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Abstract

We consider the adversarial linear contextual bandit problem, where the loss vectors
are selected fully adversarially and the per-round action set (i.e. the context) is
drawn from a fixed distribution. Existing methods for this problem either require
access to a simulator to generate free i.i.d. contexts, achieve a sub-optimal regret no

better than O (T°/%), or are computationally inefficient. We greatly improve these

results by achieving a regret of O(+/T) without a simulator, while maintaining
computational efficiency when the action set in each round is small. In the special
case of sleeping bandits with adversarial loss and stochastic arm availability, our
result answers affirmatively the open question by [SGV20] on whether there exists
a polynomial-time algorithm with poly(d)+/T regret. Our approach naturally
handles the case where the loss is linear up to an additive misspecification error,
and our regret shows near-optimal dependence on the magnitude of the error.

1 Introduction

Contextual bandit is a widely used model for sequential decision making. The interaction between the
learner and the environment proceeds in rounds: in each round, the environment provides a context;
based on it, the learner chooses an action and receive a reward. The goal is to maximize the total
reward across multiple rounds. This model has found extensive applications in fields such as medical
treatment [TM17], personalized recommendations [BLLT11], and online advertising [CLRS11].

Algorithms for contextual bandits with provable guarantees have been developed under various
assumptions. In the linear regime, the most extensively studied model is the stochastic linear
contextual bandit, in which the context can be arbitrarily distributed in each round, while the reward
is determined by a fixed linear function of the context-action pair. Near-optimal algorithms for
this setting have been established in, e.g., [CLRS11, AYPS11, LWZ19, FGMZ20]. Another model,
which is the focus of this paper, is the adversarial linear contextual bandit, in which the context is
drawn from a fixed distribution, while the reward is determined by a time-varying linear function of
the context-action pair. ' A computationally efficient algorithm for this setting is first proposed by
[NO20]. However, existing research for this setting still faces challenges in achieving near-optimal
regret and sample complexity when the context distribution is unknown.

The algorithm by [NO20] requires the learner to have full knowledge on the context distribution, and
access to an exploratory policy that induces a feature covariance matrix with a smallest eigenvalue

at least A. Under these assumptions, their algorithm provides a regret guarantee of (5(\/ dT'/\),

! Apparently, the stochastic and adversarial linear contextual bandits defined here are incomparable, and their
names do not fully capture their underlying assumptions. However, these are the terms commonly used in the
literature (e.g., [AYPS11, NO20]).
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Table 1: Related works in the “S-A” category. CB stands for contextual bandits and SB stands for
semi-bandits. The relations among settings are as follows: Sleeping Bandit C Contextual SB C Linear
CB, Linear CB C Linear MDP, and Linear CB C General CB. The table compares our results with
the Pareto frontier of the literature. For algorithms dealing more general settings, we have carefully
translated their techniques to Linear CB and reported the resulting bounds. ¥ denotes the feature
covariance matrix induced by policy 7. |.A| and |II| are sizes of the action set and the policy set.

Target Setting Algorithm Regret Simulator Computation Assumption
General CB [SLKS16] (log [TI))"/* (| A|T)** v poly(]Al|,log|TI|,T) | ERM Oracle
[DLWZ23] \/dT log |A| v poly(|Al,d, T)
Linear MDP | [DLWZ23, SKM23] |  d(log|A|)"/¢T"° poly(|A|,d, T)
[KZWL23] (d'T*)'* 4 poly (%) T I, B, = A
Linear CB Algorithm 1 d>VT poly(|Al,d, T)
Algorithm 2 dvT T
Contextual SB [NV14] (dT)/* poly(d, T
Sleeping Bandit [SGV20] V24T poly(d, T) (JA| < d)
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where d is the feature dimension and 7T is the number of rounds. These assumptions are relaxed in
the work of [LWL21], who studied a more general linear MDP setting. When specialized to linear
contextual bandits, [LWL21] only requires access to a simulator from which the learner can draw
free i.i.d. contexts. Their algorithm achieves a O((dT)”?)) regret. The regret is further improved to

the near-optimal one O (dv/'T) by [DLWZ23] through refined loss estimator construction.

