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The appendix mainly consists of 5 parts.

e Appendix A: We present details about the key ideas and techniques used in the paper but
is not discussed in details due to page limitsm, including details of the model Neural DNF
and the learning algorithm BOAT.

e Appendix B: We discuss related works on interpretability research. we first answer why we
prefer inherently interpretable models, we only mention briefly in the main paper, here we
discuss more. We then talk about recent works on interpretable deep learning. We end with
a discussion of a comparision of interpretability of rule-based models and linear model.

e Appendix C: We discuss more about Disjunctive Normal Form (DNF). for classification,
previous works on learning DNF and more closely, some recent works to learn DNF by
gradient descent using a differentiable DNF function.

e Appendix D: We relatin Neural DNF to the literature of neuro-symbolic integration.

e Appendix E: We present details of experiment setup and experimental results not covered
in the main paper.
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A Algorithm Details

we introduce some key ideas and techniques and the details of algorithm

A.1 The modified Bop

Helwegen et al. [2019] proposes the Bop optimizer in the context of binarized neural networks of
value {—1,1}. As suggested by Helwegen et al. [2019], the Bop can be viewed as a basic (gradient-
based) binary optimizer, in the same sense that SGD is a basic (gradient-based) continuous-valued
optimizer. The update rule for the original Bop is

we 7w if /m| > 7 and sign(w) = sign(m)
" |lw,  otherwise.

And the modified bop for {0, 1} used in this paper is

w_ 1—w, if|m|>7and (w=1andm > 0orw =0andm < 0)
| w, otherwise.

The modification of suiting the case of {—1, 1} to {0, 1} is minor.

Also, in the implementation we add a bias correction procedure. Let 7i; be the non-corrected gradi-
ent momentum that is updated as 7, = y7h;—1 + (1 — v)V, The bias correction is given by

my =1 /(1 —+")

We need this correction because in the original Bop paper Helwegen et al. [2019] uses random
initialization for m but in our implementation we make specific that m is zero-initialized. So we
will need this bias correction.

A.2 BOAT

Basically, BOAT consists of the modified bop and the proposed temperatured noise. We differ from
the Helwegen et al. [2019] as follows: (1) First, we fit into the case of {0, 1} instead of {—1,1},
which is trivial; (2) we introduces the adaptively-temperatured noise controlled by the learnable
temperature parameter. (3) we add a bias-correction procedure.

We mentioned in the main paper that we suspect the noise smoothes the loss surfaces so to help the
optimization. But it is far from a rigorous statement and we do lack some theoretical understanding
of why and how this noise helps learning.

We refer interested readers to the original Bop paper Helwegen et al. [2019] or a more recent paper
by Meng et al. [2020] who discusses the connection of Bop and STE-Binary network and also
provides a bayesian perspective on binary network learning. We believe that the our method BOAT
can in principle be linked to approximate variational inference [Khan et al., 2018, Kingma et al.,
2015, Potapczynski et al., 2019]. In particular, the variational Adam [Khan et al., 2018] is very like
ours, except they works for continuous values and we add noise for binary parameters. We leave
further theoretical investigation of BOAT for future works.

A.3 Improved SemHash

Since the feature extractor ¢ processes the raw input x into a set of intermediate representations
{c1,¢2,...,cr} called concept predicates. As ¢ is parameterized by a neural network 6, ¢’s output
¢; is real-valued. We use a binary step function to discretize ¢; into Boolean predicates:

o — 1, if¢; >0
‘00, otherwise.

However, since gradient through this step function is zero almost anywhere and thus prevents train-
ing, we utilize the Improved SemHash[Kaiser and Bengio, 2018] as one way to make the overall
model differentiable.

During training, Improved SemHash first draw Gaussian noise € with mean 0 and standard deviation
1. The noise € is added to ¢, two vectors c and ¢ are then computed.

c=1(¢+e¢)
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Algorithm 1 The BOAT algorithm for learning Neural DNF

Hyperparameters: Accepting threshold 7 > 0; Exponential decay rate v € [0, 1) ; Initial noise
temperature g € [0,0.5] ; Size of rule pool N. (Default:7=1075, y=1-10"°, 00=0.2, N=64.)
Input: Dataset D; Output: The DNF g ({W, S}); The neural network ¢ ().

1: Initialize # randomly.

2: For every w in {W, S'}: initialize w € {0, 1} randomly, m., < 0, 0y, < 0p.

