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A Proof of Theorem 3.4

We restate Theorem [3.4] here, which gives the theoretical guarantee for Algorithm|[T}

Theorem A.1 (LSH algorithm guarantee for ANNA; Theorem [3.4). Fix ¢ > /3, LSH family H
that is (r, cr, p1, p2)-sensitive with quality p < 1/3, £ = O(N°Plog N), and z = O(log; ;,,, N).
Then Algorithm|[I (with H, ¢, and z) implements an ANNA mechanism with parameters r, c,{ and
n=0(1/N'=%),

Proof. Our algorithm applies for the regime with large approximation factor, i.e., ¢ > /3. Since
we only want the nearest neighbors within distance cr with the query point, we want to bound the
probability of two points with distance greater than cr to fall into the same bucket. Consider the family
G with Pryec[g(z) = g(y)] < %4, if |z — y|| > cr. Then for each bucket, the expected number of

collision (x, y fall into the same bucket and ||z —y|| > cr)isless than N -Pryeclg(z) = g(y)] < %%

— N2°*
Therefore, by Markov’s inequality, for each bucket, with probability greater than 1 — %, there is

no collision within the bucket. Then, by union bound over all the non-empty bucket (there are at
0.1

most N of them), with probablity greater than 1 — =7, there is no collision in one hash table. By

[29], z = O(log; ,,, V), i.e., each hash function g € G is composed of O(log; /,,, IV) hash functions
sampled from the LSH family 7, which suffices to achieve Pryci[g(z) = g(y)] < %% whenever
[z —yll > cr.

On the other hand, since the probability of collision is very small, the success probability (when

lz —y|| <), namely p = Pryeclg(z) = g(y)] = N 37 (recall that p = izé }?i;), is also somewhat
small. However, we can boost the success probability by using multiple hash tables. Let £ denote the
number of hash tables. Then for each ¢;, the probability of its r-nearest neighbor k (k € N'(g;, 7))
falls into different bucket with g; for all £ tables is upper bounded by (1 — p)*. By union bound over
all possible nearest neighbors and all ¢;’s, the failure probability is bounded by N2(1 — p)*. Assume
we want the failure probability to be less than some § > 0, then we want N2(1 — p)¢ < 4. Taking
logarithm of both sides, and using a Taylor expansion of log(1 — ) for sufficiently small x, we find
that £ = O(N3/(log N + log 1/§)) suffices for success probability 1 — §.

Therefore, by union bound over all £ hash tables, with probability 1 — %, there is no collision

in all the hash tables, which implies w; ; = 0 if |[k; — ;|| > cr. By setting § = 315, we
get £ = O(N?log N). Hence, the total failure probability 7 is bounded by § + % which is
O(1/N1=3¢),

If [|k; — g;|| < r, from the guarantee above, we know that k; collides with ¢; at least once in the
¢ hash bucket. This implies w; ; > 1 /count, where count is the number of all the collisions in the
¢ hash buckets that g; retrieves. In the worst case, all the k¥ € A (g;) collides with ¢; in all £ hash
tables except for k; only colliding once. Therefore, count < (N(g;) — 1) - £, and this gives us

1
Wij 2 Ng)-DeF1 m

Runtime and memory usage. One can see that for each query, we need to evaluate
O(N?3*log, /p> IN) hash functions and compute sum of m-dimensional vectors, so the total run-

time is O(mN'*37log, ;,, N). During the preprocessing, we need to store N3 hash tables and the
sum of values, each with at most N buckets, so the total memory is O(mN 1+3p log N) bits.

B ANNA-transformer can simulate MPC

Our simulation of MPC using ANNA-transformers uses only a special case of ANNA, which we call
Exact Match Attention (EMA ). In EMA, we require the key to be exactly the same as the query for it
to be considered in the attention matrix. We show that this special case already suffices to simulate
MPC.

'Optimal (data-oblivious) LSH schemes achieve p = 1/c + o(1) [4]. Since we assume ¢ > /3, the failure
probability 1/poly (V) decreases to zero with N.)
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Definition B.1 (EM Attention). Let X € RN*? be the input embedding, Q, K,V : RVN*d — RNxd
be query/key/value embedding functions. For any query q, let N(q) = {k; € K : k; = q}. For each
query q;, the Exact Match attention computes

W 2 v fN(@) #0
EMAk v(¢) = JEN (4:)
0 otherwise.

EMA layer and EMA-transformer are defined analogously. To see that EMA is a special case of
ANNA, notice that in ANNA, we can set r = 0,c — oo and w; ; = m such that it becomes
exactly the same as EM attention. EMA also admits a near linear-time algorithm: sort all the keys
first (using a lexicographic ordering) in time O(dN log N) and space O(dN ); at query time, perform
binary search in time O(dlog V) per query.

We first give a simulation that directly simulates the R-round (e, e)-MPC using L = R + 1 layers
but large embedding dimensions to showcase the core idea of the proof.

Theorem B.2 (EMA simulates MPC). For constant 0 < € < 1, any deterministic R-round MPC pro-
tocol ™ with N machines with s = O(N¢) words local memory, there exists an EMA-transformer T
with depth [, = R+1, number of heads H = O(N¥), and embedding dimension m = O(N°¢log N),
such that T'(input) = 7(input) for all input € Z%,.

Proof. For any R-round MPC protocol 7 with N machines that maps the input to output, we define
the intermediate steps for local computation phase and message transimission phase. We denote the in-
put to all the machines before the local computation as MachineIn;,MachineIn,,...,MachinelIng,
and denote the information after deterministic local computations (Locali)rem ic] as
MachineQut,,MachineOuty,...,MachineOutg, where MachineOutl = Locall(MachineIn?).
In the communication (message transimission) phase, we need to route the messages to the correct
machines ie from MachineQOut, to MachineIn, ;.

In our simulation, each token input to the EMA-transformer plays the role of a machine in the
MPC protocol. We simulate the local computation functions (Local});c[rj,;cn by the element-wise
functions Q(-), K(-), V(-) in the architecture. Therefore, the simulation process can be partitioned
into 3 different parts:

1. Initialization. The input feeded into EMA-transformer is distributed in the N tokens, and we
need to transfer than into the first (%} tokens/machines to match MachinelIn;.

2. Routing (message transmission). After the local computation in each round r, we need to
communicate the messages from MachineQOut, to MachineIn, ;.

3. Final output. The MPC output is distributed in the first (%W tokens/machines, and we need to
distributed them back to the N tokens.

The following 3 lemmas construct the elements for each of these 3 parts.

