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ABSTRACT

We study multi-agent reinforcement learning (MARL) for the general-sum
Markov Games (MGs) under general function approximation. In order to find
the minimum assumption for sample-efficient learning, we introduce a novel
complexity measure called the Multi-Agent Decoupling Coefficient (MADC) for
general-sum MGs. Using this measure, we propose the first unified algorithmic
framework that ensures sample efficiency in learning Nash Equilibrium, Coarse
Correlated Equilibrium, and Correlated Equilibrium for both model-based and
model-free MARL problems with low MADC. We also show that our algorithm
provides comparable sublinear regret to the existing works. Moreover, our algo-
rithm only requires an equilibrium-solving oracle and an oracle that solves regular-
ized supervised learning, and thus avoids solving constrained optimization prob-
lems within data-dependent constraints (Jin et al., 2020a; Wang et al., 2023) or
executing sampling procedures with complex multi-objective optimization prob-
lems (Foster et al., 2023). Moreover, the model-free version of our algorithms is
the first provably efficient model-free algorithm for learning Nash equilibrium of
general-sum MGs.

1 INTRODUCTION

Multi-agent reinforcement learning (MARL) has achieved remarkable empirical successes in solv-
ing complicated games involving sequential and strategic decision-making across multiple agents
(Vinyals et al., 2019; Brown & Sandholm, 2018; Silver et al., 2016). These achievements have cat-
alyzed many research efforts focusing on developing efficient MARL algorithms in a theoretically
principled manner. Specifically, a multi-agent system is typically modeled as a general-sum Markov
Game (MG) (Littman, 1994), with the primary aim of efficiently discerning a certain equilibrium
notion among multiple agents from data collected via online interactions. Some popular equilibrium
notions include Nash equilibrium (NE), correlated equilibrium (CE), and coarse correlated equilib-
rium (CCE).

However, multi-agent general-sum Markov Games (MGs) bring forth various challenges. In partic-
ular, empirical application suffers from the large state space. Such a challenge necessitates the use
of the function approximation as an effective way to extract the essential features of RL problems
and avoid dealing directly with the large state space. Yet, adopting function approximation in a
general-sum MG brings about additional complexities not found in single-agent RL or a zero-sum
MG. Many prevailing studies on single-agent RL or two-agent zero-sum MGs with the function
approximation leverage the special relationships between the optimal policy and the optimal value
function (Jin et al., 2021a; Du et al., 2021; Zhong et al., 2022; Jin et al., 2022; Huang et al., 2021;
Xiong et al., 2022). In particular, in single-agent RL, the optimal policy is the greedy policy with
respect to the optimal value function. Whereas in a two-agent zero-sum MG, the Nash equilibrium
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is obtained by solving a minimax estimation problem based on the optimal value function. Contrast-
ingly, in a general-sum MG, individual agents possess distinct value functions, and thus there exists
no unified optimal value function that characterizes the equilibrium behavior. Moreover, unlike a
zero-sum MG, a general-sum MG can admit diverse equilibrium notions, where each corresponds
to a set of policies. Consequently, methodologies developed for single-agent RL or zero-sum MGs
cannot be directly extended to general-sum MGs.

Recently, several works propose sample-efficient RL algorithms for general-sum MGs. In particular,
Chen et al. (2022b); Foster et al. (2023) propose model-based algorithms for learning NE/CCE/CE
based on multi-agent extensions of the Estimation-to-Decision algorithm (Foster et al., 2021), and
they establish regret upper bounds in terms of complexity metrics that extend Decision-Estimation
Coefficient (Foster et al., 2021) to MGs. In addition, Wang et al. (2023) study model-free RL for
general-sum MGs with the general function approximation. They focus on developing a decentral-
ized and no-regret algorithm that finds a CCE. Thus, it seems unclear how to design a provably
sample-efficient MARL algorithm for NE/CCE/CE for general-sum MGs in a model-free manner.
Furthermore, motivated by the recent development in single-agent RL (Jin et al., 2021a; Du et al.,
2021; Zhong et al., 2022; Foster et al., 2021; Liu et al., 2023), we aim to develop a unified algorith-
mic framework for MARL that covers both model-free and model-based approaches. Thus, we aim
to address the following questions:

Can we design a unified algorithmic framework for general-sum MGs such that (i) it is provably
sample-efficient in learning NE/CCE/CE in the context of the function approximation and (ii) it
covers both model-free and model-based MARL approaches?

In this paper, we provide an affirmative answer to the above questions. Specifically, we propose a
unified algorithmic framework named Multi-Agent Maximize-to-EXplore (MAMEX) for general-
sum MGs with the general function approximation. MAMEX extends the framework of Maximize-
to-Explore (Liu et al., 2023) to general-sum MGs by employing it together with an equilibrium
solver for general-sum normal-form games defined over the policy space.

Maximize-to-Explore (MEX) is a class of RL algorithms for single-agent MDP and two-agent zero-
sum MGs where each new policy is updated by solving an optimization problem involving a hy-
pothesis f, which can be regarded as the action-value function in the model-free version and the
transition model in the model-based version. The optimization objective of MEX contains two
terms — (a) the optimal value with respect to the hypothesis f and (b) a loss function computed
from data that quantifies how far f is from being the true hypothesis. Here, the term (a) reflects the
planning part of online RL and leverages the fact that the optimal policy is uniquely characterized
by the given hypothesis. On the other hand, the term (b), which can be the mean-squared Bellman
error or log-likelihood function, reflects the estimation part of online RL. By optimizing the sum
of (a) and (b) over the space of hypotheses without any data-dependent constraints, MEX balances
exploitation with exploration in the context of the function approximation.

However, the first term in MEX’s optimization objective leverages the fact that the optimal policy
can be uniquely constructed from the optimal value function or the true model, using a greedy
step or dynamic programming. Such a nice property cannot be extended to general-sum MGs,
where the relationship between the equilibrium policies and value function is more complicated, and
each agent has its own value function. As a result, it is impractical to construct a single-objective
optimization problem in the style of MEX over the hypothesis space for general-sum MGs.

Instead of optimizing over the spaces of hypotheses, MAMEX optimizes over the policy space.
Specifically, in each iteration, MAMEX updates the joint policy of all agents by solving for a desired
equilibrium (NE/CCE/CE) of a normal-form game, where the pure strategies are a class of joint
policies of the n agents, e.g., the class of deterministic joint policies. Besides, for each pure strategy
of this normal form game, the corresponding payoff function is obtained by solving a regularized
optimization problem over the hypothesis space a la MEX. Thus, policy updates in MAMEX involve
the following two steps:

(i) For each pure strategy 7, construct the payoff function V;(7) for each agent i by solving
an unconstrained and regularized optimization problem;

(ii) Compute the NE/CCE/CE of the normal-form game over the space of pure strategies with
payoff functions {V;(7)}?_,, where n is the number of agents.
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The implementation of MAMEX only requires an oracle for solving a single-objective and un-
constrained optimization problem and an oracle for solving NE/CCE/CE of a normal-form game.
Compared to existing works that either solve constrained optimization subproblems within data-
dependent constraints (Wang et al., 2023), or complex multi-objective or minimax optimization
subproblems (Foster et al., 2023; Chen et al., 2022b), MAMEX is more amenable to practical im-
plementations. Furthermore, step (i) of MAMEX resembles MEX, which enables both model-free
and model-based instantiations.

We prove that MAMEX is provably sample-efficient in a rich class of general-sum MGs. To this end,
we introduce a novel complexity measure named Multi-Agent Decoupling Coefficient (MADC) to
capture the exploration-exploitation tradeoff in MARL. Compared to the decoupling coefficient and
its variants (Dann et al., 2021; Agarwal & Zhang, 2022; Zhong et al., 2022) proposed for the single-
agent setting, MADC characterize the hardness of exploration in MGs in terms of the discrepancy
between the out-of-sample prediction error and the in-sample training error incurred by minimizing
a discrepancy function ¢ on the historical data. MADC is defined based on the intuition that if
a hypothesis attains a small training error on a well-explored dataset, it would also incur a small
prediction error. When the MADC of an MG instance is small, achieving a small training error
ensures a small prediction error, and thus exploration is relatively easy. We prove that MAMEX
achieves a sublinear regret for learning NE/CCE/CE in classes with small MADCs, which includes
multi-agent counterparts of models with low Bellman eluder dimensions (Jin et al., 2021a; 2022;
Huang et al., 2021), Bilinear Classes (Du et al., 2021), and models with low witness ranks (Sun et al.,
2019; Huang et al., 2021). When specialized to specific members within these classes, MAMEX
yields comparable regret upper bounds to existing works.

Our Contributions. In summary, our contributions are two-fold.

e First, we provide a unified algorithmic framework named Multi-Agent Maximize-to-EXplore
(MAMEX) for both model-free and model-based MARL, which is sample-efficient in finding
the NE/CCE/CE in general-sum MGs with small MADCs. Moreover, MAMEX leverages an
equilibrium-solving oracle for normal-form games defined over a class of joint policies for pol-
icy updates, and a single-objective optimization procedure that solves for the payoff functions of
these normal-form games. To our best knowledge, the model-free version of MAMEX is the first
model-free algorithm for general-sum MGs that learns all three equilibria NE, CCE, and CE with
sample efficiency.

e Second, we introduce a complexity measure, Multi-Agent Decoupling Coefficient (MADC), to
quantify the hardness of exploration in a general-sum MG in the context of the function approxima-
tion. The class of MGs with low MADCs includes a rich class of MG instances, such as multi-agent
counterparts of models with low Bellman eluder dimensions (Jin et al., 2021a; 2022; Huang et al.,
2021), Bilinear Classes (Du et al., 2021), and models with low witness ranks (Sun et al., 2019; Huang
et al., 2021). When specialized to specific MG instances in these classes, we achieve comparable
regret upper bounds to existing works.

Related Works. Our paper is closely related to the prior research on Markov Games and MARL
with the function approximation. A comprehensive summary of the related literature is in §A.

2 MODELS AND PRELIMINARIES

2.1 MARKOV GAMES

For clarity, certain mathematical notations are provided in Appendix §B.

General-Sum Markov Games In this work, we consider ger_leral-sum Markov Games (MGs) in
the episodic setting, which is denoted by a tuple (S, H, A, {7”21)}@6[7,,]7%[1{], {Pn}ne[ms p), where
n is the number of agents, H is the length of one episode, S is the state set, and A = ®F ;. A;
is the joint action set. Here, 4; is the action set of the agent 7. Moreover, 7“,(;) :Sx A= Ris

the known reward function! of the agent i at step h, Py,: S x A — A(S) is the transition kernel
at the h-th step, and p € A(S) is the distribution of the initial state s;. We assume the n agents

'Our results can be extended to the unknown stochastic reward case (Agarwal & Zhang, 2022; Zhong et al.,
2022). Note that learning the transition kernel is more difficult than learning the reward.
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observe the same state at each step and each agent 7 chooses an action within its own action set .A;
simultaneously. In each episode, starting from s; ~ pg, for each h € [H], the agents choose their

joint action a;, € A in state s, where a;, = (ag), ey azn)). Then, each agent ¢ receives its own

reward rﬁf) (Sh, ap), and the game move to the next state sp+1 ~ Pr(Spt1 | Sh,an). Moreover, we
assume Zthl r}(f) (sn,ap) € [0, R] for any possible state-action sequences for some 1 < R < H.

In MGs, the agents’ policy can be stochastic and correlated. To capture such a property, we introduce
the notion of pure policy and joint policy as follows. For each agent ¢, its local (Markov) policy
maps a state s to a distribution over the local action space A;. We let I}, C {7 : S = A(A;)}
denote a subset of the agent ¢’s local policies for step h € [H], which is called the set of Markov
pure policies. We then define TI}"" = Uj,¢(zIT; ;. We assume the agent i’s policy is a random

variable taking values in IT?". Specifically, let w € €2 be the random seed. The random policy
7 = {ﬂ}(f)}he[H] for the agent i contains H mappings w}(lz) : Q= T} such that 7r,(f) (w) € 1™

h,i
is a pure policy. To execute 7(*), the agent i first samples a random seed w € €2, and then follows
the policy wfll)(w) for all h € [H]. The joint policy 7 of the n agents is a set of policies {7(V)}7_,
where w = (wy, - -+ ,w,,) are joint variables. In other words, {wﬁf) (@) }iemn) € @, IT); are random
policies of the n agents whose randomness is correlated by the random seed w. Equivalently, we
can regard 7 as a random variable over ®ZTL:1H‘,’:‘;. Furthermore, a special class of the joint policy is
the product policy, where each agent executes their own policies independently. In other words, we
have w = (w1, ...,wy,), Where wy, ... ,w, are independent, and each 7" depends on w; only. We
let 7 (a | s) denote the probability of taking action a in the state s at step h. As a result, we have

mn(a|s) =TI, 7r§f) (a | 5) for any product policy 7.

Furthermore, using the notion of pure policy and joint policy, we can equivalently view the MG as a
normal form game over [IP"" = @, I[I™™". That is, each pure policy can be viewed as a pure strategy
of the normal form game, and each joint policy can be viewed as a mixed strategy. Such a view
is without loss of generality, because we can choose II!" to be the set of all possible deterministic
policies of the agent i. Meanwhile, using a general IT?", we can also incorporate parametric policies
as the pure policies, e.g., log-linear policies (Xie et al., 2021; Yuan et al., 2022; Cayci et al., 2021).
The value function Vh(l)’7T is the expected cumulative rewards received by the agent ¢ from step A to
step H, when all the agents follow a joint policy 7, which is defined as

H
V}S’L)a’ﬂ'(s) — Eﬂ_|: Z r}(.:/)(sh'?a/h/)

h'=h

Shzs}.

We let V7 (p) = ]ESNP[Vl(i)’W(s)] denote the agent i’s expected cumulative rewards within the
whole episode. Besides, the corresponding Q-function (action-value function) can be written as

H
S)’W(Sva) = ETF|: Z T]Sl/)(sh’aah’)

h'=h

Sp = 8,ap = a}. 2.1

For a joint policy 7 and any agent i, we let 7(=%) denote the joint policy excluding the agent i. Given
7(=9, the best response of the agent i is defined as 7()-T = arg Max, e () Y @wxat =D 5y
which is random policy of the agent 7 that maximizes its expected rewards when other agents follow
7(=9), Besides, we denote p()™ = (7()F 7(=9)),

Online Learning and Solution Concepts We focus on three common equilibrium notions in the
game theory: Nash Equilibrium (NE), Coarse Correlated Equilibrium (CCE) and Correlated Equi-
librium (CE).

First, a NE of a game is a product policy that no individual player can improve its expected cumula-
tive rewards by unilaterally deviating its local policy.

