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Organisation of the supplementary

This appendix is organized as follows. Appendix A summarizes general facts that will be useful
for proofs. Appendix B and Appendix C provide additional details on Riemannian metrics and
technicalities on self-concordance, respectively. The c-BHMC algorithm is presented in Appendix D
with some results whose proofs are given in Appendix E. Appendix F presents general facts about
numerical integration and specific facts on the integrators used in n-BHMC. Appendix G dispenses the
proof of the result on implicit integrators of n-BHMC, stated in Section 4.1. Appendix H presents the
modified version of n-BHMC, incorporating a step-size condition, for which we state the reversibility
with respect to the target distribution in Section 4.2. Proof of this last result is given in Appendix I. A
detailed comparison between n-BHMC and CRHMC (Kook et al., 2022a) is given in Appendix J.
Finally, Appendix K provides more details on the experiments of Section 6.

Notation. For any Riemannian manifold (M, g) and any z = (x,p) € T*M, we denote by || - ||
the norm (7) defined on T*M by [|(z’,p')||. = [|2'[|g(z) + I[P/ g(a)-1 for any (', p’) € T*M. For

any open subset U C R% and any k € N, we denote by C*(U, R?') the set of functions f : U — R%
such that f is k times continuously differentiable.

A Useful facts and lemmas

We recall here some basic knowledge on linear algebra and probability, and state useful inequalities
for our proofs.

Linear algebra reminders. For any matrices A, B € R4*e we write A < B if for any x € R4,
2T (B — A)z > 0. Any positive-definite matrix A € R?*¢ induces a scalar product (-,-)4 on
R, defined by (x,y)a = (x, Ay). This scalar product induces the norm || - ||o on R¢, defined by
llzl|a = v/(z,2) s = ||AY/?2]|5. For any positive-definite matrices A, B € R%*¢ and for any a > 0,
A < aBisequivalentto || - |[s < v/a| - ||g. The canonical norm of R¢ induces the norm || - ||
on R¥*4, defined by ||Al2 = SUP|y|,=1 [[Aul2. In particular, for any matrices A, B € R¥*4 and
any vector ¥ € RY, ||Az|lz < ||A]l2]|x||2 and ||AB||2 < ||A[|2||B||2. Moreover, if A is non-negative-
definite, then ||A]|2 = A(A), where A(A) is the largest eigenvalue of A, and ||A%||2 = A(A)® for any
a > 0.

Probability reminders. In this section, we consider a smooth manifold M C R<. We first recall
the definition of reversibility (Douc et al., 2018, Definition 1.5.1) before stating general results on
reversibility.

Definition 4. Ler Q : T*M x B(T*M) — [0, 1] be a transition probability kernel and let 7 be a
probability distribution on T*M. Then,

(a) Q is said to be reversible with respect to 7 if for any f € C(T*M x T*M, R) with compact
support

fT*MXT*M f(Z7ZI)Q(Z7dZ/)7_T(dZ) = fT*MXT*M f(zl’ Z)Q(Z7dzl)7_r(d2) .

(b) Q is said to be reversible up to momentum reversal with respect to 7 if for any f € C(T*M x
T*M, R) with compact support

Jremxrom [(22)Q(z, 427 (d2) = [ragyeram f(5(27),5(2)Q(z, d2")7(dz)

where we recall that for any (z,p) € R x RY, s(x,p) = (x, —p).

Lemma 5. Ler Q : T*M x B(T*M) — [0,1] be a transition probability kernel and let & be a
probability distribution on T*M. Assume that su7 = T and that Q is reversible up to momentum
reversal with respect to 7. Then T is an invariant measure for Q, i.e., for any f € C(T*M,R) with
compact support

Jremserem F(Z)Q(z,d2)T(d2) = [1upyyopem (2)T(d2) -
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Proof. Let f € C(T*M,R) with compact support. We have

Jremserom £(2)Q(z, d2')7(d2)
= Jramxrem f(8(2)Q(z,d2")7(dz ) (Definition 4)
= Jpemxrem £ (2)Q(s(2), d2") (s = [puw f(2)7(dz) (momentum reversal on 2) ,

which concludes the proof. 0

Lemma 6. Ler Q : T*M x B(T*M) — [0, 1] be a transition probability kernel and let T be a
probability distribution on T*M. Assume that s Q = Q and that Q is reversible with respect to 7.
Then, Q is reversible up to momentum reversal with respect to T.

Proof. Let f € C(T*M,R) with compact support. We have
fT*MXT*M f(Z,Z/)Q Z7d l) (dz)

z
= Jremxrem £ (2, 8(2

(
( N (5£Q)(z,d2")7(d2) (momentum reversal on 2')
= fT*MxT*M (', 5(2))Q(z,dz")7(dz) (Definition 4)
= Jpemxrem f(3(27), 8(2)) (52Q) (2, d2")7(dz) (momentum reversal on z’)
= Joemxrem F(3(27),5(2))Q(2, dz")7(dz)
which concludes the proof. O

Useful inequalities. The following inequalities hold:

(a) Forany u € [0,1/5], (1 —u)™2 <1+ 3uand (1 —u)~3 <1+ 5u.
(b) Forany u € [0,1/2], (1 —u)™! <1+ 2u.

(c) Forany u € [0,1], |(1 —u)? — 1| < 3u.

(d) Forany u > 0,wehave 1 — (1 +u)~! <wand (1 —u)?—1> —2u.

B Details on Riemannian metrics

Let M be a smooth d-dimensional manifold, endowed with a metric g. We recall that the Riemannian
volume element corresponding to (M, g) is given in local coordinates by dvoly (z) = /det(g)dz,
where dz is a dual coframe, (Lee, 2006, Lemma 3.2.). For any x € M, we respectlvely denote by
T;M and T M, the tangent space at = and its dual space, i.e., the cotangent space at z. Note that
T, M and T} M are space vectors, and T, M is endowed with the scalar product (-, -) 4 by definition
of the Riemannian metric. For clarity sake, we denote by v (resp. p) an element of the tangent
(resp. cotangent) space. We recall that the tangent bundle TM and the cotangent bundle T*M are
respectively defined by TM = Uyem{z} UT;M and T*M = U,em{z} U T;M. These two sets are
2d-dimensional manifolds.

Metric on the tangent bundle TM. Sasaki (1958) originally introduced on TM a Riemannian
metric g, which, among other properties, preserves the Euclidean metric induced by g on each tangent
space. This metric is defined by

R (913 +Uk1}lrk Fl st _gjsvkl'\fS)
g= gzsvkr 9ij )

where g;; and g% respectively refer to g and g—!, and I corresponds to the Christoffel symbol. Since

(TM, g) is a Riemannian manifold, the volume form on TM satisfies for any (z,v) € TM

dvolpm(z,v) = \/det(g(z, v))dzdv = det(g(x))dzdv .
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Metric on the cotangent bundle T*M. Elaborating on the metric defined by Sasaki (1958), Mok
(1977) showed that for any 2 € M, T;M is naturally endowed with the scalar product (-, -) g(z)-1,
and proposed a Riemannian metric g* on T*M, which notably preserves this result on each cotangent
space. This metric is closely related to g and is defined by

o= (g” +p"pTII g% g SPFFi?é)
_gzspkréys g’i]
Since (T*M, g*) is a Riemannian manifold, the volume form on T*M satisfies for any (z,p) € T*M
dvolr«m(z, p) = v/det(g*(x, p))dadp = dadp .

In contrast to the tangent bundle, the volume form on the cotangent bundle does not depend on g,
which motivates to augment on T*M (instead of TM) any target measure 7 defined on M.

C Properties of self-concordance

We first recall the definition of self-concordance and derive some of its properties in Lemmas 8 and 9.
Definition 7 (Nesterov & Nemirovskii (1994)). Let U be a non-empty open convex domain in R%. A

Sunction ¢ : U — R is said to be a v-self-concordant barrier (with v > 1) on U if it satisfies:
(a) ¢ € C3(U,R) and ¢ is convex,

(b) $(x) — +ooasxz — AU,

(c) |D3¢(z)[h, h, h]| < 2Hh||§(1),for anyx € M, h € RY,

(d) |Dg(x)[R]|? < VHhHg(w),for anyx € M, h € R?,

where g(z) = D?¢(z).

Self-concordance can be thought as a certain kind of regularity. Indeed, if ¢ is a v-self-concordant
barrier on a convex body U, then D2¢ is 2-Lipschitz continuous on U with respect to the local norm
induced by g (see Property (c)), and more restrictively, ¢ is v-Lipschitz continuous with respect to
the same norm (see Property (d)).

Lemma 8. Let ¢ : U — R be a v-self-concordant barrier with g = D%¢. Assume that U is bounded.
Then, |V¢(z)||2 — 400 and ||g(z)]]2 = +o00 as z — OU.

Proof. Since ¢ is convex, we have, for any (z,y) € U2

o(2)< o(y) + Vo(x)(z —y) ,
[P()|< o) + IVo(z) 2]z — yll2
<lp)| + V()2 diam(U) ,

where we used Cauchy-Schwartz inequality in the second line. Using Property (b) of ¢, we obtain
that ||V¢(z)|l2 — 400 as  — OU. By combining this result with Property (d) of ¢, we obtain that
llg(x)||2 = 400 as x — OU. O

According to Nesterov (2003) (see Lemma 4.1.2), Property (c) of self-concordance is equivalent to
|D3() 1, ha, hs]| < 2113 Ihillgce) »
for any x € M and any (hy, ho, h3) € R? x R? x R,
Letu : R? — R? be a linear operator. For any x € RY, we define the operator norms llu]| g(z) and
l[ullg(z)-1 by
[ullg(zy = sup{u(g(x)h) : [IAllg@) =1},
[l gz)—1 = sup{u(g(z)""h) ¢ ||hllgm)-r =1} .

In addition, a set V C R? contains no straight line if for any D, = {tzo : t € R} with 2 # 0, we
have V¢ N D, # 0.

16



Lemma 9. Let ¢ : U — R be a v-self-concordant barrier with g = D?@. Assume that U contains no
straight line. For any x € U and any r > 0, we denote by W°(z, ) the open Dikin ellipsoid of ¢ at
, given by WO (z,7) = {y € R? | ||y — ||g(x) < r}. Then, the following properties hold:

(a) Forany x € U and any (hy, hy) € R? x R?

| D3 ¢(x)[h1, ho]llgz)-1 < 2[|P1 ]l g 1h2 o) -

(b) Forany x € U, W°(z,1) C U, and for any y € W°(z, 1)
(1= lly = llg))?a(@) = 8(y) = (1= lly — zllg)) 0(2) -

(c) Forany z € U, any y € W9(z, 1) and any h € RY, the following hold

1Pllg@) < (1= 1y = 2llg@) " Rllge) -
[7llgiy) < (L= lly = zllg@) ~ NAllg(a) -
[7llg@)—1 < (1= lly = zllg@) " IRllg)-1 -
[llgey-1 < (1= lly = zllga)) " 1llg(a)-1 -

Proof. The result is a direct consequence of (Nesterov, 2003, Theorem 4.1.3, Theorem 4.1.5, Theorem
4.1.6). O

We now introduce a-regularity, which slightly strengthens self-concordance, by ensuring that D3¢
is a(a + 1)-Lipschitz continuous with respect to the local norm induced by g (see (11)). We state
below the definition of a-regularity as well as some of its properties in Lemma 11.

Definition 10 (Nesterov & Nemirovski (1998)). Let o > 1 and U be non-empty open convex domain
in R, A self-concordant function ¢ on U is said a-regular, if ¢ € C*(U,R) and for any x € U and
any h € R¢

|D (), hy b, h]| < ala+ D)]|AI o) 1A, -
where ||h|lyz == inf{t"! |t > 0,2+ th € U}.
Lemma 11. Let ¢ : U — R be a a-regular function with g = D?¢. Assume that U contains no
straight line.

(a) Forany x € U and any h € R?

|D*¢(@)[h, b b, h)| < a(a+1D)[Allg, - (11)

(b) Forany x € U, any (hy, ha, hs, hy) € R x RY x R4 x RY

4
D¢ () (1, ha, b, ha]| < e+ 1) T 1Pl g e - (12)

i=1
(c) Foranyz € U, anyy € WO(z, 1) and any (hy, hy) € R? x R?
[1D3¢(x)[h, ha] — D*é(y)[ha, halllgw)-1 < ala + 1)/3[ha [l 1h2l o) (1 =y = zllg@) > = 1) -
(13)

Proof. We first prove (11). First remark that the result is true for h = 0. Consider now h # 0.
Let e > 0. We define t. = (1 + 5)*1||h|\g_é) >0,y5 =z +t.handy, = x — t-h. We have
lz — v llgz) = llz — ¥z llgey = 1/(1 +€) < 1. Hence, y- € U and yF € U by Lemma 9.
Therefore, ||h]ly. < ¢! and

Do), by B < afar+ DA (1 +€)?.
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We conclude upon taking € — 0. Then, (12) is an immediate consequence of (11) using (Nesterov &
Nemirovskii, 1994, Proposition 9.1.1). We now prove (13). Using Lemma 9, we have

1D3 () [, ha] — D> (1) [ha, Bl g1
< Jy 1Dz + t(y — 2)[h1, ha,y — 2] (o)1t
< Jy @ =ty — 2llgw) "M ID (@ + tly — 2)[h1, ha,y — 2 gamroqy—oy -1t
< Jo ala+1)/(1 =ty — zllg@) 11 llgterir—o | h2llotriw—en |y — Zlg@sity—endt
< alo+ D) [hallgeolh2llae) fo 1y = 2llg@) /(1 = thy — 2l gem)) dt
< ala + 1) /3l oy 2l gy (1= Iy — 2llg(e) > = 1) ,

which concludes the proof. O

We now prove the equivalence between the Euclidean norm and the norms induced by g and g .

Lemma 12. Let (U, g) be non-empty Riemannian manifold in R%. For any x¢ € U, any (x,p) €
U x R% we have

FES RS

lla(zo)lla

1/2
lzll> < l2llg@we) < lla(zo)lls [z ,

1/2 —111/2
PlIplla < Ipllgto)+ < llat@o) ™15 lIpl2 -

In addition, let

1/2 _ 1/2
Oy = max([|g(zo) 15, [la(z0) ~H3/*) > 0.
Then, we have

1/Cay(lzll2 + lIpll2) < l2llgzo) + [1Pllg(zo)— < Cao(llllz +lpll2) -

D C-BHMC: Algorithm and Results

In this section, we first state general results on the Hamiltonian dynamics (3) under our main
assumptions. It allows us to introduce the continuous version of BHMC (c-BHMC), for which we
derive the reversibility with respect to 7r. Full proofs of this section are provided in Appendix E.

Results on the Hamiltonian dynamics. Using Cauchy-Lipschitz’s theorem, we obtain in Proposi-
tion 13 the existence and uniqueness of the Hamiltonian dynamics (3), starting from any zo € T*M.

Proposition 13. Assume A1, A2. Let zo € T*M. Then (3) admits a unique maximal solution (J,, z),
where (i) J,, C R is an open neighbourhood of 0, (ii) = € C1(J,,, T*M), (iii) z(0) = zy and (iv)
foranyt e J,,, H(z(t)) = H(z0).

