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ABSTRACT

We investigate the mechanism design problem faced by a principal who hires
multiple agents to gather and report costly information. Then, the principal exploits
the information to make an informed decision. We model this problem as a game,
where the principal announces a mechanism consisting in action recommendations
and a payment function, a.k.a. scoring rule. Then, each agent chooses an effort
level and receives partial information about an underlying state of nature based
on the effort. Finally, the agents report the information (possibly non-truthfully),
the principal takes a decision based on this information, and the agents are paid
according to the scoring rule. While previous work focuses on single-agent prob-
lems, we consider multi-agents settings. This poses the challenge of coordinating
the agents’ efforts and aggregating correlated information. Indeed, we show that
optimal mechanisms must correlate agents’ efforts, which introduces externalities
among the agents, and hence complex incentive compatibility constraints and
equilibrium selection problems. First, we design a polynomial-time algorithm
to find an optimal incentive compatible mechanism. Then, we study an online
problem, where the principal repeatedly interacts with a group of unknown agents.

We design a no-regret algorithm that provides (5(T2/ 3) regret with respect to an
optimal mechanism, matching the state-of-the-art bound for single-agent settings.

1 INTRODUCTION

Acquiring reliable information is crucial in any decision making problem. Often, decision makers
delegate the task of gathering information to other parties. In the classical information acquisition
scenario (Savage, [1971)), a principal delegates a single agent to acquire information (Chen & Yul
2021; [Papireddygari & Waggoner, 2022 |Li et al., |2022; (Chen et al.l 2023). However, in many
real-world scenarios, the principal may have multiple sources of information (Cacciamani et al.|
2023)). Consider a portfolio manager that wants to learn the potential of a company to make an
informed investment. The manager could hire multiple analysts to conduct separate researches on the
same company, where each analyst spends effort to produce a report. The manager gains information
from the reports and decides whether or not to make the investment. To incentivize the analysts to
produce accurate reports, the manager designs a payment scheme that pays the analysts based on the
reports accuracy. Formally, this problems can be modeled as a game between a principal that wants
to acquire information about a stochastic state # and a group of agents that receive information about
this state through signals whose accuracy depends on undertaken effort (effort levels are modeled
through different actions). The game goes as follows. First, the principal commits to a distribution
L over action recommendations and payment function, a.k.a., scoring rule (Oesterheld & Conitzer,
2020; Neyman et al.,2021)). Then, each agent ¢ observes an action recommendation sampled from g
and performs a costly action b;. Each agent receives a signal s; from a joint probability distribution
P (s]b, 8) and reports the signal (possibly non-truthfully) to the principal. Based on the reported
information, the principal makes a decision a € A. Finally, the agents are paid according to the
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scoring rule. Our goal is twofold. First, we want to analyze the optimization problem of computing
optimal mechanisms, characterizing their properties and computational complexity. Moreover, we
study an online problem in which the principal does not have prior knowledge about the agents. Our
goal is to design online no-regret learning algorithms that repeatedly interacts with an unknown group
of agents maximizing the cumulative principal’s utility

Original contributions. We study the design of efficient algorithms for the multi-agent information
acquisition problem, with a focus on both the optimization problem and the online learning problem
arising when a principal interacts repeatedly with unknown agents. First, we assume that the principal
knows all the game parameters. We show that an optimal mechanism can be computed efficiently.
Our algorithm solves a quadratic optimization problem by providing a linear relaxation and then
recovers a solution to the original problem in polynomial time. Moreover, we characterize the settings
in which the optimal mechanism is correlated, i.e., each agent’s payment depends also on the signals
reported by other agents, and the settings in which the optimal mechanism is uncorrelated, i.e., each
agent’s payment depends only from her reported signal and the state of nature. Next, we consider the
online problem in which the principal does not know the game parameters and needs to learn them by

repeatedly interacting with the agents. We present an online algorithm that attains (’)(T2/ 3) regret
with respect to an optimal mechanism, which matches the state-of-the-art bound for single-agent
settings (Chen et al.,[2023). Our algorithm comprises three phases. In the first one, we estimate
the probability distribution over states of nature induced by the agents’ signals. Ensuring that the
estimations are sufficiently accurate is the main challenge in this phase. The required level of accuracy
depends on the specific instance and it is crucial for designing strictly-incentive compatible (IC)
scoring rules, which maintain truthfulness under uncertainty. In the second phase, the algorithm
estimates the differences among costs of the agents’ actions. To do so, we employ non-truthful
mechanisms, which require a non-trivial analysis of the agents’ behavior. Finally, the algorithm
commits to an approximately optimal strategy while ensuring truthfulness under uncertainty. We
achieve this goal by leveraging the estimations obtained in the previous phases. Specifically, we find
an approximately optimal and approximately IC mechanism by exploiting the estimations. Then, we
take a convex combination between this scoring rule and an ad-hoc strictly IC scoring rule to obtain
an IC mechanism.

2 PRELIMINARIES

Game model. We investigate games between a principal and a set N' = [n] of n agenmﬂ We
assume that n is constantﬂ Each agent s € N can choose an action b from a set B; of k actions, each
one with a cost ¢;(b) specified by a cost function ¢; : B; — [0,1]. For i € A and b;,b, € B;, we
let C;(b;, b}) = Ci(b;) — ¢;(b;). We denote the set of all possible action profiles as B := x;cnB;
and the set of all possible action profiles excluding agent i’s action as B_; = X ;»; B;. Given b € B,
we denote as b_,; € B_; the tuple obtained from b by removing element b; relative to agent i. The
interaction model we consider is enhanced with a pre-play round of communication between the
principal and the agents in which the principal can privately recommend to each agent which action
to take. E] After each agent takes an action b; € B; (not necessarily equal to the action recommended
by the principal), a state of nature  is sampled from a finite set © = {61, ..., 60,,} according to a
prior p € A(@)E] The state of nature is observed neither by the principal nor by the agents. Instead,
depending on the action profile b € 3 chosen by all the agents, each agent ¢ observes a signal s;
drawn from a finite [-dimensional set S;. The signal profile received by the principal is denoted
as 8 = (81, ..., 8, ). The set of all possible signal profiles is S = x;S;. Moreover, the set of all
possible signal profiles excluding agent i’s signal is denoted as S_; = x ;5. Given a signal profile
s € S, welet s_; € S_; the signal profile obtained from s; by removing signal s;. The signal
profile and the state of nature are sampled according to a joint probability distribution that depends

'For space constraints, we defer a discussion on the related works to Appendix @

?In this work, for any . € N, we use [n] = {1,..,n} to denote the set of the first n natural numbers.

3This avoids computational issues related to the exponential-size representation of the problem instance.
Most of our results continue to hold for arbitrary n.

“In Section we show that optimal mechanisms correlate the agents’ efforts and hence this step is funda-
mental to maximize the principal’s utility.

>In this work, given a finite set Z, we denote as A(Z) the | Z|-dimensional probability simplex.
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on the agent’s action profile P (s, 8|b) := p[6]P (s|6, b). The marginal signal probability of agent i is
defined as P() (s;|b, 0) := Y ses:si—s; P (8]b,0), where we use the superscript (i) to explicit that

we are considering the probability with which agent i receives signal s; € S;. We assume that the
information received by each agent ¢ is independent from the actions taken by other agentsﬂ i.e

P@ (s4]b,0) = PY (s;]b;,0) VieN,Vs; €S;, Vbe B,Y0 e 0.
Notice that this does not exclude that the signals received by the agents are correlated. Moreover, we
denote as PO (s;b;) :== 3, p(0)P®) (s;|b;, ) the probability with which agent ¢ observes signal s;
after the agent played action b;. Finally, we denote with P(*) (9|b;, s;) the probability of state 6 in the
posterior induced to agent i € N by signal s; € S; and action b; € B;. In our model, the agents can
communicate a signal observation (possibly lying and communicating a signal s different than the
signal s; actually received) to the principal, which can pay the agents to reward their communication.

After receiving a signal profile s’ from the agents, the principal chooses an action a from a finite set
A ={ay, ..., aq} and receives utility u(a, §) € [0, 1].

Mechanisms. A mechanism for the principal must specify three different components: (i) a
recommendation policy p that determines which actions are recommended to the agents, (ii) a
payment scheme v = (71, ...,Yn) — also called scoring rule — specifying how each agent will be
paid, and (iii) an action policy 7 encoding which action the principal chooses as a function of the
received signal profile and the recommended actions. In this work we are interested in the class of
correlated mechanisms, in which the payment received by agent ¢ depends on the whole action profile
b recommended to the agents and on the whole signal profile s received by the principal, as well as
on the state of nature 6. The set of correlated mechanisms is denoted as C. Formally,

C={(p,v,m) | peAB),~v:B xS xO = [0,M|Vie N, w:BxS— A(A)},

where M is a parameter that limits the principal’s budget.[] When the principal uses mechanism
(p, 7y, ), the action profile recommended is b € B, the signal profile reported is s € S and the state
of nature is 0, the payment received by agent i is ;[b, s, 0], while 7 [b, s, a] denotes the probability
with which the principal plays action a € A.

Optimal mechanisms and incentive compatibility. The objective of the principal is to find an
optimal mechanism, i.e., a mechanism guaranteeing the maximum possible difference between utility
of the principal and total payments. By the revelation principle, it is possible to restrict our attention
to mechanism that are truthful, i.e., such that the agents are incentivized to follow the principal’s
recommendations and to report truthfully the signals they observe. Hence, we denote the expected
payment received by player i when she behaves truthfully and the mechanism is (g, ~y, 7) as:

ZZZM (s,0|b)~ilb, s, 0.

beBseS HcO

Then, the expected utility of the principal is obtained as the difference between the expected utility
received by actions in A and the total expected payments (assuming truthful behavior of the agents):

Ulprsm) =3 > [u (s,0/b) [Z W[lxs,a]u(a,@)H — Y Fi(p,v)

beB s€S V€O acA 1EN

To ensure that truthful behavior is optimal (i.e., the mechanism is IC), we introduce the concept of
deviation functions, which model the possible deviations from truthful behavior. Formally, the set
®, of agent i’s deviation functions is ®; = {(¢,¢) | ¢ : B; = B;, ¢ : B; X S; — S;} . Given any
couple (¢, @) € ®;, the function ¢ models the deviation from the recommended action, while ¢
models untruthful reporting of the received signal. Agent i’s expected payment when she deviates
according to (¢, ¢), all the other agents behave truthfully, and the mechanism is (g, ~y, 7) is:

FOP ) =30 303 ulblP (s, 01(6(b:), b_)) %ilb, (0 (bi, 1), 5-4), 6.

beB seS 0O

SIntuitively, this assumption models those cases in which the information received by an agent depends
exclusively on her level of effort.

"Bounding the payments is a classical assumption in online problems related to information acquisition and
in principal-agent problems (Chen et al.|(2023));|Zhu et al.|(2023)). Without this assumption the learner decision
space is unbounded.
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An optimal correlated mechanism can be found as a solution of the following optimization problem:

max U(p,~, ) (1a)
(p,y,m)ec

S, Fip,y) = FOP () 2 S ulblCilbi, (b)) Vi € N, ¥(o ) € ®;  (1b)
beB

The objective function of Equation (I) is the maximization of principal’s expected utility assum-
ing honest behavior of the agents, and Equation (Ib) guarantees that the mechanism is incentive
compatible (IC), i.e., it guarantees that, for all agents, truthful behavior is an equilibrium.