Definition 2.1 (¢-Nash Equilibrium). A product policy m is an e-Nash Equilibrium if
y@n" (p) < V@Om(p) + ¢ forall i € [n], where p()™ = (7:F 7(=D) and 71 is the
best response policy with respect to 7(=%).
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In other words, a product policy 7 is an e-Nash Equilibrium if and only if

i),wxm(=9 i),
e i VO 0 VO =

In this work, we design algorithms for the online and self-play setting. That is, we control the
joint policy all agents, interact with the environment over K episodes, and aim to learn the desired
equilibrium notion from bandit feedbacks. To this end, let 7% denote the joint policy that the agents
execute in the k-th episode, k € [K]. We define the Nash-regret as the cumulative suboptimality
across all agents with respect to NE.

Definition 2.2 (Nash-Regret). For all k € [K], let 7 denote the product policy deployed in the k-th
episode, then the Nash-regret is defined as

n .
Regyp (K Z V( Dt (p) — v (P))
k=1 1i=1

By replacing the concept of NE to CCE and CE, we can define CCE-regret and CE-regret in a similar
way. The detailed definitions are provided in §C.

We note that the definitions of NE, CCE, and CE align with those defined on the normal form

L 3

game defined on the space of pure policies. That is, each agent ¢’s “pure strategy” is a pure policy
x® ¢ 1P, and the “payoff” of the agent i when the “mixed strategy” is 7 is given by V@O (p).

2.2 FUNCTION APPROXIMATION

To handle the large state space in MARL, we assume the access to a hypothesis class F, which
captures the () function in the model-free setting and the transition kernel in the model-based setting.

Model-Based Function Approximation In the model-based setting, the hypothesis class F contains
the model (transition kernel) of MGs. Specifically, we let Py = {P s --- ,Py ¢} denote the transi-
tion kernel parameterized by f € F. When the model parameters are f and the joint policy is 7w, we

denote the value function and -function of the agent 7 at the h-th step as V}EZ} (s) and Q(Z)’ (s,a)
respectively. We have the Bellman equation ng)f(& a) = r,(l)(s, a) + Egp, ;(|s,a) [Vh(Jr)l (8]

Model-Free Function Approximation In the model-free setting, we let F = @7, F(® =

;‘:1(®hH:1f,(f)) be a class of ()-functions of the n agents, where ]_-}51:) = {f}(;) :Sx A= R}isa
class of Q-functions of the agent i at the h-th step. Forany f € F, we denote fo)f (s,a) = f}(:’) (s,a)
forall ¢ € [n] and h € [H]. Meanwhile, for any joint policy 7 and any f € F, we define

VAYT(8) = Eanno)l£47 (5, )] = (£ (s, ) 7 | 9)).a
For any joint policy 7, agent 7, and step h, we define the Bellman operator 775”’77 by letting

(T (i), @) = 10 (5,0) + By oty it (8 ), musa (1)), VF € FOL22)
Note that the Bellman operator depends on the index ¢ of the agent because the reward functions of
the agents are different. Such a definition is an extension of the Bellman evaluation operator in the
single-agent setting (Puterman, 2014) to the multi-agent MGs. By definition, {Q;Z)’Tr} defined in
(2.1 is the fixed point of 7,7, i.e., Q1™ = T,V (QV)T) forall h € [H].

For both the model-based and the model-free settings, we impose the realizability assumption, which
requires that the hypothesis space F is sufficiently expressive such that it contains the true transi-

tion model or the true Q-functions. Besides, for the model-free setting, we also require that the
hypothesis classes be closed with respect to the Bellman operator.

Assumption 2.3 (Realizability and Completeness). For the model-based setting, we assume the true
transition model f* lies in the hypothesis class F. Besides, for the model-free setting, for any pure

policy mand any i € [n], we assume that Q'™ € F() and T DT E l) e ]-"( D forall h € [H].
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Covering Number and Bracketing Number. When a function class F is infinite, the d-covering
number N z(4) and the d-bracketing number Bx(4) serve as surrogates of the cardinality of F. We
put the definitions in §C.2.

Multi-Agent Decoupling Coefficient Now we introduce a key complexity measure — multi-agent
decoupling coefficient (MADC) — which captures the hardness of exploration in MARL. Such a
notion is an extension of the decoupling coefficient (Dann et al., 2021) to general-sum MGs.

Definition 2.4 (Multi-Agent Decoupling Coefficient). The Multi-Agent Decoupling Coefficient of
a MG is defined as the smallest constant dyiapc > 1 such that for any i € [n], > 0, {f*}iex) ©

F®, and {m*}c(x) C IIPU" the following inequality holds:

K K k-1
1),T 1
S WP (p) v =SSO (R 1M + - duape + 6duapcH,  (23)
k=1 ’uk 1s=1
gap
prediction error training error

where we define Vf(,i)’”k (p) = ]ESINP[VI(.?,’C’TIG (51)], and £@)3(f% 7k) is a discrepancy function that

measures the inconsistency between f* and 7%, on the historical data. The specific definitions of
{K(i)’s}ie[n]ﬁse[ i —1] under the model-free and model-based settings are given in (2.4) and (2.5).

Model-Free RL In the model-free setting, for {7*} re(k] € 1P in (2.3), the discrepancy function
(@3 f, ) for w € H'D”r is defined as

6(1)7 Z]E Shvah)’\‘ﬂ'h fh - ()W(fh+1))(sh7ah))27 Vf € ]:(i)7vs € [K] (2'4)

That is, £(9-(f, 7r) measures agent ¢’s mean-squared Bellman error for evaluating 7, when the
trajectory is sampled by letting all agents follow policy (*.

Model-Based RL We choose the discrepancy function £(9)-* in Assumption 2.5 as
H

(0575, 75 = 3 By oy DB (Prgi ([ @) [Bage ([ snoan),  225)
h=1

where Dy denotes the Hellinger distance and E pyan)~ms Means that the expectation is taken with

respect to the randomness of the trajectory induced by 7° on the true model f*. Intuitively, it

represents the expected in-sample distance of model f* and true model f*.

Note that the discrepancy between f* 7% in (2.3) is summed over s € [k — 1]. Thus, in both the
model-free and model-based settings, the training error can be viewed as the in-sample error of f*
on the historical data collected before the k-th episode. Thus, for an MG with a finite MADC, the
prediction error is small whenever the training error is small. Specifically, when the training error is
O(K®) for some « € (0,2), then by choosing a proper u, we know that the prediction error grows
as O(vV K - dyapc) = o(K). In other words, as K increases, the average prediction error decays
to zero. In single-agent RL, when we adopt an optimistic algorithm, the prediction error serves as
an upper bound of the regret (Dann et al., 2021; Zhong et al., 2022; Jin et al., 2021a). Therefore,
by quantifying how the prediction error is related to the training error, the MADC can be used to
characterize the hardness of exploration in MARL.

Compared to the decoupling coefficient and its variants for the single-agent MDP or the two-player
zero-sum MG Dann et al. (2021); Agarwal & Zhang (2022); Zhong et al. (2022); Xiong et al. (2022),
MADC selects the policy 7% in a different way In the single-agent setting, the policy 7" is always

selected as the greedy policy of f*, hence Vfr fk( ) is equivalent to the optimal value function. In
the zero-sum MG, the policy pair 7* is always selected as the Nash policy and the best response
(Xiong et al., 2022). On the contrary, in our definition, the policy ¥ is not necessarily the greedy

policy of f*. In fact, {7*} ke[K] can be any pure policy sequence that is unrelated to { f k1 ke[K]-
Assumption 2.5 (Finite MADC). We assume that the MADC of the general-sum MG of interest
is finite, denoted by dyiapc. As we will show in Section D, the class of MGs with low MADCs
include a rich class of MG instances, including multi-agent counterparts of models with low Bellman
eluder dimensions (Jin et al., 2021a; 2022; Huang et al., 2021), bilinear classes (Du et al., 2021),
and models with low witness ranks (Sun et al., 2019; Huang et al., 2021).
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3 ALGORITHM AND RESULTS

In this section, we first introduce a unified algorithmic framework called Multi-Agent Maximize-to-
EXplore (MAMEX). Then, we present the regret and sample complexity upper bounds of MAMEX,
showing that both the model-free and model-based versions of MAMEX are sample-efficient for
learning NE/CCE/CE under the general function approximation.

3.1 ALGORITHM

Algorithm 1 Multi-Agent Maximize-to-EXplore (MAMEX)
1: Input: Hypothesis class F, parameter 7 > 0, and an equilibrium solving oracle EQ.
2: fork=1,2,--- ,K do
3:  Compute Vf (m) defined in (3.1) for all w € IIP" and all ¢ € [n].

4:  Compute the NE/CCE/CE of the normal-form game defined on IIP"" with payoff functions

{Vic(ﬂ-) ?:1: ﬂ-k < EQ(VIICaV;C: U ,Vﬁ)

Sample a pure joint policy ¢* ~ 7*, and collect a trajectory {s’fl, aﬁ} ne(x) Tollowing ¢ k.
Update {L(”’k}?:l according to (3.2) (model-free) or (3.3) (model-based).
end for

A

In this subsection, we provide the MAMEX algorithm for multi-agent RL under the general function
approximation, which extends the MEX algorithm (Liu et al., 2023) to general-sum MGs. Recall
that the definitions of NE/CCE/CE of general-sum MGs coincide with those defined in the normal-
form game with pure strategies being the pure policies in IIP"". Thus, when we know the payoffs
{VOm(p)}iepn for all 7w € TIPY, we can directly compute the desired NE/CCE/CE given an equi-
librium solving oracle for the normal-form game. However, each V():™ () is unknown and has to
be estimated from data via online learning. Thus, in a nutshell, MAMEX is an iterative algorithm
that consists of the following two steps:

(a) Policy evaluation: For each k € [K], construct an estimator Vf (m) of V7 (p) for each pure
policy 7 € TIP"™ and the agent ¢ € [n] in each episode based on the historical data collected in the
previous k—1 episodes. Here, the policy evaluation subproblem can be solved in both the model-free
and model-based fashion.

(b) Equilibrium finding: Compute an equilibrium (NE/CCE/CE) for the normal-form game over the
space of pure policies with the estimated payoff functions {Vf (m)}™_,. The joint policy returned
by the equilibrium finding step is then executed in the next episode to generate a new trajectory.

By the algorithmic design, to strike a balance between exploration and exploitation, it is crucial to
construct {V:C(ﬂ) ©_, in such a way that promotes exploration. To this end, we solve a regularized
optimization problem over the hypothesis class F(*) to obtain Vf(ﬂ), where the objective function
balances exploration with exploitation. We introduce the details of MAMEX as follows.

Policy Evaluation. For each k € [K], before the k-th episode, we have collected k — 1 trajectories
U=l — U st ab et - st by, vt} Forany i € [n], m € TIP™ and f € F(2, we can
define a data-dependent discrepancy function L()*=1(f 7 71*=1) Such a function measures the
in-sample error of the hypothesis f with respect a policy 7, evaluated on the historical data 72+~
The specific form of such a function differs under the model-free and model-based settings. In par-
ticular, as we will show in (3.2) and (3.3) below, under the model-free setting, L()-F=1(f, 7, 71%-1)
is constructed based on the mean-squared Bellman error with respect to the Bellman operator ’7'h(i)’Tr
in (2.2), while under the model-based setting, L():*=1(f, 7 71*~1) is constructed based on the

negative log-likelihood loss. Then, for each = € TIP"* and i € [n], we define Vf(w) as

Vi) = sup {VORE(f) = VOT(p) - LS (fm s b G
feF® ——
(a) (b)

?For ease of notation, under the model-based setting, we denote F () = F for all agent i € [n].
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Equilibrium Finding. Afterwards, the algorithm utilizes the equilibrium oracle EQ (Line 4 of
Algorithm 1) to compute an equilibrium (NE/CCE/CE) for the normal-form game over IIP"" with

payoff functions {Vf (7)}_,. The solution to the equilibrium oracle is a mixed strategy 7", i.e., a
probability distribution over ITP"".

Finally, we sample a random pure policy ¢* from 7* and execute (¥ in the k-th episode to generate
a new trajectory. See Algorithm 1 for the details of MAMEX. Here, we implicitly assume that
IIPYT is finite for ease of presentation. For example, IIP"" is the set of all deterministic policies.
When ITP"" is infinite, we can replace IIP" by a 1/K-cover of IIP"" with respect to the distance
d? (D, 70) = maxses |7 (- [ 5) = 7O (- | 5)]lr.

Furthermore, the objective V(i)mk (f) in (3.1) is constructed by a sum of (a) the value function
Vf(l)’ﬂ(p) of 7 under the hypothesis f and (b) a regularized term —n - L)*=1(f 7 71k=1) and

the payoff function V?(ﬂ') is obtained by solving a maximization problem over F(*). The two
terms (a) and (b) represent the “exploration” and “exploitation” objectives, respectively, and the
parameter 7 > 0 controls the trade-off between them. To see this, consider the case where we
only have the term (b) in the objective function. In the model-based setting, (3.1) reduces to the
maximum likelihood estimation (MLE) of the model f given the historical data 7lk=1 " Then 7¥
returned by Line 4 is the equilibrium policy computed from the MLE model. Thus, without term
(a) in XA/(Z')”“’“( f), the algorithm only performs exploitation. In addition to fitting the model, the
term (a) also encourages the algorithm to find a model with a large value function under the given
policy m, which promotes exploration. Under the model-free setting, only having term (b) reduces
to least-squares policy evaluation (LSPE) (Sutton & Barto, 2018), and thus term (b) also performs
exploitation only.

Comparison with Single-Agent MEX (Liu et al., 2023). When reduced to the single-agent MDP,
MAMEX can be further simplified to the single-agent MEX algorithm (Liu et al., 2023). In par-
ticular, when n = 1, equilibrium finding is reduced to maximizing the function defined in (3.1)
over single-agent policies, i.e., max, max e r V™k(f). By exchanging the order of the two max-
imizations, we obtain an optimization problem over the hypothesis class F, which recovers the
single-agent MEX (Liu et al., 2023). In contrast, in general-sum MGs, the equilibrium policy can
no longer be obtained by a single-objective optimization problem. Hence, it is unviable to directly
extend MEX to optimize over hypothesis space in MARL. Instead, MAMEX solves an optimization
over F in the style of MEX for each pure policy m € IIP", and then computes the NE/CCE/CE of
the normal-form game over the space of pure policies.

