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Supplementary Materials Roadmap

In this supplementary material, we provide “full versions” of Sections 2-4 from the main submission,
corresponding to Sections A-C in the sequel. While it is easiest for the reader to read section 1 of
the main submission and directly jump to Sections A-C below, we will match the names of the
definitions/lemmas/theorems/etc. from the main submission with those in the supplement.

In Section A we give notation and technical preliminaries that will be useful in our subsequent
proofs. In Section B we prove our key structural results on approximating linear combinations of
many similar neurons by small networks. Finally, in Section C, we give our full algorithm for
learning one-hidden-layer networks from queries.

A Preliminaries

Notation. Given vectors u, v, let Z(u,v) £ arccos (Hi\lﬁﬂ ) Let ¢; denote the j-th standard

basis vector in R?. We will occasionally denote the standard Gaussian measure on R by dv(z).
Given a function h which is square-integrable with respect to the Gaussian measure, we will use
|1 to denote E.~r(0,10)[2(x)?]'/2. Given a collection of indices S C Z, we say that 4, j € S are
neighboring if there does not exist i < ¢ < j for which £ € S.

The following elementary fact will be useful:

Fact A.1. [sin(z + y)| = |sin(z) cos(y) + sin(y) cos(z)| < |sin(x)| + |sin(y)| for any z,y € R

A.1 Neural Networks, Restrictions, and Critical Points

Definition 2.1. A neuron is a pair (v,b) where v € R% and b € R; it corresponds to the function
x +— o({v,z) — b), which we sometimes denote by o((v,-) — b).

As mentioned in the overview, we will be taking random restrictions of the underlying network F’,
for which we use the following notation:

Definition 2.2. Given a line L C R? parametrized by L = {xo + t - v}scr, and a function F :
R¢ — R, define the restriction of F'to L by F|(t) £ F(xo +t-v).

Definition 2.3. Given a line L C R? and a restriction F |1, of a piecewise linear function F : R? —
R fo that line, the critical points of F'|;, are the points t € R at which the slope of F|1, changes.

A.2 Concentration and Anti-Concentration

We will need the following standard tail bounds and anti-concentration bounds:

Fact 2.4 (Concentration of norm of Gaussian vector). Given Gaussian vector h ~ N(0,X),
Pr| ||| = O(||ZY/2|op(v/7 + \/log(l/é)))} < 0, where r is the rank of 3.

Fact 2.5 (Uniform bound on entries of Gaussian vector). For covariance matrix 3 € R™*™, given

h ~ N(0,X) we have that |h;| < O (\ /Ei’“/log(m/é)) for all i € [m] with probability at least
1-4.

Proof. Foreveryi € [m], h; ~ N(0,3%; ), so |h;| < O(E%2 log(m/d)) with probability at least

1—§&/m, from which the claim follows by a union bound and the fact that the largest diagonal entry
of a psd matrix is the largest entry of that matrix. O

Fact A.2 (Carbery-Wright [CWOL1]). There is an absolute constant C > 0 such that for any v > 0
and quadratic polynomial p : R? — R, Pry.n 0.0 [|P(9)| < v - V[p(9)]*/?] < Cy/v.

Lemma 2.6 (Anti-concentration of norm of Gaussian vector). There is an absolute constant C' > 0
such that given any Gaussian vector h ~ N (u, X), Pr {Hh” > WHZH},/Z] >1-Cy/.
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Proof. Define the polynomial p(g) = (g + p) " 2(g + ). Note that for g ~ N(0,1d), p(g) is
distributed as [|2[|? for h ~ N (11, ). We have Eg-n(0.1)[P(9)] = Tr(E) + p Zpa, s0
Vip(9)] = El(g" Sg + 29" Ty — Te(%))?]
— Ellg"9)? + (29" Sp — Te(E))%] + 2El(g " £g)(29" Spt — Tr(D)
= (2Tr(Z?) + Tr(2)?) + (A Te(Zpp' B) + Tr(E)?) — 2 Tr(X)?
=2(2% 1d+2up") > |27,

so by Fact A.2 we conclude that Pr[p(g) < v|| 2| r] < Cy/v. O
Lemma 2.7 (Anti-concentration for random unit vectors). For random v € S¢1
5
I E— )
Priloaf < 2¢E+0(\/M>} =0

Proof. For g ~ N(0,1d), g/||g|| is identical in distribution to v. ||g|| < v/d + O(y/log(1/6)) with
probability at least 1 —d/2 for absolute constant ¢ > 0, and furthermore Pr..xr0,1)[|g] > t] > 1t
for any ¢ > 0, from which the claim follows by a union bound. O

B ReLU Networks with Cancellations

In the following section we prove several general results about approximating one hidden-layer
networks with many “similar” neurons by much smaller networks.

B.1 Stability Bounds for ReLUs

The main result of this subsection will be the following stability bound for (non-homogeneous)
ReLUs with the same bias.

Lemma B.1. Fix any A < 1. For orthogonal v,v' € R? for which |[v — v'|| < Aljv
we have

,and b € R,

El(o((v,2) = b) = o((v/,2) = 1)*] < O (A¥7|o]2)

To prove this, we will need to collect some standard facts about stability of homogeneous ReL.Us
and affine threshold functions, given in Fact B.2, Lemma B.3, Lemma B.4, and Lemma B.5.

The following formula is standard [CS09]:
Fact B.2. E[oc((v,2))o((v/,z))] = %H’UHH’U/H (sin Z(v,v") + (7 — Z(v,v")) cos Z(v,v")). For
(v,v) > 0, note that this is at least & ||v||[|[v'|| + (v, v').

As a consequence, we obtain the following stability result for homogeneous ReLUs:
Lemma B.3. For any v,v' € R? for which (v,v') > 0, we have

El(c((v,2)) — o (v, 2)))?] < %Hv =7+ gllvllllv’ll(1 —cos Z(v,0))

Proof. We can expand the expectation and apply Fact B.2 to get
El(o((v,2)) — o((v, 2)))’] = Elo((v,2))’] + E[o((v', 2))] = 2E[o((v, 2))o((¢v',2))]

1 1 1 1
10l + 317 2 (Gholllo] + 30

1 2
= Sllv =P+ 3 (ellll'l = (v, 0)

IN

1 2
= Sllv ="+ ol (1 = cos £(v, )
as claimed. O

We will also need the following stability result for affine linear thresholds.
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Lemma B.4 (Lemma 5.7 in [CM20]). Given v,v’ € R* and b € R,
Pr[{v,z) > bA (v, 2) <b] < O(||lv—2'||/b).
Lemma B.5. Foranyv € R andb <V,
E[(o({v,2) = b) = o({v,2) = V))*] < (V' —b)?