3: while stopping criterion not met do

4: Sample mini-batch {(z;, y;) }*N % from the training set D.
5: Compute the perturbed {W, S} where each entry w is perturbed according to o, (2?).
6: Use 6 and perturbed W', S to compute the objective function . L(gy 5(¢o(2:)), vi)
7: for every binary parameter w in {W, S} do
8: Compute gradient V,,, w.r.t the objective function computed at line 4.
9: Update exponential moving average of gradient: m,, < ym., + (1 — ¥) V.
10: if |m,,| > 7 and (m,, < 0 and w = 0 or m,, > 0 and w = 1) then
11: wé—1—w > Line 7-11: update binary parameters using Modified Bop
12: Update 6 by Adam given the objective function computed at line 6.
13: for every o, do
14: Update o, by Adam given the objective function computed at line 6.
15: Clip oy, = min(0.5, maz(oy, 0))

c is the result after applying the binary step function and

¢ = max(0,min(1,1.2  sigmoid(¢ + €) — 0.1))
' is computed by the above function called saturating sigmoid function [Kaiser and Sutskever, 2015,
Kaiser and Bengio, 2016]. During training, c is used half of the time and and ¢’ is used for the other

half of the time in the forward pass; for the backward pass we define the gradient of ¢ to ¢ the same
as ¢’ to ¢. During testing, the noise is disabled and c is used as output.

It is not clear according to the description of [Kaiser and Bengio, 2018] what ‘half of time’ for ¢
and ¢’ means, that is, whether we use ¢ for one mini-batch and ¢’ for the next mini-batch, or we use
c and ¢’ for half of the samples for each mini-batch. In our implementation, we choose the latter
option: we use c for half of the samples in the mini-batch, and use ¢’ for the other half of samples in
the mini-batch, determined randomly.

The use of saturating sigmoid function, instead of just sigmoid function, is introduced first by Kaiser
and Sutskever [2015] who claims to have slight improvement. But we do not observe such improve-
ment in Neural DNF so in our implementation we simply computed

¢ = sigmoid(c + €)
We use the simple sigmoid function instead of the saturating sigmoid function.

We name two reason of using Improved SemHash: (1) Improved SemHash does not need any manual
annealing of temperature [Bulat et al., 2019, Hansen et al., 2019] or additional loss functions. There
are some serveral alternative that need tuning of annealing, including the annealed sigmoid/tanh
[Bulat et al., 2019] and gumbel-softmax trick [Maddison et al., 2016], but we believe tuning this
annealing schedule is difficult. (2) Improved SemHash achieves good results compared with many
alternative solutions. Comparisons with other discretized latent representation learning can be found
at [Kaiser et al., 2018], semHash performs great despite being very simple. It also has been demon-
strated to be a robust discretization technique in various domains [Kaiser and Bengio, 2018, Chen
et al., 2019b, Kaiser et al., 2019]. But of course, we note that Improved SemHash is not the only
option for binarizing the extracted features.

A.4 [Initialization of W

We will initializes W and S randomly, each entry is drawn from a Bernoulli disctribution where
DPBemoutti < 0.1. This is because we want W and S’ to be sparse.

Remark: note that if we are really careful about the initialization, there is a small issue for initializa-
tion of W, because some w can the value of c or the negation value. In principle, a condition and the
negation of it cannot be set to 1 at the same time; but we do not consider it in our implementation.
It seems that it does not matter in our optimization using BOAT .
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A.5 Regularization of DNF: 17, and possible Alternatives

The simplest choice of R, (TV) is to use a L2 regularization. However, this is not what we really
want. Recall that we wish to obtain a DNF, a set of rules where the number of total rules is small and
the length of each rule is small. So more technically we want a small number of columns of W' that
have non-zero elements and small number of non-zero elements for each column (that is indicated
by the membership vector S). This can be realized by penalizing the number of rules as the L.1-norm
of S and the length of selected rules also by the L1-norm (note that as only rules selected by .S are
actually used), we use a grouped L1-norm by

N
Ry(W,8) =X ) IS;1h|W. ;I
J
which is very like group lasso.

The reason we use this the grouped L1-norm is that does variable selection at the group level and
in our case can effectively eliminate a group of weights by columns(rules). We support the use
of grouped L1-norm (like group lasso) instead of L2 norm by an empirical study on the cognitive
preference of rules Fiirnkranz et al. which shows that there is no strong preference on shorter rules
but instead even a slight preference on longer rules. In other words, a small number of long rules is
preferred over many short rules.

We leave more sophisticated metrics like feature overlaps [Lakkaraju et al., 2016] as future work.
There are, indeed, many metrics but it remains hard to apply them for Neural DNF because some of
them is not differentiable. If we use a discrete optimization algorithm this is not a problem, but in
the case of our Neural DNF , we need the objective function to be end-to-end differentiable, so we
need the regularization terms to be differentiable as well.

A.6 Possible direction of improvement

In the main paper we only discuss the regularization for the second stage DNF g, so the overall
objective is given as
L =1L, + /\gRg(VV7 S)

This is because we do not focus or design anything for the first stage neural network feature extractor.
If we consider this (for future works), we can extend the objective to

L= H-‘loss + )\gRg(Wv S) + )\¢R¢(9)

by considering a regularization term for the feature extractor that somehow defines some inter-
pretability constraints.

