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ABSTRACT

There is a long history, as well as a recent explosion of interest, in statistical and
generative modeling approaches based on score functions — derivatives of the
log-likelihood of a distribution. In seminal works, Hyvérinen proposed vanilla
score matching as a way to learn distributions from data by computing an estimate
of the score function of the underlying ground truth, and established connections
between this method and established techniques like Contrastive Divergence and
Pseudolikelihood estimation. It is by now well-known that vanilla score matching
has significant difficulties learning multimodal distributions. Although there are
various ways to overcome this difficulty, the following question has remained
unanswered — is there a natural way to sample multimodal distributions using
just the vanilla score? Inspired by a long line of related experimental works, we
prove that the Langevin diffusion with early stopping, initialized at the empirical
distribution, and run on a score function estimated from data successfully generates
natural multimodal distributions (mixtures of log-concave distributions).

1 INTRODUCTION

Score matching is a fundamental approach to generative modeling which proceeds by attempting
to learn the gradient of the log-likelihood of the ground truth distribution from samples (“score
function”) Hyvirinen| (2005). This is an elegant approach to learning energy-based models from
data, since it circumvents the need to compute the (potentially intractable) partition function which
arises in Maximum Likelihood Estimation (MLE). Besides the original version of the score matching
method (often referred to as vanilla score matching), many variants have been proposed and have
seen dramatic experimental success in generative modeling, especially in the visual domain (see e.g.
Song & Ermon| (2019); Song et al.| (2020b); Rombach et al.| (2022)).

In this work, we revisit the vanilla score matching approach. It is known that learning a distribution
via vanilla score matching generally fails in the multimodal setting (Wenliang et al.,[2019; |Song &
Ermonl 2019; |Koehler et al.,|2022). However, there are also many positive aspects of modeling a
distribution with the vanilla score. To name a few:

1. Simplicity to fit: computing the best estimate to the vanilla score is easy in many situations.
For example, there is a simple closed form solution the class of models being fit is an
exponential family (Hyvarinen, |2007b), and this in turn lets us compute the best fit in a
kernel exponential family (see e.g.|[Sriperumbudur et al.| (2017)); |Wenliang et al.| (2019)).

2. Compatibility with energy-based models: for a distribution p(x)  exp(E(x)), the vanilla
score function is VE(z) so it is straightforward to go between the energy and the score
function. This is related to the previous point (why exponential families are simple to
score match), and also why it is easy to implement the Langevin chain for sampling an
energy-based model.

3. Statistical inference: in cases where vanilla score matching does work well, it comes with
attractive statistical features like y/n-consistency, asymptotic normality, relative efficiency
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guarantees compared to the MLE, etc. — see e.g. [Barp et al.|(2019); [Forbes & Lauritzen
(2015)); [Koehler et al.| (2022)); |Song et al.| (2020a)).

In addition, score matching is also closely related to other celebrated methods for fitting distributions
which have been successfully used for a long time in statistics and machine learning — pseudo-
likelihood estimation (Besag, [1975) and contrastive divergence training (Hintonl 2002). (See e.g.
Hyvarinen| (2007al); Koehler et al.| (2022).)

For these reasons, we would like to better understand the apparent failure of score matching in the
multimodal setting. In this work, we study score matching in the context of the most canonical family
of multimodal distributions — mixtures of log-concave distributions. (As a reminder, any distribution
can be approximated by a sufficiently large mixture, see e.g. 'Wasserman| (2006).) While vanilla
score matching itself does not correctly estimate these distributions, we show that the trick of using
“data-based initialization” when sampling, which is well-known in the context of CD/MLE training
of energy based models (see e.g. |[Hinton| (2012)); Xie et al.| (2016) and further references below),
provably corrects the bias of any model which accurately score matches the ground truth distribution.

1.1 OUR RESULTS

We now state our results in full detail. We are interested in the question of generative modeling using
the vanilla score function. Generally speaking, there is some ground truth distribution u, which for us
we will assume is a mixture of log-concave distributions, and we are interested in outputing a good
estimate /i of it. We show that this is possible provided access to:

1. A good estimate of the score function of V log i. (In many applications, this would be
learned from data using a procedure like score matching.)

2. A small number of additional samples from p, which are used for data-based initialization.

To make the above points precise, the following is our model assumption on y:

Assumption 1. We assume probability distribution y is a mixture of K log-concave components:
explicitly, = ZlK:l Ppifti for some weights p1, ..., pi s.t. p; > 0and Y, p; = 1. Furthermore, we
suppose the density of each component ji; is « strongly-log-concave and 3-smooth with 3 > 1['|i.e.
al = —V?log ui(x) =< BI for all x. We define the notation p, = min; p; and k = B/a > 1.

Remark 1. The assumption that u; is a-strongly log-concave and [3-smooth is the most standard
setting where the Langevin dynamics are guaranteed to mix rapidly (see e.g.|Dalalyan|(2017)).

and the following captures formally what we mean by a “good estimate” of the score function:

Definition 1. For u a probability distribution with smooth density p(x), an €..r-accurate estimate
of the score in Lo(p) is a function s such that

EIN#[Hs(x) - VIOgﬁL(l')HQ] < 6?core' (1)

As discussed in the below remark, this is the standard and appropriate assumption to make when
score functions are learned from data. There are also other settings of interest where the ground truth
score function is known exactly (e.g. w is an explicit energy-based model which we have access to,
and we want to generate more samples from itﬂ) in which case we can simply take €sore = 0.

Remark 2. Assumption (1)) says that on average over a fresh sample from the distribution, s(x)
is a good estimate of the true score function V log p(x). This is the right assumption when score
functions are estimated from data, because it is generally impossible to learn the score function far
from the support of the true distribution. See the previous work e.g. |Chen et al.| (2023)); [Lee et al.
(2022a,b); \Block et al.|(2020) where the same distinction is discussed in more detail.

Given a class of functions which contains a good model for the true score function and has a
small Rademacher complexity compared to the number of samples, the function output by vanilla
score matching will achieve small Lo error (see proof of Theorem I of \[Koehler et al.|(2022)). In

'We can always re-scale the domain so that 3 > 1.
2For example, one use case of generative modeling is when we have the ground truth and want to accelerate
an existing sampler which is expensive to run, see e.g. |Albergo et al.|(2021);|Lawrence & Yamauchi|(2021]).
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particular, this can be straightforwardly applied to parametric families of distributions like mixtures
of Gaussians. We would also generally expect this assumption to be satisfied when the distribution is
successfully learned via other learning procedures, such as MLE/contrastive divergence. (See related
simulation in Appendix|l})

We show the distribution output by Langevin dynamics on an approximate score function will be close
to the ground truth provided (1) we initialize the Langevin diffusion from the empirical distribution
of samples, and (2) we perform early stopping of the diffusion, so that it does not reach its stationary
distribution. Formally, let the Langevin Monte Carlo (LMC, a.k.a. discrete-time Langevin dynamics)
chain with initial state X, score function s, and step size h > 0 be defined by the recursion

Xnit1) = Xni + hs(Xni) + V2h Ap;

where each noise variable Aj; ~ N(0, I) is independent of the previous ones. Our main result gives
a guarantee for samplling with LMC started from a small set of samples and run for time 7

Theorem 1. Let ey € (0,1/2). Suppose p is a mixture of strongly log-concave measures as in
Assumptionand s is a function which estimates the score of p within Lo error €.y, in the sense of
Definition[l} Let

_ 6 exp(K)dk Oxel) o e%v
r=9 (( PrETV ) ’ h=6 ((6&2Kexp(K))4d3T) '

Let Uggmple be a set of M i.i.d. samples from (1 and Vgmpie be the uniform distribution over Usgppe.
Suppose that M = Q(p; 2ept, K*log(K /ey ) log(K/T)), and that

< pi/*Vhez, _d pi by,
T '

Cocore = (Br2K exp(K ))2d3/2T3/2

Let (XZ}‘;””"")RGN be the LMC chain with score s and step size h initialized at Veppie. Then with
probability at least 1 — T over the randomness of Usample, the conditional law i = L(X ;“’”’"" | Usampie)
satisfies

drv (i, 1) < erv. ()

We now make a few comments to discuss the meaning of the result. Conclusion (2)) says that we have
successfully found an ery -close approximation of the ground truth distribution p. Unpacking the
definitions, it says that with high probability over the sample set: (1) picking a uniform sample from
the training set, and (2) running the Langevin chain for time 7" will generate an ey -approximate
sample from the distribution p. Note in particular that we can draw as many samples as we like from
the distribution without needing new training data. The fact that this is conditional on the dataset is a
key distinction: the marginal law of any element of the training set would be p, but its conditional
law is a delta-distribution at that training sample, and the conditional law is what is relevant for
generative modeling (being able to draw new samples from the right distribution). See also Figure|[T]
for a simulation which helps illustrate this distinction.

Remark 3. Provided the number of components in the mixture is O(1), i.e. upper bounded by a
constant, the dependence on all other parameters is polynomial or logarithmic. It is possible to
remove the dependence on the minimum weight p,. completely — see Corollary[2]in Appendix|[H]

Remark 4. It turns out Theorem|I|is a new result even in the very special case that the ground truth
is unimodal. The closest prior work is Theorem 2.1 of Lee et al.|(2022a), where it was proved that the
Langevin diffusion computed using an approximate score function succeeds to approximately sample
from the correct distribution given a (polynomially-)warm start in the x3-divergence. However, while
the empirical distribution of samples is a natural candidate for a warm start, in high dimensions it
will not be anywhere close to the ground truth distribution unless we have an exponentially large (in
the dimension) number of samples, due to the “curse of dimensionality”, see e.g.\Wasserman, (2000)).

1.2  FURTHER DISCUSSION

One motivation: computing score functions at substantial noise levels can be computationally
difficult. In some cases, computing/learning the vanilla score may be a substantially easier task than
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alternatives; for example, compared to learning the score function for all noised versions of the ground
truth (as used in diffusion models likeSong & Ermon|(2019)). As a reminder, denoising diffusion
models are based on the observation that the score function of a noised distribution N (0,0%I) x p
exactly corresponds to a Bayesian denoising problem: computing the posterior mean on X ~ p given
anoisy observation Y ~ N (z, 021) Vincent| (2011); Block et al.[(2020), via the equation

y+0?Vlog(N(0,0°I)  p)(y) = E[X | Y =y].

Unlike the vanilla score function this will not be closed form for most energy-based models; the
optimal denoiser might be complex when the signal is immersed in a substantive amount of noise.

For example, results in the area of computational-statistical gaps tell us that for certain values of
the noise level o and relatively simple distributions p, approximate denoising can be average-case
computationally hard under widely-believed conjectures. For example, let p be a distribution over
matrices of the form N (7T, €2) with 7 a random sparse vector and ¢ > 0 small. Then the denoising
problem for this distribution will be “estimation in the sparse spiked Wigner model”. In this model,
for a certain range of noise levels o performing optimal denoising is as hard as the (conjecturally
intractible) “Planted Clique” problem (Brennan et al, 2018)); in fact, even distinguishing this model
from a pure noise model with » = 0 is computationally hard despite the fact it is statistically possible
— see the reference for details. So unless the Planted Clique conjecture is false, there is no hope
of approximately computing the score function of p x N (0, 02) for these values of . On the other
hand, there is no computational obstacle to computing the score of p itself provided € > 0 is small —
denoising is only tricky once the noise level becomes sufficiently large.

Related Experimental Work. As mentioned before, many experimental works have found success
generating samples, especially of images, by running the Langevin diffusion (or other Markov chain)
for a small amount of time. One aspect which varies in these works is how the diffusion is initialized.
To use the terminology of Nijkamp et al.| (2020), the method we study uses an informative/data-
based initialization similar to contrastive divergence |[Hinton| (2012)); \Gao et al.| (2018)); Xie et al.
(2016). While in CD the early stopping of the dynamics is usually motivated as a way to save
computational resources, the idea that stopping the sampler early can improve the quality of samples
is consistent with experimental findings in the literature on energy-based models. As the authors
of Nijkamp et al.| (2020) say, “it is much harder to train a ConvNet potential to learn a steady-state
over realistic images. To our knowledge, long-run MCMC samples of all previous models lose the
realism of short-run samples.” One possible intuition for the benefit of early stopping, consistent
with our analysis and simulations, is that it reduces the risk of stepping into low-probability regions
where the score function may be poorly estimated. Some works have also found success using
random/uninformative initializations with appropriate tweaks (Nijkamp et al., [2019}2020), although
they still found informative initialization to have some advantages — for example in terms of output
quality after larger numbers of MCMC steps. Finally, we recall that the success of many recent
experimental works which fit score functions with neural networks (e.g. |Song & Ermon|(2019); Song
et al. (2020b)); Rombach et al.| (2022); Ho et al. (2020)).

Related Theoretical Work. The works Block et al.|(2020); [Lee et al.| (2022al) established results for
learning unimodal distributions (in the sense of being strongly log-concave or satisfying a log-Sobolev
inequality) via score matching, provided the score functions are estimated in an Lo sense. The work
Koehler et al.|(2022) showed that the sample complexity of vanilla score matching is related to the
size of a restricted version of the log-Sobolev constant of the distribution, and in particular proved
negative results for vanilla score matching in many multimodal settings. The works|Lee et al.|(2022b);
Chen et al.| (2023) proved that even for multimodal distributions, annealed score matching will
successfully learn the distribution provided all of the annealed score functions can be successfully
estimated in Lo. In our work we only assume access to a good estimate of the vanilla score function,
but still successfully learn the ground truth distribution in a multimodal setting.

In the sampling literature, our result can be thought of establishing a type of metastability statement,
where the dynamics become trapped in local minima for moderate amounts of time — see e.g. [Tzen
et al.|(2018) for further background. Also in the sampling context, the works |Lee et al.| (2018)); |Ge
et al.| (2018) studied a related problem, where the goal is to sample a mixture of isotropic Gaussians
given black-box access to the score function (which they do via simulated tempering). This problem
ends up to be different to the ones arising in score matching: they need exact knowledge of the true
score function (far away from the support of the distribution), but they do not have access to training
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data from the true distribution. As a consequence of the differing setup, they prove an impossibility
result (Ge et al., 2018, Theorem F.1) for a mixture of two Gaussians with covariances I and 21 (it
will not be possible to find both components), but our result proves this is not an issue in our setting.

Questions for future work. In our result, we proved the first bound for sampling with the vanilla
score, estimated from data, which succeeds in the multimodal setting, but it is an open question
if the dependence on the number of components is optimal; it seems likely that the dependence
can be improved, at least in many cases. Finally, it is interesting to ask what the largest class of
distributions our result can generalize to — with data-based initialization, multimodality itself is
no longer an obstruction to sampling with Langevin from estimated gradients, but are there other
possible obstructions?

2 TECHNICAL OVERVIEW

We first review some background and notation which is helpful for discussing the proof sketch. We
leave complete proofs of all results to the appendices.

Notation. We use standard big-Oh notation and use tildes, e.g. O(+), to denote inequality up to
log factors and Og(-) to denote an inequality with a constant allowed to depend on B. We let
dpy (u,v) = sup 4 |(A) — v(A)| be the usual total variation distance between probability measures
1 and v defined on the same space, where the supremum ranges over measurable sets. Given a
random variable X, we write £(X) to denote its law.

Log-Sobolev inequality. We say probability distribution 7 satisfies a log-Sobolev inequality (LSI)
with constant C, g if for all smooth functions f, E.[f*log(f?/E.[f?])] < 2CLsE[||Vf||?]. Due
to the Bakry-Emery criterion, if 7 is a-strongly log-concave then 7 satisfies LSI with constant
CLs = 1/a. LSl is equivalent to a statement about mixing of the Langevin dynamics — if we let 7,
denote the law of the diffusion at time ¢ then an LSI is equivalent to the inequality

D (mi|Im) < exp(=2t/CLs) Dk (mo||7)

holding for an arbitrary initial distribution 7. Here Dk (P, Q) = Ep[log %] is the Kullback-
Liebler divergence. See Bakry et al.|(2014); [Van Handel| (2014) for more background.

Stochastic calculus. We will need to use stochastic calculus to compare the behavior of similar
diffusion processes — see [Karatzas & Shreve| (1991)) for formal background. Let (Xt)tzo and
(Y3)>0 be two Ito processes defined by SDEs: d.X; = s1(X;)dt + dB; and dY; = so(X¢)dt + dB,.
Let Pr, Q7 be the laws of the paths (X¢);c(0,77 and (Y;)¢c[o,7] respectively. The following follows
by Girsanov’s theorem (see (Chen et al., [2023} Eq. (5.5) and Theorem 9))

1 T
drv (Yr, X7)? < drv(Qr, Pr)* < §EQT [/ l|s2(Y7) — 81(Yt)||2dt]
0

In particular, this is useful to compare continuous and discrete time Langevin diffusions. If (Y};) be
the continuous Langevin diffusion with score function s, and (X}) is a linearly interpolated version
of the discrete-time Langevin dynamics defined by d Xy = s(X¢/n1)dt + dB;, then

s(Yy) — s(Ypuymyn)|[Pdt 3)

1 T
drv (Yr, X7)? < §EQT l/ |
0

2.1 PROOF SKETCH

High-level discussion. At a high level, our argument proceeds by (1) grouping the components of
the mixture into larger “well-connected” pieces, and (2) showing that the process mixes well within
each of these pieces, while preserving the correct relative weight of each piece. One of the challenges
in proving our result is that, contrary to the usual situation in the analysis of Markov chains (as in
e.g. Bakry et al|(2014); |Levin & Peres|(2017)), we do not want to run the Langevin diffusion until it
mixes to its stationary distributions. If we ran the process until mixing, then we would be performing
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the vanilla score matching procedure which provably fails in most multimodal settings because it
incorrectly weights the different components (Koehler et al., 2022). So what we want to do is prove
the process succeeds at some intermediate time 7" (See Figure|I|for a simulation illustrating this.)

