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Supplementary Materials

A Chebyshev acceleration

Algorithm 3 Chebyshev gossip subroutine [[63]]

1: Input: z, W

+1
co=3H.a0=1 a1 =c,c3=

20 =2, 2! = co(I—c3W)z.
fork=1,..., K —1do

k41 = 2¢20) — Q1.

zZF T = 2¢o (1 — c3W)zk — zF 1
end for .
Output:z® — 2.

2

Y W T w
)\max (W)+)\min (W)

B Discussion and intuition of Algorithms[Ijand

The design of Algorithm[l]and Algorithm [2|is based on a combination of two optimization ideas: variance reduc-
tion for variational inequalities (Algorithm 4) and optimal algorithms for decentralized distributed optimization
on fixed (Algorithm@) and time-varying (Algorithm@) networks.

Variance reduction for variational inequalities. The variance reduction technique used in the design of
Algorithms[l]and[g]is based on the FoRB with variance reduction [|L||2]. However, there are crucial differences
with the FoRB algorithm that we now describe. Consider the variance reduced “gradient” estimator of FORB in
the case of batch size being equal to 1 (b = 1). It can be written as follows:

6F = Fj (") — Fj(w™ ") + F(w"), (13)

where j is sampled form {1,...,n} uniformly at random. This step in some sense combines the variance
reduction technique and so-called “optimistic” step, which leads to a bad convergence rate O (n + v bn% log %)

in the single node setting (see Table[3). Our Algorithm 4| (basic for Algorithm[I]and Algorithm [2) is different.
They use the following “gradient” estimator (see line 6 of Algorithm 4):

oF = B - B ) + Pt ) a (B - BEY) (14)

variance reduction

“optimistic” step

One can observe that our gradient estimator in some sense separates the variance reduction step and the
Crgs e : L 1) ; : :

optimistic” step. This leads to the better convergence rate O (n + \/ﬁg log g) in the single node setting (see
Table@ and allows to develop the optimal algorithms in the decentralized distributed setting.

Decentralized distributed optimization. To provide the optimal algorithms for decentralized stochastic
variational inequalities, we use the optimal algorithms for solving decentralized distributed minimization
problems for fixed networks [40] and for time-varying networks [39]. These algorithms use Nesterov acceleration
[57] which we replace with our “gradient” estimator (14). Another important difference is that we extend our
results to the composite case, i.e., g(z) # 0 in the main problem (I) with the help of the proximal operator
prox, (-). This is one of the important contributions of our paper. To the best of our knowledge, optimal
algorithms in the decentralized distributed setting exist neither for minimization problems nor for the variational
inequalities.
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Algorithm 4

1: Parameters: Stepsizes 77 > 0, momentums «, v, batchsize b € {1,...,n}, probability p € (0,1)
0

2: Initialization: Choose 2° = w® € domg. Put 27! = 20, w™! = w
3: fork=0,1,2...do

4:  Sample jF, ..., jf independently from {1, ..., m} uniformly at random

5: Sk:{ljf,...,j{f}
6: AP =53 o (F(a®) = Fi(w*!) + a(F(2*) — Fi(a*1))) + F(w*)
7. 2t = prox, (zF + y(wh — 2¥) — nAk)
g Wil xF*+1 with probability p
wk,  with probability 1 — p
9: end for
Algorithm 5

Parameters: Stepsizes 7,6 > 0, momentums «, 3,y
Initialization: Choose z° = w? € (dom g)M,y% € L1 Putz ' =2z wl=wl y 1 =y°
for k=0,1,2,...do

AP =F(2*) + a(F(2*) - F(@"1)) — (y* + a(y* —y* 1))

2M L = prox, . (zF — nA¥)
yk-i-l _ yk _ 9(W ® Id)(ka'H _ ﬁ(F(xk'H) _ yk))
end for
Algorithm 6

1: Parameters: Stepsizes 1., 1y, 1)z, 6 > 0, momentums «, 7, w, T, parameters v, 3
2: Initialization: Choose z° = w? € (dom g)M,y% € (RHM, x% € £+ Putz ! =20, wl =
wl iy, =y ' =y% x; =x1=x%mg =0
for k=0,1,2,...do
AF = F(z¥) + a(F(z) — F(zh1)) - vah —y* - a(y* —y*)

3:
4:
5o it — prox,_g(z" — . AF)
6
7
8

=

ye =1y* + (1 - 1)y}
x’c‘c =rxF 4+ (1- T)x’}
DAY =vTi(yE +Xk)
9:  AF =y~ (yC + x)
10 yktl= y nyA
11: xFl=xF — (W (Tk) @ Lg)(n.AF + mF)
12: At = AL+ mF — (W (Tk) © 1g)(n. A% +m")
130yt =yh 4yt -y
14: XI;-H =xF — (W (Tk) @ 1) (y* + xF)
15: end for

2"+ (v o+ xF 4 vzt

+
+ B(xk + F(z"))
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C Proof of Theorems[3.2 and 3.4

The idea of obtaining lower bounds is to find some "bad" example in the class of problems. In particular, we
consider saddle point problems (as a special case of VIs) and look for the "bad" function among them. The paper
[72] gives such an example for non-distributed deterministic problems. To get a distributed bounds, this problem
needs to be divided between computing devices, which are connected in some kind of "bad" computing network
[63,139]. Then on each of the devices the function must be further divided in order to obtain a stochastic sum
type problem [30,29].

As stated above, to obtain lower bounds, we consider a particular case of the variational inequality (I)+(3), the
saddle point problem:

M M n

1
min max iU, = m x> = - § m,i .’E, . 15
@€RT yeRa f( y) mz:; ! ( y) mz:; ni4 / ( y) 13

In this case F'(z) = F(z,y) = [Vaf(z,y), -V, f(z,y)] and g = 0. Next we rewrite Assumptions [2.1]and
B2 for (13)

Assumption C.1. Suppose that
e cach fy, is L-average smooth, on R? x R, ie. forall z1, 22 € R%, y1,y2 € R? it holds that

1 n
ﬁ Z(vafm,i(xlyyl) - V;L'fm,i(iv27y2)||2 + ||Vyfm,i(xl7 yl) - Vyfmi($27y2)||2)
=1

(16)
<L (a1 — @l + v = vell”)
e cach f,, is L-smooth, on R? x R?, i.e. for all 21,2 € R?, 41,92 € R? it holds that
Ve fin(@1,91) = Ve fin (22, y2) |1 + |V fru (1,91) = Vy fin (@2, y2) || a7

< L (|lzy = @2)* + llyr — y201%) ;
e f is - strongly-convex-strongly-concave on R% x R?, i.e. for all z1,z2 € R%, 41,92 € R? it holds that

(Vaf(z1,y1) = Vaf(m2,y2); 21 — 22) — (Vy f(z1,91) — Vi f(22,92); 01 — y2)

(18)
> (lln = z2]” + g — w2ll?) -

Next we rewrite Definition[3.1 for (I3). Since g = 0, then prox 0g(2) = 2.