3 A LINEAR PROGRAMMING RELAXATION FOR COMPUTING OPTIMAL
MECHANISMS

In this section, we provide a polynomial-time algorithm to solve Problem (T)), i.e., to find an optimal
mechanism. As a first step, we provide a Linear Program (LP) relaxation of (I). Notice that
presents two main issues: (i) the objective function and the constraints are non-linear in the variables
(p,7,7), and (i) it has an exponential number of constraints, since |®;| = k*I'*. To address

(i), we introduce variables © = (x1, ..., z,) and y, where x; € Rgx\3|x\e| for each i € N,

andy € R‘EAX'S‘XW. Intuitively, z;[b, s, 0] represents the product u[b]v;[b, s, 6], while y[b, s, a]
represents the product pu[b]m[b, s, a], thus making the objective function and the constraints linear.
This yields a relaxation of the original non-linear optimization problem. Then, in order to be able
to recover valid mechanisms from variables x;, y, we introduce additional constraints. For what
concerns (ii), in order to reduce the number of constraints, we observe that it is possible to safely
consider a restricted set of deviations for each agent, while still guaranteeing incentive compatibility
w.r.t. deviations in ®,. In the following, we will denote the expected payment received by agent @
when she is recommended to play b; € B;, she plays b/, observes s; € S;, and reports s; € S; as:

fi(wi‘bi,b;,S“S Z Z sz bzyb )79]P((S’L7 ) 9|( ))7

b_,eB_;s_,€S5_;0€0O

where we made explicit f;’s dependency from the probability distribution P (-, :|b) € A(S x O).
Moreover, we write f;(x;|b;, s;, P) == fi(x;|bs, bs, Si, si, P) to denote the expected payment received
by agent ¢ when she is recommended action b; € B;, she observes signal s; € S; and she behaves
honestly. Then, consider the following LP, which we denote as LP (¢, A, €). It is parameterized by ¢,
A and e, where ¢ = ((p)bep is a collection of probability distributions over S x O, A = (Aq, ..., A,)
with A; : B; x B; = [—1, 1] represent pairwise cost differences, and ¢ > 0:

slnax Z Z Z Z [b, s, alCp[s, Olu(a, )] — in[b,s,e]ﬁb[sﬂ] s.t. (2a)

2-0,ucA(B) bEBSESHED LacA ieN

Z[fi(mi|bi7sivc/) blabzv ZM bl7b (bub;) — € Vi GNVbe{L S Bi (Zb)
s;,€85; b_,eB_;

2i[bi, U}, 53] > fi(s|bi, bl 84,85, C") Vi € N, Vb, b, € B;, Vs;, st € S; (2¢)
> ylb, s,a] = p[b] VbeB,VseS (2d)
acA

zi[b, s8,0] < Mpu[b] Vie N,Vbe B,Vs €S,V €O (2)

Intuitively, constraint (2c)) ensures that the auxiliary variable z;[b;, b}, s;] provides an upper bound
on the expected payment that agent ¢ could get through any untruthful signal reporting when she
was recommended to play b;, she played b} and observes s;. Constraint exploits the auxiliary

variables z = (z1, ..., 2,,) With z; € RLBO” XIBilxISil ¢ guarantee that no deviation is profitable for
agent i. The following theorem shows how to recover an optimal correlated mechanism from LP (2))°|

8 All the proofs omitted from the main paper can be found in the Appendix.
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Theorem 3.1. Let (x*,y*, u*, z*) be an optimal solution to LP (P, C,0), where C = (C1, ...,Cy).
Then, let v* = (V7, ...,7}) and 7" be such that

z}[b,s,0] . y*[b,s,a] .
’V;[bv S, 0} = wr1o] lfﬂ[b] # 0 W*[b; Sva} = w*[b] lfu[b] 7& 0
0 otherwise é otherwise.

Then (u*,~*,*) is an optimal solution to Problem .

As a consequence of Theorem [3.1] noticing that the linear program has a number of constraints and
variables polynomial in &, [ and m, we obtain the following corollary.

Corollary 3.2. An optimal mechanism can be found in polynomial time.

4 CORRELATED VS UNCORRELATED MECHANISMS

Before introducing our online learning problem, we discuss one of the main issues arising from the
adoption of correlated mechanism. Indeed, consider the case in which the principal is not able to
commit to an IC mechanism, for instance because she is uncertain about the game parameters and thus
she is not able to characterize the set of IC mechanisms. When the principal uses non-IC mechanisms
it becomes complex to characterize the behavior of the agents. This is because correlated mechanisms
introduce externalities among the agents. More precisely, since the payments received by agent ¢
depend also on the deviation policies (¢;, ;) € ®; adopted by agents j # i, the agents should
play an equilibrium of the n-players game induced by the correlated mechanism. This introduces
well-known issues related to both computational complexity and equilibrium selection |Daskalakis
et al.| (2009). Thus, committing to a correlated mechanism which is not IC induces an unpredictable
behavior of the agents, which in online settings makes it impossible for the learner to even estimate
the game parameters.

To address such drawbacks of correlated mechanisms, we introduce the class of uncorrelated mecha-
nisms. An uncorrelated mechanism is composed by an uncorrelated scoring rule v = (1, ..., Yn)
and an action policy 7. Formally, the set of uncorrelated mechanisms is defined as:

U={(7,m) |7 :SixO [0, M Vie N, m:S— A(A)}.

Notice that any uncorrelated mechanism can be represented as a correlated mechanism and hence
U C C. Differently from correlated mechanisms, any (v,7) € U induces a well-defined best
response for each agent. In particular, the best-response problem can be framed as a single-follower
Stackelberg game. Given any (v, 7) € U, we define the optimal action bS (+y;) € B; and the optimal
signal reporting policy ¢5 (-|7;) : S; — S; when the principal commits to mechanism (v, 7r) as:

O (). 0% (+|A; @ (g, N Ay ) — ¢:(bs
(67 (vi), 9 (7)) € arg max { >0 PO (si,601i) vilio(si), 6] cz(bz)} :
©:S;—S; \si€5;0€0

where, as common in the literature, ties are broken in favor of the principal. Therefore, the expected
utility of the principal when she commits to mechanism (v, 7) € U is:

U(v,m) =) > P(s,6016°(7)) KZ lp°(sl7), alu(a, 9)) =D lei (sili). 6]

s€S e a€A iEN

where b°(y) = (b(71), .-, b2 (vn)) and ©°(s|y) = (p5(s1]71), - P2 (Sn|¥n)). Uncorrelated
mechanisms eliminate all externalities among the agents, inducing predictable agents’ responses.
Hence, they are appealing in online settings in which the principal must learn from agents’ behavior.
We conclude the section showing that despite their advantages that make uncorrelated mechanisms a
very useful tool, they can be suboptimal with respect to correlated mechanisms.

)

Theorem 4.1. There exists a game in which no uncorrelated mechanism is optimal.

However, while uncorrelated mechanisms are suboptimal in general, there exists realistic classes of
games in which optimal mechanisms are uncorrelated as shown by the following theorem.

Theorem 4.2. Assume there for eachi € N, 0 € © and b; € B;, there exists a probability distribution
Yi(+|b;) € A(S;) such that Vb € B, Vs € S and V0 € ©, P (s,0|b) = p[0] [ [, s Vi (5i]bi, 0). Then,
there exists a mechanism (v, ) € U that is optimal among correlated mechanisms.
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This condition models scenarios in which the signals received by the agents are independent. The
absence of signals correlation makes the expressive power of correlated mechanisms futile.

5 LEARNING THE OPTIMAL MECHANISM

We study an online learning scenario in which the principal interacts for 7" rounds with n agents
without knowing neither the joint probability distribution P (s, 8|b) nor the cost functions ¢;. At each
round ¢ € [T, the principal publicly announces her mechanism. If the mechanism is correlated, then
the agents receive recommendations b® ~ . Then, each i € N chooses action b! (possibly different
that b!) incurring the cost c¢;(b!). If the mechanism is uncorrelated the agents play according to the
tuple of best responses b; = b°(~y*). To avoid the issues highlighted in Section l we will never
employ correlated mechanisms that are not IC. Then, a state of nature 6 and a 51gnal profile s* are
sampled according to P(s, 9|bt). Each agent i observes signal s; and reports signal 5! to the principal.
If the mechanism is correlated, then st = s;. If the mechanism is uncorrelated, then 5t = ¢S (st|v}).
Finally, the principal takes action a® ~ 7[b, ¢, -] and gets utility u(a’, ') while each agent is paid
according to the scoring rule. At the end of the round, the feedback received by the learner includes
the actions b’ taken by the agents the signals 3* reported by the agents, and the state of nature ¢,
while she is not able to observe the signals s* that were actually observed by the agents.

The performances of the algorithm are measured in terms of cumulative regret RT, which represents
the expected loss of utility for the principal due to not having selected the optimal mechanism at each
t € [T]. Formally, let (u*,~*,7*) be an optimal mechanism (i.e., an optimal solution to (1)), and
let T, T, T C [T be the sets of rounds in which the principal committed to a correlated and IC
mechanism, to an uncorrelated mechanism, and to a correlated and non-IC mechanism, respectively

(it holds T, U T3, U T, = [T]). Then, the cumulative regret is defined as:
Z U 7’7*771-*)7 Z U(y’tvvtvﬂ’t)f Z Uo(7t77rt)
te(T) teT, teT,

where, as discussed in Section 4] we used the fact that when the principal commits to a correlated
mechanism which is not IC, then she can incur in a constant per-round regret in the worst case,
since the behavior of the agents is unpredictable. Our goal is to design an algorithm that achieves
RT = o(T). In the following, we let £ > 0 be the minimum distance between the posteriors

induced by two signals, i.e. £ = minjen pen, s ses; > oco (]P’( D (0]b;, s;) — PO (9|bz, 1))2,
and ¢ > 0 be the minimum probability with which each signal is received by an agent, i.e., 1 =

Min;en peB;.sies; PO (si]bi).
5.1 ALGORITHM OVERVIEW AND ASSUMPTIONS

For each agent ¢ € N and action b; € B;, we assume to know an uncorrelated scoring rule strictly
incentivizing i to play action b; while also incentivizing her to report truthfully the observed signal.

Assumption 1. For each 1 € N, the learner knows a set of scoring rules
T, = {'yf’ 08, x© €[0,M]|b; € B;} and p > 0 such that

D37 [P (s 01bi) A2 [53, 0] = PO (52, 06) A pi(5:), 0] = Coi ) +p 3)

$:,€5; 0€0
forall b, € B; \ {b;} and ¢; € S; — S;, and such that
ZIP’(i) (0]si,b;) [% [5i,0] — 07 [s 179]} >0 Vs, s, €8, 4)
0cO

Intuitively, Eq. (3)) guarantees that for each agent 7, following the action recommendation is strictly
better than deviating to a different action, while Eq. () guarantees that reporting the observed signal
is never worse in expectation than reporting a different one. This assumption is common in the
literature (see, e.g., /Chen et al.|(2023)), and it is necessary to achieve incentive compatibility under
uncertainly. Throughout the remaining of the paper, we let I' = {~® == (4%*, ..., 4% | b € B}.

°It is common in the literature to assume that agents’ actions can be observed (see, e.g., (Chen et al.|(2023)).
Intuitively, this is because the truthful reporting of signals can be used to discriminate between different actions.



Published as a conference paper at ICLR 2024

Algorithm [I] provides an high-level
overview of our algorithm. The proce-
dure is divided in two phases, an explo- Require: T, N1, N3, N3, p,T',§

ration phase and a commit phase. The ex- > Exploration phase

ploration phase is devoted to finding the (¢, %, &, p) < ESTIMATEPROB(Ny, T, d) & Sec.
estimators ¢ € A(S x O) of the joint (A, x) + ESTIMATECOSTS(N2, N3, T, §) 1> Sec. |/]
probabilities P (-, -|b) for each b, the es- > Commii Phase

timators l()z)s € A(O) of the posteriors _ COMMIT(C, v, &, p, A, x, I', p) - Sec.

P (-|b;, s;) for each i € N, b; € B; and

s; € S;, and the estimators A;(b;, b)) of the cost differences C; (b;, b;) fori € N, b;, b, € B, together
with the respective confidence bounds v, g, x € R>g. During the commit phase, instead, we leverage
the estimates obtained in the previous rounds to output a sequence of IC mechanisms that guarantee
sublinear cumulative regret. As inputs to the algorithm we provide the total number of rounds 7', the
minimum number of rounds N1, No, N3 that regulate the length of the exploration phase, the scoring
rules T, the scalar p described in Assumption|[I] and the desired confidence level § € (0,1) on the
regret bound. We provide a description of the three algorithms ESTIMATEPROB, ESTIMATECOSTS
and COMMIT in Sections[6] [7]and [8] respectively. The guarantees of Algorithm|I]are stated in the
following theorem.