Comparison with Existing MARL Algorithms with Function Approximation Previous RL al-
gorithms for MGs with the general function approximation usually require solving minimax opti-
mization (Chen et al., 2022b; Zhan et al., 2022a; Foster et al., 2023) or constrained optimization
subproblems within data-dependent constraints (Wang et al., 2023). In comparison, the optimiza-
tion subproblems of MEX are single-objective and do not have data-dependent constraints, and thus
seem easier to implement. For example, in practice, the inner problem can be solved by a regularized
version of TD learning (Liu et al., 2023), and the outer equilibrium finding can be realized by any
fast method to calculate equilibrium (Hart & Mas-Colell, 2000; Anagnostides et al., 2022).

In the following, we instantiate the empirical discrepancy function L()-*=1 for both the model-free
setting and the model-based setting.

Model-Free Algorithm Under the model-free setting, we define the empirical discrepancy function
L as follows. Forany h € [H] and k € [K], let £} = {s},a}, sf ,}. Forany i € [n], 7 € IIP"" and

f e F4, we define

S

-1

H
L(i)vk_l(f’ﬂ-77'1:k ! Z |: fh,faﬁ )) _f/in]f(i) (li(ll)(givf/7f77r))2:|7 (3.2)

h=1j=1 n€

where 11(¢7, f,9.7) = (fu(sh, @) = 11 (shoa]) = (gnsa(shigs s mnen (- | shy0)))% s the
mean-squared Bellman error involving f5, and gp, 1.
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In Lemma E.1, we can show that L()#=1(f, 7, 71#=1) is an upper bound of S F_! ¢ (f, ),

where ¢(9)-5 is defined in (2.4). Thus, the function L®:k=1 can be used to control the training error
in the definition of MADC.
Model-Based Algorithm For the model-based setting, we define L(V)-*~! as the negative log-
likelihood:
H k-1 . o
LOk=Y(g o plik=1y — Z Z —log Py s (s} 4 | 55, a},). (3.3)
h=1j=1

As we will show in Lemma E.3, the function L(9:+~1
(2.3), where ()% is defined in (2.5).

can be used to control the training error in

3.2 THEORETICAL RESULTS

In this subsection, we present our main theoretical results and show that MAMEX (Algorithm 1) is
sample-efficient for learning NE/CCE/CE in the context of general function approximation.

Theorem 3.1. Let the discrepancy function ¢ (1):5 i (2.3) be defined in (2.4) and (2.5) for model-free
and model-based settings, respectively. Suppose Assumptions 2.3 and 2.5 hold. By setting K > 16
and n = 4/v/K < 1, with probability at least 1 — d, the regret of Algorithm 1 after K episodes is
upper bounded by

Regng,cop,cr(K) < 6<HH\/?TF,6 + ndyapcVE + ndMADCH>7

where O(-) hides absolute constants and polylogarithmic terms in H and K, and YTr; is a
term that quantifies the complexity of the hypothesis class F. In particular, we have Trs =
R?log(max;e [y Nro (1/K) - [TIP"|/6) in the model-free setting and Y7 5 = log (Br(1/K)/d)
in the model-based setting.

Theorem 3.1 shows that our MAMEX achieves a sublinear v/K -regret for learning NE/CCE/CE,
where the multiplicative factor depends polynomially on the number of agents n and horizon H.
Thus, MAMEX is sample-efficient in the context of the general function approximation. More-
over, the regret depends on the complexity of the hypothesis class via two quantifies — the MADC
dyapc, which captures the inherent challenge of exploring the dynamics of the MG, and the quan-
tity Y r 5, which characterizes the complexity of estimating the true hypothesis f* based on data.
To be more specific, in the model-free setting, since we need to evaluate each pure policy, T 5 con-
tains log [IIP**| due to uniform concentration. When reduced to the tabular setting, we can choose
IIP" to be the set of deterministic policies, and both Y = 5 and dyapc are polynomials of |S| and
| A]. Furthermore, when specialized to tractable special cases with function approximation and some
special pure policy class such as log-linear policy class Cayci et al. (2021), we show in §D that The-
orem D.§ yields regret upper bounds comparable to existing works. Moreover, using the standard
online-to-batch techniques, we can transform the regret bound into a sample complexity result. We
defer the details to §E.3.

4 CONCLUSION

In this paper, we study multi-player general-sum MGs under the general function approximation.
We propose a unified algorithmic framework MAMEX for both model-free and model-based RL
problems with the general function approximation. Compared with previous works that either solve
constrained optimization subproblems within data-dependent sub-level sets (Wang et al., 2023), or
complex multi-objective minimax optimization subproblems (Chen et al., 2022b; Foster et al., 2023),
the implementation of MAMEX requires only an oracle for solving a single-objective unconstrained
optimization problem with an equilibrium oracle of a normal-form game, thus being more amenable
to empirical implementation. Moreover, we introduce a complexity measure MADC to capture the
exploration-exploitation tradeoff for general-sum MGs. We prove that MAMEX is provably sample-
efficient in learning NE/CCE/CE on RL problems with small MADCs, which covers a rich class of
MG models. When specialized to the special examples with small MADCs, the regret of MAMEX
is comparable to existing algorithms that are designed for specific MG subclasses.
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Appendix
A RELATED WORK

Markov Games Markov Game (MG) (Littman, 1994) is a popular model of multi-agent reinforce-
ment learning, which generalizes the Markov decision process to multiple agents. A series of recent
works design the sample-efficient algorithm for two-agent zero-sum games (Wei et al., 2017; Zhang
et al., 2020; Xie et al., 2020; Bai et al., 2020; Bai & Jin, 2020; Bai et al., 2021; Zhao et al., 2021;
Huang et al., 2021; Jin et al., 2022; Chen et al., 2022b;d). For instance, Bai & Jin (2020) provide a
sample-efficient algorithm in an episodic MG based on optimistic value iteration. Xie et al. (2020);
Chen et al. (2022d) mainly focus on zero-sum MGs with a linear structure. Huang et al. (2021);
Jin et al. (2022); Chen et al. (2022b) further consider the two-player zero-sum MGs under general
function approximation, and provide algorithms with a sublinear regret. Another line of research
focuses on general-sum MGs with multiple players (Jin et al., 2020a; Liu et al., 2021; Tian et al.,
2021; Jin et al., 2021b; Song et al., 2021; Liu et al., 2022b; Daskalakis et al., 2022; Zhan et al.,
2022a; Cui et al., 2023; Wang et al., 2023). Some of previous works (Liu et al., 2021; Tian et al.,
2021; Liu et al., 2022b) consider learning all three equilibrium notions — NE, CCE, and CE —
and their regret or sample complexity results are exponential in the number of agents. To break this
exponential curse, some existing works propose decentralized algorithms for learning CCE or CE
rather than NE (Jin et al., 2021b; Daskalakis et al., 2022; Zhan et al., 2022a; Cui et al., 2023; Wang
et al., 2023).

Moreover, there are also some works to study how to learn the equilibrium from a practical per-
spective. The EGTA (Wellman, 2006) uses a graph to represent the deviation for all profiles and
identify the Nash equilibrium and whether a profile is relatively stable. Note if we want to evaluate
all profiles and construct the whole graph, we need many samples to estimate the payoff functions
for each profile, and then identify all the deviations and construct the graph. The author also men-
tions that one may apply machine learning techniques to fit a payoff function over the entire profile
space given the available data. In fact, we use the function approximation technique to derive an
estimate of all the profiles without estimating all the profiles. Thus, our approach can be considered
as a learning approach to evaluate all the profiles.

Some previous works (Lanctot et al., 2017; Marris et al., 2021) propose a practical algorithm PSRO
to compute the equilibrium in Markov Games, which also needs an equilibrium-solving oracle to
learn the equilibrium. To be more specific, the PSRO learns the equilibrium in the following way:
At first, every player chooses a uniform policy as their strategy. The algorithm then calculates the
equilibrium by a meta-solver and trains an oracle that outputs the best response 7; of the equilibrium
for player ¢. After that, the algorithm adds m; into the strategy space of the player 7. Last, the
algorithm simulates all the new joint policy and construct a new normal-form game for the next
iteration. However, in each iteration, it should simulate all the new joint policies and estimate
the return. Consequently, the sample complexity increases exponentially as the iteration rounds
increase. Different from PSRO, MAMEX utilizes the function approximation technique to the value
function. The precise characterization of the structure of the value function can help us to evaluate
the policy without actually simulating the environment with more samples. To be more specific,
at each round, instead of simulating the environment and getting a Monte-Carlo return of each
joint policy, MAMEX only needs to solve a regularized optimization problem over the function
space of the value function. The solution of the optimization problem is used to be a payoff for
the normal-form game. Since solving this optimization subproblem does not need to additional
samples, MAMEX bypasses the requirement for exponential samples to simulate the environment
and estimate the value for each joint policy . This characteristic enhances its sample efficiency in
comparison to PSRO.

MARL with Function Approximation There are many papers working on multi-player general-
sum MGs with the function approximation (Zhan et al., 2022a; Ni et al., 2022; Chen et al., 2022b;
Wang et al., 2023; Cui et al., 2023; Foster et al., 2023) that build upon previous works for function
approximation in the single-agent setting (Jiang et al., 2017; Sun et al., 2019; Jin et al., 2020b;
Wang et al., 2020b; Dann et al., 2021; Du et al., 2021; Jin et al., 2021a; Foster et al., 2021; Chen
et al., 2022c; Agarwal & Zhang, 2022; Zhong et al., 2022; Liu et al., 2023). In recent years, Xiong
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et al. (2022) consider the multi-agent decoupling coefficient in the two-player zero-sum MGs, and
provide the posterior sampling algorithm. However, unlike a zero-sum MG, a general-sum MG
can have various equilibrium concepts, each of which aligns with a specific set of policies. Hence,
their definition of the multi-agent decoupling coefficient cannot be extended to the general-sum
setting. Chen et al. (2022b) and Foster et al. (2023) generalize the complexity measure Decision-
Estimation Coefficient (DEC), and learn the equilibria in model-based general-sum MGs. Ni et al.
(2022) provide both a model-based algorithm and a model-free algorithm for the low-rank MGs.
Some previous works (Zhan et al., 2022a; Wang et al., 2023; Cui et al., 2023) provide model-free
algorithms that learn CCE and CE with polynomial sample complexity. Compared to their works,
this paper provides a unified algorithmic framework for both model-free and model-based MARL
problems, which learns NE/CCE/CE efficiently under general function approximation and provides
comparable regret to existing works. In particular, our work provides the first model-free algorithm
for learning NE/CCE/CE of general-sum MGs in the context of the general function approximation.

B NOTATION

For n sets Fi,--- ,Fp, we let ®_;F; denote F; X --- x Fp,. For a set A, we denote A(A) as
a set of probability distributions over A. For a vector z € R™, we denote ||z]1 = > i, |2il,
lzll2 = V>, 2? and ||z]oc = max!", |z;|. For a function f : X +~ Y, we denote

= sup,cy |f(z)| as the infinity norm. For two functions f,g : A — R, we denote
(fig)a = Eqealf(x)g(x)] as the inner product with respect to the set .A. For a Hilbert space
V and f,g € V, we denote (f, g}y as the inner product defined in the Hilbert space V, and || f]y
is the norm defined in Hilbert space V. For two distributions over P, Q) € A(X), the Hellinger dis-

tance is defined as D3 (P[|Q) = 1E,p[(\/dP(z)/dQ(z) —1)?]. For a vector z € R, the softmax
mapping is denoted by Softmax(x) € R? with (Softmax(x))i =e"/ Y el €

C ADDITIONAL DEFINITIONS

C.1 NE/CCE/CE-REGRET

In the following, we provide the definitions of Coarse Correlated Equilibrium (CCE), Correlated
Equilibrium (CE), and the corresponding regret CCE-regret and CE-regret. A Coarse Correlated
Equilibrium is a joint policy 7 such that no agent can achieve higher rewards by only changing its
local policy. Compared with a NE, a CCE allows different agents to be correlated, while NE only
considers product policies.

Definition C.1 (¢-Coarse Correlated Equilibrium). A joint policy m is a e-Coarse Correlated Equi-

librium if V(@7 (p) < V@7 (p) + ¢ foralli € [n].

Here, the definition of -CCE is similar to that of an ¢-NE. But here 7 is a joint policy, i.e., the
randomness of the local policies of the n agents can be coupled together. As a result, CCE is a more
general equilibrium notion than NE. Similarly, we can define the CCE-regret, which represents the
cumulative suboptimality across all agents with respect to CCE.

Definition C.2 (CCE-Regret). For all k € [K], let 7% denote the joint policy that is deployed in the
k-th episode, then the CCE-regret is defined as

n

K o .
Regoep(K) =Y Y (VO™ (o) — v ().

k=11i=1

Last, the Correlated Equilibrium has been extensively studied in previous works for MARL (Jin
et al., 2020a; Chen et al., 2022b; Cui et al., 2023; Wang et al., 2023). To introduce the concept of
CE, we need first to introduce the strategy modification. A strategy modification for the i-th agent
is a mapping ¢; : II'"" — II®™. Given any random policy m, the best strategy modification for i-th

agent is defined as arg max,,, By, [V‘f’i(“(i))xv(ﬂ) (p)]. A CEis a joint policy 7 such that no agent
can achieve higher rewards by only changing its local policy through strategic modification.

Definition C.3 (¢-Correlated Equilibrium). A joint policy w is a e-Correlated Equilibrium if
maxy, By [V )0Y ()] < V() 4 ¢ for any agent i € [n).

17



Published as a conference paper at ICLR 2024

We can similarly define CE-regret as the sum of suboptimality terms with respect to CE.

Definition C.4 (CE-Regret). For any k € [K], let 7% denote the joint policy that is deployed in the
k-th episode, the CE-regret is defined as
L ONWHED) k
Regep(K) = (mawak (Ve () -y <p>) :
. ¢i
k=1 1=1

Compared to the NE/CCE regret, the strategy modification of one agent in CE can be correlated to
the policies of other agents. Instead, the best response is independent of the other agents.

C.2 COVERING NUMBER AND BRACKETING NUMBER

When a function class F is infinite, the d-covering number and the J-bracketing number serve as
surrogates of the cardinality of F. Intuitively, the d-covering number is the minimum number of
balls of radius ¢ required to cover a set.

Definition C.5 (-Covering Number). The d-covering number of a function class F with respect to
distance metric d, denoted as N’z (4, d), is the minimum integer ¢ satisfying the following property:
there exists a subset 7/ C F with |F’| = ¢ such that for any f; € F we can find fo € F’' with
d(f1, f2) < 6. To simplify the notation, we write N=(4, | - ||oo) as N7 (4).

