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A Technical Lemmas

In this appendix, we introduce a series of technical lemmas that form the basis of our results. Our
proofs rely on carefully analyzing how the conditional expectation of £* changes when conditioning
on different signals . Lemmas 13-16 are the main tools we use to analyze the behavior of these
conditional expectations.

Lemma 13 says that for random variable X, if we have some signal R that is equal to X plus noise
with some small probability and is just pure noise otherwise, then the conditional expectation of X
given the sign of R has magnitude that is Q(€). In the “initial exploration“ phase of our algorithm we
explore a new (not previously explored) direction with very small probability. Lemma 13 implies that
this exploration will lead to the conditional expectation of £* in the newly-explored direction having
magnitude proportional to the probability of exploration.

Lemma 13. Suppose X is a real-valued K -sub-gaussian random variable such that E[X] = 0,
E[X?] = 0%. Let R ~ X + N(0,1) with probability ¢ and R ~ N(0,1) with probability 1 — e.
Then there exists cr13 independent of X such that

|E[X | 1r>0]| > crizoke.

The proof of Lemma 13 can be found in Appendix H.1.

Lemmas 14 and 15 are the main technical tools that allow for us to exponentially grow the amount of
exploration in any new direction. Informally, Lemma 14 says that even if X forms only an € fraction
of the signal r, conditioning on the sign of r will increase the conditional expectation of X by a
multiplicative factor. This lemma will be applied to the expectation of £* in the new direction we are
trying to explore. Lemma 15 says that any random variable conditioned on the sign of r cannot have
conditional expectation increase by more than O(e). This will be applied to the expectation of £* in
all of the directions that we have already explored. These two lemmas combined allow our algorithm
to multiplicatively increase the magnitude of the expectation of £* in an unexplored direction relative
to the already explored directions.

Lemma 14. Let X be a K-sub-gaussian random variable satisfying E[X] = 0 and E[X?] = 0% >
cy. For Z ~ N(0,0%) such that Z 1L X and € > 0, define r = eX + Z. Then there exists a constant
Or14 such thatife/o < 8114,

60'2 Cy € Cr,14€
E[X | 1,50 > ——= > ~— .=
[ELX [ Lol 2 2021 — V/8mo o

The proof of Lemma 14 can be found in Appendix G.1.

Lemma 15. For K-sub-gaussian random variables XY such that E[X] = E[Y] = 0 and for Z ~

N(0,02) independent of X and Y, let r ~ X + Z. Suppose £ < dr15 := min (1, M)
og

Then there exists a constant cy,15 > 0 such that

|E[Y ‘ 1r>0]| < CL15€/U.

The proof of Lemma 15 can be found in Appendix G.2.

Lemma 16 is a more technical lemma that allows us to better understand the distribution of £* when
we condition on averages based on previous rewards. More specifically, this allows us to apply
Lemma 7 to the random variable z as described in Section 2.2. The proof of Lemma 16 can be found
in Appendix H.

Lemma 16. For random variable X in R, define Y = X + W where W ~ N (0, Diag(s)) and
W is independent of X. Define Z(Y) = E[X | Y]. If min |y = Pr ((X,v) > ¢q) > €4 and for all

xS [1 : d], s; < crig = € /32

Tos(1/cy) then

min v))H] > Sl
min E[((Z(Y).v))*] >

The final lemma for this section says that any vector in the span of the top eigenvectors of a positive
semi-definite matrix can be represented as a linear combination of these top eigenvectors with
coefficients that are not too large. The proof of Lemma 17 can be found in Appendix F.
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Lemma 17. Let vi, Vs, ...v; € R% such that ||v;| = 1. Define M = Zgzl v22, Suppose w1, ..., W
are orthonormal eigenvectors of M with corresponding eigenvalues Ay > ... > A\q > 0. Suppose
Ae > €. Then for any u € Span(wy, ..., wg) such that ||u|| <1, we have u = Y 1_, ¢;v;, where

¢ = 22:1 (M) Furthermore, Zj L2 <

Ak (A

B Discussion on Assumptions

Here we illustrate why the first two conditions in Assumption 2 are important, by presenting an
example where each is absent.

To see why Condition 1 (that £* is not confined to any half-space) is necessary, suppose d = 2 and that
£*1 ~ Uniform(0.5, 2) and £*5 ~ Uniform(—1,1) and £*; 1L €. This example violates Condition
1, because Pr ((—ey,£*) > 0) = 0. However, the only BIC action will for every t be A() = e;.
This is because E[£*3] = 0, and E[€"; | ¥] > O for any signal ¥ based on any historical actions and
rewards. Condition 1 is also not overly restrictive so as to make \-spectral exploration in poly(d)
—-1 wp.e?
1 wp.1—e
prior distribution satisfies Condition 1, but there is still an exponentially small probability that the
optimal action is not A* = (1,0). Therefore, in this example it is not trivial to guarantee A-spectral
exploration in a polynomial number of samples.

steps trivial. For example, suppose £*1 = { _4 and £%5 ~ Uniform(—1,1). This

To see why Condition 2 (that £* has non-degenerate covariance) is needed, consider the following
example. Suppose d = 2 and that the coordinates of £* are independent with:

-2 wp.e @
—1 wp.e?
g*l—{ Wp-em oy ={0  wp 1-21
1 wp.l—e —d
2 w.p. e

Intuitively, this example once again requires exponentially many samples to A-spectrally explore,
because in order to explore £°5 we need to find a signal based on the history where the expectation
of £%, is not exponentially smaller than the expectation of £*;. However, we cannot do exponential
growth on the conditional expectation of £*5, as we would need exponentially many samples to
sufficiently increase the conditional expectation of £ 5. Similarly, we would need exponentially many
samples to decrease the conditional expectation of £*;.

