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Abstract

Learning with rejection is an important framework that can refrain from making
predictions to avoid critical mispredictions by balancing between the rejection
costs and prediction errors. Previous cost-based studies only focused on the clas-
sification setting, which cannot handle the continuous and infinite target space
in the regression setting. In this paper, we investigate a novel regression prob-
lem called regression with cost-based rejection, where the model can reject to
make predictions on some examples given certain rejection costs. To solve this
problem, we first formulate the expected risk for this problem and then derive
the Bayes optimal solution, which shows that the optimal model should reject to
make predictions on the examples whose variance is larger than the rejection cost
when the mean squared error is used as the evaluation metric. Furthermore, we
propose to train the model by a surrogate loss function that considers rejection as
binary classification and provides conditions for the consistency, where consistency
implies that the Bayes optimal can be recovered by our proposed surrogate loss.
Extensive experiments demonstrate the effectiveness of our proposed method.

1 Introduction

In machine learning, the learned model from training data is expected to make predictions on unknown
test data as accurately as possible. However, it would be unreasonable for the learned model to
make predictions on all the test instances, as there may exist some difficult instances that the learned
model cannot give an accurate prediction. Incorrect predictions can cause severe consequences and
even can be life-threatening, especially in risk-sensitive applications such as healthcare management,
autonomous driving, and product inspection [4, 18, 33, 10]. Therefore, the learning with rejection
(LwR) framework was extensively investigated, which aims to provide a reject option to not make a
prediction in order to prevent critical false predictions at a pre-defined rejection cost [9, &]. In this
case, the LWR model can be learned by balancing the rejection cost and the prediction error.

So far, most of the existing studies on LwWR have focused on the classification setting, i.e., classification
with rejection (CwR) [8, 3,40, 10,5, 11, 13, 17, 34]. In the CwR setting, there is a pre-determined
rejection cost ¢ for each instance, which must be smaller than the classification error 1. A typical
approach for CwR is the confidence-based approach [21, 3, 40, 33, 6]. The main idea is to use
the real-valued output of the classifier as the confidence score and decide whether to reject the
prediction based on the confidence score and the given rejection cost c. Another effective approach is
classifier-rejector approach [10, 11], which simultaneously trains a classifier and a rejector, and this
approach achieves state-of-the-art performance in binary classification.

Despite many previous studies on LwR, they only focused on the classification setting, which cannot
handle the continuous and infinite target space in the regression setting. In many real-world scenarios,
regression tasks with continuous real-valued targets can be commonly encountered. However, even
state-of-the-art regression models may make incorrect predictions, and blindly trusting the model
results may lead to critical consequences, especially in risk-sensitive applications. Therefore, it is
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necessary to consider adding a rejection option for the regression problem to not make predictions in
order to avoid critical mispredictions. To this end, many studies have been conducted on selective
regression [41, 25, 38, 19, 24] that trains a regression model with a reject option given a fixed
reject rate of predictions. However, this selective regression setting fails to consider the cost-based
rejection scenario where a certain cost could be incurred if the model chooses to refrain from making
a prediction for a certain instance.

In this paper, we provide the first attempt to investigate a novel regression setting called regression
with cost-based rejection (RcR), where the model could reject to make predictions on some instances
at certain costs to avoid critical mispredictions. To solve the RcR problem, we first formulate the
expected risk and then derive the Bayes optimal solution, which shows that the optimal model should
reject to make predictions on the examples whose variance is larger than the rejection cost when
the popular mean squared error is used as the regression loss. However, it is difficult to directly
optimize the expected risk to derive the optimal solution, since the variance of the instances cannot
be easily accessed. Therefore, we propose a surrogate loss function to train the model that considers
the rejection behavior as a binary classification and we provide theoretical analyses to show that the
Bayes optimal solution can be recovered by minimizing our surrogate loss under mild conditions.
Our main contributions can be summarized as follows:

» We formulate the expected risk for regression with cost-based rejection and derive the Bayes
optimal solution, which shows that the example whose variance is greater than the rejection cost
should be rejected for prediction when the mean squared error is used as the regression loss.

* We propose a surrogate loss function considering rejection as a binary classification process and
give a condition of regressor-consistent that the classification calibrated binary classification loss
is always greater than 0. In that condition, the optimal regressor can be derived by our method.

* We propose a definition of rejector-calibration and show that our method is rejector-calibration
when the regressor-consistent condition is satisfied. Based on this, we further propose a weaker
version of the condition allowing the classification calibrated binary classification loss to be greater
than or equal to 0. In the weakened condition, the regression consistency can only be satisfied in
the accepted instances, and regressor-consistent is still satisfied.

* We derive the theoretical analysis of the regret transfer and estimation error bounds for our
proposed method, and extensive experiments demonstrate the effectiveness of our method.

2 Preliminaries
In this section, we introduce preliminaries of ordinary regression and classification with rejection.

2.1 Ordinary Regression

For the ordinary regression problem, let the feature space be X € R? and the label space be ) € R.
Let us denote by (x, y) an example including an instance x and a real-valued label y. Each example
(z,y) € X x Y is assumed to be independently sampled from an unknown data distribution with
probability density p(x, y). For the regression task, we aim to learn a regression model & : X — R
that minimizes the following expected risk:

R(L) = Ep(a.y) [L(W(), )], M

where E, 5,y denotes the expectation over the data distribution p(x,y) and L : R x R — R is
a conventional loss function (such as mean squared error and mean absolute error) for regression,
which measures how well a model estimates a given real-valued label.

2.2 Classification with Rejection

A widely studied framework in classification with rejection is the cost-based framework [8, 15] that
aims to train a classifier f : X — Z® that can reject to make a prediction, where ® denotes the reject
option. The evaluation metric of this task is the zero-one-c loss £y, defined as follows:

B ¢, [lx)=0,
Lore(f(), 2) = {gm(f(gg’ z), otherwise, @
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Then, the expected risk with £y1. can be represented as follows:

ROlc(f) = Ep(m,y) [ZOIC(f(:E)a y)], (3)
The optimal solution for classification with rejection f* = argmin ;. » Ro1.(f) known as Chow’s
rule [8] can be expressed as follows:

Definition 1. (Chow’s Rule [8]) A classifier f : X — Z® is the optimal solution of expected risk (3)
if and only if the following conditions are almost satisfied:

®, max,n,(x) <1-—c,
fl®) = - “)
argmax,n,(x), otherwise,
where 1), (x) = p(z|x) denotes the class-prior estimation (CPE) [35, 39]. Chow’s rule shows that

CwR can be solved when n(x) is known. However, the estimation of the posterior probability is
difficult especially when using deep neural networks [22].

3 Regression with Cost-based Rejection

Let X € R be the d-dimensional feature space and ) € R be the label space. Suppose the training
set is denoted by D = {(=;,y;)}} ., and each training example (x;,y;) € X x Y is assumed to
be sampled from an unknown data distribution with probability density p(x,y). In the regression
with cost-based rejection (RcR) setting, for a given instance x, the learner has the option ® to reject
making a prediction or to make a regression prediction. If the learner rejects an instance, the cost is a
non-negative loss ¢(x). The goal of RcR is to induce a pair (h,r) where h : X — R is a regressor to
predict the accepted instance and 7 : X +— R is a rejector to determine whether to reject an instance.
The evaluation metric of this task is the following loss function L(h, r, ¢, x,y):

L(h(z),y), r(z)>0,
c(x), otherwise,

L(h,rc,x,y) = { )

where L(h(x),y) is a conventional regression loss function (e.g., mean squared error).

In what follows, we will present a Bayes optimal solution to the RcR problem and provide a surrogate
loss function to train the regressor-rejector.

3.1 Bayes Optimal Solution

In this paper, we only discuss the case where the loss function L(h(x), y) is the mean squared error
(MSE), which is the most widely used regression loss function. The expected risk of L(h, 7, ¢, ,y)
over the data distribution can be represented as follows:

RRCR(h7T) = Ep(m,y) [[’(hﬂ", Camay)]' (6)

Let us denote by (h*,r*) = argmin, . RRCR(h r) the optimal pair of expected risk Rgr.r and

we use B, z) [y fyp ylx)ydy and Dyyz) [y] fyp yle) (y — Ep(y|z)[y])*dy represent the
expectation and variance of y over the distribution p(y|x). For a given cost function ¢(x), we have
the following theorem:

Theorem 2. Suppose the hypothesis space H and R is strong enough [16, 29] (i.e., the optimal
solution (h*,r*) = argming, ¢4 ,.cg Brer (R, 7) leads to Rrer(h*,7*) = 0). For a given instance
@ and the Bayes optimal pair (h*,1*) of risk Rgrcr, the following equality holds:

{h* (CL‘) = Ep(y|m) [y]a

7
(@) = 1(e(@) ~ By l)- v
The proof of Theorem 2 is provided in Appendix A. Theorem 2 shows the expected optimal pair
(h*,r*) of risk Rg.r where the rejector 7* should reject making a prediction if the variance of the
distribution of labels y associated with z is so large that it exceeds a given rejection cost ¢(x). This
is intuitive and easy to understand. Unfortunately the probability density function p(y|x) is usually
unknown, meaning that obtaining the variance D,z [y] and expectation E, ) [y] is difficult or
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even impossible. If the variance and expectation can be obtained, most of the regression tasks can
be easily solved. Many previous studies adopted specific assumptions to avoid this problem (e.g.,
homoscedasticity [24, 37, 36] and heteroscedasticity) [26, 27, 7, 28], while all of them have certain
constraints. Therefore, the key challenge of RcR is how to learn the optimal solution (h*, 7*) without
the expectation and the variance.