Proof. Note that (v, z) ~ N(0, ||v]|?), so it suffices to show that for the univariate function f(z) £
o(z—b) —o(z = V), Ezunro,o)2)[f (2)?] < (' —b)2. Observe that f(z) = b’ —bforz >V,
f(z) =0forz < b,and f(z) = z — bfor z € [b,b']. In particular, | f(z)| < b’ — b, from which the
claim follows. O

The following basic lemma giving Lo bounds for Lipschitz functions which are bounded with high
probability will be useful throughout.

Lemma B.6. Let e¢(x) : RY — R>¢ be any square-integrable function with respect to the Gaus-

sian measure. If f : R? — R is an L-Lipschitz continuous piecewise linear function and

satisfies Pro o[l f()] < ()] > 1 — Cand |f(0)] < M, then Eympnoua)lf(2)?] <
2CM? + L2¢Y?(d? + 2d) + Ele(x)*]"/2.

Proof. Because f is L-Lipschitz, f(z)? < (M + L||z||)?> < 2M? + L?||z|*>. Then
Elf(2)*] < E[f(2)*1[f(z) > e(2)]] + Ele(2)*1[f(z) < e(2)]]
< 2(M? + L2 E[|l]*1[f (z) > pllz[]] + Ele(2)*]/2(1 = '/
< 20M? + L¢P E[|l2]1*) + Ele(2)*]?(1 - ()1
_ 920 M2 4 3L2CV2d + Ble(2)4)?,
as claimed. O

Putting all of these ingredients together, we can now complete the proof of the main Lemma B.1 of
this subsection.

Proof. Suppose b > A'/%||v||. By Lemma B.4, sgn((v, z) — b) # sgn({v', x) — b) with probability
at most O(A||v||/b). So with probability at least 1 — O(A||v||/b), the function (o({v,z) — b) —
o({(v',z) —b) is at most (v — v’,x) < Alv||||«||. Furthermore, this function is L-Lipschitz for
L = |jv|] + |lv]” < O(||v||). By Lemma B.6 applied to the projection of f to the two-dimensional
subspace spanned by v, v/,

El(o((v,2) = b) = o((v/,2) = 5)%] S [ol* (VATOlI/b + A%) S A7 ]2

Now suppose b < A'/5||v||. Then |lo((v,-) —b) — o({v,))||> < A%/?|jv||? and || ({v',-) — b) —
a((W', N> < A?/5||v||%. By triangle inequality, it suffices to bound ||o((v,-)) — a((v,-))||?. By
Lemma B.3, we have

lo({v, ) = a((v', NI? S A2[Jv)]* + o]l - (1 = cos £(v,0")) S A%lo]f?,

where the last step follows by the fact that ||v —v’|| < A||v|| implies that cos Z(v,v') > v1 — A2 >
1—- A2 O

B.2 (A, a)-Closeness of Neurons

We now formalize a notion of geodesic closeness between two neurons and record some useful
properties. This notion is motivated by Lemma 4.4 in Section C.1 where we study the critical points
of random restrictions of one hidden-layer networks.

Definition 3.1. Given v,v' € R% and b,b' € R, we say that (v,b) and (v', ') are (A, a)-close if
the following two conditions are satisfied:

1. |sin Z(v,v")| < A



100 2. ||pv = V| < aljvl|||v']-

101 Note that this is a measure of angular closeness between (v,b), (v',b') € R+, For instance, if
102 (v,b) = (A*,\b*) and (V', V) = (Nv*, X'b*) for some (v*,b*), then (v,b) and (v', V") are (0,0)-

103 close.

104  We first collect some elementary consequences of closeness. The following intuitively says that if
105 we scale two (A, «)-neurons to have similar norm, then their biases will be close.

106 Lemma 3.2. If (v,b) and (v', ) are (A, a)-close, and v = v’ + v for v orthogonal to v', then
107 |y = b < allv].

108 Proof. We know that ||bv” — b'v|| < a|v||||v’]|. The left-hand side of this is ||(b —~b')v’ — b'vt]|| >
108 |b—~b'|||v']|, where the inequality follows from orthogonality of v, v’. Therefore, |yb' — b| < av]|
110 as claimed.

O

111 Note that when two neurons are (A, «)-close, their weight vectors are either extremely correlated or
112 extremely anti-correlated. In fact, given a collection of neurons that are all pairwise close, they will
113 exhibit the following “polarization” effect.

114 Lemma 3.3. Suppose A < \/2/2. If (v1,b1), ... (vk,by) are all pairwise (A, a)-close for some

115« > 0, then there is a partition [k] = S1 U Sy for which (v;,v;) > 0 for any i € S1,j € S1 or
116 1 € S, j € Sy, and for which (v;,v;) < 0 foranyi € S1,j € Sy ori € Sa,j € Sh.

117 Proof. Let Sy be the set of ¢ € [k] for which (v;, v1) > 0, and let S be the remaining indices. First
118 consider any ¢, j € Sy and note that Z(v;,v;) < Z(v;,v1) + Z(vj,v1) < 2arcsin A, and because
119 (v, v1), (vj,v1) > 0, this is less than 7/4 for A < v/2/2. By the same reasoning, we can show that
120 foranyi,j € Sz, Z(vs,v;) < 7/2if A < /2/2. Finally, consider i € S; and j € S». We have
121 ZL(vi,v;) > ZL(vj,v1) — Z(vg,v1). A < V/2/2, then Z(v;,v1) > 37/4 while Z(v;,v1) < 7/4,
122 concluding the proof. O

123 In the rest of the paper we will take A to be small, so Lemma 3.3 will always apply. As such, it will
124 be useful to define the following terminology:

125 Definition 3.4. Given (v1,b1),. .., (vg, bx) which are all pairwise-close, we will call the partition
126 S1 U Sy given in Lemma 3.3 the orientation induced by {(v;, b;) }.
127 We note that (A, a)-closeness satisfies triangle inequality.

128 Lemma 3.5. If (v1,b1) and (v2,by) are (A, a)-close, and (va,bs) and (v, bs) are (A’ a')-close,
129 then (v1,b1) and (vs, bs) are (A + A/, 2a + 2a/)-close.
130 Proof. As Z(vy,v3) < Z(v1,v2)+Z(ve,v3), itis clear from Fact A.1 that |sin Z(vq, v3)] < A+A.