B Related Works on Interpretability

The interest for interpretability is not new. It appears with the development of rule-based expert
systems in the mid-1980’s Amel [2019]. Of course the current situation is different because recently
we have seen an increasing trend of interpretability research in machine learning [Lipton, 2018], in
particular interpretable deep learning[Xie et al., 2020, Fan et al., 2020].

There are many definitions on interpretability, we use Lipton [2018]’s Simulatability definition of
interpretability: for a prediction to be fully understood, the human should be able to re-calculate and
reach the same prediction given resonable time.

B.1 Inherent interpretability, not Post-hoc interpretation

We summarize two main tracks of approaches for interpretability research, namely post-hoc inter-
pretation and building inherently interpretable models, and we favor the latter. Post-hoc interpreta-
tion builds a secondary model to explain the given pre-trained deep learning model. Representative
works include saliency maps [Simonyan et al., 2013], LIME [Ribeiro et al., 2016], Concept Activa-
tion Vectors [Kim et al., 2017]; some aim at giving counterfactual explanation [Dhurandhar et al.,
2018, Zhang et al., 2018, Grath et al., 2018]. However, the provided explanation is in fact provided
by a secondary model, not the original one, so it might not correspond faithfully to how the original
blackbox model actually computes its prediction. Recent works further suggest that post-hoc inter-
pretations are not robust [Adebayo et al., 2018, Fen et al., 2019, Alvarez-Melis and Jaakkola, 2018]
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and can even be misleading [Lakkaraju and Bastani, 2019, Rudin, 2019], and more specifically, the
counterfactual explanations have the ‘unjustify’ issue [Laugel et al., 2019].

The second track, on the contrary, is to build an inherently interpretable deep learning model, so
that the explanation it provided is exactly how it calculates the prediction. Inherently interpretale
models are more preferred to examine and use when deployed in real world applications for vari-
ous advantages (See [Khandani et al., 2010, Florez-Lopez and Ramon-Jeronimo, 2015]): it derives
explanations to justify decision (legal issue), so people are less likely to refuse to use, easier to be
combined with experts. An inherently interpretable classifier uses a interpretable prediction pro-
cess to compute the prediction, and provides such computation process itself as the explanation for
prediction.

B.2 Related works on Interpretable Deep Learning

For tabular datasets where each feature is already-meaningful, linear model or rule-based model are
well-established choices of interpretable models[Amel, 2019], but for other data types such as image
where each feature dimension itself is not meaningful, interpretable model is harder to construct.

A reasonable approach, which we call the two-stage paradigm, is to first construct intermediate
representations ¢(z) that is interpretable, and on top of that a simple interpretable classifier g is
applied as the second stage such that the prediction is given by § = f(x) = g(¢(z)).

Most works on interpretable deep learning [Melis and Jaakkola, 2018, Chen et al., 2019a, Vaughan
et al., 2018] choose linear model as the second-stage model g. Indeed, any neural network can be
intuively viewed as a two-stage model where the second-stage is a linear model, as long we treat the
network up to the last hidden layer as a generic feature extractor ¢. But the notion of interpretability
means we wish to make certain heuristics to make ¢(x) interpretable.

Vaughan et al. [2018] formularize g as a linear model that g(¢(z)) = >, wid;(x) where ¢(x) is
a set of ridge functions, each of which are produced by a neural network. It claims to be more
interpretable than general networks, because such a function has simpler partial derivatives that can
simplify saliency analysis, statistical analysis and so on.

Chen et al. [2019a] also uses a linear model g and proposes a prototype-based design for ¢(x).
It learns interpretable ¢(z) in the sense that each dimension of ¢(x) is the similarity score to an
image patch. It provides extra interpretability tailed for vision tasks as the similarity scores ¢(x)
can be visualized with the corresponding ‘prototype’ image patches. Melis and Jaakkola [2018]
takes a step further that they use neural networks to produce not only ¢(x) but also the coefficient of
the linear model, such that prediction function is given by g(¢(x)) = >, w;(x)¢;(x) where ¢(x)
(called ‘concepts’) are regularized by auto-encoding reconstruction loss and w; (x) can be intuitively
understood as an input-dependent relevance score for a concept ¢;(x). Here we can see that the
implementation of ¢(z) is domain-specific and customizable.

Theses works extend standard deep neural networks to interpretable ones by improving the design
of the feature extractor ¢ and use a linear model for g. This is because a linear model, or its general
form of general additive model, can be integrated into the automatic differentiation very easily.

Taking an opposite direction, we differ with previous works by considering to a rule-based classifier
for g and do not put our focus on ¢. However, because of the discrete struture, integrating a rule-
based model g remains an hard and unexplored direction. But in terms of interpretability we favor
rule-based models over linear models, not only because the discrete structure is more intutive for
human to follow, but also that it can provide only the satisfied rules for explanation, unlike that for
linear model for which we need to present the full model coefficients.