3.2 Surrogate Loss Function of Training Regressor-Rejector

From Theorem 2, we know how the optimal pair (h*,r*) makes rejection and prediction for an
unknown instance, but since the expectation and the variance are difficult to obtain, we cannot directly
derive the optimal regressor and rejector. Let us reconsider the RcR loss function L(h, r, ¢, ,y) by
the following equation:

L(h,r,c,x,y) = (h(z) —y)I[r(x) > 0] + c(x)I[r(x) < 0], 8)

where I[-] denotes the indicator function. We cannot directly derive a regressor h and a rejector r
by the above loss since the loss function contains non-convex and discontinuous parts I[r(x) > 0]
and I[r(x) < 0]. In order to efficiently optimize the target loss, using surrogate loss is preferred. It
is noteworthy that the behavior of the rejector is similar to binary classification due to the only two
options reject and accept. We may consider it directly as a binary classification where Z = {+1, —1},
+1 means accept and —1 means reject. Then we have the following surrogate loss function:

w(hv ¢, y) = (h(w) - y)zg(r(m)7 _1) + c(ac)é(r(oc), +1)’ (9)

where £(-) is an arbitrary binary classification loss function such as hinge loss. Then the expected
risk with our surrogate loss v can be represented as follows:

Ripen(h) = By [ (b7 e 2, y)]. (10)
The intuition behind this is that when the squared error is less than the given cost, we expect its
weight £(r(x), —1) to be larger i.e. the smaller £(r(x),+1) is. It is worth noting that not all binary
classification losses are valid, and in the following sections we will show the conditions for our
method to satisfy consistency.

4 Theoretical Analysis

4.1 Regressor-Consistent and Rejector-Calibration

The rejector-calibration we are talking about here is the classification-calibration [1, 42, 14] due
to the fact that the rejector is actually a classifier. The notion of calibration for surrogate loss is
defined as the minimum requirement to ensure that a risk-minimizing classifier satisfies the Bayes
optimal classifier, which is a pointwise version of consistency, implying that the minimization of
surrogate loss yields a target loss for each possible instance. We further give the definition of rejector
calibration.

Definition 3. (Rejector-Calibration) We say a surrogate loss P is rejector-calibration if and only if
for the optimal regressor % = argmin, . Rp .5 (h*,7) , we have sign(ry (x)) = sign(r*(z)) for
all x € X such that r*(x) # 0.

The definition of rejector calibration indicates that we do not need to obtain the optimal rejector based
on the difficult to obtain variance, we just need to ensure that our rejector makes the same decisions
as the optimal rejector.

We say a method is regressor-consistent, meaning that the regressor h learned by the method converges
to the optimal regressor h*. Here we demonstrate that our method is regressor-consistent and we
have the following theorem:

Theorem 4. Suppose the classification calibrated binary classification loss £(r(x),z) can be
achieved: Yx € X, {(r(x),z) > 0. For given non-negative cost c¢(x), the optimal regressor

» = argming, ey RﬁCR(h, 1) is equivalent to the optimal regressor h* = argming, ¢ Rrer (R, 7).

The proof of Theorem 4 is provided in Appendix B.1. Theorem 4 shows that the optimal regressor h
learned from our method can converge to the optimal regressor A*. Then we demonstrate that our
method is rejector-calibration. We have the following theorem:
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Theorem 5. Suppose the classification calibrated binary classification loss £(r(x), z) can be
achieved: Yx € X, l(r(x),z) > 0. For the given non-negative cost c(x), the optimal rejector

Ty = argminTeRRﬁcR(h, r) satisfies sign(ry,(z)) = sign(r*(z)) where r* is the optimal rejector
of RRcr-

The proof of Theorem 5 is provided in Appendix B.2. Theorem 5 shows that our method is rejector-
consistent in the condition that £(r(x), z) > 0 holds. When £(r(x), z) < 0, the regressor will show
abandonment and aversion to some instances, the condition implying that the regressor needs to
ensure that the autonomous learning capability avoids being fully controlled by the rejector. It is
worth noting that there is a special case ¢(r(x), —1) = 0, in which case the regressor actually ignores
the instance. Here we show a weakened version of consistency, we have the following theorem:

Theorem 6. Suppose the classification calibrated binary classification loss {(r(x), z) can be
achieved: Yx € X, l(r(x),z) > 0. For given non-negative cost c(x), the optimal pair
(hy,13) = argmin(hm)eﬂxRRﬁcR(h, r) satisfies rejector-calibration and satisfies the regressor-
consistent for allNVx € X, r*(x) > 0, where r* is the optimal rejector of Rrcr.-

The proof of Theorem 6 is provided in Appendix B.3. Theorem 6 gives a weakened version of
consistency, where regressor-consistent is satisfied only for accepted samples.

4.2 Regret Transfer and Estimation Error Bounds

In the previous section, we have given the Bayes consistency analysis of our method, i.e., if the
minimizer of our proposed risk can be the optimal one in Theorem 2. However, such a result does not

guarantee the performance of models which are close to but not the minimizer of the RﬁCR, which
occurs commonly since we usually minimize the empirical risk in practice. We give a guarantee for
such cases by showing the following regret transfer bound:

Theorem 7. For any classification calibrated binary classification loss ¢, suppose that the variance
Dy 12y W] < M almost surely, the following bound holds:

Ryer(h,r) — Riyer < E(C(Rp g (h,1) — RESR)),

where * denotes the minimum w.r.t. h and r. C = M + ¢, and & is a function where £(0) = 0. For
example, when { is sigmoid loss and hinge loss, £(u) = u. When € is logistic loss or square loss,

&(u) = V.

The proof of Theorem 7 is provided in Appendix C.1. This theorem guarantees that even if the
obtained (h, ) is not exactly the minimizer of RIﬁCR, we can also expect them to have a good

performance as long as they have low RﬁCR. Then we can further get the following estimation error
bound:

Theorem 8. Suppose the hypothesis space H and R is strong enough. Given empirical risk minimizer
h and 7, there exists a1, ap > 0 that make the following bound holds with probability at least 1 — §:

Rper(h,7) — Rfop < € (c <a1mn(y) + M (R) + 10%711/5)» 7

where n is the i.1.d. sample size and *R,, is the Rademacher complexity [?].
The proof of Theorem 8 is provided in Appendix C.2. Given the fact that Rademacher complexity

usually decays at the rate of O(1/n), we can finally conclude that the performance of our model can
approximate its optimal performance with the increasing size of the training set.

5 Experiments

5.1 Implementation Details

When using deep neural networks as the model and using gradient descent optimization, we consider
a possible scenario where the regressor h predicts any instance  with such a large error that
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0(h(x),y) >> c(x). In this case the rejector r expects to reject all instances to make the empirical
risk minimal. However, when the rejector r converges quickly to reject all train instances, i.e.,
£(r(x), —1) — 0 for all train instances, the surrogate loss v will be constant equal to c(x)¢(r(x), +1).
At that point the gradient of the regressor h suffers from gradient vanishing. The main reason for
this situation is that the regressor h has not learned the distribution of the label, but the rejector r has
converged, which means that the regressor is not ready. Fortunately, we can avoid such a situation by
training the rejector after the regressor is ready, and we name such a method Slow-Start. Specifically,
Slow-Start prioritizes training the regressor h without training the rejector r, and then co-trains the
regressor h and rejector  when the regressor h is capable of making predictions.

5.2 Datasets and Backbone Models

We conduct experiments on seven datasets, including one computer vision dataset (AgeDB [32]), one
healthcare dataset (BreastPathQ [30]), and five datasets from the UCI Machine Learning Repository
[12] (Abalone, Airfoil, Auto-mpg, Housing and Concrete). For each dataset, we randomly split the
original dataset into training, validation, and test sets by the proportions of 60%, 20%, and 20%,
respectively. It is worth noting that our approach has no restrictions on the regressor A and rejector r,
so h and r can be two separate parts or share parameters.

AgeDB is a regression dataset on age prediction [20] collected by [32]. It contains 16.4K face images
with a minimum age of 0 and a maximum age of 101. Age prediction is not an easy task, especially
when only a single photo is available. Lighting, clothing, makeup, and facial expressions all tend to
affect the intuitive age, and even friends can hardly say they can identify the age in a photo. Rejecting
predictions for photos with complex environments can avoid large errors. We employ ResNet-50 [23]
as our backbone network for AgeDB, and the regressor h and rejector r share parameters. We use
the Adam optimizer to train our method for 100 epochs where the slow-start is set to 40 epochs, the
initial learning rate of 10~2 and fix the batch size to 256.