131 Now write the orthogonal decompositions v; = yiv9 + vll and v3 = Y3v2 + v?}, noting that
e ulvall < [lorllAsllvsll < [lvs]. We can write

bivs — bsvr = (biys — b3y1)vae + (b1vg — bsvi). 1

133 We will handle these two terms separately. First note that (A, «)-closeness of (v1,b1), (va, b2) and
134 Lemma 3.2 imply |boy; — b1] < «||v1]|, so in particular |boy1y3 — b1ys| < a~ys|lvi]|. Similarly,
135 |bay1ys — b3y1| < &’v1||lvs]|. This allows us to conclude by triangle inequality that

[brys — byl - vzl < amllvsll + o' ysllvr)]v2]l < (e + ) [Jva[lfvs]]- @)

136 It remains to handle the second term on the right-hand side of (1). Note that Lemma 3.2 also tells us
137 that

Ibrvs —bsvi || < [[b271v3 —brvg |+ [|b2ysvi —bsvi || < aflvall]lvg [l+-a[|vsl]|vi || < (Oz+0/)Hv31||||v3||,

138 so by (1), (2), and (3),

bivz — byvi|| < 2(a + &) Jval[|vs]]- =
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B.3 Merging Neurons

In this section we begin to apply the tools we have developed in the preceding sections to show our
main results about approximating neural networks with many close neurons by smaller networks.
The goal of this subsection is to prove that a one hidden-layer network where all neurons are (A, «)-
close to some neuron can be approximated by at most two neurons:

Lemma 3.6. Given F(z) = Zle sio((wi, ) —b;) for s; € {£1} and (v*,b*) € RY xR for which
(wi, b;) is (A, a)-close to (v*,b*) for all i € [k], there exist coefficients a™,a~ € R for which

+ 1]* T * — ’U* 1) 2 2 22/ 2 U* 2.
mNJ\IfE%O,Id)[(} ('I) a O(< ’ > b ) a O(< ,JU> b )) } < C(k ( ° « ))H ||

Furthermore, we have that

ol la™ o) < D lhwill - and a7 JaTb < @Y flwill + Y Jbil. ()

Our starting point for showing this is the following lemma which states that given two close neurons
whose weight vectors are correlated, we can merge them into a single neuron while incurring small
square loss.

Lemma B.7. Let 0 < A < 1. For vi,va,v € R?, suppose we have v; = v + vf- and vy =

Yo + v5 for 1 > 1 > 9 > 0 and vi-, vy orthogonal to v. Suppose additionally that (vy,b;) and
(va, bo) are both (A, v)-close to (v, b). For s € {£1}, we have that

IN&W[(U(@L@ = b) + s ({v2,2) = b2) = (1 + s72)o({w,2) — ))*] <O (A%° +a?) o]

Proof. For i = 1,2, because [sin Z(v;,v)| < A, we find [Jvi-|| < Aljvi]] < O(A|v])) for A
sufficiently small. From Lemma B.1 we have ||o((v;, ) — b;) — o({(viv,-) — b;)|| < O(AY5||v]]).

Note that
(b = b)) [[v]|? = b(v,vi) — billv]|* < [Jv]l[|bv; — bivl| < allo]l[vil],

ie. 1ib = b; < allvill. So by Lemma B.5, |[o((viv,-) — b)) — o({yiv,) —7ib)|| < al|vil|. The
lemma follows by triangle inequality and the fact that ||v;|| < ||v||v/1 + A2 < 2|jv]. O

Lemma B.7 suggests the following binary operation.

Definition B.8. Fix a vector v* € R%. Consider the set of all triples (s, v,b) for which s € {£1},
b € R, and v satisfies 0 < (v,v*) < ||[v*||%. Define the binary operator ., as follows. Suppose
v = 1v+ vll and vo = YU + ’UQL as in Lemma B.7, and define v = |s171 + s2y2|. Then

(Slvvla bl) ®1)* (527 U27b2) = (Sia'YUa’Yb) fori = arg mja’X’Y_]
Note that s; corresponds to the sign of s17y1 + S22, and s;y = s171 + S27a.

In this notation we can restate Lemma B.7 as follows:

Lemma B.9. For vy, vs,b1,ba, v, satisfying the conditions of Lemma B.7, if we define the tuple
(s',v",0) by (s',v',b") = (s1,v1,b1) Oy (82, V2, b2) we have that

B [ 2) = b0) 520Gz, ) = ) = S0 (0 2) - V)] <0 (A% +a?) ol

It will be useful to record some basic properties of this binary operation:

Fact B.10. ©,- is associative and commutative. Moreover, if (s1,v1,b1)®uyx+ * *Ops (S, U, bin) =
(s,7v,7b) for s given by the sign of » . s;7;, where v; = v;v* + vit for v orthogonal to v*, then
s is the sign of > s;vi, and sv = 8;7;.

Proof. That ®,« is commutative is evident from the definition. For associativity, consider
(s1,v1,b1), (52,v2,b2), (83,v3,b3). Recall that if (s1,v1,b1) Oy (52,02,02) = (84,7120, 7120)
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for y12 = |s171 + s272|, then s; corresponds to the sign of 5171 + S22, SO 87 = 171 + S272. We
conclude that

((81,v1,b1)®0= (52,02, b2))Op= (83, v3,b3) = (83,7120, 712b0) O (83,3, b3) = (54, 71230", 7123D)

for v123 = |s171 + S272 + s373| and s corresponding to the sign of s17y; + s2v2 + s37v3. Itis
therefore evident that ©,,- is associative. The last part of the claim follows by induction.

We show that merging many neurons which are all (A, «) close to some given neuron o ((v*, -) —b*)
results in a neuron which is also close to o((v*, ) — b*).

Lemma B.11. Letm > 1. Given vy, ..., vy, v* € RYand by, ..., by, b* for which every (v;, b;) is
(A, a)-close to (v*,b*) and satisfies (v;,v*) > 0, we have that for

(S,U, b) 2 (51,1)1, bl) Oyx + v Oy (smavma bm)a
(v,b) is (0,0)-close to (v*,b*) and satisfies (v,v*) >
a llvill + 22, 1bil.

Proof. Suppose first that m = 2. As usual, let IT,«v; = v;0*. Recall that v = yv* and b = ~vb* for
v = |s171 + S272|- As aresult, we clearly have that (v, v*) > 0. Furthermore,

[bv™ = b0 = [[yb" 0" = 4b™v"| = 0.

The first part of the claim then follows by induction. For the norm bound, note that |[v|| = [, 74| -
[lv*]] < > ,|lvi]|. For the bound on |b], b —bi|| < a H%H
o [b] = [32; b < D2, ([bs] + alvi O

Putting everything from this subsection together, we are now ready to prove Lemma 3.6:

) as claimed.