To build intuition, consider the special case where all of the components in the mixture distributions
are very far from each other. In this case, one might guess that taking 7" to be the maximum of the
mixing times of each of the individual components will work. Provided there are enough samples in
the dataset, the initialization distribution will accurately model the relative weights of the different
clusters in the data, and running the process up to time 7" will approximately sample from the cluster
that the initialization is drawn from. We could hope to prove the result by arguing that the dynamics
on the mixture is close to the dynamics on one of the mixture components.

Some challenges to overcome in the analysis. This is the right intuition, but for the general case
the behavior of the dynamics is more complicated. When components are close, the score function of
the mixture distribution may not be close to the score function of either component in the region of
overlap; relatedly, particles may cross over between components. Also, the following remark shows
that natural variants of our main theorem are actually false.

Remark 5. We might think that initializing from the center of each mixture component would work
Jjust as well as initializing from samples. This is fine if the clusters are all very far from each other,
but wrong in general. If the underlying mixture distribution is %N(O, 1) + %N(O7 21,;) and the
dimension d is large, then the first component will have almost all of its mass within distance O(1) of
a sphere of radius \/d and the second component will similarly concentrate about a sphere of radius
V2d. (See Theorem 3.1.1 of |Vershynin| (2018).) As a consequence, the dynamics initialized at the
origin will mix within the shell of radius /d but take exp(Q(d)) time to cross to the larger \/2d shell.
(This can be proved by observing that the gap between the two spheres forms a “bottleneck” for the
dynamics, see|Levin & Peres|(2017)).) In contrast, if we initialize from samples then approximately
half of them will lie on the outer shell and, as we prove, the dynamics mix correctly.

We now proceed to explain in more detail how we prove our result. We start with the analysis of an
idealized diffusion process, and then through several comparison arguments establish the result for
the real LMC algorithm.

Analysis of idealized diffusion. To start out, we analyze an idealized process in which:

1. The score function V log p is known exactly. (Our result is still new in this case.)
2. The dynamics is the continous-time Langevin diffusion given by the Ito process

dX; = Vlog u(X;) dt + V2dB,.

This is the scaling limit of the discrete-time LMC chain as we take the step size h — 0,
where d B, is the differential of a Brownian motion B;.

3. For purposes of exposition, we make the fictitious assumption that the ground truth distribu-
tion y is supported in a ball of radius R. This will not be literally true, but for sufficiently
large R p will be almost entirely contained within a radius R ball. (In the supplement, we
handle this rigorously using concentration, see e.g. proof of Lemma [TT|of Appendix [F).

Additionally, for the purpose of illustration, in this proof sketch we assume the target distance in TV
is 0.01 and consider the case where there are two a-strongly log concave and 5-smooth components
w1 and e, and p = % Wi+ % wao. After we complete the proof sketch for this setting, we will go
back and explain how to generalize the analysis to arbitrary mixtures, handle the error induced by
discretization, and finally make the analysis work with an L, estimate of the true score function.

Overlap parameter. We define

Bia = 1 — dry (1, i2) = / min{ju (), pa() }de

as a quantitative measure of how much components 1 and 2 overlap; for example, §12 = 1 iff 11 and
1o are identical. The analysis splits into cases depending on whether d15 is large; we let § > 0 be a
parameter which determines this split and which will be optimized at the end.
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High overlap case (Appendix|Q). If p1 and pio has high overlap, in the sense that 612 > 4, then we
show that 4 satisfies a log Sobolev inequality with constant at most O(1/(«d)), by applying our
Theorem 2] an important technical ingredient which is discussed in more detail below. Thus for a
typical sample « from p, the continuous Langevin diffusion (X f )¢>0 with score function V log i

initialized at = converges to 4t i.e. drv (L(X{*), u) < e for T > Q(L 1og(de‘1))

Low overlap case (Appendix[E Lemma . When g1 and p2 have small overlap i.e. §12 < §, we
will show that for z ~ g, with high probability, the gradient of the log-likelihood of the mixture
distribution g at x is close to that of one of the components 111, po (Appendix[F71). This is because,
supposing that ||z|| < R, for i € {1, 2} we can upper bound

()
|Vlog u(r) — Viog pi(z)|| < 28R (1 - ) ,
| I @) + (@)
and low overlap implies that min; (1 — m) is small for typical x ~ p.

Consider the continuous Langevin diffusion ()_(f*) initialized at 6, i.e. Xo = x. Observe that the
marginal law of )_(f”” where x ~ p is exactly p, since p is the stationary distribution of the Langevin
diffusion. Let H > 0 be a parameter to be tuned later. The above discussion and Markov’s inequality
allows us to argue that for a typical sample z, the gradient of the log-likelihood of . at X fqu is close
to that of either components i1, 1o with high probability.

Next, we perform a union bound over n € {0,---, N — 1} and bound the drift ||V log u(x) —
V log p;(z)|] in each small time interval [nH, (n+ 1) H|. By doing so, we can argue that for a typical
sample x ~ u, with probability at least 1 — e~ ' BRNJ,, over the randomness of the Brownian motion
driving the Langevin diffusion, the gradient of the log-likelihood at X f @ for t € [0, NH] is close to
that of the component distribution 4; closest to the initial point 2 (see Proposition [26]of Appendix [F).

In other words, assuming that the initial point x satisfies p(x) > po(x) and letting T = NH, we
can show that with high probability,

sup ||V log pu(X7*) — Vlog uy (X77)[| < 1.1e.
t€[0,T]

This allows us, using (3), to compare our Langevin diffusion with the one with score function V log 111
and show the output at time 7" is approximately a sample from p.

In a typical set Uggmple Of 1.i.d. samples from i, roughly 50% of the samples x € Usample satisfy
p1(x) > p2(x) and the other 50% samples satisfy p2(z) > (), thus the Langevin dynamics
(Xtu “‘“"‘e)tzo initialized at the uniform distribution vgmpie Over Ugample Will be close to % =L
after time T provided we set H, T, €, § appropriately.

Concluding the idealized analysis. Either 612 > § in which case the high-overlap analysis above
based on the log-Sobolev constant succeeds, or d12 < J in which case the low-overlap analysis
succeeds. Optimizing over J, we find that in either case, with high probability over the set Usympie of
(BR)?

«b/2

dTV(‘C(Xtysample ‘ Usample)a,U/) <0.01

samples from 4, for t > Q( ) we have

as desired.

Generalizing idealized analysis to arbitrary mixtures. (Appendix[F] Theorem[5) When there are
more than two components, we can generalize this analysis — the key technical difficulty, alluded to
earlier, is analyzing the overlap between different mixture components. We do this by defining, for
each § > 0, a graph G where there is an edge between i, j € [K] when 6;; := 1 — dv (s, p1;) < 0.
As long as the minimum of the weights p. := min; p; is not too small, each connected component C'
Z,ec Pilti

c Pi

of G? is associated with a probability distribution pc =
the order of Oy —1(1/ad).

that has log Sobolev constant on

3This follows as LSI yields exponential convergence in KL-divergence. While the KL-divergence of the
initialization &, with respect to x4 is unbounded, we can bound the KL-divergence of X ff for some small h.
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Suppose for a moment that the connected components are well separated compared to the magnitude
of §. More precisely, suppose that for 7, j in different connected components and some § > 0 we have

( o 5) 3/2 )
5,gf5;@( . o)
1= 70 =9 @Ry
Then, a direct generalization of the argument for two components shows that for a typical set Ugample

v Usample

of i.i.d. samples from 4, the continuous Langevin diffusion (X, ™ );> initialized at the uniform
distribution over Usympie converges to y after time T = (ad) 1.

It remains to discuss how we select § so that @) is satisfied. We consider a decreasing sequence
1=26g>6 > > 081 where 6,1 = f(6,) as in Eq. {@). Let G" := G° . If any two vertices
from different connected components of G" have overlap at most 4,41, then the above argument
applies. Otherwise, G"*! must have one less connected component than G, and since G° has at
most K connected components, G~ must have 1 connected component and the above argument

applies to it. Thus, in all cases, the distribution of X;z_"mp'e is close to w in total variation distance.
K—-1

Discretization analysis. (Appendix [G] Lemma We now move from a continuous-time to
discrete-time process. Let (X5 )nen and (Xy)i>0 be respectively the LMC with step size i and the
continuous Langevin diffusion. Both are with score function V log 1+ and have the same initialization.
By an explicit calculation, we can bound ||V log u()||op along the trajectory of the continuous
process. This combined with the consequence of Girsanov’s theorem (3)) allows us to bound the total
variation distance between the continuous (X;) and discretized (X,,;,) processes. For appropriate
choices of step size h and time T' = Nh, using triangle inequality and the bound dry (X1, i), we
conclude that the discretized process Xy, is close to p.

Sampling with an L;-approximate score function. (Appendix[G) In many cases, score functions
are learned from data, so we only have access to an Ls-estimate s of the score such that E, [||s(z) —
Vlog u(x)||?] < €2,.- We now describe how to make the analysis work in this setting. Using
Girsanov’s theorem, we can bound the total variation distance between the LMC (X Z}f)ne N initialized

at 1 with score estimate s and the continuous Langevin diffusion (Z", ),,en with true score function
V log p, thus we can bound the probability that the LMC (X"*),,—{0,... .y—1} hits the bad set

Bicore 1= {x : ||S(x) - log:u(x)H > fscore,l}-

(The idea of defining a “bad set” is inspired by the analysis of [Lee et al.| (2022a).) Similar to the
argument for the continuous process, let X Z’hy’“‘“‘”e denote the LMC with score function s and step size
h initialized at the empirical distribution vgampre. Since we know that X fl,f‘ avoids the bad set and that

LX) =Ey,, copen [L(X])“™))], we have by Markov’s inequality that for a typical Usumple,

sample nh
S, Vsample

with high probability over the randomness of the Brownian motion, X} also avoids the bad set
Bicore for all 0 < n < N. Thus, we can compare X, ™ with the LMC with true score function
V log p, and conclude that £(X JS\;ZS“"‘“) is close to w in total variation distance.

2.2 TECHNICAL INGREDIENT: LOG-SOBOLEV CONSTANT OF WELL-CONNECTED MIXTURES
The following theorem, which we prove in the appendix, is used in the above argument to bound the
log-Sobolev constant of mixture distributions where the components have significant overlap.

Theorem 2. Let I be a set, and consider probability measures {1; };c1, nonnegative weights (p;)icr
summing to one, and mixture distribution j1 =, p;ji;. Let G be the graph on vertex set I where
there is an edge between 1, j if u;, jt; have high overlap i.e.

Sy o= [ i) s () 2 0.

Suppose G is connected and let p, = min p;. The mixture distribution | = Zie[pi:ui has log-
Sobolev constant

C
Crs(p) < % max Crs(pi)

where C|p| . = 4I|(1 4 log(p;*))p; ! only depends on |I| and p..



Published as a conference paper at ICLR 2024

0.00 0.00 0.00+
-100 -7.5 -50 -25 00 25 50 75 100 -100 -75 -50 -25 00 25 50 75 10.0 -100 -75 -50 -25 00 25 50 75 100

@T=0 (b) T' = 200 (¢) T' = oo & truth (orange)

Figure 1: Visualization of the distribution of the Langevin dynamics after 7" iterations when initialized
at the empirical distribution and run with an approximate score function estimated from data. Orange
density (rightmost figure) is the ground truth mixture of two Gaussians; the empirical distribution
(leftmost figure, T = 0) consists of 40 iid samples from the ground truth. Langevin dynamics with
step size 0.01 is run with an estimated score function, which was fit using vanilla score matching
with a one hidden-layer neural network trained on fresh samples; densities (blue) are visualized using
a Gaussian Kernel Density Estimate (KDE). Matching our theory, we see that the ground truth is
accurately estimated at time 7" = 200 even though it is not at 7' = 0 or co.

A version of Theorem which bounds the (weaker) Poincaré constant instead appeared before as
Theorem 1.2 of Madras & Randall| (2002)), but the result for the log-Sobolev constant is new to
the best of our knowledge. Compared to |Chen et al.| (2021)), our assumption is milder than their
assumption that the chi-square divergence between any two components is bounded. (For example,
two non-isotropic Gaussians might have infinite chi-square divergence (see e.g. (Schlichting, [2019,
Section 4.3)), so in that case their result doesn’t imply a finite bound on the LSI of their mixture.)
Schlichting| (2019) bounds LSI of 2 = ppy + (1 — p) o when either 2 (1 ||112) or x2(p2|| 1) are
bounded; our bound applies to mixtures of more than two components.

3 SIMULATIONS

In Figure [T} we simulated the behavior of the Langevin dynamics with step size 0.01 and an estimated
score function initialized at the ground truth distribution on a simple 1-dimensional example, a
mixture of two Gaussians. If the Langevin dynamics are run until mixing, this corresponds to exactly
performing the standard vanilla score matching procedure and this will fail to estimate the ground
truth distribution well, which we see in the rightmost subfigure. The empirical distribution (time zero
for the dynamics) is also not a good fit to the ground truth, but as our theory predicts the early-stopped
Langevin diffusion (subfigure (b)) is indeed a good estimate for the ground truth.

In Figure 2] we simulated the trajectories of Langevin dynamics with step size 0.001, again with
initialization from samples and a learned score function, in a 32-dimensional mixture of Gaussians.
Similar to the one-dimensional example, we can see that at moderate times the trajectories have mixed
well within their component, and at large times the trajectories sometimes pass through the region in
between the components where the true density is very small. Additional simulations (including an
experiment with Contrastive Divergence training) and information is in Appendix|l]
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A ORGANIZATION OF APPENDIX

In Appendix [B] we review some basic mathematical preliminaries and notation, such as the definition
of log-Sobolev and Poincaré inequalities. In Appendix [C| we prove Theorem [ (Theorem [2] of the
main text), which shows that when clusters have significant overlap that the Langevin dynamics for
the mixture distribution will successfully mix. Appendix [D]and Appendix [E]contain intermediate
results which are used in the following sections: Appendix [D|shows how to analyze the Langevin
diffusion starting from a point, and Appendix [E] shows how to bound the drift of the continuous
Langevin diffusion over a short period of time. In Appendix [F]we prove Theorem[5] which shows that
the continuous Langevin diffusion with score function VV' converges to . after a suitable time 7. In
Appendix [G] we prove our main results Theorem [6]and Corollary [T} which show that the discrete
LMC with score function s with appropriately chosen step size is close to p in total variation distance
at a suitable time. Corollary [T|corresponds to Theorem 1 of the main text. In Appendix [H] we remove
the dependency of the runtime and number of samples on the minimum weight of the components
i.e. p. = min;e; p; (see Theorem|[8|and Corollary [2|for the analogy of Theorem [6]and Corollary [I]
respectively that has no dependency on p,). Appendix [[contains some additional simulations.

B PRELIMINARIES

In the preliminaries, we review in more detail the needed background on divergences between
probability measures, functional inequalities, log-concave distributions, etc. in order to prove our
main results.

Notation. We use standard big-Oh notation and use tildes, e.g. O(), to denote inequality up to
log factors. We similarly use the notation < to denote inequality up to a universal constant. We let
dry(p,v) = supy |u(A) — v(A)| be the usual total variation distance between probability measures
1 and v defined on the same space, where the supremum ranges over measurable sets. Given a
random variable X, we write £(X) to denote its law. In general, we use the same notation for a
measure and its probability density function as long as there is no ambiguity. For random variables
X, Z, we will write dpy (X, Z) to denote the total variation distance between their laws £(X) and
L(Z).

B.1 RENYI DIVERGENCE

The Renyi divergence, which generalizes the more well-known KL divergence, is a useful technical
tool in the analysis of the Langevin diffusion — see e.g. [Vempala & Wibisono| (2019). The Renyi
divergence of order ¢ € (1, 00) of p from 7 is defined to be

mae = (4] () s

- q%m/ (23 = s | (245)

The limit R, as ¢ — 1 is the Kullback-Leibler divergence D, (p||7) = [ pu(x z)log & T% dx, thus we

write R+ (-) = Dkx(-). Renyi divergence increases as ¢ increases i.e. R; < Ry forl < ¢ < ¢'.

Lemma 1 (Weak triangle inequality, (Vempala & Wibisono, [2019, Lemma 7), Mironov|(2017)). For
q > 1 and any measure v absolutely continuous with respect to measure [,

q—1/2
Ro(olle) < L2 R 011) + Rages 10

Lemma 2 (Weak convexity of Renyi entropy). For ¢ > 1, if i is a convex combination of y; i.e.

w(x) = 3-pipi(x) then

) e |(5) )

Consequently, R,(v||p) < max; Rq(v||pi) and Ry(p||v) < max; Ry(wil|v)

13
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Proof. By Holder’s inequality

d
O pin(a)) ™! (Z Mg) > (> p)i=1

(48) =z (22)"

Taking expectation in v gives the first statement. Similarly, since ¢ > 1 > 0,

= [Ge) = e |(G5)

K3

thus

For the second statement
In By [(65) "] _ Inmaxi By [(Eh) "))

B du(z) dui(z) _ )
Rq(vl|p) = | < " = max Ry (v||:)
and
IE, [(§45)7  In(max; B, [(52)7])
Rylullv) = — 47— < P = max Ry (pil ).