BreastPathQ [30] is a healthcare dataset collected at the Sunnybrook Health Sciences Centre, Toronto.
The dataset contains 2579 patch images, each patch has been assigned a tumor cellularity score score
of 0 to 1 by 1 expert pathologist. Currently, this task is performed manually and relies upon expert
interpretation of complex tissue structures. Moreover, cancer cellularity scoring is extremely risky
and the use of automated methods could lead to irreversible disasters. Regression with rejection can
improve this problem very well by predicting only the accepted samples and leaving the rejected
samples back to the experts for evaluation. We use the same network as AgeDB and train 300 epochs
using Adam optimizer where the slow-start is set to 50 epochs, the initial learning rate of 10~3 and
fix the batch size to 128.

We conducted experiments on five UCI benchmark datasets including Abalone, Airfoil, Auto-mpg,
Housing and Concrete. All of these datasets can be downloaded from the UCI Machine Learning
[12]. Since our proposed method do not depend on a specific model, and we train two types of base
models including the linear model and the multilayer perceptron (MLP) to support the flexibility
of our method on choosing a model, where the MLP model is a five-layer (d-20-30-10-1) neural
network with a ReLU activation function. For the rejector r and regressor h, we consider them as
two separate parts with the same structure. For both the linear model and the MLP model, we use the
Adam optimization method with the batch size set to 1024 and the number of training epochs set to
1000 where the slow-start is set to 200 epochs. The learning rate for all UCI benchmark datasets is
selected from {1071, 1072,1073}.

5.3 Evaluation Metrics

For evaluation metrics, we use the RcR loss (RcRLoss) in Eq. (5) and rejection ratio (RR). In
order to further investigate how the model work, we propose additional metrics. Accepted loss
(AL) and rejection loss (RL) denote losses on accepted instances and rejected instances, and they

iy Il () >0] (h(x) —yi)? and =1 Ir (a:) <O (h () —yq)*

are defined as T Tr(2) 0] ST T (27) 0] . We also present the false

rejection ratio (AR) and false acceptance ratio (RA) similar to false negative and false positive, which

denote the ratio of instances that should be accepted that are rejected and the ratio of instances that

iy M(h(i) —yi)? <e(a)|I[r(2:)<0] and
i1 (A=) —yi)2 <c(wi)]

. It is worth noting that the optimal pair (h*,r*) is unknown, so

should be rejected that are accepted, and they are defined as

Ty I[(h(@s) —yi) > >e(@a)I[r () >0]
iy I(h(i) —yi)2 2c(2s)]
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Table 1: Test performance (mean and std) of our surrogate loss equipped MAE on BreastPathQ. We repeat the
sampling-and-training process 5 times. The metrics RR, AR, RA are scaled to 0-100 and Sup, RcRLoss, AL and
RL are all magnified by a factor of 1000.

Cost ‘ Sup RcRLoss AL RL RR AR RA
5 4.37 2.70 31.51 72.53 52.61 6.53
(0.17) (1.07) (2.29) (4.44) (5.10) (2.66)
10 8.22 5.50 37.14 60.08 43.14 11.01
(0.70) (1.98) (4.43) (4.34) (4.49) (4.22)
15 16.77 11.11 6.84 40.39 53.49 38.39 15.46
(1.22) (0.55) (1.43) (1.67) (3.39) (2.86) (3.97)
20 13.84 9.53 43.41 40.65 29.98 29.02
(0.62) (1.69) (5.34) (7.28) (6.58) (9.81)
25 16.01 1291 46.62 24.47 17.46 48.97
(1.32) (2.48) (9.43) (4.26) (4.96) (8.00)

Table 2: Test performance (mean and std) of our surrogate loss equipped MAE on AgeDB. We repeat the
sampling-and-training process 5 times. The metrics RR, AR and RA are scaled to 0-100.

Cost ‘ Sup RcRLoss AL RL RR AR RA
60 59.80 54.25 156.81 95.40 93.13 2.51
(0.31) (4.41) (23.21) (2.88) (4.30) (1.56)
70 69.00 61.56 151.04 86.22 81.41 8.12
(0.39) (4.10) (12.05) (2.94) (3.07) (2.49)
80 77.10 67.32 150.52 76.00 70.63 16.11
(1.72) (2.21) (12.36) (15.71) (16.36) (13.20)
9 100.34 85.36 73.07 162.44 73.38 67.33 17.20
(3.73) (2.23) (3.21) (12.45) (11.50) (12.07) (9.08)
100 92.94 82.89 170.04 58.35 52.15 30.56
(3.02) (7.47) (20.53) (12.51) (11.59) (12.48)
110 95.08 79.62 166.07 52.15 46.13 34.38
(5.62) (5.44) (13.75) (14.96) (14.76) (13.40)
120 96.80 82.44 173.14 37.11 32.54 51.31
(7.45) (2.40) (12.58) (22.64) (21.42) (23.96)

AR and RA are for the current regressor and rejector. We also provide the results under supervised
regression method (Sup) that directly trains the model with MSE from fully training set.

5.4 Formulation of Surrogates and Setting of Rejection Cost

In our experiments, we consider a variety of binary classification loss functions, such as mean
squared error (MAE), square loss, logistic loss, sigmoid and hinge loss. The rejection cost ¢() is
considered as a constant, which is the most commonly considered scenario in learning with rejection
[5, 6, 33, 10]. For each dataset, we set various rejection cost ¢ including extreme cases and unstressed
cases depending on the supervised loss. The complete experiments are provided in Appendix D.

5.5 Experimental Performance

Table 1, Table 2, Table 3, and Table 4 show some of the experimental results on the AgeDB,
BreastPathQ, and UCI datasets, respectively. From the four tables, we have the following observations:
(1) Our proposed method significantly outperforms the supervised regression method in almost all
cases, which validates the ability of our method to reject difficult test instances demonstrating the
effectiveness of our method. (2) In most cases, the average loss of our method in the accepted test
instances (AL) is always smaller than the average loss of the supervised regression model (Sup) in all
test instances. This further indicates the ability of our method to identify hard-to-predict samples
and reject them. (3) As the rejection cost c increases, we can clearly see the following trends in all
datasets: RcR loss (RcRLoss) decreases; Rejection rate (RR) decrease; Accepted test data loss (AL)
increases; This is because as the prediction error we can accept increases, the rejector will accept
more instances leading to a decrease in the rejection rate. However, the regressor capacity remains
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Table 3: Test performance (mean and std) of our surrogate loss on five UCI datasets trained with the MLP model.
We repeat the sampling-and-training process 10 times. The metrics RR, AR, and RA are scaled to 0-100.

Datasets Cost ‘ Sup RcRLoss AL RL RR AR RA
3 241 1.99 .13 42.04 32.82 33.33

h 0.12) 0.21) (1.08) (3.18) (3.44) (3.22)

4 2.88 2.30 11.37 33.70 25.56 39.27

Abalone 4.44 (0.13) 0.21) (1.70) (2.47) (2.81) (3.71)
5 (0.46) 3.22 2.66 10.30 23.43 16.83 48.98

0.23) (0.35) (1.25) (2.94) (2.41) (5.90)

6 3.53 2.93 12.13 19.32 13.81 53.20

(0.25) (0.35) (1.69) (3.47) (3.33) (5.67)

9 7.20 423 37.80 62.23 41.49 11.60

(0.35) (0.86) (2.95) (3.73) (5.73) (3.29)

12 8.11 5.39 51.51 40.33 23.37 25.88

(0.36) (0.86) (10.51) (7.95) (7.20) 9.04)

Airfoil 16 9.15 6.84 72.80 24.92 11.92 38.17
iriot 12.96 (0.43) (0.70) (20.79) (5.67) (6.93) (5.02)
2 (2.60) 11.32 8.83 58.28 21.53 13.70 48.66
0.75) (1.47) (8.87) (7.71) (5.34) (18.08)

25 11.47 9.24 7438 14.19 8.08 52.11
(1.54) (1.35) (16.07) (5.11) (3.60) (12.32)

30 11.68 11.17 96.55 2.52 1.38 86.35
(3.07) (3.20) (16.60) (3.81) (1.78) (20.06)

4 3.64 2.99 13.98 56.92 46.80 28.74
0.29) (0.83) (4.16) (13.00) (15.49) (10.51)

6 4.83 3.83 18.04 37.31 29.01 4242
(0.93) (1.70) (5.95) (14.10) (12.74) (19.54)

Auto-mpg g 8.34 6.75 6.14 25.59 22.95 19.26 64.99
(2.16) (1.93) (2.41) (12.48) (19.88) (18.27) (23.95)

10 7.14 6.11 23.29 24.07 17.15 48.47
(1.64) (2.24) 9.54) (6.58) (5.12) (15.98)