Definition C.6 (5-Bracketing Number). A §-bracket of size N is a bracket {gi, g5}~ ;, where g!
and g4 are functions mapping any policy 7 and trajectory 7 to R, such that for all i € [N], 7 € II
we have ||g¢(m,-) — gi(m,-)|| < 4. Also, for any f € F, there must exist an i € [N] such that
gi(m, ) < Pi(rh) < g4 (, 71 ) for all possible 7 and 7. The J-bracketing number of F, denoted
by Bx(6), is the minimum size of a d-bracket.

D RELATIONSHIPS BETWEEN MADC AND TRACTABLE RL PROBLEMS

In this section, we show that the class of MGs with finite MADCs contains a rich class of models.
Thus, when applied to these concrete MARL models, Theorem 3.1 shows that MAMEX learns
NE/CCE/CE with provable sample efficiency.

In the sequel, we instantiate the discrepancy function £(*):* for both model-free and model-based
MARL, and introduce some concrete general-sum MG models that satisfy Assumption 2.5.

D.1 MODEL-FREE MARL PROBLEMS

Now we provide function classes with small MADCs including multi-agent counterparts of models
with low Bellman eluder dimensions (Jin et al., 2021a; Huang et al., 2021) and Bilinear Classes (Du
etal., 2021). Then, we introduce some concrete examples in these members and show that the regret
upper bound of MAMEX in Theorem 3.1, when specialized to these special cases, are comparable
to existing works.

Multi-Agent Bellman Eluder Dimension Recently, Jin et al. (2021a) introduce a model-free
complexity measure called Bellman Eluder dimension (BE dimension)and show that function
classes with low BE dimensions contain a wide range of RL problems such as linear MDP (Jin
et al., 2020b), kernel MDP (Jin et al., 2021a) and function classes with low eluder dimension (Wang
et al., 2020a). In this subsection, we extend the notion of BE dimension to MARL. First, we intro-
duce the definition of e-independence between distributions and the concept of distribution eluder
dimension.

Definition D.1 (e-Independent Distributions). Let G be a function class on X, and v, pq,- -+ , fin
are probability distributions over X'. We called v is e-independent of {11 - - - p,, } With respect to G

if there exists a function g € G such that />, (E,,[g])? < £ and |E,[g]| > ¢.

By this definition, if v is e-dependent of {1, - - - , . }, then whenever we have /Y . (E,,;[g])? <
e for some g € G, we also have |E,[g]| < e.
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Definition D.2 (Distribution Eluder Dimension). Let G be a function class on X" and D be a family
of probability measures over X'. The distributional eluder dimension dimpg (G, D, €) is the length
of the longest sequence p1, - - , p, € D such that there exists ¢’ > ¢ where p; is ¢’-independent of
{p1,+,pi—1} foralli € [n].

In other words, distributional eluder dimension dimpg (G, D,¢) is the length of the longest se-
quences of distributions in D such that each element is £’-independent of its predicessors with
respect to G, from some € > e. Such a notion generalizes the standard eluder dimension Russo
& Van Roy (2013) to the distributional setting. When we set D to be the set of Dirac measures
{02(:) }zex, the distributional eluder dimension dimpg (G — G, D, ) reduces to the standard eluder
dimension introduced in Russo & Van Roy (2013). Here, G — G = {¢g1 — ¢2: 91,92 € G}.

For any agent 7 and any pure policy m € II?"", we denote the function class of the Bellman residual

as .7-'}(::)’” ={fn=TD7fr 1| f € FO). Now we introduce the definition of the multi-agent BE
dimension with respect to a class of distributions.

Definition D.3 (Multi-Agent Bellman Eluder Dimension). Let D = {Dp, }xe[x be a set of H
classes of distributions over S x A, one for each step of an episode. The multi-agent Bellman eluder
(BE) dimension with respect to D is defined as

. N . (i),
dimmape(F, D, ) = }{2?13(] lzTel%f]( {dlmDE( GLHJPM Fy ,Dh,s)}. (D.1)

In other words, the multi-agent BE dimension is defined as the maximum of the distribution eluder

dimensions with respect to Dj,, based on the agent-specific Bellman residue classes | . ¢ pur ,(li)’ﬂ.
Compared with the BE dimension for single-agent RL (Jin et al., 2021a), the multi-agent version
takes the maximum over the agent index ¢ € [n], and the function class involves the union of the

function class F, }(Ll)’ﬂ for all m € IIPY. In comparison, leveraging the facts that the optimal policy is
the greedy policy of the optimal value function, and that the optimal value function is the fixed point
of the Bellman optimality operator, it suffices to only consider residues of the Bellman optimality
operator in the definition of single-agent BE dimension. In contrast, for general-sum MGs, finding
the desired equilibrium policies is not a single-objective policy optimization problem, and the notion
of the Bellman optimality operator is not well-defined. As a result, to extend the concept of Bellman

eluder dimension to general-sum MGs, in the function class, we take into account J, ,52)’” for all
m € IIP", which correspond to evaluating the performance of all the pure policies. Besides, in
(D.1), we also take the maximum over all agents ¢ € [n] and all steps h € [H], which aligns with
the definition of single-agent BE dimension.

Furthermore, in the definition of multi-agent BE dimension, we need to specify a set of distributions
D = {Dn}nem over S x A. We consider two classes. First, let Da = {Da » }ne[m) denote a class
of probability measures over S x A with Da p, = {6(5,0)(-) | (5,a) € S x A}, which contains all
the Dirac measures that put mass one to a state-action pair at step h. Second, given the set of pure
policies IIP"", we let Dy = {DHJL} he[H] denote a class of probability measures induced IIP"" as
follows. For any m € ITP"*, when all the agents follow 7 on the true MG model, they generate a
Markov chain {sp, ap} nelr] Whose joint distribution is determined by 7, denoted by P™. Then, for
any h € [H|, we define Dryj, = {p € A(S x A) | p(-) =P ((sp,an) =-),m € IIP"}, ie., Dy,
denotes the collection of all marginal distributions of (sy,, ay) induced by pure policies.

In the following, to simplify the notation, we denote
diIIlMABE(]:7 E) = Hlin{diHlMABE(.7:7 'DA, E), dimMABE(]:7 DH, E) } . (D.2)

The following theorem shows that, when F satisfies realizability and completeness (Assumption
2.3), for a general-sum MG with a finite multi-agent BE dimension given by (D.2), its multi-agent
decoupling coefficient (Definition 2.4) is also bounded. In other words, Assumption 2.5 holds any
general-sum MG model with a low multi-agent BE dimension. As a result, the class of MGs with fi-
nite multi-agent BE dimensions is a subclass of MGs with finite multi-agent decoupling coefficients.

Theorem D.4 (Low Multi-Agent BE Dimension C Low MADC). Let K any integer and let 7 be a
hypothesis class under the model-free setting, i.e., a class of Q-functions. Assume that F satisfy the
realizability and completeness condition specified in Assumption 2.3. Suppose that F has a finite
multi-agent BE dimension d = dimyapg (F, 1/K), then with the discrepancy function £(*):* given
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in (2.4), the multi-agent decoupling coefficient of F satisfies dyapc = O(dH log K), where O(-)
omits absolute constants.

Proof. See §F.1 for a detailed proof. O

Combining Theorem 3.1 and Theorem D.4, we obtain that MAMEX achieves a sublinear
O(ndHVEK +ndH?+nHR?*VK log Y r 5) regret for function classes with a finite multi-agent BE
dimension d. It remains to see that that function classes with low multi-agent BE dimensions contain
a wide range of RL problems. To this end, we prove that if the eluder dimension (Russo & Van Roy,
2013) of the function class ]—'f(f) is small for all h € [H] and i € [n], then F = ®?:1(®£1=1]:}(f))
has a low multi-agent BE dimension. Function classes with finite eluder dimension contains linear,
generalized linear, and kernel functions (Russo & Van Roy, 2013), and thus contains a wide rage of
MG models. On these MG problems, the model-free version of MAMEX achieve sample efficiency
provably.

Theorem D.5. Suppose F satisfies Assumption 2.3. For any ¢ € [n] and h € [H], let dimg (F, lgi)7 €)
denote the eluder dimension of F, }(Ll), which is a special case of the distributional eluder dimension
introduced in Definition D.2. That is, dimg(F.", £) is equal to dimpg (F." — F{, Da, ), where

.7:;(:) — }"}(f) ={g:9=fi—fo, f1,[2 € ]—',(Li)} and Da contains the class of dirac measures on
S x A. Then, the multi-agent BE dimension defined in (D.2) satisfy

dimyage(F,e) < 15161[33(] ?61?5]4 dimE(]:,(Li)a £).

Proof. See §F.2 for a detailed proof. O

Multi-Agent Bilinear Classes Bilinear Classes (Du et al., 2021) consists of MDP models where
the Bellman error admits a bilienar structure. On these models, Du et al. (2021) propose online RL
algorithms that are provably sample-efficient. Thus, Bilinear Classes is a family of tractable MDP
models with general function approximation. In the sequel, we extend Bilinear Classes to general-
sum MGs and show that such an extension covers some notable special cases studied in the existing
works. Then, we prove that multi-agent Bilinear Classes have a small MADC, thus satisfying the
Assumption 2.5. Therefore, when applied to these problems, MAMEX provably achieves sample
efficiency.

Definition D.6 (Multi-Agent Bilinear Classes). Let )V be a Hilbert space and let (-, )y and || - ||y
denote the inner product and norm on V. Given a multi-agent general-sum MG with a hypothesis
class F satisfying Assumption 2.3, it belongs to multi-agent Bilinear Classes if there exist H func-

tions {W," : F) x TP s VI for each agent i € [n] and {X}, : IIP™ — V};T | such that
the Bellman error of each agent ¢ can be factorized using W}El) and X} That is, for each ¢ € [n],
feFW helH], n,x" €IP™, we have

’E(sh,ah)wf [fn(sn,an) — T;(li)(sh, an) — Egpy (s')sn,an) (a1 (8" ) Tyt (- | 51)>A]‘

= [ (fm) = WO O D), X (7)) (D.3)

o

where ()7 = (ﬂ'(i)’T, 7(=%) is the best response for i-th agent given that the other agents all follow

x. Here, the function ‘/"(")’“(i)ﬂr is the fixed point of T Je.

i), (i),m i), (8),m ()7
FRTT @O T (D.4)

Moreover, we require that { W}Ei), Xn}nerm) satisty a regularity condition

sup | Xn(m)lv <1, sup W (f,m)lv < Bw,  (D.5)
meTIP he[H] i€ln),feF @ mellvw he[H]

where Byy is a constant.
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In this definition, for any 7 € IIP" and f € F(¥),

fh(8h7 G;h) - T}(LZ) (Sh’ ah) - ES’NPh(S’|8h,ah) <fh+1(8/7 ')7 7Th+1(' | S/)>A
is the Bellman error of f at (sp,, ap,) for evaluating policy 7 on behalf of agent ¢. On the left-hand side
of (D.3), we evaluate such a Bellman error with respect to the distribution induced by another policy
7', Equation (D.3) shows that this error can be factorized into the inner product between W,sl) and
X }(f), where both W}(Ll) only involves (f, 7) while X }(LZ) only involves 7', Thus, multi-agent Bilinear
Classes specifies a family of Markov games whose Bellman error satisfies a factorization property.
Furthermore, recall that the best response 7()-T = max, e A (1) Vv is attained at some pure

policy, thus we have ()™ e IIP". Under Assumption 2.3, the fixed point f @17 i (D4) is
guaranteed to exist and belongs to F.

We define X}, = {Xp(7) : f € F,m e I™}and X = Ule Ay The complexity of the multi-
agent bilinear class essentially is determined by the complexity of the Hilbert space V. To allow V be
infinite-dimensional, we introduce the notion of information gain, which characterizes the intrinsic
complexity of V in terms of exploration.

Definition D.7 (Information Gain). Suppose V is a Hilbert space and X C V. For ¢ > 0 and integer
K > 0, the information gain vk (¢, X) is defined by

K
1
vx(e,X) = max Xlogdet <I+ - Zwkx;r) .

L1, TKE
1 K b1

The following theorem shows that multi-agent Bilinear Classes with small information gain have
low MADCs.

Theorem D.8 (Multi-Agent Bilinear Classes C Low MADC). For a general-sum MG in the multi-
agent bilinear class with a hypothesis class F, let yx (¢, X) = Zthl vk (€, Xp,) be the information

gain. Then, Assumption 2.5 holds with the discrepancy function £(V)-* given in (2.4). In particular,
we have
dyapc < max {1,8R* - vx(1/(KBjy), X)},

where By is given in (D.5) and R € (0, H| is an upper bound on Zf The
Proof. See §F.3 for a detailed proof. O

Now we introduce some concrete members of multi-agent Bilinear Classes, which are general-sum
MGs with linear function approximation. In single-agent RL, linear Bellman complete MDPs (Wang
et al., 2019) assume that the MDP model satisfies the Bellman completeness condition with respect
to linear QQ-functions. We can extend such a model to general-sum MGs.

Example D.9 (Linear Bellman Complete MGs). We say a Markov Game is a linear Bellman com-
plete MG of dimension d, if for any step h € [H] there exists a known feature ¢, : S x A + R?
with ||y (s,a)|| < 1forall (s,a) € S x A such that Assumption 2.3 holds for linear functions of

on. In other words, the Markov game satisfies Assumption 2.3 with ]-",Si) C{p)0|0€R |02 <
V/dg}for all i € [n] and h € [H], where dy > 0 is a parameter.

It is easy to see that Linear Bellman complete MGs belong to multi-agent Bilinear Classes by choos-
ing

Xi(m) = Exld(snoan)] € R W (fom) = 00 —w'l),
where 0 5, satisfies that f(sp,ap) = QIhgbh(sh, ap), and w?% satisfies that?
(w;f)h)—rth(shv ah) - r}(zi)(shv ah) + ES’N]P’}L(~\S;L,G}L)<fh+1(s/a ')a 7Th+1(' I 8/)>A

=T (fns1) € Fi

3If there are multiple 6 satisfying the requirement, we can break the tie arbitrarily.
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Then, we have X, €V = {¢ € R?: ||¢||z < 1} forall h € [H] and By = 2V/d. It can be shown
that the logarithm of 1/K-covering number of F is log(N#(1/K)) = O(d), and the information
gain can bounded by

H H

k(1/Bjy K, X) =Y vk(1/Bfy K, &) < Z (1/4dK, X,,) = O(Hd),

h=1 h=1
where © omits absolute constants and logarithmic factors (Du et al., 2021; Wang et al., 2020b).
Thus, by Theorem 3.1, MAMEX achieves a O(ndH R2VK + nHR?*VK log [IIP"| + ndH?) re-

gret. For the single-agent setting, comparing to the state-of-the-art O(dH VK ) regret when R = 1
(Zanette et al., 2020; Chen et al., 2022c¢), our result matches their results in terms of d, H and K
with an extra factor |TIP""| in the logarithmic term. Note that when the pure policy set of i-th agent
is selected as some particular policy classes such as log-linear policy

I = {mo : mo(- | 5) = Softmax(9 (s, ), [0z < 1, [ (-, )| < 1,0 € R},
we can select a cover by
O ={0:9; = [9i/e] xe, |02 <1,9€R¥}
Zanette et al. (2021) prove that the logarithm of cardlnahty of the induced covering {my : ¥ € @}H
is bounded by O(nHd,), and then MAMEX provides a O((nd+ n2d, ) H2R*VK +ndH?) regret.