We first show the message transmission part of MPC can be simulate by the EMA-transformer. Recall
that after r rounds of local computation, each machine ¢ has a set of messages it wants to send to
other machines, denoted by MachineQut} = {(Msgl__,,dest) : dest € sent®}, where sent® is
the set of machine indices that machine ¢ will sent the message to and Msg2_ . is the message machine
1 send to machine dest. After the message communication phase, each machine ¢ has the set of
messages it receives from other machines, denoted by MachineIn! , = {(Msg,Src) : (Msg,i) €
MachineOut$*°}. Since each machine can only send/receive s words, we have Yy . ..o [Msg| <
sand ) (Msg, 1) EMachineQutse Msg| < s for all machine . We call this process the routing process of
MPC. The following lemma shows that each routing round of MPC can be simulated by one layer of
EMA-transformer.

Lemma B.3 (Routing). For any R-round MPC protocol w having q machines each with local memory
s and any r € [R — 1], there exists an EMA-transformer route, with H = O(s) heads and
m = O(log q) for Q and K, m = O(s® log q) for V that takes input X = MachineIn, and produces
output route, (X) = MachineIn,
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Proof. Follow the assumption in [53], we encode the local computation into the element-wise
operations Q(-), K(-), V(-) of transformer. The main part of the proof will focus on using EMA to
route MachineOut, to MachineIn, ;.

We assign a unique positional encoding or identifier to each machine ¢, denoted by p;. This can
be done with O(log ) bits. This encoding serves as a unique key to retrieve the message in each
machine. The high level idea is to create a query for each machine ¢ and a key for each dest € sent;
and the associated value is the message Msg3, ., sent to dest in the protocol. Since each machine can
send at most s messages to other machines, we create s EMA heads and each head is responsible for
one message for all the ¢ machines. Each machine retrieves the message sent to them by having a
query in each head. Because each query can attend only to perfectly matching keys, each distinct
outbound message must be passed by a different attention head, but multiple inbound messages may
be received by the same attention head.

Specifically, let Q", K", V" be the query, key, value embedding after the machine local computation
for each head h € [s]. Set ¢/* = p; for all A, so

Pi
1
Q1:Q2:~--:QS: p2
a
Pq
Let k' = pyesy: for dest] € sent® = {dest,destj, ..., dest}}, where dest} is the destination

machine index for the jth word message that machine ¢ sends. The key matrices are constructed as
follows:

T T
pdest} p; ! pdest;
P} T Pk
dest? P 5 dest?
Kt=| 7|, K*=|"), ., K°= :
T
T D, q T
])dest? dest, ]7dest2

Let v} be some embedding of (Msgi__.,dest}, 1), denoted by v/ = embl(Msgl__,.,dest}, i) for
h h
some emb*i1 defined later, and

emb] (Msgj, .., dest], 1) emb? (Msgj,,,:, desty, 1)

) embé(Msggestf, dest?, 2) emb} (Msgiestﬁ, dest?2,2)
V = . ? et VS = .

emb}l(Msggest?, dest{, q) emb;(Msggestg, destd,q)

By such construction of @, K, V, in our EMA, each query will retrieve the average value of the
messages whose key exactly matches the query. However, by setting the value matrix this way, we
might corrupt the message when there are more than one k* € K" that are equal to the same query.
To solve this problem, we can apply the same multiple hashing-based encoding in Lemma 3.2 from
[53], which encodes each message in multiple fixed locations generated by a sparse binary matrix
and have an extra “validity bit” indicating whether the message is corrupted or not. We restate an
adapted version of their Lemma 3.2 here.

Lemma B.4 (Lemma 3.2 of [53[]; message encoding in sparse averaging). For any message size
A € N, message count bound o € N, there exist an encoding function ¢ such that ¢ takes in
(Msg}o.:» desty, i) defined above where the size of it is bounded by A for all i € [q] and h € [a]
h
and encodes it into emb® (Msgl__ ., desti, i) € R™ withm = O(a*Alog q), and a decoder function
h

¢ such that ¢ takes in the output of the EMA with Q, K,V defined above and decodes it into
(Msg} qpir desty, 1).

Let rcvd® = {srci, srci, ... srcil, where srct is the jth source machine index that machine ¢
1 29 bl s j

receives message from. Because |sent!| < s and |rcvd?| < s, in each head of EMA, there are at
most s values get retrieved and averaged for each query. Thus, here we can just apply LemmaB.4]
with o = A = s, which gives us an embedding dimension bound m = O(s° log q).
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We then show with one layer EMA-transformer, we can properly initialize the setup of MPC by
converting Input = (input,, inputs, ..., input,) to MachineIn,, the input before the first round
of MPC computation, ie the input is distributed evenly on the first [ ] machines.

Lemma B.5 (Initialization). For any R-round MPC protocol  having q machines each with local
memory s and n-word input, there exists an EMA-transformer init with H = 1 head, m = O(log q)
Sor Q, K and m = O(s) for V that takes input and outputs init(input) = MachineIn,.

Proof. The input should be distributed accross each machine 1 < i < [2] with MachineIn] =
{(inputigy,idx) : idx € s(i—1)+1,...,min{n, si}}. Let g;», = [ 2] be the number of machines
to store the initial input. Since the input given to init are n tokens (here we treat each token as a
machine), we need to rearange the memory so that the input is distributed on the first ¢;,, tokens.

Same as before, we use the positional encoding p; to be the unique identifier for each machine. We
create a key value pair for each input token and the key corresponds to the identifier of the machine
that input,, goes to and the value be (input,, ,idx). Also, create a query for each machine
1€ [qin].

For each machine ¢ € [¢;,,], define the query embedding ¢; = p;,

idx idx»

-
P1
1
P2
.
Gin

For each token input,, ,idx € [n], let destigx = [%1 be the machine storing the token, define
the key embedding Kigx = Pdest,qy

T

])dest1
T

zjdestQ

T
pdestn

Let s’ = idx mod s. For each token input
to be (input

1axs 1dx € [n], define the value embedding vi4, € R?
idx) in the 2i" — 1, 2¢’-th entry and 0 in all other entry,

idx»

input, 1 0 0 0 0 0
0 0 input, 2 0 0 0
V= 0 0 0 0 0 input, s
input,,, s+1 0 0 0 0 0
By setting the value matrix like this, we can avoid corrupting the messages. O

Last, we show that with an additional one layer EMA-transformer, we can map the final round
MachineIng to the output of MPC protocol where the output is store in the first [ 2 ] machines.