In contrast to the Euclidean case (i.e., g(x) = 14), the Hamiltonian dynamics (3) relies on a metric
derived from a self-concordant barrier, and thus is defined up to an explosion time. In the next result,
we characterize the behaviour of the solutions when this explosion time is finite.

Proposition 14. Assume Al, A2. Let zo € T*M, (J,,, z) as in Proposition 13. Assume T,, =
sup J, < +oo, then we have

(a) limyr, |Ip(t)[2 = +oc.
(b) There exists x\y € OM such that limg 7, z(t) = zm.

In the rest of this section, we define the Hamiltonian flow as the map T : D — T*M, where
D = {(h,20) : 20 € T*M, h < sup J,,}, such that T\,(z9) = z(h) for any (h, z9) € D, z being
uniquely defined from zp in Proposition 13.

Introduction to c-BHMC. In the case where D = T*M x R, the definition of the Hamiltonian
dynamics ensures that T, is involutive (up to momentum reversal) for any h > 0, which is key to
derive reversibility in BHMC. However, in our manifold setting, there is one subtlety that needs to be
checked, namely that the Hamiltonian flow does not leave the cotangent bundle in finite time. As
detailed in Proposition 14, there is indeed no guarantee that this flow is defined for all times, i.e., that
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we have D = T*M x R, due to the ill-conditioned behavior of the dynamics near the boundary of
the manifold. Therefore, given a time horizon i > 0, we restrict the cotangent bundle to the points
where the Hamiltonian flow is defined up to time h. Hence, we define, for any i > 0, the sets

En={20€T*M: h<supJ.,}, En={z¢€Ey: h<sup J(soTn)(20)} -

Note that elements of E;, correspond to points z, for which:

(a) we are able to compute exactly the Hamiltonian dynamics (3) starting from zo on the time interval
[0, h], by considering {T+(20) }+e[o,) (since Ex, C Ep),

(b) we are also able to compute exactly the reversed dynamics - up to momentum reversal - starting
from (s o T})(20) on the time interval [0, h)].

In Appendix E, we prove that T}, is symplectic (up to momentum reversal) on Ej, for any i > 0,
which thus ensures that the Hamiltonian dynamics is reversible with respect to 7, see Lemma 16.

Let A > 0. Our algorithm c-BHMC, whose pseudo-code is provided in Algorithm 2, then proceeds
as follows at stage n > 1. Assume that the current state is (X, —1, P,—1) € T*M. First define
a partial refreshment of the momentum P, J1— BP,_1 + /BGy, where G,, ~ N,(0,1,) is
independent from P,,_;. Then, verify that (X, _1, P,) € E},, which ensures that the Hamiltonian
flow is involutive on the time interval [0, h], starting at this state. In the same spirit as in Algorithm 1,
we refer to this step as an “involution checking step”, which is highlighted in yellow in Algorithm 2,
although the involution property directly derives from the Hamiltonian dynamics. If this step is valid,
define (X,,, P,) = Tr(Xn_1, Pn); otherwise, set (X, P,) < s(X,_1, 15,1) Finally, update the
momentum as in the beginning of the iteration to obtain the new state (X,,, P,,).

Algorithm 2: c-BHMC with Momentum Refresh

Input: (Xo,P) € T*M,8€ (0,1, NeN,h >0
Output: (X, Pn)ne[N]

forn=1,..., N do
Step 1: Gn ~Ng(0,14), Py < /T = BPu_1 +/BGn
Step 2: solving continuous ODE (3)
if (Xu_1,P,) €Ep then (X, Py) + Tn(Xn-1, Py)
else (X,,P,) < s(Xn_1,P)
Step 3: Gh ~Ng(0,14), P, < 1= BP, + +/BG,,
end

Denote by Q. : T*M x B(T*M) — [0, 1], the transition kernel of the (homogeneous) Markov chain
(X, Pn)nepn obtained with Algorithm 2. Using the properties of the Hamiltonian dynamics, we get
the following result.

Theorem 15. Assume A1, A2. Then, Q. is reversible up to momentum reversal, i.e., we have for any
f € C(T*M x T*M, R) with compact support

Jremsrom £ (2, 2)d7(2)Qe(2,d2) = [rupyepem £(5(27), 5(2))d7(2)Qe(2,d2') .

In particular, T is an invariant measure for Q..

E Proofs of Appendix D

E.1 Existence, uniqueness and explosion time of Hamiltonian dynamics

We prove below Proposition 13 and Proposition 14.

Proof of Proposition 13. Assume A1, A2. In particular, M contains no straight line, and Lemmas 9
and 11 apply here. We rewrite the ODE (3) as a Cauchy problem defined on Banach space E =
(R? x R || - |lg) where |[(a,b)|le = ||al|2 + [|b]|> for any pair (a,b) € R? x R We define
Q= M x R%, which is an open set in E. A solution (J, z) to this Cauchy problem is defined for all
t € Jby

2(t) = F(2(t)) , 2(0) =z, where F(z,p)= (0pH(z,p),—0,H(z,p)) ,
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such that .J is an open interval of R with 0 € J, and z = (x,p) : J — Q is differentiable on J. We
now prove two results on F to establish existence and uniqueness of a maximal solution (.J, z) for
this Cauchy problem:

(a) F'is continuously differentiable on {2.

(b) F is locally Lipschitz-continuous on 2 with respect to || - ||g.

Since VV, Dg € C*(M, R), we directly obtain Item (a). We now prove Item (b). Let Z = (7, p) € .
We endow E with the norm || - ||z. Since M is an open subset of RY, there exists 0 < r < 1/(11C5),
where we recall that C is defined in Lemma 12, such that By, (z,7) € M. We consider such r,
and we define B = By (2,7) and By = By, (%,7), where 7 = Czr < 1/11. In particular, we
have by Lemma 9-(b) that By C By, ., (%, T) x Bl a1 (p,7) C Q since 7 < 1. Moreover, using
Lemma 12, we have B C By C Q.

Since V € C?(M,R), VV is Lipschitz-continuous on By, i.e., there exists Cy, > 0 such that for any
(z,2') € By x By,
[VV () = VV (2" )|lg)-1 < COvllz — ' || - (14)

We first show that F is Lipschitz-continuous on B, with respect to || - ||;. Consider (z,z") €
By x By denoted by z = (z,p) and 2/ = (2/,p’). Note that (z,2') € W°(z,1) x W9z, 1),
where WO(z, 1) is defined in Lemma 9. We first bound || F'™) (2) — FM(2")|| g2y = [|0pH (2) —
OpH(2')||g(z)- We have

OpH (2) = OpH(2') = g(x)'p — a(a’) 10 = g(2) " (p — ') + (8(x) " —a(a’) "),
then,

10, H (2) = O H (g2 < lla(2)"*g(x) " a(2)llzlp — 1 @)+ (15)

+ (@) 2 (g(2) ™" = o(2") (@) 22l g1 -
Using Lemma 9-(b), we have
1=z = 2llgw)*e(@ " 2 a@) ™ =2 (1= |7 = 2llgw) 0@ ",
and thus,
(1= 117 — @llg))*La = 8(@)"2a(2)"'9(@)"2 2 (1~ |17 — 2lg2)) "*La
(1—7)La < 9(z)'Pg(a) Mo(@)'/? < (1-7)La.

i~2 |

Therefore, we have
lo(@)"2g(z) " a(@) 22 < (1-7)77. (16)
In addition, we have
2 = 2"l gy < (1 =112 = 2'|lg(2)) "l — Zllg(z)
<(1-7)"toF
<1/5, (17)

where we used Lemma 9-(c) in the first inequality and 7 < 1/11 in the last inequality. Therefore,
2’ € WO(x, 1) and we have using Lemma 9-(b)

{1 = 2" = zllg@@))? — Dola) ™! < g(a) ™! —a(@)™!
< {1~ [l2" = 2]l g@)) > — }a(z')
{(1 = [l2" = 2llg(@))? = 1}(1 = 7)°Ta < 9(2)"*(g(2) " — g(z') " )a()'/?
<{A— 2" = 2llg@) ™ = 1A = 7) L4
Then,
lo(z)"?(a(x) " — a(a’) " a(@)"/?l2 (18)
< max(((1 - 12" = 2llg(e)? — (L= 7% {1 &' = llg@ey) 2 — 131 = 7))
< (1= 7)~2 max(|(1 = | = ollg(e)? = 11, (1 = 14’ = allg@) 2 — 1)
Using Inequalities (a) and (¢) with u = ||2" — || g(s), where u < 1/5 by (17), we obtain
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@ [(1— 2" = zllg@)? — 1 < 3[l2" = zllg@) <31 =)z —2'llgm)

®) (1=l = zllg@) "> = 1 < 3ll2" = 2llgw) <3(L—7) " o —2llg@) -
Moreover, we have
' lg@)—2 = llp" = P+ Pllg@@y—+ <7+ IDllge@) -+ -
Combining (15), (16) and (18), it comes that
IED (2) = FO(lg(z) < 1=7)"2(lp— (@)1 +3(1=7) >+ Bl z)-1)llw = lg(z) - (19)

We define Az = (1 —7)"% 4 3(1 —7)"3(7 + ||pl|g(z)~ ) such that |FM(z) — F(l)(z’)||g(i) <
Agzllz — #'||z and we aim to bound ||[F(?) () — F(2)(;r’)||g(i.)—1 = [|0:H (2) — 0:H (2') || g(z)-1-
We have

0.H(2) — 0, H(?) =VV(x

<]
<
&

(20)
“'p'] = $Dg(x)[g(x) p, a(x) "' p]
: Dg(z) — a(z') " : Dg(a')

+ + &
N D=
-
©
_
&\
Lol N—
a
—
8
-
~
ﬁ\
a
—
8
~
S|

2
B

We have
[1Dg(a")[a(«")~"p', 9(z")'p') = Da(x)[a(x) "', 8(2) ™ plllg(z)-1
< || Dg(2)[s(z) " p, 8(x)~p] — Da(a)[a(")~'p', 8(2") Pl g
+ |1 Da()la(=) ', 8(") '] = Dg(2)la(=) P 9(@) W llg@- @D
Note that we have g(z)~'p = F()(2) (resp. g(z’)~'p' = F(N(2')). Using Lemma 9-(c), the first
upper bound in (21) is bounded by
(1 =77 Dg(2)[FD (=), FV ()] = Da(a)[FM ('), FO(2)]l| gy
<21 =) Dg(@)[FV (=) = FO(2), FO ()]l ga)
+ (1 =7) D) [FV (') = FW(2), FOE) = FO(2)]]l ()
<4 -7 THFW() — F(l)( )||g(z)\|F(1)(Z')||g(z)

+201 =) FOE) - FOR))2 (Lemma 9-(a))
<4(1—r) P FW() - F(”( )Ilgm IFM (")l gz)
+2(1 =7 ?FDE) - FO )2 & (Lemma 9-(c))

S4(1*7)*3Ai1||2*3'\|*|\F(1)( g +20 =145,z = ]2 (see (19)
< {4450 (1= 7) 2 + IPllg(ey—1) + 41 = 7) AT 7 = 2z

where we used that | (2')[|gz) < (1 — 7)7%(F + ||pl| g(z)-1) in the last inequality. Combining
Lemma 9-(c) and Lemma 11-(c), the second upper bound in (21) is bounded by

(1 77) HDg(a)[FV ("), FO(2')] - Dg(a ')[F(l)( ), FU(z ’)]||g< )t
ala+1)(1=7)7/3{(1 ~ll2’ = 2llg@)) " = L} IFV ()50
<ala+ 1)1 =7)72B3{0 -1 -7 2’ —allgw) "~ LHIFD )5
<ala+ 1)1 =) + [Pl -1)?/3{(1 = (1= " — @llg@) ™ — 1} -

Using Inequality (a) with u = (1 — 7)™ !{|2’ — z[|4(z), where u < 1/5 by (17), we obtain
(1=1 =72 —allg@) * —1<5(1—7)" 2" — 2llge) - (22)
Then, the second upper bound in (21) is bounded by
(5/3)a(a+ 1)1 = 7) (7 + [1pllg(a)-1)* [l = 2llga) -

21



We now define h : y € M — g(y)~! : Dg(y). Since ¢ € C*(M), h € CY(M). Moreover,
[z, 2] € M by convexity of M and we can define Ay = sup,c(, .| [ Dh(y)|, where | Dh(y)| =
SUDu |4 ) =1 | Dh(y)[u]ll g(z)-1- Using the mean value theorem on h, we have
[17(2) = h(z)lg@)-1 < Aglle’ — zllg(a) - (23)
By combining (14), (20), (21) and (23), we have
IF® (2) = FP () | g(z) 1
< Cvlle = 2'lga)
+(1/2){4450(1 = )72 (7 + [Bllg(a)-1) + 443 1 (1 = 7) 77}z — 2|z
+(1/2) - (5/3)a(a +1)(1 = )7 (F + |Bllg@y-1)*ll2" = zllga)
+(1/2)A4)l2" = ]l g(a) -
We define Az o = Oy + 245 1(1 —7) (7 + ||l gz)-1) + 242 1 (1 —7) 7 + (5/6)a(a+ 1) (1 —
7)78(F + [Pl g(z)-1)? + Ag/2 such that
IF®(2) = FO )o@ < Azellz —2'llz -
Finally, we have
IF(2) = F()lz = |1FW(2) = FOE)g@) + I1FP(2) = FO()llg(z)
< (Az1+ Azo)llz — 2l

i.e., F'is (Az,1 + Az 2)-Lipschitz-continuous on By with respect to || - ||z.

We now show that F is Lipschitz-continuous on B with respect to || - ||g. Consider (z,2') € Bx B
denoted by z = (z,p) and 2’ = (', p’). In particular, (z, z’) € By x By. Using the previous result
and Lemma 12, we have

IF(2)=F(2)le < Csl|F(2)=F ()l < Ca(Az 1+ Az 2)llz—2'l|z < C3(Aza+4z2)ll2—2[[e .
which proves that F'is C2(Az 1 + Az 2)-Lipschitz-continuous on B with respect to || - |-

Conclusion. Combining Items (a) and (b), we obtain the results (i), (ii) and (iii) of Proposition 13
upon using Cauchy-Lipschitz’s theorem. Moreover, for any ¢ € J,, 0 H (2(t)) = 0, H (2(t)) () +
OpH (2(t)) Tp(t) = —p(t) "@(t) +p(t) T2 (t) = 0, which proves the result (iv) of Proposition 13. [J

Proof of Proposition 14. Assume A1, A2. Let zg € T*M, (J,, ) as in Proposition 13. Assume that
T,, = sup J,, < 4+o00. Then, by Cauchy-Lipschitz’s theorem, z leaves any compact set of E at the

neighbourhood of 77, . By construction of || - ||g, this property is induced on both variables z € M
and p € RY, each with respect to || - ||o. We directly obtain the result of Proposition 14 by continuity
of (z,p). O

E.2 Proof of reversibility in Algorithm 2

In (RM)HMC, one often sets the time horizon of the Hamiltonian dynamics with a hyperparameter h.
However, under A1 and A2, we are not able to prove that the Hamiltonian dynamics (3) is defined
at time h > 0, given any starting point zg € T*M. Actually, this dynamics explodes if the time
horizon is finite (see Proposition 14). This theoretical limitation requires to implement some sort of
“involution checking step” (see Line 4 in Algorithm 2), which is theoretically explained below.