In particular, as one of the examples of Linear Bellman Complete MGs, Xie et al. (2020) consider a
similar linear structure for two-player zero-sum games.

Example D.10 (Zero-Sum Linear MGs (Xie et al., 2020)). In a zero-sum linear MG, for each
(s,a,b) € S x A x Band h € [H], we have reward r,(s,a,b) € [0,1], and there is a known
feature map ¢ : S x A x B — R?, H known vectors 0;, € R? and a vector of d unknown measures

i = {pina tarera on S such that B, - )|z < 1. a2 < V., 114 (S) 2 < Vd and

(s, a,b) = é(s,a,0) " 0n, Pr(-|s,a,b) = ¢(s,a,b) " un(-).
Zero-sum linear MGs is a special case of linear Bellman complete MG with two players and dy =
2H+/d, and our algorithm provides a O(dH3VK + H3VK log(|TIP"])) regret by choosing R = H
and the fact that log N J(Ti)(l /K) = O(d). The previous work provides a O(d®/2H?2+v/K) sublinear
regret (Xie et al., 2020) and a Q(dH 32\/K ) information-theoretic lower bound (Chen et al., 2022d)

for zero-sum linear MGs. Thus, our regret matches the lower bound in terms of d, has a higher order
in H compared to Xie et al. (2020) and an extra factor log |TIP"*|. Again, we can adopt the class of

log-linear policies with a policy cover, which leads to log |[IIP**| = O(d,;). Thus, MAMEX yields a
O((dH? + d H*)VK) regret.

D.2 MODEL-BASED RL PROBLEMS

Sun et al. (2019) provide a complexity measure — witness rank — to characterize the exploration
hardness of the model-based RL problems. In the following, we extend the notion of the witness
rank to MARL.

Example D.11 (Multi-Agent Witness Rank). Let V = {V;, : S x A x S > [0, 1]}z denote
a class of discriminators and let F be a hypothesis class such that the true model, denoted by f*,
belongs to F. We say a multi-agent witness rank of a general-sum MG is at most d, if for any model
f € F and any policy 7 € IIP' there exist mappings {X}, : [IP"" — R4} and {W), : F —
RYYIL,

%z%]}}( Es, ah)Nﬂ'[(ES/NPIL,f("Smah) - ES’NP;L,f*(‘Ish,,ah))v(shaah73/)] 2 <W}(LZ)(f)»Xh(7T)>>

(D.6)
Rwit * E(Sh,ah)Nﬂ'[(]ES/N]P’hyf("S;“(I,h) - ES/NPh’f*( |sh, ah))‘/h(_tzi f( )] < <W}(LZ)(f)7Xh(7r)> (D7)

for all h € [H], where ky;q is a parameter. Here, Vh( -s-)i f is the value function of 7 associated with
agent i under model f. Moreover, these mappings satisfy the following regularity condition:

sup || Xa(m)] <1, sup W () < Bw
he[H],mellpur he[H], feF,i€n]
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Compared with the single-agent witness rank (Sun et al., 2019), the policy 7 in the mapping X}, ()
and the expectation E(;,, 4, )~ in (D.6) and (D.7) can be an arbitrary pure policy instead of the opti-
mal policy 7 of the model f. This stricter assumption is essential for general-sum MGs because we
are interested in various equilibrium notions and each equilibrium can be non-unique. The following
theorem shows that model classes with small multi-agent witness ranks have small MADC:s.

Theorem D.12 (Multi-Agent Witness Rank C Low MADC). Let F be a class of general-sum MGs
whose multi-agent witness rank is no more than d. Then, for any f* € F, we have dyiapc =

O(Hd/k2.,), where dyapc is the multi-agent decoupling coefficient of f*.

wit
Proof. See §F.4 for detailed proof. O

This theorem shows that the multi-agent decoupling coefficient is upper bounded by the multi-agent
witness rank, which shows that the class of MG models with a finite multi-agent decoupling coef-
ficient contains models with a finite multi-agent witness rank. Hence, many concrete MG models
such as the multi-agent version of factor MDP and linear kernel MDP all have finite multi-agent
decoupling coefficients. Therefore, applying Theorem 3.1 to models with a finite Multi-Agent wit-
ness rank, the model-based version of MAMEX achieves a O(nHdvV'K /k2,, + nHVK) regret
with witness rank d. Note that for the model-based RL problems, our regret does not have the term
log(|TTP™), because the discrepancy function £(9-* in 2.5 is independent with 7*. When applying
our results to the single-agent setting, Theorem D.12 provides a similar regret result as in previous
works (Sun et al., 2019; Zhong et al., 2022).

Another example of model-based RL problems is the linear mixture MG (Chen et al., 2022d),
which assumes that the transition kernel P(s’ | s, a) is a linear combination of d feature mappings

{9i(s',8,a) }icrq) 6. P(s" | s,a) = Z?Zl 0;0:(s’, s,a), where a is a joint action.

Example D.13 (Multi-Agent Linear Mixture MGs). We call one general-sum MG is a linear mixture
MG with dimension d, if there exist h vectors {6, € R?} ),z and a known feature ¢(s' | s,a) € R

such that ||0p,]l2 < v/d and Pp,(s' | s,a) = (01, ¢(s" | s,a)) for any state-action pair (s',s,a) €
SxSxA

The following theorem shows that a linear mixture general-sum MG has a finite multi-agent decou-
pling coefficient. Thus, MAMEX can be readily applied to these models with sample efficiency.

Theorem D.14 (Multi-Agent Linear Mixture MGs C Low MADC). For a linear mixture MG with
dimension d, we have dyiapc = O(dH R*), where R is an upper bound on Zthl Th.

Proof. See §F.5 for a detailed proof. O

Chen et al. (2022d) provides a minimax-optimal O (dHV/'K) regret for two-player zero-sum MGs
for rj, € [0,1]. Now choose Fj, = {#;, € R?}. Combining with Theorem D.14 and Theorem 3.1,

and the fact that log(Br(1/K)) = O(Hd) (Liu et al., 2022a), MAMEX achieves a O(nd H>/K +
ndH*) regret, where we set R = H. Compared with their regret upper bound, when applying our

result to two-player zero-sum MGs by choosing n = 2, the leading term of our regret O(dH?® VK )
matches the minimax-optimal result in terms of d and K but with an extra multiplicative factor H2.

E PROOF OF MAIN RESULTS

E.1 PROOF OF MODEL-FREE VERSION OF THEOREM 3.1

Proof. We first consider learning Nash equilibrium and coarse correlated equilibrium.

NE/CCE First, by Assumption 2.3, for any pure joint policy v, there exists a function f(*:v e F(*)
satisfies that it has no Bellman error with Bellman operator 7 (-¥ for any pure joint policy v, i.e.

TR = 5 (E.1)
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Hence, { f,gi)’v} ne[H)] is the Q-function of the agent ¢ when all agents follow the policy v. Thus, we
have

VIS (0) = By oo [ (5,0)] = By mpiamuen) QY (5,0)] = VO (). (B2)

Also, denote f“*“ = argsup e r o XA/Z-“ (f) as the optimal function with respect to the regularized

value V(07 (f) for the pure joint policy 7 and agent i. Now we have

By [V (p) = nLOR(FO0 0 r 11 =B, sup PO ()]
feF®
>  max EUNU(i)XW(—i),k{ sup ?(i)’v(f)] (E.3)
v (@) gITpur FeF®

The inequality holds because of the property of Nash Equilibrium or Coarse Correlated Equilibrium.
Then, since the best response 7(")-%: is a pure policy, we have

max va’u(i)xﬂ-(*i)-,k[ sup V(i)’v(f)}

v (%) gIIpur FeF®
= ]Euwmvwmfn,k{ sup V(i)’”(f)} =Eyor kot xm(—)k [V(i)’“(f(i)’“)
feF®
> E, o0 VSO0 (0) = nEOETL (00 g plb (E4)

where v € I, (7" = (7(D:kF 7(=D:k) and 7)1 is the best response given the action of
other agents 7(=0:% Thus, combining (E.3) and (E.4), we can derive

By et [Vi05 (0)] = Buors [V )]
< B, .0t {L(i),kfl(f(i),v’U7T1:k71):| — By [L(i),kfl(f(i),v,U7T1:k71):| . (ES5)
Now we provide the concentration lemma, which shows that the empirical discrepancy function

i kY 3 : : : k=1 p(i),s
LOk(f m, 71:F) is an estimate of the true discrepancy function > . £@)3(f, 7).

Lemma E.1 (Concentration Lemma). For any k € [K] pure joint policy 7, and {¢*}*Z] € TI that
be executed in Algorithm 1 in the first £ — 1 episodes, with probability at least 1 — 6,

k—1
, 1 .
(i),k—1 Lik—1y _ + (i), _
LZ (f77777- ) 4 (;gz s(faﬂ-)> Z Econcy
where €one = max{O(HR?log(H K max;c[,) Nz (1/K)[IIP*"|/6)), H} and
H .
€05 (£,m) = 3" Bapanymcy [ (= T fun) (s a))?].
h=1
Proof. See §F.6 for a detailed proof. O

In other words, if we define the event as

k—1
. 1 ) .
&1 = {L“*’“(fm,r“f) - (E (O(f, w)) > Eeone, ¥f € FO,m € I k € [K]} !
5=0

we have Pr{&;} > 1 — ¢. Note that the £.op. contains log(|TIP""| /) in the logarithmic term, which
arises from our policy-search style algorithm.

Lemma E.2 (Optimal Concentration Lemma). For all index ¢ € [n], all # € IIP"* and function
f@m ¢ FO) such that 7@ f(:7 = £().7 with probability at least 1 — &, we have

L(i),k‘(f(i),ﬂ"’ , 7_1:lc) < Eeone-

24



Published as a conference paper at ICLR 2024

Proof. See §F.7 for a detailed proof. O

In other words, if we define the event as
E={Vien|re Hp“r,L(i)’k(f( i) LT, T ) < Econc }s

we have Pr{&} > 1 — 4. Lemma E.2 shows that the empirical discrepancy function

L@k (f 7, 71F) is small if the function f and the policy 7 are consistent, i.e. f = f(9>". Now by
(E.5) and Lemma E.2, for any ¢ € [n], under the event &,

By [V(i)’v(/))} — Byt [V(i)’v(l))}
=E, o0t V52 (0)] = B [VO ()]
=E, 0t [V (0)] = Bt [VESS ()] +Eurt [VES (0)] = Bt [V (0)].

f(l),’U
(a)
By (E.5) and Lemma E.2, under event &, (a) can be bounded by

(a) S ’r]EUN#(i)ﬂrk |:L(i)7k—1(f(i)7v7 U, Tl:k—l):| _ ,',]Euwﬂ'k |:L(i),k—1(]/t\(i),’u7 U, Tl:k—l)] (E.6)
< Neconc — NEyrrk [L(i)’kil(]:\(i)’vv v, Tl:kil)} . (E.7)
Now by Assumption 2.5, on the events &1 and £ we have
K n ) " ) )
Res(K) = 323 (VO ) -V )
k=11i=1

M-
NIE

(vau(i)vﬂ'k {V(i)’v(ﬂ)} —Eyrr {V(i)’v(P)D

b
I
—
<
Il

=1

] >
M§

(ngconc — By {L(i),k—1(f(z‘),u’ U’lek—l)}

ol
Il
_
-
Il
_

Bt [V (0)] = B [VO(0)] ). (E8)

Now since ()Y = arg max fe z(i) [Vf(i)’v (p) — nLOF=1(f v, lek*l)} is the optimal function
with respect to the regularized value, under the event £ we have

VDY (p) = nLOEL(FO0 0, 2151) 2 VY (p) = gLOF (£, 7150,

then we have nL(®:k=1(f).v ¢ 71k=1) > g and by n < 1,
WL(i)’k_l(J?(i)’U, Lk 1) < Vf(())) (p) — Vf(<)) (p) + nL(i)J@—l(f(i),v, v, Tl:k—l)
S R + nECOHC S 2ECO]'1C7
where the last inequality follows the Lemma E.2. If we define
(J?(z) o, 1:k—1) _ L(i),k'—l(jc\(i),v’ v, Tl:k—l) . ]I{’I]L(i)’k_l(f(i)’v, v, 7_1:Ic—1) < 25conc}

and the event as

Ey = {Vi c [n],v e [Pw L2) Jk— 1(J?(z) U 1:k—1) _ L(i)’k_l(ﬁi)’v,v,Tl:k_l)} 7

25001]0

Econc

we will have &3 C &,. Since the policy ¢* that algorithm executes is sampled from 7%, then the
sequence {Y; } | that is defined by

Yie = Bt [V (0) = VO () = L5200 H (FO0 0,715

F@® 2€conc

i7,k 1),V i),k [ k—
— (VIS () = VO (p) — L ggwm SR )
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is a martingale difference sequence. Now by Azuma-Hoeffding’s inequality and Y;, < R+ 2econe <
3€conc, With probability at least 1 — § we have

K
S [Bome [V (6) = VO2(0) = gLEE T (T 0, 151)]

k=1

(V(l Ck( ) V(z),v( ) L()k 1(]/"\(i)’ck7<k77'1:k_1)):| < O(Econc\/E)' (E.9)

JION% 2€cone

Define the event &4 as the (E.9) holds. Now by choosing 7 =
over the event &1, £, €3 and &4, with probability at least 1 —

Reg(K)

n

= \/F and taking the union bound

1
nw
49, we can get

M=

(mecone = 1By [LOFH(FO 0, 7] LBy [VESS (0)] = B [V (0)])

s
Il
—
£
Il
-

I
NE
M=

(UECOHC - W]EUka [L;?;f];l(}‘\@%v? v, Tl:kil):| + ]EvNTrk [Vj(\(lz);iz (p):| - ]E'uwﬂk |:V(i>:l’ (p)])

s
Il
—
>
Il
—

- o ok .k ~
(7]5conc_77L(l)’k 1(J?( )% :Cvalk 1)+Vf£())<(k( )_V( ) (P)) +O(”5conc\/g)~

M=

s
Il
-
>
Il
N

(b)
(E.10)

The first inequality holds because of Eq (E.8). The equality in the second line holds under Lemma
E.2 (event &35 C &). The second inequality is derived from Azuma-Hoeffding’s inequality (event
&4). Now using Lemma E.1 and MADC assumption, we can get

n K k—1 n
2 (Z (Z (D5 (f, R )) ZZ ( (3>iz (p) — V<" (p)> +4nVK - nconc
i=1 k=1 5=0 i=1 k=1
< np - dyapc + 6dyapcH + 4nVKe cone.
The second inequality uses Assumption 2.5. Now the regret can be bounded by
Reg(K) < nVK - dyiapc + 6dyiapcH + 4nVKeeone + O(nsconc\/E)
= O(neconc VK + ndyapcH + ndyapc VK).

