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A Proof of Theorem 1

Letl1 <p,g<o00,0<s<Sandfearg mingseps (x) Ethl £.(f(z¢)) the best function to fit the 7'
data over X x [—B, B]. We start the proof with a decomposition of regret, with any oracle function
f* eR¥, as

Re(f) = bu(fe(we)) — €u(f (1))

=3 b(felw) = G(f (@) + Db (@) = b(f ()

= estimation regret +  approximation regret.

Nonlinear oracle. Let jo € Nand J > jo to be optimized. We first recall that we use a wavelet
development defined for any J > jo as

J
fr(@) =" ajondion@) + Y Y Birtik(e), (12)

ked, j=do k€A,

with o, 1 = (f, djo.x) and Bj k. = (f,¥j,k),J = jo, 1S a truncated wavelet expansion up to level J > jo.
Using a truncated approximation f; with a large value of J in (12) can lead to suboptimal regret
performance, as it requires estimating a large number of wavelet coefficients, thereby incurring a
high estimation error. To address this, we introduce a nonlinear oracle f* that depends only on a
selected subset of coefficients across the J levels. This approach, known as best-term or nonlinear
approximation, is surveyed in the textbook [12], while constructions close to us in spirit can be found
in [15, 16]. We now make this oracle explicit and show that it balances approximation and estimation
errors, in particular achieving minimax optimality in our setting. We define the oracle as

o =1+ far, 13)

where f;+ is a truncated wavelet expansion up to level J* < J, as in (12) (i.e. we keep all the detail
coefficients up to level J*), and the nonlinear part

far= Y0 Bixtie, AT C{GR):kEA;, T << T},
(d,k)eA>

uses only wavelet coefficients indexed by an oracle set A* drawn from the finer scales j € (J*, J].
The cardinality of A*, i.e., the number of retained coefficients, will be optimized in the analysis.
Intuition: The component f- of the oracle consists of the |A*| largest coefficients chosen adaptively
from the fine scales greater than J*. The procedure is termed nonlinear because the choice of
coefficients varies with the function f, rather than being a fixed linear rule, contrary to the first J*
levels which keep all coefficients independently of the function.

Forany k € A;j,j > jo, define v; s := 3;x27% with s’ = s+ 2 — 4 as in (6). Observe that the definition
of the Besov norm (6) allows a control over the set {v;; : k € A;, J* < j < J} in terms of ¢-norm
since

a. B
s (1—P P\ g wn(l_1
S X bl <=0 (O (T haal)) " < [0=00 P )7 =
J*<i<J

J*<j<J kEA; keA,
(14)

by Holder’s inequality if ¢ > p, else by convexity with g < p.

Let A* denote the set of indices corresponding to the |A*| largest wavelet coefficients (in absolute
value) among all (v;,,) with 5 € [J* +1,J] and k € A;. The cardinality |A*| - that is, the number
of wavelet coefficients retained in the nonlinear component of the oracle estimator (13)—will be
selected later in the analysis as a tuning parameter. Let j > J*. We have that

[A"]- min ojel” < > ik
ke (. k)EA*

P <CF < oo,

and in particular since V(j, k) € A", |v; x| < ming gryea- [vj7,1/| One has
. 1
V(i k) ¢ A A Jv el < CF = V5, k) € A7, |Bjk| < Cr277° |AT] 7P, (15)

We are now ready to analyze the regret in two steps—that is an estimation error and an approximation
error.
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Step 1: Bounding the estimation regret. We set

T T
Rii= b fo(we)) = G(f* () = Y s (Z(]’,k) Cj,k,t%‘,k(mt)) — b (Z(]’,k) Cj,k%,k(mt)) :
t=1 t=1
where the sum is over all scaling and detail coefficients with indices in {(jo, k) : k € Aj, } U {(5, k) :
J = jo, k € Aj}, where ¢; ;. stands for either the scaling coefficient o, or the detail coefficient j;
(and their sequential counterparts c; 1 depend on ¢), and p; , denotes either the scaling function
@, Or the wavelet function 1; .

Since §j — £,(9) is convex and both f;, f* are linear in the {c;+}, then ¢; o f and ¢; o f* are convex in
{¢;,x} and we have by convexity:

T

Ri <Y ginilcike — cin),
gk

t=1 j,

where g; x.: = £,(f+(2:))p;x(z:) by Equation (5). Observe that max; g; ¢ < Q%G”@Hoo =: G, for
any j, k. Then, first by Assumption 1, and second by the structure of the oracle (13) — namely, that
Vj > J* such that (j, k) ¢ A", we have ¢; , = 0 — we get:

T
Ri <> > giki(cine — ci)

Gk t=1

< ekl (Clx/ Sy gkl + C'2Gj)
7,k
= > e <01 Vi gk + Czéj) + > ekl (Clx/ S gkl + Czéj) (16)

J<T* k (j,k)EA*
J>J*

=Ry (fy*) 0
=Ry (fp*

where C1,C> > 0 are factors (possibly including log T'; see Assumption 1). The estimation regret
R, is thus controlled in (16) by a sum of individual regrets over the nonzero coefficients c; . that
define f* = f;« + fa~. The sum naturally splits into two parts: the linear part Ri(f;~) over
{(Jo, k) : k € Ajo } U{(4, k) : jo < j < J*, k € A;}, and the nonlinear part R, (fa=) over the indices in
A*.

* Linear part: bounding R:(f;-). The wavelet basis {¢;, .k, ;% } is assumed to be S-regular with

S > s, 30 we can invoke the characterization of Besov spaces with || f||zs, < oo (see Eq. (6)). Let

p,p’ > 1 be such that % + L = 1. Applying Holder’s inequality to the detail coefficients at levels

p’

j € ljo, J*], we obtain, with &; = G2% [¢]|os, j = jo:

T 2 id
DD 1Bkl (Cry Sy 1gikel® + CoGllv]| 022
Jo<j<J* keEA,
1 N id 1
<D (1Bl (Cl( > (VL lgiwel)”) 7+ CoGle] 2 |Ajlf“)

Jo<i<JT*kEA; keA;

2
pva 1
7

> ||ﬁj|p(cl\/(zk€,\j(zf_ngj,k,tﬁ)’%)" oGl 1007 )

Jo<JisJ*
1_1 T id 1—1
< X 1B (I T T Tl + GG A )
Josjs<J*
(7

2 _ . .
where the last inequality uses ||z|,, < |Aj\(z>’ D+ |z]|1 for a vector z of dimension |A;| and
2

()4 := max{-,0}. )
Repeating for the scaling coefficients for k& € Aj,, summing in j = jo,...,J” and bounding
|A;] < A2% and |Aj,| < A2%°, we get:

(L1 Jjod 5 _1
Ra(£27) < ool (€129 33 /5, ST ol + CaGlol2 8 22800 )

* di(l_1
o M CPELE I SN S e

2+02G\|¢||m2%2d““%)) (18)
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where we recall the scaling coefficients are «j, = (a,,x) and the detail coefficients at scale j are

B = (Bjx)-

On the other hand, over each level 5 > jo, one has

J S S geal? —J S STl

kEAj t=1 kGAj t=1

< G\j SO ikla))?

keA; t=1

t=1 keA;

) T
:szi\jz S w2z — k)2, (19)

where we used the fact that [¢/(f(z))| < G (since § — £;(4) is G-Lipschitz), the definition of 1,
and we applied Jensen’s inequality. Equation (19) also holds for the scaling level, replacing ),
by ¢;,.r over the index set Aj,.

