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ABSTRACT

Past research on interactive decision making problems (bandits, reinforcement
learning, etc.) mostly focuses on the minimax regret that measures the algorithm’s
performance on the hardest instance. However, an ideal algorithm should adapt to
the complexity of a particular problem instance and incur smaller regrets on easy
instances than worst-case instances. In this paper, we design the first asymptotic
instance-optimal algorithm for general interactive decision making problems with
finite number of decisions under mild conditions. On every instance f, our algo-
rithm outperforms all consistent algorithms (those achieving non-trivial regrets on
all instances), and has asymptotic regret C(f) Inn, where C( f) is an exact charac-
terization of the complexity of f. The key step of the algorithm involves hypothe-
sis testing with active data collection. It computes the most economical decisions
with which the algorithm collects observations to test whether an estimated in-
stance is indeed correct; thus, the complexity C(f) is the minimum cost to test the
instance f against other instances. Our results, instantiated on concrete problems,
recover the classical gap-dependent bounds for multi-armed bandits (Lai et al.|
1985) and prior works on linear bandits (Lattimore & Szepesvari, |2017), and im-
prove upon the previous best instance-dependent upper bound (Xu et al., 2021)
for reinforcement learning.

1 INTRODUCTION

Bandit and reinforcement learning (RL) algorithms demonstrated a wide range of successful real-
life applications (Silver et al., 2016; 2017; Mnih et al., 2013} |Berner et al., [2019; |Vinyals et al.,
2019; Mnih et al} 2015} [Degrave et al., [2022)). Past works have theoretically studied the regret
or sample complexity of various interactive decision making problems, such as contextual bandits,
reinforcement learning (RL), partially observable Markov decision process (see |Azar et al.| (2017);
Jin et al.| (2018);|Dong et al.[(2021); Li et al.[(2019); Agarwal et al.|(2014)); |Foster & Rakhlin|(2020);
Jin et al.| (2020), and references therein). Recently, Foster et al.| (2021)) present a unified algorithmic
principle for achieving the minimax regret—the optimal regret for the worst-case problem instances.

However, minimax regret bounds do not necessarily always present a full picture of the statistical
complexity of the problem. They characterize the complexity of the most difficult instances, but
potentially many other instances are much easier. An ideal algorithm should adapt to the complexity
of a particular instance and incur smaller regrets on easy instances than the worst-case instances.
Thus, an ideal regret bound should be instance-dependent, that is, depending on some properties
of each instance. Prior works designed algorithms with instance-dependent regret bounds that are
stronger than minimax regret bounds, but they are often not directly comparable because they depend
on different properties of the instances, such as the gap conditions and the variance of the value
function (Zanette & Brunskill, [2019; [Xu et al., 2021}, Foster et al., [2020; [Tirinzoni et al., [2021)).

A more ambitious and challenging goal is to design instance-optimal algorithms that outperform, on
every instance, all consistent algorithms (those achieving non-trivial regrets on all instances). Past
works designed instance-optimal algorithms for multi-armed bandit (Lai et al.,|1985), linear bandits
(Kirschner et al.| [2021; |Hao et al.| |2020), Lipschitz bandits (Magureanu et al., 2014)), and ergodic
MDPs (Ok et al.,|2018)). However, instance-optimal regret bounds for tabular reinforcement learning
remain an open question, despite recent progress (Tirinzoni et al.,2021;[2022). The challenge partly
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stems from the fact that the existence of such an instance-optimal algorithm is even a priori unclear
for general interactive decision making problems. Conceivably, each algorithm can have its own
specialty on a subset of instances, and no algorithm can dominate all others on all instances.

Somewhat surprisingly, we prove that there exists a simple algorithm (T2C, stated in Alg.[I)) that is
asymptotic instance-optimal for general interactive decision making problems with finite number of
decisions.We determine the exact leading term of the optimal asymptotic regret for instance f to be
C(f)Inn. Here, n is the number of interactions and C(f) is a complexity measure for the instance
f that intuitively captures the difficulty of distinguishing f from other instances (that have different
optimal decisions) using observations. Concretely, under mild conditions on the interactive decision
problem, our algorithm achieves an asymptotic regret C(f)Inn (Theorem for every instance f,
while every consistent algorithm must have an asymptotic regret at least C(f) Inn (Theorem .

Our algorithm consists of three simple steps. First, it explores uniformly for o(1)-fraction of the
steps and computes the MLE estimate of the instance with relatively low confidence. Then, it tests
whether the estimate instance (or, precisely, its associated optimal decision) is indeed correct using
the most economical set of queries/decisions. Concretely, it computes a set of decisions with mini-
mal regret, such that, using a log-likelihood ratio test, it can either distinguish the estimated instance
from all other instances (with different optimal decisions) with high confidence, or determine that
our estimation was incorrect. Finally, with the high-confidence estimate, it commits to the optimal
decision of the estimated instance in the rest of the steps. The algorithmic framework essentially
reduces the problem to the key second step — optimal hypothesis testing with active data collection.

Our results recover the classical gap-dependent regret bounds for multi-armed bandits (Lai et al.,
19835)) and prior works on linear bandits (Lattimore & Szepesvari, [2017}; |Hao et al., |2020). As an
instantiation of the general algorithm, we present the first asymptotic instance-optimal algorithm for
tabular RL, improving upon prior instance-dependent algorithms (Xu et al.l 2021} [Simchowitz &
Jamieson, [2019; Tirinzoni et al., 20215 2022).

1.1 ADDITIONAL RELATED WORKS

Some algorithms are proved instance-optimal for specific interactive decision making problems.
Variants of UCB algorithms are instance-optimal for bandits with various assumptions (Lattimore
& Szepesvaril, 2020; \Gupta et al., 2021} [Tirinzoni et al., [2020; Degenne et al., [2020; [Magureanu
et al.l 2014), but are suboptimal for linear bandits (Lattimore & Szepesvari, 2017). These algo-
rithms rely on the optimism-in-face-of-uncertainty principle to deal with exploration-exploitation
tradeoff, whereas our algorithm explicitly computes the best tradeoff. |[Kirschner et al.| (2021); |Lat-
timore & Szepesvari| (2017); Hao et al| (2020) design non-optimistic instance-optimal algorithms
for linear bandits. There are also instance-optimal algorithms for ergodic MDPs where the regret is
less sensitive to the exploration policy (Ok et al.,[2018}; |Burnetas & Katehakis, |1997;|Graves & Lai,
1997), interactive decision making with finite hypothesis class, finite state-action space, and known
rewards (Rajeev et al.l [1989), and interactive decision making with finite observations (Komiyama
et al.,[2015).

The most related problem setup is structured bandits (Combes et al., [2017; [Van Parys & Golrezaei,
2020; Jun & Zhang, 2020), where the instances also belong to an abstract and arbitrary family F.
The structured bandits problem is a very special case of general decision making problems and does
not contain RL because the observation is a scalar. In contrast, the observation in general decision
making problems could be high-dimensional (e.g., a trajectory with multiple states, actions, and
rewards for episodic RL), which makes our results technically challenging.

Many algorithms’ regret bounds depend on some properties of instances such as the gap condition.
Foster et al.| (2020) prove a gap-dependent regret bound for contextual bandits. For reinforcement
learning, the regret bound may depend on the variance of the optimal value function (Zanette &
Brunskill, 2019) or the gap of the @Q-function (Xu et al] 2021} [Simchowitz & Jamieson, [2019;
Yang et al.| |2021)). | Xu et al.[(2021)); |[Foster et al.| (2020) also prove that the gap-dependent bounds
cannot be improve on some instances. To some extent, these instance-dependent lower bounds can
be viewed as minimax bounds for a fine-grained instance family (e.g., all instances with the same
@-function gap), and therefore are different from ours.
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2 SETUP AND NOTATIONS

Interactive decision making problems. We focus on interactive decision making problem with
structured observations (Foster et al., |2021), which includes bandits and reinforcement learning
as special cases. An interactive decision making problem is defined by a space of decisions II,
observations O, a reward function R : O — R, and a function f (also called an instance) that maps
a decision 7 € II to a distribution over observations f[r]. We use f[r](-) : O — R to denote the
density function of the distribution f[r]. We assume that the reward R is a deterministic and known.

An environment picks an ground-truth instance f* from a instance family F, and then an agent
(which knows the instance family F but not the ground-truth f*) interacts with the environment for
n total rounds. In round ¢t < n,

(a) the learner selects a decision 7; from the decision class II, and

(b) the environment generates an observation o following the ground-truth distribution f*[;] and
reveals the observation. Then the agent receives a reward R(o;).

For example, multi-armed bandits, linear bandits, and episodic reinforcement learning all belong to
interactive decision making problems. For bandits, a decision 7 corresponds to an action and an
observation o corresponds to a reward. For reinforcement learning, a decision 7 is a deterministic
policy that maps from states to actions, and an observation o is a trajectory (including the reward
at each step). In other words, one round of interactions in the interactive decision making problem
corresponds to one episode of the RL problem. We will formally discuss the RL setup in Section[5]

Let Ry (m) = Eon sz [R(0)] be the expected reward for decision 7 under instance f, and 7*(f) £

argmax, Ry () the optimal decision of instance f. The expected regret measures how much worse
the agent’s decision is than the optimal decision:

Regf’n :]Ef [Z?:l (maxﬁen Rf(’/T) —Rf(m))] . (1)
We consider the case where the decision family 11 is finite, and every instance f € F has a unique
optimal decision, denoted by 7*( f). We also assume that for every f € F and 7w € I, 0 < R(0) <
Rnax almost surely when o is drawn from the distribution f[r], and sup, f[7](0) < .

Consistent algorithms and asymptotic instance-optimality. We first note that it’s unreasonable to
ask for an algorithm that can outperform or match any arbitrary algorithm on every instance. This
is because, for any instance f € F, a bespoke algorithm that always outputs 7*( f) can achieve zero
regret on instance f (though it has terrible regrets for other instances). Therefore, if an algorithm
can outperform or match any algorithm on any instance, it must have zero regret on every instance,
which is generally impossible. Instead, we are interested in finding an algorithm that is as good as
any other reasonable algorithms that are not completely customized to a single instance.

We say an algorithm is consistent if its expected regret satisfies Regy ,, = o(nP) for every p > 0
and f € F (Lai et al}|1985). Most of the reasonable algorithms are consistent, such as the UCB
algorithm for multi-armed bandits (Lattimore & Szepesvari, |2020), UCBVI, and UCB-Q algorithm
for tabular reinforcement learning (Simchowitz & Jamieson, 2019;|Yang et al.,|2021)), because all of
them achieve asymptotically O(Inn) regrets on any instance, where O hides constants that depend
on the property of the particular instanceﬂ However, consistent algorithms exclude the algorithm
mentioned in the previous paragraph which is purely customized to a particular instance.

We say an algorithm is asymptotically instance-optimal if on every instance f € F,
limsup,,_,,, Regy,,/Inn is the smallest among all consistent algorithms (Lai et al., |1985). We
note that even though an instance-optimal algorithm only needs to perform as well as every consis-
tent algorithm, a priori, it’s still unclear if such an algorithm exists.

Some prior works have also used a slightly weaker definition in place of consistent algorithms, e.g.,
a-uniformly good algorithms in|Tirinzoni et al.| (202 1), which allows a sublinear regret bound O(n®)
for some constant o < 1. The alternative definition, though apparently includes more algorithms,
does not change the essence. Our algorithm is still instance-optimal up to a constant factor—
simple modification of the lower bound part of the proof shows that its asymptotic regret is at most

"Here the regret scales in log n because we are in the asymptotic setting where the instance is fixed and
n tends to infinity. If the instance can depend on n (which is not the setting we are interested in), then the
minimax regret typically scales in O(/n).
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(1 — a)~* factor bigger than any a-uniformly good algorithms on any instance. This paper thus
primarily compares with consistent algorithms for simplicity.

3 MAIN RESULTS

In this section, we present an intrinsic complexity measure C(f) of an instance f (Section|3.1), and
an instance-optimal algorithm that achieves an asymptotic regret C(f) lnn (Section [3.2).

3.1 COMPLEXITY MEASURE AND REGRET LOWER BOUNDS

In this section, our goal is to understand the minimum regret of consistent algorithms, which is an
intrinsic complexity measure of an instance. We define an instance-dependent complexity measure
C(f) and prove that any consistent algorithm must have asymptotic regret at least C(f) Inn.

The key observation is that any consistent algorithm has to collect enough information from the
observations to tell apart the ground-truth instance from other instances with different optimal de-
cisions. Consider the situation when a sequence of n decisions is insufficient to distinguish two
instances, denoted by f and g, with different optimal decisions. If an algorithm achieves a sublinear
regret on f, the sequence must contain 7*(f) (the optimal decision for f) at least n — o(n) times.
As a result, if the true instance were g, the algorithm suffers a linear regret (due to the linear number
of 7 (f)), and therefore cannot be consistent.

An ideal algorithm should find out decisions that can most efficiently identify the ground-truth in-
stance (or precisely the family of instances with the same optimal decision as the ground-truth).
However, decisions collect information but also incur regrets. So the algorithm should pick a list
of decisions with the best tradeoff between these two effects—minimizing the decisions’ regret and
collecting sufficient information to identify the true instance. Concretely, suppose a sequence of de-
cisions includes w; occurrences of decision 7. The regret of these decisions is ) _; w-A(f, ),

where A(f,7) £ Ry(7*(f)) — Ry(m) is the sub-optimality gap of decision 7. We use KL diver-
gence between the observations of 7 under two instances f and g (denoted by Dky,(f[7]||g[7])) to
measure 7’s power to distinguish them. The following optimization problem defines the optimal
mixture of the decisions (in terms of the regret) that has sufficient power to distinguish f from all
other instances with different optimal decision.

C(f,n) = minweR\f\ Y ren WrA(f, ) ()
s.t. ZTK’EH wﬂDKL(f[ﬂ—]Hg[ﬂ—D >1, Vg S W*(g) 7é W*(f)v (3)
[w][oe < . O]

The last constraint makes sure that w, < oo even if the decision has no regret (i.e., Im, A(f, 7) = 0).
We only care about the case when n approaches infinity. The asymptotic complexity of f is

C(f) 2 limp_yo0 C(f, 1) (5)

In Eq. (3), we only require separation between instances f, g when they have different optimal
decisions. As there are only finite decisions, there are finite equivalent classes, so f and g are in
principle separable with sufficient number of observations. Thus, the complexity measure C(f, n) is
well defined as stated in the following lemma.

Lemma 3.1. Forany f € F, C(f,n) is non-increasing in n, and there exists ng > 0 such that for
all n > ng, C(f,n) < 0. As a corollary, C(f) < oo and is well defined.

Proof of Lemma [3.1]is deferred to Appendix In Section we formalize the intuition above
and prove that C(f) is a lower bound of the asymptotic regret, as stated in the following theorem.

Theorem 3.2. For every instance f € F, the expected regret of any consistent algorithm satisfies
. Regf n
limsup,,_, = > C(f).

Inn

We prove Theorem [3.2]in Appendix Theorem [3.2]is inspired by previous works (Lattimore &
Szepesvari, 2017} [Tirinzoni et al.,[2021). When applied to tabular RL problems, our lower bound is
very similar to that in|Tirinzoni et al.|(2021) with the only difference that their optimization problems
omit the second constraint (Eq. (4)), which can make it slightly less tight (see Section[B.3).
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The complexity measure C(f) reduces to the well-known inverse action gap bound
O(X aea,a(a)>0 1/A(a)) for multi-armed bandits (Proposition [B.2), and recovers the result of
Lattimore & Szepesvari (2017) for linear bandits (Proposition [B.3)). For reinforcement learning,
Tirinzoni et al.[(2021) prove that the instance-optimal bound can be smaller than the gap-dependent
bound O(3_; ,.a(s.a)>0 1/A(s, ) inXu et al{(2021) and |Simchowitz & Jamieson| (2019).