Lemma B.6 (Final Output). For any R-round MPC protocol w having q machines each with local
memory s and n-word input, there exists an EMA-transformer out with H = 1 head, m = O(log q)
for Q,K and m = O(s) for V that takes MachineIny and outputs out(MachineIng),, =
m(input) = output.

Proof. First, the element-wise operations can compute MachineOuty from MachineIng. The output
is distributed accross each machine 1 < i < [2] = g,y¢ With memory of machine i be output® =
{(output,y,,idx) : idx € s(1 —1)+1,...,min{n, si}}. Then, we just need to retrieve the output
tokens from all the g,,,; machines and distribute them back to n tokens. This step does the inverse
job of init. We create a query for each token output,,, for all idx € [n]. Let stcigx = [12*] be the
machine token output, 4, isin.
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For each token output., , idx € [n], define the query embedding ¢;ax = Dsre,y,»

T
Psre,
T
CQ ]7srcz
T
psrcn

For each machine ¢ € [¢oy], create a key k; = p;,

idx?

7
P2

K = .

K

Qout

The value associates with each key ¢ is the memory MsgOut; stored in each machine 7. Define the

value embedding v; = Msg0ut;,

MsgOut,
MsgOut,
V= .
MsgOut,
By choosing a proper element-wise function ¢, out(MachineIng); ; = output;. O

The theorem follows from stacking the elements from these three lemmas. Each lemma gives us a
single layer of the final EMA-transformer 7" with embedding dimension m = O(N°¢ log N):

T = out orouteg_; 0---oroutey o init O

Remark B.7 (General (v, €)-MPC). The above simulation works the same for (v, €)-MPC by padding
max (0, O(N'7=%) — N) empty chain-of-thought tokens in the input.

Remark B.8 (Number of heads). The standard transformer can simulate MPC using the same
embedding dimension but only 1 attention head [51)153|]. Here the EMA needs O(N®) heads, and we
leave how to improve the number of heads for future work.

Since EM attention is a special case of ANN attention with » = 0 and ¢ — o0, the simulation of
MPC with ANNA-transformer naturally follows from Theorem [B.2.

Corollary B.9 (ANNA simulates MPC). For constant 0 < ¢ < 1, any deterministic R-round
MPC protocol w with N machines with s = O(N¢) words local memory, there exists an ANNA-
transformer T with depth L = R + 1, number of heads H = O(N¥®), and embedding dimension
m = O(N®¢log N), such that T (input) = 7(input) for all input € ZL.

Theorem [B.2] only gives us an MPC simulation in the sublinear local memory regime when s =
O(N'/5=9) for any § > 0. However, a lot of MPC protocol algorithms require s = Q(N'/2) local,
such as MPC algorithm for 3-SUM [25] and algorithms for graphs [51]]. The above simulation using
EMA -transformer does not yield a sublinear embedding dimension. [51] further gives a simulation
of MPC with sublinear local memory using transformer with sublinear embedding dimension by
simulating one round of MPC protocol with O(1) layers of transformer, instead of just one layer.
Their improvement also applies here.

Theorem B.10 (EMA simulates MPC with improved embedding dimension). For constant 0 < € <
¢’ < 1, any deterministic R-round MPC protocol @ with N machines with s = O(N¢) words local
memory, there exists an EMA-transformer of depth L = O(R), number of heads H = O(N ")
and embedding dimension m = O(N<") such that T(input) = 7 (input) for all input € Z,.

Proof. The proof relies on simulating any MPC protocol by a restricted version of MPC protocol
[51] which limits the number of machines each machine can send message to. Then, use a modified
version of Theorem [B.2/to simulate this restricted version of MPC.

Definition B.11 (Definition 3 of [51])). For constants~y,e,p >0, a (v, ¢, p)-MPC protocol is a (y, €)-
MPC protocol with an additional constraint: in each round, each machine can only send/receive
messages from k = O(n”) machines, while the total size of messages it can send and receive is still
s = O(NE¢). We refer to k as the communication capacity.
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[51] gives a construction that simulates a R-round (v, £)-MPC protocol with O(R)-round (v, &, p)-
MPC protocol. We restate their proposition here.

Lemma B.12 (Proposition 24 of [51]; (v, €, p)-MPC simulates (v, e)-MPC). For constants v, > 0
and p € (0,&/2), if function | can be computed by an R-round (v, €)-MPC, it can also be computed

bya O(R(lpitv)z)-round (v, €, p)-MPC protocol.

Therefore, we just need to simulate (v, , p)-MPC protocol using our EMA-transformer. The simu-
lation follows the same recipe as Thereom |B.2| where we have the initialization, message passing
and final output phase. Since the initialization and output of (v, &, p)-MPC follow the same rule as
(7v,€)-MPC, we only need to modify the message passing part of the simulation which corresponds to
the routing Lemma [B.3.

Lemma B.13 (EMA simulates (v, €, p)-MPC). For constant 0 < p < € < 1, any deterministic R-
round MPC protocol w with N machines with s = O(N¢) words local memory and communication
capacity k = O(NP), there exists an EMA-transformer of depth L = R + 1, number of heads
H = O(NP") and embedding dimension m = O(N¢*4"log N) such that T(input) = 7(input)
for all input € Z5),.

Proof. For the initialization and final output part, we just use the same init and out constructed in
Lemma|B.5/and Lemma|[B.6| In the routing part (Lemma|[B.3), because |sent?| < k, [rcvd?| < k,
we only need k heads and in each head of EMA, there are at most &k keys matching each query and
thus at most k values get averaged for a single query. Therefore, we can apply Lemma [B.4 with
a =k and A = s, leading to an embedding dimension m = O(N47log N). This gives us a new
route, with reduced number of heads and embedding dimension for each round 7.

Likewise, we stack the 3 building blocks of one-layer EMA-transformer and have an (R + 1)-layer
EMA transformer
T = out o routey_, o---oroute; oinit

and this finishes the construction for the lemma. O

Let p = min(e/2, (¢/ — ) /4). In this setting, v = €. By Lemma|B.12] we can simulate the R-round
2
(v,€)-MPC by an R’ = O(%)-round (7,¢€, p)-MPC. Then, by Lemma B.13| we can

min(e?,(e’—¢)?)

simulate this R'-round (v, &, p)-MPC by an R’ + 1-layer EMA transformer with O(N?) heads and
embedding dimension O(N<t4 log N') = O(N*'). O

Again, the improved simulation result of ANNA-transformer follows from Theorem [B.10.