All results that attain O(T%?) or O(\/T) regret bound discussed above rely on access to the simulator.
In their algorithms, the number of calls to the simulator significantly exceeds the number of interac-
tions between the environment and the learner, but this is concealed from the regret bound. Therefore,
their regret bounds do not accurately reflect the sample complexity of their algorithms. Another set
of results for linear MDPs [LWL21, DLWZ23, SKM23, KZWL1.23] also consider the simulator-free
scenario, essentially using interactions with the environment to fulfill the original purpose of the
simulator. When applying their techniques to linear contextual bandits, their algorithms only achieve

a regret bound of (5(T5/ ¢) at best (see detailed analysis and comparison in Appendix G).

Our result significantly improves the previous ones: without simulators, we develop an algorithm that
ensures a regret bound of order O(d?v/T), and it is computationally efficient as long as the size of
the action set is small in each round (similar to all previous work). Unlike previous algorithms which
always collect new contexts (through simulators or interactions with the environment) to estimate
the feature covariance matrix, we leverage the context samples the learner received in the past to
do this. Although natural, establishing a near-tight regret requires highly efficient use of context
samples, necessitating a novel way to construct the estimator of feature covariance matrix and a
tighter concentration bound for it. Additionally, to address the potentially large magnitude and the
bias of the loss estimator, we turn to the use of log-determinant (logdet) barrier in the follow-the-
regularized-leader (FTRL) framework. Logdet accommodates larger loss estimators and induces a
larger bonus term to cancel the bias of the loss estimator, both of which are crucial for our result.

Our setting subsumes sleeping bandits with stochastic arm availability [KMB09, SGV20] and combi-
natorial semi-bandits with stochastic action sets [NV 14]. Our result answers affirmatively the main
open question left by [SGV20] on whether there exists a polynomial-time algorithm with poly(d)v/T
regret for sleeping bandits with adversarial loss and stochastic availability.

As a side result, we give a computationally inefficient algorithm that achieves an improved O (d\/T )
regret without a simulator. While this is a direct extension from the EXP4 algorithm [ACBFS02],
such a result has not been established to our knowledge, so we include it for completeness.

1.1 Related work

We review the literature of various contextual bandit problems, classifying them based on the nature
of the context and the reward function, specifically whether they are stochastic/fixed or adversarial.
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Contextual bandits with i.i.d. contexts and fixed reward functions (S-S) Significant progress has
been made in contextual bandits with i.i.d. contexts and fixed reward functions, under general reward
function classes or policy classes [LZ07, DHK* 11, ADK*T12, AHK' 14, SLX22]. In [DHK' 11,
ADK™ 12, AHK™14], the algorithms also use previously collected contexts to estimate the inverse
probability of selecting actions under the current policy. However, these results only obtain regret
bounds that polynomially depend on the number of actions. Furthermore, these results rely on having
a fixed reward function, making their techniques not directly applicable to our case even if we allow
poly-action dependence. For the linear case, [HYF22] provides a reduction from the original problem
to one with a fixed action set and fixed reward function. Our work can be viewed as a generalization
of their result to the adversarial reward setting.

Contextual bandits with adversarial contexts and fixed reward functions (A-S) In this category,
the most well-known results are in the linear setting [CLRS11, AYPS11, ZHZ*23]. Besides the linear
case, previous work has investigated specific reward function classes [RVR13, LKFS22, FAD*18].
Recently, [FR20] introduced a general approach to deal with general function classes with a finite
number of actions, which has since been improved or extended by [FK21, FRSLX21, Zha22]. This
category of problems is not directly comparable to the setting studied in this paper, but both capture a
certain degree of non-stationarity of the environment.