3.2 INSTANCE-OPTIMAL ALGORITHMS

Algorithm 1 Test-to-Commit (T2C)

1: Parameters: the number of rounds of interactions 7.

Step 1: Initialization.
2: Play each decision “rﬁfﬁ times. We denote these decisions by {;}; %", where mini; =

|TI|[ 2527, and the corresponding observations by {6; }7/}*.

3: Compute the max likelihood estimation (MLE) with arbitrary tie-breaking

f= argmax ez » 07" In f[m;](6;). (6)

Step 2: Identification.

4: Let n = (Inlnn)'/* for shorthand, and w0 be the solution of the program defining C(f, 7).
Compute 0, = (1 + 1/n)w, + 1/nforall = € II.

5: Play each decision 7 for [@, Inn] times. Denote these decisions by w = {m;}™; where
m = ). _[w,In(n)], and the corresponding observations by {o; } 7.

6: Run the log-likelihood ratio test on instance f, the sequence of decision {7;}" and its corre-
sponding observations {o; }/"; (that is, compute the event £ / . defined in Eq. @)).

acc

Step 3: Exploitation.

7. if £/, = true then
8: Commit to 7*(f) (i.e., run 77*(f) for the remaining steps).
9: else

10: Run UCB for the remaining steps.

We first present the regret bound for our algorithm of the T2C algorithm. For simplicity, we consider
a finite hypothesis (i.e., | F| < oo) here, and extend to infinite hypothesis case in Section

We start by stating a condition that excludes abnormal observation distributions f[r]. Recall that for
any ¢ € (0,1), the Rényi divergence of two distributions p, g is

D¢(pllg) = Cflllnfzp(l’)cq(l‘)l_gdx. (7

The Rényi divergence D, (p||q) is non-decreasing in ¢, and lim:+1 D¢ (pll¢) = Dk (p|l¢) (Van Er-
ven & Harremos| 2014). We require the limits converge uniformly for all instances ¢ € F and
decisions 7 € II with a ¢ bounded away from 1 (the choice of the constants in Condition |1is not
critical to our result), as stated below.

Condition 1. For any fixed o > 0,¢ > 0, instance f € F, there exists \o(a, €, f) > 0 such
that for all A\ < Xo(a,¢,f), g € Fand m € II, D1_x(f[7]|lg[7]) > min{Dxw(f[n]|lg[r]) —
€, a}. Moreover, we require Ao(a, €, f) > € min{l/«,ca}i(f) for some universal constants
1,2, c3 > 0, where o(f) > 0 is a function that only depends on f.

Condition [I| holds for a wide range of distributions, such as Gaussian, Bernoulli, multinomial,
Laplace with bounded mean, Log-normal (Gil et al., 2013), and tabular RL where f[r] is a dis-
tribution over a trajectory consists of state, action and reward tuples (see Theorem [5.1] for the proof
of tabular RL). A stronger but more interpretable variant of Condition |1|is that the log density ratio
of f[r] and g[n] has finite fourth moments (see Proposition [B.4), therefore Condition [I|can also be
potentially verified for other distributions.

The main theorem analyzing Alg. [1|is shown below. The asymptotic regret of Alg.|l| matches the

constants in the lower bound (Theorem [3.2)), indicating its asymptotic instance-optimality.

Theorem 3.3. Suppose F is a finite hypothesis class and satisfies Condition [I| The regret of Alg.[l]
. . . Regex *

satisfies lim sup,,_, . < C(f).

Inn
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Our algorithm is stated in Alg. [T} and consists of three steps: initialization, identification, and ex-
ploitation. In the initialization step, we explore uniformly for a short period and compute the MLE
estimate f of the true instance (Line |3| of Alg. , where we only requires f to be accurate with
moderate probability (i.e., 1 — 1/Inn). The estimation is used to compute the lowest-regret list of
decisions that can distinguish the optimal decision of f . Since we only collect o(lnn) samples, the
regret of this step is negligible asymptotically.

In the identification step, we hold the belief that f is the true instance and solve C(f, (Inlnn)'/4)
to get the best list of decisions to fortify this belief (see Line ] of Alg.[I). Then we collect more
samples using this list (with minor decorations) to boost the confidence of our initial estimation to
1 — 1/n (or reject it when the estimation is not accurate) by the following log-likelihood ratio test:

&l =1[Vg € F and n*(g) #ﬂ*(f),zyilln% > Inn]. 8)

Intuitively, if f is not the ground-truth f*, S.fcc is unlikely to hold because the expected log-
likelihood ratio is non-positive: E,. ¢« In(f[x](0)/f*[x](0))] = —Dxu(f*[x]|lf[x]) < o.
Hence, with high probability a wrong guess cannot be accepted. On the other hand, the first con-
straint (Eq. (3)) in the definition of C( f ) guarantees that when f = f* the expected log-likelihood
ratio is large for all g € F and 7*(g) # 7*(f), so an accurate guess will be accepted. In this

step m = é(ln n), so Step 2 dominates the regret of Alg.|l| In other words, the efficiency of the
log-likelihood test is critical to our analysis.

Finally in the exploitation step, the algorithm commits to the optimal decision of f if it believes this
estimation with confidence 1 — 1/n, or run a standard UCB algorithm as if on a multi-armed bandits
problem (with a well-known O(In n) regret) when the initial estimation is not accurate (happens with
probability at most 1/ Inn). Hence, the expected regret here is O(Inn)/Inn + O(n)/n = O(1).

Our three-stage algorithm is inspired by |[Lattimore & Szepesvari| (2017), where their test in Step 2
only uses the reward information. However, the observation for general interactive decision making
problem contains much more information such as the transition in tabular RL problems. In contrast,
the T2C algorithm relies on a general hypothesis testing method (i.e., log-likelihood ratio test) and
achieves optimal regret for general interactive decision making problems.

4 PROOF SKETCHES OF THE MAIN RESULTS

In this section, we discuss the proof sketch of our main results. Section discusses the proof
sketch of the lower bound, and Section .2] shows the main lemmas for each step in Alg. [l In
Section[4.3] we discuss the log-likelihood ratio test in detail.

4.1 PROOF SKETCH OF THEOREM [3.2]

Recall that C(f) is the minimum regret of a list of decisions that can distinguish the instance f with
all other instances g (with a different optimal decision). Hence, to prove the lower bound, we show
that the sequence of decisions played by any consistent algorithm must also distinguish f, and thus,
C(f) lower bounds the regret of any consistent algorithm.

For any consistent algorithm, number of interactions n > 0, and two instances f,g € F with
different optimal decisions, let Py ,, and P, , denote the probability space generated by running
the algorithm on instances f and g respectively for n rounds. Since f, g have different optimal
decisions, Pr ,, and P, ,, should be very different — following the same proof strategy in (Lattimore
& Szepesvari, 2017), we can show that

Dx1,(Prn||Pyn) > (14 0(1)) Inn.

Let the random variable 7; be the decision of the algorithm in round . The chain rule of KL
divergence shows

DxL(Pynl Pon) = Epn [ 3252 Dru(flmillglmi)] = Yon Epn[Na] Dkr(f[mlllglm])-

Now consider the vector w € RLH' where wr = E¢[N:]/((1+4 o(1)) Inn). Based on the derivation
above, we can verify that w is a valid solution to C(f, n), and therefore

Regy, = 2, Bf[N2]A(f,m) = 2 we A(f, m) (1 +0(1)) Inn = C(f,n)(1 + o(1)) Inn.
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Then the final result is proved by the fact that C(f) = lim,,_,o, C(f,n).

4.2 PROOF SKETCH OF THEOREM [3.3]

In the following, we discuss main lemmas and their proof sketches for the three steps of Alg.

Step 1: Initialization. In this step we show that the max likelihood estimation can find the exact
instance (i.e., f = f*) with probability at least 1 — 1/Inn and negligible regret. Note that the
failure probability is not small enough to directly commit to the optimal decision of f (i.e., play

7 ( f ) forever), which would incur linear regret when f # f*. Formally speaking, the main lemma
for Step 1 is stated as follows, whose proof is deterred to Appendix [A.1]

Lemma 4.1. Under Condition|l| with probability at least 1 — 1/Inn we get f = f*. In addition,
the regret of Step 1 is upper bounded by O(3-2-).

Inlnn

Lemma [4.1]is not surprising since the MLE only requires O(log(1/6)) samples to reach a failure
probability § in general (Van de Geer, |2000, Section 7). Here we require 1/ Inn failure probability
but allow Inn/(Inlnn) = Q(lnlnn) samples, hence the result is expected for large enough n.

Step 2: Identification. In the identification step, we boost the failure probability to 1/n using the
log-likelihood test. To this end, we compute the optimal list of decisions w = {my,--- , 7, } that
distinguishes f by solving C(f, (Inlnn)'/4) (Line 4| of Alg. . The choice of (Inlnn)'/* is not
critical, and could be replaced by any smaller quantity that approaches infinity as n — oo. Then we
run the log-likelihood ratio test using the observations collected by executing the list of decision w,
and achieve the following:

(a) when the true instance f* and the estimation f have different optimal decisions, accept f with
probability at most 1/n;

(b) when f = f*, accept f with probability at least 1 — 1/Inn.
In Section [4.3] we will discuss the log-likelihood ratio test in detail. Note that the regret after we
falsely reject the true instance is O(ln n) (by the regret bound of UCB algorithm), so we only require

a 1/Inn failure probability for (b) because then it leads to a O(Inn)/Inn = O(1) expected regret.
The main lemma for Step 2 is stated as follows, and its proof is deferred to Appendix[A.2]

Lemma 4.2. Under Conditionl] for any finite hypothesis F, for large enough n the following holds:
(a) conditioned on the event (f) # 7*(f*), Efcc is true with probability at most 1/n;

(b) conditioned on the eventf = f* &L is true with probability at least 1 — 1/1Inn;

acc

(c) conditioned on the event f = f*, the expected regret of Step 2 is upper bounded by
(C(f*, (Inln n)t/4) 4 o(1)) Inn. Otherwise, the expected regret of Step 2 is upper bounded
by O(lnnlnlnn).

Step 3: Exploitation. Finally, in Step 3 we either commits to the optimal decision 7*( f ) when
the estimation f is accepted, or run a standard UCB algorithm with O(Ilnn) regret (Lattimore &
Szepesvari, [2020). Combining Lemma[.Tand Lemma[4.2] we can prove that

(a) the probability of Step 3 incurring a O(n) regret is at most 1/n, and

(b) the probability of Step 3 incurring a O(Inn) regret is at most 1/ In n.

As a result, the expected regret in Step 3 is O(1) and negligible . Finally Theoremis proved by
stitching the three steps together, and deferred to Appendix

4.3 THE LOG-LIKELIHOOD RATIO TEST

The goal of the log-likelihood ratio test is to boost the confidence of our initial estimation f to
1 — 1/n, so that the algorithm can safely commit to its optimal decision in Step 3. In other words,
the test should reject a wrong estimation but also accept a correct one.
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Formally speaking, in the test we observe a list of observations {0y, - - - , 0,, } collected by the list of
decision {71, - - , T } on the true instance f*, and achieve the following two goals simultaneously,

(a) when f and f* are sufficiently different (i.e., their KL divergence is large in the sense that
Yoty D (flmilll f*[mi]) > (1 + o(1)) Inn), accept f with probability at most 1/n, and
(b) when f = f*, accept f with probability at least 1 — 1/Inn.

We prove that the log-likelihood ratio test with proper parameters achieves (a) and (b) under Condi-
tion[I]in the next lemma, whose proof is deferred to Appendix [A.3]

Lemma 4.3. Given two sequences of distributions P = {P;}, and Q = {Q;}*,, and a

sequence of independent random variables o = {o0;}",. For any fixed A\ > 0,¢ > 0, and
=213 Di_\(P||Q:), the test event Eqcc =1[> 0", In 51((2’)) > c| satisfies
ProwQ(gacc) S eXp(—C), (9)
Proop(&acc) > 1 —exp(=A(mfB — ¢)). (10)

To use Lemma [4.3]in the proof of Lemma we set ¢ = Inn and A = poly(Inlnn). Note
that the choice of w in Line E] of Alg. [1]and Condition [l| implies mB3 = >, D1_\(Pi]|Q:) 2
S Drn(fmill|f*[mi]) = (1 + o(1))Inn when f, f* have different optimal policies. So the
conclusion of this lemma matches the first two items in Lemma[4.2]

Lemmais closely related to the Chernoff-Stein lemma (see Chernoff|(1959) and|Mao| (2021}, The-
orem 4.11)), with the difference that the failure probability of Eq. in classical Chernoff-Stein
lemma is a constant, while here it decreases with m. The proof of Eq. (9) is the same as in Chernoff-
Stein lemma, and proof of Eq. only requires an one-sided concentration of the empirical log-
likelihood ratio. Indeed, the expectation of empirical log-likelihood ratio can be lower bounded
by Ep[ 7, In 525] = ¥, Dicw (Bl|Qi) 2 S0, Dia (Pi[Qu) = mp. Hence, Prp(€acc)
is the probability that the empirical log-likelihood ratio is (approximately) larger than its expecta-

tion. We also note that the concentration is non-trivial because we do not make assumptions on the
boundedness on the tail of @Q;.

5 EXTENSIONS TO INFINITE HYPOTHESIS CLASS

Now we extend our analysis to infinite hypothesis settings, and instantiate our results on tabular
RL. Our results in the infinite hypothesis case need two additional conditions. The first condition
requires an upper bound on covering number of the hypothesis, and is used to prove a infinite-
hypothesis version of Lemma[4.2] Formally speaking, for any f, g € F, define their distance as

d(f,9) = suprem,o | f[7](0) = glm](0)]- (11)

An € (proper) covering of F is a subset C C F, such that for any g € F, there exists ¢ € C with
d(g,g’) < e. The covering number N (F, €) is the size of the minimum e covering of F.

Condition 2. There exists constant c that depends on F such that m N (F,e) < O(cIn(1/¢€)) for
every € > 0. In addition, the base measure of the probability space has a finite volume Vol < oo.

The second condition upper bounds the distance of two instances by a polynomial of their KL
divergence, and is used to prove a stronger version of Lemma[4.1]

Condition 3. There exists a constant ¢y, > 0 (which may depend on f*) such that for all w € 11
and o € supp(f*[r]) f*[7](0) > Cmin. In addition, there exists a constant ((f*) > 0 that only
depends on f* and c5 > 0, such that for all f € F,m € II, when Dgy,(f*[n]|| f[n]) <1

[f* ] = flallloe < o(f) D (f* (7] f[7])
A lot of interactive decision making problems satisfy Conditions [2] [3] such as multi-armed ban-

dits and linear bandits with Bernoulli reward or truncated Gaussian reward. For bandit problems,
Conditions [2]and [3|only depend on the noise of the reward function and can be verified easily.

For tabular RL, an observation o denotes a trajectory (s1,a1,71, -, SH, am, ) where the state-
action pairs (sp, ay) are discrete random variables but the rewards r, are continuous. A decision
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7 : S — Ais a mapping from the state space to action space, so |TI| = |.A4|!S! < co. In Appendix@
we formally define the tabular RL problems where the reward r, given (sp, ap,) follows a truncated
Gaussian distribution, and prove that Conditions|[T}{3]are satisfied as stated in the following theorem.