Theorem 5.1. Let k = 282m? In(12|B||S|T'mn/8) . Forany § € (0, 1), with probability at least
1 — 6, running Algorithmwith Ny = N3 = T?/3 and Ny = log(T) guarantees

. 3 ,
R <0 (J\/‘;|IS‘||S|mnlc3l2 In(1/6) max{TQ/?’,ﬁ})
P

Algorithm 1 Online Information Acquisition

The upper bound on R” presents a term max{72/3, x}. For T sufficiently large, » —that depends on
the instance and logarithmically on T— is dominated by 7/ and we recover the O(T%/3) boun

6 ESTIMATION OF THE PROBABILITY DISTRIBUTIONS

The estimation phase is devoted to the estimation of the joint probabilities P (-, -|b) and of the
posteriors P(*) (-84, b;) induced by action-signal couples. Let 7, C T' be the set of rounds devoted
to ESTIMATEPROB. Furthermore, forb € B, b; € B; and s; € S;, let 7,(b) = {t € 7, | b = b}

and T, (b;,s;) = {t €T, | 5t = s;, bt = b;}. For K = 6|B|T|S|nm, we introduce estimators
¢p € A(S x ©) and e ¢ A(O) with their confidence bounds v and ol defined a

bissi bi,si?
1 5 In(2K/6)
Cols, 0] = D 1[s"=s,60"=0], vp=|F5=r=r, Vb,s,0 5)
[7p(b)] T 2|T,(b)|
and
, 1 , In(2K
T [—— Y R R R

T3 (b, 51)| 2|7, (b, )|

t€7—p(i>(bigsi)

The procedure for obtaining such estimators is described in Algorithm[2] It leverages the knowledge
of the scoring rules in Assumption [I|to guarantee a sufficient number of samples for each probability
distribution that we want to estimate. In particular, the algorithm iterates over all b € B and commits
to scoring rule 4% € T for at least V; rounds and until a specific condition is met. Committing to
~? guarantees that the agents are incentivized to play b (Eq. [3) and that they report the received
signal (Eq. [). This ensures that the feedback received is reliable for estimating both probability
distributions. The condition g < d/13m on the confidence bounds guarantees that we have collected
enough samples to estimate each posterior distribution. The required precision depends on the
instance parameters ¢ and ¢ and will be fundamental to design approximately optimal mechanism that
are IC (see Section . To formalize the guarantees of Algorithm 2| we introduce the clean event &,,.

1%We remark that our algorithm does not need to know ¢ and ¢ in advance, but implicitly estimates them
during the execution.
"n this work, we denote as 1[-] the indicator function.
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Definition 6.1 (Clean event for probability estimation). Let x = 2891In(2K/8§)m?/(2.%¢?). Let
v = maXpecp Vp and 0 = MAaX;c A b;cB;,s;€S; ,Ql():%siThe clean event &, holds if, for all t € 7, it
holds that:

‘Cb[sve] _P(879|b)| <v wasvea

and if, whenever |7,(b)| > &, it holds that

€87, 16) — PO (0lbs,5:) | < 0 Vi, bi,si,0

- 1
1T (bi, 51)| > SUT()] Vi€ N,Vbe B, Vs; €S,

Using standard concentration arguments, it is possi- “A1gorithm 2 ESTIMATEPROB
ble to show the following. Require: N{,T",d
Lemma 6.1. The clean event &, holds with probabil- E(b) <~ {o} b
ity at least 1 — 3. T (biy 5i) < {2} Visbs,si
w[s,al =1/d Vs,a
for b € Bdo
while [7(b)] < Ny V 5 > 12 do
Select (4%, 7) and observe &, 6

Tp(b) = Tp(b) U {t}

Before concluding this section, we point out that the
number of samples |7, (b)| needed for each b € B to
have g < d/13m depends on the value of the param-
eters ¢ and ¢. Indeed, the smaller are the minimum

signal probability ¢ and the minimum posteriors dis-
tance ¢, the higher is the number of samples needed to
have an accurate estimation and to satisfy the above
condition. However, setting Ny = 7'%/3, the number
of samples needed to satisfy the two terminating con-

7, (bi, 81) T3 (bi, 81) U {t} Vi
Update ((p, vp) as in Eq.
Update (& ., Qéz)gt) as in Eq. (H) Vi

(@)

ditions becomes dominated by /V; in non-degenerate 0 ¢~ MaXip,,s; O

instances in which T is sufficiently large. Formally,

bi,s;

d — mini,si,s;
Lemma 6.2. Assume the clean event £, holds. Then, end while

at the end of the execution of ESTIMATEPROB, for end for )
each b € B it holds that |T,(b)| < max {Ny,k}. return ((p)p, v, (ézgf?si)i,bi,sw 0

7 ESTIMATION OF THE COST DIFFERENCES

The second phase aims at obtaining high-confidence bounds for the cost differences C;(b;, b}) for
i € N, b;,b; € B;. For each agent i € N, the algorithm explores each pair b;, b, € B; and
executes a binary search (BS) routine in order to estimate C;(b;,b}), leveraging the knowledge

of the uncorrelated scoring rules 'yf i,’yf i ¢ I';. In particular, playing convex combinations of
the two scoring rules for N, rounds, the algorithm finds two scoring rules «y; and -y} such that (i)
v — Y] |oo < M/2N2, (ii) 4; incentivizes b; over b’, and (iii) v/ incentivizes b over b;. Then, the
algorithm estimates for N3 rounds the expected payments received by agent ¢ under scoring rules
~; and - and uses such estimates, together with the bound on ||y; — 7/||, to obtain the estimator
A;(b;, b}) and the confidence bound x;[b;, b;]. However, it might happen that the BS routine ends
before finding such scoring rules, thus requiring a recursive execution of the algorithm. Due to space
constraints, the study of those cases, as well as a more thorough description of ESTIMATECOSTS, are
deferred to Appendix [B] To formalize the theoretical guarantees of ESTIMATECOSTS, we need the
following clean event.

Definition 7.1 (Clean event for cost estimation). Let x = max;, » Xi [b;, b;]. The clean event &,
holds if at the end of the execution of ESTIMATECOSTS: '

Ai(bi, b5) — x < Ci(bi, by) < Ai(bs, b)) + x Vi e N, Vb, b € By,

Then, it is possible to provide a lower bound on the probability with which &, is verified.
Lemma 7.1. The clean event £, holds with probability at least 1 — %.

Furthermore, to conclude this section, we show how the number of rounds used by ESTIMATECOSTS
varies as a function of N5 and Ns.

Lemma 7.2. Let T be the set of rounds devoted to the execution of ESTIMATECOSTS. Then it holds
that | Tg| < nk312(Nay + N3).
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8 COMMIT PHASE

In the commit phase, the algorithm exploits
the estimations of the probability distribu-
tions and the pairwise cost differences. Here, Require: ¢,v,&, 0, A, x, T, p

the learner selects a sequence of mechanisms > Construction of IC mechanism

(', ", 7") € C that pursues a twofold objec- & < 2M|S|mv + x

tive: the minimization of the regret R and the (2!, gt, pat, 2t) < Opt. solution to LP({, A, €)
satisfaction of the IC constraints. To find a regret (ut, 4, wt) «+ GETMECHANISM(Z!, 9, if)

Algorithm 3 COMMIT

minimizing mechanism, we first obtain a mech-  Define ~} as in Eq. (8) Vi € \.
anism (p, 4%, 7w?) from an optimal solution to > Commit rounds

LP(¢, A, e) through the function GETMECH-  whilet < T do

ANISM as specified by Theorem [3.I] where Commit to mechanism (uf, v, 7w?)
e = 2M|S|mv + x. The parameters are chosen end while

to guarantee that, assuming clean events &, and
&p hold, the optimal mechanism (p*,~*, 7*) is in the feasibility set. Then, since the objective
function of LP({, A, €) and the one of LP(IP, C, 0) have close values, it follows that —assuming that
all the agents behave truthfully— mechanism (u?, 4%, w?) guarantees a vanishing per-round regret
w.rt. (u*,v*, ). However, the following lemma shows that (p¢, 4%, 7w?) is not IC and hence the
agents are not incentivized to behave truthfully.

Lemma 8.1. Assume clean events £, and &, hold. Let (., =y, ) be an optimal solution to LP({, A, €),
where e = 2M|S|mv + x. Then, letting A\ = 2M|S|m (k + 1) (v + x), it holds that:

Filiy) = FP% () 2 S alblCibi, d(b) — A Vi€ N, V() € D

beB

We recall that, in light of the discussion carried out in Section |4} committing to a non-IC mechanism
yields an unpredictable response of the agents which can induce a constant per-round regret in the
worst case. Thus, we provide a modification of (ut, At 7rt) that makes the mechanism IC, while
maintaining vanishing per-round regret w.r.t. the optimal mechanism. To do so, we exploit the
posterior estimates & obtained during the estimation phase as well as the scoring rules I' described in
Assumption In particular, let / = min; bisi,s! é:)é, 12,7 =+ 4mpand £ = { — 4mp.
We define two coefficients o :== (p£)/(pl + 65/\) and B = (45 +£)/(18p + 45 + {). Moreover,
for each agent ¢+ we define the uncorrelated scoring rules (;)/71; “)b,eB, such that

~b; 7 1 [
A0 Lsir 0] = €40, 0]+ Hi — 5116, 13, Vsi € 5, V0 € ©, (7)

where H; = max; p, s, %Hfél)s |13, and the correlated scoring rule ! such that:
Vib, 8,0] = aFl[b, s,0]+(1—a) [ﬂ’yf” [5i,0] + (1 — B)3Y[5:,0]| Vb€ BYs €S, V0 cO. (8)

The correlated scoring rule 'yl is a convex combination of the correlated scoring rule 4} and two
uncorrelated scoring rules -y and 72 The latter two compensate the violation of the IC constraints
of 4f, as shown in Lemm In particular, scoring rules 4 'yi are designed to strictly incentivize
agents’ truthful reporting. ['?l We conclude proving that (u?, v*, 7?) is indeed an IC mechanism.

Lemma 8.2. Assume clean events &, &, hold. If mechanism (p',~*, 7') is chosen according to
Algorithm[3] then it is IC, i.e., if satisfies Equation (ID)) of optimization problem (1.

Lemma-prowdes the formal guarantees on the incentive compat1b1hty of (p?, 'y 7). By noticing
that the parameter « is chosen so to balance correctly the regret minimizing scoring rule ~ 4t and the
other two uncorrelated scoring rules, we can recover sublinear regret during the commit phase. We
refer the reader to the proof of Theorem [5.1]for the technical details on this aspect.

We remark that also scoring rules in T incentivize such truthful reporting (see Eq. ), but not in a strict
way. Thus, scoring rules %b i is necessary to compensate the IC violations of 4*.
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A RELATED WORKS

The study of information acquisition has been mostly confined to economics. However, in recent
years, computational problems related to information acquisition have received increasing attention.
Several works have focused on optimization problems related to the computation of scoring rules
(Chen & Yu, 2021} [Papireddygari & Waggoner, [2022; |Li et al., |2022; [Neyman et al., 2021). The
closest to our work is (Chen et al.| |2023)), which studies an online learning problem in which a

principal acquires information from a single agent. (Chen et al.| (2023) provide a O(T%/3) regret
bound. To the best of our knowledge, ours is the first computational work that considers scoring
rules with multiple agents. In the online multi-agent information acquisition problem, (Cacciamani
et al.,|2023)) is the closest work. |Cacciamani et al.| (2023) study an online mechanism design problem
without money in which the agents’ utilities depend on the principal’s action and the principal tries
to incentivize the agents to report the information playing agent-favorable actions. The information
acquisition problem is also related to the principal-agent problem, a.k.a. contract design, in which a
principal designs an outcome-dependent payment scheme to incentivize an agent to play a hidden
action (Babaioff et al.,|2012;|Guruganesh et al.,[2021}; |Alon et al.| 2021} |Castiglioni et al., [2022bza}
Diitting et al., 2019; |Dutting et al., 2021)). A recent work that is closely related to ours is|Zhu et al.
(2023), which studies the repeated interaction between a principal and an agent, providing sublinear
regret bounds. Finally, our online information acquisition problem is related to Bayesian persuasion
in online settings (Castiglioni et al., [2021;2020; [2023; [Wu et al., 2022} |[Bernasconi et al., 2023). The
works closest to ours consider online problems in which the agents do not know the prior over the
states of nature. |Zu et al.|(2021)) studies an online persuasion problem in which the sender and the
receiver do not know the prior. [Bernasconi et al.| (2022)) extend the analysis to sequential games.

B MORE DETAILS ON COSTS ESTIMATION

Algorithm 4 ESTIMATECOSTS

Require: Ny, N3, T',d
fori ¢ N do
for b;,b, € B; x B} do
Vi — 'yf" el

Y €T,

Al(b1ab;)7XZ[vabﬂ < Bs(i7bi7b277i77£7N2aN375)
end for

end for

return (A7)ZEN s maxabi,b(i Xi [b“ b/]

3

In this section we exhaustively describe the algorithm for cost estimation. The pseudocode for the
main algorithm is presented in Algorithm [ For each agent i € N, the algorithm iteratively explores
each pair b;, b; € B; to obtain an estimate A;(b;, b}) of the cost difference C;(b;, ;) as well as an
high confidence bound ;[b;, b}] such that

A (bi, b5) — xalbs, b] < Ci(bi, b)) < Ay(bs, b5) + xalbs, b

To this extent, we leverage the knowledge of scoring rules I'; described in Assumption [I]and use them
as starting points of a binary search routine that is described below. As input to the Algorithm, we
provide the number of rounds N2, N3 that regulate the amount of rounds used by the binary search
routine, the scoring rules I" described in Assumtpion[I]and the desired confidence level 4.