We also note that any sub-gaussian random variable X satisfying P(|X| > ¢) < 2¢=*"/K” for all
t > 0 (as in Condition 3) satisfies the following bounds on the moments of X:

E[X] < E[1X|) = / TR(X| >t dt < /Om 2e~ /1At = K/, (1)

E[X?] :/ P(X? > t)dt S/ 2¢ =/ gt = 2K, 2)

0 0

C Proof of Lemma 9

Proof of Lemma 9. Recall that the input parameters from Algorithm 5 come from their use in Algo-

. cnod o
rithm 4. We compute as follows, with = indicating equality in distribution.

)‘CLIG

Vk, Wg t/
= Acrig E E
k=1

=

4 AcrLi6 MLzlG: Z Vk,We Vi, £°) + Aepie ACLZIG: 2]: <Vk7WZ>N(O 1)
=0 . b S Y, 7

U

o T ka Wﬁ ! (Vi, Wg)?
(0| Aers Z Z e )N (0 Ay e
k=1 ¢
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516

517

518

——1

Aciw N e
<£*, Acrig Z Wy >+N (0, )\L;Gw;ere)
y

t'=0

Il

1EN

A
x; + N (O,CLlG)\Z) .

[Lemma 17 (u = wy)]

We will apply Lemma 16 with X = x*, Y =y, and Z(Y) = z(¥). As shown above, (and using that
/\% < 1forall £ < £,) we have that Y — X has the appropriate distribution. The last thing we need

to show is that

£
min Pr((X,q) > ¢4) = min Pr <Z<E*,Wg>qg > cq

=1 =1
lal lal —

£x
= min Pr £, w >c
(e (Som)) =)

This means we can apply Lemma 16 to get that

min E[(z(3),v)"] > <4<
i El{a(9).v)7] >

We have therefore shown that z(y) satisfies the assumptions of Lemma 7 with e =

D Proof of Lemma 6
Proof of Lemma 6. The BIC optimal action given v is

)

A" = argmax E[(A, £7) | 9]

[Assumption 1].

€dCd D

O

Aesd-t
= argmax(A,E[£* | ¢]).
Aeggd-t
Therefore, the BIC action is A* = % if |E[€" | ¢]|| # 0. If ||[E[€" | ¥]|| = 0, then any action
is BIC including v.
E Proof of Lemma 8

We will prove the following equivalent lemma.
Lemma 18. [n the setting of Lemma 8,

L L

SN (1—¢/2)+ > N

i=1 i=1
We first observe that Lemma 18 implies the desired Lemma 8.

Proof of Lemma 8. By linearity of trace,

Therefore, Lemma 18 implies the desired result that

d d
doNze2+ > A

i=4+1 i=0+1

15



519 Proof of Lemma 18. First, note the following, where the max is over x1, ..., X, that are orthonormal.

¢ ¢ ¢
E i = max E x!M'x; = max ( E x; Mx; + E (x;, u>2> :
X1y Xe
i—1 i=1 i=1

X1,00,X0
520 Define
¢
X7, ..., X, = argmax E x;] M'x;. 4)
X150Xe G
521

(x )||2 < 100d2 Suppose that there
s22  exists some i’ € 1,..., £ such that ||Pg. (x%‘,)Hg 100d2 Then we find

¢ ¢
z:(xf)TM'X;k = Z TMx + Z
i=1 i=1
¢
<1+ Z )T Mx} [x; orthonormal so Z(xf,u)Q < ulf* < 1]
i=1
_1+Z P (x;) T MPgo(x]) + Ps(x]) ' MPs(x}))
_1+Z7)SL ) TMPg. (x +ZPS 9T MPs(x})
=1+de+ Z Ps(x}) T MPg(x}) [S+ = span of evectors with evalues < €]
=1
¢ /e T 2
=1+de+ Z <Z(Xf,wk)wk> M ( (Xf,wk)wk>
i=1 \k=1 k=1
¢ e
=1+de+ Z Z<X;—k7 wi) 2wl Mwy,
i=1 k=1
¢ L
= 1+d€+zz<xg,wk>2>\k. 5
i=1 k=1

‘ 2
s23 Because x} are orthonormal, we know that _,_, (x}, wy)? < ||wy||; = 1. Because we assumed

2 2 ¢ £ ¢ 2 2
s24  that HPSL ()5 > o502 We knqw that Y., Zkﬂ(x;‘,wk)? :.Zz‘:1 Ps(x)I" <€~ 15002
525 Combining these two statements with the fact that )\, is decreasing in k,

L ee L ¢ 9 -1
* 2 €
> /\k_zz<xi,wk> )\k§<1—10(m2))\e+z>\i.
=1 k:l k=1 1i1=1 =1
s26  Continuing where we left off with Equation (5), we have that
¢ e 9 -1
—1+de+;; (x5, Wi )2 A\, < 14 de + (1100012) )\4+Z>\
62 ¢
<l+4+de——=A\ i
< 14 de 10022 ¢+ ;
¢
20043
§1+de—2d+§)\i e > =51
‘
<> N [e < 1]
i=1

16
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528

529

530
531

532

533

534
535

£ £
Z w, M gz w, M'w;.