In the rest of this section, for any zo € T*M, we will denote by (-, z9) € C1(.J,,, T*M) the maximal
solution to (3) with starting point zy, uniquely defined in Proposition 13. For any h > 0, we recall
below the definition of the sets Ej, and Ej, the map T}, introduced in Appendix D:

(@ Epn={20€T*M : h <supJ,},

(b) Eh = {ZO € Ep 1 h<sup J(soTh)(zo)}’

(c) the map T}, : E;, — T*M is such that T, (z0) = z(h, zo) for any zg € Ep,.
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In particular, we have

Eh = Ehﬂ(SOTh)_l(Eh) . (24)
We first prove that the restriction of s o T, to E}, is an involutive integrator, which is crucial to derive
the “reversibility* of Algorithm 2 in Theorem 15.

Lemma 16. Assume A1, A2. Then, for any h > 0, s o T}, is a C'-diffeomorphism on Ej, such that
| detJac[s o Tp]| = 1.

Proof. Assume Al, A2. Let h > 0. It is clear that T}, (and thus s o T},) is well defined and
continuously differentiable on E;, (in particular on Ej), by elaborating on the proof of Proposition 13
combined with Cauchy-Lipschitz’s theorem. Let zy € Ej,. By definition of Ej, T, (20), resp. J,,, and
(TrhosoTh)(20), resp. Jisot),)(20)» are well defined. We now aim to prove that (Tp, 0 50 Tj)(20) =

s(20).

We define 2" : ¢ € [0, h] — s(z(h—t, 29)), which existence is straightforward since (h —t) € J,, for
any t € [0, h]. In particular, z’(0) = (s o T})(20) and 2’ is a solution of the ODE (3) on the interval
[0, k). Yet, [0, h] C J(sor,)(z0)» and 2"(0) = 2(0, (s0T4)(20)). Then, by unicity of z(-, (soTr)(z0))
(see Proposition 13), z(+, (s o T1)(20)) and 2’ coincide on [0, h]. In particular, we have at time h

s(z0) = 2'(h) = z(h, (s o Tp)(20)) = (T, 050 Th)(20) .
Then for any zg € Ej,, (s o T, 0 s 0 Tj,)(20) = 0, i.e., s o T}, is an involution on Ej. Since

s 0Ty, € CHEy, T*M), s 0 Ty, is a Cl-diffeomorphism on Ej, such that | detJac[s o T]| = 1. O

We recall that we denote by Q. : T*M x B(T*M) — [0, 1], the transition kernel of the (homogeneous)
Markov chain (X, P, ),c[n] obtained with Algorithm 2. We also denote by:

(@) Qo : T*M x B(T*M) — [0,1], the transition kernel referring to Step 1 (also Step 3) in
Algorithm 2.

(b) Q1 : T*M x B(T*M) — [0, 1], the transition kernel referring to Step 2 in Algorithm 2.

We provide below details on Markov kernels Qo, Q.1 and Q..

Kernel Qp. This kernel corresponds to the Gaussian momentum update with refreshing rate 3. For
any (z,2') € T*M x T*M, we have

Qo(z,dz") = Ny (p's /1 — Bp, pId)dp'5,(da") (25)
= (218) " det(g(x)) " Pexp[=(28) I’ — VT = BpllZ ()1 dp'8.(da’) -

Kernel Q. ;. This kernel is deterministic and corresponds to the exact integration of the Hamiltonian
up until time h. For any (z, 2’) € T*M x T*M, we have

QCJ(Z, dZ/) = ]]‘Eh, (Z)éTh(z)(dZ,) =+ ]lE%(Z)és(Z)(dZ/) . (26)

Kernel Q.. This kernel corresponds to one step of Algorithm 2 (i.e., comprising Steps 1 to 3). For

any (z,2') € T*M x T*M, we have
Qc(2,d2") = [remsrem Qo(z,d21)Qe 1 (21, d22)Qo(22,d2") . (27)

We recall that 7, as defined in (2), admits a density with respect to the product Lebesgue measure
given for any z = (z,p) € T*M by

(d7/(dzdp))(x, p) = (1/2) exp[~(1/2)lIpll} (1)-1] det(g(x)) ™"/ exp[-V (2)] -

Lemma 17. Assume Al. Then, the Markov kernel Qq, defined in (25), is reversible (up to momentum
reversal) with respect to T.

23



Proof. Assume Al. For any (z,2') € T*M x T*M, we have
Qo(z,d2")7(d2)= (1/2)(2m) 4?4/ det(g(x)) " exp[~V (z)]dzdpdp's, (dz’)

exp[—(28) 16’ — VT = Bpll sy 1 expl—(1/2)Ipl12 )]

= (1/2)(2m)~ 23~ det(g(x)) " exp[-V ()] dudpdp's, (da’)
exp[—(28) " HlIpll2 )1 — 2T = B, gy + 10112091 }]

= (1/2)(2m) =23~ det(g(a")) " exp[-V («')]dz’dp' dp8. (dz)
exp[=(28) " {171y — 2/T= B, 8) g1 + Ipl2 ey}

= Qo(#/,dz)7(d2"),

which proves the reversibility of Qg with respect to 7. Since s4£Qg = Qo, we conclude the proof
with Lemma 6. O

Lemma 18. Assume A1, A2. Then, for any h > 0, the Markov kernel Q.1 with step-size h, defined
in (26), is reversible up to momentum reversal with respect to T.

Proof Assume A1, A2. We recall that the set Ey, is defined in (24). Let f € C(T*M x T*M,R)
with compact support. According to Definition 4, we aim to show that

Jromsran £(22)Qe(2,d2)7(d2) = [rppepam f(5(27): 5(2)) Qe (2, d2)w(dz) . (28)
We denote by I the left integral of (28). We have I = I; + I where
L= fo 7@ TaE)dz, b= g 7(2)f(25(2))dz

We denote by J the right integral of (28). By symmetry, we have J = J; + J, where
J = fEh 7(2)f((s0Th)(2),s(2))dz , Jo = fl'E; w(2)f(z,s(2))dz .

We directly have Iy = Js. Let us now prove that I; = J;. By change of variable z — (s o T} )(z) in
I, we have

I = [g, 7(2)f (2, Tn(2))dz
= f(soTh)(Eh) T((soTh)(2)f((s o Tp)(2),s(2))dz (Lemma 16)
= fg, T(2)f((s 0 Tn)(2),5(2))dz (Proposition 13-(iv) & (s o T1,)(Ex) = Ep)
=Ji.
Finally, we obtain I = J and thus prove (28) for any continuous function with compact support,
which concludes the proof.
O

We are now ready to prove Theorem 15, which states that Q. is reversible up to momentum reversal
with respect to 7.

Proof of Theorem 15. Assume A1, A2. Let f : T*M x T*M — R be a continuous function with
compact support. We have

Jremsrem f(2,2)Qe(z,d2")7(dz)

f(T*M)4 f(z,2")Qo(2,d21)Qe,1 (21, d22) Qo (22, d2") T (dz) (see (27))
= RT*M)4 f(s(z1),2")Qo(z,d21)Qc1(s(2),d22)Qo(22,dz")T(dz) (Lemma 17)

f(T*M)4 f(s(z1),2")Qo(s(2),dz1)Qe,1(2,d22)Qo(22,d2")T(dz) (momentum reversal on z)
= f(T*M)z; f(s(z1), 2")Qo(z2,d21)Qc,1(2,d22)Qo(s(2), d2')7(dz) (Lemma 18)

f(T*M)4 f(s(z1),2")Qo(22,d21)Qe,1(s(2), d22)Qo(2,dz")T(dz) (momentum reversal on z)
= j‘(T*M)AL f(s(21),5(2))Qo(22,d21)Qe,1 (2", d22)Qo(2,d2")7(dz) (Lemma 17)

= Jremrem £ (8(27), 8(2))Qe(2, d2")7(dz) .
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Moreover, sum™ = 7. Hence, by combining Definition 4 and Lemma 5, we obtain the result of
Theorem 15. 0

F Numerical integration in HMC

In this section, we first recall the definition of symplectic maps, and then discuss the choice of
integrators in RMHMC. Finally, we focus on the implicit integrator defined in (6) and provide some
notations, which will be notably used in appendix G.

I; O
Definition 19 (Hairer et al. (2006)). A linear mapping A : R?*? — R2? js called symplectic if
AT J A = J,.

Definition 20 (Hairer et al. (2006)). A differentiable map F : U — R2?, where U C R?? is an open set,
is called symplectic if the Jacobian matrix Jac|F) is symplectic, i.e., if Jac[F)(2) T Jg Jac[F](z) = Jg
forany z € U. In particular, if F is symplectic, then | detJac[F]| = 1.

Reminders on symplecticity. We define J; = (70 Id) € R2dx2d,

Choice of the integrators in RMHMC. Introducing a Riemannian metric g in the Hamiltonian a
priori makes it non separable. Thus, designing an integrator which is (i) symplectic, (ii) reversible
and (iii) not too computationally heavy is challenging. The generalized Leapfrog integrator (GLI), or
equivalently the Stormer-Verlet integrator, combined with fixed point iterations, as chosen by Girolami
& Calderhead (2011), is considered as the standard scheme for RMHMC. Brofos & Lederman (2021b)
analyze the impact of GLI on the ergodicity of RMHMC under a metric which is designed in the same
manner as Cobb et al. (2019). In particular, they show that the convergence threshold used to compute
the fixed-point process only matters to an extent, and identify a diminishing return to using smaller
convergence thresholds. They compare the fixed-point approach with Newton’s method, which gives
less iterations to converge. On the other hand, the implicit midpoint integrator (IMI) enjoys the same
theoretical properties as GLI, when these two integrators are combined with fixed-point iterations.
As shown by Brofos & Lederman (2021a), IMI may also show numerical advantages in terms of
reversibility and volume preservation for specific target distributions. However, this integrator is hard
to use for reversibility proofs due to its non-separability. Besides this, Cobb et al. (2019) combine a
2-state augmented Hamiltonian, based on the work of Tao (2016), with Strang splitting (Strang, 1968)
to propose a symplectic explicit integrator which thus has the advantage not to rely on fixed-point
iterations. Yet, this integrator does not satisfy reversibility in theory.

Details on the Stormer-Verlet integrator. The scheme defined in (6) can be written as G, =
Gy, o Gy, where:

@ G, :T"M — 2T™M is the set-valued map implicitly defined by the first two aligns of (6), i.e., for
any (z,2') € T*M x T*M, 2’ € G,(z) if and only if

P =p— 20, Hy(x,p'), o' =x+ L[0,Ha(x,p)+ 0pHa(a,p)], (29)
We also define the map g, : T*M x T*M — R" x R" by
gh(z, =(2' -z - %[apHQ(fZ:,p,) + 0,Ha (2", p)],p" —p+ %aIHQ(:Z;7p,)) . (30)
such that g, (2, 2’) = O if and only if 2’ € G, (2).
(b) G, : T*M — T*M is explicitly defined by the last align of (6), i.e., for any z € T*M,

Gh(2) = (z,p — 50, Ha(x,p)) . 3D

G Proofs of Section 4.1

In this section, we state several results on the maps defined by the implicit integrators of the
Hamiltonian (see Section 3.1), in order to prove Proposition 2.
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Lemma 21. Let U C R? a non-empty open set and z € U. Assume there exist a neighbourhood
U. C Uofz L > 0 and a L-Lipschitz-continuous map 1 : U, — R? such that y» € C'(U,,R?).
Then, for any h € (0,1/L) and any a € RY, the map )y, : U, — R? defined for any 2’ € U, by
P (2') = 2"+ hab(2'") + a is a C-diffeomorphism on a neighbourhood U’, C U, of z.

Proof. Assume we are provided with U, z, U, L and 1) as described in Lemma 21. Let h € (0,1/L)
and a € R%. We define the map ¢, : U, — R? by 9y, (2') = 2/ + htp(2') + a, for any 2’ € U.,.
Since ¢ € C'(U,,R?) , it is clear that 1, € C(U,,R?). We have, for any 2z’ € U, Dyy,(2') =
Id +hD(2"). In particular, for any w € R4, it comes that

[ Dn(2)w]| = lw|| = ALllw] = (1 = AL)[w] .

Since 1 — AL > 0, Jac[¢,](2) is invertible. We conclude the proof by using the local inverse function
theorem. O

We recall that the set-valued map Gy, defined in (6), is the generalised Leapfrog integrator, or
equivalently the Stormer-Verlet integrator, of the non-separable Hamiltonian H defined in Section 3.1.
We state below a result of local smoothness of this integrator.

Lemma 22. Let (M, g) be a a smooth manifold of R* and h > 0. Then, for any (9, z(D) € M x M,
the vector p® e T% )M such that (™, pMY € Gp (29, pO) for any pV) € T% )M is uniquely
determined by p(®) = Gy 0 (M), where the map Gz + M = T )M is defined by

G (y) = p? (y) — %Dg(w(m) [a(z )" p D (y), gz ) D y)] (32

with p/2) (y) = 2(g(z )~ + g(y) 1) "y — 2O). In particular, if g € C*(M,R?*9), then, for
any (0 e M, G0 € Cl(M,T;(O)M).

For any oo > 1, we define r, > 0 by
rr = min(1/50000,1/{1000a(a 4+ 1)}) . (33)

We recall that we denote by W°(x, 7) the open Dikin ellipsoid (w.r.t. g) at x € M of radius r > 0,
given by WO(z,7) = {y € R : |ly — @||g(x) < r}. Assume Al, A2. Let 2(°) € Mand r € (0,r7],
where o is given by A2. Then, for any x € W°(z(©), r), z € M and Jac[G, 4 |(z) is invertible for
any h > 0.

Proof. Let (M, g) be a a smooth manifold of R? and h > 0. We first prove the existence and
uniqueness of the map defined in (32). Let (x(o), cc(l)) € M x M. We define for any y € M

2 - R _ h
PP ) = @) o) =2 By) =P () + 50 Ha (2 p0 D ()
Note that these expressions are obtained by simply inverting the first two aligns of (6). Then, by
definition of Gy, the vector p € T* ;M such that (z(), p()) € G,(z(?), p) for any p(*) € T* | M
is uniquely determined by p = ﬁ(w“)). We thus obtain (32), using the expression of d, Hs given in
Section 3.1. Moreover, it is clear that Gy, (o) is continuously differentiable if g € C*(M, Rx4),

We are now going to prove the second result of Lemma 22. Assume Al, A2. Let (® € M and
r € (0,7%], where r, is defined in (33) and « is given by A2. In particular r}, < 1/11. For the sake

of clarity, we will now denote g(x(?)) by g for the rest of the proof.