Definition C.2 (Oracle). Each agent m has its own local memories M7, and MY, for the z- and y-variables,
respectively—with initialization M3, = My, = {0}. M7, and M3, are updated as follows.

e Local computation: At each local iteration device m can sample uniformly and independently batch Sy, of
any size b from { f,, ; } and adds to its M, and MY, a finite number of points z, y, satisfying

z € span{z’, Z Ve fmyim (@9}

im €Sm

yespan{y', > Vyfmi.(@",y")},

im €Sm

19)

for given ', "/ € MZ, and /', y” € MY,. Such call needs b local computations to collect the batch. Batch of
the size n is equal to the full f;,;

e Communication: Based upon communication rounds among neighbouring nodes, at the communication with
the number ¢, M7, and M}, are updated according to

M?Z, = span U M7 5, MY, = span U MY (20)

(i,m)e&(t) (i,m)€&(t)

e Output: The final global output is calculated as:

M M
:ﬁespan{u /\/lfn}, QESpan{U Mf,,}

m=1 m=1

We construct the following bilinearly functions with L, pu. Let us consider a communication graph G with
vertexes {1,... M }. Define B = {1} and B = {M }, with | B| = |B| = 1. We then construct the following

20



bilinear functions on the graph:

— T2
file.y) = sEme” Ay + ol — £yl + Enely, m e B;

Jnl@,9) = § faley) = shma Aoy + Bl — £y, m e B; e
fole,y) = 3 (Kl ~ £ly]?) otherwise;

where e; = (1,0...,0) and

Aq , Ao

1 0 1 -2

1 1

Then we construct functions f,, ;. Let define a1,4 gth row of the matrix A;. Then we split function f; to finite
sum L 37" fy ; in following way:

L
Jii=vn- ZIET Z (€2j+1a1T,2j+1 + €2j+2¢11T,2j+2> y
j=(it—1) mod n
1 [ L’
2 2 T
Ll = L + el )

Let define A, ; = ij(iﬂ) mod 1 (ezj+1af2j+1 + 62j+2a£2j+2). The same way we can construct f> ; with
Ao ; and fs; with Az ; = 0. Consider the global objective function:

flz,y) = mewy Bl - fi(z,y) + |B| - fa(z,y) + (M — |B| = |B]) - fs(=,y)

m=1

—2
T Bz B2, L7
= 2 2T Ay 4+ B2 - = 23
2f1’ y+ 2HSEH 2||y|| +2n,uely’ (23)

Lemma C.3. Problem with fm, from satisfies Assumption with L, L = %, e

Proof. Ttis easy to Verify that f is p - strongly-convex-strongly-concave. Also with ||A1]|, ||Az]| < 3, we get
that fo, (z,y)is L =

- smooth. Then we need to check that f,, is L - average smooth:

1 n
- Z [IVafri(zr,y1) — Vafri(@2, y2) I + | Vyfri(@,y1) — Vyfri(ze, y2)||°]

2

L

(1 —y2)

($1 - $2)

W=

T

1< L
= S Ay —
n 2 [H\/ﬁ AL (y1 —y2) +

1 <~ [nL? 2u L? 222
< 23| Mnsn = )l + 2 o =l o+ P AT = )[4 2 =
=1
ZQ n
=5 [(y1 —y2) AT Ay — y2) + (21— 22) T A1 AT (a1 — 1‘2)}
i=1
2

2 2u°
+ 2 llan = w2l + =5l —we]®
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-2 n
L T T T
=3 Z(yl —¥2) Z (a1,2j+162j+1 + a1,2j+262j+2)
i=1

j=(i—1) mod n

T T
E €2j4+101 2541 + €2j4+201 2542 ) | (Y1 — y2)
j=(i—1) mod n

-2 n

L T T
? (z1 — xz €254107 2541 T €2j+201 2542
i=1 j=(i—1) mod n
T T
E (al,2j+1€2j+1 + al,2j+2€2j+2) (1 — x2)
j:(i—l) mod n
2u
1 — a2 42 Hyl —ya?
-2 n
— L T T T
=5 (y1 —y2) @1,2j4101 2541 + 01,2j+201 2542 ) | (Y1 — y2)
=1 j=(i—1) mod n

9 T
+ 3 Z(«'Bl - ZEz)T [ Z (62j+162Tj+1 + 5e2j+2€gj+2>:| (1 — x2)
=1 j=(i—1) mod n

2u? 202
T 9 21 — a2||* + 9 lyr — w2]|®
—2 d -2 d
L T T 5L T T
= 2 —v2) (al,ﬂh,j) (y1 —y2) + —— D (w1 —a2) (ejej) (21 — 32)

Jj=1 Jj=1

IN

2,u2 20>
+ 55 o = wl* + =5 llvn = wel®

IN

—92 d -2
L 5L
) Z Y1 — y2) (al,ja{j) (1 —y2) + —= Il = s ?

20>
o le —z)* + 9 lyr — yel®
—2 —2

3L 5L 242 2>
< Sl = el + 25 llan = wa* + 2ol — @l + 25y - w2

d _
The last inequality follows from Amax (Z (aL j alT, ])> < 6. Finally, with ¢ < L we get

1 n
=3 IV fraan, o) = Vafralwz, ) 1P + 9y frilen, v) = Vo frilws, va) ]
i=1

-2
<L (flzr = 22l* + [lyr — v2)1*) -
O

The next two lemmas give an idea of how quickly we approximate the solution of depending on the number
of communications and local iterations. For simplicity, we divide a situation in two parts: one part is devoted
to communications (taking into account the fact that we are not limited in the number of local iterations), the
second - on the contrary (we concentrate on local computations and assume that communications cost nothing).

Lemma C.4. Let Problem 1-l be solved by any method that satisfies Deﬁmtlonn IC.2| Then after K communica-
tion rounds, only the first L Il(

coordinates of the global output can be non-zero while the rest of the d — L—J
coordinates are strictly equal to zero. Here l is "distance" between B and B (how quickly can we transfer
information from B to B).

Proof. We begin introducing some notation for our proof. Let
Ey := {0}, Ek :=span{ei,...,ex}.
Note that, the initialization gives M, = Fo, MY, = Fj.

22



Suppose that, for some m, M;, = Ex and MY, = Ek, at some given time. Let us analyze how M, , MY,
can change by performing only local computations.

Firstly, we consider the case when K odd. After one local update, we have the following:
e For machines m which own f1, it holds
z € span{er , 2’ , A1y'} = Fk,

24
y € span{er , y', Afx'} = Fk,

for given ' € MZ, and 3y’ € MY,. In details, each local iteration uses matrices A; ; (in the stochastic) or A;
(in the deterministic). But here we talks only about communications and do not pay attention to the number of
local iterations. Therefore, without loss of generality, we can immediately assume that all local calculations
change our output according to (24). Since A; has a block diagonal structure, after local computations, we have
M;, = Ex and M}, = Ek. The situation does not change, no matter how many local computations one does.

e For machines m which own f5, it holds
T € span{x' , Agy'} = Exi1,
yE Span{y’ ) AgI,} = EK+1>

for given ' € MZ, and y' € MY,. It means that, after local computations, one has M, = Ex1 and
MY, = Egi+1. Therefore, machines with function f> can progress by one new non-zero coordinate.