13 8.13 7.42 35.49 12.56 10.38 71.52
(2.41) (2.83) (23.74) (6.83) (6.14) (14.52)

o 8.80 6.25 40.28 84.46 77.60 9.72

(0.34) (3.22) (17.30) 11.67) (15.88) (5.91)

1 9.52 7.40 58.94 44.65 33.30 31.25

Housing 12.57 0.75) (1.48) (25.98) (8.69) (8.99) (8.64)
16 (3.43) 10.12 8.35 88.14 22.38 14.21 51.84
(1.84) (1.58) (44.53) (8.90) (6.81) (14.41)

20 10.50 9.59 184.24 8.51 5.81 73.40
(3.32) (3.50) (109.35) (6.82) (5.32) 13.11)

20 18.03 13.17 82.17 69.42 54.06 12.34

(1.32) (4.91) (14.58) (6.92) 9.37) (4.47)

30 2420 19.29 112.13 44.08 27.43 26.80

(1.85) (3.85) (30.32) (8.81) (8.55) (7.90)

Concrete m 34.44 28.63 23.12 136.51 31.50 18.32 39.49
(3.05) (2.56) (4.59) (46.59) (8.98) (7.30) 12.07)

50 3248 27.90 168.19 19.76 10.54 53.82
(2.76) 4.31) (41.73) (7.54) 4.51) (13.74)

60 3433 30.33 197.26 12.82 5.67 60.95
(3.50) (4.89) (49.03) (6.62) (3.21) (14.99)

the same and more instances (containing difficult instances) also face more challenges, so RcRLoss
and AL increase but remain smaller than Sup. (4) For setting the rejection cost ¢ we consider many
extreme cases, i.e., the rejection cost is much smaller and much larger than the average loss in the
supervised regression. In such extreme cases, our approach is still effective to identify and reject
difficult test instances. (5) The false acceptance ratio (RA) is usually not large in most cases which
verifies that our approach prefers rejection to avoid critical mispredictions.

6 Conclusion

In this paper, we investigated a novel regression problem called regression with cost-based rejection,
which aims to learn a model that can reject predictions to avoid critical mispredictions at a certain
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287
288
289
290
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Table 4: Test performance (mean and std) of our surrogate loss on five UCI datasets trained with the Linear
model. We repeat the sampling-and-training process 10 times. The metrics RR, AR, and RA are scaled to 0-100.

Datasets Cost ‘ Sup RcRLoss AL RL RR AR RA
3 2.80 2.00 5.88 79.07 72.81 9.92
0.09) (0.36) (0.62) (4.68) (6.64) 1.72)
4 3.51 2.57 6.34 63.99 57.24 19.14
Abalone 4.92 0.14) (0.42) 0.63) (3.67) (3.85) 4.27)
5 0.51) 3.48 2.88 10.93 28.96 21.83 4472
(0.30) 0.37) (2.85) 9.71) (10.34) (8.64)
6 3.83 3.52 15.00 13.20 8.54 65.48
0.26) (0.33) (3.16) (2.82) (2.33) (5.95)
9 8.81 6.33 27.22 86.84 80.28 6.65
0.27) (1.60) (2.25) (2.31) (3.86) (1.16)
12 11.39 7.52 29.39 79.20 71.55 10.80
(0.40) (1.62) (2.92) (6.42) 8.17) 4.27)
Airfoil 16 14.43 10.75 33.24 60.23 51.78 25.06
iriot 23.32 (0.84) (1.68) (2.53) (5.69) (6.44) (5.21)
20 (1.54) 16.90 12.28 34.24 55.42 47.90 28.38
(1.02) (2.22) (2.44) (3.93) (4.24) (5.39)
25 19.47 15.04 37.36 39.77 33.82 44.50
(2.25) (4.09) (3.34) (11.48) (10.56) (15.28)
20 2291 21.59 34.64 14.05 12.28 79.58
(1.49) (2.22) (6.99) (5.68) (5.23) (8.60)
4 4.07 7.24 13.63 99.85 99.49 3.17
0.04) (5.03) (2.49) (0.40) (0.94) 0.99)
6 5.97 5.93 16.42 67.18 61.05 25.19
(1.09) (4.00) (4.89) (11.12) 11.77) (10.63)
Auto-mpg g 11.66 7.29 6.78 21.23 4333 36.64 44.11
(2.26) (1.50) (2.67) (9.00) (6.80) 9.99) 13.91)
10 8.17 7.20 22.30 34.61 30.37 53.76
(1.51) (2.28) 9.41) (7.62) (7.93) (15.04)
5 9.47 8.65 34.57 16.41 13.14 69.31
(1.83) (2.33) (18.96) (7.88) (7.85) (13.26)
N 9.18 7.61 35.54 86.14 81.44 10.83
(0.53) (3.15) (13.93) (16.32) (19.72) (10.55)
I 10.91 9.67 58.37 48.22 39.40 34.95
Housing 24.08 (0.76) (1.87) (19.08) 9.97) (10.83) (10.02)
16 (5.34) 13.98 12.28 63.37 36.44 30.84 49.01
(2.97) (4.47) (18.75) 9.35) 9.52) (10.22)
2 16.73 14.93 69.52 27.82 22.64 54.32
(4.61) (6.55) (23.34) (7.06) (6.88) (11.36)
20 19.85 5.94 115.92 98.91 97.09 0.81
0.11) (2.66) (11.06) 0.72) (1.92) 0.23)
20 29.93 16.85 114.93 99.24 98.49 1.00
0.22) (16.90) 11.72) 0.92) (1.84) 0.34)
Concrete 2 111.12 40.18 29.88 117.29 98.71 98.50 1.96
(8.01) (1.02) (33.68) (14.30) (2.46) (2.37) (2.94)
50 50.44 50.07 130.44 93.98 9321 5.92
(1.36) (22.99) (23.58) (6.19) 6.77) (5.74)
60 58.69 45.84 150.10 85.33 81.90 10.25
(2.88) (16.77) (52.86) 9.28) (10.75) (7.20)

rejection cost. In order to solve this problem, we first formulate the expected risk for regression with
cost-based rejection and derive the Bayes optimal solution for the expected risk, which shows that
we should reject instances where the variance is greater than the rejection cost. Since the variance
is difficult to obtain, we propose a surrogate loss function that considers the rejection process as a
binary classifition problem. Further, we provide consistency conditions for our method, implying
that the optimal solution can be recovered by our method. More, we propose a weakened version of
consistency where regression-consistent is satisfied only in the accepted instances. Finally, we derive
the regret transfer and an estimation error bound for our method and conduct extensive experiments
on various datasets to demonstrate the effectiveness of our proposed method. We expect that our first
study of a simple but theoretically grounded method to regression with rejection will inspire more
interesting research work on this new task.
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A Proof of Theorem 2

For an instance x, we have the following expected risk for a:

RRCRlX(h? T) = Ep(y|m) [E(ha r,c,x, y)]

= / p(ylw)‘C(ha ¢, T, y)dy
y

If we refuse to make a prediction for , i.e., r(x) < 0, the above expected risk transforms into the
following equation:

RRCRlX,I‘(X)<0(h7r) = p(y|:1:)£(h,r, c,a:,y)dy

S—

= [ p(ylz)c(z)dy
y

I
o

If we want to make a prediction for x, i.e., (x) > 0, the above expected risk transforms into the
following equation:

Rierpentosolhnr) = / @) L(h, .z, y)dy

y
~ [ le)(bi@) - ey
y
- /yp<y|w><h<w>2 — 2yh(w) + y*)dy

) = 2h(2)Ep(yia) Y] + Ep(ylz) [¥°]
= (h(z) — Ep(yjz)[¥])? + Dp(yjz) [¥]

When h(x) = E,(yjz)[y] makes Rrerjxr(x)>0 = Dp(y|z)[y] minimum. It is easy to know that

RReRjxr(x)>0 < BReRjx,r(x)<0 When ¢(x) — Dy iz [y] > 0 and Rrerjxr(x)>0 > RReR|xr(x)<0
when ¢(x) — Dy, 12)[y] < 0 which means that Rgcg|x is minimum when the following equation
holds.

The proof is completed. O

12



s« B Proofs of Consistent and Calibration

395 B.1 Proof of Theorem 4
396 First, we prove that the optimal regressor ~* is also the optimal regressor for R}gc  as follows.