B.2 LOG-CONCAVE DISTRIBUTIONS

Consider a density function 7 : R? — R where m(z) = exp(—V(z)). Throughout the paper,
we will assume V' is a twice continuously differentiable function. We say = is 5-smooth if V" has
bounded Hessian for all z € R%:

—BI = V?*V(x) < BI.

We say 7 is a-strongly log-concave if
0 < al XV*V(2)
for all z € R%.

B.3 FUNCTIONAL INEQUALITIES

For nonnegative smooth f : R¢ — R>0, let the entropy of f with respect to probability distribution

7 be
Ent.[f] = Ex[f In(f/Ex[f])]-

We say  satisfies a log-Sobolev inequality (LSI) with constant C g if for all smooth functions f,
Entr[f?] < 2CLsEA[||V ][]

and r satisfies a Poincare inequality (PI) with constant C'py if Var,[f] < 2Cp;E.[||V f||?]. The
log-Sobolev inequality implies Poincare inequality: Cpy < C'g. Due to the Bakry-Emery criterion,
if 7 is a-strongly log-concave then 7 satisfies LSI with constant Crg = 1/a.

LSI and PI are equivalent to statements about exponential ergodicity of the continuous-time Langevin
diffusion, which is defined by the Stochastic Differential Equation

dX[ = Viegn(X!")dt + V2 dB,.

Specifically, let ; denote the law of the diffusion at time ¢ initialized from 7 then a LSI is equivalent
to the inequality

Dkw(me||m) < exp(—2t/CLs)Dxr(mol|)
holding for an arbitrary initial distribution 7o. Similarly, a PI is equivalent to x?(m||7) <
exp(—2t/Cpr)x?(mo||7). Here Dk (P,Q) = Epllog %] is the Kullback-Liebler divergence

and x*(P,Q) = Eg[(dP/dQ — 1)?] is the x*-divergence. See Bakry et al. (2014); Van Handel
(2014) for more background.

14
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B.4 CONCENTRATION

Proposition 1 (Concentration of Brownian motion, (Chewi et al., 2021, Lemma 32)). Let (B;);>0
be a standard Brownian motion in R, Then, if \ > 0 and h < 1/(4)\),

E lexp (A sup ||Bt|2)
te(0,h]

2

n
P | sup ||B:||*> > 7 Sexp(—)
Lewn A ] L

Proposition 2. Suppose a random non-negative real variable Z satisfies

Vt:P[Z > D +t] < 2exp(—9t?)

< exp(6dhA)

In particular, for allm > 0

for some D > 0,y > 0. Then there exists numerical constant C' s.t.

E[Z7] < CpP/3(D + 4712y
Proof. For some R > D to be chosen later

E[Z?] = /OOO P[ZP > z]dx

RP 0o
:/ P[ZP > z]|dx +/ P[ZP > z]dx
0 RP

</ Yt Bz > i)

R

< RP + 2p/ y?~texp(—y(y — D)?)dy
R

oo o0
<RP —|—p2p(/ 2P exp(—y2%)dz + Dp_l/ exp(—v2?)dz)
R R
< RP 4207 (3PP (p/2)P? 4 pDP Iy T2 /)
where in the last inequality, we make a change of variable u = ~z? and note
that 2p [ 2P~ texp(—vyz2)dz = ~7Pp [uP/?lexp(—u)du = T(p/2) < (p/2)?/? and
Jo” exp(—y2?)dz = (2v)~'/2\/27 /2. Take R = D gives the desired resul. O

Proposition 3 ((Bakry et al.l 2014, 5.4.2), restated in (Lee et al., [2022a, Lemma E.2) ). Suppose
7:R? R satisfies LSI with constant 1 /. Let f : RY — R be a L-Lipschitz function then

Ponalf(0) ~ EL1(0)] > 1 < 0 (575

Proposition 4 (Sub-Gaussian concentration of norm for strongly log concave measures). Let V :
R? — R be a a-strongly convex and [-smooth function. Let k = 3/c. Let 7 be the probability

measure with () x exp(—V (x)). Let x,, = arg min, V' (x) then for D = 5\/gln(10/<;) we have

Pynrllle — 24|l 2 D + 1] < exp(—at?/4)
thus by Proposition[2] forp > 1.

Ex[lle —2*[]"]'/ < 0(1)\/13\/5111(10%)”

Proof. By (Lee et al., 2022a, Lemma E.3), let Z = E,[z] then ||Z7 — z*|| < 1,/21n(10x). B
y 2\ o y

Proposition for any unit vector v € R?, the function (v, r — Z) is 1-Lipschitz, since |(v,z) —
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w, ] < Vlvll2llz = yll2 = ||z — yl|2. Thus, by Proposition (v, — Z) has mean 0 and sub-
Gaussian concentration for all unit vector v, thus  — Z) is a sub-Gaussian random vector. From
sub-Gaussianity, a standard argument (see e.g. Theorem 1.19 of |Rigollet & Hiitter| (2017))) shows that

/d
P, [|xi||24 —+t
o

thus by triangle inequality, using that ||z — z*|| < \/g 11In(10k), we have
_ d

<P |||z —2z|| >44/—+1
e

Proposition 5 (Normalization factor bound). Let V : R — R be a a-strongly convex and (3-smooth
function. Let w be the probability measure defined by n(x) o exp(=V(z)) and Z = Z, =
[ exp(—=V (z))dx be its normalization factor. For any y € R?

< exp(—at®/4)

< exp(—at®/4)

P, [Hm -z >4+ 1/21n(10/£))\/g+t

O

9 2
exp (-V(y) + W‘;(ﬁy)”) @2rp~1)¥? < Z <exp (—V(y) - ”V‘gg’”) (2ma”)4/?
Lety = z* = argmin V (z) and assume w.l.o.g. V(y) = 0 gives
d. 1 d d. 1
me<mz, - Smen<im=
2nﬁ_n ” 2n(77)_2na

Proof. Since ol < V2V (x) < BI,
(VV(y),z —y) +allz —y|[?/2 < V() = V(y) < (VV(y),z —y) + Bllz —yl|*/2

Z< / exp(=V (y) — (VV(y),7 — ) — allz — y|[2/2)dz

— exp <_V(y) N IIWQSDI) /exp (_a|($ —y) +2a—1vv<y>||2> .

= exp (—V(y) + ”WW) (2ma~1)i/?

2a
The lower bound follows similarly. The second statement follows from the first since VV (z*) = 0.
O

B.5 GIRSANOV’S THEOREM

Theorem 3 (Girsanov’s Theorem (Karatzas & Shrevel 1991} Chapter 3.5)). Let (X:)¢>0 be stochastic
processes adapted to the same filtration. Let Pr and Q)1 be probability measure on the path space
C([0,T);R?) s.t. X; evolved according to

dX; = bFdt + /2dBF under Pr
dX; = b2dt + V2dB{ under Qr

1 /7
exp (4/0 ||bf—b?|2dt>] < 0o Q)

dPr _ /T L (bF — b2, dBY) 1/T||bP b2||2dt (6)
ar_ . P =2, L _
dQr p 0 V2 t t t 1/, t t

16
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Lemma 3 (Application of Girsanov with approximation argument (Chen et al.,[2023, Equation 5.5,
Proof of Theorem 9)). Let (X;);>0 be stochastic processes adapted to the same filtration. Let Py

and Qr be probability measure on the path space C ([0, T]; R?) s.t. X; evolved according to

dX; = bFdt + V/2dBY under Pr
dX, = b2dt + V2dBE under Qr

Suppose Eg.,. [fOT b — bP|2dt] < oo then

T
2dryv (Qr||Pr)? < Dxu(Qr||Pr) < Eq, [/ b — b?|2dt]
0

Lemma 4 (Corollary of TheorernE], (Chewi et al.| [2021} Corollary 20)). With the setup and precondi-
tions in Theorem 3| For any event £,

dPr\?
Eg, Kin) 15] <\ | Eo, [exp< / b —bQ||2dt> 151

B.6 MIXTURE POTENTIAL

Notation for indexing components. Let I = [K] be the set of indices ¢ for the components yi; of
the mixture distribution . We will need to work with subsets .S of I and the mixture distribution
forms by components p; fori € S.

Definition 2. For S C I, letps =}, g pi, and pis = pgl Y ics Pifti- Let Vs = —log uis.
If S = I we omit the subscript S.

Derivative computations. For future use, we compute the derivatives of V.
Proposition 6 (Gradient of V).

> piti(z)VVi()

VVix) = 7)
) ()
Consequently, ||VV (2)|| < max||VV;(z)]].
Proof. The statement follows from
V()
VV(x) =Vlogu(z) =
() = Viogu(a) = ~ 5
and
sz eXp szﬂz )
O
Proposition 7 (Hessian of V).
3 _ . s _ . T
V2V () = > pitti(x szpguz s (@) (VVi(x) VQVJ(JI))(VVZ(JC) VVi(z))
w(x 4p?(x)
(®)

hence if V2V; < BI foralli € I then V*V (z) < BI.

Proof. Let Z; = [ exp(—V;(z))dx be the normalization factor of ;. Note that
V(pi(x)VVi(x))
=V(Z7 eXp( Vi(X))VVi(2)) = Z; * exp(=Vi(2)) (= VVi(x)VVi(x) T + V2V (x))

= pi(2)(V2Vi(z) — VVi(2)VVi(2)T)

17
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and Vu(z) = = > pipi(x)VVi(x), thus

V2V (z)
V(i pini(@)VVi(x)) (X pipi(x)VVi(x)) V()
p(x) 1 (x)
_ 2pipi(a)(V2Vi(@) — VVi(@)VVi(@) ") N (X pipa(2)VVi(@)) (3 pipi (2) VVi(x)) T
() 1 (x)
Next,
O pina(@)VVi(@) Y pips(@)VVi(@) T = O paps VVi(@)VVi(@) ) (D pinsi)
= Zpipjﬂi(x)ﬂj(x)VW(x)V‘GT - Zpipjm (@) () VVi(2)VVi(2) "
szpguz (@) (VVi(2)VV} + VV; (@) VY| = VVi()VV;| = VV(2)VV;T)
175J
=—5 szp;uz (2)(VVi(z) = VV;(@)(VVi(X) = VVj(x)) T
Z#J

thus the first statement follows. The second statement follows from noticing that (VV;(z) —
VV;(@)(VVi(X) = VVj(x))" = 0. 0
B.7 PROPERTIES OF SMOOTH AND STRONGLY LOG-CONCAVE DISTRIBUTION

We record the consequences of a-strongly log-concave and /3-smooth that we will use.
Lemma 5. Suppose p; is a-strongly log-concave and 3-smooth then for k = [/a, u; =
argmin V;(z), D = 5\/gln(10/<), and c, = % In k, we have
1. Forallx : ||V2V;(z)|lop < Band ||VV;(z)|| < Bl|lz — wi|
2. oflr — ul|* < Vi(z) < Bllw — i[>
Consequently, for Z; = [ p;(x)dx, there exists z,. < z_ with z = z_ — ¢, S.t.
exp(—flle — wil|* — 2-) < pi(e) = Z7 " exp(=Vi(2)) < exp(—allz — u;|* - z4)
3. Sub-gaussian concentration:
P[||x — ;|| > D 4 t] < exp(—at?/4)
By Proposition[2) this implies that for all p

Ep.[llz — wil[’] <p DP.
4. u; satisfies a LSI with constant C'pg = é

Proof. This is due to Proposition [5| and Proposition [2| and the fact that VV;(u;) = 0 for u; =
arg min V;(z). O

B.8 BASIC MATHEMATICAL FACTS

Proposition 8. For any constant a > 0,b,p € N>¢ f(x) = exp(—ax — b)zP is decreasing on
[p/a,+o0)

Proof. Let g(z) = log f(z) = —ax — b + plog x and observe that
g(x)=—-a+p/z<0

when = > p/a, so the claim follows by integrating. [

18
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Proposition 9. Let Py,...,Py,Q1,...,Qr be distributions s.t. dpy(P;,Q;) < €. Let
ai, o, B, Prbe st o, B > OViand )y, 05 =), B; = 1. Then

drv (> il Qi) <Y aie

and

1
dryv (D> 0iQi, > BiQi) < 3 > o — Bil
Proof. By triangle inequality
2dTV(Z aipi»ZQiQi) :/ |ZO% d Z%Qz )|dx
i i e
< [ S alP@) - Qi@lde =23 aidry (P.Q)
z€eQ i

Similarly,

2dTV(ZaiQiaZBiQi) :/ |ZazQz Z»@Qz )|da
< /IGQ 21: lo; — Bi|Qi(x)dx = XZ: | — Bl

C LOG-SOBOLEV INEQUALITY FOR WELL-CONNECTED MIXTURES

In this section, we show that the mixture > p;u; has a good log-Sobolev constant if its component
distributions y; have high overlap. The below Theorem[z_f] corresponds to Theorem [2) of the main text.

Definition 3. For distributions v,, let §(v,m) = [ min{v(x), 7(z)}dz be the overlap of v and .
Let 6;; denote 6(p;, f1). Note that
1-6(v,m) = /(u(m) — min{v(z), r(z)})dx = / (v(z) — w(x))dx = dry (v, 7).
z:v(x)>7(x)

Theorem 4. Let G be the graph on I where {1, j} € E(G) iff pi, pt; have high overlap i.e.

0ij = /min{,ui(x),uj(x)}d:z: > 0.

Suppose G is connected. Let M < |I| be the diameter of G. The mixture distribution i =), pift;
has
1. Poincare constant (Madras & Randall, |2002, Theorem 1.2)
4M max Cp] (ul)

< ==
CPI( ) 5 el Di

2. Log Sobolev constant

4MCrs(p) A Crs(ps)
4 i Di

Crs(p) <

where for p, = min; p;, Crs(p) = 1 + log(p;t) is the log Sobolev constant of the instant
mixing chain for p. Hence

Crs(p) < Cipp.07" max Crs(p)

where Cp| ,, = A|I1*(1 4 log(p;'))p; ! only depends on |I| and p,
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Below we fix a test function f s.t. E,[f?] < co. Let

Crj= / / (F(x) — F(5))?pua() sy () dadly.

Lemma 6 (Triangle inequality).

-1
Cigip <1 § :CijsijJrl
j=0

Proof. Without loss of generality, assume i; = j for all j. Then

Clo.is // (o) 2¢))? po (o) pe () daodas

:/ .../(f(xo)—f(ﬂjl)+"‘+f(l'€—1)_f(xf))2

.
Il ~
[en}

=0

—1 ¢
< /Lo a /l'z t (Z(f(xj) - f(l'j+1))2) H /Lj(.%'j)dxodml o

where the inequality is Holder’s inequality.

The following comes from (Madras & Randall, 2002, Proof of Theorem 1.2)

Lemma 7. If [ min{p;(x), puj(x)}dx > & then

2024
i < 2-9)

< S5 (Vi () + Vary, ().

Proposition 10 (Variance decomposition).

2 Var, (f) = / / (F(2) — F(9))*(x)uly)dzdy

= szp] ij
= QZpl Var,, (f) + ZZpiijij

i<j

Proof.
Var(f) = [ no)se)de - ( [ st )dx>2

- [rememona [ [

Hj (.Ij)dxodwl ‘e

d.%'g

/—1
0y / / () — Fl@ssn) i) 151y ey = €3 Cryn
Tj JTj41 j=0

)f (y)dady

// (2) + 2(y) = 2/ (2)f (y))drdy

_5//ﬁ@mwﬁ@—f@FM@

20
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Since p(x) = >, pipi(z), we can further rewrite

2 Var,(f) = / /(f(l“) - f(y))2 (me(@) (ZPilh‘(?ﬂ) dxdy

- [ [u@ - rwy (Zpipjw)uj(y)) dedy
=Y vy [ [ (@) = 1@)PaleInsw)dsdy

= Zpipjcij

= ZP?Cn + Z(Cij + Cji)

i<j
=2 pi Var, [f] +2)_ pip;Cyj
i 1<y
where the last equality is because C;; = C};. O
Lemma 8. For i, j let vy,; be the shortest path in G from i to j and let |v;;| be its length i.e. the

number of edges in that path. For u,v, let uwv denote the edge {u,v} of G if it is in E(G). Let
M = max;; |7;j| be the diameter of G. Then

Zpipjcijﬁ Z Cuw Z pipj Vil

i<j weE(G) 1< uvEYi4
M(2—-06

< % ZVar#u(f)
M(2 - 6)

5 ZCPI(Mu)EuuH|VfH2]

Proof.