Therefore, we have a contradiction, as x7, ...,

vectors are strictly beaten by wy, ..., wy.

Therefore, we have shown that | Pg. (x}) ||§

100d

70042

for all i.

x, cannot be a solution to Equation (4) because these

In the following equation, we define Pg as the projection matrix for projecting a vector onto .S. Now,

we have that
¢

‘
Z)\/ Z NTMx; + Z<X

4 14
< Z)\i + Z<X
Zjl 1j1
< Z)\L + Z (<7)S(X

)4 £
<3N+ D (Ps ), Pslw)| + 157)°

4 £
= §£:4Ai<+ :{: (<7js(x%)

s(u))? +* (Ps(x

¢ ¢ 9
€
<SN 9, -
<y ,+Z(<Ps<x2> S)?
l
SZ)\Z+ 100d+z (Ps(x (w))?
=1
.
- 100d )T RS Psu)’
_ T
- 100d Psu)”

14

:Z)\H— +m+z x;, Ps(u

i=1
< 2
< ZA 2+ qoog + PSS

2

€
< ST, +1—
,Z 4+ 5 st qgag Tl

i=1

< ZA,-+(1—6/2).
i=1

This completes the proof of Lemma 18.

F Proof of Lemma 17

2
Ps(w) + (Ps: (), Pss (w))

1) Ps(u))|

)

*\ (12 €
Pse (x7)l5 < 1002

L e
100d?

Proof of Lemma 17. Define A € R7*¢ with rows corresponding to v, ..., vj. Then M = ATA.

We want to write u = A T ¢ for ¢ € R7.

17
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538

539

540

541

542

543

544
545

546

547

549
550
551

Because w1, ..., wy are orthonormal and u € Span(wy, ..., wy), we have that
u= <u7“ﬁ>“ﬁ
1

¢

i=

Because w; is an eigenvector of M with eigenvalue \;, we know that for any ¢ < /¢
Ai“Q :ihdvviiif&T}XVVi

Rearranging terms and multiplying both sides by (u, w;), we have that for any ¢ < ¢

NAW;
Sw, = AT (Wi AW
(u, w;)w ( N,
Therefore, we have that
Y ¢ ¢
VAW, (u,w;)Aw;
_ : ;= [XT <u,vv) (3 :i[XT ) k3 (3 )
u ;:1<u,w Yw ;:1 < i Zi:l i

Now, we can define

L
C =

(2

This implies that

Y, 2
<u7VV>VV4
lellz = HAZJ’
i=1 v 2

‘ (u, w;)w; ' ¢ (u, w;)w;
() ()

=1

? <u “P> 2
=D X\ < ” ) [w, Mw; = \,]

IN

This vector c therefore satisfies the desired properties. O

G Proof of Lemma 7

We begin by proving the following lemma.
Lemma 19. Let ;1 be a probability distribution on R% with finite first moment and suppose

thin EX~H[(v,x) 4] > e
v|=1

Then for any w with ||w|| < e there is a [0, 1]-valued measurable function f such that E[x f (x)] = w.

Proof of Lemma 19. Let K be the set of possible vectors E[xf(x)] where f is a a [0, 1]-valued
measurable function. Then for any a, b € K, there exist corresponding [0, 1]-valued functions f* and

f? such that E[xf%(x)] = a and E[xf*(x)] = b. Therefore for any t € [0,1], ta+ (1 —t)b € K
because E[xf*(x)] = ta+ (1 — t)b for f*(x) = tf%(x) + (1 — t) f°(x). This implies that K is

convex.

18
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570

We will now prove the desired result by contradiction. Suppose w ¢ K. Because K is convex, if
w ¢ K then there is a “separating hyperplane” unit vector v such that

sup (v,u) < (v, w).
uekK

(Note that we do not argue here that K is closed.) Because by assumption we have that |w| < ¢,

this implies that

sup (v, u) < e.
uekK

For any v, by definition of K and linearity of expectation we have that

sup <V7 u> = sup <Vﬂ E*~# [Xf(X)D
uek FRI[0,1]
= sup  EX[f(x)(v,x)]
FRA-5[0,1]
=E""[(v,x)4]
> €.

where the last line followed from the assumption of the lemma. This gives a contradiction, and
therefore w € K must be true. O

Proof of Lemma 7. Applying the above lemma with w = 0, there exists f* : R? — [0, 1] such that

E[xf°(x)] = 0. Define the function f’ as f'(x) = %. By this construction,

E[xf0(x)] + 2¢E[x 2¢ |E[x €
By ) = | PRl el LA | e <l
max([|E[x][[, 1) max([|E[x][[, 1)
Therefore, w := —E[xf’(x)] satisfies |[w| < e. Applying the above lemma again, there exists
fv : RY — [0,1] such that E[xf"(x)] = —E[xf'(x)]. Now define f(x) = M By

construction, we have that 1 > f(x) > ! éx) > 4max(|ﬁE[x]”’1).
expectation and the construction of f* we have that

[+ )
2

Furthermore, by linearity of

Bix/ (] = |x | = 5 (Bl 00] + B () = 5 (Blxs (9] - B G0) =0,

2
Therefore, f(x) is a {m, 1} -valued function that satisfies E[x f(x)] = 0 as desired. [

G.1 Proof of Lemma 14
Lemma 20. Let ¢ (z) = P(Z > z) for Z ~ N(0,1). Then for |z| < 1,

‘@C(x) - (; - \/12?96)‘ < [2®|/15.