RﬁcR(h*a r)

= Epy (07,1, ¢, 2,y)]

= Epey) (1 (2) —9)*(r(z), =1) + c(@){(r(x), +1)]

= Epey) (M (2)* — 290" () + y*)l(r(x), —1) + c(@)l(r(z), +1)]

/ pla,y)[(h* (x)* = 2yh* () + y*)(r(x), =1) + c()(r(x), +1)]dydx

/yp ylz)p(@)[(h* (2)? — 2yh*(x) +y*)e(r(z), -1) + c(@)0(r(z), +1)]dydz

p()[(h* (z)® /y?yh*( x)p (ylw)dy+/yy2p(yl$)dy)€(r(w),—1)+C($)€(T($)»+1)}dw

p(@)[(P*(@)* = 20" (@) Ep(yj2) (Y] + Epyla) [y E(r (), —1) + c(2)l(r(2), +1)]dm

(@)[(h*()? = 21" (@) Ep(yja) [Y] + By o) U] + iyl W)L (), —1) + c(@)L(r (), +1)]dw

=B

P@)[((F*(2)? = Epyjay [U])* + Dpiyjan W)U (), =1) + c(@)e(r(), +1)]d

I I

Dy 1) Wl(r(x), =1)p(x) + c(x)l(r(x), +1)p(z)dx. (11)

se7 When Vo € X, {(x,z) > 0, the risk loss is minimal for an any rejector 7. Therefore h* is the
398 optimal regressor for risk R%C - On the other hand, we prove that ~* is the only optimal regressor if
sg9 condition: V& € X, £(r(x), z) > 0 is achieved.

a00 Suppose given an instance x and a rejector r’ such that (7' (xg), —1) = 0. Then we have at least

w01 one other regressor h’ such that RY o (B',r') = Rj.n(h* ') and ' (z0) # h*(x0) due to the
402 following equation holds.

Dp(ykcg)[y]g(r/(wO)v _1) =0. (12)
403 Therefore when condition: V& € X, £(r(x), z) > 0 is achieved, there is one, and only one minimizer
404 of RﬁCR, which is the same as the optimal regressor h*. The proof is completed. O

405 B.2 Proof of Theorem 5

406 Fixing the regressor h, it is easy to see that the conditional optimal r should have the same sign with
407 By 1z [(h(2) —y)?] —c(2) due to the definition of classification calibrated binary loss. Then it is easy

408 to see the rejector calibration holds when D,z [y] > c() since B,y [(R(2) — y)?] = Dp(yja [y]-
400 When Dy, ) [y] < c(z), itis easy to show that

min(Ey o) (' (@) — )?J(r(@). ~1) + e(@)l(r(@). +1))

> min(IEp(y‘z)[(h”(:B) - y)Q]ﬁ(T(w% _1) + C((L’)((T(CL’% +1))

r(z)

when the expected square loss of &' is larger than h”. Furthermore, when h'(x)’s expected square
loss is equal to ¢(x), it can be learned from the property of binary classification calibrated losses that

ITI(lizf)l(lEp(y\m)[(h'(w) —y)’Jl(r(z), —1) + c(z)l(r(z), +1))

> min(Ey 1) (1 (@) — )°J(r(@). 1) + e@)(r(@). +1)

13



410 and thus we can conclude that the optimal & must have expected square loss that is lower than ¢(x).
411 Then the optimal rejector must have a negative sign, which is the same as the Bayes optimal one.
412 Combining the conclusions above and we can complete the proof. O

413 B.3 Proof of Theorem 6

#12 We suppose that for any classification calibrated binary classification loss function ¢(r(x), z), when
s15 U(r(x),—1) =0, r(x) < 0, i.e. the classification is correct. Let us go back to the discussion of
416 Eq. (11):

Riur(h*,7) = /X[((h*(w)2 ~ Epyla) [9)? + Dpiylary W) E(r (@), —1) + c(@)l(r (), +1)]p(x)de

:LDp<y\w)[y]f(T(w),*1);0(3:)+C(w)€(7‘(w)7+1)p(w)dm-

417 Similar to the proof of Theorem 2, the optimal regressor ~A* still minimizes risk loss for any rejector.
418 However, it is easy to know that for a rejector 7y when there exists an instance x( such that
a9 L(r'(xg), —1) = 0, there exists at least one other regressor /' such that RIﬁCR(h’, r') = RﬁcR(h*, r’)
a20 and /(o) # h*(20) due ((h(x)? — Epeya)[¥])? + Dp(yla) [w])€(r(x), —1) = 0 holds. Therefore
421 the optimal regressor h* is not the only optimal solution. Fortunately, we can still show that it is
422 regressor-consistent for some instances in this case.

423 For a binary classification loss function ¢, We denote by X} the space where Va € X}, ((r(z), —1) #
424 0 for any rejector r. Then we have the following equation:

Riyur(hr) = /X[((h(fc) — Epyla) [9])* + Dpiylary W) E(r (), —1) + c(@)E(r (), +1)]p(x)da

= [ (@) = By ) o @), Dol

£

+/ Dy 1) Wll(r(2), =1)p(x) + c(x)l(r(z), +1)p(x)dz.
X}

425 When for all z € X}, we have The above risk is minimised when h(x) = E,y o) [y] for all € X}
a2 It is worth noting that when ¢(r(xz), —1) = 0, r(x) < 0, so the rejector remains consistent. The
427 proof is completed. O

28 C Proofs of Regret Transfer and Estimation Error Bound

429 C.1 Proof of Theorem 7

430 Proof. For each point x, we can learn that its excess risk can be decomposed below if the model
431 misrejects a sample:

Epyla) [(h(@) = y)*Je(r(z), —1) + c(@)l(r(z), +1) — (B (2) - y)*00* (), =1) = c(x)0(r* (x), +1)
> Dyylay Wll(r(z), —1) + c(@)(r(x), +1) — Dp(yja) [yll(r™ (x), —1) — c(x)l(r*(z), +1)
olx) €1 c(x) — Dp(yz) ]
Z Drioli] +e(=)) ¢ ( (Dp(ylay ly] + c()) )
When a sample is correctly accepted, the lower bound is
[Ep(y|w)[(h(m) - y)z} - Dp(y\w) [y]] «,

where v = min, (<o) £(r(x), —1) and when it is misaccepted:

Dpyim[y] — ()

a2 When sigmoid loss is used, {(u) = u, and we can learn that « = 1/2, then we can learn that the
433 excess risk of the surrogate at this point is larger can upper bound that of the original loss. When

(Dp(ylm)[y] + C(:B)) 571 (( )) + [Ep(ylm)[(h(w) - y)2] - Dp(y\m)[y]] a,

14
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logistic loss is used, £(u) = v/u and @ = log 2, we can use the same method to show that the excess
risk of the surrogate can bound the square root of the excess risk of original loss, which concludes
the proof.

O

C.2 Proof of Theorem 8

Definition 9. (Rademacher complexity) Let Z1,--- , Z, be n i.i.d. random variables drawn from
a probability distribution ; and F = {f : Z — R} be a class of measurable functions. Then the
expected Rademacher complexity of function class F is given as follow:

n

1
R, (F) =Ez,... 2,~uEo Supfe]_-gzaif(zi) : (13)

i=1
where o1, - - - , 0, are the Rademacher variables that take the value from {—1, +1} uniformly.

Then we can begin proving Theorem 8.

Proof. Suppose that the loss is bounded by M; and p-Lipschitz continuous, |h|, ¢(x), and |y| is
bounded by M, then we can learn that the loss is bounded by C' = (4M2 + M) M, and is L1-
Lipschitz continuous w.r.t. (h,r), where L1 = /(4M}p + Mip)2 + 16 M{M3. By applying the
McDiarmid’s inequality, it is routine to show that the following inequalities hold with probability at
least 1 — %, respectively:

A . log 2

sup (RﬁWR(fu ) — RgWR(h, r)) < E sup (RﬁWR(h, r) — RﬁWR(h, r)) +C 2g 9
h,reH,R T, %n [ hreH,R n

. . log 2

sup (RﬁWR(h, r) — ngR(]% r)) < E sup (RﬁWR(h, r) — RKWR(h,T)) +C 5 Q)
h,reH,R T1,&n | h,reH,R n

By applying Talagrand’s contraction lemma [3 1], we can learn that:

E

L1, Ln

sup_ (Rhm(hor) - Rﬁwa,m)] < V2L (R (H) + R (R))
h,reH,R

and this conclusion also holds for another direction. Plugging this conclusion into the former

inequalities and using the union bound, we can learn this inequality holds with probability at least
1-6:

log 2

sup RS g(h,r) — RY m(h,7)| < V2L1 (R (H) + Ru(R)) + C 5
h,reH,R n

According to the definition of empirical risk minimization and identifiable condition, we can get the
following conclusion:

Rigu (b, 7) = | min  Rig o (hy7) = Rigyp (h,7) = Rigg (", 17)

= (R ®) = Rl (b)) + (Rltur(hs7) = Ry (0, 7)) + (Rl (01" = Rl (b))

< (Rf{wR(’%f) - RﬁwR(ﬁﬂ;)) + (ngR(h*7 ) — RlllgivR(h*7 T*))

<2 sup RﬁwR(h,r) - Ri—p{WR(h, r)‘
h,reH,R
combining Theorem 5 and we can conclude the proof. O
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Table 5: Test performance (mean and std) of our surrogate loss equipped hinge loss on BreastPathQ. We repeat
the sampling-and-training process 5 times. The metrics RR, AR, RA are scaled to 0-100 and Sup, RcRLoss, AL
and RL are all magnified by a factor of 1000.