This means that we constantly have to transfer progress from the group of machines with f; to the group of
machines with fo and back. Initially, all devices have zero coordinates. Further, machines with f; can receive
the first nonzero coordinate (but only the first, the second is not), and the rest of the devices are left with all
zeros. Next, we pass the first non-zero coordinate to machines with fs. To do this, [ communication rounds
are needed. By doing so, they can make the second coordinate non-zero, and then transfer this progress to the
machines with f;. Then the process continues in the same way. This completes the proof. O

In the next lemma, we will give an understanding of how local progress towards a solution occurs. For this, we
will assume that communications cost nothing.

Lemma C.5. Let Problem be solved by any method that satisfies Definition|C.2] Then after N local calls

(for each node), in expectation only the first L%J coordinates of the global output can be non-zero while the rest

N

of the d — L;J coordinates are strictly equal to zero.

Proof. As is clear from the previous lemma, communications make sense if an update (Ex — Eg1) 18
reached on one of the nodes. Depending on K, this happens on the nodes with f1 or f2 (but not simultaneously).
The question is how many local calls should be made to get this update. One can understand it by looking at the
structure of matrices A1 ; and Az ; from . Only one of n matrices is suitable for us. For example, in case of
K = 2k, we need f1,; with j = k mod n.

Suppose that s1, s2 . . . times call stochastic oracle with batchsize 1,2.... Then Z;;l jsj + N. Due to the
fact that the choice of batches is random and uniform, the random variable responsible for the total number
of updates during the operation of the algorithm has the sum of binomial distribution with pairs of parameters
(sj; %) It remains only to take the mathematical expectation and the lemma is proved. O

The next lemma is devoted to provide an approximate solution of problem (23}, and shows that this approximation
is close to a real solution. The proof of the lemma follows closely that of Lemma 3.3 from [72], and is reported
for the sake of completeness.

Lemma C.6 (Lemma 3.3 from [72])). Let o = 2%’52 and q = % (2 +a—va?+ 4a) € (0; 1)—the smallest
root of ¢* — (2 + &)q + 1 = 0; and let define

i

- q ,
The following bound holds when §* := [y5,...y3]" is used to approximate the solution y* :
gt

7 -yl < 7.
15 v < oo

Proof. Let us write the dual function for (23):

-2 -2
1 T L T L T
hy) = —=yT | =—ATA+ puI —
(v) 5Y <2nu +u )y+ o 1Y
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where it is not difficult to check that

The optimality of dual problem VA(y*) = 0 gives

2

— _
L T * L
— AT A+ pl =—
<2n,u Tt )y 2nuel’

or
(ATA + a[) Yy =e1.
Equivalently, we can write

41+ 2+ )y —y3 =0,

—Yi-2+ 2+ )yi1 —yi =0,
—Yi1+(2+a)y; =0.
On the other hand, the approximation ™ satisfies the following set of equations:

“yi+(2+a)p2 — 43 =0,

~Yg—2 + 2+ @)Pg_1 — Y3 =0,
qd+1
1—q”

Y1+ (2+a)gg =

or equivalently

(ATA+aI) g =€ +

Therefore, the difference between ™ and y* reads
1 ,d+1
g -y = (ATA+aI) f edq.
—q

The statement of the lemma follow from the above equality and o= > (ATA + al ) oo, O

The next lemma provides a lower bound for the solution of (23) in the distributed case (21). The proof follows
closely that of Lemma 3.4 from [72] and is reported for the sake of completeness.

Lemma C.7. Consider a distributed saddle-point problem with objective function given by (23). For

ny.Q

any K, N, choose any problem size d > max{Zlogq (ﬁ) 2K, QN}, where o = 232 and q =

24



% (2 +a—va?+ 4a) (0; 1). Then, any output &, §j produced by any method satisfying Deﬁmttonafter

K communications and N l()cal calls, is such that

* 112
A * N * 2K 2NN Yo — Y
E [le — 2"+ 15— °I7) > (¢ +¢%) lo V0

Proof. Let us assume that in output we have k non-zero coordinates. By definition of 5, with ¢ < 1 and k& < g,
we have

d

k
Y @2 = 1qfq\/q2+q4+---+q2<d*’“>

j=k+1
k
q
— IIyo -y*
V2(1—q) f
Using Lemmafor d > 2log, ( ) we can guarantee that §* = y™ (for more detailed proof see [[72]) and

A\

N —* 12
g — 7"

7°|” =

VE+ ¢+ .+ ¢ = \f\

2k
A * (12 ~ * 2 ~ *112 q *12
12 =" I1" + 117 =71 2 17 = v7II" = Tg llvo —y7I™

It remains only to note that k£ depends on the number of nonzero coordinates from communications k. and local

computations k;. For this we use Lemmas [C.4]and[C.5}

2min(ke,k;)
16

By Lemma we have k. < L%J, where [ is "distance" between B and B. By Lemmamwe get that k; has
binomial distribution with parameters N and %

q
Y.

2k
A * A~ * q * q
2= "I + 19 = v"II° = T lvo — 7II* > lyo — "> > IIyo

2

,7

KJ

E[le - oI+ 15— o"1P] = Lo llyo — 7|1 +E[ o — y*\F]

2K 2k

ql 112 E[q L:I
> — - _— -
Z 3 lyo —y[I” + 32 lyo —y

2K 1 "
> (q l +q2E““”) gyllvo =
2K 2N 1 "
> (¢ +a™) - gl — v

Here we use Jensen’s inequality. O

2
il

Vv

It remains to get an estimate on / ("distance" between B and B). For the fixed network it is real distance, for
time-varying — rate how fast information transmits in the network from B to B.

C.1 Fixed network

Theorem C.8 (Theorem|:) Let L > pu>0,n€N(withL/p > /n), x > 1and K, N € N. There exists a
distributed saddle-point problem over fixed network (Assumption Pz) For which the following statements are
true:

e a gossip matrix W has x(W) = x,

= > % Z xR - Ris w — strongly-convex-strongly-concave,

- _ I
® f, are L-average smooth and L = Tn " smooth,

® size d > max {QIqu (ﬁ) ,2K, 2N}, where o = 22’52 andq= % (2+ o —Va?+4a) € (0;1),

o the solution of the problem is non-zero: x™ # 0, y* # 0.

Then for any output Z of any procedure ( Deﬁnition with K communication rounds and N local computations,
one can obtain the following estimate:

12 -2 =Q [ exp SRS llyo — " II* | ;
14+/2 41 VX ’
)7

25



12—z P=Q|exp | ——————x N | lyo — ¢ |?