We define the open Dikin ellipsoid By = Wo(ac(o)7 r). Since r < 1, By C M by Lemma 9-(b). Let
h > 0. We now define the following maps on By
M:{Bo - ST (R) K:{BO — R4
T ly e eyt T ly meg Mo(y) Tty —2®)

¢_{Bo — R? (Z)_{Bo — R?
7Ly~ Mo(y)DgoKo(y),Ko(y)] T 1y = EM)Ghao ()



Note that we have, for any y € By, d(y) = (y — 2(©) — %(ﬁo(y). Since g is twice continuously
differentiable on By, the maps previously defined are continuously differentiable. We now compute
the derivatives of these maps. Let y € By and w € R%. We have

DMy (y)[w] = —g(y) "' Da(y)[wlg(y) ™",
DKo(y)[w] = —g5 Mo (y) ™" DMo (y)[w]Mo(y) " (y — V) + g5 "Mo(y) 'w
=—go {ow)ey " + 14} 'a(y) DMo () [wla(v){eo 'a(y) +1a} " (y — )
+ g5 'Mo(y) " 'w
=gy {o(w)eo " +1a} " Do(y)[w{gy 'a(y) +1a} " (y — V) + g5 ' Mo(y) 'w,

Dgo(y)[w] = DMg(y)[w]Dgo[Ko(y), Ko(y)] + Mo(y) Dgo[DKo(y)[w], Ko(y)]
+ Mo (y)Dgo[Ko(y), DKo(y)[w]]

Ddy(y)lu] =1~ 5 Dgoly)le]

We have in particular ¢o(2(?)) = 0 and D¢o(z(?)) = 0. Let us first study the smoothness of D¢y on
Bo.

Smoothness of D¢pg. We prove here that D¢y is (r ) ~!-Lipschitz-continuous on By with respect
to || - |lgo- Let (y,9') € Bp and w € R, We have
Do (y)[w] — Do(y") [w]llg 34
< [|IDMo(y)[w] Dgo[Ko(y), Ko(y)] — DMo(y")[w] Dgo[Ko(y"), Ko(y")]llg
+ [[Mo(y) Dgo[ DKo () [w], Ko ()] — Mo (y") Dgo[DKo(')[w], Ko (y")]ll g0
+ Mo (y) Dgo[Ko(y), DKo(y)[w]] — Mo(y') Dgo[Ko(y'), DKo (y") [w]][lg, -
Remark that the two last terms in (34) are very similar and can be bounded in the same way. The rest

of the proof on the Lipschitz-continuity of D¢y is separated in two steps, each of them consisting of
bounding from above a term of (34).

Step 1. Let us first bound the first term in (34). For any x € Bp, we denote
DMy(z)[w]Dgo[Ko(z), Ko(z)] by a1 (z). We have

06" (ar(y) — ar(y)) (35)
= {80/ (DM (y)[w] — DMo(y")[w])ge’*}Hao /> DgolKo(y), Ko(y)]}
+{g5/*DMo(y)[wlay* Heoo /> (DgolKo(y), Ko(y)] — DgolKo(y'), Ko(y)])} -

We now aim to bound each one of the four terms that appear in (35).

Step 1.1. First, we have

a0’ > (DMo(y)[w] — DMo(y)[w))gy'® = a¢/*(a(v") ' Da(y)[wla(y) ™" — a(y) "' Da(w)[wlg(y) gy’
=00/ {o(y) ™" — 9(y) "} Da(y)wla(y) ey’
+ 00 "8(y) " {Dg(y)w] — Dg(y)lwl}e(y) g’
+ 00 "8(y) " Do) [wi{a(y) ™" — aly)” 1}g”2.

We recall that » < r% < 1/11, and thus, we have for any = € {y, y'} the following inequalities

oo {o() " — 8() ™ Yoo ll2 < 30 =)y — ¥/l (on the model of (18))
oo *a(z) " ag 2 < (1 —7)72, (Lemma 9-(b))
lgo /* Da()[wlag /?)l2 < (1 — ) ~2[la(z) "2 Dg(x)[w]g(x) /2|2 .
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In particular, we have for any = € {y,y'}

la(z)~"/2Dg()[wlg(x) /%]l = sup IDg(2)fw, g(x) w2y (36)

{w’eR: ||lw'|2=1}

<wlgey  sup o flg(@)Pullgwy  (Lemma 9-(a)
{w’eR?: [Jw’||l2=1}
<2(1=7)"Hwllge (Lemma 9-(c))
and using again that < 7% < 1/11, we have
la(y)~*{Da(y")[w] - Dg(y)[wl}a(y') "2 37)
= sup IDg(y")lw, g(y')~"/*w'] = Dg(y)lw, a(y') />0 ]}l
{w’€RE: [lw'[l2=1}
< a(a+1)/3wllge) (1= lly = ¥'llgw) ™ — 1) (Lemma 11-(c))
< 5afa+1)/3(1 =) 2|wllglly = ¥l g6 - (on the model of (22))

Thus, by using (36) and (37), we have
llog*(DMo (y)[w] — DMo () [w])ag*[l2 < (12(1 =)= + Safa+ 1)/3(1 = 1))y = ¥ llgo lw]lgo -

Step 1.2. Secondly, we have
—-1/2
lgo /> Dgo[Ko(y), Ko(w)]ll2 < 2/[Ko(y)[12, (Lemma 9-(a))
< 2)lgg " *Mo(y) "Ly — )13 (definition of Ko)
—1/2 71 2

< 2)lgg " *Mo(y) " tag * 131y — @12,
< 2r2||gg Mo (y) 19‘”2H2 :

where we have by Lemma 9-(b)

g0 *Mo(y) lo M = (a+ 05 %0(y) ey )T < (14 (1 —7)?) My (38)
Hence, we obtain

gy /> Dgo[Ko(y), Ko()]ll2 < 2r2(1 + (1 — 1)) 2 . (39)

Step 1.3. Thirdly, we have

lao* DMo(y) wlgg |2 < (1 =) "2 [lg(x) ™/ Do (/) [wla(x) " /2|l2 0

<(
<21 —r)?fwllg, - (using (36))

Step 1.4. Fourthly, we have
llo /> (Do Ko (y), Ko ()] — DaolKo(y), Ko(y)))l> @1
< 2| Dgo[Ko(y) — Ko(y'), Ko (®)]ll 4+ + [|1Dgo[Ko(y) — Ko(y'), Ko(y) — Koy )l
< 2[[Ko(y) — Ko(¥)lgolIKo()llgo + 1Ko (y) — Ko(¥')llgo Ko (y) — Ko(y)llgo (Lemma 9-(a))
< 4Mo(y) " (y = @) = Mo(y) M (v = &) g1 Mo () "y = 2 )| g0
+2[Mo(y) "y — ) = Mo(y) 1y = 212

In particular, Mo(y)~*(y — @) — Mo(y) (v’ — 2'¥) = Mo(y)"'(y — ¢') + Mo(y) ™" —
Mo(y") "D (y — (), and thus we have

IMo(y) ™ (y — &) = Mo(y) (' — 2 )| (42)
< llgo *Mo(y) " ag 2 ll2lly — ¥'llge +r||g‘”2<Mo<y>*1 ~ Mo(y") Vgo |l
<A+ A=1)) Yy = llgo +7llag FMo(y) "t = Mo(y) Vgg 2 - (using (38))
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We now aim to find an upper bound for Hgal/Q(Mo(y)*1 - Mo(y’)*l)galmﬂg. We have

g0 2 (Mo(y) ™" — Mo(y') H)gg /2
= (o + 00 %a(y) oy — (o + 00 a(y) to*) !
= Lo+ a0 0(y) 100 + 00 {aw) ™ — 0(v) " Fae’ )T = (Lo + 808 (y) ey P!
=B(y) " 2[(1a +Bly) 20 {am) "t — o(y) ey *Bly) V)~ 1B(y) V2

where B(y') =1 + gé/2g(y’)_1g(1)/2. In particular, we have
(1+1=r)) VL2 Bly) 21+ (1 -1V,

by Lemma 9-(b). Note that (17) still holds, where x, 2’ and 7 are respectively replaced by y, vy’ and r.
Thus, on the model on (18), we have

{11y = yllow)? — 131 = )%La < 05/ {a(y) ™" — 8(v) " Yag/> < {1~ Iy — ¥llge) 2 — 131 —7)
and then
A+ {1l = ylloe)? — 1A =721+ (1 —r)"2) " H,
<1+ B(y) 20y {a(y) " — o(y) " Yay*B(y) "/
LA+ =Y = yllgw) P =1L =r) 21+ (1 —r)*) g

Therefore, we have [|go /% (Mo (y/) ™ = Mo(y') V)go /*ll2 < (14 (1 —r)%) L max(|f1(r)], f2(r))
where

) =0+{0 =1y = yllgo) 7 - 1A =) 2A+ 1 =n)H) ) -1,
F(r) =@ +{0 =y = yllg)* = BQ=r)?Q+ A=) )77 1.

We now aim to control the upper bound max(| f1(r)|, f2(r)).

(a) We first bound |f1(r)|. Since ||y — yllg¢y) > 0, itis clear that f(r) < 0. Using Inequality (a)
with u = ||y — yll4(y)> Where u < 1/5 by (17), we obtain
[f1(r)] = =fu(r)
S1-(1+30 =)0+ =r)*) 7Y ~ yllaw) ™
<31 =m0+ 1=y = vllaw) (Inequality (d))
<31 =)+ A=)y —yllg, - (Lemma 9-(c))

(b) We now bound f5(r). We have

L) <=2 =)’ A+ A=) Y = yllaw) ' =1
<A1 =r)PA+ 1 =)y = yllgw)
<A =)+ A=) MY = yllgo » (Lemma 9-(c))

where we used (i) Inequality (d) in the first line with « = ||y’ — y||4(,) and (ii) Inequality (b) in the
second line with u = 2(1—7)?(14+ (1 —7)"2) M|y = yllge) < 4r(1—r)(A+(1—r)"2)"1 <1/2
with 7 < 1/11.

We recall that r € (0, 1), and thus, we have respectively (1—7)72 > (1 —r) and (1+ (1 —7)%)"1 >
(1+ (L —r)72)~". Therefore, max(|f1(r)|, fa(r)) < (4/3)|f1(r)| and

llgo M/ *(Mo ()™ = Mo(y') Mg 22 < 4(1 — )31+ (1= 1)) 2|y — yllgo - 43)

Ko (y) — Koy ) lgy < (1+ (1 =) H{L+4r(L =)L+ @ =)*) " HIy = yllg, -
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By combining (41), (42) and (43), we finally have
o *(DgolKo(y). Ko()] — Dgo[Ko(y). Koz
<Ar(l+ (1 -r)) 2 {1+ 4r(L =) (L + 1 =7)*) " Hly — ¥llg
FAr(+ (1 =r)?) {1+ 471 =)A=y — ¢l
SAr(L+(1=r)) 72+ 4r(1 =)L+ (1= 1)) Py — ¥ llgo -

Conclusion of Step 1. By combining the results of Steps 1.1 to 1.4, it comes that
[ DM (y)[w] Dgo[Ko(y), Ko(y)] = DMo(y')[w] Dgo[Ko(y"), Ko(y')]llgo
= llao* (@ () — ar(y))]z
<{21+ (1 -r)H)2121 —7)" ¥ +5a(a+1)/3(1 — )7
+8r(L =)+ (1 =) H2+4r(1 =)L+ 1= 1)) Hly — ¢/ llgollwllg, -

Step 2. Let us now bound the second term in (34). For any z € By, we denote
My (y)Dgo[ DKo (y)[w], Ko(y)] by az(z). We have

g0/ %(a2(y) — a2(y") = {g0”* (Mo () — Mo(y))g/* Hao /* Dao[DKo(y)[w], Ko ()]} (44)

+ {80 Moy gy’ Hao * (Do [DKo () [w], Ko (4)] — Dol DKoy ol Ko(y))} -
We now aim to bound each of the four terms that appear in (44).

Step 2.1. First, we have

las”* (Mo () — Mo(y)agll2 = llgs > (9(») ™" — 8(')Mao 12
<31 =73y =g - (on the model of (18))

Step 2.2. Secondly, we have
lg "/ Dao[DKo(y) [w], Ko ()] 12 < 2/ DKo () [1]llgo [ Mo(y) (v — @)1 (Lemma 9-(a))

< 2r(1+ (1= 7)) I DKo(y)[w]go - (see Step 1.2.)
where

IDKo(y)[w]llgo < rllag *(a(w)ag" +1a) " o0 13100 /2 0(») /I3 ]la(y) /> Da(y) [wla(y) /2|2
+ IMo(y) " wll g
Using (36) and (38), it comes that

|DKo () [w]llgy < {2r(1— )31+ (1= r)?) 2+ 1+ (1= 1)) Hwllg, -
Then, we have

llsg*/* Dao[DKo(y) [w], Ko ()]l < 2r(1+ (1= 1)) {1 +2r(1 =) 3 (1 + (1 = )%) " Hjwllg, -

Step 2.3. Thirdly, we have [|gg/*Mo(y')go 12 = oo *a(y) g5 +Lall2 < 1+ (1 —r)~2

Step 2.4. Fourthly, using Lemma 9-(a), we have
g /% (Dgo[ DKo (y) 0], Ko(y)] — Do DKo(y)[w] Ko () |lz
< [1Dgo[ DKo (y)[w] — DKo (y")[w], Ko(y)]llg- + [1Dg0[ DKo (y)[w], Ko(y) — Ko (y)]ll,-
+ [[Dgo[ DKo (y)[w] — DKo (y")[w], Ko(y) — Ko ()]l
< 2||DKo(y)[w] — DKo (y") [w]llgo Ko (¥)]llg0 + 2/ DKo (y)[w]llg, Ko () — Ko(y)lgo
+ 2| DKo (y)[w] — DKo(y")[w]lgo Ko (y) — Ko(y')llgo
< 2{[Ko()]llgo + 1Ko (y) — Ko(y")lgo HIDKo(y)[w] — DKo (y")[w]llg,
+ 2] DKo (y)[w] [l g, Ko (y) — Ko(y')llg, -
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We recall that the following inequalities hold
Ko()llge < r(1+ 1 —r)*)~"
IDKo(m)[wlllge < (1+ (1= 1))~ 1{1 +2r(1 =) 1+ (1 =7)*) Y |wllg,

Ko(y) = Koy )lgy < 1+ (1 =r)")"HL+4r(1 =) (1 + (1 =)") "y — yllg, -
We are now going to bound || DKy (y)[w] — DKO( ") [w]| go- We have

IDKo (y)[w] = DKo (y)[w]llgo < [(Mo(y)™" = Mo(y) ™ wllg=1 + A1 + Az + A3 + Ay,
where
Ar = {(La+ 05 Pa(w)ag ) — e+ Pa(v)e0 )7

x g0 *Da(y)[wlay > Ta+ 85 P o(w)ge ) ee (v — 2 )]z

Az = ||(Ia+ 90 0y )80 /%) ey A Da(y)[w] — Da(y)wltey (1 + 0 Pam)ee ) a2y — 2 )2

As = [|(La+ g0 0y )g ‘”2> Lay /2 Dy(y)wlgy
x {(La+ 95 o)y *) " = (La+ 95 *a())gg ) a2 (y — ).