Contextual bandits with i.i.d. contexts and adversarial reward functions (S-A) This is the
category which our work falls into. Several oracle efficient algorithms that require simulators have
been proposed for general policy classes [RS16, SLKS16]. The oracle they use (i.e., the empirical risk
minimization, or ERM oracle), however, is not generally implementable in an efficient manner. For
the linear case, the first computationally efficient algorithm is by [NO20], under the assumption that
the context distribution is known. This is followed by [OMvE™*23] to obtain refined data-dependent
bounds. A series of works [NO21, LWL21, DLWZ23, SKM23] apply similar techniques to linear
MDPs, but when specialized to linear contextual bandits, they all assume known context distribution,

or access to a simulator, or only achieves a regret no better than (5(T5/ %). The work of [KZWL23]
also studies linear MDPs; when specialized to contextual bandits, they obtain a regret bound of

O(T* + poly(%)) without a simulator but with a computationally inefficient algorithm and an
undesired inverse dependence on the smallest eigenvalue of the covariance matrix. Related but
simpler settings have also been studied. The sleeping bandit problem with stochastic arm availability
and adversarial reward [KNMS10, KMB09, SGV20] is a special case of our problem where the
context is always a subset of standard unit vectors. Another special case is the combinatorial semi-
bandit problem with stochastic action sets and adversarial reward [NV 14]. While these are special

cases, the regret bounds in these works are all worse than o (poly(d)v/T). Therefore, our result also
improves upon theirs. >

Contextual bandits with adversarial contexts and adversarial reward functions (A-A) When
both contexts and reward functions are adversarial, there are computational [KS14] and oracle-call
[HK16] lower bounds showing that no sublinear regret is achievable unless the computational cost
scales polynomially with the size of the policy set. Even for the linear case, [NO20] argued that
the problem is at least as hard as online learning a one-dimensional threshold function, for which
sublinear regret is impossible. For this challenging category, besides using the inefficient EXP4
algorithm, previous work makes stronger assumptions on the contexts [SKS16] or resorts to alternative
benchmarks such as dynamic regret [LWAL18, CLLW19] and approximate regret [EZWLK21].

Lifting and exploration bonus for high-probability adversarial linear bandits Our technique
is related to those obtaining high-probability bounds for linear bandits. Early development in this
line of research only achieves computational efficiency when the action set size is small [BDH™08]
or only applies to special action sets such as two-norm balls [AR09]. Recently, near-optimal high-
probability bounds for general convex action sets have been obtained by lifting the problem to
a higher dimensional one, which allows for a computationally efficient way to impose bonuses
[LLWZ20, Z1.22]. The lifting and the bonus ideas we use are inspired by them, though for different
purposes. However, due to the extra difficulty arising in the contextual case, currently we only obtain
a computationally efficient algorithm when the action set size is small.

2For combinatorial semi-bandit problems, our algorithm is not as computationally efficient as [NV 14], which
can handle exponentially large action sets.
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1.2 Computational Complexity

Our main algorithm is based on log-determinant barrier optimization similar to [FGMZ20, ZL22].
Computing its action distribution is closely related to computing the D-optimal experimental design
[KT90]. Per step, this is shown to require O(|.A;|poly(d)) computational and O(log(|.A:|)poly(d))
memory complexity [FGMZ20, Prop 1], where |A;| is the action set size at round ¢. The computa-
tional bottleneck comes from (approximately) maximizing a quadratic function over the action set. It
is an open question whether linear optimization oracles or other type of oracles can lead to efficient
implementation of our algorithm for continuous action sets.

On the other hand, we are unaware of any linear context bandit algorithm that provably avoids |.A|
computation per round while maintaining a o(|.4|) regret dependence in the frequentist setting. The
LinUCB algorithm [CLRS11, AYPS11] suffers from the same quadratic function maximization issue,
and therefore is computationally comparable to our algorithm. The SquareCB.Lin algorithm by
[FGMZ20] is based on the same log-determinant barrier optimization. Another recent algorithm by
[Zha22] only admits an efficient implementation for continuous action sets in the Bayesian setting
but not in the frequentist setting (though they provided an efficient heuristic implementation in their
experiments). The Thompson sampling algorithm by [AG13], which has efficient implementation,
also relies on well-specified Gaussian prior.