Hence, we complete the proof by noting that £.opne = @) (HR?log Y7 5).

CE By changing the best response to the strategy modification, we can derive a proof for Cor-
related Equilibrium (CE). We simplify the notation of strategy modification as ¢;(v(¥) x v(~%) as
¢i(v). Now we have

flow

=Even p, 7000

= H}é&XEUNﬂ.k {fSI;:I()V) ‘7(2')7¢i(u(i))><u<—7‘,) (f)} E.11)
i cF

E, |:V£i>,v (p) — nL(i),k—l(f(i),v)Uﬂ_l:k—l)}

The second equality holds because of the property of Correlated Equilibrium. Now we have

mexE, | sup PO ()
o feEF®
> I%&XEUNTrk [Vf(&ﬁ ((:j)( ) - nL(i)’kfl(f(i)@i(v)’ ¢i(U), 7_1:k71)

> maxE, [Vf(( ) () — ngconc)} . (E.12)
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The first equality holds by f():¢:(v) ¢ F() in (E.1), and the last inequality is derived from
Lemma E.2 and ¢;(v) is a pure joint policy. Then, by combining (E.11) and (E.12), we can get

H}EX Eynrk |:Vf((7,)) b; ((1:2 (p):| Eyonk |:Vf(< )) ( >:|
< Necone — NEy o [L(i),k—l(f(i),v’ U’Tl:k—l)].
Hence, we can upper bound the regret of the agent ¢ at k-th episode as

max By o [V(m @ D)xw ) )} E . [V(””( )}

o] Even 00

= max By VS O] = B [V (0] + B [V (9)] = B [VO(0)|
(

< Necone — NEy i L (@) k-1 J/C\(Z Y Ulezkil) + Eyprt [Vf(u))ﬂ) ( )} —Epr [V(i)’”(p)]

The rest of the proof is the same as in NE/CCE after (E.7). O

E

= max By [ £, m(m

E.2 PROOF OF MODEL-BASED VERSION OF THEOREM 3.1

Proof. We first consider NE/CCE.

NE/CCE Denote f(i)’” = argsupser IA/[T( f) as the optimal model with respect to the regularized

value V@7 (). Since for model-based RL problems, the empirical discrepancy function L(f, , 7)
and ¢()%(f, ) is independent with policy 7, we simplify it as L(f, 7) and £(9-*( ). Then, from the
definition of regularized value function V@ 7(f), we have

E,._ {Vfi(z))vi (p) — nL(i),k—l(]\(i),v’ Tl:k—l):|

=E, rk {sup V(i)’“(f)} > max E, .6 xn(—ik {sup V@, ()] (E.13)

feF - v@erpur feF

The inequality holds by the fact that 7% is the NE/CCE of the regularized value function \A/(i)’”( ).
Now since the best response 7(9)-*:T is a pure policy, we have

max Ev~v(1> ) (—1),k {5up V(l) U(f)}
v (4) g[Tpur fer

> Eyroni) oot (i) .k [Sup ?(i)’v(f)}
fer

2B,k [Vf(?’“(p) — LR (f, r”“)]- (E.14)
Thus, by combining E.13 and E.14, we have
Ey o ViU (0)] = B [V (0)]
< nL(i),k—l(f*7T1:k—1) —E, {L(i),k—l(f(i),v’lek—l)}. (E.15)
Now we provide our concentration lemma for model-based RL problems.
Lemma E.3 (Concentration Lemma for Model-Based RL Problems). With probability at least 1 —4,
for any k € [K], f € F, for the executed policy {¢*}*Z; in Algorithm 1, we have
L(i),k—l(f*’,rl:kfl) . L(z‘),kq( 1:ik— 1 Zg(l () + Keones (E.16)

where Keone = max{2H log w, H}, where Bx(1/K) is the 1/ K -bracketing number of the
model class F. We also define the event &5 as the situation when (E.16) holds.
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Proof. See §F.8 for detailed proof. O

By Lemma E.3, for any i € [n],
EUNM(i)’ﬂk [V(i),v(p)] —E,_ [V(i),v(p)}
=Bt VI (0)] = B [V (0)] + Bt [VESL (0)] = B [V ()] . E1D)

(a)

Now substitute into equation (E.15),
(a) < nL(i),k—l(f*7 Tl:k—l) — By {L(i),k—l(}-\(i),v’ Tl:k—l)}
— B, [nL(i),k—l(f*yTl:k—l) _ nL(i),k—l(‘]/c\(i),v’ Tl:k—l)]. (E.18)
Hence, combining with (E.17) and (E.18), we can get

E, ).k [V“)’“(p)} — By [V(”’“(p)}
< @+ Byt V32 0)] = By [V ()]

< By [pLOFI(f7, 7181 =g LR (FOw 1k ty 4y D0 () O ()]
(E.19)

By summing over k € [K] and I € [n], the regret can be obtained by

K
< DD Bt [ILOR T ) gL ORI (FOR 2 VO () - VO ().
(E.20)

Now we want to use Azuma-Hoeffding’s inequality to transform v ~ 7* to executed policy ¢*. To
achieve this goal, note that by Lemma E.3, under event &, we have

L(i)’k_l(f*,TI:k_l) _ L(i),k—l(}-\(i),v77_1:k—1) < Keone- (E.21)

Moreover, since J/c\(i)’” achieves the maximum value of the regularized value function y@r (f) =
Vf(l)’v(p) — LOk=1(f* 71E=1) "we have
LOAZL(pr k1) - L0 (FO0 ) S | o [V ()] = Bt [V (0)]
> —R > —Kconc-
Thus, if we define
ﬁgi),v _ (L(i),k—l(f*77_1:k—1) _ L(i),k—1(f(i),u,7_1:k—1))
A H{|L(i)’k_1(f*7 Tl:k—l) _ L(i),k—l(j'\(i),'u7 Tl:k—l)‘ < E},

we can have |£,(fc)01fc < Keonc 18 bounded under event £. Then, with probability at least 1 — 4,

L£Ov = [@k=1(px plk=1y _ [@)k=1(Fw 71:k=1) Then we can apply Azuma-Hoeffding’s

inequality to transform the expectation to the executed policy ¢*.

K K
DL = By [0
k=1 k=1

= O(Keonc - 10g K). (E.22)
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Now by taking the union bound of Azuma-Hoeffding’s inequality and event &5, with probability at
least 1 — 24,

n K
Reg(K ZZ o [REOR T AT < gL ORTLFOR 2 v () - VO ()]
i=1k

[
Mw

Eyor [nﬁnconc + Vf(\('t))’l;( ) — V(i)’v(l))}

s
Il
-
>
Il
-

M=

s
Il
—
£
I

i),¢ck ~
(125 + V5 (0) = VO () +Omrconc),

1

(b)
where the first inequality holds by (E.20), the equality holds under event &, and the last inequality
holds by (E.22). Then, by Lemma E.3, under event &, we have

n K
() = 3237 (nE @A r ) gL DAL (FOC ) Ly () - VO ()

i=1 k=1

n K s

<353 (r T OGO e V- VO ).

i=1 k=1

Then, by Assumption 2 5 (b) can be further upper bounded by
n K
N ik
® 303 (T O e V) - VO )

i=1 k=1

> nnKHconc + EdMADC + 6ndMADCI—I

= O(nkconc VK + ndyiapcVK + ndyancH).

The first inequality holds by Lemma E.3. The last equality holds by = 4/ VK. Finally, the regret
can be bounded by

Reg(K) <(b)+ 6(n’iconc) = 6(n’€conc\/[? + ndMADC\/I? + ndMADCH)-
Thus, we complete the proof by noting that keone = O(H)

Correlated Equilibrium Similar to model-free problems, we only need to replace the best re-
sponse with strategy modification.

EUNﬂ—k |: }(\2)’12 (p) _ nL(i),kfl(j'\(i),v7 Tl:kfl)]

=Eyrt {;gg‘/() (f)]

= maxE, & {sup Ve (“)(f)}
bi fer

The last equality uses the property that 7% is a CE with respect to the payoff function

SUp e F XA/(i)’“(f). Then, since f* € F, we can further derive

E,._ {Vf((z))ii (p) — nL(i),k—l(]/c\(i),u’ Tl:k—l)}

> max E, {‘7(1’)7¢¢(v)(f*)]
_ HﬁXEUka {Vf(’*i)m(v)(p) gLk p T1;k71)}. (E.23)
The second equality holds by the property of CE. Thus, we have
By [V ()] ~ Bt VS (0)]

< nL(i),k—l(f*,Tl:k—1> _ nEUNﬂ_kL(z),k—l(J/c\(i),U’ 7_1:]6—1)_ (E24)
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Hence, combining with (E.23) and (E.24), we can upper bound the regret of the agent ¢ at k-th
episode as

max E, . [V(im” W)xvt=Y (p)} Epmmr [V(l)v( )}
Epmrt [V (p)]

$i (v
:H}EXEWﬂ" |:Vf((1)¢(v) }
= max B V)]~ By [V (0] + Byt [V (9] — Byt [V )]
(

f(z) v

< Necone = MEymne LOFTL(FO0 0, 75570 LBy i [VER ()] = By [VO ().

The rest of the proof is the same as NE/CCE after (E.15). O]

E.3 SAMPLE COMPLEXITY RESULTS

we can utilize the standard online-to-batch techniques to transform the regret result in Theorem 3.1
into the sample complexity result.

Corollary E.4. Under the same setting as in Theorem 3.1, with probability at least 1 — 9, when K >
0 ((n2H2 + nzd%/IADCTQfﬁ) : e_2>, if we output the mixture policy moue = Unif ({7*}re(x)),
the output policy 7oyt is a e-{NE, CCE, CE}.

Proof. See §F.9 for the proof. O

Corollary E.4 shows that MAMEX is sample-efficient for learning all three equilibria of general-sum
MGs under general function approximation.

F PROOF OF THEOREMS AND LEMMAS

F.1 PROOF OF THEOREM D .4

Proof. The proof follows Proposition 3 in Dann et al. (2021). First, we provide the following lemma

in Dann et al. (2021).

Lemma F.1. For any positive real number sequence 1, - - - , Z,, we have

% <1+ logn.
Zi:l ZQ}'%

Now denote E. = dimpyapgr(F,e). We fix i € [n], and ignore both h and ¢ for simplicity. Also
. k .

denote &5F = B, [¢4] and e3F = &% . I{e2" > £}, where ¢y = (I — T, ) f € F”

initialize K buckets BY, - - - , Bi{ ~1, and we want to add element eﬁ’k for k € [K] into these buckets

one by one. The rule for adding elements is as follows: If ei’k = 0, we do not add it to any buckets.
Otherwise we go through all buckets from B to B, =1 and add efb’k to B} whenever

ST (k) < (eph)2.

sgtfl,seB;1

Now assume we add eZ’k into the bucket b¥. Then, for all 1 < i < bf — 1, we have (ei’k)2 <
s,k\2
ngkq,seB;‘L(eh )*. Thus,

K & K K
PIDICUED PO CREEDIUAC A (KD
k=1

k=1s=1 0<i<bl—15<t—1,s€B}, k=1
Now note that by the definition of e-independent sequence, for the measures in B}, {mhr ... ki),
7% is a &’-independent from all predecessors 71, ---  7%i-1 such that ¢’ > e. (We can choose
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e = ei’k — ¢ for enough small ¢ such that \/ngt_LSeB; (e,sl’k)2 <& ande’ > eby ei’k > €)
Thus, from the definition of BE dimension, the size of each bucket cannot exceed E.. Now by
Jensen’s inequality, we can get

X y 2 oo 2
> e Z > (e >ZZ|B}L| Z|’g| >SN iE Y |
k=1 i=1

. €
i=1  seBj s€Bj sEB]

(F2)

where the last inequality uses the fact that | B} | < E.. Let z; = ZseB; (e;"). By Lemma E.1, we
have

K-1 es,s 2 1 K-1 ? 1 ?
Sin (L) - h S () st [ S
£ S P B\ 4 E(l+logK) | e,

(F3)

Hence, combining (F.1), (F.2) and (F.3), we can get

K 1/2
Yoot < (E (1+logK) > by (ei’k)2>
k=

SE[K]\B?L 1

K k 1/2
S(Eg(l—l-logK)ZZ(e‘;’k)Q) .