Proof of Lemma 20. A third order Taylor expansion shows the error is at most

T (@) (y)]
. .

For |y| < 1 we easily compute

P —1fev?
V2T

Lemma 21. If X is K-sub-gaussian, then for any event E and any P(E) > a > 0, we have

(@) ()] <1/v2r < 2/5. 0

E[X?15] < K?Pr(E)log(2/a) + K?a,
E[X1g] < O(Pr(E)log(1/a)). (6)
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571 Proof of Lemma 21. We prove both estimates using the tail-sum formula. For the truncated second
572 moment,

(oo}
E[X?1g] :/ Pr(|X%1p| > t)dt
0

< / min(Pr(E), Pr(X? > t))dt
0
§/ min(Pr(E),Qe*t/K2)dt
0
< Pr(E)log(2/a)K? + / 21/ K gt
log(2/a)K?

= K?Pr(E)log(2/a) + K*a.
573 Similarly for the truncated first moment,

E[X15] = /OO Pr(|X1g| > t)dt
S/O min(Pr(E), Pr(X > t))dt

o0
§/ min(Pr(E)726_t2/K2)dt
0

< Pr(B)iosB/OK + | 26t /K%
< Po(E) iogB /K + | I :
= O(Pr(E)log(1/a)). O

574 Proof of Lemma 14. Let dux be the law of X and dp x|~ be the conditional law of X given the
575 event r > 0. Then by Bayes rule,

Pr(r > 0| X = 2)dux(x)
Pr(r > 0)

Pr (N(ex,0?) > 0) dux ()
Pr(r > 0)

6% (—ca/o)dux ()

Pr(r > 0)

du'X|r>0(x) =

576  Note that
oo 1 oo
E[X [r>0] :/ zdpx|r>o(z) = m/ 2@ (—ex/o)dux (z)-

— 00 —00
577 Since Pr(r > 0) < 1 it suffices to lower-bound the latter integral by a suitable positive value. As

1
578 longase/o < dp1q <, /405(@, we have

/OO 2@ (—ex/o)dux ()

Y T Ve
+ /Zz (@C(fv) - % - ;f:) dpux (x)

(B a0 - - L in)) i) =0

oV2m PN o 2 2mo
2 2T X4 3
. ( cok  2E| ‘ Je ) [nequality (8) Below]
oV 2T a
€% [i < ﬁ]
T 2021 02 T 4E[X4]V2r
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Above we used the following estimate (8). For sufficiently small 61,14,

N /g;|§1“6 o 2 21 O o 2 o o
— 1 1 2

> [ a0 - D - [ (B o)

ol <5 o’ 2 Vimo jal>f \ 2 ov2m

3 2
> —/ || ’ﬂ‘ dux () —/ (|x + i ) dpx (z) [Lemma 20]
ol<g 1O al>55: \ 2 oV2m

E[X4]e3 || ex?

=- — = d
- (B ) auw)
|1‘> T0e

E[X4]e3 .

> — [03] 7/ w2dpx () lif e/o < dp14 < 1/10]
lz> 15¢

E[X4]e3 B

> — [ 3]6 — (K?Pr(E)log(2/a) + K?a) [Lemma 21, E := {|z| > %}, a = 2e” 100K |
g €

E[X4]e3 g ___o? o’ —02 /(10062 K>
> — e 2K*“e™ 100K7:2 10022 +1 [Pr(E) <27 /( ]

2E[X4]e3 9 a2 o2 (0%)%2e  E[X*4e
2T [RZe e | Topege T S s ST 5

®)

where the second to last line holds for sufficiently small €/o. O

G.2 Proof of Lemma 15

Proof of Lemma 15. First, we observe that E[Y | » > 0] = W If £K+/log(4) <1/2, we
also have that

Pr(r > 0)
>Pr(r>0]X >—-K/log(4)) Pr(X > —K+/log(4))
> 0°(Z K \/log(4)) Pr(X > —K/log(4))
> @C(ng/log(él)) (1 _ 9 K° ‘°g<4>/K2)
> 0¢(1/2)1/2 (=K \/log(4) < 1/2)
>1/8.
Therefore, it is sufficient to upper bound |E[Y 1{r > 0}]|. By law of total expectation,
E[Y1{r > 0}] = EE[Y1{r > 0} | X]] =E [E[Y | X|P(Z > ng)} .