S pipiCii < D (Cuw Y. pipihi) <M DY (Cuw > pipy)

1<j w€EE(G) 1<JuvEyj wEE(G) 1<J uvEYij

By Lemma and the definition of G, Cy,, < @ (Var,, (f) + Var,, (f)), thus

2M(2 -6
Zpipjcij < % Z

(Var,, (f) + Var,, (f)) > pipj]

i<j weE(G) 1<J:uvEy;j
2M(2 — §)
SEUEEUL o T D S
v L v,uv€E(G),i<j:uvey;;

M2 —5) = |

:#Z Var,, (f) Z pl-pj]

w o | 1<Ju€Yij
M(2 - §)
HED S Vi (9

il

< T S Crru
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Proposition 11. For C; ; be as in Eq. (9)
1
Cij = 5 (Vary, (f) + Vary, (f) + (B, [f] = By, [f])?)
Proof. Letv = Lp; + Lp;. We write Var(v) in two ways. First, E, [f] = $(E,, [f] + E,,[f]) thus

Var(f) = B[] = B [f])? = 5812+ B, [12) = § (Bl + By, [1)?
1 1

=3 3 Elr - © ) + )+ B plf) — 2B, 11, 1)
kefij}
= 5 (Vany, 7]+ Van, (7)) +

On the other hand, by Proposition [T0}

1 1
Var, () = 7 (Var, () + Var, (1)) + 5Cs
Rearranging terms gives the desired equation. O

Proposition 12. Let g = f?. Let the projection of g on I be defined by g(i) = E,,, [g]. Then

Ent[f sz Ent,, [f?] + Ent,[g]
i€l

Proof.

Ent[f?] = / ()9 () log g(x)dz — B [g(X)] log(E,lg(x)])
-/ (sz 2)log g(z)dz — E,[g(x)] logaau[g(x)])
- (f mtonta)togataras - 5, lote)]ox(E, (o)

+ sz )1og g(i) — Eulg(2)] log(E,[g(2)])

where in the last equality, we use the definition of g(¢). Note that

B30 = i) = 3 (pi / ui(x)g(x)dz> -/ (Zpim) 9(z) = B, [g(a)]

thus
Ent[f Zp1 Ent,,, [f?] + Ent;,[g(i)]

Proposition 13. Let g be defined as in Proposition[I2} then

(V3(i) = vg(i))* < Var, [f] + Var,, [f%] + (B, [f] — By, [f])* = 2C;5
Proof. The first inequality comes from (Schlichting, 2019, Proof of Lemma 3) and the second part
from Proposition [T} O

Proposition 14 (Log Sobolev inequality for the instant mixing chain, (Diaconis & Saloff-Costel, |1996|
Theorem A.1)). Let p be the distribution over I where the probability of sampling © € I is p;. For a
Sunction b : I — Rx>q

Ent,[h] < C, Var,[VA]
with Cp, = In(4p; ') with p, = min, p;.
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Lemma 9. With g defined as in Proposition

Var, (V3] = 3 pips (VD) — V3G <23 pipCy

i<j i<g
Proof of Theorem[| part 2. We can rewrite

Ent,,| Z p; Ent,,, %] + Ent,[g]
icl

= ZpiCLS(Ni)EMi[ V11?1 + Crs(p) Var,(v/3)

<) Zp’LCLS i)y |

vf” +20LS szpj ij

1<J

v 2= )Gl 3 Crru B [V

<@ > piCrLs (1) By,

4MC'rs(p) CLS
Sy~ max{ }sz "

IV A7)

_ AMCs®) | C < )
= max{ L; HELIV A1

where (1) is due to definition of C'g(1;) and Proposmon. (2) is due to Lemma|§|, (3) is due to
Lemmal(8] and (4) is due to Cpy(p;) < Crs(p;) and Crs(p), M > 1. O

D INITIALIZATION ANALYSIS

For the continuous Langevin diffusion (Xt)tzo initialized at a bounded support distribution v,
we bound R,(L(X)||p) for some small h. Consequently, for x being the stationary distribu-
tion of the Langevm diffusion and satisfying a LSI with constant C'r5, we can use the fact that
Dir(L(X)||p) < exp(—E2)YDyr, (L£(X)||1) to show that X, converges to .

CLs
Lemma 10 (Initialization bound). Let u = ) ., pij; be a mixture of distributions ju;
exp(—V;(x)) which are a-strongly log concave and [3-smooth. Let V(z) = —Inp(x). Let

(Tt)tefo,n], (Ve)telo,n] be respectively the distribution of the continuous Langevin diffusion and the
LMC with step size h and score function V'V initialized at 6,,. Let G(x) := max; ||VV;(x)||. Suppose
h < 1/(308) then for q € (2, ﬁ),

Rq(nllvn) < O(@*M(G?(x) + B2dh)),

Ryr () < 5 0((200) ™) 40~ Cla)
and
Ryya(nlli) < OPh(G(x) + B2am) + T n((20) ) + 0~ G%(a)

If we replace 6, with any v then by weak convexity of Renyi divergence (Lemmal2)), the claim holds
when we replace G(z) with G, = SUD ¢ gy (1s0) G (7).

Proposition 15. Let v = N (y,021). If n(x) o exp(=W (x)) is a-strongly log concave and (-
Lipschitz and 03 < 1/2 then

Rec(vlr) < —5 In(ac®) + VW ()] /o
Proof. Since ol =< V?W (z) < 81,
(VW (y),z —y) +allz —y|[?/2 < W(x) = W(y) < (VW (y),z —y) + Bllz —y[|*/2

By Proposition |5} we can upper bound the normalization factor Z = [exp(—W (z))dz by
2
exp (fW(y) + %) (2ma—1)?/2,
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For x € R?, using the upper bound on Z

_ - |z —yl”
v(z)/m(z) = (2n0?) "% Z exp <%‘2 + W(:c))

IVW)I? IIx—yII2>

20 202
2,1 2
2\—d/2 eXpHVW(y)H (%""72(151302))

—( /(= Baz)l\z vz _ /GQHVW(%)HQ)’A’)
_ (aa ) 202 2(1—Bo2)

« 02
< (a02)—d/2 exp (||VW( )|21((5/30)2))

< (a0®) /2 exp (W(z) o

exp

< (a0®)" 2 exp(|[VW (y)|[*/a)

where the last inequality follows from 1/2 <1 — 802 <1— (8 —a)o? < 1. O

Proof of Lemma([I0] We apply Theoremlw1th T = h, Pr = (Ut)iefo,n) and Q1 = (V¢)¢ejo,n)- Note
that, b¥ = —VV(X,) and b = —V'V/ (z). We first check that Novikov’s condition Eq. (5) holds.

Eq, [exp (}1 / |bf—b?||2dt>] —E |exp (jl / |vv<xt>—vv<x>||2dt>]

with (X¢)¢e(o,n) be the solution of the interpolated Langevin process i.e.

By B-Lipschitzness of VV;

IVVi(X)ll = [IVV; (@] < Byl Xe — 2| < BHIVV ()| + BV2| Bl

thus
[[VV(X)|| < G(Xy) = ryg;IIVV}(Xt)H < G(z) + BtG(z) + V2 sup] || Bel|
tel0,h
< 11G(z) + BV2 sup ||Bi]
te[0,h]
and

h h
/ IVV(X)) — VV()|[2dt < 2 / (IVV )2 + [V (@)][2)de
0 0
RROLIGE) +45° s 1B+ G o)
te[0,h
< 4hG?(z) +4B%h sup ||B||?
te[0,h]

We first prove the following.

Proposition 16. For any A < Bﬁ%hm

T 1+8A32h2\*
P _ 1Qq2 < 2 I
exp <>\/0 [[b; — b/ dt)} < exp(4A\hG=(x)) <1 —8)\ﬁ2h2>

Proof. By Proposition for A < 35 ﬁQ e

h
exp </\/0 IVV (X)) — VV(x)||2dt>

Eq,

E <E

exp <4h)\G2(ac) +4X\3%h sup ||By| >

t€[0,h]
< exp(4\hG?(x)) exp(632h%dN)
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Apply Proposition[16] with A = 1/4 gives

1 T 1 h
Eq. [exp <4 / |bf—b?||2dt>] ~E |exp <4 0 |W<Xt>—vwx>||2dtﬂ

exp (hG?(x)) exp(1.58%h*d)) < oo

H, = /fbp—bQ dBS) — /HbP b9 |2ds

then dgt = exp(H;) and

IN

Next, let

aH, = —[IVV(X,) - VV ()] dt+ﬁ< V(X)) + VV(2),dB)

By Ito’s formula,
dexp(qH;)

_—q

7 (VV(x) = VV(X.), dBY)

exp(qH)|[VV (X)) — VV(@)|[2 + qexp(qﬂt%

Thus

_ h
By lexplattr)] - 1= 15 [ | explatlvv e - vV Par
0

2 h
< T [ VBl V[NV - TV @)
0
We bound each term under the square root.

E[[|VV(X:) = VV(2)||'] < E[(11G(x) + ﬂﬁtzgph] [|Bell + G(x))]

< 40G*(z) + 32B°E[ sup ||B¢]]*]
t€[0,h]

< 40G*(z) + O(B*d*h?)
By Lemma and Proposition |16} if ¢? < W then

h
exp <4q2/0 [[VV(Xy) VV(z)||2dt>]

< exp(16¢°hG?(x)) exp(24¢*5°h?)
< exp(16¢*hG?(z) + 72¢* 5% h%d)

(Elexp(2¢H,)])* <E

Substitute back in gives

Zh
Eq.[exp(qHr)] — 1 < %(702(@ + O(B%dh)) exp(44°hG? (x) + 18¢° 57 h7d)
By the data processing inequality

InEq, [exp(qHr)]
qg—1

(7G*(x) + 6CB%dh) exp(4¢*hG? () + 18q2ﬁ2h2d)>

Rq(Tnllvn) < Ry(Pr||Qr) =

IN

1+

(
(1
"

In

\ /\

@*h
4
qT (TG (x) + 6052dh) exp(4¢*hG?(x) + 18q262h2d)}
¢*h

| /\

(7G*(z) + 6CB%dh)) + (4¢°hG?(x) + 18q262h2d>

| /\

) (3 +C/2)3%dh)
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Now, note that v, = N (y,0%I) with y = x — hVV (z) and 0? = 2h. Note that ||[VV;(y)|| <
IVV;(@)|| + Blly — z|| < ||VVi(=)|| + BR||VV (2)|| < 1.1G(z). By Lemmal[2]and Proposition[15]

Rag-1(val|p) < maxRog1(val|pi) < 5 n((20h) ") + @™ max||VV;(y)|*

QU N

< 5 In((2ah) ") + 207 G*(a)

The final statement follows from the weak triangle inequality (Lemmal[T). O

E PERTURBATION ANALYSIS

In this section, we bound the drift || X; — X|| for t € [kh, (k + 1)h] of the continuous Langevin
diffusion X;. These bounds will be used to bound the mixing time of the continuous Langevin
diffusion and to compare the discrete LMC with the continuous process via Girsanov’s theorem.

We will consider subset S of I such that the components p; for i € S have modes that are close
together. We record the properties of the mixture distribution ;5 (see Definition [2] for definition)
and and its log density function Vs = — log s in Assumption[2] To be clear, we are defining this
assumption as it is shared between multiple lemmas (and will be satisfied when we apply the lemmas),
it is not a new assumption for the final result.

Assumption 2 (Cluster assumption). We say a subset S of I satisfies the cluster assumption if there
exists us € Rd: AHem,la AH&SS,O? Agmd,la Agrad,() S.1.

1. ||V2VS(LE)||OP S miniES A["I«ess,1||:1j - uiH2 + AHess,O

2. [IVVs(@)|| < Agraa1|lx — usl| + Agraa,0-
Proposition 17. Suppose for all i € S, p; satisfies item [I] of Lemma[3] Let u; and D be as in
Lemma@and suppose ||u; — u;|| < L fori,j € Swith L > 10D. Then ug satisfies Assumption

with ug = p;l ZiES Pils, Agmd,l = ﬂ, Agmd70 = BL, AHe.vs,l = 2B2: AHesx,O = 262L2'
In addition, if p; satisfies item 3| of Lemma ] then
Puglllz —us|| > 1.1L +¢] < exp(—at2/4).

Proof. First,Vi € S : ||u; — us|| = pg' > jes Pillui —uj|[ < L. By Proposition|§|
psVVs(x) =Y piVVi(z) <Y pifflle — ui|
i€s ies
<> piBllz = us| + [Jui = us|l) < ps(Bllx — us|| + L)
We replace I with .S and use the forr;ifa from Proposition[7] By Holder’s inequality
IVVile) = VV3(@)I1* < 4max|[VVa(@)* < 45% max o — ui[® < 862 min(|lz — w[? + L)

Next, for p; = p;/ps, we have
2
> pippi()p () = <Zﬁiui(a¢)> = p&(x)
i,jES i€s
thus
BI = V?Vo(x) = 0= I max [[VV;(x) = VVj(@)|[*/4 = =218° min([lz —ug|[* + L?).
i,
ForD=D+L<11Land~ = 2,

Pusl|Z —us|l = D+ v/y(1/n) = p5' Y pipi(Z : [|Z = us|| = D + v/y In(1/n))

€S

<ps" > pii(Z :1Z — uil| = D + /yIn(1/n))
€S

<ps' Y pin=n
€S
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where first inequality is due to ||u; — ug|| < L foralli € S.

O

Proposition 18. Suppose S C I satisfies item 1 and item 2 of Assumption |2} Let (Zt)i>0 be the
continuous Langevin diffusion with score V'V initialized at Zy ~ vy then fort € [kh, (k + 1)h)

E[|VV(Zi) — VV(Z,)|]?]

S VB A 1 (120 — sl |® + 112 — us]®) + Al o]

t
x \/ (t - kh)> / (A B2 = sl + Ao + (0~ kh)?

Proof. By the mean value inequality

IVVs(Zkn) = VVs(ZOIP < | Zkn — Zel|]  _ max IV2Vs(y)l|
y=nZir+(1-n)Z¢,n€[0,1]

By item 1 of Assumption the fact that y = nZy, + (1 — n)Z; and Holder’s inequality
||v2VS(y)HOP < AHess,lHy - US||2 + AHess,O < AHess,l(HZk'h - US||2 + HZt - USHQ) + AHess,O
and so

E[|VVs(Zkn) — VVs(Z)|?]

t
— — 2 —
SE |:(AHess,1(|Zkh - US||2 + ||Zt — US||2) + AHess,O) . || — / VVS(ZS)dS + \/iBt—th2
kh

. - 4
S\/E (AHess,l(Hth - USH2 + HXt - US’H2) + AHess,O)

t
. \/E| —/ VVS(ZS)dS + \@Bt—kh||4~
kh

By item 2 of Assumption [2|and Holder’s inequality, for p = O(1)

t
E[ VVS<ZS)dS+\/§Bt,kh||2p]
h

I
k

t
SE[(t —kh)*~1 [ ||[VVs(Z)I|*Pds] + E[|| Be—xal ]
kh

t
< (t— k@ /k (A2 1 = sl + Ay o) + (d(t = k)P
1

The desired result follows from p = 4. O
Proposition 19. Suppose S C I satisfies item 2 of Assumption Let (Zy)i>0 be the continuous

. . . PN 1 =
Langevin diffusion wrt s initialized at vo. Suppose h < 5= —— and supjcjo N—1)nN [| Zin —us|| <
D then

_ _ _ / 6N
sup ||Zk:h+t - Zkh” < 2h(Agmd,O + Agrad,lHZkh - USH) + 1/48dhIn —
ke[0,N—1]NN,t€[0,h] n

thus with probability > 1 — n

_ 6N
sup [| Zkh+t — us|| < 2hAgrago + 2D + 4 | 48dhIn —
ke€[0,N—1]NN,t€[0,h] n
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Proof. The proof is identical to (Chewi et al.;, 2021, Lemma 24). By triangle inequality,
| Zknse — Zinl|

t
< [ 19Vs(Zins)lldr + VE|Bunse — B
0
t
< hAgrad,O + Agrad,l / HZkth'r - USHdT' + \/§||Bkh+t - Bkh”
0

t
< hAgrad,0 + Agrad,1 (h|Zkh —ugl| +/ | Zkhtr — Zkh||d7“) +V2||Binst — Bl
0

where we use item 2 of Assumption [2]in the second inequality. Gronwall’s inequality then implies
| Zkhst — Zial|
S (h(Agrad,O + Agrad,lHZkh - USH) + \/i sup ||Bkh+t - Bkh”) eXp(hAgrad,l)
te[0,h]

S 2h(Agrad,O + Agrad,lHZkh - USH) + \/g S}lp] HBkh+t - Bkh”
te[o,h

< 1
aslongas h < RIS

Thus by triangle inequality,
| Zknre — usll < 1 Zkn — usl| + || Zknre — Zinl|

< 2hAgrad,O + HZkh - US||(2hAgrad,1 + 1) + \/g SFP] HBkh—i-t - Bkh”
tel0,h

By union bounds and concentration for Brownian motion (see (Chewi et al., 2021, Lemma 32)), with

probability 1 — 7,
6N
sup || Bih+t — Brnl| < 4/6dhIn —
k€[0,N—1]NN,t€[0,h] n
_ 6N
sup ||Zkh+t — USH S zhAgrad,o + 2D + 48dhIn —
ke[0,N—1]NN,t€[0,h] n

F ANALYSIS OF CONTINUOUS-TIME DIFFUSION

thus

In this section, we analyze an idealized version of the final LMC chain: we assume knowledge of the
exact score function and run the continuous time Langevin diffusion. First in Lemma@]below, we
prove that when the diffusion is initialized from a point, it converges in a certain amount of time to
a sample from a mixture distribution corresponding to the clusters near the initialization. Then in
Theorem 5| we deduce the analogue of our main result for the idealized process: the diffusion started
from samples converges to the true distribution.

Definition 4. For S C I and © € R%, let imax,s(x) = argmax;ecg p;(z). We break ties in
lexicographic order of i i.e. we let imax s(z) be the maximum index among all indices i s.t.

pi(z) = maxjes pij(w).
Lemma 11. Fix ery,7 € (0,1/2),6 € (0,1]. Fix S C I. Let p; = pipgl and recall that pg =
> ics Pilti- Let p, = min;eg p;. Note that p, > min;eg p;. Recall that |I| = K.