B.3 why favouring the symbolic DNF for interpretability

we argue that there are two major reasons for preferring rules over linear models as the second-stage
classifier: (1) Rules as combinations of conditions are more interpretable than feature impor-
tance (at least for classification). It is widely acknowledged that the rule-based models are inter-
pretable [Freitas, 2014, Huysmans et al., 2011, Wachter et al., 2018] because the rules give explana-
tions by explicitly describing the decision boundary as logical combinations of conditions. There-
fore, rules can more naturally provide counterfactual explanations in the form of ‘Would changing a
certain factor have changed the decision?’ which is often considered to be the most important prop-
erty of explanation [Doshi-Velez et al., 2017, Wachter et al., 2018, Grath et al., 2018, Miller, 2019].
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On the other hand, coefficients as feature importances are arguably ‘harder to use and to understand
for a non-expert user’ [Wachter et al., 2018]. We conjecture that rules are probably closer to human’s
mental model for classification, which can be corroborated by the fact that rules have been the most
intuitive choice of model for human categorization learning [Bruner et al., 1956]. (2) Using rules as
a second-stage classifier g requires the feature extractor ¢ to produce Boolean output({0, 1}),
which is less complex than continuous ones. Compared with continuous values, Boolean output is
simpler as it has only two states, making it easier for human to probe its meaning or to potentially
align it with human knowledge. as future works

Rules can derive counterfactual explanations while linear models cannot (at least, not easy for
linear models). The explicit decision boundary of rules not only can give factual explanations,
namely giving the conjunctive conditions of the satisfied rule, but also give counterfactual expla-
nations, by simply presenting that could have changed the prediction. Unlike weighted feature im-
portance, rules explicitly presents all the sufficient conditions for prediction and thus can naturally
handles counterfactual explanations in the form of ‘Would changing a certain factor have changed
the decision?’. Indeed, the counterfactual explanation is often considered to be the most impor-
tant property of explanation, confirmed not only from a more practical perspective [Doshi-Velez
et al., 2017, Wachter et al., 2018, Grath et al., 2018] and also from cognitive/psychological research
[Miller, 2019].

C DNF

Here we first explain the reason of choosing DNF as the rule module.

We choose DNF, one of the most powerful and historically significant symbolic methods, for its
interpretability and its generality. It has a simple and transparent ‘OR-of-ANDs’ prediction process:
if at least one AND clause (a conjunction of Boolean predicates) is satisfied, it predicts positive;
otherwise it predicts negavtive. DNF is interpretable not only that the discrete structure is intuitive
to follow, each conjunctive clauses (AND) of DNF can be viewed as subtype for explanation, i.e. the
DNF can be decomposed into individual local patterns. We also appreciate the generality of DNF,
as any propositional logic formula has a equivalent DNF and thus any rule-based binary classifier
including decison set/list/tree can be expressed as a DNF.

DNF have a long history but learning DNF is still a very hard problem, not to mention that we
need to add interpretability contraints. Theoretical results on learning DNF in the PAC (probably
approximately correct) setting are often unrealistic in practice and are hard to incorporate extra in-
terpretability contraints. On the other hand, the practical use of rule learning of a DNF form attracts
more attention from data mining community, namely, desciptive pattern discovery [Novak et al.,
2009]. Seminal algorithms include CN2 and RIPPER (constrained for binary classification). More
recent state of the art machine learning algorthms for learning DNF can work quite well on small
tabular datasets, but not very scalable on high dimensional datasets, we name few representative
recent works using greedy heuristics [Obermann and Waack, 2015, 2016]. Bayesian approxima-
tion [Wang et al., 2015], linear programming [Su et al., 2015]. We name the interpretable decision
set by Lakkaraju et al. [2016] and Bayesian rule set by Wang et al. [2017] as two recent work as
representative.

However, we note that these approach is not compatible here if we wish to jointly optimize g with
the neural network feature extractor ¢ in an end-to-end way. It is because that first, constructing W
by rule mining becomes non-sense if the neural module is currently being trained; second, discrete
optimization methods for learning S is not compatible with gradient-based optimization.

C.1 Differentiable replacement of the DNF function g

The differentiable replacement of the DNF function we use in the paper is adopted from Payani and
Fekri [2019], Wang et al. [2019b]. However, as we mentioned in the footnote in the main paper, we
believe that this relaxation is not new but rather re-invented. Simialr formulations on differentiable
operations see [Sajjadi et al., 2016, Arabshahi et al., Nomura et al., 1992]. It is also likely that we
miss critical references on neuro-fuzzy system research in the 90s.