Proof of Lemma 3.6. Denote ®,+ by ®. Let St denote the set of i € [k] for which (v*,v;) > 0,
and let S~ denote the remaining indices ¢ € [k]. Define F*(z) £ Y. o: o((w;,z) — b;) and
F~(z) £ ,c5- c({(w;,z) — b;). By Lemma B.7, Lemma B.11, and triangle inequality, we have
that for (s™,w™,b") £ O, g+ (i, wi, b;) and (s7,w™,b7) £ O, - (85, w5, bi),

1Y —sto((wh, ) =02 |F~ = s~ o((w™,) =071 < OR*(AY° + o)) lv"]>.
Recalling that (w™,b") = (y"v*,vTb*) and (w™,b7) = (v~ v*, 7~ b*), we conclude the proof of

(4) with one more application of triangle inequality. For the bounds in (5), we simply apply the last
part of Lemma B.11. O

B.4 Constructing a Close Neuron

Note that Lemma 3.6 requires the existence of a neuron (v*,b*) which is close to all neurons
{(vi, b;)}. In our algorithm, we will not have access to (v*,b*) but rather to some linear combi-
nation of the neurons {(v;, b;)}. We first show that provided this linear combination is not too small
in norm, it will also be close to all the neurons {(v;, b;)}.

Lemma 3.7. Suppose we have vectors vy, . .., vm,v* € RY, biasesby, ..., by, b* € R for which ev-
ery (vi,b;) is (A, a)-close to (v*,b*). Then for any sy, ..., sm € {1}, ifwe definev = 31" | s;v;
and b £ 377" s;b;, then (v,b) is (Am, Y ||vil|/||v]])-close to (v*, b*).

Proof. Note that Z(}°, s;v5,v) < . Z(v;,v). By Fact A.1, we have that sin Z(}_, s,v;,v) <
Am.

The lemma then follows from noting that

16" = bv*|| =

Si(bﬂ}* — b*vl)

< allo*|l- Y leill = allollllo™| - > _lvall/ o]l
i i
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B.5 A Corner Case

This presents an issue: what if the linear combination of neurons that we get access to in our even-
tual algorithm has small norm, in which case Lemma 3.7 is not helpful? It turns out this linear
combination takes a very specific form (see the vector in (6)), and we argue in this section that if it
is indeed small, then the underlying network we are trying to approximate will be close to a linear
function! The main result of this subsection is to show:

Lemma 3.8. Suppose (vi,b1),...,(Um,bm) are pairwise (A, «)-close, and let [m] = S1 U Sy

denote the orientation induced by them (see Definition 3.4). If signs s1, ..., Sy, € {£1} satisfy
1D sivi = Y sivil| < (AR)*?, (6)
€5 1€Ss

then for the network F (x) £ Y, s;0((v;, x) —b;), there exists an affine linear function {(z) : R —
R for which
E [(F(2) - £@)’] < poly(k, R, B) - (/2 + A%/°) )
x~N(0,1d)
£ (w*, ) — b* satisfying

lo | < lloil - and o7 <D |l (®)

Before proceeding to the proof, we will need the following stability result for affine linear threshold
functions with possibly different thresholds.

Lemma B.12. Suppose (v,b) and (v', V') are (A, a)-close and ||v]| > ||v]]. If {(v,v") > 0 then
Prf(v,2) > bA (v, 2) < U] < O (a+ VAI/[VT) - ©)
Otherwise, if (v,v") < 0, then
Prl(v,2) > bA (', 2) > U] < O (a+ VAI/TT) -
Proof. Clearly it suffices to prove (9). Suppose [|v’|| < |v|| and write v’ v + vt for vt

=
orthogonal to v. Note that ||v*|| < Al[v’|| and that |[vt| < v||v|| - tan Z(v,v") < O(yA||v]|) for
A sufficiently small.

Note that
Prfsen((v/,z) —7b) # sen((v/,2) — )] < ge hbav vy < )
g~N<o i) 2V
Because ||bv’ — b'v|| = [|(by — b')v + bvt|| < aljv]|[|v'||, we have that [by — V| < afv’||. We

conclude that Pr[sgn({v’, ) — vb) # sgn((v', z) — V)] < /2.
So by a union bound it suffices to bound Pr[{(yv, z) > vb A (v/, z) < ~b]. By Lemma B.4, this is at

most 7\Iv’;z7v|\ = %HULH < O(LU)”“).

We can also bound this in a different way. By a similar calculation to (10), We have Pr[sgn({yv, z) —
vb) # sgn({yv,x))] < 2Hv|\ and Prsgn((v', z) — b) # sgn({v',x))] < 2Hv'|| And by Sheppard’s
formula, Pr[sgn({v,z)) # sgn((v/, z))] < (ﬂ’ < O(A) for A sufficiently small.

‘We conclude that

A
Pr[{yv,x) > vb A (v, x) < vb] < |[|)v” (

+4) VAR,
from which the claim follows. O

We can now prove Lemma 3.8.
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Proof of Lemma 3.8. Definew £ |3, g $ivi — > _,;cq, Sivill. Let So C [m] denote the set of i for
which ||v;|| < (AR)'/?. Fori € Sy, note that by Lipschitz-ness of the ReLU function,

llo((vi, ) = b3) = o (=) > < v, * = Jlu]|* < AP R>P.
So by triangle inequality it suffices to show that 3,5 s;0((v;,z) — b;) is well-approximated by
some affine linear function. We will thus assume without loss of generality that Sq = (.

By Lemma B.12 and a union bound over all pairs ¢, j € [m], we have that with probability at least
1—O(m?a+m?AY9RY%) over x ~ N'(0,1d), sgn({v;, z) —b;) = sgn({v;, 2) —b;) is the same for
all 4,7 € Sy and for all ¢, j € Sy, and sgn({v;, z) — b;) # sgn({v;,z) —b;) foralli € Sy1,5 € Sa.
Let 1[z € £] denote the indicator for this event. In other words, with high probability all of the
neurons in Sp are activated and none in S5 are, or vice versa; denote these two events by & and &
respectively.

For j = 1,2, note that when = € &;, F(x) = <Ziesj sivi,x> — 2jes, Sibi. Define {(z) =
(Xics, Sivi,x) — g, Sibi. Obviously when 2 € Sy, F(z) = {(x). To handle = € S5, we

need to bound § £ ’Ziesl sibi — Y ies, sib;|. Let (v,b) = (v1,b1) and note that because (v;, b;)
is (A, a)-close to (v, b) for all ,

allv| ZZ:HWH > <Z sibi— > sib,»> v—b (Z sivi— Y sv)

1€S1 1€S> i€S1 1€S>
In particular, § < a3", ||vs|| + [blw/||v]| < aR + Bw/(AR)'°.
We would like to apply Lemma B.6 to F'(x) —£(z) (projected to the span of {v; }). In that lemma, we
can take €(z) < [, SiUi — D e, Sivi, T)|+0, for which we have Ele(z)*]'/? < O(6% +w?).
Additionally we can naively bound F'(0) — £(0) < 2", |b;| and therefore take M in that lemma to
be 23", |bi| < 2mB. In addition, we can take ¢ = O(m?a + m2AY9RY/9), L = 2mR, and d =,.