Suppose for i € S, p; are a-strongly log-concave and [3-smooth with 5 > 1. Let u; = arg min,, V;(x)

and D > 5\/g be as defined in LemmaH Suppose there exists L > 10D such that for any i,j € S,
[lui —ujl] < L.

Let G° := G°(S, E) be the graph on S with an edge between i, j iff ;; < 6. Let

2C,. K B2L _ 1
T:;(ln( +Inlnt 1—|—2lneTV .

« «
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Suppose for all i, j € S which are not in the same connected component of G°, 0ij <& with

5 520929 Gy
- - 2Leri InT—1 2
105 K3d(BL)3 In*/?(pt) In/2 ey it 1251 16d(0L)

For x € R, let (Xfm)tzo denote the continuous Langevin diffusion with score VVs initial-
ized at 6, and let Cyay () be the unique connected component of G° containing Imax,s(T) =
argmax;cgs (i (x) as defined in Deﬁnition Then

Pos[drv (L(XY |2), pepan() < €rv] > 1—7

From the above lemma, we can deduce the following theorem. (The proof of the lemma is deferred
until after the proof of the theorem.) In this result, the reader can consider simply the case S = I; the
flexibility to pick a subset of indices is allowed for convenience later.

Theorem 5. Fix ey, 7 € (0,1/2). Fix S C I. Let p; = pipgl and recall that ps = ) ;g Pifli-
Let p, = min;eg p;. Note that p, > min;e; p;. Recall that |I| = K.

Suppose for i € S, p; are a-strongly log-concave and [3-smooth with 5 > 1. Let u; = arg min,, V;(x)
and D > 5\/g be as defined in LemmaH Suppose there exists L > 10D such that for any i,j € S,
llui —u;|| < L. Let Usample be a set of M i.i.d. samples from j1g and Vsaypie be the uniform distribution

o Vsample

over Usgppie- Let (X, )i>0 be the continuous Langevin diffusion with score VVyg initialized at
Vsample - Let

7/2
f = p*/ e%va3/2

103d(BL)3exp(K) In*/? (p; 1) In® LHELE
If M > 600(e%yp.) ' K?log(KT~') and

T>0 (a‘lKQp;1 ln(lopgl)f\—z(@/g)ful_1)>

then
]P)UM,,,,,/( [dTV (‘C(ij“mwg Usample)a ,uS) < 6TV] >1-7

. ~ Usample v Usample
Remark 6. Note that after fixing Usampier fig™"" = L(X "

Brownian motions (By)e(o,1)- Each run of the Langevin diffusion produces a sample from [Lg

by choosing/sampling a value for the Brownian motions, thus we can produce as many samples as

desired from 15", while Theoremguarantees that ﬂg‘”"’”’” is approximately close to ug in total

variation distance for a typical set of samples Usgnpie-

Usampie) is a function of Usampie and

sample

sample

Proof of Theorem[5] Let p; = pipgl then 15 = >, g Dipi- For C C S, let pc = 3 .. Pi-

Let €T.V = Z¥ and 7 = B7Y < min{§Z%, p./3}. Define the sequence 1 = dg > 61 > --- > 0k
inductively as follow:

532 a3/2p0%&2 7
105K5d(BL)3 /2 (p7 1) In®/2 w 251 16d(BL)?

€TV7~'550¢
3/2 7/2
55/ a3/2p*/ E%V

55—}-1 -

%

108 K8d(BL)? In%/2(p: 1) In?/2 ,BQLZ;%,K 125t 16:;(%)1?(
Let G* := G°(S, E) be the graph on S with an edge between i, j iff di; > 0s. Fix one such s s.t. s <
K — 2. Suppose d;; < 0541 for all 7, j not in the same connected component of G*, y then Lemma
applies. Let the connected components of G* be C5, ..., C%,. For x € R%, let C%, . () be the unique

connected component of G* containing y,ax, s () and let ()_(f”” )i>0 denote the continuous Langevin
2
diffusion with score VV initialized at ., then for Ty = 26;’”7*02}( (In % +Inln7 1 +4+2Iln €;‘1,)

Parps [dTV(X%vNCS @) <érv]>1-7

max
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and by Proposition 2T}
HDW"MS [imdx S( ) S C ] (1 - 6s+1)ﬁ09~
It is easy to see that 51 < épy /3. By Proposmon | as long as M > 600(e2,p.) ' K?(log K +
log 77 1)
]P)Usample [dTV (L(X:’Z/_‘Tmple |Usample)7 Ius) S 6’I‘Vv] Z 1 - T

Since pg is the stationary distribution of the continuous Langevin with score function VVg, for any
v Vsample v Vsample
T>Tk 1 >Ts, dTV(»C(XT o |Usample)a /~LS) < dTV(»C(‘XTS . |Usample)7 MS) thus

Py, e [drv (L(X 7

s

U@ample)yﬂS) S GTV] Z 1—7

On the other hand, suppose for all s € [0, K — 2] N N there exists ¢, j not in the same connected
component of G* s.t. §;; > 541, then G**! has one fewer connected components than G*. Thus
GX~1 is connected then g has LSI constant o 5}_(1_1, thus Lemma apply with § = dx_1 and
Propositionapply with &' = 0. For T > Tk _1,

I[DUsamp[e [dTV (ﬁ(XjV:ump]e

Usample)y.uS) S ETV] Z 1—7.

LetT' = % If we ignore log terms, then 8,1 = J5 3127 thus 0, ~v T143/2++3/2)° 7 —

[2((3/2)°=1) To get the correct bound for 6, and T, we can let
7/2
_ pl/ %€, b/ .
8000d(,6’L)3eXp(K) 3/2( 71)1 4.5 16d(BL)2 —

ETVTX

2((3/2)°—

then we can inductively prove §, > I'] ) and thus get the bound on 7 i.e.

2L _ s
T, < O(a~ K2p  In(10p; 1) ln(ﬂiKV)Fl 2((3/2)" 1))

Py
= O(a 1 K2p T In(10p; D~ 2G/27 1))

. ~ 7/2 3 3/2
withT = e — ST
103d(BL)3exp(K) In®/?(pi ") In® 22020

O

Proof of Lemmaﬂ_?l Let (X;) denote the continuous Langevin with score V Vs initialized at .
Since y is the stationary distribution of continuous the Langevin with score VV, the law £(X;)
of X; is pg at all time ¢. Let n = Tepy /2 and N = T/h. Let h > 0, € (0,1) to be chosen
later. Let C be the partition of S consisting of connected components of the graph G°, and Bg ¢
be defined as in Deﬁmtlonl Suppose &',y satisfies K2y~ 16’ x T/h < 1/2, then by Lemma|12]
ps(Bs,ch)N < K?y710" X T/h < n/2

Since the law of X}y, is g, we can bound || Xx;, — us|| using sub-Gaussian concentration of g
(due to Proposition |T_7|) By the union bound, with probability 1 — 7, the event Egiserere happens where

Ediserete i defined by: Vk € [0, N — 1] NN : [|Xpp —ug|| < 2L+ /% In % and Xy, & Bs.c -

Since p1g = Eypq[02) and p1g and J, are the initial distribution of X, and )_(f’” respectively, so
L(Xkn) = Epopis [E(X'gﬂx)] where £(X) denote the law of the random variable X. Thus, let

L:=2L+ ,/%ln% and G,, is the event

Pr [Vk € [0,N — 1NN :||X5 —us|| < LAXD; € Bse,] > 1— ery/10
where the probability is taken over the randomness of the Brownian motions, then IP;..., [Ge] > 1—7/2

Fix z, let C = Chyax(x) and suppose G, holds. Suppose h satisfies the precondition of Proposition
then with probability > 1 — ey / 5,

sup |[VVs(X7") = Ve, (@) (X7 < €score,t := 36p, 'vBL
t€[0,T]

thus X= ¢ B forall t € [0,T], where B is the "bad" set defined by B = {z € R% : || VVg(z) —
VVe(2)|] > €score.1}- Let v be the distribution of X 2%‘ for some i/ < 1/(25). Let Ginir,»- be the event
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that ||z — ug|| < Ly := 2L +1og(10/7) then Py, (Ginit,z] > 1 — 7/10. Suppose Ginit,» happens.
Then Gs(z) = max;es ||VVi(x)|| S BL1. Set b/ = min{ﬂ%, ﬁ} then by Lemma

DKL(VO||NC) g dlnL1 + a’lﬁQLf

Pick T' = QC(‘;’ﬁK(ln ﬁi)TL +Inln771) then T — A > Tprocess := C%EK (In Dxr(vo||ps) + 21 epy)

Let (Z;°):>0 be the continuous Langevin initialized at vy with score s, defined by

 (VVs(z)itz & B
seo(2) = {vvc(z) ifz e B

then Sup. cpa |[500(2) = VVe(2)[|? < €241 Note that if G, holds then X7, & BVt € [0,T — I
and Z;° = X7Vt € [0,T — '] thus
dry (X7, 270 ) <erv/b
Proposition 20| gives
dTV(E(Z’;O,h/ |l‘), UC) < €Escore, 1V T/2 + €TV/5

Sety = 118’;5# then egore,1 = 18p; 1yB8L < 6\;% then by triangle inequality

drv (L(X{*|), po) < ey
This holds conditioned on G, and Giy; » both happen, thus by union bound
wa[dTV(ﬁ(XfﬂfC),Mcmx(x)) <erv]>1—-7

Plug in T, v and set
1

"= 2000d(BL)? In? 164BLET

ETVT

2
then hIn(1/h) < goa5araryz and h1n®(1/h) = yop505274y and b < 100(ﬁ2/a)11n2(16T/n). Hence h
satisfies the precondition of Proposition [26]
Finally, since L < L, /In % < 2Ly/In(BLep,71T), thus with
-1 -1
IO A 1 s el Py
= — 2 = 2
105K 5d(BL)3 In(py ') In* o1 LABLE = 105 j¢278/24(BL)3 In> ot LOUELET
the precondition
K25’y x T/h = K%' x 185LVT x T/h
P«E€TV
. 36K?BLT*?\/In(BLerym71T)
<94 x
- p*ETVh
<n/2
= GTvT/4
holds, so we are done.
O

Proposition 20 (Continuous chain with score estimation with L, error bound). Fix C' C I. Let
(Zt)e>0 and X be the continuous Langevin diffusion with score functions V'V and s respectively
and both (Z;) and (X.) are initialized at vy. Suppose sup,,cga ||s(x) — VVe(2)||* < €21 then

T
2drv(Xr, Z1)? < Dxu(Xr||Zr) <E / Is(Z¢) — VVe(Zy)|[Pdt | < € r T
0

Suppose g has log Sobolev constant Crs and T > Cprs(log(2Dkr(vol|us)) + 21log 67?‘1,)
drv (L(Xr), pe) < drv(Xr, Zr) + dry (L(Zr), pe) < €score1 VT2 + €7v /2
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- > T

0 HS(Zt) - VVC(Zt)HZdt] < 0 65200re,1dt = 6s200re,1T'
The first statement thus follows from Girsanov and the approximation argument in (Chen et al.| 2023|
Lemma 9) and Pinsker’s inequality. Next, since p¢ has LSI constant C'p, g, with this choice of T,

Proof. Clearly, by the assumption on s, E[ . r

_ T
Drr(L(Zr)||lnc) < DKL(”OH#S)(?XPF@) <€y /2

and the second statement follows from Pinsker’s inequality and triangle inequality for TV distance.
O

We need these propositions to go from Lemma [IT]|to Theorem 3]
Proposition 21. Suppose jp =, pijsi. Fix a set C C I. If the overlap between ju;, i for i € C
and j & C is < ¢ for all such i, j then

p({z ¢ imax(z) € C}) 2 po(1 = 0'|1))

To remove dependency on p,., we will use the following modified version of Proposition 21]
Proposition 22. Fix C,C, CIst. CNCy=0.Let I' = I\ Cy. Iffori € C,j € I'\ C, the
overlap between ji; and i is < &' then for imax, 1 (x) = arg max;c s f1;(x)

pr({@ ¢ imax,r (2) € C}) > pe(1—'|1))
Proof of Propositions[21|and[22} We first prove Proposition21] Fori € C,j ¢ C

pi({e : pa(e) < ()} = / (2 de

@i (2) <p; (@)

- / min{p: (), 3 () }da
xT /"z(z)</‘ ( )
< [ win{iu(a), ()} < &

By union bound, fori € C

w13 € € pala) < ()}) < 1]
Let A = {z : imax(z) € CH IV & C ¢ pi(z) > pj(z) then imax(z) € C. Thus A; := {x :
pi(x) > pi(2)Vj & O © Aand pi(Ai) =1 — p({[35 & C: pa(x) < pj(w)} = 1= 0[] Since
w(x) > copiti(x)

w{x :imax(z) € C}) = / x)dr > / szm Ydx = X:pluZ

ZGC eC

> papa(Ae) =Y pi(1 = &'|T)) = pe(1 - 8'|1)

ieC e

The proof of Proposition [22]is identical, except we will consider ¢ € C,j € I' \ C and argue
that p;(z : pi(x) < pj(z)) < ¢ Then p(x|35 € I'\ C : pi(x) < pj(z)) < §|I|. Fori € C,
A = {z|pi(x) > pj(z)¥j € I'\ C} then p;(A;) > 1 — ' |I| and A; C {2 : imax, 1 (z) € C}.
Finally,
p({z imaXJ’( €C}) > szﬂz i) > po(l— 5/|I|)
ieC

O

Proposition 23. Consider distributions y; for i € 1. Suppose ji = 3, pij; for p; > 0 and
> ic1 Pi = 1. Suppose we have a partition C of I into C1, .. .,Cy,. Forx € Re let C = Crax () be
the unique part ofthe partition C containing imax(x) = arg max;ey p;(x). Let p, = min;ey p;. For

x € RY, let (XP*); be a process initialized at 6. Suppose for any épy € (0,1/10),7 € (0,p./3),
there exists TeTV,T such that the following holds:

Ponpldrv(L(XT,  _12), 1Cmae(x)) < ETv] 21— 7.

ETy,T
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In addition, there exists §' € (0,éry) s.t. for C € {C1,...,Cn}

Py [Crnax(z) = C) > pe(1 = §).
Let Usgppie be a set of M ii.d. samples from pu and Vgpie be the uniform distribution over
Usampie- Let (X, V‘“’””I") t>0 be the process with score estimate s initialized at Vsgppre- If M >

6 x 102\1\26Tvp* Yog(K7~1), with probability > 1 — 1 over Usgmpie, let T = Til"I\T min{ 2 p. /3}
and //4 E( V\am])le

Usample)y then
PUmmple [dTV (C(X;/“mlplesample)a ,U) < 6TV] >1-r7

To remove the dependency on p, = min;es p;, we will use this modified version of Proposition @
Proposition 24. Consider distributions p; for i € 1. Suppose i = ), piji; for p; > ()~ and
Sicrpi = 1. Forz € RY let (X?=), be a process initialized at 0. Let I' = {i € I : p; > Y
and C, = C \ I'. Suppose we have a partition C of I into Cy,--- ,C,.. For v € R?, let Cyax () be
the unique part of the partition C containing imax,p () = arg max;ep pt; ().

Suppose for any éry € (0,1/10),7 € (0,1), there exists T¢,., 7 such that the following holds:

PINH[CZTV(E(X%ZTV,J-T% MCpman(z)) < €TV] 21— 7.

In addition, there exists ¢’ € (0, éry) s.t. for C € {C1,...,Cp}
]P);cwu[cmax,l/(x) = O] > pc(l - 5/)'
Let Uggmple be a set of M i.id. samples from [ and Vsmpie be the uniform distribution over
Usampie- Let (X, V”’"”l‘)t>0 be the process with score estimate s initialized at Veppre. If M >
2 x 10413 log(|I|7~1), then for éry = Shr T = “v and T = T-

| | €ETV,T
PU, e [drv (L(X 7"

I
sample) ) V] = 1—-7

Proof of Proposition|[23|and Proposition[24, We will prove Proposition[24} The proof of Proposi-
tion 23]is similar.

Forr € I’ let Q. = {2 : Crhax(z) = C- A dTV(X%”,qux(m)) < ery }. Clearly, 2, are disjoint,
and by union bound 1(Q,) > pc, = (1 - d)pc, — 7 > {FF-
Let U, = €, N Ugample then Chernoff bound gives

&y M

PV = Mic, (1~ Erv)] 2 1= exp(~Ehyiic, M/2) 2 1~ exp(~F60)

Let € be the event Vr : |U,| > Mpc, (1 — éry). By union bound, P[€] > 1 — |I] exp(—gzo‘/‘;\f[).

Suppose & happens. Let Uy = Usample \ UTe 1 Uy then

- €
Ugl < M = M(1—érv) Y (pe,(1-6) - %)
rel’
SM[1—(1—éry)((1 =) (1 —érv) —érv)]
< M3épy +0') < AMeéry
where the second inequality isdue to > . pc, > 1 =3 o ;pc, > 1—|I| x érv /|I].