Basically, we construct differentiable g following the approaches of [Payani and Fekri, 2019, Wang
et al., 2019b], where neural networks that execute differentiable logical operations are learned for in-
ductive logic programming [Payani and Fekri, 2019] and multiple DNF layers are stacked to classify
on tabular datasets [Wang et al., 2019b].
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We here introduce some works that also uses a similar differentiable replacement of the DNF func-
tion below. Sajjadi et al. [2016] learns a DNF in the context of tackling the moving target problem
(herd-effect) [Fahlman and Lebiere, 1990]. For each rule there is no selection of conditions, but
rather, all conditions are taking as conjection. One thing worth mentioning is that Sajjadi et al.
[2016] do not actually train the parameters of the disjunctive function but only gives a good initial-
ization.

Payani and Fekri [2019] propose the neural logical networks to solve inductive logic programming,
optimized in a gradient-based way. It does not add any extra regularizations to push the parameters
to binary values, in the other hand it carefully discusses the problem of initialization to solve the
problem.

Wang et al. [2019b] proposes to stack many DNF layers to make accurate and interpretable pre-
dictions (at least the authors claim that the resulted networks is interpretable), although we doubt
it as the stacked DNF may in fact corresponding to a rule set that is so complicated for human too
understand. Wang et al. [2019b] also propose the randomized binarzation to make the parameters

of the matrix W to be close to binary values. We view this as a binarization version of dropout, at

each round, some parameters in W are thresholded to 0 or 1 and get fixed, and other parameters
are optimized as usual by backprop. However, it seems in the experiment of [Wang et al., 2019b]
that the rate of binarization plays an important role, often the rate need to set in a very high value
(for example, 80 90%) We also think that, it is not very efficient in terms of learning, by fixing such
a high percentage of parameters to thresholded values. Because there binarized parameters are not
getting updated at all (no gradient).

Optimization issues. The presense of both discrete and continuous parameters in Neural DNF
introduces a hard optimization problem. A straightforward solution is to use a EM-like approach, by
applying well-studied optimization techniques for neural and rule-based module separately. But we
argue such separate training scheme might not be as efficient as joint end-to-end training. Another
solution is to end-to-endly optimizing the overall model, which is challenging. We discuss in the
main paper of two straightforward alternatives for joint learning: DNF-Real and DNF-STE and we
also propose BOAT , the key algorithm in our paper.

Possible future directions. We consider possible directions about moving from DNF (proposi-
tional logic) to more flexible and powerful rule languages, And we are hoping that the proposed
BOAT can possibly help.

For example, there is an inductive program synthesis project called ‘TerpreT* [Gaunt et al., 2016],
where the authors design a special language TerpreT for inductive program synthesis. It is designed
to separate the program specificaion and the inference algorithm so that it can be optimized by
different backends such as SGD, relaxed linear programming and non-machine-learning solvers so
that compare all these optimization backends. Its key surprising finding is that in terms of empirical
performance, SGD is dominated by more traditional constraint solvers. It also gives a very simple
case where SGD can fail consistently with a exponential number of local minima, yet constraint
solvers can work it out very easily. Note that in [Gaunt et al., 2016], the binary parameters is not in
fact binary but only transformed by sigmoid/tanh/etc, so it is like the DNF-Real [Payani and Fekri,
2019] we mentioned in the main paper.

D Connections to Neural-symbolic Integration

It turns out that interpretable deep learning is very close to neuro-symbolic integration, just slightly
different focus. Neural DNF can also be seen as achieving an interpretable model by neuro-symbolic
integration. In fact, this ‘explainability or interpretability through neuro-symbolic integration’ ap-
proach is recently gaining attention (for example, see David Cox’s AAAI/IAAI 2020 invited talk).

Neuro-symbolic integration [Besold et al., 2017], which aims at combining neural methods with
symbolic-logic methods, learning and reasoning, seems to be very related to our Neural DNF .
However, the literature on this topic is vast and offers a multitude of approaches covering different
settings, making it difficult to discuss related works completely. We follow a most recent survey
[Garcez et al., 2019], which divides neuro-symbolic integarion into the two categories: Horizontal
and Vertical.

Horizontal integration contains most of the research, aims at integrating neural and symbolic tech-
niques into one inseparable model: either by making neural model behaves more like a symbolic
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model (also known as deep learning with logical contraints), which using logical knowledge to im-
prove neural network learning, or the making symbolic method neural, using a neural network as
interpreter to execute symbolic programs. Some approaches for Horizontal integration are

e Put logic as constraints on a DNN: a deep net is extended with an extra regularization term
derived from some logical property or from extra heavy annotations. But it is not guaran-
teed that such a DNN can make consistent symbolic prediction, as suggested by Xu et al.
[2017] that deep nets trained with additional logical regularizations cannot consistently
make predicions that is from the logic they were trained on.

e Enable a DNN to execute logical programs Cohen et al. [2017]. We can make a logic
program differentiable by using differentiable functions and let a neural network to execute
the logical program, such as querying a database. These approaches predicts a transparent
struture as output, but its prediction process is not transparent or following logical property
at all.