Define Q(X) = E[Y | X]. Because Y is sub-gaussian, the random variable Q(X') must also be sub-

gaussian with parameter /18K (see [Van Handel, 2014, Exercise 3.1]). Furthermore, E[Q(X)] =
E[E[Y | X]] = E[Y] = 0. Now, we have the following

[E[Y1{r > 0}]|
- [E[Y | X|P(Z > —EX)] ’

-| [ 0w Liaux(o
| s [~ oo
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588
589

590

591

592

593

594
595

596

597
598

599

600

~[3Eee0+ [ e (39 - ) duxte)

-| [ e (20D - §) duxto

SjggﬁéCﬂxﬂ(akﬂw4-ﬁf3>dux@ﬂ

F/qua(m¢)<¢0(if);)duX(I> [Lemma 20
<§/iyxm(vg,wﬁ0du<m+/;ﬁkmuwmﬂm e/ < 1)

< <\ |EQ(XE [Q;Hx:ﬂ)z +%o(1O°;K(2e*moi‘7§ﬂ)) [Lemma 21 Equation (6)]
< O(e)o).

o2
where in the second to last line we used that Pr(|X| > 3-) < 2e” 1002x% and that Q(X) is

K +/18-sub-gaussian. The last line again uses that both X and Q(X) are sub-gaussian.

Therefore, we have shown that

E[Y1{r > 0}]
E[Y =|————| <8IE[Y1 = .
By > o) = [ < s B age > o)) = 0(e/o)
By symmetric arguments to the ones above, we have the same bound on |E[Y | < 0]|. O

H Proof of Lemma 16
Proof of Lemma 16. Fix any v such that ||v|| = 1. First, we will show that
Pr(|v- (Z(Y) = X)| > ca/2) < €4/2.

To do this, we will show that (v, (Z(Y) — X)) is a sub-gaussian random variable. Let X be a draw
from the distribution of X | Y. Then we have that

v, X =X)=(v,X -Y)+(v,Y - X).

By standard properties of posterior samples, (v, X — Y) and (v, Y — X) are identically distributed

with distribution N (0, 0?) for 02 = 2?21 vZs; (here one averages over all randomness). Therefore,
we have that

E[exp (¢(v, Z(Y) — X))]
=E {exp (t(v,E[X} - X))}

<E [exp (t(v, X — X>)] [Jensen]

=E {exp (t(v,X -Y+Y - X>)]

< \/]E [exp (Qt(v, X — Y})} E [exp (2t{v,Y — X))] [Cauchy-Schwarz]
< €2t202.

Therefore, (v, (Z(Y) — X)) is sub-gaussian and satisfies the tail bound
Pr(|(v, (Z(Y) — X))| > t) < 21"/ ("),

c2/32
log(4/ea)’

Pr(|(v, (Z(Y) — X))| > %d) < 2ec4/(320%) — ¢, /9. )

Taking t = c4/2, because 02 = Z:'l:o vZs; < max; s; < we have that
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602
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605

606

607

608

Now, we can prove the desired result that
E[((Z(Y),v))"]

2 =2
B N < S X,v) = ea Pr (I, (Z(Y) = X)) < 5 (X,v) = ca)
= 5 Pr (I{v. (2(Y) - X))l < T (Xv) > )
> S (Pr((X,v) = ea) = Pr (v, (2(Y) - X)) > 3
> CZd (€d — %d) [Eq (9) and lemma assum]
- C‘%, O

H.1 Proof of Lemma 13

Proof of Lemma 13. Let B be a Bernoulli random variable such that Pr(B = 1) = e and let
Z ~ N(0,1) be independent of B and X. Then we can write R ~ X - B + Z.

Then we have that
E[X | R > 0]
=EX|R>0,B=1Pr(B=1|R>0)+EX|R>0,B=0]Pr(B=0|R>0)
=EX|X+Z>0Pr(B=1|R>0)
Pr(R>0|B=1)Pr(B=1)
Pr(R > 0)
>EX|X+Z>0Pr(R>0|B=1)Pr(B=1)
—E[X|X+Z>0Pr(X+Z >0 (10)
Next, we need to lower bound E[X | X + Z > 0] Pr(X + Z > 0). Applying Baye’s rule gives
EX|X+Z>0Pr(X+Z>0)

—E[X|X+Z>0

oo

=Pr(X+272> 0)/ rdpx|x+2>0(2)

— 00

= [ e ) duxa)

— 0o

_ / T (@C(—a) — 1/2) dux () [E[X] = 0]

oo

Note that (<I>C(f:c) — 1/2) has the same sign as z and has magnitude increasing in |z|. Therefore,

ox
> Xplo<z d + 0<Z< d
[ooy Fep(os 2 Z5)tontars [ For (0522 5) anxio
oxP(0< Z < LX)
= 0 p(x| > X
10 \/ﬁ
JXIP’(O <zZ< Gix) 2
> V10 dox . [Equation (12) below]
10 5K2log (2OK )
> Qo%). (a1

Combining Equations (10) and (11) gives the desired result of the lemma.

It remains to show the lower bound on P(| X | > :;—iio) used in the penultimate line above.
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609 Define a = K2 log (%) > 0% log(10)/2 > 0% /10 (using Equation (2) ). Next, we observe that
E[X?]
oo
= / P(X?% > t)dt
0

= /OO]P’(X > Vit)dt
0

aﬁ(/lo a oo
= / P(X > \/E)dt+/ P(X > \/i)dt+/ P(X > Vt)dt
0 0% /10 a
<0%/10 +/ P(X > \/i)dt+/ 2¢~ /K% gt
0% /10 a
=0%/10 +/ P(X > Vi)dt + 2K%e /5

0% /10

=o0%/5+ / P(X > Vt)dt [Def of a]
0% /10
2

<o%/5+ (a _ %) P (X > \‘Zio) . [P(X > v/t) monotone decr.]