We conclude that
E[(F(x) — £(x))?] = E[(F(2) — £(2))*1]z € &) + E[(F(x) — {(z))*1[z £ &]]
< (mat/? + mAYOR?%) . (m?B? + m*R?) + o®R? + B%W?/(AR)Y° 4+ W%

> §|v]| — [blw.

Recalling that we paid an additional m?(AR)?/? in square loss in reducing to the case where Sy = ),
we obtain the desired bound in (7). The bounds in (8) follow immediately from the definition of ¢
above. O

B.6 Putting Everything Together

Putting Lemmas 3.6, 3.7, and 3.8 together, we conclude that networks whose hidden units are pair-
wise (A, a)-close can either be approximated by a particular size-two network, or by some affine
linear function:

Lemma 3.9. Suppose (v1,b1),. .., (vg, bg) are pairwise (A, )-close, and let [k] = S1 U .S denote
the orientation induced by them (see Definition 3.4). Define B 2 max;||b;|| and R £ max;||v;]|.
Let s1,...,8m € {£1}.

Define F'(x) = ) ; si0((vi,x) — bi), v* = > g 8iVi — D cg, SiVio and b+ = Y, ¢ 8ib; —
Yie s, Sibi. At least one of the following holds:
1. There is an affine linear function £ : R — R for which || F —¢||?> < poly(k, R, B)-(a'/?+
A2/9),
2. There exist coefficients a*,a~ € R for which G(z) £ a*o((v*,z)—b*)—a~o((—v*, x)+
b*) satisfies |F — G||?> < poly(k, R, B) - (A%/®> 4+ o2 A=4/9),

Proof. By assumption, every (v;,b;) is (A, a)-close to (vq,b1). By Lemma 3.7 we get that for
(v*, b*) defined in the lemma statement, (vy, by ) is (Ak, amR/||v*||)-close to (v*,b*).
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If ||v*|| > (AR)?/°, then we conclude that (vy,b;) is (Ak,amA =2/ R7/9)-close to (v*,b*), and
by Lemma 3.6 we find that there is a choice of a™,a™ for which the function G defined in the
lemma statement satisfies |[F — G||?> < O(k*R2(A2/5k?/> + o?>m2A~4/9R/9)) (note that we
used [[o* | < 5, Jui| < kR).

If |[v*|| < (AR)?/?, then by Lemma 3.8 we find that there is an affine linear ¢ for which || F — ¢||? <
poly(k, R, B) - (al/? + A%/9), O

C Learning One Hidden Layer

In this section we give our algorithm for learning neural networks from queries. Throughout, we
will suppose we have black-box query access to some unknown one-hidden layer neural network

k
F(x) éZsia(<wi7x> —b;), (11)

where s; € {£1}, w; € R, b; € R. Define the quantities R = max; ||w;|| and B £ max; |b;|; our
bounds will be polynomial in these quantities, among others.

In Section C.1, we give bounds on the separation among critical points of random restrictions of
F. In Section C.2 we prove our main existence theorem showing that by carefully searching along
a random restriction of F', we are able to recover a collection of neurons that can be combined to
approximate F'. In Section C.3 we show how to implement certain key steps in GETNEURONS
involving querying the gradient and bias of F' at certain points. Finally, in Section C.4 we show to
find an appropriate combination of these neurons.

C.1 Critical Points of One-Hidden Layer Networks

In this section, we compute the critical points of restrictions of F' and argue that they are far apart
along random restrictions unless if the corresponding neurons were close to begin with (in the sense
of Definition 3.1).

First, we formalize the notion of a random restriction:

Definition 4.1. A Gaussian line L is a random line in R? formed as follows: sample xo ~ N (0, Id)
and Haar-random v € S~ and form the line L = {x¢ +t - v};ep.

Here we compute the critical points along a restriction of F'.

Proposition 4.2. Given a line L = {xo +t - v}scr, the restriction F|p(t) £ F(xg +t - v) is given

by
k
Flo(t) = sio ((ws, o) — by + t{w;, v)).
i=1
This function has k critical points, namely t = —wﬁ)r every i € [k].

(wi,v)

Proof. The critical points of F'|;, are precisely the points ¢ at which a neuron changes sign. So the
crticial point associated to the i-th neuron is the ¢ for which (w;, 2) —b; +t(w;, v) = 0, from which
the claim follows. O

We can show that these critical points are not too large, unless the norm of the corresponding weight
vector is small. The reason for the latter caveat is that, e.g., if one took the one-dimensional neuron
o(ez — b) for b fixed and € — 0, the z at which it changes sign tends to co).

Lemma 4.3. With probability at least 1 — & over the randomness of Gaussian line L, we have that

[t < de;‘— W +k (\/& + \/log(1/5)> \V/og(k/d) for every critical point t; of F|L.

; T _ _ > Slwsll
Proof. By Lemma 2.7, with probability 1 — ¢ we have that |(w;,v)| 2 /a5 for all
i € [k]. Also note that |(w;, zo)| < ||w;|| - \/log(k/d) for all i € [k] by Fact 2.5. By Proposition 4.2,
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the critical point corresponding to the i-th hidden unit satisfies

< k(v + Viog(1/3)) (B + llwsllv/10g(k/9) )

8w

. k(ﬁ%:s lW) Tk (\/g+ Vlog(l /5)) Viog(k/9).

(ws, xo) — b

<wi7 U>

|t|=\

O

Fix a separation parameter A > 0 which we will tune in the sequel. We show that along Gaussian
lines L, F'|1’s critical points are well-separated except for those corresponding to neurons which are
(A, a)-close.

Lemma 4.4. There is an absolute constant ¢ > 0 for which the following holds. Given Gaussian line
L, with probability at least 1 — § we have: for any pair of i, j for which (w;, b;) and (w;, b;) are not

(A, cA/log(k/d))-close, the corresponding critical points are at least <) <

apart.

2

AS
k4 (Va++/log(k/5) ) )

Proof. Foreveryi € [k],lett; & — % denote the location of the critical point corresponding

to neuron 4. For any 4, j € [k],

t; —t;| = (wj, v) ((wy, o) — b;) — (wy, v)((wy, zo) — bj)
J ) <wi7 U> <wj’ v>
> |<(<wi,$0>wj - (ijo)wi) — (biwj — bjwi> , V)] s |<2ij’v>‘.