By D.2, one has
sup, >y |¢(z — k)[* < My||glle  and  sup, 3, |(z — k)[* < Myl|¢)]|oo-
With 1 — % <i+(3- %)+ we get from (18) and (19)
Ri(fs+) < AG|(C1(My|¢llo0) 2 VT + Ca| ¢l 02570 sy 2027 504)

.
(CLMy[[9]l00) VT + Callip]|2577) S 118;11,27 2 =20 | . (20)

J=jo

Then since || f||5;, < oo in (6), we apply Holder’s inequality with g, ¢’ > 1 that entails

J* J

> Il EHETRI = 3T g E TR gy 93 )

Jj=jo J=jo
"

L, .
B ( 5 2_jqf<s_g_d<%—%>+>) ' ( > 2“(‘“*%‘%)Hﬂjllg> '

J=Jjo J=Jjo
T . da 1 1
<Ifllzg, Do 27707074 E 70 since |-l < |-l q > 1.
=0
Finally, we get from (20) with [|ey, [l < [|f| 5,
Ri(fr) < AG||f||B;qM((01\/T+ C,2870) %03 +(z=5)+)
d % I .
F(OVT 4028 ) 3 Q—Jﬁ), 1)
J=jo
: o d 11 o 2 2 \\3
with §:= s — & —d(5 — )+ and M := (max(Ms||6]|oc, My [[9]lco, 8112, [¥115)) % < o0

* Nonlinear part: bounding R (fa+). Let A* = U/_,.. A} where |A}| < |A;| is now the oracle
sparse set made of positions k at level j. One has by (17) on the levels j = J* +1,...,J,

wi(l_1 id wil—1
Ry < 3 1Bl (NI Sy B ol + o2 )

J*<g<d

<GM S Billp(CalA; G 9+ 23 VT 4 Co2% A7)

J*<i<d
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where second inequality follows from (19). Then, using Holder’s inequality with ¢ > 1 one has
dj el 1 i(s1d_d Ci(s— Yy, s (l_1
D 27 UBi AT = BT 2R g, 2R A )
J*<g<J PAR A
Ci(s—dYy, s (l_1
<Ifllmg, Do 2707PA5ET)
J*<G<T

Finally, since 3~ ;. ;. ;[Aj| = |A"], one has

—J*(s— )
D Rl e N L S T g

a_d
J*<G<JT J*<i<J 2°7r —1

by Holder’s inequality in the case p > 2 and since s > %. Similarly, for the second term we have

* d
dj 1—1 277 (=3) x1—1
Z 22185l A51 7 <N fllBgy ————IA 7.
J*<j<d 277 —1
All in one, with |A*]' "% < [A*]27(Z~#)+ one has
CIVT + Co|A*|Z yeody, w11
Ru(far) < GM |||, SYEECEATLE oot e (s 22)

257w —

e Bound on R;: We use (21) and (22) and we reach
Ri < Ri(fr) + Ri(fax)

< G”fHBf,qM {)\(Clﬁ + 022%jo)2dj0(%+(%,%)+>

FACIVT + C22877) 3 2797

Jj=jo
* d
Ll_1 9= (s=3)
+ (CIVT + CoA* )| A B e 2 ] (23)
27r —1
where we recall 8 := s — g —d(3 - %)Jr and s’ = s+ ¢ — % and |A”*| is the number of 'non-linear’

coefficients we keep below level J*.

Step 2: Bounding the approximation regret. We now bound the term incurred by approximating
f by its nonlinear wavelet approximation f*. Using the G-Lipschitz property of each loss ¢; and the
uniform bound on the approximation error, we obtain:

T

Ryi=y  (Le(f"(x0)) = e(f(22))) <G D |f"(we) = (@) < GT|f* = flloo (24)

t=1
With f* = f;« + fa- and f; the truncated wavelet expansion (12) at level J > J* > j, we have with
the triangle inequality
Ry < GT(||(fs= + fax) = falloo + 1 f5 = fll)

First, since f;«, fs are both wavelet expansion truncated respectively at level J* and J, one has

> Bkt

(k) EA*
< D 1Bkl
(. k) EA*
J
j % j .
< > Y% sup Bkl | Xhen, [¥(27 - —K)|[loo « by definition of ;
Pl HENSTIN !

|(fre + fax) = filloo =

o0

J
< MyCyIA[Tr S 2Ea + by Definition D.2 and (15)
j=J*+1

PR S
< MyCyNT |7

d

p —

+ replacing s" and with s > g (25)
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Second, with s > %, using the characterizations of Besov spaces and classical results on Sobolev

s—d
embeddings (see, e.g., [20, Prop. 4.3.8] or [8, 13]), B;,(X) C Bwob (X) and one has

Ci(s—d 9= 7(s=5)
15 = Flloo < Myl|fllzg, D 27777 < Myl fll;, —5—, (26)
i>J 27—
where s > ¢.
Finally, with (25) and (26) one has
GM, s *
Ry < W(21<82)T+ (J— J*)(%*%M—Q*J (S*%)|A*‘*%T)' (27)
b

Step 3: Optimization on J*, J, |A*| and conclusion. Let jo = 0. From (23) and (27) we reach the
following regret bound

Rr(f) = R+ R2 < CG|fllBg,

g

(e reat)(1+3)
j=0

+ (Clﬁ+ CQ|A*‘%)Q—J*(s-g)‘A*|(%_%)+)

427D T 4 (= )G TR A TR T, (28)

with C' some constant that can change from a line to another (depending on A, |||/, M, My,...),

B=s— % —d(5—+)+. We keep the explicit dependence on J, J*, and [A*|, as we now aim to optimize
the upper bound with respect to these parameters. We have three different regimes depending on the

sign of 3 in (28). Observe that
s—4 ifp>2,
B = { Z P

s—39 if p<2,
and we also have s > %

Case 1: g > 0. This regime corresponds to sufficiently regular functions: since s > g, this

corresponds to the case

d
p <2, or 5>§.

In this case, the geometric sum is bounded by

J* 1
—iB
E 2 < e
Jj=0
Choosing
o DA T = 2 T = T

9= =A< TE 4
—J(s—4 _ s

2/ < T,

A"z =287 = T

1

with s — g >e>0and S > s, and this entails a total regret
1—2-5 >

+ T (1 + (é (g - 1) logQ(T))<é(ll>+>} (30)

With s > d/2, we have T'~*/* < T and Rr(f) = O(G||f| s, VT).