B.1 BINARY SEARCH

The pseudocode for BS is presented in Algorithm [5} For clarity, we fix an agent i € A and two
actions b;, b; € B; and describe the execution of the BS algorithm for estimation of cost difference
C;(b;, b}). Intuitively, the binary search routine between the two actions b;, b; € B; is structured in
three distinct phases. The first phase is a search phase that implements a search over the space of

scoring rules to obtain two uncorrelated scoring rules «; v/ : S; x © — [0, M] with appropriately

12
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Algorithm 5 Binary Search (BS)

Require: i, bi7 b277ia 7{7 NQa N37 d
m[s,a] =1/d Vse S,Vaec A
> Search phase
for ¢ € [N2] do
Vi ¢ 37+ 5
Commit to (7, 7r) and observe b!
if b! = b, then
Yi <= Yi
else if b} = b/ then
Yi < i
else
> Split phase
T1,Y1 < BS(Z7 ?% b§>’77 ’77 N27 N37 Va Aia Xis 5)
T2,Y2 < BS(Z7 bt: b;v ’?a 7/5 N27 N3a Vy Ai7 Xi» 6)
return x; + z2,y1 + Y2
end if
end for
> Payment estimation phase
Commit for N3 rounds to (v, 7) and observe [st, 0] for t € [Ns]
Commit for N3 rounds to (v', ) and observe +/[st, 6] for t € [ N3]
x1,y1 < compute as in Equation (I4)
return xi,y;

bounded distance between them such that ~y; incentivizes{lzl action b; and ~y; incentivizes action b/.
The second phase, i.e., the payment estimation phase, estimates the expected payment received by
agent ¢ when the principal commits to the two scoring rules «y; and -y} and uses such estimates to
recover an high-confidence interval for the cost difference C;(b;, b}). The third phase is called splif
phase and is needed to manage all those cases in which the scoring rules found during the search
phase are not adequate to recover meaningful upper and lower bounds for the cost difference.

The algorithm takes as input the agent i, the actions b;, b}, two uncorrelated scoring rules ~;, 7, :
S; X © — [0, M] that incentivize action b; and b}, respectively, and the desired confidence level 4.
To formalize the characteristics of scoring rules -;, v/, we define the maximum expected payment
received by agent ¢ when the principal commits to an uncorrelated scoring rule «; and agent ¢ plays
action b; € B;, using a best-response policy for signal reporting:

F7 (vilbi) = max { > e (Si’9|bz‘)%[<ﬂ(si)79]}~

©:S;—S;
s,€S; 0€EO

Then, if ~; incentivizes action b; and ’yg incentivizes action b;, by noticing that
Ci(bs, by) = —Ci(b;, bi), we get that

FP (7ilbi) — F7 (yilby) > Ci(bs, b)) (9a)
F7 (vilbi) — F7 (7i|b;) < Ci(bi, b). (9b)

Equation @]) provides a rather natural way of finding upper and lower bounds to C;(b;, b}). We will
leverage this idea to obtain an estimator for C;(b;, b}). In the following we distinctly analyze each of
the three phases of the algorithm.

Search phase. The search phase for agent i between two actions b;,b; € B; aims at finding

two uncorrelated scoring rules ;, . that satisfy Equations and (9b), while also guaranteeing
that ||v; — v/||cc < 7 for some n > 0. To do so, for N, rounds we interpolate between the two
scoring rules and iteratively update them using the feedback received from the online interaction. In
i)

S

particular, let 7:1( (b;, b)) be the set of rounds used by the search phase, when we want to estimate

"3Recall that an uncorrelated scoring rule ~; incentivizes an action b; if bS (v:) = bs.

13
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the cost difference C;(b;,b;). Then, at each t € 7;(’5 (b;, b}), the principal commits to scoring rule
Yi = 5% + 5’71‘ and observes the action l;?f = b?(;) played by agent . If I;f = b;, the scoring
rules 4; incentivizes action b; and thus, we proceed by updating ~; = ;. Similarly, if l~)§ = b}, then
the scoring rule 4; incentivizes action b and we update v, = ;. If, instead Bﬁ # b;, b, we enter
the so-called split phase, which, for clarity, we describe next. If we never enter the split phase, the
search phase ends after N, rounds (i.e., when |T(Z (bi, b})| = Na). At this point, scoring rules =;,

~/ satisfy Equations (9a) and , since the feedback received from the environment guarantees
that b9 (;) = b; and b (;) = b]. Furthermore, we can show the following bound on the distance
between the two scoring rules.

Lemma B.1. For any agent i € N and actions b;, b, € B;, assume the search phase is completed
without entering into the split phase. Let v;, 7y, be the scoring rules obtained at the end of the search
phase. Then the following holds:

M
||'7i _71{Hoo < NG

Proof. Fix agent i and actions b;, b; € B;. Let d" be the distance between scoring rules +; and ~; at
iteration ¢ € Téfz (b, b}). With an abuse of notation, we denote as d° the distance between the two
scoring rules at the beginning of the search phase. Trivially, it holds d° < M. Assume without loss
of generality that Bﬁ = b}. Then, we have that

_ 1 1 1 1
A = 1y = illoo = [l = 5% = 57illeo = gllvi = 7illoo = 5d". (10)
Thus, by recalling that if we do not enter the split phase, then \Td (b;, b})| = N2, we can iteratively
apply Equation (10) to bound d"V and obtain the result. O

After the completion of the search phase, the algorithm enters into the payment estimation phase, in
which we leverage knowledge of the scoring rules ~;, 7} to recover an estimate of C;(b;, b}).

Payment estimation phase. The payment estimation phase starts after the completion of the search
phase. In this phase we aim at finding estimates of the expected payments F? (+;|b;) and F? (~y;|b})
and then use those to obtain an high-confidence bound for C;(b;, b}), leveraging both the properties
of 7; and -~} mentioned above and Equation @]) In pamcular notice that when the principal commits
to uncorrelated scoring rule ~;, the payment ~; [s¢, 6¢] is an unbiased estimate of F}(~y;|b;) since:

= Z ZP(” (51, 016° (i) viles (sil i), 0]

5;€5; 0€O

= gla_,))is { Z Z]P) S’L7e|b ’YZ[SDZ (81|Pyl) ]}
R sies, 0o

— Fe(ylb).

Similarly, when the principal commits to scoring rule ~/ it holds that E [y/[s, 0']] = F?(~}|b}).
Thus, in order to obtain high confidence bounds for the expected payments F; (v;|b;) and F? (. |b}),
we commit to each one of the two scoring rules for N3 rounds and obtain the following estimates,

~ 1 _ o 1 -
Ey (ilbi) = Na Z i[5, 0'] P (ilb;) = A Z i[5i, 0",

teT ) (vi) teT (V)

where 7;(2 (7:) denotes the set of round in which the principal committed to scoring rule «; during
the payment estimation phase. Moreover, using standard concentration arguments, we can provide
the following high-confidence bounds for the estimated F}’:

Lemma B.2. For each~y; : S; x © — [0, M], for each 6 € (0,1) and for each K > 0, the following
holds:

In(2K/4) S

; §
O(~: b)Y — F°(~: b)) < e V)
P [ |E2(vi]b:i) — F2 (yilbi)| < M o =
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where b; = b (~;).

Proof. The result follows directly from Hoeffding’s bound, noticing that for all ¢ &€ 7;;2 (7i),
0 < ;[88,0' < M, forall t € 7' ( 1), 0 < ~/[5%,0"] < M and that

E[£2(nlbo)] = Fo(nlbe),  E[F2(uilv))] = Fr (i),

O

Starting from Equation (9)), the last elements needed in order to obtain an high-confidence interval
for the cost difference C;(b;, b;) are estimates for the expected payments F; (y;|b}) and F? (~;|b;).
We observe that, differently than F?(~;|b;) and F7 (y/|b}), it is not possible to estimate F (~y;|b})
and F? (y}|b;) directly using the feedback collected from the online interaction, since every time the
principal commits to scoring rule ~y;, agent ¢ would respond by playing action b; rather than action b,
(the same holds for scoring rule 4" and action b;). Nonetheless, it is possible to leverage the bound
on the distance between ~y; and -+, shown in Lemma to address this issue. Formally,

Lemma B.3. Let~v;,~, : S; x © — [0, M] be such that ||y; — V.||co < 1. Then, for each b; € B;,
the following holds

[F7 (v[b:i) = F7 (vilba)| <

Proof. Fix b; € B;. Let @, @ be such that

P Earg max, {Z ZIP( (84, 01bi) il (si), ]}

5;€5; 0€O©
¢ earg max { > e (si,9lbi)%[w(si),9]}-
s;€S; 0€O
Then, we have that

FP(ylbi) = > P (54, 00b:) il @ (s:), 0]

0€O

> P (s3,0[b:) il @' (5), 0]

0€©

> S PO (s,,006) 2417 (5:), 6] — 7

0cO
= F7('|bi) —
and, similarly,

FP(y'[bi) = Y PD (s5,00b;) v/[& (), 0]

0c©

> P (si,0[b:) vil@(s4), 0]

9co
> PO (si,00b) %l (1), 6] =
0cO
= F(ylbs) —
Combining the two inequalities, we get
Fi(y'1bi) —n < Fi(v[bi) < Fi(y'|bi) +n,
which gives the result. ]
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In the following, for each agent i € N, we define as D; C B; x B; the set that contains all the couples
(b;, b)) for which the execution of the binary search reached the cost estimation phase. Furthermore,
for each ¢ € N and b;, b, € D;, let Yi,b, and Yiv! be the scoring rules found at the end of the

(2
search phase, incentivizing actions b; and b, respectively. To conclude the analysis of the payment
estimation phase and to show how to leverage the results of Lemma[B.T| Lemma[B.2]and Lemma [B.3]
to recover upper and lower confidence bounds for the expected payment C;(b;, b)), we introduce the
auxiliary clean event &.

Definition B.1 (Auxiliary clean event for cost estimation). The clean event £; holds if

y . In(4nk?/§
|EY (Yipi 103) — FY (ip, |bi)| < M (2T3/)
Vie N, V(bi,b;) € D;.
y ] In(4nk2/§
|F; (7i,b§|b’/i) - F (’)’i,b&‘b;’)| =M M
2N3

Lemma B.4. The clean event £ holds with probability at least 1 — g.

Proof. By Lemmal[B.2] we have that

In(4nk2/6) o1 5

20 (~ 0 1) — F(~: 1 b)) < _
P |Fz (71,177, bl) F1 (71717@ b2)| — M 2N3 — anQ
Vi € N, Y(bi, b)) € D;.
- In(4nk2/6) )
O (mr. 1D — F2(~: 1/ |B0)] < AN (S T
P |Fz (’Y’L,bi|bl) Fz (71,bi|bz)| = M 2N3 = 1 Ink?

The result follows from a union bound, noticing that

0
Z Z 2nk? =

1EN (b;,b))ED;

N >

O

The introduction of the auxiliary clean event allows us to define, for all i € A and for all pairs of
actions (b;, b;) € D; for which the binary search algorithms reached the cost estimation phase, the

following estimators and confidence bounds:

Ai(bi, b)) = 2 (vi, bi) — F7 (i 10}), (14a)
In(4nk2/0) M

i[bi, 0] = 2M | ——— L2 . 14b

Xibi, bi] oN, oM (14b)

We formally prove that, if event &, holds, then the above definitions yield, indeed, a valid high-
confidence region for the pairwise cost differences.

Lemma B.5. Assume clean event £; holds. Then the following holds:

|A;(bi, b)) — Ci(bs, b5)| < xilbs, 3] Vie N, Y(b;, b;) € D;.

3

Proof. Fixi € N and (b;,b;) € D. By Equation (94), we have that

3

Ci(bi, b)) < FY (Vi i) — F (i, 107) (15a)
[e] o M
< FP (Vi i) — FF (i |b;) + N> (15b)
co . M In(4nk?/9)
< FY (Vi i) = F7 (v [b7) + N T 2M ToN, (150)
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where the first equation follows from Lemma[B.3]and Lemma [B.1] while the last equation follows
from the definition of &£;. Similarly, from Equation , we get

Ci(bi, b;) > F7 (i bi) — F7 (Vi 107) (16a)
= 7 (i [bi) = 7 (i 02) = 535 (16b)

. . M In(4nk?/3)
= 44 (’thl bZ) i (’yl,bi bz) 9N> 2N3 5 ( 6C)

where, also in this case, the first equation follows from Lemma and Lemma [B.1| while the

last equation follows from the definition of £;. The result follows by substituting the definitions of

Split phase. The analysis of the payment estimation phase suggested that whenever we are able
to successfully complete the search phase, then we can easily recover high-confidence regions for
the cost differences. However, unfortunately, this is not always the case, since it might happen that
during the search phase for an agent ¢ and between two actions b;, b, € B;, the agent responds with
an action b§ which is different than b; and b;, thus causing the search phase to end. In such a case,
the algorithm enters the split phase. The intuition upon which the design of the split phase is based
is that the cost difference C;(b;, b)) can be expressed in terms of the cost differences C;(b;, b%) and
Ci(bt, bl) as follows:

Ci(by, b)) = Ci(by, bt) + Ci(bt, ).