Corollary B.14 (ANNA simulates MPC with improved embedding dimension). For constant0 < £ <
¢’ < 1, any deterministic R-round MPC protocol 7 with N machines with s = O(N¢) words local

E,*E

memory, there exists an ANNA-transformer of depth L = O(R), number of heads H = O(N 1 )
and embedding dimension m = O(N<') such that T (input) = n(input) for all input € Z1).

C MPC can Simulate ANNA-transformer

As a warm-up, we first simulate EMA-transformers using MPC, and then generalize it to the
simulation of ANNA-transformers.

Theorem C.1 (MPC simulates EMA). Fix constants 0 < ¢ < & < 1. For any L-layer EMA-
transformer T with mH = O(N¥¢), there exists a O(=~)-round MPC protocol 7 with local

e'—e
memory s = O(N€') and P = O(N'*¢~¢") machines such that 7(input) = T(input) for all
input € Z%.

Proof. We first show how to use MPC to simulate one layer of EMA-transformer. In the high level,
for each token z;, we have a token Machine 7 which is responsible for computing the key, query and
value embedding for x; and other element-wise computation on x;. The main bulk of the proof is to
search for the exact matching keys for each query and send the averaged values associated with the
matching keys to the token machines. In order to do this, we sort all the key and value pairs (k;, v;)
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in the order defined by the key. We divide the sorted key and value pairs into buckets such that each
bucket contains the same keys. For each bucket, we have a “meta-info" machine to store the indices
of the machines that contains the keys in the bucket. We then compute the averaged values within
each bucket and store the averaged value into the “meta-info" machine and propagate the value to all
the queries that match with the key.

To begin with, let X denote the space of query and key, and we define a comparator < over X in order
to sort. Without loss of generality, we just define it to be the lexicographical ordering comparator.
Based on this comparator, we define a query ranking permutation of [N] by o = (01,09,...,0N)
and a key ranking permutation of [N] by ¢’ = (04,05, ..., 0% ) such that
4o, <qgg <L e <qu
and ko < kgt <o - < kg
1 2 N
For the“meta-info" machine, we use a uniform hash function » : X — [N] to map queries and keys
to their corresponding “meta-info" machine. Recall that for a uniform hash function h, P(h(a) =
h(b)) = 3. forany a,b € X and a # b. Therefore,
P(3i such that the size of bucket h(g;) > s)
< P(3s different elements fall into one bucket)

N\ 1 1 1
< <= =—
~\s/)Ns ~ sl Ne'l

With high probability, each “meta-info" machine is responsible for at most s keys or queries.

We divide the machines into different types and summarize the role of each type of machine here:

* For i € [N], Machine i is the token machine for ;. This machine performs all the element-wise
computation for token 4. Specifically, it computes the query, key, value embeddings ¢;, k;, v; and
element-wise operations after the attention layer.

* For i € [[mN/s]], Machine (i, Q) is a data structure machine for sorting queries and storing
the 4th chunk of the sorted list of queries after sorting. In other words, let n, = |s/m] be
the number of queries each machine can store and, at the end of sorting, machine (i, Q) stores

{qa(ifl)»nqﬁ»l’ to 7qgi-nq }

e For i € [2mN/s], Machine (i, KV) is a data structure machine for sorted list of
key and value pairs. In other words, let ny, = |s/2m] be the number of key and
value pairs each machine can store and, at the end of sorting, machine (i, KV) stores

{<k0&71ynq+1aUoéilynq+1)7"'a(ka’ , Vgt )}~

ing ing

* For i € [N], Machine (i, hy) is the “meta-info" machine for the queries whose hash value is .
Let b, = {q;]j € [N], h(g;) = i}. This machine stores the location information of ¢ € h/, in the
sorted list. Specifically, for all ¢ € hfl, this machine stores the start machine index, i.e. (start, Q)
where start = arg minj{q € Machine (j, @)}, and the end machine index, i.e. (end, Q) where
end = argmax;{q € Machine (j,Q)}.

* For i € [N], Machine (i, hy) is the “meta-info" machine for the keys whose hash value is 7. Let
hi, = {k;|j € [N], h(k;) = i}. This machine stores the location information of k£ € hj, in the
sorted list. Specifically, for all k € hfl, this machine stores the start machine index, i.e. (start, KV)
where start = arg min;{k € Machine (j, KV')}, and the end machine index, i.e. (end, Q) where
end = arg max;{k € Machine (j, K'V')}.

* The auxiliary machines needed for message propagation.
We proceed to discuss the MPC protocol for computing the output of one layer single head EM-

attention transformer. In the first round, (same as the token dispersion stage of [53]]), route each token
x; to its corresponding token machine :.

In the second round, each token machine 7 computes the query, key value embedding ¢; = Q(x;), k; =
K(x;),v; = V(x;) and sends (g;, 7) to the sorting query data structure machine ([msi/s], Q) and
(ki,v;,1) to the sorting key data structure machine ([2mi/s], KV).
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Then, sorting query data structure machines ((¢, Q) for all i € [m.N/s]) sorts the queries. Sorting in
MPC has been well studied, and this can be done in constant number of rounds [22].

Lemma C.2 (MPC Sorting). There exists an MPC protocol with local memory s = O(N 51) that can

sort N items and each item has size O(N¢),e < €' in O(Z=) rounds with O(N'*=<") machines.

After sorting, for each ¢ € [IN], we need to send the location information of ¢;, ie which data structure
machines contains g;, to its “meta-info” machine (h(g;), hq). The idea is to build an > -ary tree
structure to aggregate the information and each query data structure machine is a leaf node of this
tree. Recall that each machine (i, Q) stores the queries S = {qg(ifl)‘nq t1- s oy, 1+ 1f S contains

the start and end of a particular query vector ¢;, then (i, Q) sends a message (q;, (4, Q)) to machine
(h(q1), hq). Machine (7, Q) also sends the first and last query to its parent machine in the tree, i.e.
sends the messages (%@71)."#1 , (4, Q), first) and (q,,,i,nq , (i, @), last). After the parent node collects
all the messages from the leaf node, it then does the same as its child: if it contains the start and end
of a certain query g, it sends to the location information (the first and last machine that store it) of the
query to its corresponding “meta-info” machine (h(q), hy), and it sends the first and last query and
their location information to its parent machine. This is done recursively, and since there are [mN/s]
query data structure machines in total, the depth of this ;> -ary tree is O(log, ,,, mN/s) = O(=),

e/'—e
1

e'—e

which means O (=) rounds and O(mN/s) machines suffice.