[[wi | [|w; |

Note that ((w;, zo)w; — (wj, zo)w;) — (bjw; — bjw;) is distributed as N (u, X) for p = —b;w; +
bjw; and B2 = w;w] — wzwjT One can verify that

1/2 1/2
B2 = 274 (il 2llwj 12 = (ws,w;)2)

= 2V lwi | w; i £ (w;, w)))|
For the first part of the lemma, suppose |sin Z(w;, w;)| > A so that ||§]||};/2 > Q(Alws|[|lw;ll)-
Then by Lemma 2.6 we conclude that ||z;;| > Q(Ad/k?) with probability at least 1 — §/k?. Re-

call that v is a random unit vector drawn independently of z(, so the lemma follows by applying
Lemma 2.7 and a union bound over all pairs i, j.

On the other hand, suppose [sin Z(w;,w;)| < A but ||| > cAy/log(k/0)||w;]|||w;| for ¢ > 0
sufficiently large. Note that 3 has rank 2, so by Fact 2.4, the norm of a sample from N (0, X

has norm at most O(||Z/2||op(v2 + /log(k/6))) = O(A|jw;l|||w;]|+/log(k/d)) with prob-

ability at least 1 — §/k2. So if we take c large enough that this is at least ( k%f/%

than cA|w;||||w;][/log(k/5), we conclude that ||z;;|| > Q(Ad/k?) with probability at least
1—6/k2. O

less

C.2 Line Search and Existence Theorem

At a high level, our algorithm works by searching along F|r,, partitioning L into small intervals,
and computing differences between the gradients/biases of F' at the midpoints of these intervals.
The primary structural result we must show is that there exists enough information in this set of
differences to reconstruct F' up to small error.

As we will be working with partitions of lines, it will be convenient to define the following notation:

Definition 4.5. Given line L. C R® and finite interval I C R corresponding to a segment T C L,
let V1.(I) denote the gradient of F at the midpoint of I. For tmiq € R the midpoint of 1, define
br(I) & F|p(tmid) — (F|L) (tmid) - tmid- Intuitively, this is the “y-intercept” of the linear piece
of F|r, that contains tng. When L is clear from context, we will drop subscripts and denote these
objects by V(I) and b(I).

10
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Definition 4.6. Given line L C R? and length s > 0, let {t;} denote the critical points of F|r, and
let Gz(s) C [k] (resp. G (s)) denote the set of indices a < i < b for which t;11 —t; > s (resp.
ti —ti—1 > s). Let G5(r) £ GE(r) NG (r).

The following observation motivates Definition 4.6:

Observation 4.7. Given line L. C R%, let {t;} denote the critical points of F|r. Let I, ..., I, be
a partition of some interval I into pieces of length r, and for t; € I let £(i) denote the index of the
interval containing I.

Then for any i € G (2r) (resp. i € Gy (2r)), Ly(iy41 is entirely contained within [t;,t;11] (resp.
Iy(3)—1 is entirely contained within [ti—1,t;]). In particular, Iyiy—1 and g4 are linear pieces of
F|p.

The following is the main result of this section. At a high level, it says if we partition a random line
in R into sufficiently small intervals and can compute the gradient of F' at the midpoint of each
interval, then we can produce a collection of neurons which can be used to approximate F'.

Theorem 4.8. For any €, > 0, define

R AS?

(Vi + og(9))

T2k +0 (k(ﬂ J;valjg(l/é)) +k (\/& + \/10g(1/6)) \/log(k/5)> : (13)

T (12)

Partition the interval [—7, 7] into intervals Iy, . . ., Iy, of length r.

Let L be a Gaussian line, and let S denote the set of all m(m — 1) pairs (w,b) obtained by taking
distinct i,j € [k] and forming (V1 (1;) — V(1;),br(L;) — br(l;)). There exist {£1}-valued
coefficients {a.y b} (w,p)cs, vector w*, and b* € R for which

F— Z Auw,b * 0'(<’LU7 > - b) - <U1*, ) —b" <e+ mk,R,B,log(l/zﬂ : A2/9.

Jor B k. B 10g(1/5) Some absolute constant that is polynomially large in k, R, B,log(1/6). Further-
more, we have that

llaws - wl| < kR and |aw.p - b] < cAk*Ry/log(k/) + kB (14)

||lw*|| < kR and |b*| < kB (15)

Proof. Condition on the outcomes of Lemma 4.4 and Lemma 4.3 holding for L. Let ¢1,..., %
denote the critical points associated to neurons w1, . . . , wg, and for convenience we assume without

loss of generality that t; < --- < . Let a,b € [k] denote the indices for which |¢;| < 7 for
i € [a,b]. By Lemma 4.3 and the definition of 7, we have that for i & [a, b], ||w;|| < €/k.

By Lipschitzness of the ReL.U function,

Z sio((w;, ) — b;) — Z 5;0(=b;)|| < Z lo((wi,-) —bi) —a(=b)|l
iZ[a,b] iZ[a,b] iZla,b]
< > will < (b—a+ 1)e/k. (16)
i¢la,b]

Next, we handle the critical points ¢ € [a,b]. Given critical point ¢;, let £(i) € [m] denote the
index for which t; € Iy;). For convenience, denote G (2r), G (2r), G} (2r) by G*,G~,G*.
By Observation 4.7, we know that for ¢ € G*, the linear piece of F|;, immediately preceding
critical point ¢; contains Iy(;)_1, and the one immediately proceeding t; contains I,(;) 1. Therefore,

11
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V(Lyiiy+1) — V(ILyiy—1) and b(Iy;y—1) — b(Iy(i)+1) are equal to w; and b; up to a sign, so S must
contain the neurons (w;, b;) and (—w;, —b;).

Now consider any neighboring i; < is in GTAG™ for which i, — i1 > 1; note that the latter
condition implies thati; € G~ \G™ and iy € GT\G ™, or else we would have a violation of the fact
that ¢; and 9 are neighboring. Furthermore, because i1, 75 are neighboring, for all 71 < 7 < i9 we
have that t; 1 —t; < 2r. By taking A in (the contrapositive of) Lemma 4.4 to be A - k, we conclude

that for any i; < ¢ < j < ia, (w;, b;) and (wj, b;) are (Ak, cAk+/log(k/d))-close for all such .