Ay =L+ 90 0(y)e0 %) ey P Da(y)wlgs P (La+ g0 ey )ge ) ey Py — )2 -
In particular, we have

I(Mo(y) ™" = Mo (1) Dwllgor <41 =) 72 (1+ (1 =1)*)7lly" — yllgo lwlg, » ((43))

max(Ay, Az) < 8r(1 =) (1 + (1= 1)) lly = ¢/ llgolwllgo - ((36), (38), (43))

Ay <Baa+1)/3r(L—r) ' 1+ 1 =)y — ¥ llgollwllg, »  ((37). (38))

Ar <200 =) 1+ (1 =12y = ¥ lgollwllgo - ((36) and (38))
Therefore, we have

lgo */?(Dgo[ DKo (y)[w], Ko ()] — Dgo[ DKo () [w], Ko(y)])]l2
<22r(14+ (1 —r)) Y83 +4r(1—7r) 21+ (1)) N}
x {41 -0+ 1 -r)H 2+ 16r(1—7) A+ (1 —7)*)73
+5a(a+1)/3r(1=r) " 1+ (1 =) 2 +2(1 =) 21+ 1 =7)*) " Hy = ¥'llg lwllg
+2{14+2r(1 —r)2A+ (1 -7}
X (L4 (1= 21+ 4r(1=r) 21+ (1 =)y — ¢ llgolwllg, -

Conclusion of Step 2. By combining the results of Steps 2.1 to 2.4, it comes that
1Mo () Dgo[DKo (y)[w], Ko (y)] — Mo(y") Dgo[ DKo (y") [w], Ko (y)] | g
= [lg5"*(a2(y) — a2(¥"))ll2
<{6r(1—r) P+ (1 -r)) A +2r(1 =) 21+ (1 =7)) 7]
F2rL 4+ (L=r)2J1+ (1 =r)*) B 4+4r(1—r) (1 + (1 -7r)*)" 1)}
x {41 -1+ 1 —-r)H "2+ 16r(1—7)" 6( +(1-r)3)"3
+5a(a+1)/3r(1—r) 1+ (1 =r)) 2 +2(1—r) 21+ (1 -7)*)"}
+2l+ (1= {1 +2r1 =) 31+ (1 -1}
X(1+ (1 =m0 +4r(1 =) 21+ (1 =) ") Hly = o' llgowllgo -
Conclusion. Finally, we have || D¢ (y)[w] — Do (y')[w]llgo < c(r)|ly — ¥'[lgo Il gy Where
c(r) < 247%(1 — )12 + 10a(a + 1)/3r2(1 — r) 710
+32r(1 —7) 7T #1282 (1 — )12 128031 — )77
+12r(1 —7) "7+ 24r%(1 — )12
+{48r(1 — )72 +192r%(1 — )M + 20a(a + 1)r?(1 — )70 4 24r(1 — 1)1+ (1 — 1) 7%}
+ {64721 — )M £ 256r3(1 — 7)Y + 80 + 1) /3r3(1 — ) 43272 (1 — )" M1+ (1 — 1)
+{a -t 24r(1 =)0 432721 - )M 1+ (1 - 1)),
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by combining the results of Step 1 (two first lines) and Step 2 (following lines). Hence, using that
r < 1/11, we have

c(r) < max(24 x 256,5 x 80a(a +1)/3)(1 — )~
< max(6144, 400 (x4 1)/3)15/2
< max(46080, 1000a(a + 1))

<1/r: (see (33))

o )
i.e., for any (y,y') € Bg x By and w € R?, we have

1D¢o(y)[w] — Do (y)[w]llge < () "y = ¥ lgo wllgo -
and thus
1Dg0(y) = DpoWllgo < (&) "My = /' llgo -
”|l|“hiHs last inequality finally proves that Dy is (7% )~ !-Lipschitz-continuous on By with respect to
go-

Inequality on D¢. Elaborating on the smoothness of Db, we prove here that || Do ()| g, > 1/2
for any y € By. Let y € By, we have

ITallgo = 1 Do(y) + 1/2Ddo(y) g, -
1< [Déo(y)llg0 +1/21Ddo(®)llg0 +
1—1/2| Do) g0 < 1D0()llgo -

We recall that D¢y (2(?)) = 0 and that D¢y is (r%) ~'-Lipschitz-continuous on By. Thus, we obtain

ID¢o(®)llgo = 1Ddo(y) = Deo(@)llgo < (r2) My —2Vllg, < (P3)'r <1,
and then || D¢y (y) lgo > 1/2, which proves the result.
Smoothness of ¢y and qgo. We prove here that ¢ (and thus gﬁo) is Lipschitz-continuous on By with
respect to || - |g,- Let (y,y") € By x By. We have

l[0(y) = do(¥)llgo < {Mo(y) — Mo(y")} Dgo[Ko(y), Ko(¥)]llgo (45)
+ Mo (y"){Dgo[Ko(y), Ko(y)] — Dgo[Ko(y"), Ko(y)]}Hlg -

To prove the Lipschitz-continuity of ¢, we are going to proceed in two steps, each of them consisting
of bounding from above a term of (45).

Step 1. Let us first bound the first term in (45). Since < 1/11, we have

[{Mo(y) = Mo(y")} Dgo[Ko(y), Ko(y)]llgo
< llgg”*{Mo(y) = Mo(y') a2l Dgo[Ko (1), Ko ()]l
<31 =)y — ' llgo % 2||K0(y)\|§0 (see (18) and Lemma 9-(a))
<621 —r) (1 + 1 =1)) 2y — o llgo - (see (39))

Step 2. Let us now bound the second term in (45). We have

Mo (y"){ Dgo[Ko(y), Ko(y)] — Dgo[Ko(y'), Ko(y/)]} g0
< llgo"*Mo(y) g5 1211 Dgo[Ko(y), Ko(y)] — Dao[Ko(y'), Ko(y')]ll ;-
< {1+ (1= )2 H2l Dgo[Ko(y) — Ko(y), Ko(®)lllg-1 + [ Dgo[Ko(y) — Ko(y'), Ko(y) — Ko@)l -1}
< {1+ (1= 7) > H4Ko(y) — Ko(y')lao Ko (¥)llo + 2IKo(y) — Ko(y')l15,}
< {1+ (1 =) HKo(y) = Ko(¥')llao {21Ko(®) a0 + Ko () = Ko(¥') g} »
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where we recall that the following inequalities hold
IKo()]llgo <71+ (1 —7)*)7",
Ko (y) = Koy )llgy < 1+ 1 =) HL+4r(1 =) (1 + 1 =)") "}y —yllg, -
Thus, we have
Mo (y"){ Dgo[Ko (), Ko()] — Dgo[Ko(y"), Ko(y)]} g,
SAr{l+ 1=+ 40 =)0+ 0= ly =y llg -

Conclusion. Since r < 1/11, we finally have
60(y) = ¢o(y)llgo < {6r*(1 —7) (L + (1 —1)*)~?

Ar{l+ 1 =r) 1+ 41 =)0+ (1= Hy = [l
<{6r2(1—r) "+ dr(1—r) " +32r2(1 — )72 + 64r° (1 — ) " My — ¥/ |l go
<4 x64r(L—7) "y — o' llgo
< 4864/5r(ly — y'llg, -

Therefore, ¢ and ¢ are respectively (4864/5r) and (1 + 2432/5r)-Lipschitz-continuous on By
with respect to || - || g, -

We are now ready to prove the second result of Lemma 22.

Invertibility of Jac[G), ,]. Letz € By and w € R%. We have (h/2)G), .0 = Mo(y) " do(y)
and thus,
(1/2) DGy, o () [w] = Mo ()~ Do () [w] + DMo(2) " [w]do(x) ,
Déo(a)[w] = (h/2)Mo(2) DGy, 40 () [w] — Mo (2) DMo(x) " [w]o(z) -
Then, we have
1DGo(@)[w]llgo < (h/2)185/*Mo(2)g5” |21 DG o) () [w]| (46)
+ llao’*Mo(w)gy*l2llgo /* DMo(x) ™ [wlgy /1210 (@) g
< {14 (1= 1) 2 H(R/2)| DGy o (@) ] g+ + llgg "> DMo () wlgg " al|do () g0}

where DMy (z) ™ [w] = —Mg(z) " DMg(z)[w]Mq(z)~* and

lga " DMo(@) ™ [wlag /212 < llgg " *Mo(@) g5 *[13llgn "/ DMo(@) wlgg /72 (47
<20 -7+ (1= 7)?) " wllg, (see (40))
<2(1- 7’)77Hw”go :

Moreover, using the Lipschitz-continuity of QEO on By and éo(x(o)) = 0, we have

160(2) g < l10(x) = Go(x )y + Id0(&)llge < (1 +2432/5r) = 2|, < (1+ 24?4%2%/)5T)T

Since 7 < 1/11, we have 1 + (1 — 7)~2 < 5/2, and by combining (46),(47) and(48), we obtain
1DGo(@)[w]]| < (5h/4)| DGy, a0 (@) [w] -1 +4874(L ) Tr||w]]g, -
Since || Dgo(z)[w] g > [[w]lgo/2 and (1 —)~7 < 2 with 7 < 1/11, the last inequality becomes
(Bh/A[IDGy, po) () [w]]| g1 = {1/2 = 9748r}[[w]|g, ,
>1/2—r/(4r}) > 1/4. (see (33))

In particular, Jac[Gy, ,](x) is invertible, which concludes the proof. O
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We prove below that, for any 2(°) € T*M, the set G h(z(o)) is reduced to a single point, for A small
enough depending on z(?).

Lemma 23. Forany w > 0, any r € (0,1) and any a > 1, we define

1 (1—7)3 r

1+(1—=7)2+22r+w) 3(r+w)’ (r+w)(1+3r/2)+ 1/2(7“—|—w)2) '
(49)

hi(w,r, o) = min (

We recall that the set-valued map G, is defined in (29). Assume A1, A2. Then, for any r € (0,1/11],
any z = (z,p) € T*Mand any h € (0, hy(|[pl|g(z)-1. 7 ), there exists a unique 2" € By.j_(z,7) C
T*M such that 2’ € G, (2).

Proof. Assume Al, A2. Letr € (0,1/11], 2 = (x,p) € T*M and h € (0, hi(||plg(z)-1, 7 @),
where h; is defined in (49). We recall that the map g, is defined in (30). We define B = By, (z,7)
and the map g, _: T*M — R" x R by ghﬁz(z') = 2/ —g,(2,7') for any 2’ € T*M. Then,
gh7z(z’) = 7' ifand only if 2’ € G;,(2). The proof is divided in two steps.

Step 1. We first prove that g, (B) C B. Let 2’ € B, we have by Lemma 9-(a)

lg, (") = 2ll- = §I{o(=) ™! + (@) "} llg) + F1Da(2)[a(2) "9, 8(2) ™ plllge) -
= 5l20(x)"p +{a() ™" — 9(2)" 1 o) + FID8(@)g(x) 70, () " P Nlga) -
< 52 Nlge)-1 + la@)2(g@") 7" = a(@)"Ha@) 220D @) -1) + 51P I )1

where the following inequalities hold

@ [P'llg@)-1 = Ip" =P+ Pllg@)—+ <7+ [Pl

®) Jlg(z) 2 (g(z")~" = g(z) " Ha(z) 2| < 3|z — #'||g(z) < 3r, on the model of (18), using
r<1/11.

Therefore, we have
gy, (') = 2ll= < h((r + [Ipllgy-1) + 37(r + Pl 1) + 5(r + [Pllge)-1)?)

< A((r + Ipllg@)-) (1 + 37) + 30 + [Pl g@)-1)?)
< hr/h1(||p|\g(z)71,r, a)<r,

which proves the statement.

Step 2. We now prove that g, 1s a contraction on B. This proof notably recovers some elements of the

proof of Proposition 13 (see Appendlx E). Let (21, 22) € B x B with z1 (21,p1) and 25 = (22, p2).
Remark that 1, 25 € WO(z,1) x W°(z, 1). Let us first bound th Z(zl) 5511,1(2'2)”9@)' We have
g (21) — g (22) = §{a(2) " (01 —p2) + 9(21) " "p1 — g(x2) " 'p2}
=2{g(z)" (p1 — p2) + 9(z1) " (p1 — p2) + (8(z1)”
and then, since r < 1/11, we have on the model of (18)
||g(1) (1) — gzll(zz)ﬂg(w) < B0+ |lg(2)?a(z1) " 9(@) 12} Ipr — pallg(a)—
+ &llg(@) ' (g(1) " = g(x2)Na(@) 2 l2]|pallg(a)
<1+ (=) = pellg@y + Z( =) P llzn — 2ol (0 + [Pl 1) -

Let us now bound ||gh Z( 1) — g§L ))Z(ZQ)Hg(m)fl. We have

g) (21) — 817 (z2) = §{Da(2)[a(z)'p1.9(x) " 'p1] = Da(w)[a(x) ' p2. o(x) 'p2l}

Y —g(x2) )2},
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which gives using Lemma 9-(a)

122 (21) = 2 (29) |l g+ = 51Dg(@)[a(x) " (o1 = p2), () Pl gy

+ 4 Dg(z)[g(z) " (p1 — p2), 8(x) " (p1 — P2)]llg(a)1
< hlla(@) " (p1 = p2)llg@) l6(2) " pallg) + Slo(z) " (o1 — p2) 1)
< h(r + Ipllg@)-1)lIP1 = P2llgz)-1 + hrllpr — pallga)-1 -
Finally, it comes that
g, (1) = g, . (22)ll= < 5{1+ (1 = 7)™ +dr + 2llpllg(y -1 Hp1 = p2llgy
+ B =)+ Pl 1) lle1 — 22llge)

< (1/2)1{lz1 — 22llg@) + 1 — p2llg(e)-1 H/ ha(llpllg(zy-1. 7 @)
< (1/2)]z1 = 2|l

which proves that g b is a contraction on B.

Conclusion. We obtain the result of Lemma 23 by applying the fixed point theorem on g . and
B. O

Elaborating on Lemma 23, we prove in Lemma 24 that the only element of Qh(z(o)) verifies
smoothness properties if A is chosen small enough, depending on z(%).

Lemma 24. Forany z = (z,p) € T*M, any r € (0,1) and any a > 1, we define

}_L(z,r, «) = min (h1(||p||g(z)71, r,a), ha(z), hs(z, T)) (50)
where h; is defined in (49), and hy and hs are defined by
1 1
hg(z) h3(Z7 T) =

3/2+ 3lpllg)—r L+ (=) r+ plg@-1)

We recall that v}, is defined in (33). We also recall that the maps Gy, g, Gy, and Gy, 0 are

respectively defined in (29), (30), (31) and (32). Assume Al, A2. Then, for any 20 e T*M

and any h € (0, (20 r% ), there exists a unique element zélﬂ) € T*M such that z,(Ll/2> S

»ad

G,z N Bil o) (20 r%). Moreover, we have
(a) Jac, [gh](z(o), z,gl/Q)) and Jac[@h}(zgm)) are invertible,
(b) Jac[Gh,zm)}(xS/m) is invertible.

Proof. Assume A1, A2. Let () € T*"M and h € (0,h(2(?), 7%, a)), where h is defined in (50).
Since r} < 1/11, Lemma 23 ensures the existence and uniqueness of z,(ll/z> = (121/2),])21/2)) S
T*M such that z,(ll/z) € G,z n Bl (29 r%). Moreover, we have x;:/z) € WOz rx),
and thus Jac[th(o)](asg/Z)) is invertible by Lemma 22. Let us prove that Jac./[g, ] (29, z,(ll/Q))

and Jac[Gj](z"/?) are invertible.