We do the same for (k, v) pairs. The sorting data structure machines (¢, K'V') sort the (k, v) pairs
based on the order of k. As before, we build a an -ary tree to send the location information to the
“meta-info” machine of each key. The different part from query is that we combine the values that
have the same key. For each machine in the 5--ary tree, it computes the averaged value associated
with each key it contains and sends the averaged value to the corresponding “meta-info” machine. In
particular, for each k;, the ‘meta-info” machine for &;, (h(k;), hy), contains the information (k;, )
where @ is the average of v;’s such that k; = k;.

Next, the “meta-info” machines of query and key need to exchange information to retrieve the
corresponding value for each query. Each (i, hy) sends the (k, ) pairs it has to the machine (¢, hy).
Then, each (i, h,) machine matches the ¢ and k, and sends the associated value o to the g. Note
that this step can be done by back propagating the ->-ary tree constructed for sending the location
information of ¢ to (h(g), hq). In other words, we can just reverse the message sending direction in
this tree. Therefore, each query in the query data structure machine receives the value it retrieves and
from each query data structure machine (i, ), we can send the retrieved value for each query to its
corresponding token machine, which is the inverse of the second round.

To summarize, the total rounds needed is O( ") and the number of machines needed is O(mN/s) =

O(N 1“’5'). To make this work for H heads, we can create H copies of this and each copy runs
in parallel. Since mH = O(N¢), the bounds for number of rounds and machines still hold. By
creating this MPC simulation for each of the L-layers, we stack them in the order of layers yielding
the complete simulation for L-layer EMA-transformer.

Next, we generalize the above algorithm and proceed to simulate the ANN attention that can be
computed by Algorithm|I. Since Algorithm|[T is a randomized algorithm, we assume that the MPC
protocol shares all the random seeds needed for all the layers of ANNA-transformer.

Theorem C.3 (MPC simulates ANNA). Fix constants 0 < ¢ < € < 1. For any L-layer ANNA-
transformer T (as implemented by Algorithm|[I) with mH = O(N¥), there exists a O(L/(e' — €))-
round MPC protocol T with local memory s = O(N¢') and P = O(N't¢=¢"*%<*Y machines such
that 7(input) = T (input) for all input € ZL,.

Proof. The high level idea of simulating ANNA-transformer is very similar to simulating EMA. We
have the same kinds of machines as before. The biggest difference is that, instead of having one hash
table for queries and keys, we now have ¢ hash tables, one for each round of hashing, and we sort the
queries and keys based on the hash values of queries and keys. Again, we first outline different types
of machines we will use.
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* For i € [N], machine i is the foken machine for x;. This machine performs all the element-wise
computation for token 7. Specifically, it computes the query, key, value embeddings ¢;, k;, v; and
element-wise operations after the attention layer.

e Fori € [[mN/s]],t € [¢], machine (i, Q, h') is a data structure machine for sorted queries for
the ¢-th hash table and the i-th chunk of the sorted list of queries, where the ordering of sorting is
based on g;(q) from Algorithm

e Fori € [2mN/s], Machine (i, KV, h') is a data structure machine for sorted list of key and value
pairs for the ¢-th hash table and the ¢-th chunk of the sorted list of key and value pairs, where the
ordering of sorting is based on g;(k).

* Fori € [N],t € [¢], Machine (g;(g;), hq,t) is the “meta-info" machine for the queries whose ¢-th
hash value is g;(q:). Let hl, = {q;|5 € [N],9:(q;) = 9¢(¢:)}. This machine stores the location
information of ¢ € ht in the t-th hash table. Specifically, for all ¢ € h?_ " this machine stores the
start machine index, i.e. (start, Q, h') where start = arg min;{q € Machine (4,Q, h%)}, and the
end machine index, i.e. (end, @, h*) where end = arg max;{¢g € Machine (j, Q, h)}.

* Fori € [N],t € [¢], Machine (g¢(k;), hy, t) is the “meta-info" machine for the keys whose ¢-th
hash value is g;(k;). Let hy, = {k;|j € [N], g:(k;) = g:(k;)}. This machine stores the location

information of k£ € h in the ¢-th hash table. Specifically, for all £ € hti , this machine stores the
start machine index, i.e. (start, K'V, h') where start = arg min;{k € Machine (j, K'V, h*)}, and
the end machine index, i.e. (end, @, h') where end = arg max;{k € Machine (j, KV, h')}.

* The auxiliary machines needed for message propagation.

Like before, we still use each token machine to compute the embeddings ¢;, k;, v; € R™. Then,
each token machine need to send (g;,%) and (k;,v;,%) to the data structure machines, machine
([mi/s],Q,h') and machine ([2mi/s], KV, h') , forall t € {. Because { = N3, we use the = -ary
tree to propagate the queries and keys to the corresponding data structure machines. This takes
O(=*—) rounds and O(N'+37¢=¢") machines.

g'—¢
Then, for each query hash table ¢ € [¢], the data structure machines sort the queries based on the hash
value of the queries. Same as Theorem|C.1, we use the > -ary tree to send the location information
of each hash bucket to its corresponding “meta-info”” machine. For each key, value pair hash table
t € [£], the data structure machines sort the key, value pairs based on the hash value of the keys. After
that, use the 5 —-ary tree to propagate the information to the corresponding “meta-info”” machine.
The difference from the EMA simulation is that each machine in this 5>--ary tree maintains the sum

. 2m . .
of values whose key has the same hash values instead of the averaged value, and also maintains a

count of the number of keys. These can be done in O(*—) rounds and O(N'+3r+e=<") number of
machines.

Next, the key “meta-info” machine send the sum of values and count to the corresponding query

“meta-info” machines, i.e. machine ( +(ki), hi, t) sends to machine (g¢(q;), hq,t). Each query
“meta-info” machine then follows the % -ary tree, broadcasting the sum of values and counts to the

queries in the hash table. finally, each query in the hash table needs to propagate the information
back to its original token machine. Since each token machine will receive message from ¢ = N3
machines, we again reverse the > -ary tree that send the query to each data structure machine. During
the aggregation, each machine in the > -ary tree still maintains the sum of values and the sum of
counts it receives. After receiving the sum of values and counts, each token machine 7 then calculates
ANNA(g;) = sum of the values divided by the counts.

The above simulates one layer of ANNA-transformer in O( -) rounds and using O(N 1+3pte—e’ )

machines, where p = 1/c%. Therefore, by stacking the simulation for L layers, this gives O(~)

rounds in total. To extend to H heads, we just need to instantiate the above simulation for H parallel
copies and because mH = O(e), the total number of rounds and machines still remains the same. [J
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D ANN/EM Attention can simulate low-rank Attention via MPC

We simulate the low-rank attention using ANN attention by first giving a MPC algorithm for comput-
ing low-rank attention and then convert it to ANNA-transformer.