Theorem 5.1. Let F be the family of tabular RL with truncated Gaussian reward and unique optimal
policies. Then Conditions I} 2} 5| holds simultaneously.

For tabular RL with truncated Gaussian reward, the observation o is a mixture of discrete random
variables (i.e., the states and actions s, ap) and continuous random variables (i.e., the rewards
rp,). To prove Conditions [T}f3] we deal with the discrete and continuous part of the observation
separately. We also have flexibility in the reward distribution, e.g., our proof technique can deal
with other distributions such as truncated Laplace distribution. We present these unified conditions
for bounded random variables, but Conditions 2] and 3] do not hold for unbounded random variables
because the base measure has an infinite volume (which contradicts to Condition , and the density
of the observation cannot be lower bounded (which contradicts to Condition . However, we can
still prove the same result using a slightly different approach (see Appendix [E).

With Conditions we can prove our main results for infinite hypothesis class. The asymptotic
regret of Alg. [T]in this case still matches the lower bound exactly. The proof of Theorem [5.2] is
deferred to Appendix [C.1]

Theorem 5.2. Suppose F is an infinite hypothesis class that satisfies Conditions the regret of
Alg.satisﬁes lim sup,,_, o Regpn < C(f).

Inn

As a corollary of Theorem|[5.1]and Theorem[5.2] our algorithm strictly improves upon previous best
gap-dependent bounds O (3, .7 (s.a)>0 1/A(s, a)) inXu et al|(2021) and Simchowitz & Jamieson
(2019) because the gap-dependent bounds are not tight for many instances (Tirinzoni et al.| 2021).

In the following we discuss the challenges when extending to infinite hypothesis settings.

Covering Number. With infinite hypothesis, we need to accept an accurate estimation even when
there are infinitely many other choices. Recall that the accept event is

&l =1 [Vg € Fand n*(g) # m*(f), S, In Lo > 1nn} . (12)
So informally speaking, we need to show that with high probability,

Vg€ Fandn*(g) # 7 (f), Y, mdmded > Dy | (flg) — gm >mn,  (13)
which is essentially an uniform concentration inequality as discussed in Section So we resort
to a covering number argument. The standard covering argument is not directly suitable in this
case — even if d(g, ¢’) is small, it’s still possible that In(f[r](0)/g[7](0)) is very different from
In(f[r](0)/g'[7](0)) (especially when g[r](0) is very close to 0). Instead, we consider the distribu-
tion with density §[7](0) = (¢'[r](0) + €)/Z where Z is the normalization factor, and only prove
a one-sided covering (that is, In(f[7](0)/g[r](0)) > In(f[r](0)/g[r](0)) — O(€)). We state and
prove the uniform concentration in Appendix

Initialization. With infinite hypothesis, we cannot hope to recover the true instance f* exactly —

some instances can be arbitrarily close to f* and thus indistinguishable. Instead, we prove that the
. . . . N 1 l .

estimation in Step 1 satisfies sup, ey Dk (f* [7]]| fr]) < poly( Z-21t). The main lemma of Step 1

in the infinite hypothesis class case is stated in Lemma|C.1]

6 CONCLUSION

In this paper, we design instance-optimal algorithms for general interactive decision making prob-
lems with finite decisions. As an instantiation, our algorithm is the first instance-optimal algorithm
for tabular MDPs. For future works, we raise the following open questions.

(a) To implement Alg. |1} we need to solve C(f, (Inlnn)'/4/2), which is a linear programming
with |TI| variables and infinitely many constraints. However, |TI| is exponentially large for
tabular MDPs. Can we compute this optimization problem efficiently for tabular MDPs?

(b) Although our algorithm is asymptotically optimal, the lower order terms may dominate the
regret unless n is very large. Can we design non-asymptotic instance optimal algorithms?
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A PROOFS FOR FINITE HYPOTHESIS CLASS

In this section we show the missing proofs in Section[4]

A.1 PROOF OF LEMMA [£.1]

In this section, we prove Lemma 4.1}

Proof of Lemma.1| Recall that m;y,;; = |11 “i; . Let w = {#;};"=* be the sequence of deci-
sions in the initialization step of Alg. l and {05 ' the corresponding observations. Define

= min max D
geiin  maxDya(f

13

“[=llglx])-

(14)
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For finite hypothesis we have p > 0. Then Lemma[A-2] for any € > 0 we get

1 Minit * S Minit
Py ( S f []]( > ZD1/2 #lgl]) — >21exp<mmite/2).

Minit i—1 g[ﬂ-z Oz i—1
(15)

Lete = ﬁ By definition of p we get, forall g € F \ {f*}

1 Minit f* [ﬁ_l] (67,) p
Pr In———— > (16)
(minit ; g[#i](6:) 2]
> Pr ”f’:‘tl )6 "fjt Dyalf* llll]) - P (17
a MMinit i=1 7‘-7,] ’L - mlnlt i=1 2|H|
plnn
>1- - . 1
= eXp( 4lnlnn> (18)
By union bound, with probability at least 1 — |F|exp (7 4’1’11‘12?”) we have
Ly & f* 7? 6 i)
Vg€ FA{f*, Zln f ) >0—Zln G’ (19)
which implies that
Vg e F\{f"}, Z In g[#:] (6:) Z In f*[:](6:) (20)

Recalling that f = argmax = Yo" In f[#;](0;), Eq. 20) implies f=r~
By algebraic manipulation, for large enough n we have

1
|Fllnn

plnn
— < —
exp ( 4lnlnn) <exp(—In|F|—Inlnn) = (1)

As a result, for large enough n we get Pr(f = f*) > 1—1/Inn. In addition, the regret of Step 1 is
upper bounded by O(mip;t) = O( Inn ). :

Inlnn

A.2 PROOF OF LEMMA [£.2]

In this section, we prove Lemma@ To this end, we need the following lemma.

Lemma A.1. Consider an instance f € F andn > 0. Let § = (Inlnn)~"/* and ¢ = (Inlnn)~'.
Define
A= )o (4(111 Inn)3/4, \ f) (22)
Inlnn lnn
as the value that Condition [I| holds with corresponding parameters.
Consider any W € ]RL_ " such that || || < (Inlnn)4 Let w = {m;}7, be a list of decisions
where a decision m occurs [((1 + 0)Wr + 6)Inn] times for every 7 € 11, and m = 3 _[((1 +

)W, + 0)Inn].
Define the set F(, f) = {g € F : > oy Wx DxL(f[7]l|g[7]) > 1}. For any constant c > 0, there
exits ng > 0 such that for all n > ny,

1
Ea(fllg) = = +ce, Vg € Fli, f). 23)

|II| Inn

In addition, we have \=* = O(poly(Inlnn)) and m > )73

14
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Proof. To prove this lemma, we invoke Condition [T]with proper parameters.

First we bound the value of m. By the assumption of this lemma, we have ||1]|,c < (Inlnn)'/%.
Consequently, for large enough n we get

m= Z(((l + 0)ix + 6)Inn] < 2/ Inn(lnlnn)t/4, (24)
On the other hand,
N II|lnn
m:Zf((l—l—é)wﬂ—i—é)lnn] > H|5lnn:(lr|11nn)1/4' (25)

s

lan

Define o = + ce. Then for large enough n we have oo + € < m(ln Inn)/4. We can also

lower bound v = L min,[((1 + &)@, + 6)Inn]. By the upper bound of m and the fact that

[(140)W; +d)Inn] > dlnn = we gety >

Inn 1
(Inlnn)l/4> 2|II|(Inlnn)t/2"

We invoke Condition [I| with parameters ((« + €)/7, €, f). Note that A defined in Eq. (22) satisfies
A < X\o((a 4 €)/7, ¢, f) because (o + €) /v < 4(Inlnn)3/. Therefore we get
Dia(flrlllgln]) = min{ Dxr(f[7]llg[x]) — €, (@ +€)/7}, Vge Fmell.  (20)

In the following, we prove that DY | (f|lg) > « for all g € F(w, f). First of all, for large enough
n, forall g € F(, f) we get

DEL(fllg) = ZDKL gl = = 31+ 8)iby + ) lnn] Dice (Fl]gf]) @)

mell

%(1+5)lnn2 %(lnn%-(c—&-l)me), (28)

> LS (14 )iy Dice (Fllllr]) >

mwell

where the last inequality comes from the fact that § Inn = (lnllfﬁ 2 2(c+ 1)\H|(1nllnnﬁ >
(c+ 1)me

Now for a fixed g € F(w, f), consider the following two cases.

Case 1: 37 € II, Dk, (f[7]|lg[7]) > (« + €) /7. In this case we have

A(fllg) = ZD1 A(f[millglr]) (29)
> “(1”)“’;*5) ] Dy (fllllr) (30)
> 3Dy (STl 2 o 61

where the last inequality comes from Eq. (26).
Case 2: Vr € II, Dk (f[7]|lg[7]) < (a + €) /7. In this case, Eq. (26) implies that
Dy x(flx]llglx]) = Dxo(f7]llgln]) —e, Vm eIl (32)

Consequently,

Sl

“afllg) = ZDl A(flmilllglmi)) = Z (Dxw(fmllglmi]) —€) = Dxr(fllg) —e.

By Eq. (28) we get D (f]lg) > a + €. Therefore DY, (fllg) > a.

Combining the two cases together we get the desired result. The lower bound of A~* follows directly
from Condition 1l O

Now we are ready to prove Lemma@

15
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Proof of Lemma We prove the four items in Lemmaf4.2] separately. We will invoke Lemma[A]
and Lemmal4.3]in the proof. Following LemmalA.1} let § = (Inlnn)'/4, ¢ = (Inlnn)~" and

A=)\ (4(lnlnn)3/4 = hm,f) (33)

Recall that A(f) = {g € F : 7*(g9) # 7 (f)}.

Proof of item (a). In this case we have f* € A( f ). By Lemmawe get
Pr . (gd;c) Prj. <vg e A(f Zl ) o1 ) (34)

< Prys (Zl Fin ](( )) > lnn> <exp(—Inn)=1/n. (35)

Proof of item (b). Recall that in this case we have f f*. Since w is the solution to

c(f, (lnlnn)l/4) (Lmeof Alg. |1), we have > W, DkL(f fln]llglx]) > 1forall g € A(S).
Recall that w is the list of decisions computed by Line[5]of Alg.[I] By Lemma@ we get

w In £
1 (fllg) = ? +e Vg e A(f) (36)
Let 5 = m# + €. By Lemma for every g € A(f) we have
Pry. (Zl > In n) > 1 — exp(—mde). 37
Lemmaalso yields A=! < poly(Inlnn) and m > ﬁ% Therefore mAe > m.
Consequently, for large enough n we have
Inn
exp(—mAe) < (38)
17
Applying union bound, under the event I [ f =f *} we get
F o~y S [ml(0)
Prs. (EL.) =Prp (Vg€ A(f),) =2 >Inn | >1—1Inn. (39)
e (8le) = Prs ( (D2 e

Proof of item (c). Recall that A(f, ) is the sub-optimality gap of decision 7 on instance f, and
Apmax(f) = max,; A(f,7) is the maximum decision gap of instance f. Since w0 is the solution to

C(f, (InInn)'/4), we have ||i]|oo < (Inlnn)'/4. As a result, the regret of Step 2 is upper bounded
by

D (1 + 8)tbr + 6) Inn] Apax (£*) S [T Inn(Innn)'/4, (40)

T

which proves the second part of (c). For the first part, when f = f* we have

D [(1 + 6)ibr + 6) Inn]A(f*, ) (41)
<> (14 8)ir () A(F*, ) + | Amax (f*) (1 + 6 Inn) (42)
= (14 0)c(f*, (Inlnn)**) + o(1)) Inn. (43)
By Lemma|[B.1}, C(f*, (Inlnn)'/4) = O(1). As a result,
(1 +8)C(f*, (Inlnn)/*) + o(1)) Inn < (C(f*, (InInn)*/*) 4+ o(1)) Inn. (44)
O

16
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A.3 PROOF OF LEMMA [£.3]

In this section, we prove Lemma[4.3] To this end, we need the following concentration inequality.

Lemma A.2. Consider two sequences of distributions P = {P;}", and Q = {Q;}7,, and a
sequence of random variables o = {0;}", independently drawn from P. For any \ € (0,1) and
€ > 0 we have

1 <. Pio
Pro.p <m21 0.0
=1

Proof of Lemma We prove Lemma by moment method. Consider any A € (0,1),e > 0
andlet 8 = L 57" D;_(P;]|Q;). Then we have

l Z A(Pi]|Qi) 6) > 1 — exp(—me). 45)
m i=1

Pr,.p (; In Qilo) <m(f — e)> (46)
= Proop (Z In ?Dl((zl)) > —m(p — 6)) 47
= Pro.p (exp <)\ ; In ?DZ((:))> > exp(—Am(f8 — e))) (48)
< exp(Am(B — €))Eowp |exp A;m C;((g)) )] (49)
< exp(Am(B — ¢€)) HEowP,L- [(Qi(0:)* Pi(0i) )] (50)
< exp(Am(f — ¢)) 1 Qi(0)*Pi(0)'=*) do (51

b (/¢ )do)

< exp(Am(f —€)) _HGXP((A — 1)DA(Qi[ F))- (52)

where Eq. (49) follows from Markov inequality. By |Van Erven & Harremos| (2014, Proposition 2)
we get D)\ (Q[|P) = 125 D1-A(P||Q) for any distributions P, Q. As a result,

exp(m(8 =€) [T exp((A = ) DA(Qil[ 7)) (53)

= exp(Am(S —¢)) Hexp(—)\Dl,A(PiHQi)) (54)
= exp(Am(B — €)) exp (—Amp) (55)
= exp (—me). (56)
]

Now we are ready to prove Lemma[4.3]

Proof of Lemma[.3| First we prove Eq. (9). By the moment method, for any ¢ > 0

Pro(Eace) = Prg (Z In > ) (57)
5(04)
= Prg (exp (; In Qi(%)) > exp(c)) (58)
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< exp(—c)Eq H S%((Zl)) (Markov inequality)
i=1 3 3

< exp(— HEON\’Q7 [ ((Zl))} (independence of 0;’s)

= exp(— ), (59)

where the last line comes from the fact that both P;, @; are valid distributions. For Eq. (I0), we can
directly invoke Lemma[A.2|with € = 8 — ¢/m.

A.4 PROOF OF THEOREM [3.3]

We prove Theorem [3.3]by stitching Lemma .1 and Lemma[4.2] together.