Invertibility of Jacz/[gh](z(o), Z}(11/2)). We first remark that Jac,s [gh](z(()), 2,21/2))
Jac[tho n](2\1/*)) where o, = Id + 24y and ¢y is defined on T*M by

Yo(2) = (~{a(= ) +9(y) "} 'p, =3 Da(= ) [g(=?) " p,g(=?) " 1p]) -
We recall that Hz,(LI/Q) — 2|0y < 7% <1/11 and thus define r; = 1/11 — Hz,(LU2> — 200 >0

and By = By, (217, 71). We set 7 = 1/11. Note that B; C By , (=, 1/11). We show
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below that v is Lipschitz-continuous on By with respect to || - ||, . Let (z, 2’) € By x By. Similarly
to the proof of Lemma 23, we have

1967 (2) = 05" ()l g < lIp = Pllggacon
+ o) 2a(2) o) allp = 1l g
+ o) 2 {g(2) 7" = a(@) " Fa(@ )2 allpll g ator) -1
<A+ 1=A))p =P llgeo -2
+3(1 =)+ PO g0y -1z = 2 g0 -
In the same manner, we have
1967 (2) = 467 ()l g1 < 227 + [Pl gz 1) I = Pl gz -

Therefore, recalling that 7 = 1/11, we obtain with the previous inequalities

1400(2) — %0 (2) |0 < {3 + 6l[p V| gaory-1 HIz — 2|0
<2z = 2|l /ha(29) .
Hence, 1o is (2/h2(2(?)))-Lipschitz-continuous on B; with respect to || - ||,«y. Then, since

h < hQ(Z(O)), Jac[to,n](2) is invertible for any z € B; by Lemma 21. In particular,
Jac./[g, (2, 22 = Jac[vo n] (21/?) is invertible.

Invertibility of Jac[G,] (z}(ll/ 2)). Let us remark that G, = Id + h¢ where ( is defined on T*M by
1 _ _
((2) = (0, ; Dg()[8(x) ", (=) ""p))-

We define 7o = 1/2and By = By, (z,(ll/ 2, ). We show below that ¢ is Lipschitz-continuous
*h

on By with respect to || - Hz(l/z) , with a Lipschitz constant which does not depend on zﬁl/ 2 Let
h
(z,2") € By x By. Using Lemma 9-(a) with ro = 1/2, it is clear that

1/2
1¢2) = CGELarm < (L Lok Mg )z = 2 lLarar

Hg(z

(1/2)
h

Moreover, since ||z — 29|« < r¥, we have by Lemma 12

1/2 — 1/2
Ik a1 < (1 =72) "M PR lgony»

<A =r) 7 a1 llg@o)1) -

and thus
1(2) = ¢ ovm < {1+ (L —=r2) 7 + 1P gy -1) iz = 2'l]ar
h h
<z =2l ar /ha(z9,r%) .
h
Hence, ¢ is (1/h3(2(?), r%))-Lipschitz-continuous on By with respect to || - | ,as2. Since h <
h

h3(2(9), %), Jac[G}](z) is invertible for any 2z € By by Lemma 21. In particular, Jac[éh](zflln)) is

invertible, which concludes the proof.

The following lemma states the existence of a diffeomorphism between (%) € T*M and 2" €
G, (2(9)) under smoothness conditions verified by z(1).

Lemma 25. Let (z(0>7 z(1>) € T*M x T*M. We recall that the maps g, Gy, and Gy, are respectively
defined in (30), (31) and (6). Assume that g € C2(M,R%*9) and that there exist h > 0 and
221/2) € T*M with the following properties:

(a) gh(z(o)’ 221/2)) =0and z(V) = Gh(z}(ll/z)).
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(b) Jac, [gh](z(o), z,(ll/Q)) and Jac[@h}(z,(ll/2>) are invertible.

Then, there exists a neighbourhood U C T*M of 2(9) and a C'-diffeomorphism ¢ : U — £(U) C
T*M such that (i) £(2(0)) = 2N, (ii) for any z € U, £(2) € Gp(2) and (iii) | detJac €| = 1.

Proof. Let (2(9,2(0)) € T*M x T*M. Assume that g € C(M, R?*?) and consider » > 0 and
z,(ll/ 2 € T*M as described in Lemma 25. Under the assumption on g, g, and Gy, are continuously
differentiable respectively on T*M x T*M and T*M. We are going to prove Lemma 25, by first
deriving intermediary results on g h and Gp,.

Resultong, . We recall that gh(z(o), z,(zl/Q)) = 0 and Jac,/ [gh](z(o)7 221/2)) is invertible. Then,

by applying the implicit function theorem on g, at (200, z,(ll/ 2)), we obtain the existence of a

neighbourhood Uy C T*M of 2(® and a C!-diffeomorphism &y : Ug — £3(Ug) € T*M such that
&(z0) = z,(ll/z) and for any 2 € Uy, g, (2,60(2)) = 0, i.e., §o(2) € Gj,(2). Moreover, for any
z € Uy, the Jacobian of &y at z is given by

Jac[§o](2) = — Jacu[g, |z, £o(2)) " Jacz[g, ]z, €0 (2)) -

Result on Gj,.  We recall that z(2) = Gy, (2"/?) and Jac[G},](z{"/?) is invertible. Then, we apply

the inverse function theorem on G, at z}(Ll/ 2) and obtain the existence of a neighbourhood U; € T*M

of z,(zl/Q) such that ¢&; = Gy, |y, is a C!-diffeomorphism on U;.
Final result. We now consider the subset U and the map &, respectively defined by

(@) U=¢"(UpN&(Up)) C T*M, neighbourhood of z(?).

() & = &leo(uy © &0, C!-diffeomorphism on U such that £(20) = 2 and for any 2z € U,
&(z) € Gp(z).
Let us now prove that | detJac&| = 1. Let z € U. We define zg = £o(z). By the chain rule, we have

Jac[€](z) = Jac[€; 0 &)](2)
= Jac[&1](6o(2)) Jacléo] (2)
= — Jac[&1] (6o(2)) Jacx [g,] (2, €o(2)) " Jac.[g, ) (2, &0(2)

where we have

N 14 0
(a) Jac[fl](z ) = <7%81,IH2(z’) I — %81,;7}]2(2:/)) s

n_ (la— %838,10[{2('2/) _%{ap,pH2($7pl) =+ 8p,pH2(w/7pl)}
(b) Jacz’ [gh](za z ) - < 0 Id + %8z,pH2($7p,) )
no_ —Iq — %81-’1,[‘]2(1'7]9/) 0
(c) Jac, [&h}(% z ) = ( %81,1H2($7p/) 1)

Therefore, we obtain

| detJac[¢](2)]
h h h . h
= det(ld — 5314,}[2(,20)) det({Id — §az,pH2(ZO)}{Id + §az,pH2(-r7p0)}) det(Id + §am,pH2(~r7p0)) =1 )

which concludes the proof. O

Lemma 26. Let h > 0. We recall that the set-valued map ¥}, is defined in Section 3.1. Let z € T*M.
Assume that there exist (2',2"") € T*M x T*M such that
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(a) Z' e F}L(Z),
(b) 2" € Fi(z), and
(c) ' =2z

Then, we have p' = p", and thus z' = 2".

Proof. Let h > 0. Let z € T*M. We consider (2/,2") € Fj(2) x Fj(z) such that 2’ = 2" = 7.
By using the last two aligns from (6) with z’ and 2, we have p’ = —p(1/2) + %9(5)*119(1/2) =",
where p1/?) = 2 (g(z)~* + g(2)~!)~! (& — ), which concludes the proof. O
Under the assumption A2, we define, for any 2(*) € T*M, h*(2(?)) = h(s(2(?),r%, @), where a

s Doy

is given by A2, and 7, and h are respectively defined in (33) and (50). Note that h* appears in
Proposition 2, for which we derive the proof below.

Proof of Proposition 2. We recall that maps G;,, g h and G, are respectively defined in (29), (30) and
(31). Assume A1, A2. Let (%) € T*M. We define (©) = 5(2(?). Let h € (0, h*(2(9)). By using

(1/2)
h

Lemma 24 on 2(°), we obtain the existence of z € T*M with the following properties:

@ #/? € G,(20), ie.g, (20,27 =0,
(b) Jac./[g 300 /2y and Jac[G), 2(1/2)) are invertible,
Sh h h

(© Jac[Gh,Im)](m;Ll/Q)) is invertible.

We then define z,(ll) = éh(z,ﬁl/z)). In particular, z,(Ll) € Gup(20), ie., zi(bl) € Fp(2©) and
JaC[Ghvz(m](x;l)) = Jac[Ghyz(m](xg/Q)) is invertible. By combining the properties of z}(ll/z) and
with Lemma 25, we also obtain the existence of a neighbourhood U’ C T*M of 2 and a C!-
diffeomorphism &, : U’ — &,(U') C T*M such that (i) &,(3©) = 2", (ii) for any z € U,
&n(z) € Gp(z) and (iii) |det Jac &,| = 1. Therefore, we can define the subset U and the map ~y, of
Proposition 2 by

(a) U = s(U’), neighbourhood of z(*) in T*M,

() yn = & o s, such that () () = 2V, (i) for any z € U, v4(2z) € Fa(z) and (iii)
det Jac[vy,] = 1.

We now prove that U can be reduced to a smaller subset such that 7 (2) is the only element of F(z)
in 73, (U) for any z € U. Motivated by Lemma 22, we first define, for any (z,2') € M x M, F}, ,(2')
as the only element p € T%M such that (z/,p") € Fp(z,p) for any p’ € T: M. It is clear that
Fro(2') = =Gy z(2), where Gy, ,, is defined in (32). We also define Zj, : M x M — T*M by

Zh(.]t,(E/) = (xthJc(‘T/)) = (!L‘, _Gh,l‘(x/)) )
which is continuously differentiable since g € C2(M, R?*%). Besides this, we obtain by Lemma 22
that Jac[Gy, ..o ](z(?, .7521)) is invertible, and then Jac[Zp,] (mg)) is invertible. Therefore, by applying
the inverse function theorem on Z;, at (m(o), xgll)), it comes that Zj, is a C!-diffeomorphism in a

neighbourhood of (2, mELl)). We are now going to prove the result by contradiction. Assume for
now that there is no neighbourhood U of 2(?) such that 7;,(2) is the only element of F},(z) in 7, (U),

for any z € U. Then, we can find a sequence (z;);cn which converges to 2 such that for any
i € N, there exist two different elements z; 1 € Fj(2;) and z; o € F,(2;). Therefore, for any i € N,
T;1 7# T;,2 and by Lemma 26, we have

Fre (xi1) =Fpa(zi2) =pi
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and thus
Zn(xiyxin) = Zp(@i, i) = 2 - (€29)

Moreover, by continuity of ~y,, the sequences (2;,1):cn and (z; 2);en converge to z,(Ll), and therefore,

(@i,1)ien and (2;,2);cn also converge to 2. Combined with (51), this result of convergence is in
contradiction with the fact that Zj, is a diffeomorphism in a neighbourhood of (), le)). Therefore,

we can reduce U to a smaller subset such that +,(z) is the only element of F,(z) in 7, (U) for any
z € U, which concludes the proof of Proposition 2.

H Modification of n-BHMC algorithm with step-size conditioning
In the rest of the paper, for any 2(®) € T*M, we will denote by h, (2(?)) the value of &, given by A3.

Beyond n-BHMC. A crucial part of the proof of reversibility in BHMC, as much for c-BHMC
as for n-BHMC, relies on local symplectic properties of the integrator of the Hamiltonian dynamics.
Although Algorithm 1 can be implemented without any practical limitation, it is hard to state such
properties for its numerical integrator ®; under A1, A2 and A3, given any value of h. Indeed,
we know from A3 that ®;, is a local involution around 20 € T*M when h < h*(z(o)); however,
we cannot ensure this result when i > h*(z(o))... To circumvent this issue, we propose to study
Theoretical n-BHMC (Tn-BHMC), presented in Algorithm 3. In this modified version of n-BHMC,
we actually enforce a condition on h to be small enough. We now get into the details of this new
algorithm and assume A3 for the rest of this section.

Theoretical motivations. Let 2 > 0. We recall the definition of the set Aj, introduced in Section 4.2
Ah = {Z S ™M : h < min;eBH.HZ(ZJ) h*(g)} .

It is clear that A;, C domg, : indeed, if 20 ¢ Ap, we have in particular that h < h*(z((’)), and
therefore 2(*) € domg, by A3. Let 2(°) € A;,. By A3, we know that &}, is an involution on a
neighbourhood of z(°); in particular, it comes that (®;, o ®;,)(2(?)) = 2(°). Hence, the condition (b)
of the “involution checking step” in Algorithm 1 is de facto satisfied. This naturally leads to replace
the condition “z € domg, ” by the more restrictive condition “z € Ap”.

Algorithm 3: Tn-BHMC with Momentum Refreshment
Input: (zg,po) € T*M, 8 € (0,1], N € N, h > 0, > 0, ®;, with domain domg, , Ay,
Output: (X, Pn)ne[N]

1 forn=1,.... Ndo }

2 Step 1: Gn ~Ny(0,14), Pn < 1= BPao1 + V/BGhr

3 Step 2: solving a discretized version of ODE (3)
4 X':“PT/L — Xn—lypn; X'I(10>7P7SO) — (30 Sh,/2)(Xn713n)
s | if 280 = (x,P”) € A, then

6 z) = an(2”)

7 it Z( € A, then

8 | X, P+ (50Sh2)(25")
9 end

10 end

1 Step 3: Ay + min(1,exp[—H (X}, PL) + H(Xn_1, Pn)])
12 U, ~ UJ[0,1]

13 if U, <A, then X,, P, < X, P,

14 else X, P, — X,_1,P,

15 Step 4: X, Pn <+ s(Xn, P)

16 Step 5: G, ~Nz(0,14), P, «—1-BP, +BG.,
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Implementation of Tn-BHMC. In Algorithm 3, we highlight in yellow the modifications of
Tn-BHMC in contrast to n-BHMC. Namely, we replace

(@) “ZY € dome, * (Line 5 in Algorithm 1) by “Z{” € A,* (Line 5 in Algorithm 3).
(b) “Z{" € domg, “ (Line 8 in Algorithm 1) by “Z<") € A,* (Line 7 in Algorithm 3).

Note that there is no need to maintain the “involution checking step" of Algorithm 1, since it is

automatically verified once Zr(LO) € Aj,. On the whole, these new conditions are more restrictive
than the conditions of Algorithm 1 since A, C domg, ; moreover, they can be thought as conditions
directly applied on the step-size h. The specific choice of Ay, instead of another subset of domg, , is
actually sufficient to derive the proof of reversibility of Tn-BHMC (see Section 4.2).

I Proofs of Section 4.2

1.1 Expression and properties of r*
Given a Riemannian manifold (M, g), we define 7*(z) for any = € M by

r*(z) = min(||g(=)]; /%, la(z) " 5 %) . (52)

Note that 7* is used in A3 and that *(x) = 1/C,, where C,, is defined in Lemma 12. We prove
below that r* has a smooth behaviour on M under our main assumptions.

Lemma 27. Assume Al, A2. Also assume that z € M — ||g=1(2)||2 is bounded from above. As
defined in (52), r* : M — (0, +00) satisfies the following properties:

(a) *(x) = 0asz — IM.

(b) There exists L > 0 such that v* is L-Lipschitz-continuous on M with respect to || - || 2.