Then, this shows that it is possible to recursively obtain an high-confidence interval for C;(b;, b})
starting from high-confidence intervals for C;(b;, b%) and C;(bt, b}). In particular,

77

A (b, D)+ A (B, b5) —xabi, b= [B, B3] < Cy(bi, b)) < Ay, bY)+Aq (B, b;)+xs[bi, b4+ [, ]

1771 1771 7 2771 1771

which allows us to define the estimator and confidence bound for C;(b;, b)) as

Ag(bs,b]) = Ag(bs, bE) + Ay (L, b))

xilbi, U] = X [bz,gf] + Xi [55, bil.

Hence, when the algorithm enters into the split phase, it instantiates two distinct bynary search

routines, one for estimating the cost difference C; (b;, b%) using as starting points the scoring rules ~;
and 4; and the other for estimating C; (b, b;) starting from scoring rules 7; and ;.

1?7

We proceed by bounding the number of times the algorithm enters the split phase, thus allowing us to
bound the number of rounds used by ESTIMATECOSTS, as well as the high-confidence bound x =
max; p, b/ Xi [b;, b;]. To address this question, we consider the binary search procedures instantiated
by the main loop of the algorithm. For the sake of presentation, let us fix an agent 7 and two actions
bi, b; € B; and consider a binary search between the uncorrelated scoring rules ~?, 'yf ¢ € I';. Then,
the maximum number of times the algorithm enters the split phase during the process of estimating the
cost difference C;(b;, b)) can be characterized by investigating all the possible convex combinations
of the two scoring rules 'yf’ ‘, 7? ‘. In particular, we introduce best-response (BR) regions, i.e., sets
Gi(bi, |, b) C [0,1] such that for each a € G;(b;, |b;, b}), the best response of agent ¢ to scoring

b

rule ;" bibi = oyl + (1 - a)'yf  does not change. Formally,

Gilbis plb ) = {a € [0,1] |57 (77" = by, 2 (silr" ") = o(s:) Vs € S}
Trivially, [0,1] = Uj, Gi(bi, ¢|bi, b;) and Gi(bi, i, b)) N G (b}, ¢'|bs, b)) = @ for all by, b € B;
and for all , ¢’ : S; — S, thus, the set

G = {Gi(bs, p|bi, b}) | bi € By, ¢ : S; — S, Gilbi, b, b)) # 2}

provides a partition of [0, 1]. In principle, [0, 1] can be partitioned in many BR regions (since the
number of different signal reporting policies ¢ : S; — S; is I'). As we show next, there exist in fact a
limited number of non-empty BR regions. Before proving such result, we introduce an accessory
Lemma.

17
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Lemma B.6. Let H C R be a closed, convex subset of R and {gl, ..., G"} be a set of partitions
of H, where G' = {G1, ..., G}, } with G% convex for each i,j € [n]. Let P = {Py,..., P;,} be a
partition of H such that for j € [n], Pj = Nig[y G}(m)for some f(i,j) € [n]. Then, it holds that
m<n?—n+l.

Proof. Let P = G and m(1) = n. Let now P*) = {Pl(k), ...,Pﬁ()k)}, for m(k) € N5 be
a partition of H such that for each j € [m(k)], Pj(k) is convex and Pj(k) = Niek] G§(k)(i7j), with
f%) (i, §) € [n]. In other words, P*) is a set of non-empty and disjoint intervals Pj(k) C H such
that Ujjepm( k)Pj(k) = H in which each element Pj(k) is obtained as the intersection of one element
from each {G*, ...g*}. Similarly, define P~V = {P{*~,_ P& Y} for m(k — 1) € N.g be
a partition of H such that for each j € [m(k —1)], Pj(kfl) = ﬂie[k,uGﬂh 1 (i 5 for fE=D3E 5) €

[n]. Notice that, by definition of ?*~1)_in holds that V;j € [m(k)], Pj(k = G*n P*Y for some
a € [n], b € [m(k — 1)]. Furthermore, it is easy to see that by convexity of every Pj(kfl) and G%,
m(k) can be at most n + m(k — 1) — 1. Thus, we can conclude the following chain of inequalities:

m < m(n) =n+m(n—1)—1<2n+m(n—2)—-2 < ... < (n—1)n+m(1)—(n—1) = n®>—n+1.

This concludes the proof. O

We proceed to bound the maximum number of non-empty BR regions.

Lemma B.7. For any agent i and actions b;,b; € B;, there exist at most kl? non-empty BR regions,
i.e., |G| < ki%. Furthermore, for each b; € B; and ¢ : S; — S;, the set G;(bs, ¢|b;, b)) is convex.

Proof. Fix an agent  and two actions b;, b, € B;.We first prove the convexity of the BR regions and
then we proceed to bound their number.

Convexity. To prove that the sets g,»(Bi, ©l|b;, b)) are convex for each b; € B; and ©:S; =S, let
us explicit the constraints defining such sets. In particular, imposing that b; and ¢ are a BR for agent
1 is equivalent to imposing the following constraints for each b; € B; and for all ¢ : §; — S;:

D3 {P()(Sz’wb) 2 (o (s,), 0] — PO (sz,0|b'> b b} [gp'(si),ﬁ]} > 0.

s,€5; 0€O

Clearly, since 7;~ b is a linear expression in «, all the constraints are linear in «, thus implying the
convexity of the set.

Bound on the number of non-empty BR regions. To bound the number of non-empty BR regions,
we introduce, for two signals s;, s; € S; and an action b; € B;, the set G; (bl, si, 84|bs, b%) C [0, 1],

7157,

contammg all those o € [0, 1] for which agent i’s BR to scoring rule 'yl after having played
action b; € B; and having observed signal s; € S;, is to report signal s;. Formally,

Gi(biy i, 541bi, b)) := {ae 0,111 57 P53, 0061 ) [ 15, 6] = 27" 155, 6] zovgiesi}.
[4<{C]

Furthermore, for each b; € B; and @ S; = S;, we let, with a slight abuse of notation, G; (51, ©|b;, b})
be the subset of [0, 1] such that, after having selected action b;, the best-response policy for agent 4 to
scoring rule ~;" ol s to report signals according to . Formally,

Gi(bi, plbi, b)) = {a € 10,111 > PO (si, 0001 ) [0 L), 6] = 70 [5:, 6] = 0 Vi, 5 € Sl} .
0cO
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By definition, each G (b;, ¢|b;, b)) can be obtained as the intersection of suitably chosen BR regions
Gl(b“ Si, Sg‘bi, b;), i.e

G (b, plbi, b)) = mSiESiGi(6i7Si) ©(s4)|bs, b)) Vb; € B;, Yo : S; — ;.

Moreover, we highlight that, by definition, for each b; € B; and s; € S;, the set {G}; (b27 Si, S4|0s, %) |
s, € S;} provides a partition of [0, 1]. Then, by Lemmawe can conclude that |G (b;, ¢[b;, b;)| <
12 — [+ 1. Notice that, in general it holds that for each b; € B; and p:8 =8, G; ( is )b, b)) 2
Gi(bs, @|bi, b)), since by definition of G (bs, ¢|bs, b;), for each a belonging to the set, the signal
reporting policy ¢ is a best-response for agent i to -, ubisbi
nothing guarantees that action b; is a best- -response itself. To conclude the proof it is enough to
notice that, in the worst case, for each b; € B; and ¢ : S; — S;, G; (b Z,<,0|bz,b;) = gi(gi,<p|bi,b§)

and since the number of non-empty Gz( i, p|bi, bl) is at most [ — [ + 1, we can conclude that
|G| < k(I* — 1+ 1) < KklI?. This concludes the proof. O

after the agent played action b;, but

The result of Lemma [B.7]allows us to bound the maximum possible confidence bound as follows.

Lemma B.8. At the end of the execution of ESTIMATECOSTS it holds that

In(4nk?/9) N ki2M

max max x;[b;, bi] < 2kI*M o, R

3
i€N b, bl EB; T

Proof. By Lemma since for each ¢ € N and for each b;, b, € B, [0, 1] can be partitioned in at

most kI2 convex BR regions, the condition for entering the split phase will be triggered at most L%lzj
times during the routine for the estimation of C;(b;, b}), triggering the beginning of a new search
phase at most kl? times. The result follows since the confidence bound y;[b;, b/] is obtained as the
sum of all confidence bounds obtained at the end of the corresponding payment estimation phases,
hence:

In(4nk?/6) N kI2M

S0, B < 2k M )
X [ b 1,] — 2N3 2]\}'2

This concludes the proof. O

B.2 FORMAL GUARANTEES OF ESTIMATECOSTS

We conclude this Section by formally proving main properties of Algorithm
Lemma 7.1. The clean event & holds with probability at least 1 — %.

Proof. Assume auxiliary clean event £, holds. By Lemma forall i € N and for all (b;,b;) € D;,
A (bi, b;) — Ci(bi, b)] < xalbs, ] < x.

Then, let us fix ¢ € A and consider a couple (b;, ) ¢ D;. Let D;(b;, b;) be the set that contains

1y Yy (e
all the pairs of actions (b;, b;) for which the payment estimation phase has been reached during the
procedure for estimating C; (b;, b}). Then, the algorithm guarantees that

Ci(bi, b;) = > Ci(bi, b)).
(bi,b,) €Dy (bi,b)
The result follows from Lemma noticing that Di(bi, b)) < Di, Ai(bi,by) =
S iy oy i (bis B and ilbi, ] = 3 b0yt Xalbi B 0

Lemma 7.2. Let T be the set of rounds devoted to the execution of ESTIMATECOSTS. Then it holds
that | Tg| < nk312(Nay + N3).
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Proof. By Lemma since for each i € A and for each b;, b, € B;, H;(b;,b;) can be partitioned
in at most kI BR regions, the agent will change her action at most L%ﬁj times during the routine for

the estimation of C;(b;, b’), triggering the beginning of a new search phase at most k/? times. This
implies that

T2l <> Y kP(Nz + Ns) < nk®I*(Ny + N).
1EN by, bl €B;

This concludes the proof. O

C PROOFS OMITTED FROM SECTION[3]

Theorem 3.1. Let (x*,y*, u*, z*) be an optimal solution to LP (P, C,0), where C = (C1, ...,Cy).
Then, let v* = (V7, ...,7}) and 7* be such that

z7[b,s,0] . *[b,s,a .
bl 0 {?;*;,] Lirulbl £ 0

%?‘ [b7 s, 9] = p*[b] !
0 otherwise 3 otherwise.

Then (w*,~*,*) is an optimal solution to Problem .

Proof. We start the proof of this theorem by showing that (u*, 4*, w*) is feasible for optimization
problem . Then, we prove that (u*,~v*, 7v*) is also optimal.

Feasibility. First, notice that
0<~flb,s,0] > M YieN,VbeB, Vs S, V00O,

thus guaranteeing that ~* is a valid scoring rule. Furthermore,

y*[b,s,al  .p o«
3 w*[b.s,a = Laca urH] lf“ 170 _ 1 weB vses,
b=y acA sotherwise

which implies that 7t* is a valid action policy.

For what concerns incentive compatibility, for each ¢ € N let us notice that:

Fi(p*,v*) = > w*[bly;[b, s, 0P (s,6]b) (17a)
beB
seS
6cO
=" ai[b, s, 0P (s.0]b) (17b)
beB

seS
6co

= > > wil(bboy), (s, 5-:),00P((s,5-:),0|(,b_y)) (17¢)
beB; s€S; b_,eB_;
s_;€S_;
0co

=3 Y filmilb, s, P). (17d)

beB; s€S;
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Similarly, for each i € N and for each (¢, p) € D;:

FP(u = by (b (p(biysi), s-4), 0)P (5,0 (bi, b_s)) (18a)

beB
seS
€O

= Zx bzasz 372)70]P(S79|(¢(b1)7b*’b)) (ISb)

beB
seS
0cO

=X > > =« b,s),s_i), 0P (s,0](6(b), b)) (180)

beB; s€S; b_;eB_;

s_i€S_;
6co
= 55 Jilwilb 605, 06, 5), P) (180
beB; s€S;
< 3 S sl 6(0), 5], (18e)
beB; s€S;

where the last inequality follows from feasibility of (x*, y*, u*, 2*). Combining Equations

and (I8e)), we get:

Fi(/"'*a’y*) - Fi¢7w(u*77*) 2 Z Z f2($l|ba SaIP) - Z:[ba ¢(b)7 S] (193)
beB; s€S;
>3 w6, b)) (e (b) — ci(6(b)) (19b)
beB; b_,eB;
= > ulb] (ci(b:) — ci(d(b:))) (19¢)
beB

where the second inequality follows from feasibility of (x*, y*, u*, z*). This proves the incentive
compatibility of (p*,~v*, 7*).