s10  Since E[X?] = 0%, this implies that

2 2
0% ox 4o
——= Pl X>—=)>—.
<a 10> ( g ¢10>“ 5

611 Therefore, we can conclude that

2 2 2
]P’<X> UX>Z 40X2/5 Z4UX/5: 405, . (12)
V10 a—0%/10 a 5K2log (—2%; )
612 By symmetry, identical logic as above gives the desired upper bound on E[X | R < 0]. O

s3 1 Proof of Proposition 10

s14  Proof of Proposition 10. We first show that A() on Line 6 satisfies A®) € S+ when ¥ = 1. Recall
615 x* defined as x; = (£*, wy) and recall that z(y) = E[x* | y = y]. By construction,

Ex* | ¥ = 1]

:/Ewww:Lyzﬂmmkﬂw

= /E[X* |y =yl Pr(\I}J)r:(‘Ill |:y ): y) duy (y) [¥ = 1 is a function of §]

=@ =T E[x* |y =yl|f (z(y)) dug(y)

=0. [Definition of f]

616 Because 2, = (£*, wy) for £ < £, this implies that E[(£*, wy) | ¥ = 1] = 0 for £ < ). Therefore,
617 we must have that E[¢* | ¥ = 1] € St. By construction of A® in Line 6, this implies that
618 A) € SL when ¥ = 1.
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619

620

621

622

623
624

625

626

627

628

629

630

631
632

633

634
635

636

637

Define
E[¢*|T=1 . %
A= m R | U =1]#0
Wen+1 otherwise,

in other words A is equal to A(Y) when ¥ = 1.

By the choice of f, we have that P(¥ = 1) > 16111ax(|6\{]fEc[;(§/)]H,1) > 16(12?';%4_1) , where in the last

line we used that Equation (B) implies
max(|[E[z($)]] 1) = max(|ER]|, 1) < max (JE[]], 1) < max (K/7, 1) < Kv/ + 1.

By construction, we therefore have that for any realization of z(¥), the probability that R = r(*) =
€, AD)Y 4w, = (€%, A) + w, is exactly % and otherwise R ~ N(0,1).

We can now apply Lemma 13 with X = (£*, A), and € = % to get that either a = wy, 11
or
cngedchar(<£*, A>)2‘5 CI,13€4Ca CVZ'5

16 (K7 +1) “16(Kym+1)

(A, a)] = [(A,E[£" | 1r>o])| = [E[(€7, A) [ 1r>o]| >

where in the last inequality we used Assumption 2.

Because A € S+ and ||A| = 1, the previous equation implies the desired result that ||Pg. (a)|| >
CL13€dCd Cv ™" O
16(Ky/7+1)

J Proof of Proposition 11

Proof of Proposition 11. The first step is to rewrite R from Algorithm 6 Line 7 so that we can apply
Lemmas 14 and 15.

Define
t+L—-1 J t+L—1 J j
W= Z (wt’ *Z(quz Ck<Vka£*>)> = Z <wt’ Z%%ﬁ) +chk<vk7£*>-
t=t k=1 =t k=1 k=1
Note that W is normally distributed with mean 0 and variance 02, := L(1 + >/_, ¢2). By

construction, we can rewrite R as

t+L—1 J

=t k=1
t+L—1 j ,
e o)
=t k=1
t+L—1 j
= > @€)-L> v, &)+ W
t'=t k=1
J
= L{a, ") — L{Ps(a), ") + W [Lemma 17 implies Pg(a) = Z ckvi]
k=1

= L{(a—Ps(a)),£") + W
= L<PSL (a),£*> + W
— L[ Pg. ()] (x, £°) + W (13)

Therefore, R is exactly in the form necessary to apply Lemmas 14 and 15. In order to apply these

L|[Pss L|[Ps.
o o

lemmas, we need that W(a)” < dr14 and W(a)” < 115 respectively.
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ess  To see this, note that Pg. (a) < VX (as otherwise ExponentialGrowth would not have been called),
639 and therefore

LIPsi(@)] . IVA

W LA+ Y @)

_ \/4)\d(E[£*1] +1)2

AN(K /7 +1)2
(cv /v/8m)?

< min(ér14,0115,1/cL15), 1

2 _(cv /V/Bm)®
2d(K/m+1)?

[Equation (B), Assum 2]

s40 where in the last line we used A < min(dy14, 9515, 1/¢cL15) by our assumption on .

641 Applying Lemmas 14 and 15 gives the following two bounds. Define y = E[£* | 1z~¢]. The firstis a
s42 lower bound on |(x, y)|. Importantly, we can apply Lemma 14 for X = (x, £*) because of Equations
643 (13) and (14).