Proof of Theorem[3.3] We upper bound the regret of Alg.[T|by discussing the regret under following
events separately. Let Reggicp1, Reggiepo, and Regg;.,5 be the regret incurred in Step 1, 2, and 3

respectively. Let &y = 1 [ f=r *] be the event that the initial estimation is accurate.
Regret of Step 1: By Lemma[4.1| we have,

1
lim sup ﬁE[RegStepl] <0.

n—oo 11

Regret of Step 2. By item (c) of Lemma[4.2]and Lemma 4.1}
E [RegStcpZ] =E [RegStch | gillit} Pr(gillit) +E [RegStcp2 | Eicnit] Pr(glint) (60)

< (C(f*, (Inlnn)*) + o(1)) In(n) + O(lnnInlnn)/Inn. (61)
As aresult,
1
lim sup —E [Reggepe| < limsupC(f*, (Inlnn)Y*) = C(f*). (62)
n—oo 1NN P n—o00

Regret of Step 3. First focus on the event &5t Under event €gcc N Einit, there is no regret in Step

3. On the other hand, by item (b) of Lemmamwe have Pr(Eipit N (ga{cc) ) < 1/Inn. Since UCB
gives logarithmic regret, we have

lim sup 7E |:H |:5inita (gacc) i| RegStepB] < lim sup Ol(rllnnn) Pr(ginit n (géxfcc)c) S 0. (63)

n—oo 1 n—oo

As aresult,

. 1
lim sup RE []I [Einit] RegStep:S] <0. (64)

n—oo

Now we focus on the event £¢;,. Let & = {m*(f) = 7*(f*)}. Under event £ S .N& the algorithm
has no regret in Step 3:

E (1[0 &1, L] Regsieps| = 0. (65)
On the other hand, consider the event Sfcc N &f. By item (a) of Lemmau we have
E 1 [0 £7. £fsc] Reisips] < na Pr (1 [w°() # (7). £L.]) < “2m2% < o),
(66)
Under the event (SE{CCC) , Step 3 incurs logarithmic regret. As a result,
E (1 [ (€)% Regsteps] < Onn) Pr (€5) < O(1). (67)
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Combining Egs. (63), (66) and (67) we get

. 1 .
lim sup ME (L] Regsieps] = 0. (68)

1
n—oo

Therefore, combining Eqgs. (64) and (68),

) 1
hTrLrLSOlip RE [RegSteps] =0. (69)
Stitching the regrets from steps 1-3 together we prove Theorem [3.3] O

B MISSING PROOFS IN SECTION [3.1]

In this section, we present the missing proofs in section 3.1}

B.1 PROOF OF LEMMA[3.]]

To prove Lemma[3.1} we need the following lemma.

Lemma B.1. For any f € F, let ng = 5(Amin(f)/Rmax) 2. Consider w € ]REI' such that
wr = ng for all 1 € . Then w is a valid solution to C(f,n) for all n > ng. As a corollary,
C(f,n) < Amax(f)|H|ng for all n > nyg.

Proof of Lemma[B1] Recall that A(f,n) = max. e Ry(7")— Ry(m) is the reward gap of decision
7 under instance f, and A, (f) = minga(s,r)>0 A(f,7) is the minimum decision gap of the
instance f.

Let A(f) = {g € F,n*(g9) # = (f)}. For any instance g € A(f), consider the following two
decisions: 1 = 7*(f), m2 = 7*(g). We claim that

Amin(f)
a R -R > —. 70

Lmax |y (x) — Ry(m)] = =7 (70)

This claim can be proved by contradiction. Suppose on the contrary that
max [Ry(m) — Ry(m)| < Amin(f)/3.

mwe{m,m2}

Then we have
Amin 2Amin Amin
Ro(m) > By(my) — 20) 5 ) 4 2ominlD) s ) o Boinld) s ),

which contradicts with the fact that 7o = 7*(g).

Recall that Ry (7) = E,f1x[R(0)]. As aresult, |Rf(m) — Ry(m)| < RmaxDrv(f[n]|lg[7]). Now,
by Pinsker’s inequality, for any 7 € II we have

Dxw(f[rlllgla]) = 2Drv (f[rlllgln])* = 2| Ry (7) — Rg(m)|/Rumax ). (71
Combining with Eq. (70), for any g € A(f) we get
> noDxu(f[x]llgln]) = 1. (72)
mell
Since this inequality holds for every g € A(f), we prove the desired result. O

Now we present the proof of Lemma [3.1]

Proof of Lemma[3.1} By Lemma for n > 5(Amin(f)/Rmax) 2, we get C(f,n) < oo. O
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B.2 PROOF OF THEOREM[3.2]

Now we show the proof of Theorem 3.2}

Proof of Theorem[3.2] In the following we fix a consistent algorithm A. Consider any instance
g € F such that 7*(g) # 7*(f).

Recall that A(f, 7) = max.en Ry(7') — Ry(m) is the reward gap of decision 7 under instance
fand Apin(f) = minga¢s,m>0 A(f,7) is the minimum decision gap of the instance f. Let
e = min{Anin(g), Amin(f)}/2. Consider two distributions (over observations and decisions)
Py, Py, induced by running n steps of algorithm A on instance f, g respectively. In addition,
let N, be the random variable indicates the number of times decision 7 is executed, and ; the
random variable indicating the decision executed at step 4.

Let Regy ,, and Reg, ,, be the regret of running algorithm A on instances f and g respectively. By
definition we have

Regf,n + Regg,n

en

n

n
> Pl"f (Nﬂ.*(f) < 5) -‘rPI‘g (Nﬂ.*(f) > 5) (73)

By basic inequality of KL divergence (Lattimore & Szepesvari, 2017, Lemma 5) we get,

n n 1
Prj (Nesi £ 5) +Pry (Nev() > 5) 2 S exp(=Diw(PrallPo)). (74
Combining Eq. and Eq. we get,
Dkt (Pynl|Pyn) > In o (75)
KL\{ fn gn) = 9 (Regf’n n Regg’n) .

Now applying the chain rule for KL divergence (see, e.g., (Cover,|1999, Theorem 2.5.3)), we get

DKL(Pf7n||Pgm) IEf

ZDKL [mi ||97Tz] > Ef[NADkw(f[7]llglx]).  (76)

=1 well

Therefore we have

Ef [Nx]
7reZH In(en) —In (2 (Regf,n + Regg,n)) Dxr(f[7]llg[x]) > 1. (77)

Consider the mixture of decisions
_ IE:f [N ﬂ]
In (en) — In (2 (Regf’n + Regg’n)) '

Since Reg; ,, + Reg, , < nApax and Ef[Ny] < n, w; satisfies the constraint of C (f, n) for large
enough n. In addltlon the expected regret of algorithm A is

Reg;, =Ef |> Ar | =D Ef[NA, (78)
=1 T
en
>SN A w1 79
_zﬂ: v n<2(Regf7n+Regg7n)> (79
en

>C(f,n)In . 80
(f:m) (2(Regf7n+Regg7n)> (80)

Since A is consistent, for any p > 0 we have Reg; ,, + Reg,, = O(n”). Consequently, for any
p >0,

Re
lim sup E.n
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> lmsupC (f.n) In(n) — In (2 (l?egf)n + Regg,n) /e) )
n—00 n(n)
> C(f)(L —p). (83)
Since p > 0 is an arbitrary constant, we get
lim sup ?zié )” > c(f). (84)
O

B.3 INSTANTIATION OF THE COMPLEXITY MEASURE

In this section, we instantiate our complexity measure C(f) on concrete settings.

First we consider multi-armed bandits with unit Gaussian reward. The family of decisions is II =
{1,2,---, A}. Let (u1, pto, - - , pua) be the mean rewards of each decision. An instance f in this
case is characterized by the mean rewards, and f[i] = N (p;, 1).

Proposition B.2. For an multi-armed bandit instance f with unique optimal decision and unit Gaus-
sian noise, let (u1, o, - - , ta) be the mean reward of each action. Then

2
cH< > =
i€[1,A] and A;>0 ¢
where A; = maxy iy — ;.
Proof. We prove this proposition by constructing a solution w € Rﬁ to the optimization problem
C(f,n) for large enough n.

Without loss of generality, we assume 1 > p; for all ¢ > 2. Consider the action frequency

2n -
TATg 122
w; = {m%a ‘ (85)

n, 1=1

Then when n is large enough we have ||w||o < n. On the other hand, consider any g € F such that
7*(g) # 7 (f). Suppose 7*(g) = i. In the following we show that

ZwlDKL llgli]) > 1. (86)

Let (pf, ph, - -+, 'y ) be the mean reward of instance g. For multi-armed bandits with unit Gaussian
noise, we have

Z w; Dk, (f

By the condition that 7*(g) = ¢, we get p1 > . Combining with the fact that p; > p1; we get

n

gl = 5 3wl — )? >

i=1

(wipr = ph)* +wilps — 1)) . 87

DN | =

i (o~ )P s — 1)) (88)
Mgy S
= min (U}l (,U,l - /ill)2 + U)Z(/J,Z - :U’/1)2) (89)
py€lpispa]
W1Wj 2
=t — 1u;)°. 90
w1 + w; (11 — i) 0)

By the definition of w;, we have

2n?
w1wy 2 nAZ—3 2 2A2n
— )= Az = ——" > 2. 91
wl+wi(ﬂ1 i) n+ 22— nA? —1 = Oh
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As aresult,
A 2n
< — A\,

C(f,n) < ;HAZZ_SAZ (92)

It follows that

A A g

) = Jim i) < Jim 3 A =31 ©3
O

In the following, we focus on a linear bandit instance f where the action set is A C R<. The mean
of an action = € A is given by i, = (z,6) for some 6 € R?. Let 2* = argmax,, ju, be the optimal
action, and A, £ p,+ — 1, be the sub-optimality gap of action z. Define A~ = A\ {z*}. An
linear bandit instance is characterized by the vector 6, and f[z] = N ({x,0) ,1).

We assume that A is discrete, full rank, and ||z|| < 1 for all z € A. Then we have the following
proposition.

Proposition B.3. For an linear bandit instance f with unique optimal decision and unit Gaussian
noise, our complexity measure C( f) recovers that in|Lattimore & Szepesvari|(2017). That is,

C < inf Wy Ay, 94

(f) < ot E}; (94)
A2

st 2] F )1 < 55 Vre A, (95)

where H(w) = > w,xx .

Proof. Let w be the solution to the RHS of Eq. (94). In the following we construct a solution to our
optimization problem C(f, n) from . Recall that

C(f,n) £ min w.A(f, ) (96)
weRA
z€eA
- > weDxn(flelllglz]) > 1, Vg € Fow*(g) # 7 (f), 97)
€A
[w]loo < 1. (98)

For any w € Rﬁ and any instance g € F associates with parameter ', we have

9 _ /

2
zeA zeA

Consider any g such that 7*(g) # 7*(f). Suppose 7*(g) = x # z*. It follows that (x — z*,6’) >
0. Recall that A, = (x* — 2, 6) . By algebraic manipulation we have,

1 1 A2
min 1 e S (100)
0 (% —a,0—0") > A, 2 W7 2 lax — 2|3 )
Therefore to satisfy Eq. (@7), it’s enough to construct a solution w such that
1 A2
HJU - xHH(w)—l

Define A = >, w,za’ + (z*)(2*)". When the action set A is full rank, A is positive def-
inite (see [Lattimore & Szepesvari| (2017, Appendix C)). We use omax(A), omin(A) to denote the
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maximum/minimum singular value of a matrix A respectively. Then for any n > 0, consider the
following solution

min

w (1 — 8 JmaX(Ail) )71 when 7é x*
w, = @ A2 T+(n—1)omin(A~T) ’ ’ (102)
n, when z = z*.

For large enough n we get | w||oo < n. In the following, we prove that w satisfies Eq. (I00). Let

_(,_ .8 Tamax(A1) -t
n = AZ 1+ (n— Domm(A-1)

min

for shorthand. Since A,~ = 0, we have w,~ = oco. Therefore ||z* ||z (z)-1 = 0. Then for any
x € A~, by Eq. (93) we have

(% — )T H(c,) M (a* —2) = ¢, (a* — 2) " H(w) H(z* — 2) (103)
A2 40 max (A1)
=claTHw) e < =2 — e : 104
e ) S S T Do (AT (109
Invoking Lemmal[G.7| we get
40 pax (A1 A2
(2" —2) ' Hw) z* —z) < (@* —2) H(c,d) Hz* — ) + Tmax(A7) - —=

14+ (n—1)omin(A™1) 27
which implies Eq. (I0I)). As a result, w is a valid solution ot C(f, n). Consequently,

C(fin) <> Agwy < cn Yty (105)
By definition we have lim,,_,, ¢;, = 1. Consequently, C(f) = lim,, oo C(f,n) < > W, A,. O

B.4 A SUFFICIENT CONDITION FOR CONDITION 1]

In this section, we discuss a sufficient but more interpretable condition to Condition [T}
Proposition B.4. Suppose there exists a constant cpy such that for every f,g € F and w € 1],

GON
Forfle [(l g[w](o)) ] =

Then Condition|l| holds with Ao(c, €, f) = min{2e/c3,,1/2}.

Proof. For any fixed f,g € F, 7 € Il and A < 1/2, by Lemmawe get
1/2

Drw(STrlol)) ~ Dios(llotl) < 3B | (n 20D a0
T2 gl (o)
Therefore we have
A
Dyt (flnlllglm]) = Dia(Fln]llglr]) < Sehr (107)
Since D;_(f[n]||g[r]) is monotonically decreasing with A, we prove the desired result. O

B.5 COMPARISON WITH EXISTING LOWER BOUNDS

Recall that when applied to tabular RL problems, our lower bound is very similar to that in|Tirinzoni
et al.|(2021)), and the only difference is that their optimization problems omit the second constraint
(Eq. (@)), On a high level, the constraint |w|s < 7 is necessary to prevent degenerate cases and
guarantee mathematical rigor.

The value C(f,n) can be different from the solution without this constraint for some artifi-
cial hypothesis class F. For example, we can construct a multi-armed bandit hypothesis class

23



Published as a conference paper at ICLR 2023

F ={p € R* : p(l) # 05} U{0.5,0.1,---,0.1]} (where u € R4 represents the mean
reward of each arm). Then for f = [0.5,0.1,---,0.1], C(f,n) > 0 for every n > 0 (be-
cause there exits other instances in F whose mean reward of action 1 is arbitrarily close of
0.5). As aresult, C(f) = lim, 00 C(f,n) > 0 by the definition of limits and in this case
lim,, 0o C(f,n) # C(f,00). However, without the constraint ||wx|l.c < n, the solution will be
0, achieved by letting w; = oo and w; = 0, Vi # 1.

For other hypothesis classes (such as the standard MAB and linear bandits discussed in Proposi-
tion[B.2|& and tabular RL), however, this constraint does not change the value of C'(f,n).

C EXTENSION TO INFINITE HYPOTHESIS CLASS

In this section, we extend our results to the infinite hypothesis case.

C.1 PROOF OF THEOREM[3.2]

To prove Theorem[5.2] we require the following lemmas for steps 1 and 2 by analogy with the finite
hypothesis case.

Lemma C.1 (Main lemma for Initialization). Let &,y be the event that, there exists a universal
constant ¢4 > 0 such that

(@) max; Dy, (f*[x]]| f[x]) < (Mdnn)®,

(b) ‘Rf(ﬂ') — Ry« (7‘(‘)‘ < Rupax (B forall 7 € 11,

Inn

(c) 7 (f) =7*(*).
Under Conditionsand there exists ng > 0 such that when n > ng, Pr(&nig) > 1 —1/1nn. In
addition, the regret of Step 1 is upper bounded by O(332-).

Inlnn

Proof of Lemma|[C.I]is deferred to Appendix [C.2}

Lemma C.2 (Main lemma for Identification). Under Conditions[I} 2] and 3] there exists ng > 0
such that when n > ny, the following holds.

(a) Conditioned on the event 7*(f) # 7*(f*), Pr(€acc) < 1/n.

(b) Conditioned on the event Einit, Pr(€ace) > 1 —1/1Inn.

(¢) The expected regret of Step 2 is always upper bounded by O(Innlnlnn).

(d) Conditioned on the event &y, the expected regret of Step 2 is upper bounded by

(C(f*, (Inlnn)/4/2) + 0(1)) Inn.

Proof of Lemma|[C.2]is deferred to Appendix [C.3]

Then, proof of Theorem [5.2) is the same as that of Theorem [3.3] by plugging in Lemma [C.1] and
Lemmal[C.2]

C.2 PROOF OF LEMMAI[C]

Proof of Lemma We prove the two items in this lemma separately.