Theorem D.1 (ANNA/EMA simulates low-rank Attention). For constants 0 < € < &' < 1, any low-
rank attention based transformer with depth L, rank r, embedding dimension m and rm = O(N¥)
can be simulated by an EMA/ANNA-transformer with depth O(ﬁ), number of heads H = O(N 5/)

and embedding dimension m = O(N° log N).

Proof. We prove this theorem by first proving that any one-layer of low-rank attention can simulated
by constant number of rounds of MPC.

Lemma D.2 (MPC simulates low-rank Attention). For constants 0 < € < &' < 1, any one-layer
low-rank attention with rank r, embedding dimension m and rm = O(N¥¢) can be simulated by a

O(=~)-round MPC protocol with local memory s = O(N*") and O(N) machines.

'—e

Proof. Assume rm = O(N¢) and local memory of MPC s = O(N¢') where ¢ < ’. Same as what
we do in MPC simulating EMA, for each token x;, 4 € [N], we have a token machine i to compute
the embedding of z; but we need to compute it in the kernel space, i.e. ¢; = Q'(xz;), k; = K'(z;)
and v; = V(x;). To compute K'(X )"V (X), recall that

N
K'(X)V(X)=> k]

We just need to compute the sum of N matrices of size r x m. Each token machine ¢ computes the
matrix k;v] and we construct a | >~ |-ary tree of machines to compute the sum. The leaves of the
tree are all the token machines and each node is responsible for computing the sum of | - | number
of matrices. We know from the previous simulation that the depth of the tree is O(i) After we
obtain the matrix M = K'(X)"V(X) € R"™*™, in order to compute Q(X)K'(X)"V(X), we just
need to propagate the matrix M to all the token machines. And each token machine ¢ computes ¢] M.
By reversing the direction of message propagation in the computing sum tree, we can propagate M to
all the token machines in O(i) rounds. Therefore, we can simulate kernel attention with O( 5,176)
rounds in total. O

For L layers of low-rank attention transformer, we construct the MPC for each layer using Lemma
and again we use the local computation of each token machine to simulate the element-wise

computation. We stack the L MPCs together, which has O( E,E -) rounds. The theorem follows from
applying Theorem [B.2 and Corollary [B.9. O

Since the core of the proof is through MPC simulating low-rank Attention, we can also apply Theorem
B.10 and Corollary [B.T4 which simulate MPC with better embedding dimension to get a improved
embedding dimension for simulating low-rank attention transformer.

Corollary D.3 (ANNA/EMA simulates low-rank Attention with improved embedding dimension).
For constants 0 < ¢ < € < 1, any low-rank attention based transformer with depth L, rank
r, embedding dimension m and rm = O(N¥) can be simulated by an EMA/ANNA-transformer

with depth O((
m = O(N®).

GESD) ), number of heads H = O(N “7") and embedding dimension

L
e’—e)-min(e?,

E Discussion on Reformer

We formally define Reformer as a computational model here.

Definition E.1 (Reformer attention). Given query, key, value embeddings Q(X), K(X),V(X) €
RNX™ such that q; = k; = Q(X)[i,:] = K(X)[i,:],v; = V(X)[i,:], Reformer attention proceeds

as follows:
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1. Apply a hash function h : R™ — U on{q1,...,qn};

2. Sort all q;’s (and thus k;’s) by h(q;) and partition all q;’s into chunks of size B < O(1), and let
h'(q;) be the label of the chunk that q; is in (the queries in each chunk can have different hash
values);

3. For each q;, only attend to k;’s such that they are in the same chunk.

The output embedding for q; is therefore

3 exp({g, k;))

jih! (ky)=h' (q;) Z exp((gi, k)
J5h () = (a5)

. 7{7.

We define f; : [N] — [N]Z as the function that specifies the set of keys each query should compute
inner product with in the ¢-th layer. From the Reformer constraints, we have Vi € [N]:

1. fo(i) = {ai,as,...,ap} € [N]? is a set (no repetition).
2.0 € fod).
3. Forany j € f(3), fe(j) = fe(3).

In the ¢-th layer attention computation for each query ¢;, Reformer computes

eXP(<Qi,kj>)
jefzg(i) > exp({an ki)

J'€fe(d)

;.

We first study a restricted version of Reformer that fix the communication pattern beforehand i.e. f,
is input-independent for all £ € [L], and show that it can not compute the sum of all the input tokens.

Definition E.2 (SUM). Given input X = (x1,%2,...,on),2; € [M], and M = N°W), the

SUM task is defined as SUM(X) = Zf\;1 z;. We say a Reformer T computes SUM if for all X,
T(X)y = SUM(X).

Here T'(X) y is the N-th output of T given the input X. One can choose any position to be the final
output position, and here WLOG we choose the last token to follow the autoregressive generation
model convention.

Proposition E.3. Fix L = O(1) and {f/}L_,. Any Reformer T with L layers and each layer the

attention pattern is specified by { fo}L_, can not compute SUM(X): there exists an X, |T(X)n —
SUM(X)| > ¢, forany 0 < e < M/2.

Proof. We denote each layer’s element-wise computation by {¢,}2_,. Let T¢(X); denote the i-th
output of 7" after ¢ layers of computation. We prove this proposition by induction.

Inductive hypothesis: 7(X); is a function of at most B different z; € X.

Base case: / =1

1 exp((qi, k;))
T°(X): = P J
je%:m > exp({giky))

Jj'efi(3)
. (@) K(a))
= V()
jele:(i) Z exp((Q(x;), K(x;)))
Jj'efi(3)
= ¢1(Tay, Tag,- - - Tap) Wherefy (i) = {a1,...,ap}

]

which is a function of at most B x;’s in X.
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Inductive step: consider

THY(X), = eXp(@(Té(X)z%K(TK(X)J») V(TUX i
. jegl@ Y ep((QTH(X):), K(T(X);0) )
3 E€fo41(d)

= ¢€+1(TZ(X)(LU s 7TE(X)(LB) Wherefl(i) = {ala AR CLB}
Since each T*(X),, is a function of at most B variables from X, 7" (X); is a function of at most
B - B' = B! variables from X.