Proof. Applying Lemma|C.7] we have

1\ lyo — | 1\ llyo — y* 117
(7> 2 - yo* Zy ” * |2 and (7> 2 kot yo* 2y N *[|2]°
q R2E (12 — =+ + |9 — y*[|?] q 2E[[|2 — 2|2 + |9 — y*[12]

Taking the logarithm on both sides, we get

_ 2
%Zln( Al\yo*zyHA *2> 1_1'
! 2E[[|Z — z*[]2 + l§ — y*11?] ) In(¢™1)

Next, we work with

np? _f 2np? (Lﬂ"‘)z
1 1 = = T\
In(g=1) In(1+ (1 -¢q)/q)) 1-g¢q 2npu? I (@)2 _ np?
2 > >
2
2np np? np? —
y f2+(f2)+f2_1 L
- nu2 - o 5
8f;21, 8 u2
One can then obtain
* |12
2K ( _lyo 22/HA i } 2L+
! B2E (|2 — 21> + 1|9 — v~ |l ] 8
and
1 16K —y*|?
exp _ > ] IIyo* 2y I S
S 1) TR -y
np
The next proof follow similar steps as in the proof of Theorem 2 from [63]. Let yp = ;ZZ:% be a

decreasing sequence of positive numbers. Since 72 = 1 and lim,, yar = 0, there exists M > 2 such that
Y > X T > Vi

o If M > 3, let us consider linear graph of size M with vertexes v1, ... vy, and weighted withwi 2 =1 —a
and w; ;+1 = 1 for¢ > 2. Then we applied Lemmas 1 and 3 and get:

* |12
N * ~ * 2K Yo — Y
16— | 4 g — 7 |* > o Mo v

32
If W, is the normalized Laplacian of the weighted graph G, one can note that with a = 0, “LW.) = vurs
with a = 1 — x"*(W,) = 0. Hence, there exists ¢ € (0;1] such that x~*(W,) = . Then x -t >
'yM+1>(M+1>2,andM>\/ —1>‘F Flnally,l—M—1>M—1215 (\/2)( ) ‘g
since ! < y3 = 5. Hence,
K 1 k12
exp | 80— - > Hyo Y H (25)

K 1S 1) 20— P+li— )
np

o If M = 2, we construct a totally connected network with 3 nodes with weight w13 = a € [0;1]. Let W, is
the normalized Laplacian. If @ = 0, then the network is a linear graph and x =" (W,) = 3 = % Hence, there

exists a € [0; 1] such that x ' (W,) = x™*. Finally, B = {v1}, B = {vs} and l > 1 > ot Whence it
follows that in this case (25) is also valid.
The same way we can work with (but without considering graph):
2N *
(1) S lyo — y*1? .
q T B2E([12 — 2* (I + | — 7]
O
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C.2 Time-varying network

Theorem C.9 (Theorem [3.4). Let L > u > 0, n € N (with L/ > \/n), X > 3 and K,N € N. There
exists a distributed saddle-point problem over time-varying network (Assumption[2.4). For which the following
statements are true:

o Assumption|2.4holds with x = X,

M n
of=> % S fm R? x RY = Ris W — strongly-convex-strongly-concave,
m=1 i=1

e f, are f-avemge smooth and L = fﬁ - smooth,

® size d > max{Qlogq (ﬁ) 2K, 2N}, where o = 22‘52 and q = % (2 +a— Va2 + 4oz) € (0;1),
e the solution of the problem is non-zero: ™ # 0, y* # 0.

Then for any output Z of any procedure ( Deﬁnition with K communication rounds and N local computations,
one can obtain the following estimate:

64 K

12 =21 = | exp | === 5= |l —¥"II" |
14 4/3 +1 PX

Ak 16 .

12— 2P =Q | exp | ———F—=—=—="N| lpo— ¢
n+ 4/ 25 +n?

Proof. The same way as in the previous Theorem we can obtain

1 16K llyo — y*|I?

— — e [P N |21
ey | )7 Bl =T

Following [39]], we can consider the next sequences of graphs. Let us choose M = | x|. Each communication ¢
such that ¢ # 87 (for any 7 € N) we consider empty network. Each communication ¢ such that t = 87 (for
some 7 € N) we construct star graph with vertex [(7 —1) mod (M — 2)]+ 2 in the center of this star. It means
that in the 8th communication vertex 2 is in the center; in the 16th communication vertex 3 is in the center etc.
One can note that only vertexes with f3 are in the center and they change sequentially. As matrices W (t) we
consider the normalized Laplacians. Then it holds x = M = | ¢]. It holds that Assumption@is valid with x.

exp

It is left to estimate 1. Suppose we need to transfer information from B to B. At best, the following will happen:
e vertex j in the center, it means that we can transfer information to j;
e B — 1 empty graphs — "empty" communications;

e vertex j + 1 in the center, it means that we can transfer information to j + 1;

e vertex j — 1 in the center, it means that we can transfer information to j — 1 (still there is no information in B);
e B — 1 empty graphs — "empty" communications;

e vertex j in the center, now we can transfer from j to B.

In this (the best variant) we spend M — 1 4+ (B — 1)(M — 2) communication rounds. It means that [ >
M —1+(B-1)(M—2)>B(M —2) = B(|x] —2) > £X (for Y > 3). Then we get

1 64K llyo — y*II?

Vi 1 By ) T EE - P =T

exp

D Proof of Theorem 4.1|

We start the proof from the following lemma on 6% and A*+*/2 from Algorithrn
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Lemma D.1. The following inequality holds:

e ] = 2 o - @)

2 72 2 2
& [HAIH'I/Z — F(z*) ‘ ] < £IE |:sz+l — wkH :| +2L2E |:sz+1 —z"

=5 } : 27

where Eyj, [(5]“} is equal to
Ey [6’“] = F(z") + a(F(z") — F(z* ). 28)

Proof. Due to the fact that the batch S is generated uniformly and independently for all workers, we can make
sure that is correct. Then using definition of A* from Algorithm we get

e "~ B [34] ] <28 | | 3 (Ri) - Bowt ) - (R - POt )

+2E (|3 Y0 (Fi(a") = Fya" ) = (F@a") - F=* )

jeSk
By randomness and independence of indexes in S*, we obtain

2

0" - B 0[] = B | | (R - mawt ) - (R - Pt )|
jesk
200 |3 (R~ B ) - (R — B[
The property of the second moment E||¢ — E£||? = E||€]|? — ||E&||? gives

e o -0 0]] < | 3 sty - msowi
jesk

‘ 2

PO | FICOEN T
jeSsk

Again from the fact that S* is generated uniformly and independently for all samples and workers, we can obtain
that for each worker m indexes jfnyl, e j,’jly ,» have the same uniform distribution, that means

[ wrk 5| 5 e -m

‘ 2

Be | 3 [[Fste) - a7

‘2
jesk
2 k k—14]|1% | 2 k k—14 ]2
25 ()~ F [ 0 ) - E )
=1
Using Assumption[2.1] we get

2 72 2 2
e o = e [ < 5 (- w02 -2 ).

This concludes the proof of (26).
The proof chain for is very similar.

E {HA’““/Q _F(z") ﬂ <9E [HA’““/Q _F(z*) ﬂ +2E |:HF(Z]€+1) _F(z")

)

28



=K b%]Ekz-H/2 Z H (Fj(ZkH) - Fj(wk)) B (F(Zkﬂ) - F(Wk)) H2

jesk+1/2
2:|

+2L°E {szﬂ —z"

2 2 12
SE B2 Z HFJ'(ZIH_I) - FJ(Wk)H +2L°E [ 2"~z ]
i jesk+1/2
72 2 2
< %E |: ZF wkH ] + 2L°E |:sz+1 —z" :| .
Here, we used Assumption 2.1] O

Before provin% the main lemma of this section, let us introduce an auxiliary notation. Throughout the proof,
we denote W' : rangeW — rangeW the inverse of the map W : rangeW — rangeW. And we denote

I¥ltwier,) = (W@ L)y y).