Let {i1,...,i2} = S1USs denote the orientation induced by (wiy, biy )y - - (Wiy, by, ). We would like
to apply Lemma 3.9 to the subnetwork F(z) £ >'2 . s;0({w;, z) —b;). By another application of

Observation 4.7, we know that V (Iy(;,)) — V(Ig(,;jl))land b(Zy(iyy) — b(Le(i,)) are, up to a common
sign, precisely the vector v* and bias b* defined in Lemma 3.9, so we conclude that either there exists
a network G consisting of neurons o ({v*, z) — b*) and o((—v*, z) + b*) for which ||[F — G||> <
poly(k, R, B) - (A2/5k2/5 4 2 AY/9k210g(k/§)) < poly(k, R, B)A%/%log(1/6), or there is an
affine linear function ¢ for which ||[F — ¢||2 < poly(k, R, B) - (¢'/2AY21og(1/8)Y/2 + A2/9) <
poly(k, R, B) - A?/?1log(1/6)'/2. Furthermore, the bounds in (14) and (15) follow from (5) in
Lemma 3.6 (for « = cAk+/log(k/d)) and (8) in Lemma 3.8 respectively.

We have accounted for all critical points, except in the case where the smallest index o’ in G~
is not a, or the largest index b’ in G is not b. In the former (resp. latter) case, note that ¢, <
s Sty < =7+ kr, (resp. ty > -+ > tyy1 > 7 — kr), so by Lemma 4.3, this implies
that ||we —1],-- ., |lwall < €/k (resp. [Jwyrs1]],- .., [Jws|| < €/k). By Lipschitzness of the ReLU
function, we can approximate these neurons by constants at a total cost of at most (¢’ —a+b—"b')e/k

in Lo using the same reasoning as (16).

C.3 Gradient and Bias Oracles

It remains to implement oracles to compute by, (1) and V1, (I) for prescribed line L and interval I.
It is not clear how to do this for arbitrarily small intervals because for general networks there can be
many arbitrarily close critical points, but we will only need to do so for certain “nice” I as suggested
by Theorem 4.8.

To that end, first note that it is straightforward to form the quantities by,(I) for intervals I entirely
contained within linear pieces of F'|,; we formalize this in Algorithm 1.

Algorithm 1: GETBIAS(L, I)

Input: Line L C RY, interval I = [a,b] C R

Output: by, (I) if I is entirely contained within a linear piece of F'|r,
tmid <— midpoint of [.

Yo < F|r(tmid)-

s FlL(bl)):flL(a).

return yo — S - tmid

AW N -

It remains to demonstrate how to construct V1, (I). Intuitively one can accomplish this via “finite

differencing,” i.e. the gradient of a piecewise linear function F' at a point « can be computed from
queries by computing w several sufficiently small perturbations 6 € R? and solving the

linear system.

With a priori precision estimates, we can similarly implement a gradient oracle, as formalized in
Algorithm 2 and Lemma 4.9.
Lemma 4.9. For any o > 0 and any x € R? for which

[{wi, z) — b;| > allwg|| Vi€ [k], (17)
GETGRADIENT(z, o) makes d queries to F and outputs VF (z).

Proof. For any z € S, note that
<wi; T+ O[Z> - bz = (<w27I> - bl) + a<wi7 Z>7

12
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Algorithm 2: GETGRADIENT(x, &)
Input: 2 € R%, o > 0 for which (17) holds
Output: VF(z) € R?
1 for j € [d] do
2 Sample random unit vector z; € S,
vj  (F(z + az;) — F(z))/o.
4 Let w be the solution to the linear system {(w, z;) = v;} c[a-
5 return w

w

and o|(w;, z)| < - [|Jw;]|, so (w;, x + az) — b; and (w;, x) + b; have the same sign. As a result, if
C [k] denotes the indices 4 for which (w;, ) — b; > 0, then

F(f—l—az <Zslw“ > VF() >

i€S

If {z1,...,2;} are a collection of Haar-random unit vectors, they are linearly independent almost
surely, in which case the linear system in Step 4 of GETGRADIENT has a unique solution, namely
VF(x). O

In order to use GETGRADIENT to construct the vectors V1 (I), we require estimates for « in
Lemma 4.9. In the following lemma we show that with high probability over the randomness of
L, if an interval I completely lies within a linear piece of F|, then we can bound how small we
must take « to query the gradient of F' at the midpoint of that interval.

Lemma 4.10. Let L be a Gaussian line. With probability at least 1 —§ over the randomness of L, the
Sollowing holds: in the partition [—7,7) = I;U- - -U1I,, in Theorem 4.8, for any I, which entirely lies
within a linear piece of F|, GETGRADIENT(tmid, &) correctly outputs NV 1,(I;), where Tmiq is the
midpoint of the interval I, C L that corresponds to interval I, C R and o = or

4kV/d+0 (kv/log(k/5))
(where r is defined in (12)).

Proof. Denote L = {xg +t - v}ier. Let tmia € R denote the value corresponding to zmig € R on
the line L. By Lemma 2.7 and a union bound over [k], we have that

. 0)] Olhod]

’ 2k\/d 4 O(k+/log(k/5))
with probability at least 1 — § over the randomness of v € S%~!. Now take any interval I, which
entirely lies within a linear piece of F|;. Because tn,;q is the midpoint of Iy, it is at least r/2
away from any critical point of F|r. In particular, |{w;, Zmia) — b| > (r/2) - [{w;,v)| > (r/2) -

5|w; || o Sor .
ST OUn /105 ]5)) so we can take o = IO (or /03 (H9)) and invoke Lemma 4.9. O

for all ¢ € [k]

Putting these ingredients together, we obtain the following algorithm, GETNEURONS for producing
a collection of neurons that can be used to approximate F'.
We prove correctness of GETNEURONS in the following lemma:

Lemma 4.11. For any €, > 0, GETNEURONS(€, 6) makes poly(k,d, R, B, 1/¢,log(1/0)) queries
and outputs a list S of pairs (w, b) for which there exist {£1}-valued coefficients {a.b} (wp)es as
well as a vector w* and a scalar b* such that

F— (w*,) —b" — Z awp - o((w, ) —b)|| <e.