[, )| = [, E[€" | 1r>o])]
= |E[(x,£7) | 1r>o|
cruL|[Ps. (a)

> [Lemma 14]
ow
_ craVL|[Pse(a)]
V14 Zizl a
4d(E[€*1] + 1)
= cpay | LEEAH D ip ()
CL14
= \/4d(E[€"1] +1)? | Ps- ()]
=2Vd(E[£*1] + 1) |Pse(a)] . (15)
44 The next equation is an upper bound on ||y;|| for all i € [d]:
lyil = E[£%; | 1r>0]
< E[€*;] + cp15L||Pge(a)]| Jow [Lemma 15]
<E[£]+1. [Equation (14)]

e45  Using the above equation, we can bound [y, as follows. Because E[£*1] > E[£";] for all ¢,

d
ylly < 4| D (BlE ] +1)* < VA(E[e"] + 1).

i=1

s46 Equation (15) implies that y # 0. This implies by construction that b = Exploit(1gs0, W¢, +1) =
647 HyTH Putting everything together, we have that

|G, y)| . 2VA(E[L ] + 1)) [Pse(a)]

|(x,b)| = > " > 2|Ps(a)ll.
Iyl VA(EE" ] + 1) i
e4s  Finally, because x € S, this implies the desired result that
[Ps+(b)]| > [{x,b)| > 2|Ps~(a). O
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K Proof of Theorem 12

Proof of Theorem 12. We begin by proving that Algorithm 4 is BIC. There are four places where we
set A()_ The first is in the Line 4 of Algorithm 4, where we set A(Y) = e;. This is BIC because we
assumed (without loss of generality) that E[£*;] = 0 for all ¢ > 1 and E[£*;] > 0.

The second place we set A(*) is in Line 6 of Algorithm 5. This choice of A(*) is BIC with the signal
¥ by construction and Lemma 6.

The third place we set A® is in Line 5 of Algorithm 6. In order for this to be BIC, we must show
that every input a to Algorithm 3 is BIC. The first time Algorithm 6 is used for any fixed value of j,
the input action a is the action returned by Algorithm 5. This is BIC for signal R defined on Line 7
of Algorithm 5 by construction. Each subsequent call to Algorithm 6 for a fixed value of j uses an
action a that is returned by the previous call to Algorithm 6. This is BIC for signal R defined on Line
7 of Algorithm 6.

The final time we set an action is on Line 17 of Algorithm 4 This action is again an action returned
by the last call to Algorithm 6, which as argued above is BIC for signal R.

The rest of the proof will focus on bounding the sample complexity of Algorithm 4.

First, we will bound the number of times the inner while loop (Line 13) calls Algorithm 6 for
each value of j. By Proposition 10, the action returned by Algorithm 5 satisfies ||Pg.(a)| >
cp10 ¢y 2 €4cq. Furthermore, by Proposition 11, ||Pg. (a)|| doubles with each call to Algorithm 6.

Therefore, | Pg. (a)|| > /A will be satisfied after at most log,, (¢) =0 <1og( 1 ))

cpioCv2® €qcq Cy €dCq

calls to Algorithm 6.

Next we will bound the number of steps in each call to Algorithm 6, which is equivalent to bounding
the L defined on Line 4 of Algorithm 6. To do this, we note that the ¢; in Algorithm 6 are the same as
the ¢; in Lemma 17 with e = X, £ = {5, u = Pg.(a), and vy, ..., v;. This implies that

J
T

k=1

[Lemma 17]

> =

Therefore, we can bound L as follows:

4dEE] + DL+ 0, )
CL14
4dE ]+ 1)1+ 1)
%14
_ Md(Kym+ 1)+ 1)
- cy2 /(8)

d
—0(5s).

For each loop of the while loop on Line 8, we also have x = O(

L =

[Assum 2, Eq (B)]

log(1 é €dq)
Ac
on Line 16. All together, this gives that each iteration of the loop on Ldine 8 takes at most

dlog( ld d) log(1/€q) 1 d 1
Cy €4C, — 1 I
O( Acy? + pYe O<0g <cvedcd) <)\cv2+)\03>)

steps. Next, we will bound the number of iterations of the while loop on Line 8.

+ 1) steps in the loop

For each j, we will apply Lemma 8 with ¢ = A, u = v;;, and the vectors vy,...,v;. By
construction of the algorithm, S is non-empty because the algorithm has not yet terminated,
and ||Pgr(vjt1) |> > X by the termination condition of the while loop on Line 13 of Algorithm
4. Therefore, this satisfies the assumption of Lemma 8. Define )\{, e )\fl as the eigenvalues of
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M/ = 7_, v®? and define ¢/ as the largest index such that \J; > 200d% /A% (and ¢/ = 0 if all

eigenvalues of M are less than 200d® /\?). Now define
(2004
A=Y (v - Ai> .
i=ti 1

Note that for any fixed i, the ith eigenvalue does not decrease between M’ and M7*+!. Because of
this monotonicity, Lemma 8 implies that for every round j, either

P> 41 or AITE<AT - %
. 20044
Because /' > 0and A' < %f -d= 20£2d4 , this implies that after /\*/22 + d applications of Lemma
8, either ¢ = d or A7 = 0. This means that after 40;)2‘14 + d applications of Lemma 8, the smallest

eigenvalue of M7 must be at least 200d®/\? > \. However, this means that the algorithm must
terminate before round 400d* /A3 + d. Therefore, the number of iterations of the while loop on Line 8
is less than O(d*/\?). Putting everything together, the total number of steps needed for A-exploration
is upper bounded by

1 d 1 d* 1 d® d*
1 i . — | = 1 . O
(s (o) (e 1)) 0 () 0 (s () (5 3

L Proof of Proposition 4

Proof of Proposition 4. First, for any unit vector v, we have B, /3(2rv/3) C K C B;(0). Therefore
p(By/3(2rv/3)) = Vol(B,.3(2rv/3))/Vol(K) > Vol(B,3(2rv/3))/Vol(B1(0)) = (7"/3)d.