We define the following Lyapunov function:

1, 3u k+1 12, Lkt x|
(e
<n+ 2) ’ 2Tl Y lwter
* 1 2
+2AF() ~FE ) — (v =y ) g |y - 29)

2 1
n 1 sz+1 _ zkH n Y+ np Hwk+1 s
pn

L z k+1H2.
8n

2
+ % Hwk —z
Here we also use
y" =PF(z") (30)
with P € R™"**"? an orthogonal projection matrix onto the subspace £, given as
P=~1Im - ﬁlMlL) ® Iq,

where 157 = (1,...,1)T € RM,

Lemma D.2. Consider the problem (10) (or (1) + (3)) under Assumptions[2.1land[2.2]over a fixed connected
graph G with a gossip matrix W. Let {z" } be the sequence generated by Algorithm|l|with parameters

v< 5 nSmin{V‘wb 1}, 5§min{ “~’”2}, 0§min{1 1},

V8.1 16L FYER 28° 167

o[-0 (52

Then, after k iterations we get

Lk wp2 pn —1 PIK -
— ||z~ — < -2 - 1= )| -9
gy =] [0 (1 )

Proof. Part 1. We start the proof from considering update of y*** in Algorithm
2 1 2 1
(wiery) 0 wier) 0
—2((Wa L) (""" — a2 —yh), (W e 1) ("' —y").
Next, we use the fact that (W @ I;)(W' ® I;) = P and obtain
2 1
wier) 0 WieLy)
—2P(Z! = BARY2 _yh)) yRET _yny,

2
k+1 *
-y

*

k+1 _ _k

ol - H
7 |1y y -y y Wigty

k+1_ * 2 2

Yy

k41 kH

=gl -y H
=gy -y y

1
5 Hy (WT®I,)

One can observe, that z* € £ and then Pz* = 0. Additionally, using update y**!, we can note that y* € £+
forallk =0,1,2,.... Hence,

2 2

2 1
wigly) 0

1 k+1 *
0 Hy Y

k41 kH

1 H
=gy -y y

(Wiely) (WiRIy)
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_ 2<P(Zk+1 _ z*),ka _y*> + 26<P(Ak+1/2 _ F(Z*)),yk+1 _y*>
—28(Py" —y*, y" " —y")

2 1
wigly) 0

2
*

k+1

=gl v+ =]
0 (Wiely)

—2(P(2" —2"),y* T —y) + 28(P(AM2 — F(27)), v -y

—28(P(y" —y"),y"" —y")

2 1

wigly) 0
_ 2<Zk+1 _ Z*,yk+1 _ y*> + 25<Ak+1/2 _ F(Z*),yk+1 _ y*)
—28(y" —y ¥y =y

By the simple fact ||a + b||* = ||a||* + 2(a;b) + ||b]|?, we get

2 1

Wigly) 0

2
*

k+1

=gl -y v =
0 (Wiely)

2 2

k+1 _ _«

1 & * k41 k
<5l - [yt =+
Wigly) — 0 oy Y

1
5 Hy (WT®I,)
2

2
. 2<zk+l . v+ 8 HAk+1/2 _F(z") ’ +8 Hyk+1 —y

2 2 2
—BHyk—y* —/3Hy'chl -y +8 ‘yk“ —ka
ZEHyk*y* 2 71Hyk+17 k|2
0 Wwigl,) 0 (Wigly)

2

2
B 2<Zk+1 gyt v+ B HAkH/z _F(z") ‘ e Hyk _y

2

A

Using the fact, that AT, (W) = x7! and Amax(W) = 1, we can note —A\ . (W') < —1 and
X Amax(WT) < 1 and then get

2 2 1

wiet) 6

2
- Bx "

= (% - ﬂx“) Hy'c -y

_ 2<Zk+1 _ Z*7yk+1 _ y*> +ﬁ

k+1

2
k+1 yk” _ 2@zt _ g yR oy

1. &
<5l -y H
(Wiely) — 0 Y Y y

il
7Y
k+1/2 * k * 2 k+1 k 2

+BHA —F(z") y' -y +5Hy -y H

(Wigls)

2 1 k1 kH2
(WTRI,) <9 6) Hy Y

’Ak+1/2 _F(z") ‘2

wrono] ~ (5= 7) [l =[]

]

Then we take a full expectation and use (27):
2
E lHyk“fy* <(:-8x')E [fata
0 (WT®I,) 0
_9E [<Zk+1 _ gty y*>] +2BI°E [sz-H o

+ B[ ].

b
3D
Here we stop and put aside (31). We will not return to it later.
Part 2. Now we work with
1 sz+1 g 21 sz g 2 i 2<Zk+1 P 1 sz+1 _ 2
n n n n
1 * 2 2 * * * *
== sz —z7|| + l(wk — 252" 2"y — A — (F(z") —y7), 2" —2)
n n
1 2
_ L[gerr _k
n

—2(A (@ 4 y(wh - 2F) At Y (BT - y), 2 - ),

30



Optimality condition for (I)+(5) it follows, that

Let us define A*

It is to note that

This means that

—F(2") € 9g(2").
c (Rd)M
A = LIF(Z),...F(z")]".

—A* € M9g(z"). On the other hand

A" = (1y1f; ® L)F(z") = M(F(z') - PF(z')) = M(F(z") - y"))

—(F(z*) — y*) € dg(z"). From update for z"** of Algorithm|1]it follows, that

2" +y(wh —2") — A — 2" e o(ng) (2" ).

Hence, from monotonicity of dg(-) we get

1E |:sz+1 —z"

2
:| < lE |:sz ] + 21]}3 [(W — 2" 2 — z*>]
n n
2
—2E [(Ak —(F(z") —y"),z""" — z*)} - %IE {szﬂ - zkH }
2
= 1IE‘, {sz z" ] QVE [(W —z", 2" — z*>}
277E [(z —z" zk+1 - z*>] —2FE [(Ak — (F(z") —y"), 2" — z*>]
]
n
2 2 2
_1lg {sz e ] LR |:Hwk s sz+1 s sz+1 _WkH }
n n
_ g sz+1 Y sz P sz+1 _ 2]
n

—2E [(A* — (F(z") ~y"), 2" —2%)] - %E {HZHI - ka
e I e R
g [t =] 22 18" - (P -5 0 <)

_ QE |:sz+1 gk 2:| .

k *
-

In previous we also use the simple fact ||a + b||? = ||a||® + 2(a; b) + ||b]|? twice. Small rearrangement gives

1]E |:sz+1 —z"

k *
z —Z

2 2 2 2
e I N )
U n U
_ g |:Hwk B zk+1H2:| 1-p [sz+1 B zkm
U U

—2E [(Ex [0"] - (v +av* — ¥ ) - (F@) —y) 2" —27)]

—2E [(5k —Eyg [5k] A zk)} —2E [(6k —Eyg [ék} zk — z*>] .