Cost ‘ Sup RR AL RL Rej AR RA
5 4.74 3.51 53.05 80.86 60.37 4.19
(0.38) (1.96) (20.33) (4.17) (6.70) (2.36)
10 8.32 4.58 58.90 68.99 46.63 591
0.21) (1.74) (13.15) 4.71) (6.45) (2.54)
15 11.89 6.44 49.42 62.45 46.86 10.69
16.77 (0.31) (1.82) (8.12) (4.76) (5.12) (3.84)
20 (1.22) 15.07 9.53 49.58 52.33 38.04 17.88
(0.33) (1.15) (8.10) (3.94) (3.47) (5.36)
25 16.54 10.36 58.39 41.23 29.71 25.34
(0.78) (2.39) (19.85) (8.36) (7.36) (12.36)

Table 6: Test performance (mean and std) of our surrogate loss equipped huber loss on AgeDB. We repeat the
sampling-and-training process 5 times. The metrics RR, AR, RA are scaled to 0-100.

Cost ‘ Sup RR AL RL Rej AR RA
60 59.99 44.80 177.36 97.30 95.84 1.43
(0.10) (13.97) (40.19) (2.16) (3.19) (1.17)

70 70.24 71.81 185.68 92.41 88.90 4.32
(0.50) (4.61) (26.75) (1.20) (1.75) (0.74)

30 79.67 76.43 185.14 87.23 82.63 7.83
(1.40) (12.86) (18.51) (2.08) (2.63) (1.88)

90 100.34 88.71 76.78 166.84 83.43 79.46 11.19
(3.73) (1.08) (8.93) (5.90) (11.01) (12.07) 9.13)

100 96.95 77.02 182.70 84.78 80.39 9.14
(0.67) (7.46) (13.20) (6.77) (7.29) (5.49)

110 104.29 85.84 192.05 73.52 67.73 17.41
(0.31) (6.98) (26.75) (10.39) (10.33) (9.56)

120 111.54 92.59 186.50 67.31 61.11 21.74
(2.23) (4.79) (13.73) (11.60) (11.56) (10.43)

D Additional Information of Experiments

D.1 Evaluation Metrics

We describe in detail all the evaluation metrics we used in our experiments.

RcR loss. The RcR loss (RcRloss) is the main evaluation metric for RcR. For a given example
(x,y) and rejection cost c(x), the RcR loss defined as if r(x) > 0, L(h,r, ¢, z,y) = (h(x) — y)?,

otherwise L(h,r,c, x,y) = c(x).

Rejection rate. The rejection rate (RR) is defined as w RR indicates the ratio of
rejection of our model on the test dataset.

Accepted loss. The accepted loss (AL) is defined as iy ggwl ?IE?]E(.}L)(:S])_%)? AL denotes the
i=1 2
average loss of our regressor on the accepted test dataset.

n (s () —vy; )2
Rejected loss. The rejected loss (RL) is defined as izt H[Ty(lw‘ﬁ?y)(fg]) Y RL denotes the average
T )<
loss of our regressor on the rejected test dataset.

.. . .. . . S I[(h(@s) —yi)® <c(@)I[r(2:) <O]
False rejection ratio. The false rejection ratio (AR) is defined as 12?,:1 G h(ii)—yi)z <@l .

AR denotes the ratio of instances that should be accepted that are rejected.
False acceptance ratio. The false acceptance ratio (RA) denotes the ratio of instances that should be

S I[(h (@) —yi)* > (@) |1 (2:)>0]
g (A (@) —yi)2>c(4)] :

rejected that are accepted, and is defined as
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Table 7: Test performance (mean and std) of our surrogate loss equipped hinge loss on five UCI datasets trained
with the MLP model. We repeat the sampling-and-training process 10 times. The metrics RR, AR, and RA are
scaled to 0-100.

Datasets Cost ‘ Supervised RR AL RL Rej AR RA
N 2.38 1.89 9.01 46.59 37.18 28.54
0.13) 0.23) (1.10) (3.33) (3.63) (2.69)
4 2.86 2.32 9.39 33.17 25.58 40.22
Abalone 4.44 0.13) 0.21) (1.24) (2.87) (3.23) (2.75)
5 (0.46) 3.21 2.61 9.78 26.30 19.52 45.19
(0.18) 0.29) (1.31) (2.46) (2.73) (4.04)
6 3.51 2.93 10.88 19.51 13.92 52.65
0.32) 0.47) (1.39) (3.28) @3.11) 6.12)
9 6.57 4.62 49.82 43.99 23.67 24.12
0.24) (0.53) (5.98) (4.98) (4.17) (6.29)
1 7.73 5.50 67.45 34.09 17.15 29.99
(0.36) (0.49) (12.27) (4.62) (4.32) (4.70)
Airfoil 16 8.71 6.50 83.75 23.16 9.11 36.32
irior 12.96 0.54) 0.61) (14.26) (3.91) (3.41) (5.25)
20 (2.60) 9.71 721 85.55 19.44 773 38.29
(0.50) (0.46) (12.55) (3.46) (3.51) (3.92)
25 10.81 8.29 100.88 14.75 5.23 39.74
(0.59) (1.15) (15.42) 4.51) (3.43) (12.43)
30 11.49 8.73 102.39 12.86 474 38.79
(0.87) (0.95) (13.94) (3.10) (2.15) (6.14)
4 3.67 275 12.89 64.74 55.24 23.23
0.24) 0.92) (3.57) (14.08) (15.24) (12.85)
p 491 3.53 16.61 4538 37.09 37.16
(0.82) 1.73) (5.28) (20.47) (20.75) (22.28)
Auto-mpg s 8.34 7.18 6.57 26.85 2372 20.58 66.51
(2.16) (1.70) (2.28) (15.92) (20.39) (18.82) (23.79)
10 7.19 6.88 37.08 8.85 6.63 77.04
(1.68) (1.85) (24.48) (3.41) (2.24) 13.17)
13 8.11 7.74 33.34 6.79 5.44 80.38
2.01) (2.67) (22.63) (3.49) (2.70) (10.46)
9 10.05 9.63 37.68 61.58 55.68 30.18
(1.56) (5.05) (19.06) (24.70) (28.35) (17.22)
" 10.58 9.38 7371 34.46 27.79 48.53
Housing 12.57 (2.54) (3.92) (53.32) (25.18) (26.17) (21.27)
16 (3.43) 10.34 9.56 118.43 10.56 7.10 72.29
(3.13) (3.56) (65.06) (4.96) (4.57) (13.43)
2 10.57 9.80 161.32 6.63 4.67 7731
(3.07) (3.46) (122.64) (3.91) (3.60) (14.72)
20 18.18 14.89 136.33 59.13 40.79 19.17
(1.28) (3.78) (62.30) (8.28) (12.28) (5.93)
10 2431 20.48 164.20 38.83 2239 33.07
(1.59) (3.04) (54.64) (6.48) (5.30) (8.57)
Concrete 40 34.44 28.46 24.26 212.30 26.07 11.65 43.60
(3.05) (3.00) (4.32) (65.52) (8.47) (4.46) (11.08)
50 30.70 26.59 222.34 17.38 7.07 51.86
(3.49) (4.32) (60.20) (6.32) (3.46) (8.93)
60 35.56 3232 215.29 11.70 5.48 64.22
(4.36) (5.10) (81.58) (3.06) (2.13) (7.87)

D.2 Some Results for Hinge Loss
In this section, we show some experimental results of the surrogate loss function equipped with hinge
loss, which can be formulated as follows:

U(h,rc,x,y) = (h(z) —y)?max(0,1 4 7(x)) 4 ¢(xz)max(0, 1 — r(x)).

Table 5, Table 6 and Table 7 show some of the experimental results on the AgeDB, BreastPathQ, and
UCI datasets with MLP model equipped hinge loss, respectively. From this table, we can see that
RcRloss and AL is always lower than Sup in almost all experiments, which means that our method is
effective in identifying test instances should be accepted and test instances should be rejected. It is
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Table 8: Test performance (mean and std) of our surrogate loss equipped logistic loss on five UCI datasets
trained with the Linear model. We repeat the sampling-and-training process 10 times. The metrics RR, AR, and
RA are scaled to 0-100.