2 Preliminaries

We study the adversarial linear contextual bandit problem where the loss vectors are selected fully
adversarially and the per-round action set (i.e. the context) is drawn from a fixed distribution. The
learner and the environment interact in the following way. Let B be the L2-norm unit ball in R,

Fort=1,---,T,

1. The environment decides an adversarial loss vector y; € B, and generates a random action
set (i.e., context) A; C BY from a fixed distribution D independent from anything else.

2. The learner observes A;, and (randomly) chooses an action a; € A;.

3. The learner receives the loss £; € [—1,1] with E[¢;] = (ay, yt).

A policy 7 is a mapping which, given any action set A C R9, maps it to an element in the convex hull

of A (denoted as conv(.A)). We use m(.A) € conv(A) to refer to the element that it maps A to. The

learner’s regret with respect to policy m is defined as the expected performance difference between
the learner and policy 7:

T T

Reg(m) =E | > (ar, ) — ) _{w(Ad), )

t=1 =

t=1

where the expectation is taken over all randomness from the environment (y, and A;) and from
the learner (a;). The pseudo-regret (or just regret) is defined as Reg = max, Reg(m), where the
maximization is taken over all possible policies.

Notations For any matrix A, we use Apmax(A) and Apin(A) to denote the maximum and minimum
eigenvalues of A, respectively. We use Tr(A) to denote the trace of matrix A. For any action set A,
let A(A) be the space of probability measures on A. Let F; = o (As, as, Vs < t) be the o-algebra at
round ¢. Define E;[-] = E[-|F;_1]. Given a differentiable convex function F' : R? — R U {00}, the
Bregman divergence with respect to F is defined as Dp(z,y) = F(x) — F(y) — (VF(y),z — y).
Given a positive semi-definite (PSD) matrix A, for any vector z, define the norm generated by
Aas ||z||la = V2T Az. For any context A C R? and p € A(A), define y(p) = Eqnpla] and
Cov(p) = Eqpl(a—pu(p))(a—p(p)) ). For any a, define the lifted action @ = (a, 1) " and the lifted

T =g, | ¢ = [Cv Fun@)T plp)
Pla o1 u(p) " 1|
We use bold matrices to denote matrices in the lifted space (e.g., in Algorithm 1 and Definition 1).

covariance matrix @(p) = Ey~plaa



Algorithm 1 Logdet-FTRL for linear contextual bandits

Definitions: F/(H) = —logdet (H),n; =
1fort=1,2,...do

1 _i@_w
64d\/f7at_\/f’ t — —1 .

2 | Forall A, define HA = argmin >.'_1 (H, 4, — o 871) + ZE),
HeHA "
3 For all A, define p/* € A(A) such that H{* = Cov(pf).
4 Receive A; and sample a; ~ pf‘t.
5 Observe ¢, € [—1,1] with E[¢,] = a/ y, and construct §, = ¥, ' (a; — &,)¢;, where
1 t—1 1 t—1
W= 2 Farril lal, He=7—7 TzlanptAf [(a—d)(a—2)"], B¢ = Hy+ Bl
6 Deﬁneﬁt:ﬁZi;lle‘* and 3, = H, + B,1.
| (Ift =1, define ¥; * and ;! as zeros).

161 3 Follow-the-Regularized-Leader with the Log-Determinant Barrier

162 In this section, we present our main algorithm, Algorithm 1. This algorithm can be viewed as
163 instantiating an individual Follow-The-Regularized-Leader (FTRL) algorithm on each action set
164 (Line 2), with all FTRLs sharing the same loss vectors. This perspective has been taking by previous
165 works [NO20, OMVE™23] and simplifies the understanding of the problem. The rationale comes
166 from the following calculation due to [NO20]: for any policy 7 that may depend on F;_1,

B [(m(Ar), y0)] = Ea, [By, [(7(Ae), 92) | Frall = Eao [By, [(7(Ao),ye) | Fial] = Ei [(m(Ao), yr)]

167 where Ay is a sample drawn from D independent of all interaction history. This allows us to calculate
168 the regret as

T

E Z<7Tt(~’4t) —7(At), yt)

t=1

T

> (mi(Ao) — m(Ao), ur) (1)

t=1

=E

169 where 7y is the policy used by the learner at time ¢. Note that this view does not require the learner
170 to simultaneously “run” an algorithm on every action set since the learner only needs to calculate
171 the policy on A whenever A; = A. In the regret analysis, in view of Eq. (1), it suffices to consider
172 a single fixed action set Ag drawn from D and bound the regret on it, even though the learner may
173 never execute the policy on it. This 4y is called a “ghost sample” in [NO20].