Therefore, if T*(X); is a function of all {z1, ..., 2y}, we need BY > N and thus L = Q(logz N).
In the case B = O(1) and L = O(1), TY(X); is a function of BL < N variables. WLOG, consider
TE(X)y is a function of {z1,...,75c}. Then, 5r; can be any number in [M] that makes
TE(X)y far from SUM(X). O

Therefore, if Reformer has any power, it must come from the sorting part, because the sorting
algorithm have access to the information of all the token inputs.

Although constant-layer Reformer can not compute SUM, one can easily show that one layer of
ANNA -transformer can compute SUM by setting v; = Nz; and ky = ko = --- = ky = gy for all
i € [N], thereby retrieving all the v;’s and averaging them.

F ANNA-transformer Solves k-hop and Match2

F.1 ANNA/EMA-transformer Solves Match2

Theorem F.1. For any N,M = N°W, there exists an EMA-transformer T with one layer, one
attention head, and embedding dimension 1 such that T(X) = Match2(X) for all X € [M]V

Proof. Given input X € [0, M]V*!, Let Q(X) = ¢(X)Q,K(X) = ¢(X)K,V(X) = ¢(X)V,
where ), K,V are matrices in R?*!. Define ¢ by ¢(x) = (x,1) and

o= (o= 3)r- )

such that
T M — T 1
To M — To 1
ox)Q=|". [exx=|" " |exw=].
N M — N 1
As aresult, foreach 1 < ¢ < N, if there exists 1 < j < N such that z; + x; = M, then

1
{j € [N]:w; + ;= M}|

Otherwise, ((¢(X)Q)(p(X)K)T )[z j} = 0forall 1 < j < N. Finally, we can calculate that if
{j €Nz @i+ 2; = M}| #0,t

((2(X)Q)(P(X)K) )i, 5] =

1
{j € [N]: @i+ a5 = M}|
and if |{j € [N] : z; + x; = M }| = 0, then
EMA(6(X)Q, 6(X) K, 6(X)V)[i] = 0. 0

EMA(¢(X)Q, ¢(X) K, p(X)V)[i] =

‘{] S [N] xitxy = M}‘ =1,

That gives the same result for ANNA-transformers.

Corollary F.2. For any N, M = NOW, there exists an ANNA-transformer T with one layer, one
attention head, and embedding dimension 1 such that T(X) = Match2(X) for all X € [M|N
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F.2 ANN transformer Solves k-hop

We first show that ANNA transformers can solve induction head (1-hop).

Lemma F.3. Fix constants 0 < ¢ < &’ < 1, and |3| < N. There exists an ANNA-transformer
T with L = O(m) layers, H = O(N€'=9)/%) heads per layer, and embedding dimension
m = O(N¢") such that T(w); = We(w,i), if o(w,i) # 0; T(w); = L, ifo(w,i) = 0Vi € [N], for
allw e ¥V,

Proof. We prove this lemma by designing a constant-round MPC algorithm with local memory
s = O(N¥¢) and N/s machines to solve 1-hop. Since |X| < N, each token can be embedded with
O(log N) bits (O(1) words). Denote the input w™ = (1, 2o, ..., zx). The MPC algorithm works
as following:

1. For each z;, retrieve the next token z;4; and each token on the machine is stored as the embedding
of (z;,4, i1, + 1).

2. Define a comparator < for the object (z;, 4, z;4+1,% + 1). For two tuples (x;, 4, z;+1,7+ 1) and
(l‘j,j,ﬂjj+1,j + 1), if x; # Tj, then z; < z; = (xi,i,$i+1,i + 1) < (J?j,j, Tj41,] + 1); if
x; =xj,thent < j = (24,4, 241,01+ 1) < (25,7, 41,5 + 1). Sort (x;,¢, zi41,¢+ 1) by the
comparator <.

3. Each token (x;,%,x;11,% + 1) in the sorted list retrieves the token before it in the sorted list,
denoted by (z;,j, zj+1,7 + 1). Update the embedding of token: if z; = x;, the embedding of
the token x; becomes (i, z;41,j + 1) i.e. (i, Wy (i), 0(w, 7)); if w; # w;, then the embedding
of the token x; becomes (4, L, 0).

4. Send each (i, Wy (w,i), o(w, 7)) to the correct output machine [ £] and output we(,, ;) for token .

For step 1, each machine only needs to send message to its neighbor machine: machine ¢ sends
message to machine ¢ — 1, and this only takes 1 round. In step 2, each tuple is only O(log N) bits,
so by Lemma|C.2, the sorting takes O(%) rounds. In step 3, again each machine only needs to send
message to its neighbor machine: machine ¢ sends message to machine ¢ + 1, and this only takes
1 round. In step 4, each machine for the sorted list sends at most s tuples stored in it to the correct
output machine which takes 1 round. Thus, the MPC algorithm has O(2) rounds in total.

Then, we convert this MPC algorithm to an ANNA-transformer. By Corollary [B.14] this gives us an

ANNA-transformer with number of heads H = O(N (' ~¢)/4), embedding dimension m = O(N<")
and number of layers L = O(———z). O

e-(e'—e)?
Now we show that ANNA-transformers can solve k-hop with O(log k) layers.
Theorem F.4. Fix constants 0 < ¢ < &’ < 1, |X| < N and any k € N. There exists an ANNA-
transformer T with L = O (E_(s/is)z + (El,oik)z) layers, H = O(N(E/*E)/‘*) heads per layer, and
embedding dimension m = O(N¢') such that T'(w); = Wt (4.4), Vi € [N], for allw € BV,

Proof. We prove this theorem by constructing an O(log k)-rounds MPC with s = O(N*®) local
memory and O(N/s) machines. We show that this MPC algorithm can compute k-hop by induction.

Let k = Y 18*) k27 and ke = 32070 k;27, where k; € {0,1}.

Inductive hypothesis: after O(%) + 20 rounds of MPC computation, the token embedding for each
token ¢ encodes the information of this tuple

. 0 . .
(z,wa2e(w7i),02 (U),’L),U}a_k:((wJ),O'k:[‘(w,l))

Base case: £ = 0,k = 1 is implied by Lemma |[F.3| After step 3, we have (i, Wy (w,i), 0(w,7)).
Now consider k¥ = ¢ + 1. For each i, the machine (Machine [i/s]) that contains
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(3, Wt (4 )5 o (W, 8); Woker (i) o (w, 1)) sends the message (i, o (w, 1)) to machine that con-
0 o

tains o2 (w, 9) as the first entry of the tuple which is machine [@1 Machine [@1 then

send the following tuple to machine [i/s]:

£ 3 ¢ ¢ ) , .