Proof of item (a): Let ¢; > 0 be the constant from Condition|l| Set cg = ﬁ, o= (“{é‘;")ce,
(o]

ande = §. Letw = (71, -+ , 7, ) be the list of decisions run by Step 1, and oy, - - - , 0, the

corresponding observations. Recall that by definition,

f = argmax Z In g[m;](0;). (108)
geF 3
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Combining with the fact that f* € F, we have

< 0. (109)

LetG(a) = {g € F : Im : Dr(f*|7 }||g[ ]) > a}. We will prove that for all g € G(a), we have

Yot In % > 0. Combining with Eq. (T09) we get Dy (f*[]|| f[7]) < «, V.

To this end, we apply Lemma [F.1] with parameters (a/|11), €/ |1, w). Following Lemma|F.1} define

Minit

= min E I[r
mlnlt 0

i=1
Then we have v = 1/|II|. Let A = Ao(a, ¢/|II], f) be the value that satisfies Condition [T} and

_ exp(—a)(ed/|I)HA
3Vol

Recall that the condition of Lemma[E]] states
" (ln/\/(]: €0) +1n(1/4))). (110)

The failure probability in this case is 6 = 1/Inn. By Condition |1} for large enough n we get
1/A<e . By Conditionwe get

A (F, e0) £ In(1/e0) £ O() + 5 In(1/ (X)) + a

As a result, when n is large enough

Minit >

1 1 1 1
" (InN(F,e0) +In(1/9))) < pres) ((9(1) +Inlnn+ e In 661) (111)
Inn \!" T
< e (2at?) < (lnlnn> , (112)

Inn
(i.e., Eq. (TI0)) is satisfied.

Because every policy appears in w exactly the same number of times, we have D¢} (f*||g) > «/|II]
for all g € G(«). Therefore, by Lemmawith paremeters (o/ |, /|1, w),

Minit
Vg € G(a In (—4 >m>0. (113)
2 ey 2 (i~
Combining with Eq. (T09), we get f 4 g(a). As a result

Vrell, Dyo(f*[x]lflr]) <a= (lnm”> Ny (114)

Inn

1
where the last inequality comes from the definition of ¢, i.e., € = %(1“1“”) Ze1+3 ) Recall that

Minit > || Inn_ YWhen n is large enough, the condition of Lemma
Inlnn

Proof of item (b): Now we focus on item (b). For any fixed m € II, by Pinsker’s inequality and

Eq. (TT4) we get
* £ 1 £
Doy (f*[x]l[ f[x]) < \/QDKL(f*[W]If[W]) < (
By assumption we have 0 < R(0) < Rpmax almost surely for both f*[x] and f[x]. It follows that

B (x) — Ry ()] < Runa Dy (7 ). (116)
Then we prove item (b) with ¢4 = ¢g/2 and ¢(f*) = Riax-

(115)

Inn

lnlnn)cﬁ/2

Proof of item (c): Since A, (f*) > 0, (c) follows from (b) directly when n is large enough.

Proof of regret: The number of samples collected in Step 1 is upper bounded by miniy =
TI|[ 28], As a result, the regret is upper bounded by

Inlnn
Inn
O<Amaxminit) =0 <lnlnn) . (117)
O
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C.3 PROOF OF LEMMAI[C.2|

Proof of Lemma|C.2] We prove the four items in Lemma [C.2] separately.

Item (a): First we prove item (a) of Lemma|[C.2} By Markov inequality, for any ¢ > 0, we have

Pr g« <Zl Fmil(or) > lnn> = Pry« (exp (Zl f*[]]((ol))> > exp(lnn)) (118)

—Inn « |ex M —exp(—Inn . M
exp(—Inn)Es [ p<zl Fmil(o )ﬂ p(—1 )HEf lf*[ﬂi](oi)] (119)

=1

=1/n. (120)

IN

The last equality follows from the fact that f[7] and f*[x] are both probability distributions given
any decision 7 € II.

Recall that in this case 7*(f) # 7*(f*). Therefore,

Pr(&l.) =Pr (vg € Fand 7*(g) # 7*(f), iln W > lnn> (121)

- 9 mi)(0i
(Zl i) 2 1nn> <1/n. (122)

Item (b): Let e = 1/Inlnn and o = h:n”. We prove this statement by invoking Lemma

with parameters (o + 5e, €, w). Following Lemma let vy = = ming > I[m = 7] and A =
Ao((a+5€) /v, €, f*) be the value that satisfies Cond 1t10nl Let

_ exp(—(a+50)/7) ()
3Vol ’

First of all, we prove that the condition for Lemma [F.I|holds. That is,

m > % (InN (F,e0) + Inlnn). (123)

Recall that in Alg. W is the solution of C(f, (Inlnn)'/4), w, = (1 + m) If]w-tm»
and m = Y _[wrIn(n)]. As a result, m > (h‘]ﬂ% Now consider the RHS of Eq. (I23).
By the definition of w, we get m < 2|II|Inn(Inlnn)'/* T L (Inlnn)'/* and 41 <

2|T1|(InInn)*/2. 1t follows from Condition |I|that A > poly(1/Inlnn). By the definition of € and
Condition 2] we get

, 80 a <

In N (F,e0) <In(1/eo) < poly(lnlnn). (124)

Consequently, when n is sufficiently large, Eq. (I23) holds. By Lemma[F.I|we get, with probability
atleast1 — 1/Inmn,

m

Zl il ) > (a+e€e)m, Vge F(w, f*, a+ be), (125)

where F(w, f*, « + 56) = {g € F : D¥u(f*llg) > «+ 5e}. In the following, we prove that
Eq. (T23) implies £7... Recall that £/, is the event defined as follows:

acc

&l =1|vgeA(f Zln >1 nn|. (126)

Recall that A(f) = {g € F,7*(g) # *(f)}. Next, we apply Lemmato show that A(f) C

F(w, f*,a + 5¢). To verify the condition of Lemma G.4] we have Dy (f*[7]|| f[r]) < (fnlon)™
for all 7 € II by item (a) of Lemma@ By the definition of w we get

Vg e A(f), > deDxu(flrlllglr]) > 1. (127)
well
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Therefore when n is large enough,
5 1
Vg € A(f), Dt (F*1lg) > = + 5e = a + 5e. (128)

Then A(f) C F(w, f*, o + 5e¢). It follows from Eq. that
S (0d) 2

Finally, by Condition[3|we get f*[7](0) > ¢min for any m € Il and o € supp(f*[n]). As a result

il (o) firl(o) - F*[rl(o) flx](o0) ~ £*[0)
nf*m@gln(” 7o) )Sl]“(” o )

When || f — f*|loc < ¢min/2. applying the basic inequality |In(1 + )| < 2z,V|z| < 1/2 we get

ln<1+f[7r](0)—f*[7r](o)> TETIPE: (1n1nn>m? )
Cmin Cmin ln n

(130)

Cmin

where the last inequality comes from item (a) of Lemma|C.T|and Condition[3] Therefore, for large

enough n we get ’111 f [ﬂ]((o)) < e. As aresult,
flml(0) <=, fmil(0) | ~~, flml(o:) _
; In 79[7%‘](01‘) = ; In 79[7”](00 + ; In 7}”[%](01‘) > am = Inn. (132)

Since g € A(f) is arbitrary, have

Pr(&l.) =Pr (Vg eA(f),> In g ) > 1nn> (133)
i=1 0i

> Pr (Vge]—'(wf*a—&—& )

> (a+ e)m) >1—1/Inn. (134)

Item (c): By the definition of C(f, (InInn)'/*), we have w, < (Inlnn)'/* for every 7 € II. As a
result, m < 2AInn(Inlnn)'/4. Therefore, the expect regret of Step 2 is upper bounded by

Amax2AInn(Inlnn)/* = O(Innlnlnn). (135)

Item (d): Recall that i is the solution of C(f, (Inlnn)'/4). As a result, the regret of Step 2 is upper
bounded by

(Z WA )+ o(1 )> Inn (136)

mwell

where A(f*, ) is the sub-optimality gap of decision 7 under instance f*. In the following, we
prove that

> A ) < C(f*, (Inlnn)*/*/2). (137)
mell
Let «* be the solution to C(f*, (Inlnn)'/*/2). Define § = m Letw* £ {(1+ 6)Wr+6},

andA m* = Y _cplwylnn]. We will show that w* is also (approximately) a solution of
C(f, (minn)1/1/2)

By the definition of C(f*, (Inlnn)'/4/2), for any g € A(f*), we have
> (@) Dicw(f* [ lglr]) > 1. (138)

mell
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et w* be the list of decisions that 7w appears |[w* Inn]| times for every m € II. Define o* = 2%
Let w* be the list of d that 7 app *Inn] times fi y IL. Define o* = 122

and e = ﬁ N ext we apply Lemma with parameters (e, w*). To verify its condition, item (a)
of Lemma gives

N Inlnn ca/2
Dev (I F1) < Do (£l i 1)“2<() L vrel,  (39)

Inn

which satisfies the condition of Lemma Consequently, we get D: (f[x]llg[x]) > nn for
every g € A(f*). Therefore,

Yo e A(f), S [w h”ﬂ o 20 Dre (fl]lglm]) > 1. (140)
mell

By item (c) of Lemma A(f) = A(f*). When n is large enough, we have [Z=2"l <

Inn —

Inlnn)/4. Therefore, [©gInn] satisfies all the constraints of C f ,(Inlnn)'/*). Recall
I
TE

Inn

that 4 is the solution to C(f, (Inlnn)'/4). By the optimality of @ we have

3 @R A(f,7) Z [@xInnl \(f o < Zw*A F.m) +o(1). (141)

Inn

By item (b) OfLemma ‘A(f, ™) — A(f*, ﬁ)] < o(f*) (ImInn)* A a result,

Inn
Zw;A(f,w) < Zw;A(f*,w) +o(1) (142)
< Zw )+ o(1) = C(f*, (Inlnn)*/%/2) + o(1). (143)
In addition,
D A m) <Y e A(f, )+ o(1). (144)
well T

Stitching the inequalities above we have
Zwﬂ ) < C(f*, (Inlnn)*/2) 4 o(1). (145)
As a result, the regret in Step 2 is bounded by

(C(f*, (Inlnn)*/*/2) + 0(1)) Inn.

D PROOF OF CONDITIONS FOR TABULAR REINFORCEMENT LEARNING

In this section, we first prove that Conditions holds for tabular RL with truncated Gaussian
reward. Consequently, Theorem [5.2] gives the first asymptotic instance-optimal regret bound in this
setting. Later in Appendix [E| we extend our analysis to Gaussian reward.

First of all, we define some additional notations. A finite horizon Markov Decision Process (MDP)
is denoted by a tuple (S, A,p,r, H). S and A are the state and action spaces respectively. H > 0
denotes the horizon. The tansition function p maps a state-action pair (s, a) € S x A to a distribution
over S, and the reward function r maps state-action pair (s, a) to a truncated Gaussian distribution.
In particular, for a fixed (s, a), the mean reward is u(s,a) € [—1, 1], and the density of the reward

r(s,a)is

x — (s, a))?
r[s,a)(z) =1z € [-2,2]] %exp <—(M2(’))> , (146)
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where Z = [ ., exp (—(z — p(s,a))?/2) is the normalization factor. We use a fixed trun-

cation for every state-action pair regardless of u(s,a) because otherwise the KL divergence of
two instances will easily be infinity. Without loss of generality, we assume S is partitioned into
81, -+, Sy where for any state s € S, and action a € A, supp(p(s,a)) C Sp1. We also assume
that the initial state s; is fixed.

A decision (ak.a. policy) 7 : & — A is a deterministic mapping from a state to an action, and
IT = AS is the set of possible decisions with |TI| = |.A|l°l < co. An observation o is a trajectory
(s1,a1,7m1, ** ,SH,am,TH). The reward of an observation is R(0) = Zthl r5,. We emphasize that
Sp, ap, are discrete random variables and r;, € R is a continuous random variable. In the following,
we use 0°* = (s1,a1, - ,SH,an) to denote the set of state-action pairs in o and o' = (r1,--+ ,7H)
the set of rewards. As a basic property of MDP, the rewards are independent conditioned on 0°*, and
ry ~ 1r(8p, ap).

An instance f is a represented by the transition function p and reward function r (which is uniquely

determined by i : S x A — [—1, 1]). The family of instances F is defined as the set of all possible
instances.

For an instance f and a decision 7, the density of an observation o = (s1,a1,71, " ,SH,aH,TH)
is
H
Flm)(0) = T plsn anl(sns1)rlsn, anl(ra). (147)
h=1

-

For simplicity, we also use f,[s, a](s")
r[s,al(r).

By definition, for all s, a,r, s’ we have p[s, a](s")r[s,a](r) < 1. We also define

o denote the distribution p[s, a](s’), and f[s, a](r) to denote

=

flr](0™) = | | plsn,an](sh+1) (148)

h

1
to be the marginal density of 0%, and

H
F(" |0 = [ rlsns anl(ra)
h=1
the conditional distribution of o".

For an instance f € F, we define pimin(f) = mingsa . ¢[x](0s)>0 f[7](0°*). Since 0, 7 are finite,
we have fimin(f) > 0.

D.1 PROOF OF THEOREM[3.1]

In this section, we prove Theorem 5.1]

Proof. In the following, we prove the three conditions separately. Proof of Condition[T} We prove
this condition by invoking Lemma[D.I} For instances f, g € F and state-action pair s,a € S x A,
let f,[s, a], g-[s, a] be their reward distributions respectively. Since f.[s, a], g»[s, a] are truncated
Gaussian distributions, we get exp(—3) < g,[s, a](z) < 1 for every « € supp(fr[s,a]) and g € F.

Therefore sup,, |In frls.a)(z) < 3forall s € S,a € A. By Lemma with ¢y = 3, we get

Condition[T]

grls,a](z)

Proof of Condition[2} The first part of this condition is proved by Lemma[D.2] On the other hand,
we have

/ldo: 2|SI|ANH < . (149)
Proof of Condition[3} To prove the first part of this condition, recall that
H
F¥[xl(0) = T plsn: anl(sni1)r(sn, anl(rn), (150)
h=1
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where p is the transition function and  is the reward distribution. Let
H
. /
Cmin = min s,al(s exp(—4H
- (syaesxA,s’Esuppp[s,a](-)p[ -al )) p( &

As aresult, f*[7](0) > cmin for all o € supp(f*[r]). We prove the second part of this condition in
LemmalD.3| O

D.2 PROOF OF CONDITION(I]

In this section, we present a lemma that establishes Condition I] for tabular RL.

Lemma D.1. Consider any fixed RL instance f with discrete state, action and general reward distri-
bution. Suppose there exists a constant cpr > 0 such that for any g € F,s € S,a € A, the reward
distributions of instance [ and g at state s and action a (denoted by f.[s, al, g.[s, a] respectively)

satisfy
fols, @\ _ 4
E,.~ In ————= < . 151
z~ fr[s,a] l( n gr[s,a](x) S Cy ( )
Then for every a > 0,¢ € (0,1), Conditionholds with
2
€ . Nmin(f) ,Ufmin(f) 1
A = — . 152
O(av €, f) 32H2 min { 4o ) 10 ) e ( )
Proof of Lemma[D.1} Let
Nmin(f) < 20 >
K= exp| ———~= | - (153)
62 :umin(f)
Recall that for reinforcement learning, an observation o = (s1,a1,71," - ,Si,am, [ ) represents
a trajectory, and 0°* = (s1,a1, $2, a2, - ,SH,ay) denotes the state-action pairs in the trajectory.