Remark. The notation O(-) here hides log, (T") factors that appear when p < ¢. This originates from
the nonlinear oracle construction in the analysis (see Inequality (14)). In addition, log terms may also
be absorbed into the constants C1, C> coming from the parameter-free subroutine (see Assumption 1).
This remark also holds for the remaining cases.

J* = ’7% IOgQ(T)—l )
|A*| = 2J*d7 -

J = [L108,(7)],

’ (29)

aw

Re(f) < COITlng, (€1 + VT (2+ e

18



Case 2: 3 =0. This critical regime occurs when p > 2 and s = 4. The sum becomes:
Z 2798 = g 4 1.
Choosing J*,|A*| and J as in (29) yields the bound:

Re() < CGilfll, (€1 + VT (2+ log, 7+ 741

1

+ﬁ(1+ (é (§ —1> 1og2(T)) fé”)}. 31)

Case 3: 8 < 0. This corresponds to the low regularity case: 8 = s — ¢ and

Thatis Rr(f) = O(G||f| 53, loga(T)VT).

d d
p=2 and - <s< .
D 2

Here, the geometric sum is bounded as:

9=J"8

5
227 SoFoT

With J*,|A*| and J as in (29), the regret bound becomes:

_B
RT(f)<CG|\f||B;q[(cl+cz)x/T< QTﬂjl T%’>

eri (e (L8 1>10g2<T>)<“’+)} )

With vTT~7 = VTT3 & = T'~4, one has Rr(f) = O(G| fll5, T" ).

ln
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B Proof of Corollary 1

The proof is based on that of Theorem 1, in Appendix A, case p = ¢ = oo.

Let s > 0, f € argmingces(x) 3, Le(f(x¢)) the best function to fit the 7 data over X x R and
f* = f, defined as in (12). One key point is that in the case of Holder-smooth function (p = ¢ = o),
the nonlinear set A* of wavelet coefficients will not be needed to achieve optimal rates.

We start with a decomposition of regret with the oracle f* = f; as in the proof of Theorem 1 in
Appendix A and we have:

Rr(f) =Y lfilx) = b(fo(@)  + D b(fs(@e) = b(f (1))

t=1 t=1

=:Ry =:Rg

Step 1: Bounding estimation regret R;. From (16), one has

Ri< Y ool (cu/zf:l 9l +c2G|\¢noo2%)
kei\jo
J .
Ja
0> 1Bkl (Ou/ZtL |gi.t|2 + C2Gll¥]| 02 ) (33)

J=jo kEA;
where C1,C> > 0 are relative to Assumption 1, «;  refers to the scaling coefficients and 3;, the
detail coefficients.
Since the wavelet basis {¢;,.x,%;,} is assumed to be S-regular with S > s (Definition 2) and
f € €°(X), by Proposition 1, the detail coefficients at every level j > jo are bounded as:

1Bkl = 1(F, 9560 < C(h, 9)| 1277742
where C'(v, s) is a positive constant that only depends on the S-regular wavelet basis and | f|s refers
to the semi-norm of f defined in (8).
For the scaling level jo, then for every k, one has:

_Jod
oo, k| = [(fs @joi) | < flloo - 1ds0.klls <27 2 (]2l fllo0)
where we used

6100l < [ 20 20(200 — k) do "2 200t [ o)l du = 27 ol
and ||¢||1 < oo since the scaling function ¢ is assumed to be localized (e.g. compactly supported).

Then, plugging the above upper bound, we get with g, x,: < GchHOOQ% :

d _ ind ind
Ri < Glll1ll flloo2™ % - [Rjol - 0lloo (Cr2°% VT + C227%")

J _ T )
+C@,8)|f]s Y 27t (Cl ST D1kl + CoGllwl27 A ]

i=do keA; \ t=1
Using Cauchy-Schwarz’s inequality as long as the form of the gradients in (5) and the bound (19),
we have over each level j € [jo, J],

r T
Z Z |95,%.2]% < G)\§2dj\j Z Z (202 — k)2

ke, \ t=1 t=1 kEA;

< GO\[[¢lloe My) 229 VT
where || 3 cx, [0 = k)Pl < [¢lloMy < oo (see D.2) and |A;] = X2%. Finally, with M =
1
max(My [[¢[|oo, [|0]l3, [[4113) 2

J
Ri < GM)\<||f||oo|\¢|\1 2900 (Cy /T + Co) + C(, 8) | f]s (C1VT + C>2%7) 3 z—f“—d/”) (34)

Jj=jo
Setting jo = 0, the sum can be upper-bounded with 3 different cases as
, (1—2-(=%))-1 ifd < 2s,
DF AR O if d = 2s,
= 2 G gD 1)1 i .
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Step 2: Bounding the approximation regret. Following (27), one has:

T T
Ry =Y L(f*(xe)—t(f(20) G Y |f*(we) = f(xe)] < GTK s f = flloo < CaGT| |27, (35)
t=1

t=1
where Cy = C4(3, s) - see [20, Prop. 4.1.5] for instance with assumption D.3.

Step 3: upper-bounding Rr(f). We need to balance (34) and (35), and finding the optimal J > 0.
Taking jo = 0 —i.e. [Aj| < A —and J = [ log,(T)] entails the desired bound in the 3 cases
d < 2s,d=2sand d > 2s.

Remark. In the preceding proof we showed that a single (linear) global resolution level J =
[ %1og, T suffices to attain the minimax regret for Holder-smooth competitors, in contrast to general
competitors in B,,(X), which require a nonlinear mechanism (see Appendix A). Nevertheless, even
in the Holder-smooth case one may take a larger level J = [ 2 log, T'| > [2 log, 7] as in Theorem 1.
In the analysis, set the oracle coefficients 3;x = 0 for levels j > [4log, T'|; the estimation regret,
combined with Assumption 1, reduces to a sum over the remaining nonzero coefficients—namely,
those in the linear part—and leads to the same rates.
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C Proof of Theorem 2

The proof uses a first key result that we state and prove right after.

Theorem 3 (Local regret over Besov spaces). Let T > 1,1 < p,q < 00,8 > % and f € B;,. Under
the same assumptions of Theorem 1 and Assumption 2, Algorithm 2 with || f||sc < B has regret

Rr(f) S Gintrr { X o BVITal + 1flls - 27100 < [T,
and if (¢;) are exp-concave:
Rr(f) S Gintro {BIL(T)| + Zocporn 1 lsn - 27100 [T}

where < hides logarithmic factors in T, and constants independent of f or T, L(T') denotes the set
of leaves in a pruning T' C T, ||f|ls., are local Besov norms, 1(n) is the level of node n € L(T"), and
the local rate exponent is given by

1 . d
Momp)={2 . Tm2aore<i
1— 2 otherwise.