Vertical integration, the category to which our Neural DNF belong, assembles a deep learning model
and a symbolic model in a sequential manner. It intends to use deep learning for pattern recognition
(perception), and the symbolic model for high-level reasoning. However vertical integration but
does not recieve much attention even it has a strong neuroscience inspiration.

e SATNet by Wang et al. [2019a] opens a framework to design flexible combinatorial func-
tion in a smoothed differentiable way and the combinatorial relationship is learned instead
of hard-coded grammar. But still, we do not have a control or a sense of understanding to
interpret the prediction.

e Manhaeve et al. [2018] use DNN for perception and symbolic reasoning given a defined
grammar . They use a DNN to handle perception and outputs a classification as a neural
predicate, and then use this predicates to do reasoning. It learn a Probabilistic Proglog
program by gradient descent enabled by compiling a Sentential Decision Diagram. But the
relationship of these predicates are hard-coded by the used grammar, not learned; and the
symbols (that is, the extracted feature ¢(z)) is not learned from scratch.

Learning neural predicates that represent the abstract features/symbols (‘cat’s mouth’, etc) and learn-
ing the relationship among these variables are a novel thing! And this is also very important if we
wish to do symbolic prediction on raw unstrutured data. It is genrally true that most of the methods
will need pre-training or heavy annotations of the symbols extracted by a DNN.

But note that for our Neural DNF both the features ¢(x) and the rules g are learned from scratch.
This is in fact quite non-trivial if we consider Neural DNF in the context of neuro-symbolic integra-
tion.

E Experiment

E.1 Evaluation of the BOAT Optimizer

Here we evaluate BOAT on datasets with Boolean features so that we learn only the DNF g. We use
a synthetic dataset adopted from Payani and Fekri [2019] which consists of 10-bit Boolean strings
and a randomly-generated DNF as ground-truth.

First, to show the proposed noise is indeed necessary and helps the optimization, we learn the DNF
with/without the noise on multiple datasets generated with different random seeds (so the ground-
truth DNF is different) and plot the loss curves. From fig. 1a we observe that multiple runs of BOAT
give very similar and stable convergence, while in fig. 1b, surprisingly, runs consistently fail to
converge without the noise. We view this as strong evidence for the necessity of the proposed noise.
On the other hand, if noise temperature is initialized larger, the convergence is slower (fig. 1b).

There are some other issues with a large noise rate: (1) The slower learning of a larger noise rate
can also be explained from the multiplicity nature of the DNF function we use (eq 2 and 3 in the
main paper). This becomes more severe in high dimensional inputs. And finding a small noise rate
initialization value will help. (2) when the noise rate intialized too high (and the hyperparameter of
adaptivity rate not set right), it is also possible that the binary parameters cannot get huge gradient
enough to flip, while it is only the continuous parameters including the noise rate are getting updated.
This is an undesired result. In this case, find a smaller initilization rate.
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Figure 1: Loss curve with 10 differently-generated synthetic dataset

Next, we apply BOAT and compared the convergence speed with the following baselines: (1)
DNF-Real [Payani and Fekri, 2019, Wang et al., 2019b] and (2) DNF-STE which are discussed
in 2?. (3) A Linear Model. (4) A multi-layer perceptron. Note that we also use the adap-
tive noise for DNF-STE since otherwise optimization will fail. As shown in fig. 2, BOAT
gives the fastest convergence, while MLP, DNF-STE and DNF-Real converge much more slowly.
The linear model does not converge. As for the reason of DNF-STE’s slower and less sta-
ble convergence, we believe it is because that unlike the modified Bop, DNF-STE does not
have the mechanism to prevent rapid flipping and thus optimization becomes more unstable.
As for performance, all above methods except linear

model achieve 100% F1 score on test set and BOAT 0.6

can always find the ground truth DNF on different 0056; o i

synthetic datasets generated with different random 045 DNF-Real (Payani and Fekri, 2019)
seeds. Remark: Note that since we use random ini- . p—poye g s
tialization for W, S, a natural suspicion is that the % o8

ground truth DNF happens to be discovered by the “; 0.25

random initialization, not learned. To refute it, we 32 ooé

can use zero initialization and find that BOAT con- 0.1

verges similarly to random initialization. We report %

it in the appendix together with the performance re-  -0.05 train steps

sults on some UCI datasets. 0 0 500 1k 15k 2k 25k 3k 3

Figure 2: Loss Curve on the synthetic dataset
Here we evaluate only the second stage of our model, g y

i.e., we use some datasets that the input features are
already Boolean attributes, so we can use an identity
function for the first stage neural module ¢.