(¢) There exists M > 0 such that v*(x) < M for any x € M.

Proof. Assume A1, A2. Also assume that z € M — ||g=1(x)||2 is bounded from above. We first

define 1 : 2 € M = |lg(z)|l; /* and ro : € M — [|g(z)~1(|5 /% such that r* = min(ry, r2).
Since g € C2(M, R%*4)_ it is clear that 71 and 7 are continuously differentiable on M. We have:

(a) r1(z) — 0as z — OM by Lemma 8, and

(b) ro(z) A 0asx — OM, since 1/72 : z +— ||g(x)~!||2 is bounded on M.

Combining the fact that ro(z) > 0 for any € M and item (a), we obtain item (a) of Lemma 27. We
denote by d the distance induced by || - ||2 and now define, for any £ > 0,

() pe = infyem: a.om<ey m2(Y)-
(i) M. =Int({z € M : d(z,0M) <e,r1(x) < u:}), open setin M.
(ili) M_¢ = M\M, closed and bounded (and thus, compact) set in M.

Using items (a) and (b), we can ensure the existence of some ¢ € (0, diam(M)) such that (i) pe > 0
and (ii) M. and M_. are not empty. We consider such ¢ for the rest of the proof.

Smoothness of 2. We define § = d(M¢, M_.) and M5 = M€ + B(0, §/4). Note that

i) d >0sinceM_, C M,
(ii) My is closed since the ball B(0, §/4) is compact, and
(iii) MsNM_. = 0.
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According to the smooth version Urysohn’s lemma applied to Ms and M_., there exists x €
CL(R4,[0,1]) such that x(M_.) = 1 and x(Ms) = 0. We then define 7, : R? — (0, +o0) by
79 = xr2 + (1 — X)te. In particular, (i) there exists Ly > 0 such that 75 is Lo-Lipschitz-continuous
on M with respect to || - ||2, since 7o € C'(R%,[0,1]), and (ii) for any = € M, 7o(2) > p..

Smoothness of 7. We now prove that 7y is 1-Lipschitz continuous on M with respect to || - ||2. Let
x € M. Note that r; (z) = (||g(2)|3)~'/* and we thus have

Vri(z) = (=1/4)|8(2)ll;**h(x) : Dg() ,

where h(z) = 9y lla(@)]13 = 2[lg(z)||]2u(z)u(x)", u(z) being a normal eigenvector of g(x)
corresponding to the eigenvalue ||g(x)]||2. Hence,

IVri(@)]l2 < (1/2)]l9(@) ;> [u(@)u(z)T : Do)z
< (1/2)lla(@) ]l ** u(z)u(z) T ||| Dg(x)l2
< (1/2)]lg(2)]1;** x 2|lg(x)|3/* < 1 (Definition 1-(c))

which proves the result on 7.

Smoothness of r. Let © € M. We can face two cases: either, z € M_, then r3(z) = 72(z); or,
x € Mg, then 75(z) > pe > r1(z) and ro(x) > r1(x) by definition of M. Thus, we have for any
x € M, 7*(z) = min(rq (), 72(z)) where 1 and 7 are respectively 1 and Lo Lipschitz-continuous
on M with respect to || - ||o. By observing that 2 min(ry,7) = 71 + 72 — |y — 72|, weset L = 1+ Ly
and thus obtain item (b) of Lemma 27. Finally, item (c) of Lemma 27 directly derives from item (b),
since M is bounded. O

Note that the extra-assumption on g~ used in Lemma 27 is not directly ensured by self-concordance
but can be proved when M is a polytope, as shown below.

Lemma 28. Consider a polytope M defined by m constraints with m > d such that M = {z :
Az < b}, where A € R"™*? is a full-rank matrix and b € R™. We endow M with the Riemannian
metric g(x) = D2¢(x) where ¢ : M — R is the logarithmic barrier given for any x € M by
dlz) = => " In (bi — A;'—x) In particular, M and g verify Al and A2. Then, the function
r: M = (0, +00) defined by r(x) = ||g~ (z)||2, for any x € M, is bounded from above.

Proof. Consider such manifold M and metric g. We aim to show that the smallest eigenvalue of g(x)
is bounded from below for any x € M by a constant ¢ > 0, which does not depend on z, i.e., for any
h € R? and any 2 € M, g(z)[h, h] > c||h||3.

Since A is full-ranked, AT A is positive-definite. In particular, for any h € R?, (AT A)[h,h] >
Amin(ATA)||h|3, where Apin(ATA) > 0 is the smallest eigenvalue of AT A. We recall that we
have for any z € M, g(z) = AT S(x)"2A, where S(z) = Diag(b; — A] @);c(m). Leti € [m]. The
function 7; : x € M S(x); 2 has the following properties: (i) r; is continuous on M, (ii) r;(z) > 0
for any = € M and (iii) 7(x) — +00 as & — IM. Thus, there exists ¢; > 0 such that for any z € M,
ri(x) > ¢;. We define ¢ = min;e(,,,) ¢; and we have for any = € M, S(z) 2 = cI4. We now define
¢ = EAmin(ATA) and we have for any x € M
g(@)[h,h] = - (ATA)[h,h] > c||h]]3 -

In particular, g(z)~! < (1/¢)1g, i.e., ||[g(z)||2 < (1/c), which concludes the proof. O

1.2 Markov kernels of Algorithm 1

Based on the model of E;, defined in (24), we define the set Ef C T*M, which will ensure that the
maps derived from implicit integrators of n-BHMC are properly expressed

EE =(so Sh/g)*l(domq)hy n (I)gl(dqu:.h)) = (508;/2)(domg, N @;l(domcph)) . (53)
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For any (z,2") € EY x T*M, we define the acceptance probability a(z’|2) to move from z to 2’ by
a(2'[2) = a(2" | 2) 1508, /2)(2)=(@no@r0s08/2) () = U2 | 2) e mpor) (o) -

where a(z’ | ) is the acceptance probability defined in (9). We denote by Q,, : T*M x B(T*M) —
[0, 1], the transition kernel of the (homogeneous) Markov chain (., p")ne[ ~) generated by Algo-
rithm 1. We also denote by:

(@ Qo : T*M x B(T*M) — [0,1], the transition kernel referring to Step 1 (also Step 5) in
Algorithm 1, defined in (25).

(b) Qu,1: T*M x B(T*M) — [0, 1], the transition kernel referring to Step 2-3-4 in Algorithm 1.

We provide below details on Markov kernels Q,, and Q,, ;.

Kernel Q,, 1. This kernel is deterministic and corresponds to the numerical integration of the
Hamiltonian up until time h. For any (z, z") € T*M x T*M, we have

Qn1(z, dz') = ]lﬁf (2)(54Qn,2)(z, dz’) + II(E;IJ)C (z)és(z)(dz') , (54)
where
Qna(z,dz') = a(RE(2) | 2)8pe () (d2) + [1 = a(Ry(2) | 2)]8.(d2’) . (55)
Kernel Q,,. This kernel corresponds to one step of Algorithm 1 (i.e., comprising Steps 1 to 5). For
any (z,2') € T*M x T*M, we have
Qn(2,d2") = [ropsrem Qo(z,d21)Qu 1 (21, d22)Qo(22, d2’)

L3 Proof of reversibility in Algorithm 3

Let h > 0. Using notation from A3, we recall definition of the set A, introduced in Section 4.2
Ay = {Z ceT*M : h< minZEBH.”z(z,l) h*(g)} C dOH1<1>h . (56)
We also recall that 7, as defined in (2), admits a density with respect to the product Lebesgue measure
given for any z = (x,p) € T*M by
(d7/(dzdp))(z, p) = (1/2) exp[~(1/2)lIpll} 1)-1] det(g(x)) /2 exp[-V (2)] -

Since Algorithm 3 can be thought as a restrictive version of Algorithm 1, the Markov kernels from
Tn-BHMC are similar to the kernels from n-BHMC, defined in Appendix 1.2. In particular, the
transition kernel corresponding to the Gaussian momentum update (Step 1 and 5 in Algorithm 3, Step
1 and 5 in Algorithm 1) is the same and is reversible (up to momentum reversal) with respect to 7
(see Lemma 17). Namely, we replace

(a) the set E?, defined in (53), by E‘I’,
(b) the kernels Q,, 1 and Q,, o, respectively defined in (54) and (55), by Q1 and Qo,

where
Ef = (s0Sn/2) ' (An N @, (An)) = (s 0 Sny2) (A N @1 (AR)) 57
Qi(z,d2') = ]lfif (2)(54£Q2)(2,dz") + I(Ef)c(z)és(z)(dz’) , (58)
Qa(z,d2’) = a(RE(2) | 2)0ge (dz') +[1 - a(RE(2) | 2)]6.(dz2’) . (59)

We denote by Q : T*M x B(T*M) — [0, 1], the transition kernel of the (homogeneous) Markov
chain (2, pn)ne[n] generated by Algorithm 3. For any (2, 2") € T*M x T*M, we have

Q(2,d2") = [1uperem Qo(z, dz1)Qi (21, d2z2)Qo(22,dz’) . (60)

We first turn to the reversibility up to momentum reversal of Q; with respect to 7. We start with the
following lemma which is key to establish this result.
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Lemma 29. Assume Al, A2, A3. Then, for any compact set G C T*M, for any g € C(T*M x
T*M, R) such that supp(g) C G x G, we have

Jo, 9(z, ®n(2))dz = [, 9(®n(2),2)dz ,
where G, = F, NG N <I>,:1(G), Fr, =AnN <I>;1(Ah), Ay, being defined in (56).
Proof. Assume Al, A2, A3. Let G C T*M be a compact set, g € C(T*M x T*M,R) such that

supp(g) C G x G. We first define the sets Fj, = A, N @, 1(Ay), G, = F, NG N ®,(G) and the
integrals I" and .J’

I'= th g9(z, Pp(z))dz , J = th g(Pp(2),2)dz . (61)

We recall the existence under A1 and A2 of L > 0 and M > 0 such that 7*, given by A3 and defined
in (52), is L-Lipschitz-continuous on M with respect to || - |2 and bounded from above by M (see
Lemma 27).

We define » : T*M — (0,400) by r(z,p) = r*(z)/m for any (z,p) € T*M, where m =
max{1/\, 4M,4L} and X is given by A3. Using the properties of 7*, it comes that

(a) ris L-Lipschitz on T*M with respect to || - ||2,

(b) r(x,p) <1/(4LC;) for any (x,p) € T*M, where C,, is defined in Lemma 12,

(¢) r<1/4,and

(d r < A r~.

Note that G C U.ecBy. . (2,7(2)). Since G is a compact set, there exist X' € N and (z;);e[x] €
T*M¥ such that G C Ufil Bi, where B; = By, (2i,7(2:)).

We consider the sequence {V;} £, constructed as follows: V; = GN By and forany i € {2,..., K},
V;=(GNB;)N (U;;llvj)c. Then, we have that, forany i € {1,..., N}, Ui_,V; = GN (Ui_,B;),
and that for any iy,i2 € {1,..., K}, Vi, NV,, = 0 if iy # io. Therefore, we get that G = u{;lvi
and ®;*(G) = UK, ®; (V;). In particular, for any A € B(T*M) and any ¢ € C.(T*M,R)

Jern C(2)dz = Zfil fva ¢(z)dz , (62)
and for any Ac B(T*M) and any 5 € C.(T*M,R)
fq’;l(G)ﬂA 5(Z)d’z = Zzlil f(b;l(vi)m& E(Z)dz . (63)

Using (62) and (61), we obtain I’ = 25 1/

i

where I} = [, (4-1(¢)nr, 9(2, n(2))dz for any
ol 2y .
i € [K]. We are now going to show that, for any ¢ € [K]

I{ - fq)ltl(vm)meFh g(@h(z)72)dz N (64)

Let i € [K]. We proceed by making the following case disjunction:

(a) Either V; N <I>;1(G) N Fp = 0, and then I] = 0. We prove by contradiction in this case that

@;1(Vi) NGNF;, = 0. Assume that there exists z € CD;l(Vi) NGNFy,. By definition of Fy,, z € Ay,
Dy (2) € Ay, and we get that $p, (Py,(2)) = 2 using A3. Hence, we have:

. <I>h(z) eV,

o Op(Pp(2)) =2 €G,
* Pu(z) € Ap,

. <I>;L(<I>h(z)) =z c A;L.

Therefore, we get &5,(2) € V; N @gl(G) N Fy, = 0, which is absurd. Finally, (64) holds since

II=0= f@;l(vl)meF;,, g(Pp(2),2)dz .
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(b) Either, there exists some zZ € V; N @gl(G) such that Z € Fj. In particular, Z € B;, and thus
IIZ = zill2, < r(2:) < 1. In this case, by combining A3 with Lemma 9-(c), we have for any 2z’ € T*M

121z < @ =112 = 2ill=) 72l < (X =7(z)) 7 I

J2 -
By considering 2z’ = z; — Z, it comes that
lzi = 21z < (= r(20) T2 = zille, < (A= r(20) "' (2) -
B(y c)ombining properties (a) and (b) of  with Lemma 12, we have the following upper bound of
r(z;
r(zi) <7(2) + L2 - zilla <7(2) + LO |12 — 2
and thus

2 <7T(Z) +LCy,7(2) <r(Z)+1/4,

Iz = 2z < (1= 7(2) = 1/4) 7 (r(2) + 1/4) < 1,

using property (c) of r. Hence, z; € By, (2,1). Moreover, Z € Fj, C Ay, and then it comes that
h < hy(2;). Therefore, by combining property (d) of r with A3, we have

i V; CB; C BH'Hzi (Zi,)\T*(Zi)) C domg, ,
(i) the restriction of ®, to V; is a C!-diffeomorphism such that ®;, o ®;, = Id.

This last result provides proper assumptions on @, to operate a change of variable in I]. We now
define Gy 5, = ®5(V; N ®;,*(G) NFy,) and Gy, = ®;, ' (V;) N G N Fp, and prove that Gy , = Gay,
in two steps.

(i) We first prove that Gy 5, C Gg,p,. Let z € Gy p. Then, there exists 2’ € V; N @gl(G) N Fy, such
that z = ®;,(2’). Since @y, is an involution on V;, we have ®,(z) = 2’. Since 2z’ € V; N Ay, it comes
that z € ®, ' (V;) N @, ' (A,). Moreover, 2’ € @, ' (G) N ®, ' (A,), and thus, z € G N Ay,. Then, we
have z € Gy j,, which proves this first result.

(ii) We now prove that Go , C Gy . Let z € Ggp. In particular, z € G. Then, there exists
j € [K] such that z € V;. Therefore, 2 € B; and thus ||z — z;||., < r(z;) < 1. Since z € Ay,
we obtain that h < h,(z;) with the same computations as those written above. In particular, this
proves with A3 that ®;, is an involution on V. Then, z = ®,(®(2)), with ®,,(z) € V; N A, and

®y(2) € @, (G) N ®; ' (A), since z € G N Ay,. Therefore, we have z € Gy, which proves this
last result.

Given the fact that @}, is an involution on V;, we operate the change of variable z — ®,(z) in I] and
obtain

I = Jo,vinay @ 9(8n(2):2)d2 = [y n6ar, 9(Pr(2), 2)dz
which gives (64).