174 3.1 The lifting idea and the execution of Algorithm 1

175 Our algorithm is built on the logdet-FTRL algorithm developed by [ZL22] for high-probability
176 adversarial linear bandits, which lifts the original d-dimensional problem over the feature space to
177 a(d+ 1) x (d 4 1) one over the covariance matrix space, with the regularizer being the negative
178 log-determinant function. In our case, we instantiate an individual logdet-FTRL on each action set.
179 The motivation behind [Z1.22] to lift the problem to the space of covariance matrix is that it casts the
180 problem to one in the positive orthant, which allows for an easier way to construct the bonus term that
181 is crucial to compensate the variance of the losses, enabling a high-probability bound in their case. In
182 our case, we use the same technique to introduce the bonus term, but the goal is to compensate the
183 bias resulting from the estimation error in the covariance matrix (see Section 3.4). This bias only
184 appears in our contextual case but not in the linear bandit problem originally considered in [ZL22].

185 As argued previously, we can focus on the learning problem over a fixed action set .4, and our

186 algorithm operates in the lifted space of covariance matrices H* = {6(;/(]9) :p € A(A)} C
0 % Yt

il 0

188 <6(;7(p)7 Y) = Eqmplays] = (u(p), y:) and thus the loss value in the lifted space is the same as
189 that in the original space.

157 R(A+H1Dx(d+1) | For this space, we define the lifted loss v, = l € R@+Dx(d+1) o that
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In each round ¢, the FTRL on A outputs a lifted covariance matrix H* € H that corresponds to a
probability distribution p/* € A(A) such that Cov(py') = H7* (Line 2 and Line 3). Upon receiving

Ay, the learner samples an action from pf‘t and the agent constructs the loss estimator ¢; (Line 5).

1T

2 yt

makes (Cov(p),4;) = Eopla’ 9] = (u(p), ). The lifted loss estimator is then fed to the FTRL
on all A’s.

In the rest of this section, we use the following notation in addition to those defined in Algorithm 1.
Definition 1. Define ' = B, ,lal, 2; = Eavplef], H =B, ,al(a—&:)(a— ) "], Hy =
Eap[H{], Hi = Eap[H#]. Let the regret comparator on A be pr € A(A), and define
ut = Eopalal, u = Eqwpuf], UA = Eopalaa’], U = E a~p[U*]. Notice that the x;* and
u? defined here is equivalent to the 7,(A) and w(A) in Eq. (1), respectively.

_ . . . . 0 19 :
Similarly to the construction of 7,, we define the lifted loss estimator 4, = l Qyt] which

3.2 The construction of loss estimators and feature covariance matrix estimators

Our goal is to make ¥, in Line 5 an estimator of y, with controllable bias and variance. If the context
distribution is known (as in [NO20]), then a standard unbiased estimator of y; is

ge =37 arly,  where 3y =E4pE, 4 [aa’]. )

To see its unbiasedness, notice that E[a.¢;] = EANDEQNP;\ [aa Ty, and thus E[§;] = y;. This 9,
however, can have a variance that is inversely related to the smallest eigenvalue of the covariance

matrix 3;, which can be unbounded in the worst case. This is the main reason why [NO20] does
not achieve the optimal bound, and requires the bias-variance-tradeoff techniques in [DLWZ23] to
close the gap. When the context distribution is unknown but the learner has access to a simulator
[LWL2 1, DLWZ23, SKM23, KZWL23], the learner can draw free contexts to estimate the covariance
matrix >; up to a very high accuracy without interacting with the environment, making the problem
close to the case of known context distribution.