Consider any fixed decision 7, for any A < Ao, we prove the following two cases separately.
Case 1: mingsa, f[x)(0)>0 9[7](0%*) < k. In this case, we prove that Dy (f[7][|g[7]) > cv.

Let 05 = ArgMiN ea., 1] (osa)>0 9[7] (0°*). By the condition of this case we have g[r](05*) < k.
Applying Lemma[G.I| we get
Dy x(f[x](0)llglml(0)) = D1-x(flx](0**)llg[m](0™)). (154)

In the following we prove the RHS of Eq. (T34) is larger than «e. We start with Holder’s inequality
and the basic inequality that (1 — z)! <1 — ¢tz forany ¢ € (0,1),z € (0,1):

S Sl (0) gl (o) (155)
= ZA Flr)(0*) A glx] () + flm](0%)! gm](0%)* (156)
o 1—X A
< | > flrle™) S gl |+ flrle®) Aglml()  (157)
Osa?goéa Osa;éoéa
< (1= (@) (1= glrl(0)" + flr] (o) gl (%) (158)
< (1= f)(0) ™ + fla](0%) Aglr])(o%2)> (159)
<1— fr](0%)(1 = A) + flr](o%) ' A g[](0%)*. (160)

Recall the basic inequality In(1 4+ ) < « for all # > —1. Therefore,

%m (Z f[ﬁ](osa)l)‘g[ﬂ](osa))‘> (161)
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< % (= fI7](0%) (1 — A) + flr](0%)' A g[n](0%)*) (162)
1 7l(o% g(0§a> ’ _ s Oga
<3 (f[ J(0°*) f(oga)> 1) + Mf[)( )) (163)

{
< % (f[w](oga) (( ~ )A - 1) + Af[w](o§a>> : (164)
<1

+ /2 forall —1 < z < 0. Since we have

() = (v (i)

when A < (In (f[7r](o§a)//<;))_1 we get

1 . K A A

A(fh]@)((m(oga)) 1>+AfhK0)> (165)
1

>

Flm)(0*) In(k/ flm](0™)) + f[r](0%) = %f [7](o*) In(e?r/ flm] (o). (166)

By the definition of x we get

Recall the basic inequality that exp(z)

1 A R

5 /(%) n(e*k/ fm](0)) < —a, (167)
which leads to D1_»(f[r](0%)|lg[7](0%*)) > «.
Case 2: mingea. fr)(os2) >0 9[7] (0°*) > k. By Lemma|G.8] for any A € (0,1/2) we get

1/2

DdeMMMﬂ)—DlAUMMMﬂ)<;Em4m[<m£g%3>1 o asy

Let fr,9, : S x A — A(R) be the reward distributions of instance f and g respectively, and
frls,a](+), gr[s,a](-) the densities of the reward given state-action pair (s,a). Recall that for a

trajectory o = (s1,a1,71, -+ ,SH,aH, 7y ) we have
H
fm)(0) = (o) TT frlsns anl(rn)- (169)
h=1

By Holder’s inequality we get

WO
E””“(mﬂﬂ@J o)
r 4
_ LFEO®) | Sy Selsnan](r)
= Eon fn] (1 g[w](osa)Jth:ll gr[sh,ah](rh)] (171)

_ it [ (1 TN S- [ Flsnanlra) )

= Eo~f[7r] _(H +1) <<1 g[ﬂ_](osa)> + hz::l <1 gr[sh,ah](rh)) >‘| (172)
3 4 4 fr[&a](x) ‘

< (H+1)°In(1/k)" + (H +1) sez?feAEINfr[s,a] l(ln gr[s,a](x)) ] (173)

< (H+1)3In(1/6)* + (H + 1)*c4y, (174)

where the last inequality comes from item (c) of Condition El Therefore, when A\ < e(H +
1)~2min{In(1/k)"2, ¢,/ } we get

1/2

A 7](0)\*
lkdﬂﬂhhbkaﬂﬂMhD§2Ewqum£h%3>] (175
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< %(H + 1) 2min{In(1/x) "2, 2} (H +1)3In(1/6)* + (H + 1)%c4,) "/ (176)
< % min{In(1/x) "2, 2} (In(1/k)* + i)' (177)
< % min{In(1/x) "2, ¢;2} (In(1/K)2 + %) (178)
<e (179)
Recall that
_ Mmin(f) _ 2«
K= 2 exp ( 7ﬂmin(f) . (180)
By algebraic manipulation we get
,Umin(f) ,Umin(f) 1 2 — . _ _
YV mln{ o 10 ey < e(H+1)?min{ln(1/k)"2,¢yf } (181)
which proves the desired result. O

D.3 PROOF OF CONDITION[2]

Recall that for two instances f, g € F, their distance is d(f, g) = sup, , | f[7](0) — g[7](0)|.

Lemma D.2. Suppose F represents tabular RL with truncated Gaussian reward with state space S
and action space A, then we have In N'(F,¢) < O(|S||A|In(1/€)) for every e > 0.

Proof. For instances f € F and state-action pair s,a € S X A, let f,.[s, a] be its reward distribution
and fp[s, a] its transition. Recall that for tabular RL we have

H
Fm)(0) = T Folsns anl(sni) frlsn, anl(rn), (182)
h=1
where the observation is 0 = (s1,a1,71,- - ,SH,am, 7). Consequently,

|f[ml(0) — glx](0)]

H

<> (fp Shy an)(Sn1) frlsn, an](rn) = gplsn, anl(sni1)grlsn, anl(rn)]

h—1 H

1T folsnes an)(snsa) folsnr, an)(rn) ] gp[sh/,ah/](sh/ﬂ)gr[sh/,am}(W))
h'=1 h'=h+1

H

< Z | folsns anl(sn+1) frlsn, anl(rn) — gplsn, anl(sn+1)grlsn, anl(ra)|
h=1

H
<3 (U flsns anl(sni1) = gplsns an)(snia)l + | frlsn, anl () = grlsn, anl(rn)])
h=1

Therefore, we construct a covering C such that for every f € F, there exists g € C with

[Fyls.al(s) = gyls,al(s)] < i, Vs.a,s, (183)
|fT[S7(LK7‘) —gT[S7(L}( )| <-5 2H VS,(L,’I“. (184)

Since f,[s,a] is a discrete distribution, the covering number for the transition function is upper
bounded by (4H/¢)ISI’IAl On the other hand, f,[s, a](r) is a truncated Gaussian distribution, so
covering number for the reward is also upper bounded by (4H /¢)!S!Il. As a result,

InN(F,e) < O(|S|| Al In(1/€)). (185)
]
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D.4 PROOF OF CONDITION[3]

Lemma D.3. Consider tabular reinforcement learning with truncated Gaussian reward. For a fixed
instance f*, forall f € F,m € Il we have

1 (] = flllloo < —t

WDKL(f*[W]IIf[W])”6~ (186)

Proof. Recall that for tabular RL, an observation is 0 = (s1,a1,71, - ,SH,am,ry). We use
0°® = (s1,a1,S2,a2, -+ ,Sg,am) to denote the collection of states and actions in the trajectory
o, and 0" = (ry,--- ,7rg) the collection of of rewards.For instances f € F and state-action pair
s,a € S x A, let f,[s,a] be its reward distribution and f,[s, a] its transition.

Letey = 175 - Consider the random variables 0°* and o". By the chain rules of KL divergence

H
HMmin (f*)
we have

Dy (f*[7]llfl7]) = Drr (f* 7] (0™) | f[7)(0™)) + Eosan g [Dicr(f*[x] (0" | 0™)]| fm] (0" | ?1’;)7)1

Since 0 is a discrete random variable, we have
|f*[7](0°) = flm](0™)] < Dov((f*[7]l £[7]) < Dxr(f* (][I £[x])" /. (188)
Therefore, for any 0** & supp(f*[r]),

|/ [7)(0™, 0") = flm](0™,0")| < flm](0™,0") < flm](o™) f[r)(0" | o) < Dc(f*[]lIf[m])"/2,
(189)

where the last inequality comes from the fact that f[r](0" | 0°*) =[]y, a,.rn)co fr(Shs an](rn) <
1.

Now, for any 0°* € supp(f*[r]), by Eq. (I87) we get

Dic(f (e [ ™))’ | ) € —— s D WIS (190
By the chain rule of KL divergence,
DxL(f*[x](o" [ o) f[m](o" | 0 ZDKL r[sns an]|lfr[sh, an)). (191)
As aresult, for every (s, a) € 0°* we get
Diu(f* sl 1s,0)) < —— s Dra (1 I 1) (192)
By Lemma , |f* [s,a](r) — fr[s,a](r)] < 36 (Mmm( )DKL( *[7r]||f[7r])>1/6 . Therefore,
If*[ J(0" | 0™) = flm](o" | 0™)] (193)
+lsnsan]( H Frlsns anl(rn) (194)
; =
Z rlsn an)(rn) = frlsn, an](ra)] (195)
= ] ) 1/6
<6t (D If) (196
It follows that,
/[ (0™, 0") = flm](0™*, 0")] (197)
< [f*[7](0™) = flx] (™) + [f*[x] (0" | 0**) — flm](0" | 0™)] (198)
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1 1/6
< Dy (f*[x]l| f[x])"/% + 36 H (WDKL(f*[W]f[W])> (199)
1/6
<1t (D P lallsia)) ) (200)
O

E RL WITH GENERAL REWARD DISTRIBUTION

In this section, we extend our analysis to RL with general reward distribution, where the support of
the reward may have infinite volume (e.g., the real line R when the reward distribution is Gaussian).
We assume that for any state-action pair (s, a), the reward distribution 7[s, a] comes from a distri-
bution family R (e.g., R = {N(u,1) : p € [—1, 1]} when the reward is Gaussian). For any g € R,
let g(-) be its density function and 11(g) = E,~4[z] its mean and we assume sup e £:(9) < Riax-
We emphasize that for general reward distributions, we do not require Conditions [2] and [3| because
they do not hold for Gaussian distribution. Instead, we require the following.

Condition 4. Let R be the reward distribution family. Then

(a) for all f € R, there exists a constant c; € (0,1],cs € (0,1],cpr > 0, such that for every
0 >0,

g(z)
g'(z)

1(g) — (9"l < Drv(gllg’)es;

(ln 5’((13;")) ) 4] < i

(d) for any € > 0, there exists a covering C(R,€) C R such that
Vg € R, 3¢’ € C(R,¢), Drv(glg’) <e (202)
Andlog|C(R, )| = O(log(1/e)).

In

Pry.f (Vg,g' ER,

\ . DTv<g|g’>C7polylog<1/a>) <5 o

(b) forall g,qg' € R,
(c) forall g,g' € R,

Eqgng

Condition[T]still holds in this case because of Lemma[D.I|and item (c) of Condition 4]

For tabular reinforcement learning problems, we only require Condition[d|for the reward distribution
of any fixed state-action pair, which is one-dimensional. Condition[4]holds for Gaussian distribution
(see Proposition [E.5), Laplace distribution, etc.

Our main result for tabular RL is stated as follows.

Theorem E.1. Suppose F is the hypothesis class representing tabular reinforcement learning with
a reward distribution that satisfies Conditionsd} then the regret of Alg.[I]satisfies

Reg ¢+
lim sup & m

n—o00 Inn

<C(f"). (203)

In section [E.T|we present the main lemmas for Steps 1-2. Then, Theorem|[E.T]is proved using exactly
the same approach as Theorem 5.2] (by replacing the main lemmas for Steps 1-2).

E.1 LEMMAS FOR RL WITH GENERAL REWARD DISTRIBUTION

In this section, we state the main lemmas for RL with general reward distribution (namely,
Lemma [E.2]for Step 1 and Lemma [E.3]for Step 2).

Lemma E.2. Let &,y be the event that, there exists a universal constant c4 > 0 and a function
L(f*) that only depends on f* such that
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(a) forall w € T, Dy, (f*[x]|| fx]) < (%)04’

(b) |Rj(m) — Ry (w)‘ < 2H Ry (B2 forall € 11,

Inn

(c) w(f) = 7*(f*)-
For tabular reinforcement learning with general reward distribution that satisfies Conditiond} there
exists ng > 0 such that when n > ng, Pr(&nit) > 1 — 1/Inn. In addition, the regret of Step 1 is
upper bounded by O(52)

Inlnn/*

Proof. In the following, we prove the three items separately. Recall that Condition [I] holds by
Lemma[D.T|and item (c) of Condition 4}

Items (a) and (c): Proofs of (a) and (c) are the same as that of Lemma [C.T]if we replace Lemma [FT]
by Lemma[F2]

Item (b): Recall that an observation is a sequence of state-action-reward tuples: o =
(s1,a1,71, - ,8H,aH,7H). Therefore, for all m € I we have

H H
‘Rf(ﬂ) - Rf*(w)‘ = B fing [Z | = Eonpopn] [Z rhl (204)
h=1 h=1
H H
< By | D it(5ha0) | = B [Z u*(sh,ah)] : (205)
h=1 h=1

where /i and p* are the mean reward of instance f ,f* respectively. Since i € [0, 1], we have
H H
- Eosawf*[ﬂ.] lz /L*(Sh, ah)l

]Eo:ia,\/f[ﬂ-] [Z ﬂ(s}uah)
h=1
H

E o fn] [Z Shyan) | — Egsan g lz Sh,an H (207)

h=1

H
Egsonfe| [Z sh,ah‘|— oot ] [ZM*(S}“%)H (208)

h=1 h=1

(206)

< HDpv (f*[n)|| f[7]) + Egsan o (] [Z| Sh,an) (sh,ah)|] . (209)

In the following we upper bound the second term of Eq. (209). Let f*,, fr : S x A — A(R) be

the reward distributions of instance f* and f respectively, and f*,[s,a](-), f-|s, a]() the densities
of the reward given state-action pair (s, a). By item (b) of Condition and Cauchy-Schwarz we get

[ H
Eorongin] | D |it(sh, an) ,u*(sh,ah)|] (210)
Lh=1
[ H
5 EoﬁaNf*[ ] Z sh,ah]||fr[sh7ah]) ‘| (211)
Lk . A .
< Egsan fr Hl_cs (Z DKL(f*T[Smah]”fr[Shaah])) ] (212)
L h=1
H 8
< Hl_CSEOsaNf*[ﬂ.] [Z DKL(f*T.[Sh,ah]||fr[sh,ah})‘| . (213)
h=1

Recall that f~,, fp denotes the transition function of instances f*, f respectively. By the chain rule
of KL divergence,

Dxv(f*[x]]| f[]) (214)
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N H

= Eosan f+[x] Z(DKL (f*p[smah]”fp[shvah]) + DL (f* [sn, an] || fr[sn, an))) (215)
Lh=
- Hl R

> Epsanpoin] ZDKL(f*T[Smah]||fr[8h,ah])] : (216)
Lh=1

By item (a) of this lemma, Dy, (f*[x]||f[x]) — 0 as n — co. Therefore for large enough n we get

‘Rf(ﬂ) — Ry« (m)| S HDypv (£ [7)||f[7]) + H' = Dxw (f*[x]]| f[7])™ < 2H Dgcr, (f* (]| F ).
217)

Combining with item (a) of this lemma, we prove the desired result. O

Lemma E.3. For tabular reinforcement learning with general reward distribution that satisfies Con-
dition 4} there exists ng > 0 such that when n > ny, the following holds.

(a) Conditioned on the event 7*(f) # 7*(f*), Pr(€acc) < 1/n.

(b) Conditioned on the event Einit, Pr(€ace) > 1 —1/1Inn.

(¢) The expected regret of Step 2 is always upper bounded by O(Innlnlnn).

