%
12422 =
- +2(792p*n* L2, + T8p 2 A%L3 ) pE17kA2
k=3
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2(24p_2142L§’Oo +384p 2n2L2 ) pK2A2
2(78p 2 AL . + T68p *n*L2,)p" TP A]

=

2 2 -1
S 2(792p72n2L2 + T8p 2A%L2 ) S pKTIRA2
p R

124
S12,01(-371%2 + =

=
Il

+2(24p P APL3  + 384p *n’ L2, + 24p~ 'n?L3 ) pN TP AT
+2(78p 2 AL, + 768p *n’ L2 + 6n°L3 . )p" TP A3
Note that similar to Lemma 4, we get

K-1

pKflfkrAi

k=3

K-1 K-1
<502 ZpK 1—k 2+5a2n2L ZPK_I_kAi‘*‘QOOéQ”ngo ZPK_I_kAiq
k=3 k=3

K-1 K-1
+ 20a*n? L2, Z pETITRAZ 4 5a%n? Z pE IRV f (wi) |2,
k=3 k=3
K-1 K-1
<5a? Z r,% + 45a2p_2n2LZO Z pK_l_kAz + 40a2p_2n2LgopK_3A§
k=3 k=3
K-1
+ 2002 p2n? L2 p" 72 A2 + 502n2p~! Z PK_l_k”Vf(wk)Hio
k=2
6002 A2

K-1
<60a°p" ~Inc® + +10a°(792p 20 L2, + 78p 2A%L3 ) Y pN T EAR
k=3

I—-p
+ 10042(24p_2A2L§’00 + 384p_2n2L20 + 24p_1n2L§,oo)pK_2A%
+100°(78p 2 AL3 , + 768p *n’ L% + 6n°L3 . )p" 2 A3

+450%p *n* L2 Z pK_l_kA + 40a%p 2n2L§opK_3A§

K-1
+200%p 0 L2 p" 2AT 4 5a’np ™t Y R T RV f (i) |12,
k=2
6002 A%g? 1=
2 K3 22 K—2A2 | K—3a2 K—1—k A2
<60a“p™ "°ng —I—ﬁ—i—p Al +p A2+§Zp Ay
K—1
2
+5a%n®p™t Y pR TRV (wn) |15
k=2

where in the last step, we apply the learning rate requirement that

11 1 1
<
“ mm{n,u nL’ 52(n+ A)L . 520nLo }

Solve for the LHS we obtain

K-1
12002 A%¢2
pK—l—kAi §120a2pK_3n2g2 + « S + 2pK—2A% + 2,0K_3A§
I—p
k=3
K-1
+100%0p™ > pR TRV f (w12,
k=2
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Note that when k = 1, 2,

PK_l_kAi — SpK_l_kOZQ’nQHVf(WIg)HiO + 8pK_1_ka2n2§2,

Combine everything together we get

K-1

pKil*kAi §1024a2pKn2§2 +

k=1

That completes the proof.

12002 A%¢2

I—p
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K-1

+64a%n? Y pKTIE T f(wy) |12
k=1