Remark. Theorem 3 holds for any pruning 7’ of 7. In particular, our procedure effectively
competes against the best pruning with respect to the profile of the competitor f. Intuitively,
Algorithm 2 achieves a spatial trade-off over the input space: it can refine locally by going deeper
with high 1(n) at the cost of increasing the number of leaves |£(7")|, while remaining coarser and
less accurate in other regions, with fewer leaves to compete against. In particular, when applying
the result to a specific pruning, we show in Theorem 4 that Algorithm 2 achieves minimax-optimal
(local) regret when facing exp-concave losses.

Proof of Theorem 3. Let1 < p,q < oo,s> g, [ € B;, such that B := || f]| < oo - this is possible
since f is continuous over X' with the condition s > d/p and embedding of B,, in L*.

Grid for scaling coefficients at starting scale j,. Observe that

_igd
= (F @io.k)|l < N flloo - ldjo.kllt <27 2 [|0[l1 B.

Let g, > 0. We define the regular grid A;, of ¢;,-precision, used to learn the scaling coefficients at
level jo, denoted (v, k), With

|ajo,k

—ind _
o] = [2770% 2B l9] <3,

points, regularly spaced in the interval [—BQ’“% lloll, B27i0% ll¢|l1]. In the following, we will use
a local grid Ay, to learn scaling coefficient o, ;. at a scale jo = 1(n) locally over the space X. In
particular, we will carefully set the local precision ¢,(,,) to handle regret terms.

Definition of the oracle associated to a pruning. Let 7’ be some pruning of 7 and P(7") =
(Xn)nec(r) be the associated partition of X. Let A,y denote the grid of precision ¢,y as described
above. We define the prediction function of pruning 77, at any time ¢ > 1

fra@= 3 loai@ls, zex,

neL(T’)

where each f, ., . is a sequential predictor of type (3), with starting scale jo = 1(n), restricted to X,
and initialized at the oracle scaling coefficients

an = (an.k)red,, , = argmin fla — g n oo,
acAj(n)

that is, the best approximating vector a in the grid A,.,) for the subset of scaling coefficients
Qjo.nks k € Njy.n, whose basis functions ¢;, , are supported on X,,. For simplicity, we slightly abuse
notation by writing a € Ay,), treating the grid as a tensor grid of the same dimension as a. In
particular, the number of coefficients in A, whose supports intersect &, satisfies

|A107n| < |A/_\jo|27l(n)d < )\:

since 1(n) = jo.
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Decomposition of regret. We have a decomposition of regret as:

Regr(f) = Y be(fe(@e)) = Le(fro (@) + > e froa(@e)) — be(f (@), (36)

t=1 t=1

=R =:Ry

R is the regret related to the estimation error of the expert-aggregation algorithm compared to some
oracle partition P(7”) associated to 77, i.e. the error the algorithm commits while aiming the oracle
partition P(7"). On the other hand, R is related to the error of the model predicting over subregions
in P(T"), against some function f € B;, and corresponds to the (localised) regret discussed in
Theorem 1.

Step 1: Upper-bounding R: as local regrets. Recall that P(7") form a partition of X'. Hence, for
any x; € X, the prediction at time t is f1 +(z¢) = [fjo,n.an,t(z¢)]5 With n € N (T") the unique node
such that z; € X, at time t. Then, R can be written as follows:

Ro=>" 3" (tlfrre(ar)) = be(f(20)Laser,
)

t=1 nel(T’

Do D tllfnane(@)]s) — Lol f(w0))

neL(T') teTy

S0 b(fani(m) — L f(@0)), (37)

nEL(T') teTy

N

where weset T, = {1 <t < T : 2y € X}, Xy C X,n € L(T") and (37) is because [fn.a,.1]B < fr.an .t
and ¢, is convex and has minimum in [— B, B] with B > || f||cc-

The decomposition in (37) represents a sum of local error approximations of the function f over
the partition P(7"), using predictors f, a,,n € £(T’). Recall that for every n € £(T"), fn.a, is a
prediction function associated to a wavelet decomposition (3), where the scaling coefficients start at
a, over X, and with jo = 1(n). In proof of Theorem 1 (Appendix A) we showed that any wavelet
decomposition adapts to any regularity via || f| 53, , s of f. Thus, the approximation error of Fiom.an
with respect to f remains similar to that in (27), but now with regard to a Besov function with local
smoothness s, and norm || f(|s,, == ||fllzsy (x,,) OVer X» - see (10). Specifically, from (37), (23), (27),
we get (without applying Holder’s inequality on the scaling coefficients):

1(n)d

=)

R < Z G190 Z lajo e — an,k|(01\/ |Tn| + C22

n€L(T) kEXj) n
I(n)+J7 y
dj(i-1 id g1
T2 A2 (O[T, , T gl + oGl 2% 20075)
J=1(n)

estimation error on wavelet coefficients as in (23)

+ 2—0(")-‘—-]2,)(%—%) |A;|(%—%)+

estimation error on nonlinear wavelet coefficients

- " -4 -1 —(n n Sn*é
+05G||f|‘s"(2 Un)+J5)(sn p)|An| 5| T,| + 2 (I(n)+Jn)( p)|Tn|) . (3%)

approximation error (27) over Xy, at scale jo + Jn,

with C1, C> as in Assumption 1 and Cs a constant that can be deduced from (27) and jo = 1(n) for
each n € £(T"). In particular, by definition of a, = argmin, Ay lletjo,n — al|oo, and given that
Ainy 1s a grid with precision e,y > 0, one has

| Qo — @n k| < for every k € Aj, n.

€l(n)

2
From (38), one can bound the absolute values of the scaling terms by e1(,,)/2 and using |Aj, | < A.
For every n € L(T"), let

I(n)d

El(n) = B(2 2 \/T)71

23



that gives for every n € £L(7”)

X %y

keA

+ CZT_%),

)\ -
7)< <3 B(Ci2 %"

Jjo,m

where we used +/|T%.|/vT < 1. Then, one can factorize the sum in j and the approximation term
by 271(™=n over each n € £(7"). Finally, applying Holder’s inequality over the sum in j (see (21))
and following the same optimization steps in J;, J,, |A;| as in Proof of Theorem 1 we get, with M
defined as in (21):

Rs < AGMBIL(T)|(Ch + CoT™2)

FAGM Y Cullffls 27
neL(T’)

where C,, = C,,(C1,C2, C3, sn, ¥, p) can be deduced from similar calculation as in (30), (31) and (32)
and can include log T' dependencies.