Since (x,v) > r/3 forall x € B, /3(2rv/3), this confirms the values (cq, €4) = (r/3, (r/3)%).

The bound on ¢, follows by [Sellke, 2023, Lemma 3.2] and Jensen’s inequality since K has width at
least 2r in any direction. The bound on K is trivial since 2¢~(#/1:25) > 1 for |¢| < 1. O

M Proof of Proposition 5

We first recall several useful facts on log-concave distributions. Throughout we take u to be a-log-
concave and [S-log-smooth with mode x* and mean X, possibly in dimension 1. (The proof will use
1-dimensional projections of the original measure p.) We will write x ~ p instead of £* ~ p.

Fact 22 ([Dwivedi et al., 2019, Lemma 5], [Durmus and Moulines, 2019, Theorem 1]). For x ~ pu,
we have E[|z — 2*||?] < 1/« and with probability 1 — §:

o — a2 < 207172 <1 G 1°g<;/5>) |

Fact 23 ([Chewi and Pooladian, 2023, Lemma 2]). We have the covariance bounds

Sy
= 54

Fact 24. Any 1-dimensional projection of u is also ad-log-concave and Bd-log-smooth.

I
~L = Cov(u)

ad {17

Proof. Preservation of strong log-concavity under projection is well known, see e.g. [Saumard and
Wellner, 2014, Theorem 3.8]. For log-smoothness, supposing for convenience that the projection
is onto the first coordinate axis, the claim is proved by the following standard computation. With
e~ 7 the density of 1 and e~ 9(*) the density of the projection of 1 to the first coordinate axis, one
may compute as in [Saumard and Wellner, 2014, Proof of Proposition 7.1] that

g"(x) = E"[011f(x)|w1 = @] — Var' [0, f (x)|21 = 2] < E*[011 f(x)|z1 = 2] < Bd.

This completes the proof. O
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Proof of Proposition 5. We have c, > ﬁ directly from (17).
For €4, let X be the mean under . and note that from (17), we find
% — x| = sup (% —x",w)
lwll=1
= sup E*#[(x —x",w)]

llwll=1

< ¢ sup Ex~4[(x — x*,w)?]
|

|wi=1

< V/(Cov(u), w®?)
<1/Vad.

Fixing a unit vector v as in Assumption 2, we consider the projection P onto the 1-dimensional
subspace spanned by v, and let P(u) be the pushforward of 1 under the projection (to which Fact 24
applies). Identifying P(R?) isometrically with IR, let  be the mode of P(1). Then the same argument
as above applies to P(y) shows || P(x) — z|| < 1/v/ad, and so

2 2
| <X+ —= <v+ —.
I < el + <= <7+ =

(Note that if X = 0 then this shows ||Z|| < 1/v/ad, which following the arguments below leads to
€q > (1) as mentioned below Proposition 5.)

Write f : R — R for the density of P(u), and g(z) = log f(z). We have f/(#) = 0 and so
g’ (&) = 0 also. By Fact 24, we have ¢’ (z) € [—fd, —ad)] for all z, so for z > & we have:

J@) =g g @) = [ ")y € [-Bd(x — #), —ad(z — )]

Integrating again, we find

x

o) — g(#) = / ¢ (W)dy € [~Bd(z — 2)*/2, —ad(x — £)/2).

&
Identical reasoning gives the same conclusion for z < . Translating back to f = e9, we conclude
that for each z € R:

o—Bda—il?/2 o F@) _ _ado—ap/2
NEh
It follows that for x = £* ~ p and x ~ P(pu):

~

2
Pr[{(v,x) > c4] > Pr[z > v+ — + c4].

Vad

Letting J = v + \/% + cg4, the latter probability is at least

fJOO efﬁdz2/2dz

Froamrg, = VolB-2°UVE) 2

JeI*54/2 /od

(1+ J2Bd)V2r’

The last inequality follows from the classical bound ®¢ (x) > % where ¢ is the standard Gaussian
density Gordon [1941]. This confirms the value of €.

For K we consider a similar projection, and note that by Fact 24 and the Bakry-Emery theory for
strongly log-concave measures (see e.g. [Anderson et al., 2010, Lemma 2.3.3], we have

E[MV*®] < eXed/2 vy eR.

. _ 1 - . 1+A2J2 .
Thus with Jo = v+ —&= > [|(X, v)|, we have (using AJp < —5-2):

E[e)\<v,x>] < G(Azad/2)+)\.]0 < 0P 'e)\Q(JOZ+ad)/2 < 26A2(.]§+ad)/2'
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It follows by the usual Markov inequality arguments that

+2

Pr[|<v,x>| > fi] < de 203 +ad)

Since probabilities are at most 1 and a < y/a for a < 1 we find
t2

Pr(|(v,x)| > t] < 2e *U5ted

which completes the verification of K since (JZ + ad)'/? < Jy + Vad.

For the counterexample, we may take («, ) = (1, 2) and let v be the distribution on R with density
proportional to e~47**(141:>0)/2 Then let y = v®4, so that 2 ~ y has IID coordinates with law v.
Then the mode x* is indeed zero but the mean of v is non-zero, so taking v = (1,1,...,1)/v/d, a
Chernoff estimate shows Pr*™#[(x, v) > 0] < e~ %), O
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