Optimality. To prove that (u*,~*, 7*) is optimal, assume, by contradiction that there exists an IC
mechanism (g, 7y, 7) such that U (w, v, w) > U(p*,~v*, ®*). Let (x, y, z) be such that:

z;[b, s8,0] = u[blyi[b,s,0] Vie N,Vbe B,VseS,V0ecO
ylb, s,a] = p[blr[s,a] Vbe B,Vse S, Vaec A
zi[b, b, 8] = max {fi(x;|b, ¥, 5,8, P)} VieN,Vbd € B;, Vs € S,;.

Let us notice that (x, y, w, z) satisfy, by deﬁn1t10n constraints 2d) and (2¢) of LP(IP, C,0). To
prove that they satisfy also constraints (2b}), for each i € and b b € B;, let (d), ®) € (I> be such
that:

7 b, lf bll - b 1 /!
o) = and o', s)=s Vb € B;\ {b}, Vs €S;
b’ otherwise ’ ! ’ "
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Then, by incentive compatibility of (p,~, 7):

D ulb] (c(d) —c(@®) = > uld,b-i)] (ci(b) — ad) (21a)
beB b_,eB_;
< Fi(p,) — FP#(p,7) (21b)
= > ulb] ([, 5, 01P (5, 01b) — vi[b, 0 (b, 51), 0P (s, 6] (bs, $(b4))))
ist
06
@lc)
= > xilb, 5, 0P (s,01b) — (b, (b, 5:), )P (5, 0] (b, $(03)))
ict
06
21d)
= Z [fi(iL'|b,S,IP) _fi($i|b787b/790(b7 5))] (21e)
seS;
< Z [fi(x|b, s, P) — 2 [b, V', 5]] . (216)
SES;

Thus we can conclude that (i, y, u, z) is feasible for LP(P, C,0). Moreover:

Z[[bsa<zpse|b )] S wilb, s, 0P (s, 0]b) (22a)

ben 0€O ieEN beB
s€S
acA 969
—Z[ bsa(ZIP’sﬂb )1 ZZu [blvi[b, s, 0]P (s,0]b) (22b)
beB (<C] iEN beB
sES
aeA 0ce
=U(p,7,b) (220)
>U(p*,~*,b%) (22d)
:Z[,u [b]7*[b, s, a] (Z]P’39|b )] ZZM bl [b, s, 0|P (s,0|b)
beB 0co i€EN beB
s€S seS
acA 0€©
(22e)
Z[ bsa<ZPse|b )] > b, s, 0P (s,0]b), (22f)
beB (<C] ieEN beB
sES s€S
acA 0€©

which contradicts the assumption on the optimality of (x*, y*, pu*, z*). This concludes the proof. [J

D PROOFS OMITTED FROM SECTION [4]

Before proving the formal results of Section[d] we introduce a useful preliminary result.

Lemma D.1. For any uncorrelated mechanism (v, ) € U, there exists an equivalent uncorrelated
mechanism (', 7') € U which is truthful, i.e., such that for any i € N and s; € S;, 3 (s:|v]) = si

and such that
U°(vy,m) =U°(v, 7).
Proof. Let (v, =) be such that
Yilsiy 0] = vilws (silvi)] Vie N, Vs; €S;, V0 € O,

and
m'[s,a] = 7[p°(s|y),a] Vs €S, Vae A
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First, we show that for any agent i € N, (bS(7i), »?) is a best response to v/, where ! is the
honest signal reporting function such that p!?(s;) = s, for all s; € S,. Fix i € . Assume, by
contradiction, that there exists b, € B; and ¢; : .S; — S; such that

D0 PO (54, 005) vilpi(50), 0] — i (B) > YD PO (55,0105 (i) vilsi, 6] — (5 (1)),
5;€5; 0€O 5;€85; 0€O©

and let ) : S; — S; such that ¢/ (s;) = ¢°(p(si)|7vi). Then, we have that

S SR (s, 0105 () 1l (i), 6] — i (57 ()

5;€5; 0€O
= > Y PO (5,015 (7)) yilsi, 6] — i (b5 (i)
s,€S; 0€O
< Z Zp(i) (51, 0107) vi[pi(s:), 0] — ci(b7)
s,€S; 0€O
= Z Z P (54, 0167) vils(s:), 0] — ci(b5),
s,€S; 0€EO

which contradicts the assumption that b3 ('yl) % 2 (+|v:) is a best response of agent i to scoring rule ;.

To conclude the proof, we show that U ° = U°(v/, ). Notice that
Z Z P (s,0]b°(v ( ]u(a,@)) - Z %[go‘i’(s,-kyi),e]l (24a)
seS 0eO acA iEN
—Zzﬁwmw ( ) Z%%] (24b)
SES €O acA 1eEN
=U°(y,n). (24¢)
This concludes the proof. O

Now we are ready to prove Theorem

Theorem 4.1. There exists a game in which no uncorrelated mechanism is optimal.

Proof. Consider a game in which N' = {1,2}, B; = {bs,bq} and S; = {sy,s4}, Vi € N. The
action costs are specified such that ¢; (by) = c2(by) = c2(bq) = 0, ¢1(bq) = K < 1/24. The set of
states of nature is © = {6, 6>}. The joint probability distributions are defined as in the following
tables:

P (0, s|bybs) | SpSs  SpSq  SqSs  SqSq P (0, s|bpby) | Sp8p  SpSq  SaS»  SaSq
0, 1/8 1/8 1/8 1/8 60, /8 1/8 1/8 1/8
% /8 1/S 1/8 1/8 7, /8 1/S 1/8 1/8
P(0,s|babs) | Sp8s  SpSqa  SaSp  SaSaq P(0,s|bsdg) | spss  SpSq SaSs  SqSq
7 1/6  1/6 1/12 1/12 7 i/3 0 0 1/6
9 /12 1/12_1/6  1/6 0, /6 0 0 1/3

Optimal Uncorrelated Mechanism. As a first step, we characterize the set of optimal uncorrelated
mechanisms for this game. Since the cost of both actions for agent 2 is 0, we can trivially set v2[s, 0] =
0 for each s € S and # € © to minimize payments without affecting the incentive compatibility
of the mechanism. As a direct implication of Lemma [D.T] there exists an optimal uncorrelated
mechanism which incentivizes truthful signal reporting, thus, in order to find an optimal uncorrelated
mechanism, we can enumerate among the optimal uncorrelated mechanisms incentivizing each action
profile while incentivizing each agent to report truthfully her information. Furthermore, it is easy to
see that, when players report their information truthfully, signal profiles (byb,) and (b,.b4) induce the
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same posteriors over the states of nature. The same holds for signal profile (b4b,) and (bqby). Thus,
we have that:

max E (s, a]P (s, 0|bsby) u( = max E m[s,a]P (s,0|byby) u(a,d) = 1/2 (25)
acA acA
sES s€S
€6 €6

max E 7[s,a]P (s, 0|bgbs) u( = max E w[s,a]P (s, 0)bqba) u(a,d) = 2/3. (26)
a€A acA
sES s€S
0€o 0€0

Moreover, fixing the action profile b € B that we want to incentivize, for any scoring rule y; €
[0, M]Bi*5ix© consider the incentive compatibility constraints (recall that we can trivially ignore
the incentive compatibility constraints of agent 2 by setting v = 0 as discussed above):

DD nls 01PW (s, 01b1) —=m[ip(ba, ), O]PY) (5,0]6(b1)) > e1(br) —er(b(b1)) V6,0 € D1,
SES1 €O

while the expected utility of the principal when the agents behave honestly is

Ue( max{zzz (s, a]P (s,0]b)u } ZZ]Pl)sH\bl ~1[s, 6]

s€S 0O ac A s€S; €O

Noticing that, for any two action profiles b, b’ € B, if b = b/ then the incentive compatibility
does not change and that, by equations and (26), U (byby) = U (bsba) and U (bgbs) = U (babs),
it follows that the problem can be reduced to a single-agent problem in which we have to decide
whether to incentivize action b, or b to agent 1. Hence, let us fix, without loss of generality, b, as
the action played by 2.

Since action by, has a cost ¢1 (b, ) = 0 for agent 1, it can be trivially incentivized by setting ; = 0,
guaranteeing a utility for action profile (b, by) of U (bbgq) = 1/2.

Consider, instead, action profile b b,. Given a scoring rule =1, the expected payment received by
agent 1 is:

Fi(baba,y) = D> > mls, 01PN (s,6]bo)

SES1 €O

= 3 Dl 4] + 7[5 1) + 3 [l O1] + 1[5 el

Similarly, consider the deviation (¢, ¢) € ®; such that ¢(bq) = b, and p(by, s) = s for any s € 5.

Then:
FP#(babayy) = D Y mls, 0JPY) (s,0]b,)

sES] €O
1
=1 [V1[86, 01] + 1[5, O2] + 1[5, 01] + 71 [s5, 02]] -
The associated incentive compatibility constraint is, therefore:

1 1
D) (Vi[85 01] + 71[84, 02]] — D [V1[85, 02] + 7154, 01]] > K.

Repeating the same procedure for all possible deviation functions, we obtain the following incentive
compatibility constraints:

1
— [mlse, O2] + 11[s4,01]] > K

1
— [, 01] + 7154, 02]] — 2

12

1 1 1
Y154, 02] + N [54,61] — a [s5,01) — 3N [sp,02] > K
1 [s5,02] + ! [S5,01] — ! Y184, 01] — L [s4,02] > K
371 > U2 671 >y U1 6 A, U1 3’)’1 a, V2| =

1 1
6 [(V1[85,01] + 7154, 02]] — 6 [(Y1[54,01] + 1[50, 02]] > 0
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Thus, it is easy to check that in order to minimize the expected payment, while satisfying the above
constraints it is enough to select a scoring rule such that

Y1 [se, 01] = 7184, 02] = 6K
Y1 [S 0 }

Y1 [s<17 91}

71
0
0.

Since K < 1/24 by assumption, we have that the optimal utility achievable by using an uncorrelated
mechanism is 2/3 — 4K.

Optimal Correlated Mechanism. Consider the correlated mechanism (g, 7y, 7r) defined such that
w[bgby] = € and plbeby] = 1 — e for some e = 12K /5 = 1/10. Similarly to before, since all actions
for agent 2 have cost 0, we can be incentive compatible by setting 2 = 0. The scoring rule for agent
1 is defined as:

vl[b, S 9] Vb E {bpbp,bbbq,bqb>}7 Vs 6 S, Va E @
~v1[babg, 8,01] = 0 Vs € S\ {sps:}
Y1[baba,s,02] =0 Vs € S\ {sq54}
a! [b<b<17 SpSp, 91] 4! [b<1b<la Sa8q;s 92] =1
Let w be such that # € argmaxy, {U(u,~v,w’)} Simple calculations show that

U(p,~y,m) =2/3 — 2¢/3. It is possible to show that the above mechanism is incentive compatible.
In particular, the expected payment received by agent 1 is:

2
Fi(p,7) = g

Consider any two deviation functions (¢, ) € ®; such that ¢(bs) = b,. The expected payment
received by agent 1 when she deviates according to (¢, ) is

FPe(p,y) =¢/4 V.

Similarly, for any two deviation functions (¢, ¢) € ®; such that ¢(bg) = by, the expected payment is

e/3  if p(bq,ss) = S A p(bg, 8q) = Sp

Fdw:(u y) = 2¢/3  if p(bg,s5) = 85 A p(ba, 54) = 54

1 ’ 0 if o(by, $p) = 8q A p(ba, 84) = Sp
€/3  otherwise.