VT if s, > ¢ <2
{ | T if s Sorp (39)

T, "% else,

Step 2: Upper-bounding the estimation error R,. R; is due to the error incurred by sequentially
learning the prediction rule f7+ associated with an oracle pruning 77 of 7', along with the best scaling
coefficients (an),cc(77) selected from the grid (Ayn))nez(7)-

Note that at each time ¢, only a subset of nodes in 7 are active and output predictions. Specifically,
for any time ¢ > 1, we define in Algorithm 2 the set of active experts at round ¢ as

&= {(n,an) L X € Xn}
Moreover, we assume bounded gradients: for any time ¢ > 1 and experte € &,
Viel = [€(fe(ze) - [fer(ze)]B] < GB,

which satisfies Assumption 2 with G = BG.

Using standard sleeping reduction, one can prove that, for any expert (n,a,),n € L(T'),t > 1 - see
Proof of Theorem 2 in [29] Eq. (31)-(35):

(C(fe(@e) = b (fran (@) Larex, < G(fi(2))(foe) = frapni(x:))le,ex, < by convexity of £,
= (VWi = Vinan,)laer, (40)
=Viwi = Vinan (41)
Then, with T, = {1 <t < T : 24 € Xpn},n € L(T):

Z Z Ce(fe(z)) = b(Fran.t (@) Nayen, {Xn,n € L(T')} partition of X

= lnEC(T’
> Z(vjwﬁv(m"),t) + by (41)
neL(T!) t=1
< (03\/10g 1€]) \/Zt L (VIWe = Vinane)? +C4G*) + by Assumption 2

neLl(T')

= CuBGIL(T)| + CayJlog (I€]) Y° [ (Viwi = Vinan )2 (42)

nel(T’) \| teTy

where the last equality holds because for any n € L(T"),V/w; — Vipay: = 0if 2, ¢ A, and
G = BG.
The proof goes on with two different cases depending on the losses’ convex properties:

* Case 1: (€+)1<t<T convex.
Observe that at any time ¢ € [T], ||V¢[le < G and ||w:|: = 1, which gives |V w;| < G = BG.
Then, from (42)

Ry < CaBG|L(T")| +2Cs¢/log (I€))BG Y /|T (43)

neL(T")
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In case of convex losses, we finally have by (36), (39) and (43):

Regy (f) < 2C3BGy/log (I€]) S V/ITul + A\GBM|L(T')|(C1 + C2T™ %)
neEL(T)
{,/|Tn| ifs,>%orp<2,

+AGM Collflls, 27 Men .
Z 171 |T.|*~7d else,

ncL(T")

(44)

where |£] < |/\f(7‘)|(2||<;5||1T%)A since for every n € T one has |Aj, »| < X and

iy | = [2B16ll1 /ey ] = [2]16]1 T ]

by the choice of the precision e,(,) = B
that does not grow exponentially with 7', making the construction computationally feasible.
Finally, since (44) holds for all pruning 7" of our main tree 7, one can take the infimum over all
pruning to get the desired upper-bound.

* Case 2: (L;)1<t<T m-€xp-concave.
If the sequence of loss functions (¢;) is n-exp-concave for some n > 0, then thanks to [24,
Lemma 4.3] we have for any 0 < p < 3 min{%,n} and all ¢ > 1,n € £(T"), using (41):

(ét(ft(xt)) - Et(fn,an,t(xt)))]lxtek'n < VtTWt - V(n,an),t - g(VtTWt - v(n,an),t)2 (45)

Summing (45) over t € [T] and n € £L(T"), we get:

Z Z V;rwt - V(n,an),t - % Z Z (v;rwt - V(n,an),t)2

neL(T')t€Ty n€L(T")t€Tn

<C4é|£ |+C3 Z Z V Wi — Vin,an),t)? —g Z Z VW, — v(nan)t) )

nel(T’) \| teTn nEL(T') teTy

(46)

where last inequality is by (42) and we set Cs = C3,/log (|€]) and G = BG. Young’s inequality
gives, for any v > 0, the following upper-bound:

1
D (VW= Vinan)? < 5o 5 O (VW= Vi) 47

teTy teTy

Finally, plugging (47) with v = 11/C3 > 0 in (46), we get

' = C
Ry < C4BGIL(T)|+Cs (3 = (Viwe - Vm,an),tf)

neL(T’) 2u 20 teTy,

% Z Z Vtwt v(nan)t)

nEL(T') tETy

:(mﬁfm+@&§aw% -

again with |€| < |[N(T)| (2H¢\|1T%)A. Then, one can deduce the final bound from equations (36),
(39) and (48) and taking the infimum over the prunings 7.

Worst case regret bound. Note that since we assume that || f|| < B, and that all local predictors
fe,e € € in Algorithm 2 are clipped in [— B, B], we first have for any z € X,

[fe@)] =D weellfer(@)s| <BY wee=B

e€&y ecy
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Thus,

S

Regr(f) = > Cu(filz1)) — u(f (1))

t=1

T
<Y Glfilme) = f()] 0, is G-Lipschitz
t:lT A
G2|ft(l’t)| + |f ()]
=2BGT (49)

O

We now restate a complete version of Theorem 2 from the main text and provide its proof below.

Theorem 4. LetT > 1,1 < p,g < 00,8 > ; Let f € By, and B > || f||o. Let T' be any pruning of T,
together with a collection of local smoothness indices (Sn)ne o7y defined as in (10) and local norms
| flls.- Then, under the same assumptions of Theorem I and Assumption 2, Algorithm 2 satisfies

—1(n)sn
)56 Y (B VIEL,

neL(T")
—1(n)sn —Sn
ORI, g+ BYTT)

and moreover we also have, if (¢;) are exp-concave:

< G Z ( 25 +d 2_1(”>Sn‘|f“ ﬂ)2sn+d |T |2s,,+d]1

neLl(T")

5!7,22

1,i

F 2O LR, g+ B),

where < hides logarithmic factors in T, and constants independent of f or T.

Proof of Theorem 4.

Let 7' C T be some pruning of 7. We define T, the extension of 7~ such that all terminal nodes n €
L(T") is extended with a tree 7,, of depth h,, € N. In particular, for any n’ € L(Te),1(n') =1(n) + hp

with n € L(T"). See Figure 4 for an illustrative example.

Figure 4: Example of an extended tree 7o, = 7' U 7{ U --- U 77, formed by a subtree 7' (black
nodes) and its extensions (colored nodes). Each dotted set corresponds to a subtree 7,,, rooted at a
leaf n € £(T") and extended to depth h,. The depths vary: hs = hs = 0 (black boxes), h1 = hy =1
(orange), hs = he = 2 (blue), and h; = 3 (green). The leaves of T, appear at different levels
depending on the values of (h,,) and the level 1(n) of the leaves n € L(T") = {1,2,3,4,5,6,7}.

Observe that the total number of leaves in the extended pruning 7, is

L(To)l = D LTI (50)

neL(T’)
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Define
spi= min s,, n€N(T. on

n EK(TX[)

Remark also that by definition of the Besov norm in (6) (and Via the usual embedding (p, q) fixed
- see, e.g., [20]), one has for any n € L(T7),||flls, = lIflls,,»n" € L(To)- In particular, every tree
extension 7,, at node n € £(7”) has |£(7;])| = 2" leaves.