(w,b)eS

Proof. By Lemma 4.10, the choice of oo in GETNEURONS is sufficiently small that for z; the mid-
point of any interval which is entirely contained within a linear piece of F'|;,, GETGRADIENT(z;, @)

succeeds by Lemma 4.9. So the estimates ¥ and bare exactly correct for all intervals that are entirely

13
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Algorithm 3: GETNEURONS(¢, §)

Input: Accuracy € > 0, confidence § > 0
Output: List S of pairs (w, b) (see Theorem 4.8 for guarantee)

1 S+ 0.

2 Sample Gaussian line L.

3 A+ (e/mk,R,BJog(l/é))g/Q‘ // Theorem 4.8
4 o // Lemma 4.10

< 4kV/d+0 (kv /log(k/5))
Define r, 7 according to (12), (13).
Partition [—7, 7] into disjoint intervals I, ..., I,,, of length r.
for all j € [m] do
x; <— midpoint of the interval Z; C L that corresponds to I; C R.
Vi(I;) < GETGRADIENT(z;, @).
| br(Ij) < GETBIAS(L, [).
u for all pairs of distinct i, j € [m] do
2 | (v, 05) < (Vo(Li) = Vi), b (L) — br(Z))).
13 if (v;, b;) satisfies the bounds in (14) then
14 | Add (vj,b;) 0 S.

e e N SN w

—
>

return S.

o
W

contained within a linear piece of F|r,. By the proof of Theorem 4.8, these are the only intervals
for which we need V1, (I) and by, (I) in order for S to contain enough neurons to approximate F' by
some linear combination to Ls error €. O

C.4 Linear Regression Over ReLU Features

It remains to show how to combine the neurons produced by GETNEURONS to obtain a good ap-
proximation to F'. As Theorem 4.8 already ensures that some linear combination of them suffices,
we can simply draw many samples (z, F'(z)) for z ~ N(0,1d), form the feature vectors computed
by the neurons output by GETNEURONS, and run linear regression on these feature vectors.

Formally, let S denote the set of pairs (w, b) guaranteed by Theorem 4.8. We will denote the w’s by
{w;} and the b’s by {EJ }. Consider the following distribution over feature vectors computed by the
neurons in S:

Definition C.1. Let D’ denote the distribution over RIS|1T4+1 5 R of pairs (z,y) given by sampling
x ~ N(0,1d) and forming the vector z whose entries consist of all o({W;,z) — /l;j) as well as the
entries of x and the entry 1, and taking y to be F(x) for the ground truth network F defined in (11).

We will also need to define a truncated version of D': let D denote D’ conditioned on the norm of

the |S| 41 10 |S| + d-th coordinates having norm at most M £ \/d+ O(+/1log(1/6), which happens
with probability at least 1 — § over D'.

Our algorithm will be to sample sufficiently many pairs (z,y) from D’ (by querying F' on random
Gaussian inputs) and run ordinary least squares. This is outlined in LEARNFROMQUERIES below.

To show that regression-based algorithm successfully outputs a network that achieves low population
loss with respect to F', we will use the following standard results on generalization.

Theorem C.2. For D a distribution over X x Y and ¢ : Y x Y — R a loss function that is L-
Lipschitz in its first argument and uniformly bounded above by c. Let F be a class of functions
X — Y such that for any f € F and pairs (x1,y1), . .., (Tn, Yn) drawn independently from D, with
probability at least 1 — 6,

E ()] < i;af(xi),yi) AL R(F) 4 200 B/,

(zy)~

where R,,(F) denotes the Rademacher complexity of F.
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Algorithm 4: LEARNFROMQUERIES(€, 0)

Input: Accuracy € > 0, confidence § > 0

Output: One hidden-layer network F' : RY — R for which ||F — F|| < O(e)

S = {(@j,gj)} < GETNEURONS(€, 0).

2 Draw samples (21, 41), - . -, (2n, Yn) from D // Definition C.1

—

3 Let v be the solution to the least-squares problem (19). Let b denote the last entry of v, and
let w denote the vector given by the d entries of v prior to the last.

4 Form the network F'(z) £ > vjo((wy, x) _/b\j) + (w,-) —b.
5 return F.

Theorem C.3. If X is the set of x satisfying ||x|| < X, and F is the set of linear functions (w, -) for
H’U)” < W, then Rn(‘F) < XW/\/E

As these apply to bounded loss functions and covariates, we must first pass from D’ to D and
quantify the error in going from one to the other:

Lemma C.4. For f satisfying E(. )~ [(f(2) —y)?] < €%, we have

CE UG -wT - E UG -0y < 06, (18)

Proof. Let Z denote the probability that a random draw from D’ lies in the support of D so that
Z > 1—6; denote this event by £. Then we can write B, ~p[(f(2) —y)?] as £ E: )~ [(f(2) —
y)? - 1z € £]] and rewrite the left-hand side of (18) as

(1 - ;> . (z7yI)E~D/ [(f(2) - y)? -1z e g+ E [(f(z) - y)? -1z ¢ £l

(2,9)~D’

Note that |1 — 1/Z| < 26 < 1 for ¢ sufficiently small, from which the claim follows. O

We are now ready to prove the main theorem of this section:

Theorem 4.12. Let S denote the list of pairs (@j,gj) output by GETNEURONS(€,0). Sample
(z1,Y1), -+ (Znys yn) from D for n = poly(k, R, B,1/¢,d,log(1/d)). With probability at least
1 — O(9) over the randomness of GETNEURONS and the samples, the following holds. Define

n

& arg‘lrlr‘lig‘l/v ((v,2:) — yi)?, for W & \/7/r + k(R + B), (19)
YIS

let b denote the last entry of v, and let w denote the vector given by the d entries of 12 prior to
the last. Then the one hidden-layer network F(z) = > vjo((Wy, ) — bj) + (w,-) — b satisfies
[F = F|| < O(e).
Proof. Note that over the support of D we have that the square loss £ : J x Y — R is uniformly
bounded above by (MkR + kB)? andis L = O(M - k - R + k - B)-Lipschitz. Finally, note that for
z in the support of D,
21 =1+ M2+ 2002 3 (1@ > +55)
J

< (M27/r) - (F*R* + A?k*R*log(k/6) + k*B?) 2 X2, (20)
where 7, are defined in Theorem 4.8 and we used (14) and Step 14 in GETNEURONS to bound
;| and [,

By the guarantee on GETNEURONS given by Lemma 4.11, we know that there is a vector v* €
{£1}15l x B4(kR) x [~kB, kB] which achieves > squared loss with respect to D’. Note that

v*]] < |S|Y2+ k(R+ B) =\/7/r +k(R+B) 2 W. (21)
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By Lemma C.4, v* achieves O(e?) squared loss with respect to D. As the random variable ({v*, z) —
y)? for (z,y) ~ D is bounded above by

(lo*[lllz]l + ly})* < poly(k, R, B, 1/e, M),

for n > poly(k, R, B,1/¢, M) we have that the empirical loss of v* on (z1,y1),-..(2n,yn) is
O(€?), and therefore that of the predictor ¥ is O(€?).

By applying Theorem C.3 with (20) and (21), we find that the Rademacher complexity R,,(F) of
the family of linear predictors over ||z|| < X and with norm bounded by W is C'/+/n for C' which
is polynomial in k, R, B, 1/¢, d, log(1/4), from which the theorem follows by Theorem C.2. [
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