Now by the definition eh =ey k -I{ey, ¥ > ¢} and the fact that | BY| < E., we can have

H H K
YD) ILLEPEED 3 Ok

h=1k=1 h=1k=1

H
< HKe+min{HE., HK}+> Y
h=1se[K]\BY

Then, by (F.3), we can further bounded it by

K k-1 1/2
Z <HK€+m1n{HEE,HK}+Z< 1+10gK)Z (ez,k)2>

=1k=1 h=1
H K k-1 1/2
< HKe+min{HE., HK} + (EEH(I +log K)Y > (eZ’k)2> . (F4)

The last inequality uses the Jensen’s inequality Now we can use a similar technique in Xie et al.
(2021). Define (r},)V (s,a) = fF(s,a) — Egp, (1s.0) (fr 11 (s's), 71 (- | ). Then, we have

r H
Eoymp [ (51,78 (51))] = B | Y (f5 (s, 7k (1)) — ff'f+1(8h+1>7ff;+1(8h+1)))]

Lh=1

r H
= Eﬂ'k fh Shaﬂ-h(sh)) ]Es ! ~Pr (¢S, a)<fh+1( ) 7Th+1( | S )>)‘|
h=1

H
~5 [0
Lh=1

Hence, we can rewrite the regret of the k-th episode as

Eapmp [ 1,7 (51)) - VO (51)] = B
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The last inequality uses the fact that Then, substitute into the definition of (r} )(1) we can get

Esinp |(f (1,7 (1) = VO (5))]

H
— B lzw:(s, @) = By, (o.0) SRar (8, )y mhsn (-1 ) — 1) (s,a))

h=1
H e H
=E. [Z(I — T )(f;’f)] => &’
h=1 h=1

where the first equality holds by the definition of M}, the second equality holds by decomposing
the value function to the expected cumulative sum of the reward function, and the last equality is

derived by the definition of gﬁ’k. Now we can get

Reg(K Z h’k

k=1h=1
H K k-1 1/2
< HKe + min{HE., HK} + ((EEH 21og K) > Y Z(ei’k)2> . (F6)

The last inequality holds by (F.4). Now by the definition ¢;* < €% = E..[(I — ( ot )(fr)] and

the basic inequality vab < pa + b/ for pn > 0, we can derive

Reg(K)
1 H K k-1 ok 2
< HKe + min{HE., HK} + - (B.H -210g K) + ~ 3 Y (E,rs [(I A )(fh)])
K h=1k=1 s=1
1 H K k-1 ok 2
< HKe+min{HE., HK} + 1 (E.H - 2log K) + = > Y "} K. {(I — 7, )(f,,,)) } .
K h=1k=1 s=1
The last inequality holds by (E[X])? < E[X?]. Thus, by choosing e = 1/K, we can derive

N

-1

H K
1
Reg(K) < H + HE i + p(By /i H - 2log K) + P Z Z

HM

e (1707 )

h=1k=1s=1

where dyiapc = max{2E; g H log K, 1} = O(2dimyage(F, 1/K)H log K). The last inequality
uses the fact thatlog K > 1 and H > 1. O

H k—1
1 Dok 2
< 6dvapcH + pdyviapc + — p Z Z]Ewb [ I— T( ) fh)) } ;
(

F.2 PROOF OF THEOREM D.5

Proof. For any policy w and ¢ € [n], assume 0,,,---,d,, is an e-independent sequence with

respect to (¢ }",(Li)’” = Uremme I — T@OMF, where 8.,,0.,,-,0,. € Da, ie. d,
is a Dirichlet probability measure over S x A that 0., = (s 4)(-). Then, for each j € [m],

there exist function f9 € F( and policy 7/ € II such that |(I — T™")f;(z;)| > ¢ and
\/Z;: [(ff = T@m £ ) (2)]2 < e. Define g, = T @) fi 41, by Assumption 2.3, we have
g < .7-",(;) C Fn. Thus, |(f] = ¢])(2j)| > ¢ and \/22:1 |(ff — g7)(2p)|?> < €. Thus, by the
definition of eluder dimension, we have m < dimg(F4, €). Hence, for all 4 and policy ,

dimp(Fp,€) > m > max maxdim FOT Dyavel,
img (Fp )_m_}?el[%?el[i]c DE <W€L14pm N h,A >

which concludes the proof. O
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F.3 PROOF OF THEOREM D.8

Proof. First, by the elliptical potential lemma introduced in Lemma G.3, if we define Ay, ;, = eI +
S ap . forany {ap s} K| € A, we have

H K
1
E E mln{l |EFS h”A 1 } < hEﬂQlog det (I + R kg_lxk’hx{’h> =27k (e, X). (E7)

k=1h=1

Now denote ¥, ;, = I + Zf;ll X5 (7%) Xp(7%)T. Similar to Section F.1, define ()" (s,a) =
fE(s,0) = Egapy (fs,a) (fFy1 (875 ),mf o (- | 8)) € [=1,1], then we can have

Z rgz)(s a))] .

Eoimp [ £ 51,78 (1)) = VO™ (51)] = B

Then, we can substitute the definition of (1} )(*) and derive

Boymp [ 1,7 5)) = VO ()]
H

= Eﬂ'k Z(fll:(sv a) - ]ES/NP}L(‘ls,a)<f]{f+l(s/3 ')a Wﬁ_‘_l(' | Sl)> - TS)(S, CL))]

2R},

h=1
. @) pk .k @) g (6), 7" k
=S min {000 (5, < WO 0O,
h=1
Then, by min{z,2R} < 2Rmin{z, 1}, we have

Reg(K) = ZESer [(flk(slyﬂlf(sl)) - V(i)’ﬂk(sl))}

{‘<W“ (P, 1) — WO (O ), X ()

y

K .
=2R)_ mm{]<wfi”(f’mr’“>—W;E“(f”“” p O, X (7)) v ,1}
k=1h=1
.(]1 HXh(w’v)’Y1 <1}+H{Hxh(ﬂk)uzl > 1}) (F8)

The last inequality is because 1 = I{E} + I{—~E} for any event. Now we decompose the (F.8) into
two terms A + B, where

A:2R22min{ (W()

k=1h=1

i (i),m* i),7*
(FF, 7y =W (T T X () )y

i (i),m¥ i),mk
WOy = w7 Oy X () )y

72RZZm1n{

k=1h=1

Now we bound A and B respectively. For A, we can use Cauchy’s inequality and get

K H
A<2rY N |Iwf

N0 s X ey <1}

) @ Gy ok
WP 0

k=1h=1 k,h
5~ [y (@) pu" (@)t
< 2RZZ w, Bk —wy (e , ) ~min{||Xh(7rk)HZ;1h ,1}.
k=1h=1 k,h '

(E.11)
The first inequality holds by Cauchy’s inequality that |(X,Y)| < || X||s||Y |ls-1-
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Now by the definition X5, , = £ + 221 X, (7%) X, (7*)7, we expand the term || W (f*, 7#) —
i L(i)’"k i),
WIS)(fl 7/14( ), )HZA-,,h as

i i (i),wk i),k
HW;ﬁ)(fkmk)—W;E)(f“ ORS

Zk,h

(i), 7k

k—1 1/2
i (i), 7k i),7k 2 i i i,ﬁk s 2
—[ W2 (e, = WP O ST ) = w0, X )>\]
s=1

T 1/2
. i),k )k 2
< 2VeBw + Z\W(”f ) =W >7Xh(vrs>>\] :

The last inequality holds by v/a + b < v/a + v/b. Then, we can get
K H

i i) e (i) o :
WOt 7wy = WOy O s, min (X (7l 1
k=1h=1 '
K H k—1 ‘ ‘ Ot o 1/2
<SON T 2vEBw + | DI (fF ) W (e @ >7Xh<7r8>>|2]
k=1h=1 s=1
.min{||Xh(7Tk)||2;1h, 1} < A+ A (F.12)

where A; and A, are defined as follows:

K H 1/2 K H 1/2
A = (ZZ4eB€V> : (ZZmin{|Xh(7rk)||;k'1h,1}>

k=1 h=1 k=1 h=1
K H k-1 . - . 1/2
i i v)m i), s 2
Az = (ZZ (WO (*, 7y = w0, X >>|>
k=1h=1s=1

1/2
(zzmm{nxh . 1}) |

k=1h=1
Now we bound A; and A respectively. First, for Ay, using (F.7), we have

Ay < \J4eKHBY,  2y(e. X).

Then, for A, we have

K k-1 o s I 1/2
- <ZZZ| Wy (fF, k) =W (e @O )aXh(WS)>|2> 27k (g, &)

k=1h=1s=1

K k-1 1/2
= (Z Zﬁ(i)’s(fk,ﬂk)> 27k (g, X).

k=1s=1

The equality holds by the definition of #/()-* and the definition of multi-agent bilinear class (D.3).

Then, since vab < ap + b/p for any p > 0, we can further derive
K k-1

k=1s=1

Now by adding A; and A, and combining with (F.11) and (F.12), we can finally get
K k-1

A<2R(A; + Ay) < \/48KH32 -8Rk (e, X) + p - 8R2’YK (,X) ZZEO 5 (
k 1s=1
1 K k-1 )
< 32RBYeHK + vk (e, X) + -8Ry (e, X) + — Y Y 40 (f*
k=1 s=1
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Now we have complete the bound of A. For B, by (F.7), since I{z > 1} < min{1, 22}, we know
that

K H
ZZH{”X*L sz > 1} ZZ {1’ ||wk,h||§;h} < 2k (g, X). (E.13)
Pt ,

k=1h=1

Thus, by the definition of B in (F.10), we can derive

B<ZZZ {Hxh st >1} < 2vk (e, X).

k=1h=1

Now note that Reg(K) < A + B, then by choosing ¢ = 1/32RKB}, and dyapc =
max{1,8R?*yk (e, X)} we can derive

Reg(K) <A+ B

< 32RB¥eHK + 3vk (e, X) + p1- SR>y (e, X) +

K
1 ,
< 6dmapcH + pdvapc + " DB AN

The last inequality uses the fact that dyjapc > 1, H > 1. Hence, we complete the proof.

F.4 PROOF OF THEOREM D.12

Proof. In this subsection, we give a detailed proof of Theorem D.12. First, similar to the perfor-
mance difference lemma in Jiang et al. (2017), we have

Eoimp [V (1) = VO (s1)]
si~p | V1L f 1 1 1

H
i),7" i
=K« {Qg)f (sl,al)} —E.x lz r,(l)(smah)]

h=1

=E,»

"
i),m" i i), 7"
> (Q;,)f (s, an) — 3 (sn, an) — lel,‘f(ShH, ah—&-l))] : (F.14)

h=1

The last equality holds by splitting the term. Now, since

7 ,7r)C 7 ,7\'k 7 ,ﬂ‘k
Ee | Q0T (shotsani)| = B [V (040)] = Bt (B i e Clomany [ Viiiny (sn)]]

(E.15)
we can rewrite (F.14) as
i ,ﬂ'k % ,‘n'k
Evyrp [V (52) = VO (s0)]
- (i),m" (1) (4),m"
> (Qh,f (sn>an) =1y’ (sn, an) —Esh+1~ﬂ»h,f*(-\Sh,ah)VHi,f(8h+1))
h=1
K H o
= ZE Z(Eshﬁ»l’\’ﬂph,f}c("sh,ah) - Esh+1~Ph,f* ('\Sh,ah)) [Vh—l&-,lirf’ﬂ (Sfl+1)}‘| . (F.16)
k=1 h=1
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Then combining (F.16) and the definition of multi-agent witness rank (D.7), we can derive

ZEW [V (s2) = O™ )]

IN

1> iMx
M= 1= -

min {R, ﬁuwh(fk), Xh(w’“>>l}

1
= k—1h—1mm{R Kwit|<Wh(f ), Xn(m } ( {”Xh HE h < 1} +H{ | Xn(m )“E;i =z 1}>
F.17)
Now note that
K
) e+ K\ 4
1L, |1 Xn (7 o1 < 2d1 =D(e).
> min {1,101, } < og (S5 2 2o
and [{x > 1} < min{1, 2%}, we can derive
ZZ]I{HXh M1 > 1} < D(e)A. (F.18)

k=1h=1
Then, combining (F.17) and (F.18), we can get

K
ZESINP [Vl(f;fk (s1) — Vlm’wlC (81)]
k=1

< Riimin {1 . 6D (3 < 10+ HIX sy > 1)

< Réémin {1 1w 0@ - (6, < 0) + PEHR

< Rii s min {1,160y | DR (£.19)
(4)

The last inequality uses the Cauchy’s inequality (X,Y) < || X||4||Y || 4-1 and the fact that - I{z <
1} < min{1, 2%}. Further, by the definition of ¥y, ;,, we decompose the first term as
1/2

K H k
(= [ WGBS W), X | - min {1, X0 ()50 }
Wit =1 h=1 s=1 ‘
| KA k 1/2
< 22 | VEBw Z|<Wh(fk)th(7TS)>|2] min{17||Xh(7fk)Ilz,:i}'
WIE p=1h=1 s=1 ’

The second inequality is derived by the inequality |1}, (f*)|| < Bw and va + b < v/a+/b. Now
sum over k € [K] and h € [H], we can get
1/2

K H k
1
(4) < — | VEBw | 21w ). X )| win {11l )
k=1h=1 " s=1 J
1 K H
< — 3" VEBw min {1, Xa() ], |
Wit p—1 h=1 ’
(X)
| K H [k 1/2
- tZZ[ZWh ), X (m )>|] min {1, 1 Xn () g1} (F20)
Wit —1 h=1 Ls=1 '

(Y)
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First, we try to give an upper bound for (X). By Cauchy’s inequality and (F.18), we can derive

/2 , x m 1/2
Wit \k=1h=1

k=1h=1

2
\/HK532 Dy < TEBw | poyp. (F21)

w1t

IN

Rwit

On the other hand, for (Y), we can bound it using Cauchy’s inequality that Za’b\/% <
g a)- (22, 0),

K H k 2
)< - ((ZZZMWhmxh )(ZZmln{l | Xn(m ”'i,:a}))
wit k=1h=1s=1 h B
) K H
< —\[peH (ZZZ|<Wh<fk>,Xh<ws>>|2>
wit k=1 h=1 s=1

1
The last inequality holds by the definition of D(e) in F.18. Now by the definition of multi-agent
witness rank D.6, we note that

(Wi (f*), Xn(m*))

2
< (gel?}x E(shvah)wﬂ[(ESthlf‘*P;hfk (-Ish,an) — ES}H»INPh,f* ('\Sh,ah))v(sm Gh, Sh+1)])

2
< 11}&2\1})( Esn, ap)~ms [((EShﬂNPh,fk(‘|Sh7ah) - ]ESthlN]P’h‘f*(‘|Sh7ah))v(5h’ Qhs 5h+1)) }

2
< E(sh,ah)~‘n’5 [11}%%): ((Esh+1~ﬂ]’hhfk(-|8h,ah) - ESh+1NPh,1f*('lSh,ah))U(Sh) Qp, 8h+1)) :l

The last two inequalities use Jensen’s inequality. Hence, by the definition of total variation distance,
we can get

(Wa(F5), Xn(m)[2 < TV Py (- | sn,an)s g (- | snyan))” (F22)

< 2DI2—I (]Ph7fk(' ‘ Sh, a;L),IP’h7f*(- | Sh, ah)) , (F.23)
where the TV(-,-) denotes the total variation distance and Dy denotes the Hellinger divergence.