Case (¢;) convex. Applying Theorem 3 in the convex case on the extended pruning 7., gives
n<oG 3 (BT + Il 27" - Tl ™) (52)
nleﬁ(,re;[)

with C' some constant that hides log 7" terms that can change from an inequality to another and r,,; €
{3,1- is the local rate described in Theorem 3. Note that by (51) one has r;, < r,,n’ € L(T,,).
Recall that for every n' € L(T),1(n') =1(n) + h, for n € L(T") and since every leaves in £(7,,) is
partitioning each terminal node n € 7”, one has by Jensen’s inequality:

SooViTil= >0 > VITul< YD VIET)ITa (53)
' €L(TL) neL(T") n' €L(T}) neL(T’)
Then, by (51),(52) and (53) one gets (with 7,,» < 7, n’ € L(T))
<CG Y DT (BTl + |Iflls, 27 MH s, )
neL(T') n'€L(T)

<CG Y (BVILTONTal + 115,27 550y 1Tl ™). (59
neL(T’)

Further, applying Holder’s inequality over the sum over n’ € £(7,;) in (54) with (1 —r,) +r, =1
(r» is constant over the sum in n’):

<CG Y (BVIETOITl+ [ lls 272 |2 (T (S oy [Twrl) ™)

neLl(T')
(55)

=CG Y (BT + | flls, 27 W n 2 =8 g )

neL(T’)
where we used

Z |Tn’| — ‘Tn| and 2~ hnsn|£( )‘1 Tn 27hnsn(2dhn)17'rn _ th (17—7'rn)
n'€L(T))

Define the local regrets under the sum over n € A/ (T’) by

(n)sn odhn 17777” 7rL
) i= By/|Tu[2n? + || f]|s,, 271" o 28" T

that we now want to optimize in h,, € N. This leads to two different cases depending on the values of
the local exponent r,,, defined in Theorem 3.

e Case s, >3 orp<2:rn=3%
The local regret grows as:

B/[Ta[200 4 [ /3,270 27 08 /T,

Therefore, setting ., = max {0, [ log, (27" || f||s, B~")]} this entails

d —1(n)sn d
2o (271007 £ 15, ) 20 11T

R, (f) < Cmax{B,B

e Casesp < $:rn=1-—22

The local regret grows as:

f) = BVITal2Pn 4 | flls, 27 T~

and the best choice is h,, = 0 in this case that entails

Ra(f) = BVITul + | flls, 271 T~
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Finally, in the case (Zt) are convex losses, we deduce that the regret is upper bounded as

<CG > R

neLl(T")
__d _d_
<ce Y (max{B,Bl s (27 | £ T L, g
neLl(T")
FBVE 4 27O LT, Ly ) (56)

Case (¢;) exp-concave. Applying Theorem 3 in the exp-concave case on the extended pruning 7,
gives
Re(f) < CO(BILT + 30 fll 2705 ) (57)
n' €L(T)
with C' some constant that hides log T’ terms and that can change from an inequality to another and

Tnt S {;, ( exl)| = Zneﬁ(T’) ‘5(7:1/”
and again for every n' € L(TL),1(n') =1(n) + hy, forn € C(T’) and r,, < r,,n' € L(T,)). We get
Re(f) <0G S0 (BIETOI+ 12 00 S 1T ). (59)
neL(T")

Using |£(7,))| = 2""? and applying Holder’s inequality over the sum over n’ € £(7,,) in (58) with
(1-rn)+r,=1asin (55) entails
CG Z 2hnd + ||f||3n _1(n)9n2dhn(l_*_7‘n)|T |7‘n)
neLl(T")
Again, we define the local regrets under the sum over n € N(7”) as

Rn(f) = BQ}Lnd + Hf“sn2*1(")5n 2dh"(1757”77'n) |:’1n‘7'n7
that we optimize in h,, € N. The cases are the same as for the convex case, according to the values of
the local exponent r,,, defined in Theorem 3.

e Casesn, > 3orp<2:rn=3%
The local regret grows as
—1(n)sn o—hn (sp—9
Ru(f) = B2 4 | f]lo, 270027 e =) T3
Afterwards, optimizing in h,, such that
B2hnd — 2_1(77')511, Hf“snz_hn(sn_%) ‘Tn|
leads to b, = max {0, [ 5255 log, ((B~'27'0*» | f|[,,)?|Tn[) ]}, that entails

2d
Ru(f) < C max {B, B (271 | 1|, ) T T,

}

e Case sn < d:rp=1—22
The local regret grows as
Ra(f) = B2" 27100 | |, | T~ F
and the best choice is h, = 0 which entails
Ro(f) = B+27" 0 £l |Tal 4,
Finally, with (Et) exp-concave losses, the regret is bounded as

<CG > Rulf

neL(T’)

2d
<CG Z <max {B, Bl z2ta (2—1(")Sn ”st’n) ZonFd | T, enTd }]15”2% (59)

neL(T’)

(BT, ). (60)

Remark. Taking T as the pruning associated to the root, this entails O(T 2;1«1) =0o(T"" 23id) which
is minimax-optimal for this case - see [35].
O
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D Discussion on the unbounded case: s < %

As in most previous works in statistical learning, this paper primarily considers competitive functions
f € Bpq(X) with s > ¢, which ensures that f € L>°(X) with || f]|e < oo.

A natural question is whether our Algorithm I remains competitive - that is, achieves sublinear regret
- in the more challenging regime where s < %. Indeed, in the case s < %, prediction rules may no

longer be bounded in sup-norm. For example, the function f(z) = z~" *1,¢(0,1) belongs to LP([0, 1])
for p < 2 but not to L*([0, 1]), illustrating the type of singularity permitted when s < %. In such
cases, the boundedness condition ||f; — f]l.c < oo required in (24) may fail, where f; denotes the
truncated J-level wavelet expansion defined in (2). Nevertheless, we discuss how Algorithm 1 can
still offer performance guarantees in certain settings, particularly when the input data {z;} are well
distributed over X'.

Indeed, by Holder’s inequality, (24) can be upper bounded as:

S 16y~ £l <7 st - £eP) (61)

where the sum on the right-hand side defines an empirical £7 semi-metric over the input data {z: }{—,
denoted:

a0 = (7 i otz o)

The upper bound (61) suggests that tighter control may be obtained by focusing on the empirical
norm d4.(f, f) rather than on the sup-norm, which may not be finite.

First case: the empirical semi-norm d4. approximates the L” norm. Assume that the semi-norm
di.(fr, f) is close to the true L? norm ||f; — f|/z». Such an equivalence is expected when the data
{z:} are well distributed over X, for example when z; ~ U/(X) i.i.d., or when z; are equally spaced,
suchas z; = £ for¢t =1,...,T. By the law of large numbers or standard concentration arguments,
one typically has d5.(f7, f) = ||fs — f||L» in expectation or with high probability.