(0? (w77/)7wg'2£(u),0'2£(w’i))70-2 (w,0? (w’l))’wak:l(w,oﬂ(w’i)yUk:[(w,02 (w,4)))
¢ . 041 . )

= (02 (wpl),w022+1(w7i)’0‘2 (w’l),wak:g+22(w7i)7o—k;z+2 (

L .
= (02 (’LU, Z)atlatQat?n t4)

Since each machine has at most s tuples and the function o(w, ) is one-to-one except for L, the
number of messages each machine sends and receive is bounded by s. After machine [i/s] receiving
the above message, it update the tuple for the token 4:

w, 1))

1. if k; = 0, token i is updated as: (i, 1,2, Wk (4 4y, 0™ (w, 7))
2. if ky = 1, token 7 is updated as: (¢,¢1, o, t3,ts)

By definition, the embedding of token ¢ now is:

2£+1

(i, Wittty 3,0 (W, 1), W ko4 (i)’ okt (w, 7))

The above inductive step only takes 2 rounds of MPC. Therefore, the total round is O(1) + 2(£ + 1).
When ¢ = |log k] + 1, this algorithm compute the output for k-hop.

Again, we can convert this MPC algorithm to an ANNA-transformer. By Corollary [B.14] this

gives us an ANNA-transformer with number of heads H = O(N (' =e)/ %), embedding dimension
m = O(N¢") and number of layers L = O(———z + (logk ). O

e-(e'—¢) e'—e)?

G Experimental details

Here are the details of the experimental setup. All the experiments are launched on 2 GPUs: NIVIDIA
Titan RTX and NVIDIA Titan Xp.

We train a modified version of the attention matrix and then distill from the trained model us-
ing ANNA implemented by the angular distance LSH family from [6]. Our softmax atten-
tion normalizes all the queries and keys in Q(X) and K (X) to have unit norm, and computes
softmax (8 - Q(X)K(X)")V(X) with a hyperparameter 3 > 0.

G.1 Match2 experiments

Dataset generation. Inspired by the way [36] generating data for Match3 task, a triple-wise version
of Match2, we generate the data for Match2 using the same algorithm but change to pair-wise relation
when computing the label. Each sample is a tuple (X,Y"), where X = (1, 22,...,2n), and each z;
is an integer sampled from {1,2,...,36}; Y = (y1,v2,...,yn), and each y; = 1{3j . z; + z; =
0 mod 37}. The sequence length NN is set to 32. When sampling the data, we ensure that each batch
is balanced by having the distribution of one’s in Y the same: each batch has 4 bins and each bin
corresponds to each percentage [0, 25%), [25%, 50%), [50%, 75%), [75%, 100%)] of one’s in Y'; each
bin size is 1/4 of the batch size. See Algorithm 2|for details.

Training details. We trained 3 models with 5 € {0.1,1, 10} respectively, with Adam optimizer on
cross-entropy loss and learning rate 0.01. Each model has one layer, one attention head, embedding
dimension m = 64 and an MLP with width 4m and GeLU activation. The dataset size, batch size,
training steps are 10000, 32, 20000 respectively.

We apply ANNA with number of hash tables £ € {1,2,...,16} and number of hash functions for
each table z € {1,2,...,6} on all the 3 trained models, and 8 = 0.1 has the best performance (error
can be 0). Since the implementation of ANNA is randomized, for each combination of (¢, z), we run
10 times and report the averaged error over the 10 runs. See Figure[Ia]for plotted performance when
B = 0.1. In this setting, £ > 8, z = 1 can achieve 0 error on the test set with 256 test samples.
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Algorithm 2 Match2 Dataset Generation

Input: N = 32, M = 37, dataset size D
Output: Dataset of (X,Y") pairs

1: Initialize 4 empty bins for ones-percentage ranges: [0, 25), [25, 50), [50, 75), [75, 100]
2. N, + D/4
3: while total examples in bins < D /40 do
4: Sample X € {1,..., M}" uniformly at random
5: Calculate the percentage p of one’s in Y’
6: if size of the bin p is in < N, then
7: Add (X,Y) to the correct bin
8: for each bin do
9: while size of bin < N, do
10: Randomly sample (X, Y") from bin
11: Sample permutation 7 over [0, ..., N — 1]
12: X* « X[r], Y* « Y[n]
13: Add (X*,Y*) to bin

14: Combine and shuffle all bins into final dataset
15: return Dataset
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Figure 1: All errors are averaged over 10 runs. (a) Error rate on Match2: x-axis denotes the number
of hash tables ¢, and different colors correspond to different numbers z of hash functions per hash
table. (b) Error rate on induction heads: Rows correspond to the number of hash tables in the first
layer, columns correspond to the number of hash tables in the second layer. The reported error rate is
the best achieved over the choice of z € {1,2,3,4}.

G.2 Induction heads experiments

Dataset generation. We use the data generation algorithm from [53]]. Each sample (X,Y") is of
the form X = (k, X') for k € {0, 1} for training samples and k = 1 for test samples, X’ € XV ~1,
Y = (0,Y"), where Y” is the k-hop label for X'. Here the sequence length N = 100 and alphabet
size || = 4.

Training details. We trained 3 models with 8 € {0.1,1, 10} respectively, with Adam optimizer
on cross-entropy loss and learning rate 0.01. Each model has 2 layers, each layer with one attention
head, embedding dimension m = 128 and an MLP with width 4m and GeLU activation. We use
online training: at each training step, sample fresh new data to train. The batch size and training steps
are 32,400000 respectively.

We apply ANNA on all the 3 trained models. For the first layer, the number of hash tables ¢ is chosen
from {32,40,48,...,96} and z is chosen from {1, 2, 3, 4}. For the second layer, the number of hash
tables ¢ is chosen from {4, 8,12, ...,32} and z is chosen from {1, 2, 3,4}. When evaluating the test
error, we compute the error on all the tokens. Note that this is different from [53]], where they only
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compute the error on the tokens whose induction head exists to avoid overestimating the performance
when £ is large and has a large fraction of null outputs. In our setting, ¥ = 1 which doesn’t have
many null outputs, and it is important for the model to learn when to output the null token.

We found 3 = 1 has the best performance, so we report it in Figure[1b| Again, the errors are averaged
over 10 runs for each combinations and taken the minimum over z’s. One can see that 32 hash tables
in the first layer and 4 hash tables in the second layer already gives highly non-trivial performance:
the error rate is 0.2 over 100 samples and each sample has 100 token predictions, while random guess
would give 0.75 error rate. With more hash tables in the first layer, the error rate can go below 0.1.
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