(d) Conditioned on the event &yit, the expected regret of Step 2 is upper bounded by

(C(f*, (Inlnn)/*/2) + 0(1)) Inn.

Proof. We prove the four items above separately.
Items (a), (c), and (d): Proofs of (a), (c), and (d) are the same as that of Lemma|C.2]

Item (b): Lete = 1/Inlnn,a = 22 and § = 1/(2Inn). We prove this statement by invoking
Lemmawith parameters (c + 5e, €, w). Following Lemma lety =+ min, > I[m; = ]
and A = Xo((a + 5€) /7, €, f*) be the value that satisfies Condition[I] Let

€0 = exp(—(a + 56)/7)(X) /A,

First of all, we prove that the condition for Lemma @holds. That is,

> POV (ISIAIH)
~ e

Recall that m = ) [w, Inn]. As aresult, m > (h‘lﬂ% Now consider the RHS of Eq. (218).

By the definition of w, we get o < ﬁ(ln Inn)'/4 and y~! < 2|M|(Inlnn)'/2. It follows from
Condition [I]that A > poly(1/InInn). By the definition of €y and Condition 2] we get

In(m/egp) < poly(Inlnn). (219)

Consequently, the RHS of Eq. (Z18) is at most poly(Inlnn), and Eq. (ZI8) holds when n is suffi-
ciently large. By Lemma[F.2] we get, with probability at least 1 — 1/(2Inn),

((In(m/eo)) +1n(1/9)) . (218)

me > (a+e)m, Vg€ F(w, f*a+ 5e), (220)
i=1 ’

where F(w, f*,a+ 5¢) = {g € F : D (f*|lg) > a + 5S¢}

In the following, we prove that Eq. (220) implies &1 . Recall that £/__ is the event defined as
follows:

&l =1 VgGA(f),ZanZlnn . 221)

=1
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Next, we apply Lemmato any g € A(f). To verify its condition, we have Dy (f*[x]| f[x]) <
DiL(f* 7 flx)Y2 < (11;;7“””)64/2 for all 7 € II by item (a) of Lemma Therefore when n is
large enough,
Inn
DiL(f*ll9) = —= +5e = ar+ 5e. (222)
Then g € F(w, f*, a + 5¢). It follows from Eq. (220) that

Zlnm > (a+e)m, VYge A(f). (223)

By LemmalE.4] with probability at least 1 — 1/(2Inn) we have

> In W > —m (m lnn) " poly(ntnn)i( ). (224)
=1 i 7

Inn

For large enough 7, (2122)* poly(Inlnn)u(f*) < —L— = €. As a result, combining Eq. (223)

Inn

and Eq. (224), with probability 1 — 1/Inn we have
Vg € A(f Zln [mi) (o) > am = Inn. (225)
i1 glmi](0;)

O

The following lemma is used in the proof of Lemma|[E.3]

Lemma Ed4. Let f*, f be any fixed tabular RL instances with reward distribution that satisfies
Conditiond] For any sequence of policies {m;}1",, let 0; ~ f*[m;](-),Vi € [m] be a sequence of
random observations drawn from f*. Then there exists constant cg > 0 and 1( f*) that only depends
on f* such that, for any § > 0, with probability at least 1 — 6,

> O (x Dea (71 F17D) o polvlon(mE /) (226)

assuming max, Dy, (f*[r] ||f[7ﬂ)1/2 < fmin(f*)/2.

Proof. Recall that for reinforcement learning, an observation o = (s1,a1,71, "+ ,Sg,aH,TH) rep-
resents a trajectory, and 0** = (s1,a1,$2,a9, - ,SH,ay) denotes the state-action pairs in the
trajectory. By algebraic manipulation, we get

- Slmi(0f | o5*)
In E In In i 227
iz:: f'* 71.2 07, f* + Z f* O | Osm) ( )
Recall that for the instance f*, we have

min min *[7](0%%). 228
pmin(f7) = mal o supp(/* [w]())f[ﬂ]( ) (228)

Since both 0** and 7 are finite for tabular RL, we get fimin(f*) > 0. On the one hand, for any
0** € supp(f*[r]), by Pinsker’s inequality we get

FAIr)(0™) = fl(0*)| < Doy ([ fln]) < Dxw(F* (]| £[x])*/2. (229)
As aresult
PGl . fIr)(0*) = f*[m](0™) . fIr)(0*) = f*[m] (0™)
Ao | < | (” F (o) ) = (” b 1) )‘
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When max, Dxr(f*[7]]|f[7])"/2 < pmin(f*)/2, applying the basic inequality |In(1+z)| <
2z,V|z| < 1/2 we get for all 7 € IT and 0®* € supp(f*[7](-)),

fA[Tr](Osa) — f*[,].r](osa) 2 * say o5
m<1+ e 1) ) < Sy ) = S G30
2z max || fw]) /2
S Dxen (f [ f 7)) 23D

On the other hand, let f*,.[s,a] and 1> [s, a] be the reward distribution of instance f* and f given
state-action pair (s, a) respectively. Then

D fIml0f ] 65) . folsin ain)(rin)
Zl Fml(e [o) => > : (232)

[m:)( e e L in] (7 0)

For any 7 € II, by the chain rule of KL divergence we get

Dy, (f*[]| fl]) (233)
H
= Egsan f+[n] [Z(DKL (f*p[sh, an]ll fylsn ah]) + Dxr(f*[sn, an) || fr[sn, an))) (234)
h=1
> pimin (/) Dxc (£, [s, al|| o[, a])I [(s, a) € 0™ for some 0™ € supp(f*[x])]. (235)
Because o; ~ f*[m;], for any i € [m|,h € [H| we have (s; p, a; ) € 05> and of* € supp(f*[m;]).

As a result, for all ¢ € [m],h € [H], item (a) of Condmonl 1mp11es that with probablhty at least
1—4/(mH)

fr[si,ha ai,h](ri,h)
I[85 @i ]

< Doy (f* (80, ain)(rin) | frlsin, asn)) S polylog(mH/6)  (236)

< Diw(f* 81, @i n) || frlsin, ain]) 7/ *polylog(mH /6) (237)
1 ..
S e e J|1f[x])e"/*polylog(mH/5). (238)

R c7/2
Lete = W (maxﬂ Dxr(f*[n] ||f[7r])> " Apply union bound and we get

fr[si,ha ai,h](ri,h)
J*o[8i,0 @i n](73,1)

m H
1
PTONf*[ﬂ.] <m Z Z n
It follows that with probability at least 1 — 4,

15y, flmil(0:)
mgl frlmil(0:)

> erolylog(mH/5)> <1-4. (239)

- /m%(f*) max DKL(f*[W]HJE[WDl/Q - Hpolylog(mH/(;)m (m;‘?x DKL(f*[W]||f[7r]))C7/2
- Mjni%polylog(mH/é) (mgx Dxr(f*[n] ||f[77]))67/2 .

Therefore, Eq. (226) is satisfied by setting

2H

uf*) = U c7/2. (240)
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E.2 PROOF OF CONDITION [4]FOR GAUSSIAN DISTRIBUTION

In this section, we prove that the reward distribution family R = {N(u, 1), € [0,1]} satisfies
Condition 4

Proposition E.5. Condition] holds for the reward distribution family R = {N(u, 1), n € [0, 1]}

Proof. In the following we prove the four items of Condition ] respectively. Item (a). For any fixed
f € R, let u be the mean of f. In other words, f = A (u, 1). Then we have

Pr,.; (\x| >t 2\/10g(2/6)) <. (241)

By definition, for any g = N (s, 1), 9" = N'(p1y, 1) € R, we have

glz) 1 2 2) _
R (& = pg)” = (2 = p)*) = (g — p1g) (& = (g + 119)/2).-
Therefore when 14, 1, € [0, 1] we get
g(x) /
1 <y — 1. 242
0 0 < g — syl + 1 o)

As a result, with probability at least 1 — & we have

g(x
g,((x)) < g — gl (1 + 2\/10g(2/5)> : (243)
In addition, when g, 1y, € [0, 1] we have Drv(gllg’) > 5 lHg — fgl. As a result, item (a) holds
with ¢7 = 1.

In

Vg,9' € R,

Item (b). Recall that for Gaussian distribution with unit variance, when 114, uy, € [0, 1] we have
Dyv(gllg’) > 15lmg — . Therefore item (b) holds with cg = 1.

Item (c). Recall that for any g = N(ug1),9 = N(uy,1l) € R, In j,((”;)) =
3 ((z — pg)? — (x — p,)?). Therefore when f14, 11}, € [0, 1] we get
4
Eowy | (28 | = 1g, (@ = 1g)? = (@ = 1))"] (244)
I\ @) 2 ! !
(g — ko)
< B (o — (g + 19)/2)"] < 3 — 1g)*. (245)

Therefore, item (c¢) holds with ¢y, = 2.

Item (d). For g = N'(pg,1),9" = N (i, 1) € R, we have

Drv(gll') < VDrrlallg)j2 = Lol (246)
Therefore, we can set C(R,e) = {N(ke, 1) : k € {—|1/e|,—|1/e] +1,---,[1/€]}}. Then
log |C(R, ¢)| < log[2/e] = O(log(1/e)). O

F UNIFORM CONCENTRATION
In this section, we present the uniform concentration results.

F.1 UNIFORM CONCENTRATION WITH ¢, COVERING

In this section we prove uniform concentration results with /., covering. For two instances g, ¢’,
define the ¢, distance as

lg — ¢'llsc £ sup |g[x](0) — ¢'[x](0)]. (247)

0

Let NV (F, €) be the proper covering number of F w.r.t. the distance /.. Then we have the following
lemma.
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Lemma F.1. Constder any fixed o« > 0,0 < € < «/2, list of decisions w = (71, ,Tm),
f€F Lety=Lmingen Yo I[m; = and let X\ = No(a/7,¢€, f) be the value that satisfies
Condition][I} Let]: (w, f,a) = {g E F : DY (fllg) > a} and define

exp(—a/7)(eN)!/*
3Vol ’

Then for any § > 0, when m > 5= (In N (F, €9) + In(1/6)) we have

€0 =

Pro, < fri) Vi (Vg € Flw, f,« Zln )

2(04—46) ) >1-6. (248)

Proof. For any g € F, we define a induced distribution ¢ for all 7 € II:

. _ glr](o) €
mw@qugmi (249)
Because g[n](0) > 0 and
|g[m](0)|l1 = / g[lﬂ—]fzz);/i—oio dx = g ioVol /g[w](o) + epdx =1,

the induced distribution §[n] is a valid distribution.

Properties of the induced covering. Let Z = ¢y Vol. Consider the minimum ¢, covering set
C(w, f,a) of F(w, f,a). Forany g € F(w, f,a),letg" € C(w, f,«) be its cover and § the induced
distribution of g’. Now, we prove that § satisfies the following two properties:

(a) Forany 7 € Il and o € supp f[n], In J;EHEO; > In Z{:]]EZ; — ¢, and

(b) Divf)\(ng) > o— 2¢ fOI'g € .F(’LU,f, a)'

First we prove item (a). Since ¢’ is the ¢y cover of g, we get ¢'[7](0) + €9 > g[n](0) for any 7 € II
and = € supp f[r]. As aresult,

mﬁﬂdzm,fWM :mfww—mu+m. (250)
g[m](o) g'[7)(0) + €0 g[m](0)
By the basic inequality In(1 + z) < z,Va € (—1,00) we get
In(l1+2) < Z=¢Vol<e. (251)
As a result, item (a) follows directly. Now we prove item (b). By algebraic manipulation,
g'[m](0) + €
D = —_ — 252
w(glallgl) < [ 19l - glrl(elido = [ |ETOERL ~girl(o)ldo @52)
g'[m](0) + €0 o . / .
T+ eoVol g'[7](0) — eo|do+ [ |¢'[7](0) + €0 — g[7](0)|do (253)
1
< — 1 (g’ 2 1 254
< T aval / leg Vol (¢'[7] (o) + €0)|do + 2¢ Vo (254)
< €9 Vol 4 2¢5 Vol = 3¢g Vol = exp(—a /) (eX) /. (255)

Applying Lemma|G.5] we get item (b).

Uniform concentration via covering. We define the induced covering set C(w, f, a)={g:9 €
C(w, f,a)}. Then |C(w, f,a)| < |C(w, f,a)| < N'(F, ). Applying Lemma|A.2|and union bound
we get, with probability at least 1 — 4,

m

Zln 2 m(DY_(fll§) =€), Vg€ C(w, f,a). (256)

40



Published as a conference paper at ICLR 2023

By item (a) of the covering property,
m m
flmi](0i) flmi] (i)
In ———= > In ————= — me. (257)
Z glmi] (o) Z glmil(os
By item (b) of the covering property,

LA (fl19) = o = 2¢ (258)
Combining Egs. (236), (257), (258), with probability at least 1 — 4,

Zln : 2 m(a — 4de). (259)

F.2 UNIFORM CONCENTRATION FOR RL WITH GENERAL REWARD DISTRIBUTION

In the following, we present an uniform concentration lemma for tabular RL with general reward.

Lemma F.2. Let F be the instance family representing tabular RL with general reward distribution

that satisfies Condmon. For anyﬁxed a> 0,0 < e < a2 list of decisions w = (w1, ,Tp),
f e F let v = —ming, 7r€w S Im = 7r] and X\ = Xo(a/v,¢€, f) be the value that satisfies
Condition([l] Let ]-l?w f,a)={g € ]-' Dy (fllg) > o} and define

€p = exXp

—a/y)(eN).

(
Then for any 6 > 0, when m 2, w ((In(m/ep)) +1n(1/9)) we have

| R <Vg e Flw, f,« Zln ) Z (o — 4e)m> >1-—0. (260)

Proof. Recall that a tabular RL instance g € F, we use g.[s, a] to denote its reward distribution
given state-action pair (s, a), and gp[s, a] its transition. We prove this lemma using the covering
argument.

The covering set. Define

- € € exp(—a/7)(en)/*
VTR 2H|S] 2Hpolylog(2mH/8)’  4S]2|A] '

Let C C F be the minimum covering of F such that for any g € F (parameterized by p, u), there
exists ¢’ € F (parameterized by p’, u’) such that

[s,a)(s') — gpls, al(s")| < ex, sup Drv (g,[s, alllg)[s, a)) < /", (261

s,a,s’ s,a

By item (d) of Condition [4] and a standard covering argument for discrete distributions, we have
In|C| < |S||A|In(1/€1). For any g’ € C, we consider the induced instance § defined by

gpls,al(s") + e

Gpls alls') = = e Ol al() = grls,al(). (262)
In the following, we prove that
(a) with probability at least 1 — §/2,
Pr Vg € F, 1 m > — >1-4/2 263
To,~f[mi],Vi g e Z ng ](0) Z —me | =2 / . ( )
i=1 ’L K2

(b) Diuf)\(ng) > o— 2¢e fOI'g € ‘F(wafa Oé).
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To prove (a), recall that o; = {(s;n, @i pn, riyh)}le represents a trajectory. Consequently,

Z In M (264)
: ﬂ'i O'L
oy Gplsins ainl(sine1) | o~y Grlsin, ainl(rin)
— Zln P : +Y O I Emn (265)
im1 he1 pSihs @i ) (Sint1) =1 he1 9r[Sihs ain] (i)
AN drlsins ain)(rin)
> — In(1 4 |S|er) + In 2oL TR (266)
2.2 35wt
By item (a) of Conditionﬂ 4] and union bound we get with probability at least 1 — 6/2
ZZI Grlsi.n, ain)(rin) > —mH e polylog(mH/§) > —me/2. (267)
i—1 h—1 S'thazh]( )
Therefore,
m m H
Zln : Z |Sler — me/2 > —me, (268)
=1 h=1

which proves (a). For (b), by algebraic manipulation we have

Dy (gr]llg[x]) < Z Drv(pls, alllgpls, al) + Drv (rls, all|g.[s, a])) (269)
Pls,al(s") + &1
< —_ = S 270
< PR )| +isldle 270)
p’[s,a}(s’) +éa / ’
< e Ys,a - , S||A
< X | P aisr Pl - al + X Wl all) + e = plsal()] + 18] Ale
s,a,s s,a,s
271)
< AISP|Aler < exp(—a/y)(eX)V*. (272)
Applying Lemma[G.3] we get item (b).
Uniform concentration via covering. Now we apply Lemma[A:2]and union bound. When
< [SIA/In(1/e1) o In(|C|/6)
~ Ae ~ e
with probability at least 1 — §/2 we get
- flmil(0:) X .
In ————= >m(D?_,(fllg) —¢), VgecC. (273)
i:Zl g[ﬂi](oz) ( 1 /\( || ) )
By item (a) of the covering property, with probability at least 1 — 6/2,
Em:lnM >ilnM—me. 274)
— glmil(o) ~ = glmil(os)
By item (b) of the covering property,
1-A(f1l9) = o —2¢ (275)
Combining Eqs. (273), 274), (275), with probability at least 1 — J,
Z ln > m(o — 4de). (276)
O
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G HELPER LEMMAS

The following lemma shows that the Rényi divergence of a marginal distribution is smaller than that
of the original distribution.