The inequality (F.22) holds by the fact that v(sp, an, sp+1) € [0, 1], and the (F.23) holds by the

relationship between TV distance and Hellinger distance. Then, we can substitute the inequality
(F.23) and get

1 K H k
(Y) S . <Z Z ZE(S;L,CL;L)NTFS2DI%I (]P)h7fk( ‘ Shaah)aph,f"(' | Sh,dh)))

Rwit k=1h=1s=1
2D E 1 K H k
< pl- Ny TR (ZZZE(sh,ah)wsD% (Prpx (- | 8y an), Pr g (- | sh,ah))>
Wl k=1 h=1 s=1

(F.24)
Hence, combining (F.19), (F.20), (F.21) and (F.24), we can get
A ,7rk 7 ,7rk’
Reg ZEslwp I:‘/Yl(,f)k (51) - Vl( ) (31)i|
< R . A +D(e)HR
<R(X+Y)+D()HR
< HKReB¥, [K2;, + D( YHR
2D(e K H k
+MR2 H (ZZZE(S’IJG}L)NWSD%I (]P)h,f’“(' | Shaah)a]P)h,f* ( ‘ Shaah))>

wit k=1h=1s=1

(F.25)
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Now by the definition of £():* of the model-based problem in (2.5), choosing ¢ = 2, /HK B,
and dyiapc = QRN% we can get
| K k-1
Reg(K) < 6dyapcH + - duapc + — > Y 6D (fF,7%)
k=1 s=1
complete the proof by D(k2,,/HK BZ,) = O(d). O

F.5 PROOF OF THEOREM D.14

Proof. First, we fix an index i € [n]. Similar to Section F.4, we can get

K
i,ﬂ'k
D B [ (1) = O™ (s1)

H
i),k i i),mk
Es lZ(Q;}fk (shran) =75 (5h ) = By by e (lsnanm Vs g (Sh41, ahm)]
h=1

EH: (8),7"
]Eﬂ'k l (]Esh+1NPh‘fk('|5h7ah) - E8h+1~]P’h,f*('|Sh,ah))[Vhii‘:rfk (5h+1)]‘|
h=1

H
Zﬂhfk—Gh [/¢hs|sav,f’+1fk( )ds},
h=1

where the last equality is because of the property of the linear mixture MG.

I
M T 1

b
I

1

Now we denote
Wi (f) = R(6n, s —0}) (F.26)
Json(s" | 5,a) V(s >ds]

(F27)

X}L(f,ﬂ'):]Eﬂ- l R

Then, we have ||W;, (f)|| < 2Vd, || X5 (f,7)|| < 1 and

K
Z]ESlNP [Vl(l};c ( ) V(Z)7 ] szln{ Wh )aXh(fkaﬁk»aR}'
k=1

k=1h=1

Now similar to Section F.4, if we replace X}, (7%) to X}, (f*, 7%), from (F.21) and (F.24) with By, =
2v/dR we can get

7 771’k
ZEéle [ A fk (81) — Vl() (51)}
. K H
2 4 k s ,_S\\2
< HERAAR? + D) HR + pR' 2D H + s (Z DD W(f), X (f*, 7)) ) :
where D(e) = 2dlog (£££ ). Moreover, by (F.26) and (F.27), note that

(T X 70) = o = 007 Ew | [ 6006 .V (00

=Er- [(Esh,+1~ﬂ”hyfk(-\sh,ah) - Esh,Jrle;hf*(-\sh,ah)[vh(i)ffﬁ(Sh+1)]:|
< Epe [21V (Voo - drv (P pe (- | snyan) [Pa,g-(- | sn00))]

< Ere [2VZRDu(Py, g (- | 51, 0n) [Pag (- | sn01))] -
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Hence, from (F.28) and Jensen’s inequality that (E[X])? < E[X?], we can have

K
i),mF
Reg(K) < 3" Eoymy [V (32) = VO (s1)]
k=1

< HKRe4dR?* + D(e)HR + pR* - 2D(e)H

(ZZZE(Q’“‘”L)N”S 8R DH (Ph fk( ‘ sh,ah) ]th ( | sh,ah))]> .

k=1h=1 s=1
By the definition of discrepancy function VAU (2.5), and choosing ¢ = 1/HKd, dyapc =
HR*D(1/HKd) = O(HdR*), we can derive
] K k=1
Reg(K) < 4R* + D(1/HKd)HR + pdyapc + m DDA
k=1 s=1
K k-1

1 A
< 6dvapcH + pdyapc + — Z Zf(z)’s(fkvﬂk)-
k=1s=1

Hence, we complete the proof. O

F.6 PROOF OF LEMMA E.1

Proof. The proof is modiﬁed from Zhong et al. (2022). Define W; 5, be the filtration induced by

{sl,al,ry) S sH,aH,rH } 1 First, for h € [H],i € [n], f € F@ and 7 € II, we define

the random variable
v (0 1,65 = (falsh ) — (55 ) — (na(shy). a1 510)
— (T ()l D shoad) — o (sha ) i L))
By taking conditional expectation of Y; with respect to afl, sib, we can get

YO (h, £,*) | Winl = ey anmes [ = T () (51, an))?
and
E[(Y" (h, £,¢*)2 | Wyn] < 2RZE[Y (h, £,¢*) | Wy,

where 3R > |fh,(si,afl) - r,(L)(sh,ah) <fh+1(sﬁ+1 D5 s,;+1)>)| is the constant upper
bound. Denote Z; = Y (h, f,¢*) — Eq, ., [Y," (b, £,C¥) | Wja] with |Zj| < 4R>. By the
Freedman 1nequa11ty, forany 0 < n < with probablhty at least 1 — 9,

log(1/9)
U

4R’

k
Y z;=0 ZVar D(h, £,C%) | Win] +

j=1

log(1/6)

IN
G

.
0y E(Y; YO (h, £,¢0)% | Wyl +

log(1/4)

<0 nZ2R2E Y (h, £,6%) [ Wyal +

\/1og(1/8) } we will have

By choosing 7 = min { iR> fR\/Z B (bt )W ]

k k
S 7y =0 | Ry S_EY, " (h, £,¢*) | Win]log(1/6) + R*log(1/6)

Jj=1 Jj=1

39



Published as a conference paper at ICLR 2024

Similarly, if we apply the Freedman’s inequality with — Zle Zj, with probability at least 1 — 2,
k

2.7

j=1

Denote the p-covering set of F* ( ) as Cx (p), then for any f € F() ¢ € %", there exists a pair
f € Cxw(p) such that

| (Fusnan)=r? (s an) = Frora(sna1,): Gura (- L sni)))

= (Faonsan) = 11 (snsan) = (Faa(sns1s ), Guaa - sne1))) | < 3p
for all (sp, an, sp+1) € S X A x S. Now by taking a union bound over C r¢) (p), we have that with

probability at least 1 — 4, for all f € Cru)(p),
k

k
STV O £.0) = S BV (h F.O) [ Wil
j=1

Jj=1

ZE V(h, £,C%) | W] log(1/8) + R*log(1/5)

k
\IZ Db, F,0) | Winle + R% | (F29)

j=1

where . = 2log(HK|Cr) (p)]/3) < 2log(HKN £z (p)).

Now note that for all f € F(¥), ¢ € TI?"™, we have
H k-1

SN Y P £.0
h=1 j=0
=SS nshoal) =i (shal) = (a5 ) Caa (| s 0)))?
h=1 j=0
— (L) (shad) = (sh,ad) — (frsr (Shy1s ) G (| 501)))?
H k-1
<SS nlshial) = (shoal) = (Fara(shos ) Cara (| shy)))?
h=1j=0
- f,ienff(i)(’f;f“’ck(f’)(% af) =11 (shya}) = (nea(5h 000 Gun (| 8740)))?

L(i),k*l(fv Q»’ Tl:kfl)'
Then, by (F.29) we can get
H k-1

Z ZE[?}(U (h, J?,C) | W',h] < 4L(i),k71(f’ C7T1:k71) + O(HRQL).

h=1j=0

Now similar to (Jin et al., 2021a), by the definition of p-covering number, for any k € [K], f € F(®
and ¢ € TIM",

H k-1

SOSTEY Y (B £.0) | Win) < ALOFY(f, ¢ 7Y 4 O(H R + HRkp).

h=1 j=0

Now since s7, al ~ 7, we can have

k—1 k-1
D0 = 3BV (e £.64) | Wil
— j=0
<ALORL(f, ¢F, PR+ O(H R+ HRkp).

We complete the proof by choosing p = 1/K and choose €cone = O(H R?1+ HRkp) = O(HR?.).
O
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F.7 PROOF OF LEMMA E.2
Proof. First, for any f € F(9) and 7 € TIP"" we define the random variable
Q) (hy f,m) = (falshad) =i (shy @) = (Fra (Shins ) maaa (| h40)))°
— (fi(shral) = i (sh, ad) = (Fiea (5h o) mna (| sy D))
Then, by similar derivations in Lemma E.1, we can get
EQY (B, f,7) | Win] = Euy apmes [(fr = TOT(F)) (50, an)]2 > 0,
E[(QS (h, f,m)* | W] < 2R?E[Q}" (B, f,7) | Wjal.

Then, by Freedman’s inequality, with probability at least 1 — 4, for all elements in f € Cra (p), we
have

k—1 k—1
S QY (h, fom) = S EIQY (b, fom) | Wil
7=0

J

=0

j=0
k-1
=0|R ZESthl[Q( )(h f7 ) | Wj,h]b+R2L ,

then we can have

k—1

> QY (h, o) = —O(RY).

=0

<.

Thus, by the definition of Cx (p), for all f € F®) and 7 € IT?", we have

fe—
QW (h, f.m) < O(R* + Rkp).
Thus,

H
LO*(f,m) Z _feir}fmZQ (h, f,m) | < O(HR?*u+ HRkp) = O(HR?.).
h=1

Thus, we complete the proof. O

F.8 PROOF OF LEMMA E.3

Proof. For simplicity, we first assume F is a finite class. Given a model f € F and h € [H], we

; Py, s+ (s? 57 ,aj
define X , = log w Thus,
’ ]P)hwf(s'h,-f-llsh’ah)

H k
Lk pUky L@k =-> > Xxj, (F.30)
h=1j=1
Now we define the filtration G; as
gj = U({S}wa}lw T ’S;ﬂa%})'

Then, by Lemma G.1 for all f € F, with probability at least 1 — J, we have

k k
_ZXiJL,f' < ZlogE lexp {—QX}JIf} ‘ Gi—1
j=1 =1

+ log(H|F|/d).
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Now we decompose the first term at the right side as

1.
exp{—2XfL’f} | gj—l]

log Py, f(5h+1 | Shaah)

P, p= (Sh-H | shvah)

E

g_]l

Ph,f(sgz-&-l | 53,5 a3)

—E : %
Ph, e (shy1 | shoa,)

j—1

(S;,ajh)’\/ﬂ'] s;L+1~IP’h“f*(~\th,agl)

= Fsfatym U VB r(shpy | shoal P g (5], | si,ai)dsz+1]
=1 5E( o )nr (DY P,y (sh 41 | 85, al)IPh g (shyy | 57, a3))].

Now by the inequality log x < x — 1, we have

{jx <Z(1E(S s DB s 5y | P (6hs | al)])

— 1+ log(H|F|/9)
k
1 . o . o
< - Z iE(s{L,a{L)Nﬂ'i D%(Phaf(siz-f—l | SiL’ a‘;L)H]P)hvf* (siz-&-l | S‘;L’ ai)):|
j=1
+ log(H|F|/9).
Sum over h € [H] with (F.30), we can complete the proof by

k

*ZZth— > () + Feone,

h=1j=1 j=1

where keone = H log(H|F|/d). For infinite model classes F, we can use 1/K -bracketing number
Br(1/K) to replace the cardinality |F| (Liu et al., 2022a; Zhong et al., 2022; Zhan et al., 2022b).
O

F.9 PROOF OF COROLLARY E.4

Proof. We provide the proof for NE. The proof for CCE/CE are the same by replacing the NE-
regret to the CCE/CE-regret. By taking the minimum of the index of agents rather than adding them
together, we can modify the proof of Theorem 3.1 and derive, with probability at least 1 — 4,

K
1 NROEL 5 HYrs  duapc , duapcH
il V@ — @ <0 .
% (kzllgel%( (») (p)) = T Tk

Hence, by choosing K = 0] ((HQT%(; + d12\/IADC) €72 + dvapcH - 5’1) with ¢ < 1, we have

I-naX(V(l')7H(’i)y7Tout (P) _ V(i),vrout (P))

1€[n]
(S mas (v () - v )
= — max (V") — T
K 1 i€[n] P p
<e,
where the second inequality holds from 7., = Unif ({7*} re[k))- Hence, oyt is a e-NE. O
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G TECHNICAL TOOLS

We provide the following lemma to complete the proof of model-based RL problems. The detailed
proof can be found in (Foster et al., 2021).

Lemma G.1. For any real-valued random variable sequence {X}}rc(x) adapted to a filtration
{Gx }ke[K)> with probability at least 1 — 4, for any k € [K], we can have

k k
— ZXk S ZIOgE[eXp(_Xs) | ]:871] + IOg(l/a)
s=1 s=1

In the next lemma, we introduce the Freedman’s inequality, which has been commonly used in
previous RL algorithms. (Jin et al., 2021b; Chen et al., 2022c; Zhong et al., 2022)

Lemma G.2 (Freedman’s Inequality (Agarwal et al., 2014)). Let { Zy } ,e[x] be a martingale differ-

ence sequence that adapted to filtration {F } ke (x]. If | Z| < R forall k € [K], then forn € (0, %),
with probability at least 1 — 0, we can have

K K
3 =0 13m0z | 5+ KUY,
k=1

k=1

The next elliptical potential lemma is first introduced in the linear bandit literature (Dani et al., 2008;
Abbasi-Yadkori et al., 2011) and then applied to the RL problems with Bilinear Classes (Du et al.,
2021) and the general function approximation (Chen et al., 2022a; Zhong et al., 2022).

Lemma G.3 (Elliptical Potential Lemma). Let {z)}_; be a sequence of real-valued vector, i.e.
x), € R? for any k € [K]. Then, if we define A; = eI + Zkl,(zl zpz}, we can get that

= : 2 <921 det(AK"Fl) < 9] T 1 = T
’;mln{l,ﬂxiHAil} < 2log “det(Ay) ) S 2logdet | I + gZxkxk .

k=1

Proof. The proof is provided in Lemma 11 of (Abbasi-Yadkori et al., 2011). O

H COMPUTATIONAL EFFICIENCY

Since the normal-form game is defined over the pure policy space, the size of this game can be
exponentially large, which makes the algorithm not computationally efficient. Actually, the compu-
tational complexity of this oracle depends on the type of equilibrium.

For CCE, the oracle can be approximately implemented by mirror descent (Wang et al., 2023),
where the time of calculating V' (7) depends on the number of iterations. Hence, the computa-

tional complexity of this oracle depends only on the number of iterations rather than the pure policy

space |II|P"". To be more specific, by replacing the optimistic value function Vﬁ””’ in Algorithm

4 (DOPMD) of [1] by the regularized payoff function in 3.1, one can get an approximated CCE
by mirror descent using FTRL analysis. The sampling procedure in Line 3 of DOPMD can be im-
plemented by Langevin dynamics (Karagulyan, 2021) as long as we can obtain the gradient of the
regularized payoff function.

However, for Nash Equilibrium, calculating the equilibrium is PPAD-complete. So MAMEX is
computationally inefficient for learning NE.
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