Therefore, combining (62), (63) and (64), we get
K K
I'= Zi:l fv,.,mp;l((;)m:h 9(z, ®n(z))dz = 27::1 f@;l(vi)meFh 9(Pn(2),2)dz = J",

which concludes the proof. O

We are now ready to establish the reversibility up to momentum reversal of 1, defined in (58), with
respect to 7.

Lemma 30. Assume Al, A2, A3. Then, for any h > 0, the Markov kernel Q1 with step-size h,
defined in (58), is reversible up to momentum reversal with respect to 7.

Proof. Assume A1, A2, A3. Let h > 0. We recall that the kernels Q1 and Qs are respectively defined
in (58) and (59). We define the transition kernel Q3 : T*M x B(T*M) — [0, 1] by
Qs(z,d2") = ]].E;I;(Z)QQ(Z, dz’) + ]l(EE)C(z)éz(dz') , (65)

such that Q; = 54 Qg. The rest of the proof is divided into two parts. First, we prove that Qs is
reversible with respect to 7. Then, we prove that Q; is reversible up to momentum reversal with
respect to 7.
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(a) Let f € C(T*M x T*M, R) with compact support. We consider a compact set K with respect
to the topology induced by the set {By .||, (z,7),z € T*M,r € (0,1)} such that supp(f) C K x K.
According to Definition 4, we aim to show that

Jremsrom (2,2)Qs(2,d2)7(d2) = [royepem f(2,2)Qa(2,d2")7(d2) - (66)

We denote by I the left integral of (66). By combining (59) and (65), we have I = I1 + I + I3
where

I = fé;{f 7(2)a(RE(2) | 2)f(2,RE(2))dz
I = [ex 7(2)[1 = a(R}(2) | 2)] (2, 2)dz
I3 = f(E;I;)c 7(2)f(z,2)dz .

Since supp(f) C K x K, we have for any z € K¢, f(z,-) = 0 and f(-,z) = 0. Note also that for
any z € (R?)71(K))S, R (2) ¢ K, and thus f(R}(2),-) = 0and f(-,R¥(z)) = 0. By combining
these preliminary results with (9), we get

L = fE‘PﬂKm(R‘I’)*l(K) 7(2)a(Ry (2) | 2) f(2, Ry (2))dz
=(1/2) fE“’me(R‘f’ 1(K) min{e~ (), e_H(Rf(Z))}f(Z» R (2))dz
= Jesr 7D~ a(RE(2) | )]F (2 2)dz
I3 = f(E;I;)c 7(2)f(z,2)dz .
We denote by .J the right integral of (66). By symmetry, we have J = J; + J + J3 where
Ji = fE‘i’nKn(R@)—l(K) 7(2)a(RE(2) | 2) f(RE(2), 2)dz
=(1/2) fEPmeR% 1K) min{efH(Z),e*H(Rf(Z»}f(Rf(z),z)dz 7
= fepr T~ a(RE(2) | )] (2 2)dz
J3 = f<|~5;{,)c m(2)f(z,2)dz .
We directly have Iy = J and I3 = J3. Let us now prove that [; = J;.
We recall that s o S, 5 is a symplectic C!-diffeomorphism (see Section 3.1) and E? = (s0 Sky2)(Fn)
where Fj, = AyN®; ! (Ay,), using (57). We define Kj, = Fhﬂ(soSh/Q)(K)ﬂfi);l((soSh/z)(K)), such

that Ef NKN(RE)™H(K) = (s0Sp,2)(Kn), and we operate the change of variable z — (s0S},/2)(2)
in I1 and J;

L =(1/2) th min{e‘H((S"Sh/‘z)(z))7 e_H((SOSh/ZO‘I’h)(Z))}f((s o Sh/z)(z)7 (so Spy20 D) (2))dz
Iy = (1/2) fy, min{e~H(GoSn/2)) ¢=H(ES12P0EDY £(s 0 S/ 0 1) (=), (5 0 Spy2)(2))dz -
We now define the map g : T*M x T*M — R and the set G C T*M by

9(z.#) = min{e (oS eGS0 f((5 050 (2), (50 S1y2)(2))

G = (so5p/2)(K).
Note that G is a compact set of T*M by continuity of s o S/, and g is a continuous function by
continuity of H and s oSy, /. Then, we obtain I; = Jy, by applying Lemma 29 with g and G. Finally,
we obtain I = .J and thus prove (66) for any continuous function f with compact support.

(b) Let f : T*M x T*M — R be a continuous function with compact support. We have
Jremxrem £ (2, 2)Qu (2, d2")7(dz)
= Jremxrem f(2:2) (54 Q3) (2, d2’

)7 (dz)
= Jremxrem f (25 8(2)Qa(z, d2)7(d

( z) (momentum reversal on z’)
= [remxrem F(255(2))Qa(z, d2")7(dz) (using (66))
= Jramxrem F(8(2):5(2)) (54 Qs) (2, d2)7(d2) (momentum reversal on z’)
= Jpemxrom F(5(27),8(2))Qu (2, d2)7(d2)

which concludes the proof.
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We are now ready to prove Theorem 3, which states that () is reversible up to momentum reversal
with respect to 7.

Proof of Theorem 3. Assume A1, A2, A3. This proof is very similar to the proof of Theorem 15 (see
Appendix E.2). Let f : T*M x T*M — R be a continuous function with compact support. We have

fT*MxT*Mf(Z NQ(z,d2")7(d2)

= Jeremys f(2,2))Qo(2, d21)Qu (21, d22)Qo(22, d2')7(d2) (see (60))
= f(T*M)4 f(s(21),2")Qo(z,d21)Q1(5(2),d22)Qo(22,d2")7(dz) (Lemma 17)
= f(T*M>4 F(s(21),2")Qo(s(2),dz1)Q1(z,d22)Qo(22,d2")T(dz) (momentum reversal on z)
= f(T*M)4 f(s(21),2")Qo(22,d21)Q1(z,d22)Qo(s(2),dz")7(dz) (Lemma 30)
= f(T*M>4 F(s(21),2")Qo(22,d21)Q1(s(2),d22)Qo(2,d2’)T(dz) (momentum reversal on z)
= f(T*M>4 F(s(21),8(2))Qo(22,d21)Q1(2',d22)Qo(z,d2")7w(dz) (Lemma 17)

(

= Jremxrem F(5(2),5(2))Q(z, d2)7(dz) .
Moreover, sy = 7. Hence, by combining Definition 4 and Lemma 5, we obtain the result of
Theorem 3. O

J Comparison with Kook et al. (2022a).

In this section, we provide a precise comparison between our work and the results stated in Kook
et al. (2022a). We first dwell on the differences related to the general setting and the algorithms, and
then explain how our methodology may solve the limitations of Kook et al. (2022a).

J.1 General framework

Given a convex body K C R< and a function ¢ : R — R™, consider

M={zeK:c(x)=0}. (67)
In their paper, Kook et al. (2022a) aim at sampling from a target distribution 7, with density given for
z € M by

dr(z)/dx = exp|-V(2)]/Z ,
where V € C*(M,R), Z = [, exp[—V (z)]dz. They make the following assumptions:

(a) Kis provided with a self-concordant barrier ¢.

(b) The differential of ¢ at z, Dc(x), is full-ranked for any z € M.

Although this setting might be more general than ours (consider for instance the case where K is a

polytope and c is a non-trivial function), Kook et al. (2022a) focus on the case
K={zeR!:(<z<u}, clz)=Az—b (68)

where £, u € R? with £ < u, b € R™, and A € R*™, Combined with assumptions (a) and (b), A

must have independent rows and the Hessian of ¢ at « given by g(z) = D2¢(x) is a diagonal positive

matrix for any z. Moreover, M defined by (67)-(68) is a polytope. However, not any polytope can

be rewritten in a manner akin to (68), and therefore, the setting chosen by Kook et al. (2022a) can
actually be considered as a special case of our setting, see Section 2.

Then, they consider the extended state-space M = {(z,p) € R? x R : z € M, p € Ker(Dc(z))}
and define on M a constrained Hamiltonian H, given by

H(z,p) = H(z,p) + A(z,p) " e(x)
with H(z,p) = V(z) + %log pdet M (x) + %pTM(x)Tp ,
and M (z) = Q(z) " g(2)Q(x) ,
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where @ is the orthogonal projection into Ker(Dc(x)), implying that M is semi-definite positive,
and \(z, p) is a Lagrangian term given by

Mz, p) = (De(x)De(z) ") Y D?*c(x)[p, dz /dt] — De(x)0H (z, p)/dx} .

Remark that A simplifies when c is chosen as in (68), but may not be well suited for higher order
constraints. Then, Kook et al. (2022a) provide simplifications of H for the setting (68) based on
formulas for pdet A and M.

Finally, they consider the joint distribution 7 given for any (z,p) € M by
d7 = (1/2) exp|—H (z, p)]dxdp,

where Z = i w1 €xp[—H (x, p)|dadp, for which the first marginal is 7. They naturally propose to
sample from 7 by implementing a version of RMHMC relying on the constrained Hamiltonian H,
which they call CRHMC.

Similarly to our approach, they consider two cases.

(a) First, Kook et al. (2022a) assume that the Hamiltonian dynamics given by H can be explicitly
computed in continuous time (which is not the case in practice). They present the continuous version
of RMHMC which incorporates the simplified constrained Hamiltonian H, see Algorithm 1. We
refer to this algorithm as c-CRHMC. This algorithm is identical to our algorithm c-BHMC provided
in Appendix D, apart from the involution checking step (see Line 4 in Algorithm 2). They state in
Theorem 6 that the Markov kernel corresponding to one iteration of c-CRHMC satisfies detailed
balance with respect to 7, thus ensuring that it preserves 7.

(b) Then, Kook et al. (2022a) provide a practical implementation of CRHMC, which is similar
to n-BHMC, based on a time-discretization of the Hamiltonian dynamics for a given time-step
h > 0. They first split the simplified constrained Hamiltonian H into H; and H,, by leveraging the
non-separable aspect of H in Hy, as we do in Section 3.1. Then, they propose to use the first-order
Euler method to solve the discretized ODE associated to H;, as we also suggest, and the Implicit
Midpoint Integrator (IMI) to solve the discretized ODE associated with H», while we implement the
Generalized Leapfrog Integrator (GLI). We insist on the fact that these two second-order methods
share the same theoretical properties (Hairer et al., 2006). Since IMI is implicit, they propose to
approximate it with a numerical integrator ®j, which is computed with a fixed-point method (as
we do) detailed in Algorithm 3. Finally, they implement CRHMC which contains the same steps
as n-BHMC apart from the involution checking step (see Line 8 in Algorithm 1): (i) refreshing
the momentum with a symplectic scheme (Step 1 in both algorithms), (ii) solving the discretized
ODE associated to H in three steps according to the splitting given by H; and Hs (Step 2 in both
algorithms), (iii) applying a Metropolis-Hastings filter (Step 3 in both algorithms), and (iv) operating
a final momentum reversal (Step 4 in n-BHMC). They state in Theorem 8 that the Markov kernel
corresponding to one iteration of CRHMC satisfies detailed balance with respect to 7, thus ensuring
that it preserves 7.

J.2 Theoretical gaps in the reversibility of CRHMC Kook et al. (2022a)

First, we call into question the proof of the reversibility of c-CRHMC stated in (Kook et al., 2022a,
Theorem 6). Indeed, Kook et al. (2022a) implicitly assume that the time-continuous Hamiltonian
dynamics have a solution at any time, but do not provide any proof of this result. We emphasize here
that this result is not trivial and possibly may not hold due to the pathological behaviour of the barrier
at the border of M, see Proposition 14. In contrast, the involution checking step implemented in
c-BHMC verifies this condition for the forward and the reversed dynamics after momentum reversal,
which then allows us to derive the reversibility of c-BHMC, see Theorem 15.

Finally, we report some gaps in the proof of reversibility of CRHMC provided in (Kook et al., 2022a,
Theorem 8). Indeed, while Kook et al. (2022a) claim that (Hairer et al., 2006, Theorem VI1.3.5.)
applies to CRHMC which contains the numerical integrator detailed in (Kook et al., 2022a, Algorithm
3), in fact (Hairer et al., 2006, Theorem VI1.3.5.) only applies to the implicit integrator (IMI). This is
a fundamental limitation of their theory. This theoretical confusion thus leads to numerical errors, as
we detail in Section 6. In contrast, we present in Section 4 theoretical results on the implicit integrator
(GLI), which allows us to derive reasonable assumptions on the numerical integrator ®;, to obtain
reversibility of n-BHMC in Theorem 3. Contrary to Kook et al. (2022a), our proof relies on the
properties of ®;, and highlights the critical role of the involution checking step.
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K Experimental details

The numerical experiments presented in Section 6 are based on the MATLAB implementation of
CRHMC provided by Kook et al. (2022a). We adapt this code for n-BHMC for sake of fairness.
In particular, our implementation differs from CRHMC by the use of the Generalized Leapfrog
integrator and the “involution checking” mechanism.

Details on experiments with synthetic data. In these experiments, the hypercube refers to the
set [—1/2,1/2]? where d € {5,10}. We recall that the ground truth on the quantities we estimate is
given by the Metropolis Adjusted Langevin Algorithm (MALA) (Roberts & Stramer, 2002) for the
hypercube and the Independent Metropolis Hastings (IMH) sampler (Liu, 1996) for the simplex. We
now give details on how the parameters of these two algorithms are chosen. For MALA, we use a
constant step-size h = 0.05 for both dimensions, which results in an average acceptance probability
equal to 0.55 for d = 5 and 0.44 for d = 10. For IMH, we use as proposal the uniform distribution,
which is simply a Dirichlet distribution, resulting in an average acceptance probability of order 0.36.
We recall that we use an adaptive step-size h in CRHMC and n-BHMC such that we obtain an average
acceptance probability of order 0.5 in the MH filter. We now discuss the setting of the tolerance
parameter 77 in n-BHMC. We choose 7 so that (i) the step-size h is at least greater than 10~2 over the
iterations of the algorithm and (ii) the average acceptance probability is roundly equal to 0.5. This
heuristic results in defining (a) for the hypercube, n = 5 if d = 5 and n = 10 if d = 10 and (b) for
the simplex, n = 10 if d = 5 and n = 200 if d = 10.

Details on experiments with real-world data. For these experiments, we consider the exact same
setting as in Kook et al. (2022a). In particular, we use the same adaptation strategies to update the
step-size and the barrier functions.

Influence of the norm in (8). The norm chosen for the “involution checking step” is arbitrary and
many options are available. In particular, one could design [|2(®) — ®,(2(1))||2 > , and thus pick
the Euclidean norm in (8). However, while this approach should theoretically also reduce the bias in
the method, we remark that the obtained Markov chains have very poor mixing time. This is due to
the fact that in practice the update on the momentum is of order ||g(z) Hé/ ? while the update on the
position is of order ||g(z) ™! Hé/ ?. Hence the Euclidean norm is ill-suited for the “involution checking
step” and the proposal states are rejected a lot more near the boundaries, see Figure 3.
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Figure 3: Outputs of n-BHMC after 25k iterations to sample from the uniform distribution over
[-1,1]2 with n = 1073, h = 0.8, using in (8) the “self-concordant” norm (left) or the Euclidean
norm (right). Red samples are rejected and blue samples are accepted.
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