Lemma G.1 (Theorem 1 of [Van Erven & Harremos| (2014)). Consider any distributions f, g over
variables x,y. Let f(x), g(x) denote their marginal distribution over x respectively. For any o €
(0,1), we have

Dao(f(2)llg(x)) < Da(f(z,9)llg(z,y)). 277)

Proof. When a € (0,1), we have —5 < 0. As a result, we only need to prove that
/facy xylo‘dxy</f z) T d. (278)

We prove this by Holder’s inequality. In particular,

/f(xay)"‘g(x,y)l’“dxy (279)
= [ 1@ 9@ [ 1|0t ) dyds (250)
S/f(x)“g(x)l’a (/f(y | w)dy>a </g(y | fv)dy>1_a da (281)
S/f(:c)“g(x)l_“dx. (282)
O

Intuitively, the following two lemmas upper bound the difference of Rényi divergence by the TV
distance.

Lemma G.2. For and fixed A € (0,1),« > 0,¢ > 0 and distribution f, consider two distributions
g, § such that Dy (g||§) < exp(—a)(A\e)'/*. Then we have

Dy-x(fllg) = min{c, D1-x(fllg)} — €. (283)

Proof. Let k = min{a, D1_x(f]|g)}. We start by proving

/f g )‘dxf/f P g(2) da

By Holder’s inequality we get

/ F(a)' Ag(a) d — / F(@) g da

< (exp(Ae) — 1) exp(—Ak). (284)

(285)

SVCE |dx) (/s da:) (86)
< exp(—Aa)de (287)
< exp(—Aa) (exp(Ae) — 1) (288)
< exp(—Ak) (exp(Xe) — 1), (289)

where the Eq. (288) follows from the basic inequality 1 + 2 < exp(z) for z > 0.
By the definition of Rényi divergence,

[ 1@ g0 de = exp(-AD1-A(Fl9)) < exp(-n). (290)
Combining Eq. (289) and Eq. (290) we get,
[ 1@ 9 e < exp(-Atn - ). 291)
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It follows that
1
Dia(flg) = =5 In / f(@)' 7 g(z) e > K — e (292)

O

Lemma G.3. Forandfixed A € (0,1/2),a > 0, € > 0 and distribution g, consider two distributions
> f such that Dy (f||f) < exp (fﬁoo (Ae)Y =X Then we have

D1-x(fllg) = min{e, D1_(fllg)} — €. (293)

Proof. We use a similar proof as Lemma|G.2} Let x = min{c, D1_(f||g)}. Then we have

‘/f ) Ag(x) e — /f ) Ag(x) e
(/‘f ‘dx) (/ ()dgc>A (295)

(294)

<
< exp (—Aa) Xe (296)
< exp(—Ak) (exp(Xe) — 1), (297)

By the definition of Rényi divergence,

[ 1@ gla)de < exp(-AD1-A(Flg)) < exp(-n). (298)
Combining Eq. and Eq. (298) we get,
[ @9 e < exp(-Atn - ) (299)
It follows that
Dia(flg) = =5 1n [ F@)' Mg o= 5 - e (300)
O

The following lemma is used to prove that when f is close to f* (measured by TV distance), we can
use f to approximately solve C(f*) (see Lemma C.2).
Lemma G.4. For an instance f € F andn > 0. Let § = (Inlnn)~"/* and ¢ = (Inlnn)~'. For

any W € le‘ such that ||| e < (Inlnn)/4, define w = {m;}7, be a list of decisions where a
decision 7 occurs [((140)wr+0) Inn] times for every m € I, and m =3 _[((1+0)w,+0)Inn].
Consider two instances f, f € F such that there exists constant cg > 0 with

Inlnn

Drv(flallsial) 5 () v e

Inn

Define the set F (0, f) = {g € F : Y ey W= DxL(f[7]llg[7]) > 1}. Then for any constant ¢ > 0,
there exits ng > 0 such that for all n > ny,

; 1
Dy (fllg) > == +ce, Vg€ Fli, f). (301)

Proof of Lemma First we invoke Condition [I| with proper parameters. Define

A=) <4(ln Inn)3/4, — f) (302)

lnn
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By the definition of m and the fact that |||/, < (Inlnn)/* we get
|TI| Inn

(ln Inn)l/4

Leta £ 122 4 (¢4 2)e < ‘H‘ (In lnn)1/4. Consider v = miny £ [((1 + &)@, + &) Inn]. By the

upper bound of m we get v >

< m < 2/|Inn(lnlnn)t/4, (303)

2|T1|(In ln n)l/2*

We invoke Condition |l| with parameters («/v,€, f). For large enough n we have a/y <
4(In1nn)3/4, which implies that A < A\g(/7, €, f). Then for any 7 € II we get

Dy A(f[7]llg[n]) = min{a/v, Dxr(f[x]llgln]) — €} (304)

We claim that D (fllg) > 1“7" + (c+ 2)e, Vg € F(w, f) for large enough n. Indeed, by the
definition of w we get

mDEL(fllg) = Y ((1+ 8)ix + 8)(nn) Dicr(f[mlllgln]) > (1+6)lnn > Inn + (c+ 2)me

(305)
Let
e1 = exp(—a/v)(Ae)? = Q (exp(f(ln Inn)3/*)poly(InIn n)) .
By Lemma with parameters (A, a/7,€) and the assumption that Dpv(f[x]||f[x]) <
(h{é—nn”)cﬁ = o(ey) for all € I, we get
Di-A(f[rlllgla]) = min{a /v, Diox(fla]llg[n])} — e ¥ € I1. (306)
Now we consider the following two cases.

Case 1: There exists m € w such that Dk, (f[n]||g[7]) > «/~. In this case Eq. (304) implies that
D1_x(f[x]|lg[7]) > «/v — €. Combining with Eq. (306) we have

Di_a(fl7]llglx]) > a/y — 2e. (307)
As a result,
by f||g) L izzl]l[ﬂ = 7] (a/v—26)>a—26—m#+ce (308)

Case 2: For all 7 € w, Dk (f[7]|lg[7]) < «/v. In this case we also have D;_(f[r]||g[7]) <
a/v, ¥r € w. Therefore Eq. (306) and Eq. (304) implies that

Di_A(fllllglx]) = Di_x(f[x]llgln]) — e, (309)
Dix(flr]llgln]) = Dxr(f[7]llg[n]) — €. (310)
As a result,
DY a(fll) 2 3 (uoaslfmd) =9 2 002 (D (flmllalm ~20) G
=1
= Dgy(fllg) —2¢ > lnl + ce. (312)

Combining the two cases together, we get D}, ( fllg) > 4 ce. O

Inn
m

The following lemma is used to prove a nice property of the covering (see Lemma [FI)).
Lemma G.5. Consider any ¢ > 0,a > 0, sequence of decisions w = {m;},. Let vy =
% Milyrew Y orey L = @) and X = Xo(a/7. €, f) be the value that satisfies Condition For
two distributions f, f € F such that

Drv(gllalr]) < exp(—0/)(A) " ¥ € I

we have
DY \(f11g) = min{Dgy(fllg), a} — 2e. (313)
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Proof of Lemma[G3} Let € = exp(—a/v)(Ae)'/* and k = min{D{, (f|lg), a}.
By Lemma|G.2|and the fact that Dy (g[7]||g[r]) < €1,V € IL, for any 7 € II we have

Dy x(fl7]llg[m]) = min{a/y, Di(fmlllglr])} — €. (314)
Applying Condition ] for any 7 € II we have
Dix(flxlllglr]) = min{e/v, Dk (f[x]lg[x]) — €}. (315)

Now we consider the following two cases.

Case 1: There exists 7 € w such that Dy, (f[7]||g[n]) > /7. By the definition of x we have
k < . In this case Eq. (313)) implies that Dy _»(f[x]||g[w]) > x/v — €. Combining with Eq. (314)
we have

Dy (f[n]llgln]) > K/v — 2e. (316)
As a result,
1 m
DY \(f119) 2 — Y T[mi = 7] (5/7 — 2€) 2 5 — 2e. 317)

i=1

Case 2: For all 7 € w, Dkr(f[7]|lg[r]) < k/~. In this case we also have D1_»(f[r]||g[7]) <
k)7, Vr € w. Therefore Eq. (314) and Eq. (3T3) implies that

Dia(flnlllgln]) = Droa(flxlllglx]) — e, (318)
DiA(flwlllgln]) = D ( [llgln]) — e (319)
As aresult,
DEAf1G) > S (Dia(flmllglmd) — ) > - (D (Flmillglm]) —20)  (320)
i=1 =1
=Dxr(fllg) —2€ > K —2e. (321)
Combining the two cases together, we get D}’ (f]|g) > k — 2e. O

The following lemma shows that for truncated Gaussian distributions, the difference in their density
function can be upper bounded by their KL divergence. We use this lemma to prove Condition 3] for
tabular RL with truncated Gaussian reward.

Lemma G.6. Consider two truncated Gaussian distributions p1, p2 with density

1 xr — s 2
(o) =1 € [-2.2] 7 exp (-0 622
K3
where Z; is the normalization factor. Assuming 1, p2 € [—1, 1], we have
w 191(#) = ()] < 36 Dxcr,(p1|p2)/°. (323)
ze[—2,2

Proof. We first prove that |u; — 2] < Dkrn(pillp2)'/®. Then we show that
SUP,e(—2,9) [P1(®) — p2(2)| < |1 — pal-

By Pinsker’s inequality,

Drv(pilp2) S Dxu(pillp2)'/?. (324)
Now we prove that | — u2| < Dry(pillp2). W.lo.g., we assume Z; > Zo > 1/v/27 and
11 < po. Then we have, for any T € [u1, 11 + 411(}1,2 — 1)),
1 (2 — p1)? (2 — m)?
- > W2 Ty (- 22 T A 325
pi(z) — p2(z) > W exp( 55 )~ exp( 5 ) (325)
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\/12? exp <W> <exp(i(u2 —m)?) - 1) (326)

1
> (g — 1q)>. 327
T 4e2\/21 (hz = o) 320
As a result,
1
Drv(pillp2) > ~(p2 — 1) (p1(z) — pa(2)) 2 |2 — pal’ (328)

— 4

Now we prove that sup,c(_o o] [P1(2) — p2(2)| < |1 — pi2|- By definition, for any = € [-2,2] we
have

1 —up)? 1 — 12)?
(o) = (o)l = | e (<) < e (-2 (329
1 (x —m)? (z — p2)?
<|1/Zy —1/Zs| + A exp (—2> — exp (—2> . (330)
2 2
< 4|2y — 2] + 2fexp <—(I‘2’“)) _exp (—(”3‘2“2)> , (331)

where the last inequality comes from the fact that Z; > 1/2 when |u;| < 1. For the second term,

Y N2
exp [~ E)N (LB m) (332)
2 2
_ (z — p)?
B G — lexp((p2 — pa)(p2 4+ p1 — ) /2) — 1] (333)
< 2lpg — pal- (334)
For the first term,
2
|Z1 — Zs| < / lp1(x) — p2(z)|dr < 8|ua — pua. (335)
r=—2
As aresult, we get
Ip1(7) — p2(z)| < 36|ue — . (336)
Combining Eq. (328) and Eq. (336) we prove the this lemma. O

The following lemma can be viewed as an perturbation analysis to the covariance matrix in linear
bandits setting. We use the lemma to prove that our complexity measure recovers that in (Lattimore
& Szepesvari, 2017)).

Lemma G.7. For a fixed positive definite matrix A € R**¢ and an unit vector v € R?, let G, =
(A+nzx") " and Ga = lim, oo (A + pxz")~L. Then

Tmax (A7)
G1— Gl < ———————~. 337
[G1 = Gall2 < 15 nomm(A-1) (337)
Proof. By Sherman—Morrison formula we get
4 nATlzzTAT?
G=A Ty 339)
)  pATlzzTATT

Gy= lim A°t -~ 339
= A A 35

Then for any v € R¢ such that ||v]| = 1, we get

TA—l TA—l TA—l TA—l

0T (Gy — Gy = lim 222 T2 £ U M0 2 I 20 (340)

poo 1+pxl Az 1+nzl A1z
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(p—n)w A lzaT A=y

= lim 41
o0 (1+nzTA-1z)(1+ pz T A-lx) (341)
T A=1,.,T p—1
_ vﬁA zx AT 1i (342)
2T A lx(1+nxT A~ lx)
v A7l
<_vA4a v 4
T l4+naTA (343)
Umax(A_l)
. 44
= 1T+ nomm(AT) (344)
O

The following lemma upper bounds the difference between KL divergence and Rényi divergence,
and is used to prove Condition [I]

Lemma G.8. For any two distribution f, g and constant A € (0,1/2), we have

Deaflo) - Proaisle) < 25y [ (w2OY] (345)
kL (fllg 1-2(fllg) = SBony o) :
Proof. Recall that
1
Dyxmmz—fm/ﬂ@“wwﬁ@.
Define the function (A f f(o 0)*do. By basic algebra we get
)y 1lld 346
/f R O o
h// 1/\ 129()d. 347
)= [0 FiC 4D
By Taylor expansion, there exists £ € (0, A) such that
2
h(X\) = h(0) + AR/(0) + %h”(g). (348)
By definition we have h(0) = 1 and h’'(0) = —Dx1(f||g). As a result, we get
1
Di_x(fllg) = D Inh(A) (349)
2
::_im(l—nkmfw+A./ﬁmk%w%m?ﬁgmﬁ (350
>D )¢ g(0)f n® L9 g 351
«wlfle) -5 [ 10 wt £0 @3s1)

By Holder’s inequality, when £ < A < 1/2 we get

)1=Cg 51 2 9(0) d 352
/f_ 7o) >y
go 2 90)
=E,o 353
f_(fo wﬂ 359
_ 2 71-¢
g@qﬁ ( ww>€
< EON YRy EON 1 Y2RN 354
= Fout | 70) f[ " 7o) 339
- (0) 47 1/2
g(o
< Eon 1 . 355
= f_(“ﬂ@)] (352
Combining the inequalities above we get the desired result. O
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