Using the tower property of expectation we can obtain the following:

Hence, with

1
n

E |2

k+1

— Z

*

E [(]Ek [M] okt z*>] —E [Ek [(]Ek [M] ok z*>H
-5 e ] -] o)
=E [(Ek [5’“] — [5’“] 2" — z*>] =0.

z —Z

J<i2




_g |:Hwk —zF!
Ui

]t -]
n
—2E[(F(z") + a(F(z") - F(" )~ F(z") - (y* +ay* ~y* ) = y"), 2" = 2)]
+ 2E [(Ek [5]“} — ok 2" — zk>] .
Using the Young’s inequality we get

2 2
1IE [sz'H —z" ] < lIE {sz —z" } + Ik [Hwk —z"
n n n

. ZE {Hwk _ gkt
n

-3zl =]
1-5522 -1
—2E [(F(z") + a(F(z") — F(z" ) ~F(z") - (" +ay* =y ) —y").2""" - 2)]
P U)Ek 5] - 6’““2] + %E [sz _ zkm
Sl R (e

2

} + g [Hwk —z"

n

- g [t - 2] - L2 e -
n n

2} +2n11 [H]Ek [5’“] _ s 2}
(F(z") - F(&") —F() - (" +ay* —y* ) —y"), 7" =)
By we get
%E [sz'H 7 2] < %]E Mz’“ _z 2} + %]E [Hwk _z 2} - %E [sz _z 2}
S (T | e [y
e I e |
—2E [(F(z") + a(F(z") — F(z" ")) — F(z') - (¢" +ay" =y ) —y"). 2" —2)]
_ %IE Mzk — 1 OB () - F(), 2 o) + %]E wwk —z 2]
L R S | R S

-2 5 2752 2
# 8 ot - s -]

b

— 2B [(F(z") = F(z""") + a(F(z") - F(z" ) = (v" +aly* -y ) = y"), 2" = 27)]
Assumption@about p-strong monotonicity of F' gives

2
} _ g {sz —z"
n

1IE U.zkJrl —z" 2}
n
2 27]
< lIE {sz —z" } —2uE {sz"'l —z|| |+ 21K [Hwk —z"
n ] n

]

2 272 I
}+4O‘bL’71E ’

E |:Hwk B Zk+1H2:| _Y2—qp |:sz+1 B ka
U

k k-1
zZz —Z

k k—1
Z — W

[(F(z") = F(z"*) + a(F(z") - FE ) = (7" +aly* -y ) = y"), 2 = 27)]

2 27] 2 2
= lIE {sz —z" } _ g {sz —z" ]
n n

} —2uE U.zk"'l —z|| |+ 1K [Hwk —z"
] n

2} 12— g |:sz+1 B Zqu
n
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2 272 2
+ 77IE [H wh1 } n 4OébL g [sz _ 1 }
~%E [<F(zk> —F(E ) - (F -y )2 g 1 2B [ -yt 2t - 2)]
~20E [(F(z") - F(" ) - (" =y )25~ 2")]
— 20 [(F(z") = F(z" ") = (" —y* 1), 2" = 2N
Part 3. Now we are ready to consider (31). We sum up previous expression and (31). After small rearrangement,
we have
2 ks k k1 ko ktly k1
- - E [ F(z*) - F - 2 }
[+ 515 =5 ran, + 2B (R B - 6 -y )2 )

1IE [szH -z
2] (24— 28L)E [sz+1 g 2] - 59){71) ) é

< 1IEZ {sz —z"
n
— 2aE [(F(zk) —FE"H) -y -y, 2" - z*)] + %E ka -z

2

k * 2

y

(Wily)

I=3e e -=1]
(32 sl -] - -] e ]

—2
+ 740[21)[/ g |:sz — k! ’

e e R (RO K

With 6 < 75 (or 8 < 55) and Young’s inequality we get
2 2
%E [ z ] + é Hyk+1 -y E [(F(Zk) —F(") - (" -y, M - Z*>]

(WiRly)
< %E {sz o 2] — (2p— 2BL))E [sz+1 o 2] - 503(71) é

] 9% [<F(Zk) _ R, 2 Zk>]

k+1 z*

2

(Wiely)
~20E [(F(z") ~ F(a* ) — (v* —y* ), 2" =) + %IE U)wk — 2] - %IE {sz —z 2}
N R S R (S JE-CH

—2
+4a2L g sz 2 +L]E sz+1_zk 2
b 8n

oo g v - e -]

By choosing 0 < 15— and a<l

} + 870’E UlF(zk) _F(EY

]

+ 200E {

R T
< %E {sz —z" 2] — (2u — 2BL°)E [szH -z 2] + (1- ﬁ@xil) . é Hyk —-y* jWT®Id)
— 2aE [(F(zk) —FE" ) -y -y, 2" - z*>] + %E ka —z" 2] - %IE {sz —z" 2}

(e

—2
40’ L Mg {sz RSS! 2
b

2} _A=yg {szﬂ‘ kHJr 2 E[H I

" 1

]
+
1 k1 k|2
-gE |-
50 { y y
With L-Lipshitzness of F (Assumptlon E) and v < < =, we have

%E [ ” ] Ty Hyk+1 _y B [<F(Zk) CF(2FY) — (yF — yR ), g Z*>]

]+8na2E {HF(z‘“)fF(z’“*l) 2} + IE[Hy _yht

Rl _ 2

(Wiely)
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2

kel _ x

(Wigls)

2
* ] A ) {sz —z"
n

]

2] — (2u—28L)E [ z 2] + (1= B0x) é ‘

< lE |:sz —z"
n

—20F [(F(zk) —F(z") - (y" -y, 2" - z*)] + %IE ka -z

(i)l =]l 1] e o

272 2 2 2

. <32a I’y +64n2a2L2> '%E Mzk_zHH } N E[Hy | }
1 k1 k
26" Uly Y

b
]
Small rearrangement gives

7 (O N gl

]

E[(F(") - F(z"") - (v" =y, 2" —27)]

n (WiRly)
1 k+1 k 2 1 k+1 k 2
ot | =) | -

T2 { Y Yo e I” “

k+1 _ Z*

2

(Wiely)

2
* :| _ Z]E |:sz _ Z*
n

2] — (2u — 2BL*)E [ z 2] + (1= p0x7) - % ‘

< lIE |:sz —z"
n

]

— 2aE [(F(zk) —F(z"Y) - (y" -y, 2" - z")] + %]E ka —z

2 72 2
_(w_m) [t =] A2 -]
n
272 2 5 5
(2L voutoer?) a2+ gy -5

With our choice of n < min{ fva ”L”, 16L} and o < 1, we get

2 1 12
]WHYM‘Y

lE |:sz+1 g E [<F(Zk) CF(MY) - (v — yRY), 2 z*)}

(WiRly)

R
il 1] w0 S
—a-9E [(F(Zk)—F(Zkil)—(yk—yk71)7zk—z*>] ta. [Hy gk 1”1

2
+a- iIE {sz — zkilH ]
8n
2 2
+ Ik {Hwk —z" } A ) [sz —z" }
n m
2 2
(- ZE )l ¢ e -

1
Now, we add £E [sz“ - Z*HQ] + 'HP%WIE [Hwkle - Z*HQ] to both sides and use update for w** of

Algorithm[]]
41 2 4+ 1 . 2 + 1 1— 2
Ve [Ewkﬂ whtl _ g } _ ey [sz L } n v+ —p)p |:Hwk _Z*H ] 7
P U np
and get