Note that £(X7™ [Usumpte) = 17 Xy LK 12). Thus, let fi = X, cp) el pic, and
B= e ‘[J{/}‘ we, + IUT}‘/J, we can apply part 1 of Propositi0n|§|
dTV (L(X;wmple Usample)a ﬁ)
Z Z drv (L(X3|7), ne,) Z drv (L(X7|x), )
rel’ xeU, xcUyp
< M~ Ery (M — |Ug]) +Up))
< érv +4déry < déry
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Next, note that u = > ., pc,po, + pe.pie, and ji = > . pe,pe, With pe, = ”X;'(l +
Wol _y = 1% Webound |pc, — pc. |-
|Uxumple\U0| M |U@| r i
U, | U, _ M1 —érv)((1=8)pe, — FHF)
r r > \ ‘
M_|U| = M = M

. € _ 1
> po, (1 —épy —06') — % >pc, —érv(2+ m)
We upper bound |U,|. Since U,.’s are disjoint,

erv

|U,| < M — Z |Us| <M - M Z |:pCs(1_€TV_5I)_|I|

sel’,s#r sel’ s#r
< M(pc, + 3érv +9') < M(pc, + 4érv)

where the first inequality is due to the lower bound of |U,| above and the second inequality is due to
1= serspr PO SPe, +érvand 3 . pe,(érv +0') < (éry + 0'). Thus

U, M 4¢ 4¢ 1 -
\Ur| pe. < (pc, + ~6Tv) pe. < eTv(pc: +1) < 1627y
M — IU@‘ M(1—4€Tv) 1—4€TV

where in the last inequality, we use the bounds épy < 1/10 and pe, < 1. thus
- . 1
[pc, — po,| < max{16éry, éry (2 + m)}
Part 2 of Proposition[9] gives

_ _ R 1 -
2dry (1, 1) <Y [po, — po,| +pe, < || max{16ery, érv (2 + =)} + [T| x érv/|1]

' 1]
< (16|I]| + 1)éry
Thus by triangle inequality,
[]Sample), /,L) S dTV (E(X;mmplc

Let M > 2 x 10*|I2e;3 log(|T|7~1) > 20|I|€S3 log(|I|7~1) gives the desired result.

drv (L(X ;“"“"'“

l]sample)vﬂ) + dTV(,u'vﬂ) S 9|I|€TV

In the proof of Proposition I' = I, and we will set 7 = min{g‘TT‘l/,p* /3} which implies

_ peéry M

©(§2.) > p./3 and the event £ happens with probability 1 — |I| exp(—=-%Y—). The rest of the
argument follows through, and we need to set M = 6 x 102p; !|I|2e,2 log(|I|7~") to ensure £
happens with probability > 1 — 7.

O

F.1 GRADIENT ERROR BOUND FOR CONTINUOUS PROCESS

Definition 5 (Bad set for partition). Let C = {C4,...,Cy,} be a partition of S ie. |JC, =
Sand C. N Cp = O ifr # r'. For v € RY, let jimax s() = maxies pi(T), imax.s() =
arg max;cg uz(x)ﬂ and Cyyax () is the unique part of the partition containing iwyax s(x). Fory €
(0,1) ler

Bscy={z]3j € S\ Cmax : Hmax,5(x) < 'Y_llij(x)}
If these are clear from context, we omit S, C in the subscript.

Lemma 12. Fix S C I, C is a partition of S, and define B, = Bg ¢ , as in Deﬁnition@ If0;; <0
for i, j not being in the same part of the partition then j1(B.) < v~ 16|I|*/2.

*If there are ties, we break ties according to the lexicographic order of I.
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Proposition 25 (Absolute gradient difference bound). Fix S C I. Fori € S, let p; = pipgl and
recall that ps(x) = Y, c g Difti(S). Let i := imax,5(x) = argmaxycg: puy (). Supposei € C C S
andforall j € S\ C, pi(x) > v p;(z).

Let Gg(x) = max;egs ||VVi(x)|| then

19Vs (2) — WV ()| < ‘;—stu)

In Appendix [H] we will state generalized versions of Definition[5} Lemma[T2] and Proposition[23] For
proofs of Lemma[I2]and Proposition[23] refers to proof of Lemma[I6|and Proposition [32]respectively.

The following proposition shows that if the continuous Langevin process (Zf *) initialized at 2 doesn’t
hit the bad set B ¢ -, then the gradient VVg(Z;) will be close to the gradient VV¢(Z;) where C' is
the unique part of the partition C containing i,ax s ().

Proposition 26. Fix a set S. Suppose we have a partition C of S as in Definition[3} Suppose for
1 €S, p; satisfies itemofLemma with B> 1 and ||u; — uj|| < LVi,j € S. Let p; = pg' pi, and

recall that 15 = ), ¢ Difti- Let (Z;" )1>0 be the continuous Langevin diffusion with score function
V Vs initialized at 6,,. Fix vy € (0,1/2). Suppose for any n € (0, 1), with probability 1 — n/2, the
event Egiscrete,y happens where Ejiserere o is defined by: for all k € [0, N — 1] NN,

7 i 64 16N
||ZI§2_USH§L::L+ 2 22
@ n

and

7% & Bsc..
LetT = Nhand C = Cyax(z) € C be the unique part of the partition C containing imax,s(z).
Fixn € (0,1). Suppose T > 1,

1 1 1
h < i b) ) 9
< min{ (82/a)In?(16T/n) 40(BL)2’ 2000d(3L)> 1n(16T/77)}

Then with probability 1 — 1,

18y8L

Vit e [0,T): ||VVe(Z0) — WV (Z0)]] < ———.
€[0,7]:[|[VVs(Z;") c(Z)ll min;ec p;

Proof. By Proposition[T7} S satisfies item 2 of Assumption 2] with Agrao = BL and Agraa,1 = f.
From Proposition with probability > 1 — 1/2, the following event Eyg ,, /> happens

_ _ 64(Bh)> 16N .
sup 205 0 — Zp5 || < 4BhL +2 (W + 48dh) In — < 1/(208L)
ke[0,N—1]NN,t€[0,h] « n

Here we use the fact that In(16N/n) = In(167'/(nh) = In(167"/n) + In(1/h) thus

- [64 16T [64
h(BL)(BL) < h(BL)? + 2h(BL)B In - 2h(BL)By/ —In(1/h)
[ B2 | 16T [ B2 1
< h(BL)*+ 16 hee ey [R(BL)* In E 164/h=— - VRh(BL)2In(1/h) < 60
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and

\/(M(ih)z - 48dh> In % x (BL)

<10\ﬁ(\/W In(1/h)) <6L+2B i ﬂwﬂ 64ln1/h>

h? 2 16T
1

1

< 10( hd(ﬂL)ang + +/hd(BL)2In(1/h) —|—48\/ — +In 2(l/h))> 20

Suppose both events Eyif,,) /2 and Egiif,y /2 happen. By union bound, this occurs with probability
> 1 — n. We have, by triangle inequality

sup 1 Zp5 ., —us|| < L+1/(108L) < 1.1L
ke[0,N—1]NN,t€[0,h]

and for i € S, by item[I]of Lemma[5and ||u; — ug|| < L

IVVi(Zps o N < BUIZp 4y — usl| + L) < 2.2BL. (11)

Forany i,j € Sandt € [0, h

NJ(Zth) 1 (Z05)
log —log —
i Z5 1) wi(Z33)
= Vi(Z5) = Vi(Z3510) — (Vi(Z0) = Vi(Z5 1)) (12)

< (IVVAZI + NV ZR) D2 — Zeill + Bl i — Zi3 P
< 5BL(20BL)~" + B(208L) % < 1/2
where we use the assumption 5 > 1.

Below we write i,y instead of imax, g since S is clear from context. We first argue by induction on &
that i,max (Zp5) € C. The base case k = 0 holds trivially. Let y be a realization of ZP7 . Condition on
70 vp =Y, we argue that i, ax ( Es,: 1) 1) € Cmax(y). Since Crax(y) = C by the inductive hypothesis
for k, the inductive hypothesis for k£ + 1 follows. Apply Eq. fort = h, i := imax(y) and
J & Ciax(y) gives

15 (205 ym) 7%
log Esk+1)h <o g.uj( )+1/2_10g (y) _’_1/2§10g’y+1/2<0
(Z(k+1)h) 273 kh Hmax(y)

where the penultimate inequality follows from Zy;, ¢ B., and j € Crnax(y), and the final inequality
from v < 1/2. Thus, for all j & Crax(y), Mi(ZES/:H)h) > uj(Zf;H)h) thus imax(zgﬁﬂ)h) €
Cinax(y). Finally, we argue for k € [0, N — 1]NNand ¢ € (0,h), imax(Z}5,,) € Cand Z5 ., &
By, Condition on Z,‘g;; =y, apply Eq. fort = h, i :=imax(y) and j & Cpax(y) = C gives

70 Oz
M'(Zkz-u) /’[’J(Z ) (y)
logim/ﬁlog +1/2=1log +1/2 <logvy+1/2 < log(2v)
(Zkh+t) i (Zkh) /’Lmax(y)

thus Vj & C - umax(Zkh+t) > wi(Z95.,) > (29) " 'w;(Z7 .,). Combine this with the bound on
VVi(Z,‘z”;L +t) in Eq. (11) and using Proposmon gives the desired result. Indeed,

4% (29)Gs(Z)) _ 188L

IVVs(Z)7) = VVe(Zi)]] < 5 <=

36



Published as a conference paper at ICLR 2024

G ANALYSIS OF LMC WITH APPROXIMATE SCORE

In this section, we prove the main result (Corollary [I)).
Definition 6. Let H” be the graph where there is an edge between i, j iff ||u; — u;|| < L.
Proposition 27. Suppose C'is a connected component of - then for any i, j € C, ||u; —u;|| < KL.

Proof. Forany i,j € C, there exists a path i := po, p1,- -+ ,Pm := j s.t. |[up, — up || < L. The
statement then follows from triangle inequality. O

G.1 EXPECTED SCORE ERROR BOUND

Lemma 13. Suppose yu; satisfies the conditions stated in Lemmal[3] Let u; be as defined in Lemma3]
Fix S,RCI,SNR=0.Let p_ = max,crpj. Suppose forj € I\ (SUR), Hul—u]H > LVi e S,

with L > 30max{/ 4, kv/d} In(10k). If score estimate s satisfies E,[||s(z) — VV (z)|*] < €2,

then
2

Eus[lIVV(2) = VVs(2)|*] < 3pg(€hpp + 88°K exp(—=—) + 10K*p_B>L?)

L
80k

Proof. Since VVs(z) = pg' 3.5 VVi(x), we can write

IVV (@) = VVs(@)l| = (n@)psus@) ™ pipsui(@)u; (@) [VVila) = VV; (@)
1€S,JES
pips i (@) (@) [V Vi) = YV, (@)
Q.Z pshs ()
pips i (@)1 ()| V Vi) = VV; (@)
* Z w(x)psps(x)

1€8,5¢S:[|ui—u;||=L

If [Ju; — u; || < L then [[VV;(x) = VVj()|| < B(l[x — wil| + |z — u;l[) < B(2lx —u;]| + L) thus
the first term can be bounded by

wsus@) " [ S PR gy )
e s M)
<5 ¥ pjﬂj(x)@,la(jx; uj|| + L)

JES:p;<p—

where in the last inequality we use the fact that if ||u; — u;|| < L for some ¢ € S then j € R and
p; < p—. Hence, by Holder’s inequality

Es[lIVV(2) = VVs(@)|P] < 3(Eus[lls(z) — VV (2)[[] + Ay + Az) (13)
with Ay = B, [(Xicg jer, ZLLE%E))2) and

Al :E,U«s ﬂ2 Z pj,U/J(LE)(2||{E—UJ||+L)

J€S:p;<p— u(x)
2
<K ) / (p”” )) (Ile — w| > + L?)de
JE€S:p;<p_
<58Kpst 3wy [ @l -l + Lo
JES:pi<p—

S 1062K2p§1p,L2
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Now we bound the term Ay. Let Th = {j : j &€ S,p; > p_}.

2

E,. Pngﬂz z :u’j (CL’)

€S FETs psus X #(13)

(Licsser ppins@s @NIVVi@) = V@) (Sics jer, pivsuil@)i (@)

< F
e (psps(x)p(z))?
o pipsps (@)1t (@) [VVi() = VV;@)|2
_pS /iGSEj:ET2 H,(J?) d
—ps' Y nE, [Wg())nvw ) vww]

i€S,j€T>

2

< Spleﬁ2 exp(— 105 —)

where in the last inequality we use Proposition[29] Plug these inequalities back into Eq. (T3], and use
Proposition 28] gives the desired results.

Proposition 28. Suppose s satisfies Definition[I|then
Eus[”‘g(l‘) —VV(J))H ] <pS score

Proof.
psEus(lls(z) = VV(2)[]] = ps /us(I)IIS(I) ~ VV(2)|[*dx

< [sns(o) + psons-@))s(z) = VV (@) e
= Elt[||3(x) ( )|| ] — score
[
Proposition 29 (Pairwise gradient difference for large ||u; — u;||). Suppose j;, j1; satisfies items@

andin Lemma Let u;, uj be as defined in LemmaEland ro=|lu; — u,l|. If 11;/1/62;4:23 > 4D?
then

P () 2 2 1.2 ar’ +c;
B, { ]M(j) [VVi(z) = VVj(z)| } < 853%p; r7exp (_1704+165>

Consequently, suppose [i;, ji; are o-strongly log concave and B-smooth with § > 1 and k = 3/«

| > L with L > 30 max{\/g, kVd} In(10k)

and ||u; — u;

pEams [P0 0) - W] < 85200 (&)

Proof. By Lemmal[3] item|2|

> exp (—Bllz — wil|* — 2 + alle —uy[]* + 24)

«
> exp (5 llui = w2 = (@ + Bl — wil >+ c.)

where the second inequality follows from |u; — u;][?/2 < (||z — wi|| + ||z — u;|[)?/2 < ||z —
ui||? + ||z — u;||* thus

Pty () pjpi () 1
" R — oy () pipi(z) < H(||z —ul?)
w() it (x) +pipi(x) 1+ Bty
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where
1

H(y) = = .
W = T o3 —wlP — (@ + By + o)
Let A:=E, ., [H(||x — u;][*)] and B := E,,, [||x — u;|[*H(||z — u;]|?)]. Using the fact that
IVVi(z) = VV;(@)]1? < B2(I[e — wil| + [J& — uy]])* < 287 (4]|2 — wil|* + |Jus — u;][?),
we can bound

Eopmps [anw(@ - vvj(x)ﬁ] < 2B%(r*A+4B)

First we bound A. We have
B [H (2 - wilP) = [
llz—u;|[|>R

< Py [l — wil| > R] + H(R?)

< exp(—a(R — D)?/4) + p;* exp(—%r2 +(a+B)R* —¢.)

where the second inequality follows from H being an increasing function bounded above by 1, and

the third inequality follows from H(y) < p; ' exp(—ar? + (a + B)y — c.). Set R? = %

then R > 2D thus exp(—a(R — D)?/4) < exp(—aR?/16) = exp(—ar?/2 + (a + B)R? — ¢.).
a7'2/2+cz

T7a+165 )"

H(Ifﬂ—uz‘H?)m(ff)der/ B _IKRH(HSE—WIF)M(IEW%

Hence, the rhs is bounded by 2p; * exp(—

Now we bound B. By Holder’s inequality
By [l — wil PH (| — wil*)]

< \Bpllle = will!] - /B [l = il 2)]
< D*\Posyllle — wl| > R] + H2(R?)

< D? \/exp(fa(f? — D)2/4) + p; % exp(—2ar? 4 2(a + B)R2 — 2¢,)

where we use the sub-Gaussian moment assumption to bound E,,, [||z — u;||*] and the same argu-
ment as in the bound for A to bound E,,, [H?(||z — w;||*)], noting that H?() is also an increasing

: D ar? [ S ~
function bounded above by 1. Set R? = #2:/32 then R > 2D thus exp(—a(R — D)?/4) <

exp(—aR?/16) = exp(—2(ar? + (o + B)R? — ¢.)). Hence,

- 2/2 .
B< 2D2p;1 exp(—R?/32) = 2D2p;1 exp (_ar/—i—c)

33 + 3283

For the second statement, plug in D = 5\/g In(10x) and ¢, = —% In(x), and use the fact that
[ > 1, we have

ar?/2 +c 0.45ar? Bd .
z > > 80 x == 1n*(10k) = 4D?
Ta 168 = 338 = S0x o o(10k)

Thus by Proposition (8| and the fact that L? > 2k, r2 exp(fm) < r2exp(— L)

17a+168 =
L? eXp(—SLO—H) O
Theorem 6. Suppose each pi; is « strongly-log-concave and B-smooth for all i € I with 5 > 1.
Recall that |I| = K. Let u; = arg min V;(x), p. = min;es p;, k = 3/« Set

Lo=0 (ﬁm/&(m(m@ + exp(K) ln(dp;le;‘l/))) — O(K2K exp(K)Vd).