By removing ¢, we focus on the evaluation of the learning algorithm, i.e., the proposed BOAT . We
decide to use the synthetic Boolean bit-string dataset introduced by [Payani and Fekri, 2019] where
this dataset is used for comparing the convergence of learning of the introduced DNF layer.

We randomly draw 5000 bit-strings where each bit is O or 1 (uniformly drawed). We then also ran-
domly generate a ground-truth DNF and use this ground-truth DNF to assign labels to the bit-strings.
Hopefully this ground-truth DNF should be recovered and indeed it is recovered. The ground-truth
DNF consists of 5 clauses (rules) and each clause (rule) has 3 conditions. The conditions include
negations. We random choose 4000 strings as the training set.

The generation of this synthetic Boolean bit-string dataset can be found at dataloaders.py. Note
that in [Payani and Fekri, 2019], the bit is drawn with prob 0.75 to be zero and 0.25 to be one, and
in our case we just use prob 0.5 to be zero and 0.5 to be one. This is because we also use negation
in the generation of ground-truth DNF.

The DNF structure is 2K—N—1. We set N = 64 for the DNF as the default value for our method
as well as DNF-Real and DNF-STE. For MLP and Linear model, we concatenate the input with
its negation, and use a three-layer architecture (2K—N—1) for MLP, and the linear model is in
essential a two-layer perceptron (2K—1). As the DNF layer uses negations, we will also do the
same for the linear model and multi-layer perceptron(MLP). We simple concanate the input feature
with its negations so that the linear model is of structure (2K—1) and the MLP (2K—N—1) For
our method and all baselines we compare, we use Adam with initial learning rate 0.001. We use
Ag = 0.0001 as the default value.
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Note that for compared baselines, if we use a larger learning rate such as 0.01 and since the synthetic
Boolean bit-string dataset is not very difficult, the learning of DNF will be quicker (thus the cover-
gence figure will looks different). However for our method, if we also set the initial learning rate for
the noise from 0.001 to 0.01, the learning of BOAT will also be quicker (and a similar convergence
figure should be able to be reproduced).
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Figure 3: Loss curve with 10 differently-generated synthetic dataset using zero-initialization

random initialization and zero initialization. As we’ve mentioned in the main paper, one might
suspect that the ground-truth DNF is not learned by our algorithm BOAT , but is only happened to be
discovered by the random initialization. So here we also run our method with 10 different random
seeds (differently-generated dataset) but with all-zero-initialization for W and S. We can observe
that the learning is still successful.

On real-world tabular datasets. In order to further investigate the performance, we also applied
our method (learning the DNF g only) on several real-world datasets (table 1). We discretize the
input features as preprocessing. Since these datasets are more complicated than the above synthetic
dataset, we set N to 128; we set \q to le-4 as the default value. We find that our method perform
competitively well and does not have performance decrease when the noise is removed. DNF-
Real’s performance slightly decreases after parameters are thresholded for Banknote dataset. One
point worth noting is that learned DNF can achieve 100% F1-score on the tic-tac-toe dataset while
weighted-sum-style models (linear Model/MLP/SENN') can only approach to 100%. We think it
is because the tic-tac-toe data is gathered from the status of a combinatorial game and thus may be
more easily learned by rule-based models.

DNF-BOAT DNF-REAL DNF-STE Linear

} ) ) . ) ) . MLP SENN
With / Without noise Before / After thresholding ~ With / Without noise Model

Banknote = 92.11%/92.11%  92.56%/91.05% 91.49%/91.49% 92.56% 92.11% 92.11%
tic-tac-toe  100%/100% 100%/100% 93.59%/93.59% 98.79% 99.59%  99.59%
Blogger 81.81%/81.81% 81.81%/81.81% 78.78%/78.718% 71.42% 86.95% 86.95%
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428

429

430

431

432

433
434

Table 1: Test F1 score of learned DNF

Note that learning rule-based models using neural networks is already a challenging task, which we
will not further investigate here.

E.2 The 2d-XOR

Four gaussians are drawn using scikit’s ‘make_blob’ function with cluster mean (0,5), (5,0), (10,5)
and (5,10).

E.3 MNIST
We use the standard train-test split for MNIST (in total 10000 test samples.)

We use a randomly-initialized LeNet-like convolutional network as the feature extractor ¢ to produce
5 concept predicates. Since MNIST has 10 class, we use a separate W, S for each class. After

"Note that SENN here is the second stage module of [Melis and Jaakkola, 2018] which is a MLP that takes
input and generate the coefficients of a linear model.
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training Neural DNF finds one or two rules for each class and can achieve over 99% test accuracy.
In order to give an example of Neural DNF ’s explanation, we first apply Neural DNF on MNIST as
a direct comparison to the explanations provided by linear models (e.g., the MNIST example from
[Melis and Jaakkola, 2018]).

e D The loarned noural network Local explanation for a given sample

)

- EIEEIEIE - NDN
Forclass0: TFcg=1Andey =1ANDes =1AND &y =0  ° .. a- ;L @
ANDecg =0  Then predict positive for class 0
- HEHESE - B
Forclass 1: TF e = 0AND ¢; =0 AND 3 =0 AND ¢4 = 0
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ot s sampls o th soncest 2 p—
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— EIMACN - CEIREE ..