2

2 1 k1 .
}+0Hy y

(1 n E)E |:sz+1 o
n 2

+ 2E [(F(Zk) _ F(Zk-H) _ (yk _ yk-&-l)’zlc-&-l _ z*)] n

(WTeIy)
1
vt gy {Hwkﬂ L
P

]
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1 28T°
el o e (3 2 e
20 8n n

<(8)e <17 (% )E[Hz’““ . }

]

1 2 ) )
+(1—ﬁ0x 1)~§Hyk—y (wT®Id) [ 2" 1)_(yk_yk 1),Zk—z >]
2
—E {Hy’“ }+a- 1g [Hz’“ ]
87
1 ) —2 ,
+ (1—p+ i ) Gt sm)y {Hwk—z* } + 4L g {sz—wHH } '
v+ S p b

. [ Javb b by
Notethatngmm{fL7 IGL} ,/3’<m1n{4L274 -2 } then we get that

—2
v _28L gl 3 2 4Ly ~
————|>—; —(zp—28L" ) <—p; —<a-—.
<77 b )277’ (2“ A =7 p ¢ 2n
Hence, it holds

2
(1 + 37“)[[3 {szﬂ _ } n 1 HykJrl _y
no 2 0

1
+2E [(F(zk) CF(EMY) - (vF - yrY), 2 g >] n T3 [Hwk+1 o
pn

LTS kH H k1 H H B kHHz
+ 29 Hy y + 877E z W z

<(5+3) - }+<lfﬂexﬂ>~auyw

C.9E [( (2") = P ) — ("~ y* ) 2"~ )]

2

(Wiely)

2

(WieIg)

2 2
+o- [Hy _ k 1 }—Fa-iE [sz_zk—l :|
81
1 ) )
+(1_ P ),7+277ME[Hwk_z* }Jra,l]E{ka_Wk_l }
29 + np N 21

With our 17 we have nu < 1 and then

It gives
2
<1 n %LL)E |:sz+1 . } i é Hyk+1 _y
1
+2E [(F(zk) —F(z") — (y* =yt 2R - Z*>] n M]E |:Hwk+1 g
pn
2] + lIE {Hwk _ gkt 1
2n
L2

SRR

2

(WT®Iy)

]

k+1 _ _k

! 2 1 k+1 k
% 5 |[= -
+ 20 Hy + &1 [ z z

<(1-t) (23 -
—a-2E [(F(zk) CF(EY - (y" -y, 2 - Z*>]
o e e e

+1 2 2
+<1_ P )_v gwE{Hwk_z* :|+a.lE|:ka_wk71H:|'
2y +np N 21

Definition (29) of the Lyapunov function and the choice & = max [(1 — ‘”’) (1 — B&X_l) ; (1 — JEe )]

2y+np
E¥** < ma [(1_ﬂ) oy ,(1_ﬂ>}E\Pk.
< max 1 ( — BOx ) 2 +

(Wiely)

move us to
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It remains to show, that

2
\szink z*
21
1 <112 1 112 1 _1]I?
] el a1 L IS v

+2(F(2") —F(z" ) - (v" —y* "), 2" - 2")

1 & x| 1 k k—1]|? 1 H k k—1]|?
> = _ il _ il _
- HZ Z| 8n HZ z + 211 Y
2 2 2 2
- QLQ Hyk —y" | =26 sz -z — 87)1112 HF(zk) —F(z" ) ‘ —8nL? sz -z

Using L-Lipschitzness of F we get

2
vE > L (2 8yPL? - 40) |2 - =
2n

. 1 1
With p < 57 and 6 < o, We get

O

Theorem D.3 (Theorem[4.1). Consider the problem (or () + B)) under Assumptions[2.1|and[2.2]over
a fixed connected graph G with a gossip matrix W. Let {zk} be the sequence generated by Algorithm with

parameters

1 . Vb 1 . " by . 1 1
=p < — =m _— /3 =m — 0=n —
7 p*8’ n m{ 4L 716L\/)7<}7 m{4L2’4n[2 ’ m 237 16n |’

o 0 2

Then, given € > 0, the number of iterations for E[||z" — z*||?] < e is

1 1 L L 1
O(|=+x+—==+ —]lo 7>.
([p X b \/iu e

Proof. 1t is easy to check that o > %, then also one can verify that the choice of ~, 1, 3, 6, « satisfies the
conditions of Lemma|D.2! We can get that the iteration complexity of Algorithm][l}

1 1 fy+77u:| 1) <-1 1 1 :| 1)
ol |1+ —+ + log— | =0 |-+—+ log —
({ ne - BOX? PN e lp nu o BOxT! e

o

I
o

Il
o

1 1 277 L2
( Lyop byl oal?
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E Proof of Theorem 4.3

We start the proof from the following lemma on §* and & k+1/2 from Algorithm
Lemma E.1. The following inequality holds:

2 2
o [H&’“ —Es [ ]H } [H w1+ o2 || 2% — 21 } . (32)
2 772 2 2
o {Ha’f“” _F(z") ] < %E Mzk+1 - wkH } 1 2I°E {Hz’“+1 7 } . (33)
where Ej, [51“} is equal to
Ey [ék] = F(z") + a(F(z") — F(z* ). (34)
Proof. The proof is the same as the proof for Lemma|D.1] O

Before proving the main lemma of this section, let us introduce an auxiliary notation. Let ¥ be defined for all
k=0,1,2,... as follows:

%" =x" —PmF, (35)
and the Lyapunov function ¥* be denoted by
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Here we also use the next notation
vy =PF(z") —vz", (37
and:
x" = —PF(z"). (38)

Lemma E.2. Consider the problem (10) (or (1) + (5)) under Assumptions|2.1]and|2.2]over a sequence of

time-varying graphs G (k) with gossip matrices W (k). Let {z } be the sequence generated by Algorlthm@mth
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Let the choice of T guarantees contraction property (Assumption|2.4|point 4) with x(T'). Then, after k iterations
we get
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(L +w(wh — 2F) Ak — 2T (—(F(@) -y — ")), —2).
Optimality condition for (I)+(3) it follows, that

—F(2") € 8g(z").
Let us define A* € (R)M

A" = L[F(z7),... F)".

It is to note that —A* € Mdg(z*). On the other hand with notation (37), we get
A" = 1yl @ 1)F(z") = M(F(z") — PF(z")) = M(F(z") —y" —vz")

It means that —(F(z*) — y* — vz*) € Og(z*). From update for z"™* of Algorithm [2|it follows, that
%(z’c +w(wh —2%) — 2" — 1, A%) € dg(zFT!). This together with —(F(z*) — y* — vz*) € dg(z*)

and monotonicity of dg(-) implies
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Part 2. Update for m**! and Assumptionlzon time-varying graph give
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Part 3. Updates for x**! and m*+! of Algorithmimply %1 = %% — n, PAE. By this together with update
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Using the definition of A¥ with definition of 8 = 5+ we get
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Theorem E.3 (Theoremlﬁb Consider the problem (10) (or (1) + (3)) under Assumptions|2.1|and|2.2|over
a sequence of time-varying graphs G(k) with gossip matrices W(k) Let {z"} be the sequence generated by
Algorithm2)with parameters

1 1 I . 7 py/bp
T > B: =p< —: O==: = 57: = . - LEVZEL

— min 1 1 abw | min 1 v — min 1 v )
= = 8Lx(T)' 32n," sL [ ™~ e T 900X (7Y’ 36mx2(T) [’
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16L2° 94T, N2
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Let the choice of T guarantees contraction property (Assumption|2.4|point 4) with x(T'). Then, given € > 0, the
number of iterations for E[||z* — z*||?] < e is

o(frm et o).