Classical approximation results (e.g., [20, Prop. 4.3.8]) then yield | f; — fllzr < 277¢ for f €
By, (X) C LP(X). Optimizing over J to balance estimation and approximation regrets leads to a
regret bound of O(T"~4) - see the proof of Theorem A, last case 8 < 0. This regret is sublinear as
soon as s > 0 and becomes linear when s = 0, as is typical for f € L”.

Nevertheless, minimax analysis from [34, 35] shows that a regret of O(T"~"/*) is possible, which
improves upon our bound whenever s < %. Whether a constructive algorithm achieving this minimax
regret exists in the regime s < g remains, to the best of our knowledge, an open and interesting
question.

Second case: the semi-norm d’. fails to approximate the L” norm. If the data points {z,} are
concentrated near singularities (e.g., near 0 in the example above), the empirical norm d7.(f;, f) can
differ significantly from the true norm || f; — f||z», making the latter less informative in practice.

In such adversarial or non-uniform settings, it seems preferable to control the empirical norm d4.(fs, f)
directly, as it more accurately reflects the distribution of the observed data. Addressing this challenge
may require adaptive sampling strategies, localization techniques, or alternative norms that account
for the geometry or density of the input distribution.
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E Review of multi-resolution analysis
In this section we present some of the basic ingredients of wavelet theory. Let’s assume we have a
multivariate function f : R — R.

Definition 1 (Scaling function). We say that a function ¢ € L*(R?) is the scaling function of a
multiresolution analysis (MRA) if it satisfies the following conditions:

1. the family
{z = ¢(e — k) =TI, ¢(i —ni) : k € 2%
is an ortho-normal basis, that is (¢(- — k), (- —n)) = Ok,n;
2. the linear spaces

Vo = {f:Zkezdck¢(' — k), (k) : Zkezdci < oo},...,Vj = {h:f(2j-) :f eVt ...,
are nested, i.e. V;_1 C V; forall j > 0.
We note that under these two conditions, it is immediate that the functions
{¢sn = 29726(27 - k) .k € 2}

form an ortho-normal basis of the space V;, j € N. One can define the projection kernel of f over V;
(from here we also say kernel projection at scale or level j) as

Kif(@) = 32050500 = [ Koo fw)dy. (62)
kezd R4
with K (z,y) = 3, cpa0 5k (@) B3k (Y) = X pcza 27 ¢(272 — n)p(27y — n) (which is not of convolution

type) but has comparable approximation properties that we detail after.

Incremental construction via wavelets. Since the spaces (V) are nested, one can define nontrivial
subspaces as the orthogonal complements W; := V;11 © V;. We can then telescope these orthogonal
complements to see that each space Vj,j > jo can be written as

J
\/jzl/m@(@m) for any jo € N.

l=jo
Let ) be a mother wavelet corresponding to the scaling function ¢. The associated wavelets are
defined as follows: for E = {0,1}%\ {0}, we set

() = 7 (21) - (za), W5, =2 (22 —n), j=0, neZ

where ¥° = ¢, ¢! = 4. For each j, these functions form an orthonormal basis of W;.
Analogously, one can now observe that for every j > jo,

Kjf =Kjf+ Z (K1 f — Kif), (63)

l=jo
where each increment in the sum can be written as
Kipof = Kif =3 ) (f405.0%5 8
k €
where for each j > 1, the set
{w;k = 24/2yf (2 —k):ec B, ke Zd}

forms a basis of W; for some wavelet v, with E := {0,1}%\ {0}. For simplicity, we include the index
¢ in the multi-index k. Finally, the set {®;,,x, ¥, } constitutes a wavelet basis.

For our results we will not be needing a particular wavelet basis, but any that satisfies the following
key properties.

Definition 2 (S-regular wavelet basis). Let S € N* and jo = 0. The multiresolution wavelet basis

{on = B(- — k), 06 = 222927 - —k)}

of L*(R%) with associated projection kernel K (z,y) = 3", ¢r(x)or(y) is said to be S-regular if the
following conditions are satisfied:
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(D.1) Vanishing moments and normalization:
Jpa ¥(x) 2 de =0 for all multi-indices a with |a| < S, Jga ¢(x) dz = 1.
Moreover, for all v € R and o with 1 < |a| < S,
fRdK(v,v+u)du:1, fRdK(v,v—Fu)uadu:O.
(D.2) Bounded basis sums:
My = sup,cpa y_, |6(x — k)| < oo, My = supgcpa 2, [¥(z — k)| < 0.

(D.3) Kernel decay: For k(xz,y) equal to K (x,y) or >, v(x — k) (y — k), there exist constants
c1,c2 > 0 and a bounded integrable function ¢ : [0,00) — R such that
sup, g [K(v,v —u)| < erg(eallull),  Cs = fpa lull®d(|lul)) du < co.

Case of a bounded compact X ¢ R%. The above definition applies to wavelet systems on R?, but
can be extended to compact domains X C R? using standard boundary-corrected or periodized con-
structions. Notable examples include the compactly supported orthonormal wavelets of Daubechies
[11, Chapter 7] and the biorthogonal, symmetric, and highly regular wavelet bases of Cohen et al.
[9]. Just as in the case of R?, we can build a tensor-product wavelet basis {¢x, ¥« }, for example
using periodic or boundary-corrected Daubechies wavelets. At the j-th level, there are now O(27%)
wavelets 1, ., which we index by k € A, the set of indices corresponding to wavelets at level j. This
coincides with the expansion used in Equation (2).

Control of wavelet coefficients and characterization of Holder spaces. Remarkably, the norm of
the space ¢°(X') has a useful characterisation by wavelet bases - see [31] or [20] for a review on the
characterisation of smoothness according to wavelet basis.

Proposition 1. Let s > 0 we thus have the following:
fEENX) = sup|(f,di)] < Clfl27 0T, (64)

where C = C (¥, S) is some constant that depends only on the (S-regular) wavelet basis.
Proof. Let v be a compactly supported wavelet in R? with S vanishing moments, i.e.,
/ 2”(z)dz =0 for all multi-indices 8 with |8] < S.
R4

Assume that f € ¢°(R?) for some s > 0, with s < 5, so the wavelet vanishing moments match the
regularity of f. Let 1, 1 (x) := 2/¢/%y (272 — k) be the wavelet at scale j and location k € Z¢. The
wavelet coefficient is given by

i i= (i) = [ F@y(a) do.
R
We define the center of the wavelet support as z; 5, := 277k and write a Taylor expansion of f at x;
f(x) = sz,k(m) + sz,k (x)’
where P, , is the Taylor polynomial of degree [s] and |R., , ()| < |f[sl|z — 2,k |5 for z near

and where | f|s = sup,, .= ) [D™ flls—jm)-
Using the vanishing moments of ¢, we have

Cik = /d szyk(m)wjyk(x) dzx.