Thus, the incentive compatibility constraints that are yielded are:

%K
12 —
S

- >0
3—7

which are trivially satisfied since, by assumption, ¢ = 12K /5 > 0. Hence, the expected utility of the
principal is

2 2 2 212 2

Any optimal correlated mechanism (p*, v*, 7v*) achieves a utility U (pu*, v*, 7#*) > U(w, v, w) >
2/3 — 4K, hence we can conclude that in this game there does not exist an uncorrelated mechanism
which is optimal for optimization problem (T)). This concludes the proof

O
Theorem 4.2. Assume there for eachi € N, 0 € © and b; € B;, there exists a probability distribution

Yi(+|b;) € A(S;) such that Vb € B, Vs € S and V0 € ©, P (s,0|b) = p[0] [ [, s Vi (5i]bi, 0). Then,
there exists a mechanism (v, ) € U that is optimal among correlated mechanisms.
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Proof. Let (u*,~*,7*) € C be an optimal correlated mechanism. For each b € B, let G(b) be such

that
=> ) P(s,0]b) | Y w*[b,s,alu(a,0) — > ~}[b,s,0]] .
s€850€0 acA ieN
It is easy to see that it holds U(u*,v*,7®*) = > ,.zu*[b]G(b). Let b ¢

arg maxpep. .+ b0 {G(b) } be the action profile yielding optimal utility to the principal and define
the uncorrelated scoring rule ¥ = (71, ..., ¥ ) be such that

1 (%
~ilsi, 0] = TS > w100 -] [T i(silbs, 077 [(5i,b-4), (54, 5-0), 6],
2 e, 1 (i, b)) boieB_; jeN\{z‘}
s_;€5_;

Furthermore, let 7 be such that 7w[s, a] = w*[b, s,a]. It is possible to show that for each i € N/,
(bs, M) is a best response for agent i to uncorrelated mechanism (-, ), where ¢ : S; — S, is the
honest signal reporting policy, i.e., such that ¢ (s;) = s; for all s; € S;. In particular, notice that
the expected payment received by agent ¢ when the principal commits to mechanism (p*, v*, 7*)
can be written as

Fi(p*y*) = Y PO (s, 00b:) [ > p*((bi,b_i)] [ 5(s51bs,0)77[(bis b_s), (55, 5-3), 6]

b;€B; b_,eB_; jGN\{i}
5;€S; S_i€ES5_;
0cO

and similarly, for each (¢, ¢) € ®;,
FPo(p,y*) =

PO (s, 0l6(0:) | D (i boi)] T 95(s5lb 0077 (b b-s), (9(biy 50),8-4), 0]

b;eB; b_,eB_; jEN\{Z}
5;€S; s_;ES_;
(A<C]

Forany b, € B; and ¢} : S; — S;, let (¢, p) € D, be the deviation functions such that ¢(b;) = b; for
all b S B \{b } ¢)( ) = b;, (p(bi, Si) = s, forall bl S Bl\{bl} and s; € Si, and (p(bi, Si) = (p;—(Si)
for all s; € S;. Then, by substituting the definition of ~y; into the expressions for F; and Ff’“”, we
can write the following:

Fy(p*,v*) — EP9 (u*,v%)

= Zu (bi, b)) Z Z []P’(i) (si,00b;) Yilss, 0] — PO (s, 0105) vil@l(s4), 0] (27a)

—i€B_; $;€S; 0EO
> Zu (bi, b-3)]Ci (b, b5), (27b)
b_,eB_;

where [27b] follows from incentive compatibility of (p*,7*,~*). By dividing for
Db B M [(bs, b_;)], we get

>y {]P’ (s, 01b;) vilsq, 0] — P (8i79|b§)%[¢§(8i)»9]} > Ci(bs, b}),

5;€5; 0€O©

which proves that (b;, ) is a best response of agent i to mechanism (v, 7) € U. The result follows
by noting that U° (v, ) = G(b) > U(u*,v*, 7*). O

E PROOFS OMITTED FROM SECTION [6]

Lemma 6.1. The clean event £, holds with probability at least 1 — g.
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Proof. By Hoeffding bound, we have that

B (ICsls,6] — P (s,6B)| <) > 1— 2,

=

Vb e B, Vs e S, V0 € ©,Vt e UpT,(b), and similarly,
@ 191 _ PD (Bl s )< o) > 1 O
P (Jof), 0] = PO (0lbi,s:) | < 0) 21— —,
Vie N, Vb; € B;, Vs; € S;V8 € ©, Vt € UpT,(b).
Moreover, let b be such that |7, (b)| > x. Notice that for any i € N and s; € S;,

T D)= > > 1

b’eB teT,(b")
b =b;

Therefore, \T(l) (b, l)\ can be seen as the sum of a sequence of Bernoulli random variables with
parameter P(*) (s;]b;). Additionally,

B[00 = 3 Y B (s 20 X (L0 2 R0). @8

b’ eB: teT,(b) b eB:
b =b; b =b;

By applying Chernoff bound together with Equation(28), we get that Vb € B, Vi € N, Vs; € S;,

Vi € UpT, (D).
P (10051 = 7o) ) = 1 exp (-5

2
>1—exp (—2/£>

289m?
Zl—exp( In(2K/§)——— WE >
0
>1 - —
>1 K

The Lemma follows by applying a union bound with K = 6|B|T|S|nm.

O
Lemma 6.2. Assume the clean event £, holds. Then, at the end of the execution of ESTIMATEPROB,
for each b € B it holds that | T,(b)| < max {Ni,k}.

Proof. The prove this Lemma, we show that for any b € B, if |7,(b)| = max {N;, x}, then the
condition |7,(b)] < N1 V ¢ > % is not satisfied, and hence the while loop in Algorithm
terminates. To prove this, we show that if |7 (b)| = max {N;, s}, then g < 13m

Fix b € B. Since the clean event &, holds, and since, by assumption, |7,(b)| > x we have that
. 1 1
17D (biys0) | > 5L|7;(b)| > g Vie N, Vs; € S;. (29)

Furthermore, let (z Si,85) € argmin;ep s, ( )

- a’b s ,||3. By definition, we have that

||ab o-b s ,||3. By definition of g and by assumptlon that the clean event holds, for all § € O

i3S

we have that

[P (616, 5:) = P (0161, 57) | < o, 6] — o} s [0l + 22,

i3S

and thus

S P (6lbi. si) — B (Blbis)) [* < [lof,, — o2, |13 + 4m® = d + 4me?.
feO
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Rearranging, we get the following chain of inequalities:

d > " [P (0]bi,si) — P (0]bi, s]) [ — 4mg® (30a)
(USC)
> 0 — 4mg + 13mp — 13mo (30b)
={—1Tmp+ 13mp (30c)
In(2K/§
—0—1Tm M +13mp (30d)
2|7y (bi, 5i)|
>{0—1Tm M + 13mpo (30e)
LK
2002
= — 1 —_— 1 0
{—17Tm 28072 + 13mp (30f)
>/ (1 - \/Z) +13ma (30g)
> 13mp, (30h)

where Equation (30b) follows from the definition of ¢ and from the fact that ¢ < 1 whenever
|7,(b)| > & and Equation lb follows by definition of g. Rearranging, we get g < %, which
concludes the proof. O

F PROOFS OMITTED FROM SECTION§]

Lemma F.1. Let (x*,y*, u*, z*) be an optimal solution to LP(P, C,0). Then, if clean events £, and
Eq hold, there exists z' such that (x*,y*, w*, z') is a feasible solution for LP({, A, 2M|S|mv + x).

Proof. Let 2’ be such that z.[b;, b}, s;] = 2} [b;, b, s;] + M|S_;|mwv, for all i € N, b;,b; € B; and
s; € S;. Trivially, (x*,y*, u*, z’) satisfy constraints (2d) and of LP(¢, A, 2M|S|mv + ).
Consider now constraint . By feasibility of (x*, y*, u*, z*), we have that

Z;[bi,b;,si] Z fz(scﬂbl,b;,s“s;,]}") (3121)
= Z x;[(b’hb—i)?(8258—i)79]P((8’iaS—i)79|(b;ab—i)) (31b)

b_,eB;
s_jES_;
0co

> Y @i boi), (85 8-0), 0] (b [(siy5-3), 0] = v) (3lo)
b_,eB;
s_;ES_;
bco

> fi(xy|bi, by, 51, 57, C) — M|S_s|mw. (31d)

Rearranging and substituting the definition of z’, we get z.[b;, b}

2 Si] Z f1<m:|bz7 b;7 Si, Sga C)’ thus
proving that constraint is satisfied.
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Let us consider constraint (2b). By feasibility of (z*, y*, pu*, 2*), for any i € N and b;, b; € B;, the
following holds:

> wr (b bo)]Cilbi ) < > [fil@] |bi, i, P) — 27 [bi, b, 5] (32a)
b_,eB_; SES;
= Z [m:[(biabfiv5’9)]P(379|(biﬂb*i))]_ Z 2 [bﬂbzv ] (32b)
b_;eB; S;€S;
sES
0cO
< Y [@[(i b, 5,0)] (Coup_pls: 0] +v)] = D 2 [bisbl,si]  (320)
b_,eB; S; €S,
ses
0co
= M|[S|mv + Z [fi(27 |bi, 53, ) — 2i[bi, b, 55] + M|S—i|[mv] (32d)
8;,€8;
= 2M|S|mv+ Y [fi(@}|bi, 56, C) — 2i[bi, b, si]] - (32¢)
5;€8;

Furthermore, notice that

> it b )ICibi ) = it (bey b)) (Aa(bi, b)) — ) (33a)
b_;eB_; b_,eB_;
> > [t [(bi, by A (bi, b)) — (33b)
b_,eB_;

Putting all together, we get

Y Uil@ilbiisi Q) = zlba sl = Y [t (b bi)[Ai(bi, b)) — (x + 2M|S|mw)

8;€S; b_.,eB_;

which gives the desired result. O

Lemma 8.1. Assume clean events . and £, hold. Let (p,~y, ) be an optimal solution to LP({, A, €),
where ¢ = 2M |S|mv + x. Then, letting A = 2M |S|m (k + 1) (v + x), it holds that:

Fi(my) — FP9 () = S ablCibi, 6(b) — A Vi€ N, V(4,p) €

beB

Proof. Let (£, gt, i, %) be the vectors from which mechanism (!, 4%, 7t) is obtained, i.e., an
optimal solution to LP(¢, A, €). Fix an agent i € A/ and a deviation (¢, ¢) € ®,. Notice that:

Fi(p Z bl3i[b, s, 0P (s,0|b) (34a)

beB
seS
[SC)

> [ b [b, 5,61 [s,6]] — M|S|mv (34b)

beB
seS
[SC)

= Z [‘%2 [ba S, Q]Cb[sa GH - M|S|’I’TLV (34C)
beB

seS
0cO

= > > fil@ibi,si,¢) — M|S|mw. (34d)

b;€B; ;€S

Y
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Similarly,

FPe(al, 4ty = i o(bi, s5),5_3), 0]P (s, 0(d(b;), b_s)) (35a)

beB
seS
0cO

< Z @(bi,81),5—3), 01 s(60) .6 18, 0] + M|S|mv (35b)
beB

EISY
0co

= Z [i‘f[b, ((,O(bl, Si), S,i), 9]C(¢(b1),b_,¢)[37 9]] + M|S|m1/ (35C)

beB
seS
0€©

= >0 D [ful@ b, 6(03), 51, 0(biy 1)) + M|S|mv (35d)

b;€EB; s;€S;

<> > [Z 2 [bi, 3(bs), 51]

b;€B; s;€5; Ls;€S;

+ M|S|mu. (35e)

Thus, by feasibility of (!, g, i, 2t), we have that:

Fi(/]'t,ﬁt)*Fi(b,gp(“tv~t =z Z [Z fl t|b13517 )* [17¢(bi)75i]1 72M|S|mlj (36a)

b, €B; Ls;€S;
> > i [BIA (b, ¢(bi)) — 2M|S|m (k + 1) v — kx (36b)
beB
> AMbICi(bi, (b)) — 2M|S|m (k+ 1) v — (k+1)x  (36¢)
beB
> > A [b]Ci(bi, d(bi)) — 2M|S|m (k + 1) (v + ). (36d)
beB
This concludes the proof. O

Lemma F.2. Assume clean events £, and Eq hold. Then, at the end of the execution of ESTI-
MATEPROB, it holds that

. 2
0co

Proof. Fixi € N, b; € B; and s; € S;. Notice that
€5, 101 — €7, 10]] < [PD) (0]bs, 5:) — PD (0], 57) | + 20,

and thus
. . X 2
I, — &2, 13 < D7 [IPD (Olbi, ) — PO (0lbi, 1) | + 20] (372)
0cO
. 2
<d4mg®+ 7 [PD (0)bi,5:) — PO (0t )| (37b)
0cO

where the second inequality follows from triangle inequality. Hence, rearranging, we get

) , 2 ) )
> (PO @1t 50) = PO (01t 5| = N1€SY,, — €57, 113 — 4me® = 13mo — dmeg? = 9me,
9co '

where the third inequality follows from ¢ < 1 since ¢ < d/13m. This concludes the proof. O

Lemma F.3. Foreachi € N and b; € B;, let '?f * be an uncorrelated scoring rule defined according
to Equation (|Z|) Then, assuming clean events &, and £ are verified, the following holds

| ¢
S P9 (9]s;, b, [ i, 0] — A28, 9]} > = Vi€ N, Vb € By Vs, s, €S,
0cO
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Proof. Fixi € N, b; € B; and s;, s} € S;. Then, we can state the following:

Zp(i) (054, b:) 7" [si,0

0c®

Furthermore,

> PO (0]si,b:) 47 [s5, 0

0ce

Combining the two results, we get

zmMemw[b&H L,

|

6co
= H; _f||5bwsb 34+ > PO (9si,b:) €7, [6]
0cO
1 .
- 5||£§?,sl|\2 + 3 (&0 100 0) €87, 10]
0co
=H; +7||£b ,Si -0

0co

1
=Hi—§||§ H2+ZP() (0]ss, z) Y ',/ 16]

< H;— SlE0 1B+ 3 (60,16 + )<>m

0€©

[2<C]

1
:Hi*§||€ H2+Q+Z€b sl b“s

0coe

STEO (0]si,be) [424051,6] ~ 425, 0]

[USC]

1 .G
> +5 110,113

Y

v

AV
N N N N N

|
O = B
L5
[~

Y

T 18

where Equation tj follows from the fact that, since clean event £, holds, ||£b 5 T 13 (lj)

Soco [P (0]b;,5:) — PO (6]b,, s )@7

This concludes the proof.