Proof. 1tis easy to check that o > =, then also one can verify that the choice of w, 0, 8, v, 7, 2, Ny, Na, 7, &
satisfies the conditions of Lemma|E_ We can get that the iteration complexity of Algorithm |2}
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Putting v we obtain
7 72 2 2.2
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F Additional experiments

F.1 Variance reduction

Here we give additional experiments for Section[5.1 on other matrices.

Figure 4: Comparison epoch complexities of Algorithm EG-Alc-Alg1, EG-Alc-Alg2 and EG-Car on
with matrices from [55]] (two upper lines correspond to test matrix 1, the two bottom lines — to test matrix 2).

Dashed lines give convergence with theoretical parameters, solid lines — with tuned parameters.
Test matrix 1, b=1 Test matrix 1, b=3

Alg.1 —— Alg.1

Duality Gap
Duality Gap

1074 1074
T EG-Alc-Alg.1 EG-Alc-Alg.1
105 EG-Alc-Alg.2 10 L —— EG-Alc-Alg.2
| EG-Car ' —— EG-Car
1076 106
00 3 To 15 20 3 3 7 3 3
Epoch Epoch

Test matrix 1, b=5 Test matrix 1, b=10

g0 Qaot] NS e
o o
Zw° 20 S—
S o Alg.1 s Alg.1
Qe EG-Alc-Alg.1 | ©107 EG-Alc-Alg.1
10 EG-Alc-Alg.2 o EG-Alc-Alg.2
EG-Car EG-Car
10°°
00 02 04 0% 08 0 00 02 04 0% 08 10
Epoch Epoch
Test matrix 2, b=1 o1 Test matrix 2, b=3
107!
-2 1077
10
53 53
G 10 o107
2 2
T 10 Alg.1 ‘g0 Alg.1
a EG-Alc-Alg.l | © . EG-Alc-Alg.1
107 EG-Alc-Alg.2 10 EG-Alc-Alg.2
EG-Car EG-Car
10°° 10
00 02 0 76 05 70 00 02 04 0% 05 70
Epoch e Epoch s
o Test matrix 2, b=5 ot Test matrix 2, b=10

10 102
o o
8100 8o
‘g Alg.1 ER Alg.1
e EG-Alc-Alg.l | © EG-Alc-Alg.1
10 —— EG-Alc-Alg.2 1075 EG-Alc-Alg.2
—— EG-Car EG-Car
107 !
o o2 0 s s RO o o3 o e s R
Epoch e Epoch e

F.2 Decentralized methods

F.2.1 Fixed networks

Here we give additional experiments for Section|5.2.1}

Figure 5: Comparison communication complexities of Algorithmm EGD-GT, EGD-Con and Sliding on
with over fixed grid networks.
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Figure 6: Comparison communication complexities of Algorithm |1} EGD-GT, EGD-Con and Sliding on
with over fixed ring networks.
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F.2.2 Time-varying networks

Here we give additional experiments for Section 5.2.2}

Figure 8: Comparison communication complexities of Algorithm EGD-GT, EGD-Con and Sliding on
over time-varying grid networks.
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Figure 9: Comparison communication complexities of Algorithm EGD-GT, EGD-Con and Sliding on
with over fixed ring networks.
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G Tables

Table 2: Summary communication and local complexities for finding an e-solution for strongly monotone
deterministic decentralized variational inequality (1) on fixed and time-varying networks. Convergence is
measured by the distance to the solution. Notation: p = constant of strong monotonicity of the operator F', L =

Lipschitz constants for all L,, ;, x = characteristic number of the network (see Assumptionslﬁand E).

Reference C ation complexity Local complexity Weaknesses
Mukherjee and Chakraborty [48] 2 O (X% H—:;{ log é) O (x'% “—:; log é) bg:dc;):::;.r;?etzs
Beznosikov et al. [14] 2 @] (ﬁé log? %) @] (ﬁlog % log %) o E}qﬂ;ﬁtgfﬁégﬂce
E Beznosikov et al. [13] @] (ﬁﬁ log® %) @] (ﬁ log ﬁ) o E}]ﬂ;iplzf\?::;gnce
3|° Rogorinetal. 2] 40 O (vikiost) O(Vikloet) | punicd adien
= This paper @) (\/)?ﬁ log %) o (\/)?f log %)
This paper o (\/Xf log %) o (% log %) multiple gossip
§ Beznosikov et al. [13] © [ (\/X% log i) @] (% log é)
S This paper (@] (\/)?ﬁ log %) @ (% log é)
Beznosikov et al. [10] ® (@] (X% log L+ x “'zi);) RN (xﬁ log 1+ x ulﬁ’y)ﬁ) o E&?:ggiigigeynce
.|y Beznosikov et al. [12] (2 O (xE1og” L) 0 (L10g?) no T ? e
? = This paper o (X% log é) & o (X% log %)
E This paper @) (X% log %) o) @ (‘% log é) multiple gossip
§ Beznosikov et al. [12] @ o (Xﬁ log %) @] (5 log %)
= This paper o (Xf log é) ®) o (% log %)

 for saddle point problems

@ deterministic

® stochastic, but not finite sum

@ for convex-concave (monotone) case (we reanalyzed for strongly monotone case)

© B-connected graphs are also considered. For simplicity in comparison with other works, we put B = 1. To get estimates for B # 1, one
need to change x to By
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Table 3: Summary complexities for finding an e-solution for strongly monotone stochastic (finite-sum) non-
distributed variational inequality (I). Convergence is measured by the distance to the solution. Notation: y =
constant of strong monotonicity of the operator F', I = Lipschitz constants for all L;, n = the size of the local

dataset.

Reference Complexity Weaknesses
i - () L2 1 bad complexity
Palaniappan and Bach [59]] - SVRG o (n + bz log 6) batching
. ) a L 21 envelope acceleration
Palaniappan and Bach [59] - Acc-SVRG "'{ O (n + Vbny log E) batching
2 bad complexit:
@ L 1 p y
Chavdarova et al. [20] O (n + b? log g> batching
for games onl
) L 1 g y
Carmon et al. [17] @ (n + Vbn m log 6) batching
Carmon et al. [17]" o (n + v bnﬁ log %) batching
(.3 1 273 1 bad complexity
Yang et al. [70] @ (b sns log g) batching
Alacaoglu and Malitsky [1] @) (n + v bnﬁ log %) batching
Alacaoglu et al. [2] @) (n + 71% log i) bad rates
.. ) I 51 envelope acceleration
Tominin et al. [65]] (@) (n + bn; log g> batching
B ikov et al. [11] @ o n bL oo L bad complexity
eznosikov et al. (n oz log g) batching
This paper (@) (n + \/ﬁ% log %)
D for saddle point problems
@ under l-cocoercivity assumption (in genral case | = LTQ)

© under PL - condition
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