R

Now perform the change of variables « = 27z — k, so x = 27 7u + ;1 and dz = 277%du:
Cik = 99d/2 /]Rd Rej o (w5 + 277 u)(u) du.
By the Holder remainder estimate, we have
[Ra; (ke + 277 0)| < [flsll277ull® = [£l277%Jull®.
Therefore,
S MO

and since v is compactly supported and smooth, the integral is finite. Hence, defining C'(¢, s) =
Jra [ (W] [|lu]]®* du < co we get the result.

Remark. The smoothness s of f translates into faster decay of the coefficients given sufficiently
(S > s) regular wavelets.
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F Summary of the results and comparison to the literature

Table 2: Regret rates, parameter requirements and time complexity for online regression algorithm with (¢;)
square losses and s > /p.

Paper Setting Input Parameters Regret Rate Complexity
Vovk [39] fEB, pg>1 5,0, B = || fll T exp(T) + Td
s s r -3 .
Vovk [40] fe BS"’ p> 2,q¢€ [5,1,73] 50,8 > || flloo Tlfiﬁ Not feasible
fet, p=cc, 523 T ~a
2s
few; p>2 s>4 T m exp(dT)
Gaillard and Gerchinovitz [17] feEW;, p>2 s<4 50,8 2 ||fll~ T“i exp(dT’)
fe€, p=oo,d=1, s> % T T poly(T)
iautaud et al. €%, p=o0, s€ (YY2,1],d= > o “mh poly
L d et al. [29] ¢ 12,1],d=1 B T Ly (T
. S >9 s> 4 1-528g+e
Zadorozhnyi et al. [42] TeWs p>2 525 s,p T 2:, 3 poly(T)d
feEWs, p>2 s<4 Timar
i s >1,s>2 <
Alg. 1 ;Eg{w p’ighifsi‘g\z S>se<s—1 T\(T,i poly(T)s?
This work var P 4z 5 2
2s
B, pg=1,s>2orp<2 d T - 4a
Ale. 2 fE€By, Pg21, s> 5 < S>se<s—9 B> v (T)S?
& fE€B . p>2,q>1, 5<% Zoe<s=pB20le oy poly(T)s
=
Minimax rates fe€By, pgz21, 52 % . T " =4a .
. . v ’ N struct N struct
Rakhlin and Sridharan [34,35]  fe B, p>2 q>1, s< & on constructive =% on constructive

Comparison to Vovk [40]. Vovk [40] provide a general analysis for prediction in Banach spaces,
focusing on the regime s > 4/,. They achieve regret rates of O(7"~"/7) for certain Besov spaces By,
with p > 2 and ¢ € [p/(p-1), p]. These rates are independent of the smoothness parameter s, except in
the case p = oo, where they obtain O(T"~a). However, this remains suboptimal in their setting with

. . .. . __2s
square loss. In contrast, our analysis yields the minimax-optimal rate O(T"~ 2:+4) over a broader
class of Besov spaces B, with arbitrary p, ¢ € [1,00] and s > 4/p.

Comparison to Vovk [39]. Vovk [39] investigates prediction under general metric entropy con-
ditions, proposing algorithms that compete with a reference class of functions in terms of covering
numbers. While their approach is highly general and applies to a broad range of normed spaces, the
regret bounds they derive, of order O(T"'~ 54 ), still do not match the minimax-optimal rates known
for functions in B,,,.

Comparison to Zadorozhnyi et al. [42]. Their approach focuses on Sobolev spaces W (X) with

. . . . _s.p=%s
p>2and s > %, and they obtain suboptimal rates, in the regime s < %, of O(T1 a2 +6), for

arbitrarily small . In comparison, our rates O(T"~ 2v—=2frd) are minimax-optimal over a broader class of
Besov spaces B, with arbitrary s, p, ¢ satisfying s > %, which include the Sobolev balls considered
in their work.

Computational complexity. Most existing work in online nonparametric regression over Besov
spaces (including Sobolev spaces), such as Rakhlin and Sridharan [34, 35], Vovk [39, 40], does not
provide efficient (i.e., polynomial-time) algorithms. The work by Rakhlin and Sridharan [34, 35]
offers a minimax-optimal analysis, but does not yield constructive procedures - computing the offset
Rademacher complexity, as required by their method, is numerically infeasible in practice. The
approach of using the Exponentiated Weighted Average (EWA) algorithm in nonparametric settings,
as proposed by Vovk [39], suffers from both suboptimal regret rates and prohibitive computational
complexity, since it requires updating the weights of each expert in a covering net, leading to a
total cost of O(exp(7")). Vovk [40] introduce the defensive forecasting approach, which also avoids
efficient implementation as it relies on the so-called Banach feature map - a representation that
is typically inaccessible or intractable in practice. The Chaining EWA forecaster of Gaillard and
Gerchinovitz [17] achieves optimal regret bounds in the online nonparametric setting. However, its
algorithm is provably polynomial-time only in the case p = oo and d = 1; in general dimensions
and p, its direct implementation requires O(exp(dT’)) operations. Zadorozhnyi et al. [42] propose an
efficient algorithm with total computational complexity of order O(T® + dT?). We note that their
algorithm has a linear cost in d, making it particularly suitable for high-dimensional settings with
smooth competitors in W (X) (with s > £).
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Finally, our algorithms are both optimal and efficient, with computational costs (after 7' rounds) of

2
O(Tx JxS% :O(Td—ilogQ(T)Sd) and  O(T x| A x Jox Jx S%) zo(TH%di2 1og2(T)2sd>

for Algorithm 1 and Algorithm 2 respectively (taking a partitioning tree of maximum depth J, =
’—(TSE log, T').

G Besov embeddings in usual functional spaces

We refer to [8, 13, 20] for precise statements of the classical embedding theorems. For convenience,
we recall some of the most useful embeddings in Table 3.

Table 3: Classical embeddings of Besov spaces B,

Condition on (s,p,q) Target Space Embedding Type

s> 4 L> Continuous embedding

s = %, g=1 L Critical embedding

s>d (% - %), p<r L" Continuous embedding

51> 82 B;? Continuous embedding
s=5p1 <P <q By Continuous embedding

By, |24 Equivalence (for s € N)

Bl ©¢° Norm equivalence with Holder

H Summary of optimal regret in Online Nonparametric Regression

This section summarizes the results in [34, 35] for mimimax-optimal rate of regret in the adversarial
online nonparametric regression setting.

Proposition 2 ([35]). Assume the sequential entropy at scale £ > 0 is O(e~%), a > 0 for the target
class function. Optimal regret is then summarized in the table:

Table 4: Optimal regret for different loss functions

Loss Function Range on « Optimal Regret
1
ac (0,2 T2
Absolute loss (0.2] 1
a>2 T o
2
a e (0,2 T' 2+a
Square loss 1
a>2 T'

In particular, for Holder functions €°(X),s > 0, and B,,(X), s > g one has oo = <.
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