Equation (@0g) follows from Lemma

Lemma F4. Assume the clean events £, and E4 hold. Let v = (v4,

Yi[b, s,0]

Fi(N ) F(ZMD

4o lle 15— S e, 101l 16— 20

=32 &, 10 -

0c®

=S () 26 ol o+ (60 1) ] 2

D001] 20

bq;,Si

. ] 2
PO (0]bi, 5:) = PO (0]bi, )] — 2mg? — 20

[6]-

k3 1 1
Z]P’ ) (054, b; [ [ |+ H; — 2|£l())s/||§:|

(38a)

(38b)

(38¢)

(38d)

(39a)

(39b)

(39¢c)

(39d)

(40a)

(40b)

(40c)

(40d)

(40e)

(401)
(40g)

(40h)

D15 >

4mg , Equation follows from the definition of ¢ and

= B} [si,0) + (1= B)3}"[s1. ],
where 3 = (45 + £)/(18p + 45 + £). Then, the following holds

> S A BICH(bn 6(bi) + 2 Vie N, (6, p) € B

beB

65

31
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Proof. Fix an agent ¢ € N and a deviation policy (¢, p) € ®;. With a slight abuse of notation, let
Vi[bs, 51, 0] = By [4,0] + (1 — B)A[s4, 0]. Then, we can write the following:

Fi(ﬂtv ’7’/) - Ffﬂﬂ(ﬂt,,y/)
= 30 DD [P (s 0100 20, 1,6 — PO (s, 0160(60)) 1! [bi, b, 52), ]

beB: $;€S5;
& (bi)#b; 0co
®
+Y 0 AL | Y PO (s, 00bi) vilbiy 56, 0] — P (si, 01i) vi[bi, (bi, i), 6] | - (41a)
beB: $;€8;
d(b;)=b; 0co

®

Let us analyze the two terms separately.

Term @). First, notice that, by Assumption it holds that

Sl D P (si,010) v 50, 0] — PD (54, 00(b:)) 1 [(bis 54), 0]

beB: 5;€S;

> Y @blCi(bi, d(bi)) + p- (42a)
beBs:

d(bi)#b;

Furthermore, noticing that C; (b;, #(b;)) < 1 and that, by definition, 4 [s;, 8] < 3/2 forall i € A/,
b; € B;, s; € S; and 0 € O, we can write the following

SO AL Y0 [P (50,0000 A s 0] = PO (s, 610(00)) 37 (b 1), 6] — Cilbi, 6(01))

beB: $;€S;
& (bi)#b; e
5
> E ——[i'[b]. 4
> K [b] (43a)
beB:
(i) #b;

Rearranging, we get

S| YD PO (s, 05) A% [si,0] — PO (s, 016(0:)) 37 [ (bi, 52 0

beBs: S;ES;
&(bi)#b; 0co
> Z i [b] |:Ci(bia¢(bi)) - ;] ; (44a)
beB:
$(b;)#bs
By linearity and by definition of v/, we get
- [ )
@2 3 A [0 s) + 503 (1-9)] (sa)
beB: -
B(bs)F#b;
= > Al G (b)) + —L2 (45b)
’ 18p+ 45 + ¢
beB: -
d(bi)#b;
[ 1
> it (b d(b)) + 25
> Y el | Cilbi o(b) + 65} : (45)
beB: -
B(bs)#b;

where Equation (45b) follows from the definition of 3 and Equation (¢5c) follows from p < 1
(w.l.o.g.), £ < 2 (by the stopping condition of Algorithm and £ < £ (since clean event £, holds).
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Term B). By assumption|[l} it holds that

SOl D P (si,016) v [si, 0] — PD (54, 00b5) 3} [0 (b, 5:), 0]

beB: S;€S;
&(bi)=b; [4SS]
= > Y PO (sifbe) Y [P (01 s) [0 i 6] = Al (i), 0] | 6w
beB: 5;€85; 0co
& (bi)=b;
> 30 )Y PO (silbi) 3 [P b, si) [ (51, 0 = 1[50 0] (46b)
beB: 5;€5; 0co
$(bi)=b;
=0. (46¢)

Furthermore, by Lemma[F3]

beB: $; €S
¢(b;)=b; €6
= 0 ALY PO (silbi) 3 [P Olbissi) [350, 6] = 3 Lot i), 0] | @70)
beB: 5:€5; )
d(bi)=b;
> Z [b] > PY (sifbi) — (47b)
beB $;€S;
é(bi)=
o
- Z i [b]Ts 47c)
beB:
o(bs)=b
(47d)
Also in this case, by linearity and by definition of 4/, we get
- 4
B> 3 (Gl + (-9 s
benB:
#(bi)=b;
= Y bl [Cbnom) + o] (4sb)
et ST T 18p 4+ 45+ 4]
€B:
@ (bi)=b;
¢
> it (b p
> ) il {Oz(bm(b )+ 65] (48¢)
beB:
#(bi)=b;

where to obtain Equation (#8b) we substituted the definition of 3 and Equation (@8c) follows from
p < 1(wlo.g.) and ¢ < 2 (by the stopping condition of Algonthm

Putting all together. By substituting Equations {#5¢)) and (48d) into Equation[dTa] we get

ol
Fi(it, ') = FP2 (') 2 Y B BICi(bi, o(b0) + -
beB

This concludes the proof. O

Lemma 8.2. Assume clean events &, &, hold. If mechanism (pu',~*, 7') is chosen according to
Algorithm[3] then it is IC, i.e., if satisfies Equation (ID) of optimization problem ().
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Proof. Fix an agent i € A/ and a deviation policy ¢, p € ®;. By linearity, we have that

Fi(y') = PPy = a [F(at 3) = FP2 (0 A0] + (1= ) [F(at ') = BP9 ()

(492)
> 3" A BIC (b, (b (b)) — ar + (1 — )2 (49b)
beB 65
Apl — Apl + 8mppl /65

Ci(bi, ¢(bs)) + 7 (49¢)
I; pl + 65X
>3 i [BICi(bi, $(b7)), (49d)
beB

where Equation (49b) follows from Lemmas [8.1]and [F-4] Equation - [49¢) follows from the definition
of cv in Algorithm [3[and Equation (#9d) follows from the fact that, since clean event £, holds, ¢ > £.
This concludes the proof. O

G PROOF OF THEOREM[3.1]

Assume clean events &£, and £, hold. Notice that by a union bound on the results of Lemma@] and
Lemma [7.1] this happens W1th probability at least 1 — §. From the definition of regret we have that

RT = Z [U([,L*7’7*,Tl'*) - U(l"’t7'7t77rt)] + Z [U([JJ*,’Y*’TF*) - UO(’yt77Tt)] :
teT, teT,

RT RT

c u

Let us analyze the two terms separately.

Term RL. Consider the rounds 7, in which the principal committed to an uncorrelated mechanism.
Since during the commit phase the principal uses only correlated mechanisms, we have that

beB
By Lemma(6.2]and Lemma(7.2] we have that

T, < |B|max{Ny,k} + 2nk®Ny + nk*Ns = |B| max{T?/3, k} + 2nk®log(T) + nk>T?/3,

where £ = 22m?In(2K/8)=%. Then, since for all ¢, by definition of U we have that
U(p*,v*,m) — U°(yt, wt) < nM + 1, we can bound the term RZ as

RT < (nM +1) (|5| max{T%3, k} + nk*1 log(T) + nk312T2/3> .
Term RZ. The only rounds in which the principal commits to correlated mechanisms are those of
the commit phase. Let t € T,.. By definition of ! and by linearity of U, we have that

R <a Z [U(p, v m*) = U5, 7"] + (1 — a)T(nM +1). (50)
teT.

Furthermore, notice that we can bound 1 — «v as
65\
1-— —_ —2M Sm(k+1
(1) = e < g 2MISlm(k + 1) (v +X).
Recalling that, by Lemma[B.g]

In(2nk2/8)  KkI*’M 5 In(2nk2/8)  KkI*M
S g = 2RCM\| S

x < 2kI’M
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and by definition
L — max In(12|B|T'|S|nm/d) S\/ln(12|l’:«’|T|‘S’nm/é)’
beB 2|7,(b)| 272/3
we get
780 In(12|B|T|S|nm /) 1
oy < Bt Ay
(1-a) pEM |S|mk=l ( 97273 +T (51)

Let us now consider the term U(p*,~v*,7*). Let (z*,y*, u*,z*) be an optimal solution to
LP(P,C,0) and let (xf, y*, ut, ') be the optimal solution to LP(¢, A, ¢) from which mechanism
(ut,~t, 7t) was obtained. Furthermore, we recall that the objective function of LP({, A;, €) is

Ux,y, 1,z ZZ Z [Cb s, 0] Z ylb, s, alu(a, 0)] — Zx,{b,s,&]] .

beB s€S V€O Lac A 1EN

Then, we can write the following

U(p*,vy*, o Z Z Z W [b]P (s, 0|b) Z b, s,a]u(a,@)] - Z v 1b, s, 0]
beB scS 0co - Lac.A ieN
< Z Z Z 1 [b]¢p]s, 0] [Z 7w [b, s, alu(a, 9)] - Z i (b, s,0]| + 2M|S|mnv
beB scS 0cO . acA ieEN
= Z Z Z Co[s, 0] lz y*[b, s, alu(a, 9)] - Z z;[b,s,0]| +2M|S|mnv
beBscS0eco L acA ieN

= Ua*,y* ', ") + 2M|S|mnw,

where the first inequality follows since, given that clean event holds, |P (s, 0|b) — (p[s,6]| < v.Ina
similar way, it holds that

Ut 4wt =S50S | i) (5, 610) [Z wt[b,s,am(a,e)] -y fmb,s,m]
beB seS €O L acA ieN
> Z Z Z 1! [b]Co[s, 0] lz 7' [b, s, alu(a, 9)1 - Z Atlb, 379]1 — 2M|S|mnv
beB scS 0O . acA ieEN
=333 [ Guls. 0] lz yt[b,s,a]u(a,e)] = i, s,o}] — 2M|S|mnv
beBseSHecoO L acA ieN

= U(:Btvytv l"’tvﬂ-*) - 2M|S‘mnl/7

Furthermore, we recall that, by Lemma [F.1] (z*, y*, u*, 2*) is a feasible solution to LP(¢, A, €),
while, by definition, (x',y", u’, 2") is optimal for LP({,A,e). Thus, U(z!, y', p',w*) >
U(x*,y*, u*, 7), which yields

Z [U(u*77*7ﬂ-*) _U(Ij’t/?taﬂ-t)] < Z [U(w*7y*ap’*aﬂ-*) - U(fﬂt,’yt’ﬂtyﬂ'*) +4M|S|mny}
teT. teT.
< Z 4M|S|mnv

teT,
< AM|S|mnT?/3\/In(12|B|T|S|nm/s)

Combining the above results, we get

RZ S @ Z [U(M*a7*77r*) - U(Au'ta:yta Trt)] + (1 - Ol)T(TLM + 1)
teT.

1564
< %Mm nk? (T2 /n(12[BIT[S[nm/3) + 1) .
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Putting all together. Hence, the final regret bound is

RT =R} + R,

< %Mﬂsmmnksz? (VI(I2[BITISTnm/8) + 1) max{T*/%, x} + (M + 1) log(T),

which gives the result.
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