Datasets Cost ‘ Supervised RR AL RL Rej AR RA
3 2.52 1.94 7.84 5477 4476 24.00

h (0.08) 0.21) (1.06) (2.66) (3.45) (1.93)

4 2.99 2.39 9.83 36.93 27.94 36.55

Abalone 4.92 0.11) 0.19) (1.44) (2.78) (3.02) (2.83)
5 0.51) 3.38 2.80 11.78 25.90 18.43 46.24

(0.18) (0.25) (1.86) (227 (2.08) (3.20)

6 3.69 3.19 13.81 17.80 11.89 55.08

(0.26) 0.31) (2.00) (1.98) (1.45) (4.19)

9 8.83 7.55 26.44 85.58 78.07 7.24

(0.35) (2.64) (1.99) (6.10) (8.53) (3.99)

12 11.31 8.76 27.59 79.93 71.90 9.74

(0.49) (2.18) (2.06) (3.65) (5.57) 1.97)

Airfoil 16 14.46 10.90 30.60 69.47 60.88 17.14
1riot 23.32 0.51) (1.46) (2.13) (6.49) (7.17) (5.66)
20 (1.54) 17.10 13.01 33.51 58.54 50.38 26.19

(0.83) 1.79) 4.17) (5.07) (5.67) (6.54)

95 19.62 15.95 35.26 39.30 34.28 47.29

(1.26) (2.52) (3.40) (5.76) (5.41) (8.82)

30 20.94 17.60 4236 25.38 21.35 61.14
(1.84) (3.18) (7.32) (8.07) (6.97) (12.70)

4 3.92 2.78 15.05 79.87 73.18 15.28

(0.26) (1.68) (4.12) (11.10) (14.13) (7.25)

6 5.73 5.25 17.98 58.97 5223 32.06
(0.70) (1.63) (6.14) (8.50) (9.69) (10.05)

Auto-mpg g 11.66 6.73 5.72 21.58 42.56 36.08 43.16
(2.26) (0.52) 0.92) (7.67) (7.84) (8.66) (11.24)

10 7.37 5.94 26.05 31.28 25.72 53.96
(0.95) (1.61) (11.45) 12.77) (10.98) (21.76)

03 8.75 7.72 28.93 19.62 17.31 69.71
(1.64) (1.94) (12.64) (4.69) (4.60) (13.77)

9 8.65 6.95 33.87 67.92 58.56 19.28

0.75) (3.16) (12.62) (11.51) (14.04) (7.94)

12 10.27 8.19 40.93 58.32 4825 23.32

Housing 24.08 (1.08) (2.90) (16.74) (10.20) (13.11) (5.75)
16 (5.34) 12.34 9.20 5031 4535 36.24 31.42

(1.14) (2.03) (19.14) (6.04) (6.00) 6.97)

20 14.19 10.48 55.08 38.42 3222 4245
(1.67) 2.72) (23.26) (6.08) (6.62) (12.64)

9 19.80 10.00 204.20 97.57 95.25 1.55

(0.29) (6.44) (63.34) (2.04) (4.29) (0.86)

30 29.51 24.08 227.13 91.17 87.60 6.02

0.92) (12.35) (99.54) (4.57) (6.54) @.11)

Concrete 0 111.12 38.09 28.95 282.98 80.34 73.83 12.05
(8.01) (1.38) (7.18) (96.63) (6.60) (7.46) (6.39)

50 46.94 34.22 242.13 75.34 68.94 15.98

(1.82) 9.57) (98.34) (10.15) (11.79) (7.51)

60 51.96 41.36 370.24 56.26 45.96 25.26

(2.08) (5.76) (113.24) (2.61) (2.24) (4.63)

worth noting that in most experiments, there is a low RA, which means that there is a higher tendency
to reject hard-to-predict test instances to avoid serious errors when equipping hinge loss.

D.3 Some Results for Logistic Loss

In this section, we show some experimental results of the surrogate loss function equipped with
logistic loss, which can be formulated as follows:

W(hr,c,,y) = (h(z) — y)*log(1 + exp(r(z))) + c(a)log(1 + exp(—r(x))).

Table 10, Table 9 and Table 8 show some of the experimental results on the BreastPathQ, and UCI
datasets with MLP model and Linear model equipped logistic loss, respectively. Our proposed method
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Table 9: Test performance (mean and std) of our surrogate loss equipped logistic loss on five UCI datasets
trained with the MLP model. We repeat the sampling-and-training process 10 times. The metrics RR, AR, and
RA are scaled to 0-100.

Datasets Cost ‘ Supervised RR AL RL Rej AR RA
3 241 1.95 8.34 43.14 33.37 33.32

(0.10) (0.18) 0.87) (2.84) (3.34) (2.81)

4 2.87 2.33 9.68 32.29 24.28 41.96

Abalone 4.44 (0.18) (0.29) (1.18) (3.28) (3.29) (3.29)
5 (0.46) 3.20 2.59 10.86 25.25 17.86 45.15

(0.20) (0.29) (1.34) (2.15) (2.02) (3.61)

6 3.48 2.82 11.54 20.44 14.74 51.48

(0.25) (0.35) (1.53) (1.72) (1.42) (4.63)

R 6.78 5.05 51.45 43.68 20.35 2375

0.47) (0.82) (4.32) (5.19) (5.21) (3.96)

» 7.96 5.79 59.74 35.05 12.94 26.90

(0.64) (0.82) (3.53) (3.02) (2.79) (3.03)

Airfoil 16 9.04 7.46 68.20 18.57 7.36 48.00
iriot 12.96 (0.56) 0.47) (10.78) (4.08) (3.14) (7.21)
20 (2.60) 9.64 7.81 74.27 15.05 5.83 4791
0.74) (0.44) (10.19) (7.76) 1.91) 11.27)

95 10.47 8.50 80.28 12.03 3.78 49.00
(1.08) (0.52) (27.67) (4.43) (1.89) (17.65)

20 10.95 8.95 89.30 9.50 2.93 50.67
1.11) (0.78) (31.58) (3.86) (1.10) (18.37)

4 3.85 3.22 11.99 62.44 54.18 25.19
(0.56) 1.51) (3.81) (10.72) 9.53) (13.29)

6 533 4.67 15.08 43.01 35.19 4125
(0.82) (1.36) (3.83) (16.01) (16.09) (15.35)

Auto-mpg 8 8.34 6.53 5.86 19.34 29.49 23.19 53.57
(2.16) (1.18) (1.53) (7.60) (13.45) (13.60) (14.78)

10 7.06 6.42 21.71 17.95 14.15 65.59
(1.60) 1.91) (8.88) (3.63) (3.48) 11.17)

5 7.80 7.04 28.55 13.59 11.05 70.15
(1.90) (2.09) (14.96) (5.35) (5.32) (14.83)

9 8.60 8.43 45.60 26.57 19.05 66.95
(2.49) (3.15) (27.02) (5.78) (5.63) (10.39)

12 9.50 8.63 63.52 25.44 17.38 52.68
Housing 12.57 (1.56) (2.10) (26.15) (6.43) (5.84) (12.58)
16 (3.43) 9.30 8.03 90.19 15.45 10.84 62.99

1.37) (1.70) (38.08) (4.30) (3.87) (9.05)

2 9.67 8.33 103.55 11.18 8.71 70.06

(1.40) a7 (54.73) (2.97) (2.70) (8.59)

20 18.65 1432 58.33 68.93 57.72 16.19

(1.41) (4.80) (15.88) (13.47) (17.08) (9.45)

20 25.64 23.16 80.43 32.85 19.30 4823
(2.50) (4.95) (14.47) (12.82) (10.81) (15.91)

Concrete 0 34.44 29.79 25.25 107.54 30.24 19.97 4438
(3.05) (2.33) (3.55) (22.18) (8.58) (7.91) 9.87)

50 31.63 25.79 120.02 24.22 15.29 47.42
(4.29) (4.22) (24.12) (11.22) (10.47) (10.35)

60 34.04 33.26 165.71 2.77 2.14 92.59
(4.48) (4.55) (62.18) (5.13) (2.93) (12.85)

significantly outperforms the supervised regression method in almost all cases, which verifies the
ability of our method to reject difficult test instances demonstrating the effectiveness of our method.
In most cases, the average loss of our method in the accepted test instances (AL) is always smaller
than the average loss of the supervised regression model (Sup) in all test instances. This further
indicates the ability of our method to identify hard-to-predict samples and reject them. On both MLP
and Linear models, our method is effective in avoiding serious errors, which verifies that our method
can be adapted to different models.
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Table 10: Test performance (mean and std) of our surrogate loss equipped logistic loss on BreastPathQ. We
repeat the sampling-and-training process 5 times. The metrics RR, AR, RA are scaled to 0-100 and Sup,
RcRLoss, AL and RL are all magnified by a factor of 1000.

Cost ‘ Sup RcRloss AL RL RR AR RA
5 441 292 35.59 71.56 47.48 5.71
(0.35) (1.51) (7.36) (3.20) (5.95) (3.02)
10 7.99 4.72 41.34 61.72 40.69 10.30
(0.47) (1.01) 9.74) (9.54) (4.90) (1.02)
15 16.77 11.52 7.98 42.67 50.48 35.50 20.18
(1.22) (0.36) (1.36) (5.87) (5.85) (4.61) (7.72)
20 13.69 8.92 63.51 43.65 31.11 22.61
(0.81) (1.05) (49.02) (5.24) (5.00) (5.72)
25 16.64 12.96 35.27 29.84 23.63 44.77
(0.94) (2.28) (2.63) (5.93) (5.42) (10.54)

Table 11: Test performance (mean and std) of our surrogate loss equipped square loss on BreastPathQ. We repeat
the sampling-and-training process 5 times. The metrics RR, AR, RA are scaled to 0-100 and Sup, RcRLoss, AL
and RL are all magnified by a factor of 1000.