(a) Global explanation for the overall Neural DNF Model (b) Local explanation
Figure 4: Explanations provided by Neural DNF on MNIST

Here we provide the explanations that Neural DNF derives: (1) In fig. 4a, we provide a global
explanation for Neural DNF that explains the working of the overall model, by presenting the rules
for each class as well as the image samples that triggers each concept predicate (¢ = 1) or not
(c = 0). Asitis necessary to understand what each each concept ¢ means, we provide representative
samples for ¢ = 1 and ¢ = 0 by retrieving samples that maximize or minimize the pre-binarization
value ¢. (2) In fig. 4b, Neural DNF is also able to derive local explanations which explain the
classification for a particular sample. Given a test sample, we present the value of its concept
predicate (computed by ¢) as well as the satisfied rule by which prediction is computed. Note in
particular that the satisfied rules are not only the explanation but also how the predication is exactly
computed, thus inherently interpretable.

Unlike explaining by feature importance that can only indicate some of ¢(x) contributes more signif-
icantly to the final prediction, Neural DNF’s explanation describes the decision boundary explicitly
as combinations of conditions. For example, in fig. 4b as the decision rule for class 2 is ‘If cyp=1 and
c2=0 and c3=0 Then class 2’, it becomes clear that only cg, co, c3 are essential for predicting class 2
while c;, ¢4 are not. In other words, for this test sample, we know precisely that if we change any of
c1 Or ¢4, the prediction will remain but changing of any of cg, co, c3 will give a different prediction.

The detailed decision rule for each class is:

Decision rule for class 0 is IF ¢-0,c-2,c-3 =1 AND c-1, c-4 = 0 THEN predict class 0
Decision rule for class 1 is IF = 1 AND c-0, c-2, c-3, c-4 = 0 THEN predict class 1
Decision rule for class 2 is IF ¢c-0 = 1 AND c-2, ¢-3 =0 THEN predict class 2
Decision rule for class 3 is IF ¢-0,c-1,c-2 = 1 AND c-3, c-4 = 0 THEN predict class 3
Decision rule for class 4 is IF ¢-3,c-4 = 1 AND c-0, c-2 = 0 THEN predict class 4

Decision rule for class 5 is IF ¢-1,c-2 =1 AND ¢-0, ¢-3 =0 OR ¢-0,c-1,c-2 =1 AND ¢-0, c-1, ¢c-2,
c-4 = 0 THEN predict class 5

Decision rule for class 6 is IF ¢-0,c-3,c-4 = 1 AND c-1, ¢-2 = 0 THEN predict class 6
Decision rule for class 7 is IF ¢c-0,c-1,c-3 = 1 AND =0 THEN predict class 7

Decision rule for class 8 is IF ¢-0,c-2,c-4 =1 AND ¢-3 =0 OR ¢-2,c-4 =1 AND c-1, ¢c-3 =0 THEN
predict class 8

Decision rule for class 9 is IF c-1,c-2,c-3 = 1 AND c-0 = 0 THEN predict class 9

E.4 Other datasets in Section 4.2

We evaluate our method on datasets as follows: MNIST, KMNIST, SVHN, CIFAR10. These are not
new but very standard image datasets and we just use standard train-test split comes with the pytorch
backend. Note that the four datasets are image datasets so use an convolutional neural network.

11



472 We use a fixed adam learning rate and fixed ~y for the modified Bop optimizer. So there is no learning
473 rate decay or other scheduling. For MNIST and KMNIST we use 5 concept predicate and run for
474 100 epoch. For SVHN and CIFAR10 we use 32 concept predicate and run for 200 epoch as these
475 two datasets are more challenging.

476 Note that we present results of Neural DNF using lazy tie-breaking: by selecting the first encoun-
477 tered positive class in ascending order (e.g., when class 1, 4, 7 are all predicted as positive, we select
478 class 1.). We can also use a random tie-breaking: when multiple classes are predicted as positive,
479 we randomly pick one. We run 10 times on test set and report mean and standard deviation

Table 2: Test Accuracy of Neural DNF on some image datasets with two different tie-breaking

MNIST KMNIST SVHN CIFAR10

lazy tie-breaking 99.08% 95.43% 90.13% 67.91%
random tie-breaking 99.08% £ 0.02% 95.43% £ 0.03% 90.29% + 0.04% 68.26% + 0.12%
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