Let S be a connected component of HE, where there is an edge between i, j if ||u; — u;|| < L =
Lo/(kK). Let Usampie be a set of M i.i.d. samples from s and Vppie be the uniform distribution
over Usappie- Let (X :}‘;m“/")neN be the LMC with score s and step size h initialized at Vsgppi,. Set
3/2 5 16d(8Lo)> 2B/ -
Lo 1 L 108d(BLo)%exp(K) In / (pyH)In =
T=0|a K, In(10p, ") 773 - O
p/ %k, a3/2
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4 ~ 4
Let the step size h = © (W) =0 (WKEZ)W) . Suppose s satisfies Deﬁnitionwith

65(,07'6

pime%v\/ﬁ
7T

1/2 4
Py’ e
—o( L v

(BLo)>T3/2

1/2 4
-6 D« €Ty
(Br2K exp(K))2d3/2T3/2

3((3/2) 1 -1)
i et )

K31n%/?(10ps ) (BLo)2 \ 108d(BLo)3exp(K) In®/?(ps ) In® 16d(5Lo)*

ETVTO

Suppose the number of samples M satisfies M > 4000p; ery K2 log(Kepy ) log(t™1), then

]P)Ummp/v [dTV (L(X’;J“"‘Vl" Usample)7 /’LS) S €TV] Z 1 - T

Corollary 1. Suppose p; is « strongly-log-concave and B-smooth for all i with 3 > 1. Let
D« = min;es p;. Suppose s satisfies Definition |Z| Let Ugmpie be a set of M ii.d. samples
Sfrom i and Vygpie be the uniform distribution over Usgppie. With T', h, emre as in Theorem @ and

M > 20000p; 2esy K2 log(Kepy,) log(K771). Let (X5 )nen be the LMC with score s and step
size h initialized at Vsample, then

P, [drv (L(X 7"

Usample)7u) < 6TV] >1-7

Proof. This is a consequence of Theorem [6]and Proposition[31] Here we apply Proposition 31| with
My = 4000p; ey K2 log(Kepy,) log(t71).

O
Proof of Theorem|6] Let u; = arg min,, V;(x) then VV;(u;) = 0. W.Lo.g. we can assume V;(u;) =
0. By Proposition 27, ||u; — u;|| < L := KL = Lo/ fori,j € S. By Proposition [17, with

5 = pgl Ziespiui, S satisfies Assumptionwith Agrad,1 = B, Agrado = ﬁﬁ, Abess,1 = 2432 and
AHess,O = 2ﬂ2L2-

We first show the statement for M = M := 600p; ‘ese K2 (log(KT7!)), where we set T = epv,
then use Proposition to obtain the result for M > 4000p; e K* log(Kepy ) log(t—!) >

6]\40€TV log( sample )

From this point onward set 7 = ey and M = M, as defined above. Let (X ﬁ,f )nen be the LMC
with score estimate s and step size h initialized at js and (X}*);>¢ be the continuous Langevin
diffusion with score VVj initialized at u5. Let Q7 and Q7 denote the distribution of the paths
(XE ) nepor/mon and (X{*),ci0,7)- Note that L > 50kv/d In(10k) > 10D, so Lemmagives

2dTV (QT7 QT) < 2h2T66L6 + 2thﬁ4L4 + Tescore 0

Wlth 6?(:orf:,O = 3]951( score+862KeXp( 80,{)) Let 6score 1= ET’J"'/ andB = {Z : HS(Z)_VS(Z)H >

8 T
€score,1 } then by Markov’s inequality p(B) < S0 — 6’70

2
Escoxe 1 €Tv

Let n = ery7. Suppose T'e2 < 7?/100 and h < (100)! min{—L—= } then

drv(Qr, Qr) < n/4, thus

PEn e [0,N —1]NN: X! € BJ<P3n € [0,N —1]NN: X/ € Bl + drv(Qr, Q1)
I 8T€s200reO
h

score,0

(BL) S\F BL (BL)4dT

< A= X7+6T\/T/4

6Tv
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Since Eg,,.. [Vsampte] = s, L(XE7) = By [L(X0 5™ [Usample )| and

>amplc[
Eg[Pr,Bn € [0,N — 1] AN: X € B] = P[En € [0, N — 1] NN : X5 € B] < A,
By Markov’s inequality, let & be the event Pz, [3n € [0, N — 1] NN : X;™" € B] < 2A; /7 then

IP)USample [60 OCCUI'S] >1- 7—/2

Vsample

Suppose &y occurs. Let v 1= Vgmple. Let (Zn‘h )nen be the LMC initialized at v with score estimate

S defined by
_ [s(z)ifz¢ B
seo(2) = {vvs(z) ifr e B

then SUup, cpd HSOC(Z) - VVS )H2 < 6score 1

Note that if X,,;, ¢ BVn € [0, N — 1] N Nthen Z;™ = X 7™Vn € [0, N] NN thus conditioned
on & occurs, dry (Z ™, X V“‘"‘"'e) <2A;/7. Let (Z ;) be the continuous Langevin with score
VVs initialized at v. We want to bound drv (Zx™, Z7*™ ). By sub-Gaussian concentration of
w; and union bound over M samples, we have with probability > 1 — 7/3, the following event &;

happens:
supmax|\x7u7|\<L = 2L + 1 (—) <3L
€s o

r~U T T
since for 8 > 1, 1/ & In(34) < 3x%/24 /In(egy,) < L.
Let & be the event -
dTV (‘C(Zj:ﬂmp]e ‘Usample)7 ﬂS) < ETV/4
By Lemma if M > 605(p.ezy, ) K2 log(K71) then Pprame [€2] > 1 — 7/6.

Suppose &y, £1, > all hold; by union bound, this happens with probability > 1 — 7. By Lemma|[T4]
for

Lo=L+&kL+ \/j In((2ah)~1) + \/(16/a + 200dh) ln(%)

we have

dry (Z3m, Z5m)? < RPTBOLY 4+ hTdB Ly + €2oe 1 T2 < €5y /64

score,

. 52 €
if 1000 < 757 < ST

By triangle inequality
dTV (ﬁ( Vsamp]e I Usample) MS)
< dTV( Zs;;mple7 Zl/,‘\mple) + dTV( IIG‘;;\pI: Z;sample) 4 dTV (ﬁ(Z;sample ‘Usample), MS)
16722

0
< S terv/2+ erv /84 erv /4 < ery
heTV
16T 65«.01'5 0
if W < ETV/S

Our choice of parameters satisfies all the conditions mentioned above. Since h < 1/(1003d), § > 1
and L > \/gln(l()n) > (/2 1In(a~1). we can bound Ly by

Lo < 2Lk + \/j In((2ah)~1) + \/1(: ln(sh )

. 1 1
< 3Lk + 57 In(87) +21In(1/h) d%

= 3Lk + exp(K)VrdIn(p; tdesi Lok K)
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where we use the bound on 7" and h to bound In(7') and In(1/h).
Set L = 50kv/d In(10x) + Vkd exp(K) In(drp; tepi). Since 3k L < Lo < 5xL,

Lo = O(k*Vd(In(10k) + exp(K) In(dp; ‘eztr))).

We need to check that h < but this is true due to the choice of h. Next, we need to check

wL o) 7T
1672
%‘/TO < ery /8 and T'1/? €score,0 < 1/10 = €%, /10. We note that the former implies the latter,
and the latter is true since 1/2
2
< Ps crv h
€score > T

and
ps'PBVE exp(—%)T < Vhegy /20,
which in turn is implied by
L/Vk > exp(K) In(drp; tepy) > 5In(Th™BKp; tery)
which is true for our choice of L, h and T.
O

Lemma 14. Fix S C I. For u; and D as defined in Lemma 3 suppose ||u; — u;|| < LVi,j € S

with L > 10D. Let vy be a distribution s.t. sup,,,, maxcs ||z — u]| < L. Let (Z/°)s>0 the
continuous Langevin with score VVy initialized at 1/0 Let (Z)% )nen be the LMC with step size

h and score sog s.t. SUp,cga ||s(x) — VVs(2)|| < €,0.1- Suppose h < 1/(303) then for D=
6L+ O (/{fj + gln((Qah)—1)> + \/(1676 + 200dh) In(8N), we have

drv (230, Z20)? < R2TB°D° + hTdp*D* + &2, T/2

Proof. To simplify notations, we omit the superscript vy and write Z,,;, and Z, in the proof instead
of Z% and Z;°. Let i, be the distribution of Z},. First, we bound R (73 ||1ts). By Lemma

Ra(wnllus) < O(a™ ' (BL)? + dln((2ah) )
By Proposition letug = pgl > ics Piu; then g satisfies Assumptionso
P.s[|lz — us|| > 1.1L +t] < exp(—at?/4).

Let N = T/h. By the change of measure argument in (Chewi et al., 2021, Lemma 24), with
probability > 1 — 7/2

8N
max ||Zkh — USH <1.1L + *RQ V}L||:LLS *hl—
ke[1,N—1]n \/
8N

< 1.1L + kL + v/a~tdIn((2ah)~1) + 4, 8
a7

By Proposition this implies that with probability > 1 — 7, for v = % + 200dh

sup ||Zt —ugl|| < D ++/vIn(1/7)

tel0,T

with D := 6L + O(xL + Ja*ldln((Qah)*l)) + /7 In(8N). By Proposition this implies, for
p=0(1)
ElllZ: —us|lP] S (D + v7)" S DP

where we use the fact that /7 < /416 < D/50.
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By Proposition[18] for ¢ € [kh, (k + 1)h],
E[||VV (Zkn) = VV(Z)|[°]
S \/E[Aﬁess,l(ﬂzkh —us|® + 12 — usl[®) + Afiess 0]

h
SJ (AI%Iess,I[)4 + AI2'Iess,0)(h2 (Agrad,lfj2 + Agradto) + dh)
< BYD* + LY (W?*B*(D? + L?) + dh)
< B*D*(h*B2D* + dh)

t
X \/(t - kh)?’/k (Agrad,lE[||ZS - US||4} + Agrad,o)ds —+ d2(t - kh’)2

where in the second inequality, we use the moment bounds for || Z, — us||, in the third inequality,
we use PropositionlE to substitute in the parameters Agess,1, AHess,0, Agrad, 1, Agraa,0, and in the final

bound, we use D > 6L. Then by Girsanov’s theorem (see Lemma

2y (Zy°, Z°)?
T
<BL[ ls(Z1un) ~ VV(Z0) Pt
0

T
< T +E| / IV (Zysjngn) — OV (Z0)| 2]
0

<€ . T+ h?TBDb + hTds*D*.

score, 1

O

Lemma 15. Suppose the score estimate s satisfies Definition[l| Let w; and D be defined as in

Lemma Let S be a connected component of H* with L > 10D. Let (X!3)nen be the LMC with
score estimate s and step size h initialized at pg and (X} S_)tzo be the continuous Langevin diffusion

with score V'V initialized at pg. Let T' = Nh,AQT and Q7 denote the distribution of the paths of
(X::’f)ne[07T/h]ﬁN and (XéLS)te[O,T]~ Thenfor L= LK,

T
20y (Qr, Qr? <E | [ 18X, — VVs(X) Pt
0

< 2h2TBOLS 4+ 2hTdB*L* + T2

score,0

With € 0y 0 7= 305 (Zope + B2L*8K exp(—22)).

score

Proof. By Proposition |[ui — uj|| < Lfori,j € Sand ||lu; —u;|| > Lfori € S,j ¢ S. Note
that since yi5 is the stationary distribution of the continuous Langevin diffusion with score V'V, the
law of X}'¢ is g at all time ¢. Thus, for ¢ € [kh, (k + 1)h]

=

[

<2
<2

[S(XE) = VYK ) )
(Ellls(X75) = VVs(XEIP] + El[VVs (X)) = VVs(XE2)|*) (14)
(chore,o + ﬁ4i—’4(h2ﬁ2i’2 + dh’))

where in the second inequality, we use Lemma with R = () to bound the first term and Proposi-
tion [T9]and Proposition 2] to bound the second term. The argument is similar to the one in the proof

ofLemma Letug = pg' > icg Piw; then [|u; — us|| < LVi € S. For D=D+L<1.1Land
v = 2, since the law of X/' is ug, by Proposition

P[|| X} — us|| > D+ /yIn(1/n)] <n
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thus by Propositionand D > /100/a, for p = O(1), E[|| X}** — us|[’] < DP. By Proposition
E[|IVVs(X}) — VVs(X9)IIP] < B(D* + L*)(h*B*(D? + L?) + dh)
< BILY(R?B2L2 + dh)

The statement follows from integrating Eq. (T4) from 0 to 7" and Girsanov’s theorem (see Lemma3).
O

This proposition is used in Theorem[6]to go from a set of samples of fixed size M to a set of samples
with size M that can be arbitrarily large.

Vsample

Proposition 30. Fix distributions fisampie, pb- For a set Usgmpie C RY, let (X,*"); be a process
initialized at Vsgmpie, the uniform distribution over Ugppie. Suppose there exists T > 0, epy € (0,1)
s.t. with probability > 1 — ey /10 over the choice of Usampie consisting of My i.i.d. samples from
Lsample dTV(E(X;‘””"”E Usampie); 1t) < erv /10. Then, for M > 66;‘2/M0 log(7~1), with probability
> 1 — 7 over the choice of Usgppie consisting of M i.i.d. samples from pisampie,

drv (E(ijjample Uxample)a M) < ETV/2-

Proof. Let Ugmpe be a set of M iid. samples (), ... ) from pgmpe. For r €
{1, [M/My]} Let U, = {z : (r — 1)Mo + 1 < rMo} and Uy = Ugampie \ U, Uy Let
v, be the uniform distribution over U, and vy be the uniform distribution over Uy. For m = | M /M,

MO M—Mom
VSt T

Let  be the set of U € (R?)Mo s.t. dpy (X%, 1) < ery /2 with v being the uniform distribution
over U.

Similar to the proof of Proposition 23} if we choose M /My > 66;‘2, log(7~1), then with probability
>1—1,|{r:U, € Q} > m(1 —€ery/5). By Proposition[9]

Vsample M Uy
dTV ([’(XT ‘Usample)a U) < Z MOdTV (L(XT7 )’ :u) +

r:U,.€Q
< €Tv/10+6%“v/6+6TV/5 < ETV/2

where in the penultimate inequality, we use the definition of 2, Mym < M and M —moM < My <
€2y M /6. O

M — Mym(1 — egy /5)
M

The following proposition combined with Theorem [6]implies Corollary [T}

Proposition 31. For a set Usyppre C RY, let (X;*); be a process initialized at the uniform
distribution over Usqppie. Consider distributions pc for C' € C. Let i = > pepc with pe > 0
and Y pc = 1. Let p, = minpc. Suppose there exists T > 0,ery € (0,1) s.t. with prob-
ability > 1 — #IC\ over the choice of Uc sampie consisting of M > My i.i.d. samples from
ue, dry ([,(X;C"""m”le Uc sample), tc) < €7y /10, where v sample is the uniform distribution over
Uc sampie- Then, for M > min p, *{ Mo, 206}‘2/ log(|C|7~1)}, with probability > 1 — T over the
choice of Usgppie consisting of M i.i.d. samples from i,

drv (L(X 7"\ Usampie)s 1) < €rv.

Proof of Proposition[31] Since 1 = Y~ pcfic, a sample 2% from y can be drawn by first sampling
C e C from the distribution defined by the weights {pc } cec, then sample from gy . Consider
M i.id. samples () using this procedure, and let Uc = {z(V : C) = C}. Since M > 20p; ‘e v,

and E[|U¢|] = pc M, by Chernoff’s inequality and union bound, with probability 1 — 7/2 over the
randomness of Ugympie, the following event & holds

U,
VO : ||Mic‘ —pc| < poerv/2
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Suppose &1 holds. Then, % > po(l —ery/2)M > My. Thus by union bound, with probability
1 — ery /10 over the randomness of Usympie, the following event £ holds with v be the uniform
distribution over Ug

vC : dTv(,C(XVC ‘Uc), ,uc) S €TV/1O

then let 1 = ZC S ,uc, by part 1 of Proposmon@

Vsample ~ U v, U
drv (L(X 7" |Usample ), f1) = <Z C| L(X7°|Ue), > Z‘ C|€T\//10—€TV/10

and drv (fi, 1) <D \”JJ\TCI —pcl| < ery /2. Condition on & and & both hold, which happens with
probability 1 — 7, we have

dTV (E(Xg“sample |Usample)7 ,u) S dTV (ﬂ(X;SQmple |Usample)7 ﬁ) + dTV <ﬂ7 M)
<ery/10+erv/2 < epry

H REMOVING THE DEPENDENCY ON p, = min;es p;.

In this section, we remove the dependency on the minimum weight p, = min;c; p;. The idea is
to consider only the components p; with significant weight p; i.. p; > Dinreshold fOr some chosen
threshold pinreshord- In Lemma[T7] Theorems[7]and[8] and Corollary 2] we prove analogs of Lemma|[TT]
Theorems [5]and [f] and Corollary [T]respectively with no dependency on p,.

We will need modified versions of Lemma[I2]and Proposition 23] which are Lemma[T6and Proposi-
tion 32| respectively.

Definition 7 (Bad set for partition (modified)). Fix S C I,C, C 5,5 = S\ C.. Suppose we
have a partition C = {C4,...,Cp} of S'. For x € RY, let ipax s (v) = argmax;es pi;(z) and
Pmax,s' (T) = fi_ o (x) = MaXiesr pi(T) as in Deﬁnition Let Cinax,s () is the unique part of
the partition C containing imax s/ (x). For v € (0,1),v. > 0 let

BS,C* 2Cov sy

={z|3j € 5"\ Crnax.s'(T) : fimax,s'(7) < 7_1uj(ac) or3j € Cy : fimax,s' () < v*_luj(x)}
Note that if C,, = () then BS’C*’C,%% = Bg , as defined in Definition @ If they are clear from
context, we omit S, C,C in the subscript.