Cost ‘ Sup RcRloss AL RL RR AR RA

5 4.67 3.60 36.70 69.23 44.09 6.26
(0.41) (1.17) (4.46) (4.94) (4.16) (3.25)

10 8.13 5.30 43.66 59.69 37.47 10.42
(0.38) (0.73) (6.95) (2.59) (2.40) (2.60)

15 12.02 8.83 39.83 51.70 36.78 17.65
16.77 (1.09) (2.14) (8.27) (2.56) (0.80) (2.03)

20 (1.22) 14.58 9.66 43.69 44.72 33.20 2421
(0.57) (2.55) (7.58) (9.54) (7.89) (11.09)

25 15.75 11.98 45.65 27.57 19.94 43.73
(0.76) (2.59) (7.18) (8.62) (7.86) (12.04)

D.4 Some Results for Square Loss

In this section, we show some experimental results of the surrogate loss function equipped with
square loss, which can be formulated as follows:

U(hre,,y) = (h(@) —y)*(r(z) + 1) + c(@) (r(z) - 1)*.

Table 11 and Table 12 show some of the experimental results on the BreastPathQ, and UCI datasets
with MLP model equipped square loss, respectively. When the rejection cost c is small, both RcRloss
and AL are significantly smaller than Sup. When the rejection cost c is large, RcRloss and AL are
close to Sup but always smaller, which shows the effectiveness of our method to deal with regression
with cost-based rejection.

D.5 Some Results for Sigmoid

In this section, we show some experimental results of the Sigmoid function equipped with sigmoid,
which can be formulated as follows:

Y(h,r,c,x,y) = (h(x) — y)?sigmoid(r(x)) + c(x)sigmoid(—7(x)).

Unlike other binary classification losses, sigmoid can be viewed as weight balancing prediction loss
and rejection cost due to sigmoid(r(x)) + sigmoid(—r(x)) = 1. Table 13 and Table 14 show some
of the experimental results on the BreastPathQ, and AgeDB equipped sigmoid, respectively. RcRloss
and AL are always smaller than Sup, verifying the effectiveness of our method.

In our experiments, we used multiple binary classification losses (MAE, hinge loss, logistic loss,
square loss and sigmoid) and different datasets including two deep datasets (BreastPathQ and
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Table 12: Test performance (mean and std) of our surrogate loss equipped square loss on five UCI datasets
trained with the MLP model. We repeat the sampling-and-training process 10 times. The metrics RR, AR, and
RA are scaled to 0-100.

Datasets Cost ‘ Supervised RR AL RL Rej AR RA

3 2.39 1.96 7.82 4254 32.79 32.58

(0.10) (0.19) 0.63) (2.49) (2.69) (2.63)

4 2.84 2.33 8.79 31.82 23.72 40.81

Abalone 4.44 (0.16) (0.25) 0.97) (1.87) (2.14) .7
5 (0.46) 3.18 2.60 9.89 25.37 18.32 45.65

(0.18) 0.27) (1.15) (2.13) (2.07) “4.21)

6 3.50 2.89 10.40 20.38 1437 49.83

(0.29) 0.42) (1.11) (2.17) (1.85) (5.47)

R 6.40 436 51.93 43.65 22.05 2222

(0.25) (0.36) (5.13) (3.26) (2.93) (3.1

» 7.46 5.11 61.13 33.75 15.04 27.05

0.31) (0.38) (5.83) (2.90) (3.10) (2.74)

Airfoil 16 8.57 5.81 70.20 26.98 10.54 28.83
iriot 12.96 (0.40) (0.30) (7.82) (3.23) (3.08) (1.79)
20 (2.60) 9.27 6.66 76.90 19.34 7.70 35.09

0.42) (0.43) (10.02) (2.34) (1.54) (4.65)

95 9.97 7.23 87.37 1535 5.19 32.96

(0.60) 0.51) 9.07) (2.44) (1.38) (5.61)

20 1033 7.82 85.67 11.23 3.92 37.40

(0.86) (0.79) (18.03) (1.95) (1.25) (8.27)

4 3.65 2.83 11.93 62.31 51.76 22.05
(0.26) (0.90) (3.22) (11.46) (12.43) (10.30)

6 5.19 431 18.00 39.62 33.51 47.55
0.77) (1.47) (7.69) (21.51) (21.46) (24.43)

Auto-mpg 8 8.34 6.51 5.82 22.62 29.10 2228 52.29
(2.16) (1.35) (1.74) (8.96) (14.57) (13.86) 16.21)

10 6.80 6.08 23.57 17.82 13.91 65.62

(1.16) (1.43) 9.41) (2.84) (1.93) 9.09)

5 7.28 6.45 30.51 12.69 10.05 71.16
(1.30) (1.36) (15.46) (3.74) (3.46) (15.70)

9 8.41 8.22 53.44 28.22 21.42 56.77

(1.56) (2.10) (20.25) (7.81) (7.35) (9.38)

12 9.03 8.36 76.10 17.13 12.16 66.75
Housing 12.57 (1.26) (1.64) (47.37) (5.71) (5.11) (11.99)
16 (3.43) 8.52 7.64 109.61 10.10 7.30 73.14
(1.35) (1.62) (60.72) (3.67) @.71) (13.36)

2 9.40 8.56 148.19 7.03 5.09 73.76
(1.94) (2.16) (98.03) (3.30) (2.31) (16.54)

20 19.95 18.77 75.19 55.10 4324 28.28
(2.56) (5.05) (11.68) 13.77) (14.20) (11.92)

20 25.22 22.44 103.99 33.45 2225 4375

(3.22) (5.34) (18.06) (6.93) 6.21) (9.93)

Concrete 0 34.44 31.21 28.84 127.77 21.17 12.47 56.12
(3.05) (1.50) (1.84) (19.65) (5.11) (4.12) (7.44)

50 29.55 25.00 147.99 18.01 9.87 52.49

(2.97) (3.80) (36.87) (4.62) (3.88) 9.18)

60 33.07 28.81 158.65 13.64 7.28 59.55

(3.51) (3.94) (33.36) @371 (2.91) (8.52)

AgeDB) and five uci datasets (Abalone, Airfoil, Auto-mpg, Housing and Concrete), and our method
outperformed supervised regression in most cases, which demonstrates the effective of our method.

E Limitations

In Theorem 4 and Theorem 5 we show that there is a limitation in our proposed method that requires
the binary classification loss ¢(r(x), z) to be always greater than 0. This is easily satisfied by the
design of the binary classification loss such as logistic(r(x), z) to max(«, logistic(r(x), z)), where
a > 0 is the minimum value of loss. However, to avoid the modification of the binary classification
loss, we further propose Theorem 6, which only requires the binary classification loss to be greater
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Table 13: Test performance (mean and std) of our surrogate loss equipped sigmoid on BreastPathQ. We repeat
the sampling-and-training process 5 times. The metrics RR, AR, RA are scaled to 0-100 and Sup, RcRLoss, AL
and RL are all magnified by a factor of 1000.

Cost ‘ Sup RR AL RL Rej AR RA
5 4.42 2.40 43.86 79.22 56.41 2.81
(0.17) (1.01) (10.60) (1.54) (4.19) (0.92)
10 8.44 5.09 51.35 69.34 47.12 6.39
(0.46) (1.64) (7.30) (2.56) (3.83) (1.83)
15 11.63 6.30 58.40 60.23 41.23 10.88
16.77 (0.38) (1.83) (14.79) (6.75) (5.42) (5.57)
20 (1.22) 14.31 8.91 57.83 49.19 33.84 17.31
(0.66) (1.26) (9.11) (4.68) (5.32) (3.13)
25 16.61 9.09 95.10 47.38 29.46 17.78
(0.60) (1.53) (59.42) (2.92) (4.84) 4.73)

Table 14: Test performance (mean and std) of our surrogate loss equipped sigmoid on AgeDB. We repeat the
sampling-and-training process 5 times. The metrics RR, AR, RA are scaled to 0-100.

Cost ‘ Sup RR AL RL Rej AR RA
60 60.20 60.82 129.91 88.93 85.88 7.40
(0.51) (4.67) (19.72) (7.18) (8.82) (4.89)

20 69.10 61.91 136.57 83.85 79.98 10.74
(0.71) (6.75) (32.45) (6.63) (6.76) (5.51)

%0 78.33 64.22 131.88 80.01 76.58 12.74
(1.08) (12.63) (12.46) (7.91) 9.37) (5.69)

00 100.34 84.47 73.65 134.06 68.11 63.56 2291
(3.73) (3.22) (6.28) (8.45) (11.43) (12.32) 8.91)

100 88.52 75.22 140.65 61.67 55.55 25.22
(2.36) (11.21) (8.00) (12.36) (12.55) (10.65)

1o 94.16 83.70 156.32 36.81 32.37 52.43
(3.24) (5.36) (22.43) (18.24) (16.93) (20.40)

120 99.69 90.63 158.91 28.43 25.67 64.54
(5.18) (3.51) (26.86) (20.46) (21.76) (27.32)

520 than or equal to 0, and this is easily satisfied. Extensive experiments on various datasets demonstrate
521 the effectiveness of our proposed method.
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