Lemma 16 (Bad set bound (generalized version of Lemma.) Fix S C1,C, C C,C be a partition
of ' = S\ Cy. Let ps = ) ;g i and p; = plpS Recall that pg = Zzespm“z For~,6 € (0,1),
define B = Bs C.,Coy,ye GS TN Deﬁnitionlﬂwith vl =~4716K/8. Suppose

1. Ifie Cithenp; <§/8

2. 045 < 4 for i, j which are in S" and are not in the same part of the partition C of S’
then pus(B,) <~y 10K

Proof of Lemmas[I2]and[16] We prove Lemma[I6] then Lemma I2]follows immediately by setting
C. = () in Definition[7]

Consider © € B., s.t. imax,s(2) = i. For j € S, let C(j) denote the unique part of the partition
C containing j. Let k = inax2 s/ (7) = argmax;esnc () tj(z). If j € C(i) then by definition of
imax, s/ (%) =1, py(x) < pi(x). If j € S"\ C(i), then by definition of k, p;(z) < pg(z). Let

Br/y = {JI | Jj € s’ \ Cmax,s’ (-T) ¢ Hmax, S’ (-73) < 7_1Mj(m)}
and
B ={z]3j € Cs: fmax,s5" < 'Y»:lluj(x)}'
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Let p; = p;pg forj € S. If v € Bl,, pi(x) <~ px(x), and for

2) =Y (@)=Y pii@)+ D P+ Y pipgla

JeC(i) ]ES/\C(v) JEC.
Do opmla)+ Y pim(a) + Y pius(e
JEC(i) JES\C (i) jec.
< Z iy (@ Z Pty (v
JeS’ JeCy
<y (@) + ) pina
JeC,

Letfo, = X0, Pj then o, < K x §/8 < v~ 16K /8 since v~ > 1. Fori, k € S, let Q2;  be
the set of & S.t. imax, s/ () = 7 and éymax 2. s/ (x) = k. Since {; x|i,k € S’,C(i) # C(k)} forms a

partition of R%, we have
/ (z)dx
i,kE€S": C(z £C(k) Y EEByNik

(v" ,Uk Pt (
/ PR

JECL

s (BL)

IN

sz( Y£C (k

DY ( / pnla)de + [ ui(m)dx>
. . r€BNQ; 1 .’EGB»YPIQ]‘-J'

i<k:C(1)#C(k)

Jrzp] Z,u] szk

jeC.

-1
= / min{ p; (x), pg(z) pdx + Dj
Z xEB O(Qz kUQk L) Z !

i<k:C(i)#C (k) jec.

<~71 > 54476k /8
i<k:C(3)£C (k)

<y YK?/2 4+~ 15K/8
where in the penultimate inequality, we use the fact that d;;, < § for 4, k which are not in C, and not
in the same part of the partition, and p; < 6K /2 < v~ L6K /2 for j € C,.
For i € O, let 2 be the set of x s.t. imax,c, = 4. If £ € QF N B, then
(@)=Y @)+ Y Bing(@) < D pipale) + Y pyvs i) = pile) (Be, +i).
JEC, jes’ jeC, jes’
Thus

psB) =Y [ ps(oyis
ieC. TEB.NOQ*

<> / (P, + 72 i(z)de
ieC. T€EBLNQY

(Po. +721) D wi(BN Q) < (v 1OK/8+~7 6K /8)K
1€C

where in the last inequality we use the definition of -y, and the fact that u; (B, N Qf) < 1. Thus by
union bound

us(Bs,c..cnm) < ws(Bh) + ps(B.) <y 10K
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Proposition 32 (Absolute gradient difference bound (generalized version of Proposition 23)). Fix
SCI,C.C S Let S =S\Cy. Fori € S, letp; = pipgl and recall that ps(x) = 3, g Difti(S).
Suppose p; < %forj € C,. Let i := ipax s (v) = argmax;cs py (). Suppose i € C C S’ and

Lopi(x) >y py(z)Vj € S\ C
2. pi(z) > vty (2)Vj € Cy where vt = 416K /8.
Let Gg(z) = max;eg ||VVi(z)|| then
[9Vs(e) = VWolo)l| < 51 Gs(a)

Proof of Proposition[32|and Proposition[23] We prove Proposition[32] then Proposition 23] follows
immediately by setting C, = (). For C" C S, let pcr = ), Di- By Proposition@ we can write

YY) VV() = pepc(z)VVe(z) +M§(jxe)S\c pipy (2)VVi(x) Ve (s)

_ bepc(@)VVe (@) + 3 es 0 Piki (#) VVi(@)

popc(z) + Z_jeS\C D ()

_ ijj(-’l?) . )
_jeS\cﬁC“C(I)+Zjes\cﬁjuj(x) (VVj(z) = VVe(z))

- VVC(:L‘)

Forj € S"\ C,
pepe (@) + 3 e\ ik (@) S pipi() S Pi
pjk;(x) ~ piki(x) T p;
and for j € C,, using the upper bound on p; and the assumption y;(z) > vy, ()

popc(@) + X es o Dyt (2) S pipi(x) _ Py

= > = > > p Ky
Pin; () piki(z) D
Next, by Proposition[d] ||VVe(z)|| < Gs(x) thus,
5 1\ 4G
IVVs(z) = VVe(2)l| < 2Gs(x)y > ot > oS

JES\(CUC) jeC.

The following is a modified version of Lemmal[T1]

Lemma 17. Fix ery,7 € (0,1/2),0 € (0,1]. Fix S C I. Let p; = pipg " and recall that pg =
> icg Ditti- Suppose for i € S, p; are a-strongly log-concave and (-smooth with 3 > 1.Let
u; = arg min, V;(z) and D > 5\/g be as defined in LemmaH Suppose there exists L > 10D such
that forany i,j € S, ||u; —u;|| < L. Fixp, > 0. Let S’ ={i € S:p; > p.yand C,, = S\ S'. Let
G® := G°(Y', E) be the graph on S’ with an edge between i, j iff ;; < 6. Let

2 27,
T—C;*’K(ln(ﬂ )+lnln71+2ln€5‘1,>.
« «
and »
5 — §32a3/2p 22, T |
105 K5d(BL)3 In/? (pr ) In®/? Z2ery 0Tl 1,251 16d(L)?

Suppose max;cc, p; < 8’ /8 and for all i, j in S’ that are not in the same connected component of
G, 6, < 0.

For x € RY, let (X'f *)¢>0 denote the continuous Langevin diffusion with score V Vs initialized at §,.
Let Ciax,s' be the unique connected component of G?® containing imax, s (r) = arg maxy e g pi ().

Px"’ﬂs [dTV(‘C(X’ES“L |1’), ,quaX’S/(a:)) < 6TV] >1-7
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Proof. The proof is same as Lemma|[TT] but we replace Lemma [I2] with Lemma [I6] Proposition 23]
with Proposition [32] and Proposition [21] with Proposition Note that we use vy = -2V

) 100LVT

and B, as defined in Lemma |16/ to ensure that for y ¢ B, |[VVe, . )(¥) — VVs(y)l| <
—1 —

4v(BL IH(BLGTVT D) < 160% so that we can bound the total variation distance between the

continuous Langevm diffusions with scores VVs and VVC s (%) by erv /10. O

Theorem 7. Fixepy, 7 € (0,1/2). Fix S C I. Suppose for i € S, y; are a-strongly log-concave and
B-smooth with 8 > 1. Let u; = arg min,, V;(z) and D > 5\/g be as defined in Lemma Suppose
there exists L > 10D such that for any i,j € S, ||u; — Uj || < L.Let Usampie be a set of M i.i.d. sam-
ples from pg and Vegnpie be the uniform distribution over Usgppie. Let (X V‘””’”’f) >0 be the continuous
Langevin diffusion with score jis initialized at Vsgmple. For M > 10°(e3, ) 1 K3 log(KT71) and
exp(20(K+1))
108d(BL)%exp(K) In® 104BL°

T>0|a! 372 fIvae
€y

then
PUSMW;I@ [dTV ( L ( X:lmlllp](»

Usumple)a ,U/S) < 6TV] > 1—-7

Proof. Fori € S| letp; = pipgl. As in Lemma fix po,« = % andlet S) = {i € S : p; >
Po,x}: Cox = S\ S then S # 0, since there must be at least one ¢ s.t. p; > % By the same
argument as in proof of Theorem we take the sequence 1 = dp g > 6p,1 > - -+ > 0o,k Where we

use the notation ¢, s to emphasizes its dependency on py .. If max;ec, , Pi < 5"% then Lemma
applies. More precisely, we will use Proposition @ and the inductive argument on d¢ s as in
the proof of Theorem [5|to show that the continuous Langevin diffusion initialized at M samples
will converge to pg after a suitable time 7" defined by &y x—1. If this is not the case, then we let

s
P1x = O E
Dotl,5 = 6— Jfmaxec, , pi < psiy1,« for some s < K — 2 then we are done, else Cx_1.. = 0

thus min;c g pZ > PK—1,x and Wwe can use Theorem@ In all cases, for p, = pr_1 «, the continuous
Langevin diffusion initialized at samples converges to ug after time

; > p1,«} then |S7| > |S{| + 1. In general, we inductively set

T>@( K?p; ' In(10p; 1ot 1K 1)
— @(017137 cxp(20(K+1)))

To justify the above equation, we lower bound p, = px—1 . and 61, x—1.

L f‘ p7/263~‘/a3/2 p3 516;‘/&3/2 h
et S > - then
® T 8000d(BL)3exp(K) In?/2(py L) In® 24BLE = 1054(BL)3exp(K) In® Lo4CL)%
So o1 > 6y > P2G/H-1) 5 102/ -1 g
- ey a®/? 2((3/2)%+-1) i i
with E = ( IV ) and we can prove by induction on s that
105d(BL)3exp(K) In® %
— exp(10(s+1)) mexp(2(s+1 =exp(4.9(s+1
Dox > K~ PU0H)) Zexp(2(s+1)) > gexp(4.9(s+1))
thus

1

7.02((3/2)K 1 —1) =\ —
5K1K1—(K1(/) ):)1
(E°

p(4.9( K+1))) 7.02((3/2)KT1-1) =-1

IA

—
—

= exp(12(K+1))

IN
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Theorem 8. Suppose each p; is « strongly-log-concave and -smooth for all i with 3 > 1. Let
u; = argmin V;(x). Set

Lo=6 (KQK\/g(ln(lolﬂ) + exp(60K) 1n(de;1v))) .

Let S be a connected component of HE, where there is an edge between i, j if ||u; — u || < L =
Ly/(kK). Let Usampie be a set of M i.i.d. samples from ps and Vsampie be the uniform distribution

over Usample- Let (X ZZ'"W)neN be the LMC with score s and step size h initialized at Vsgppi.. Set

exp(20(K+1))
108d(8Lo)3exp(K) In® 1040 Lo)"
T=0|a! TV S
epya®/?

4
Let the step size h = @((BEZW). Suppose ps > < and s satisfies Definition

5/2 1/2 2
With €xcore < ;%Th < s ;TTV\/E Suppose the number of samples M satisfies M >

10773 K3 log(Kepl,) log(r=1), then
PUmmple [dTV (,C (X;:ﬂ/nple

Usample)v/LS) S 6TV] Z 1—71

Proof. The proof is identical to proof of Theorem[6] but we plug in 7" from Theorem 7] instead of

: : 2 _ 9, —1(.2 2 L?
Theorem With the same setup as in proof of Theorem|6} €. o = 3P .(escore-i-&é’ Kexp(—g5-))s
thus as long as we assume pg > “TT", we can ensure that with our choice of L and €score; €score,0 <
VP VR
Ps frv

= as required. [

Corollary 2. Suppose u; is o strongly-log-concave and B-smooth for all i with 8 > 1. Suppose s
satisfies Deﬁniti(mE Let Usgmpie be a set of M i.i.d. samples from |1 and Vsampie be the uniform distri-
bution over Usappie. With T, h, €2, as in Theoremand M > 108e;8, K*log(Kepy,) log(KT71).

Let (X Z‘}‘;m”l”)neN be the LMC with score s and step size h initialized at Vsqmple, then

PUmmple [dTV (‘C(X;mmplc | Usample)yﬂf) < 6TV] >1-7

Proof. This is a consequence of Theorem [§]and Proposition [33] Here we apply Proposition 33| with
Mo = 107e;0, K3 log(Kepy,) log(KT71). O

To remove dependency on p,., we will use the following variant of Proposition 31}

Proposition 33. For a set Usyppre C RY, let (X;*"*); be a process initialized at the uniform
distribution Vsumpie over Usgpple. Consider distributions pc for C € C. Let i = > pepc with
pc > 0and > pec = 1. Suppose if pc > %\TTVW there exists T > 0,ery € (0,1) s.t. with
probability > 1 — #IC\ over the choice of Uc sample consisting of M > My i.i.d. samples from
ue, dry ([,(X;C“""m”l" Uc sampie), hc) < erv /10 where ve sample is the uniform distribution over

Uc sample- Then, for M > (2%) =Y min{ My, 20e,2, log(|C|7~1)}, with probability > 1 — T over the

8[C]
choice of Usampie consisting of M i.i.d. samples from i, dpry (L(X7"" Usampie)» 1) < €rv

Proof of Proposition[33] The proof is analogous to Proposition[31] We use the same setup and will
spell out the differences between the two proofs. Let C' = {C € C : pc > &% }. We redefine the

8C]
event &7 as

\Uc|
M
and &, as, for v¢ be the uniform distribution over pc
vC e (- dTv<£(X;«C|Uc), ,UC) < ETv/lo
Let U(D - U;ample \ UCec/ C then

Ul 2cge |UC|
M M

vC el :| —pc| < poerv /8

<1- Z pec(l—ery/8) <1—(1—erv/8)(1 —erv/8) <erv/4.
cec
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Suppose &1 and & both hold, which occur with probability 1 — 7 by Chernoff’s inequality. Let
b= cec IU—A;‘NC. By part 1 of Proposition@

Viample - u y v
dTV(ﬁ(XT |Usample)a i) = drv <Z %E(XTC Ue), Z |]\4C:|MC>
C C

|Uc |Uc|
S Z WETv/lo-i- Z W S ETV/10+€TV/4 S GT\//Q
cec’ cgc’

By part 2 of Proposition 9]
|Uc| |Uc|
Z ‘W —pc| < Z poery /8 + Z max{w,pc} <erv/8+erv/4
C cec’ cgc’
By triangle inequality
dTV (E(X;mmple

Usample)a N) < dTV (‘C(X;mmple USample)a [L) + dTV ([L’ :u)
<ery/2+3ery/8 < ery

I ADDITIONAL SIMULATIONS

In this section we give some additional details about the simulations in the main text as well as a few
supplementary ones.

For the simulation in Figure 1 of the main text, the estimated score function was learned from data by
running 3 x 10° steps of stochastic gradient descent without batching, using a fresh sample at each
step with learning rate 10~5. The loss function was the vanilla score matching loss from Hyvirinen
(2005). The neural network architecture used had a single hidden layer with tanh nonlinearity and
2048 units. The stationary distribution shown in the rightmost subfigure was computed by numerical
integration of the estimated score.

For the 32-dimensional simulation in Figure [2] of the main text, to train the network we used ADAM
with a batch size of 256 examples, again generated fresh each time; we used 200 batches per epoch
and 300 epochs and we learned the vanilla score function using an equivalent denoising formulation
as in|[Vincent| (2011). Figure[3]is the same but the network was trained for only 30 epochs. In Figure[d]
we performed the same experiment as Figure [2]but we used Contrastive Divergence (CD) training
Hinton| (2012), which has been used by numerous experimental papers in the literature, instead of
score matching as the mechanism to learn the approximate gradient. More precisely, we used CD
(again trained over 300 epochs) to learn a distribution of the form exp(f(z)) where the potential f
was parameterized by a 8192 unit one-hidden-layer neural network with tanh activations. Once this
network is learned, V f was used as the approximate score function since this is the score function
of the learned distribution. We also observed in Figure [5] that the score matching loss, which was
explicitly trained in the other figures, is also monotonically decreasing over time under CD training.
The fact that the behavior is somewhat similar under CD and score matching is morally in agreement
with theoretical connections between the two observed by |[Hyvirinen| (2007b)). Note that in all three
of these figures, the same random seeds were used so that colored trajectories will correspond to each
other.
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(a) T = 300 (b) T' = 12000 (c) T' = 120000

Figure 3: Failure to approximate the ground truth with a less accurate score function. This is exact
same simulation as Figure [2} except that the network estimating the score function was trained for 30
rather than 300 epochs. We see that while the short time evolution is similar, at moderate times (Figure
(b)) the output of the dynamics have drifted away from the true distribution due to accumulation of
errors and in particular one trajectory has escaped far right of the rightmost component.

(a) T' = 300 (b) T' = 12000 (c) T' = 120000

Figure 4: Variant of FigurelZIwhere the approximate score function is learned via Contrastive Diver-
gence (CD) instead of directly trying to match the score function. We used the most basic/efficient
version of CD, with only a single step of Langevin dynamics, and we used a larger step size of 0.05
when sampling in the training loop to compensate for only taking a single step. Qualitatively, the
behavior seems similar to Figure [} at large times, while none of these particular trajectories crossed
between components, one trajectory escaped into a low-density region left of the leftmost component.

1.0

0.9 1

0.8 1

0.7 1

0.6 1

0.5 1

Score matching loss

0.4

0.3 1

T T T T T
4] 50 100 150 200 250 300
Epoch

Figure 5: Score matching training loss (precisely the same loss used to train the models in Figures

and 3) curve for the CD-trained model in Figure 2] Although the score matching loss is not being
explicitly optimized, we see it goes down monotonically over the epochs of CD training nonetheless.
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