Challenges arise when the learner has no knowledge about the context distribution and there is no
simulator. In this case, there are two natural ways to estimate the covariance matrix under the current
policy. One is to draw new samples from the environment, treating the environment like a simulator.
This approach is essentially taken by all previous work studying linear models in the “S-A” category.
However, this is very expensive, and it causes the simulator-equipped bound v/T in [DLWZ23] to
deteriorate to the simulator-free bound 7/° at best (see Appendix G for details). The other is to use
the contexts received in time 1 to ¢ to estimate the covariance matrix under the policy at time ¢. This
demands a very high efficiency in reusing the contexts samples, and existing ways of constructing the
covariance matrix and the accompanied analysis by [DLWZ23, SKM23] are insufficient to achieve
the near-optimal bound even with context reuse. This necessitates our tighter construction of the
covariance matrix estimator and tighter concentration bounds for it.

Our construction of the loss estimator (Line 5) is

’gt = 2;1(0,,5 — ‘%t)ft where 2t = E.ANétEaNp%A [(a — :%t)(a — Li't)—r} + Bt—[ (3)

where D; = Uniform{A;, A, ..., A;_1}, % = E 4 p, Eanpplal, and B = O(d3/t). Comparing

Eq. (3) with Eq. (2), we see that besides using the empirical context distribution D; in place of the
ground truth D and adding a small term $3;/ to control the smallest eigenvalue of the covariance
matrix, we also centralize the features by 2, an estimation of the mean features under the current
policy. The centralization is important in making the bias y, — ¢; appear in a nice form that can
be compensated by a bonus term. The estimator might seem problematic on first sight, because pg“

is strongly dependent on D, which rules out canonical concentration bounds. We circumvent this
issue by leveraging the special structure of p; in Algorithm 1, which allows for a union bound over
a sufficient covering of all potential policies (Appendix C.3). The analysis on the bias of this loss
estimator is also non-standard, which is the key to achieve the near-optimal bound . In the next two
subsections, we explain how to bound the bias of this loss estimator (Section 3.3), and how the bonus
term can be used to compensate the bias (Section 3.4).
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3.3 The bias of the loss estimator

Since the true loss vector is y; and we use the loss estimator g, in the update, there is a bias term
emerging in the regret bound at time ¢:

B (o7 =y = )] = Ba (= e = 30)) = B [ (2 =) (1= 97 (@ = @0)a] ) w]

where definitions of x;“, u?, ;,u can be found in Definition 1, and we use the definition of g in
Eq. (3) in the last equality. Now taking expectation over A; and a,; conditioned on F;_1, we can
further bound the expectation in the last expression by

(J/'t — ’U,)—r (I — i;lHt) Yt — (iCt — U)Ti;l (fEt — flATt) .’%:yt
<l = ullg 2 12 = H)gellgr + o — wllg [z — 5 4

(see Definition 1 for the definition of H;). The two terms ||(3; — Ht)yt||2;1 and ||z, —

j:t||2:1 in Eq. (4) are related to the error between the empirical context distribution ﬁt =
Uniform{ Ay, ..., A:—1} and the true distribution D. We handle them through novel analysis and

bound both of them by 9] (\ /d3/ t). See Lemma 13 and Lemma 14 for details. The techniques we
use in these two lemmas surpass those in [DLWZ23, SKM23]. As a comparison, a similar term as

I (f]t — Ht)ytHi:l is also presented in Eq. (16) of [DLWZ23] and Lemma B.5 of [SKM23] when

bounding the bias. While they ensure that this term can be bounded by O(1/j) after collecting
(9(,6*2) new samples (Lemma 5.1 of [DLWZ23] and Lemma B.1 of [SKM23]), we are able to bound

it by O(1/+/t) only using ¢ samples that the learner received up to time ¢. This essentially improves
their O(372) sample complexity bound to O(371), and can be directly used to obtain an improved
result for their linear MDP problem. See Appendix G for detailed comparison.

Now we have bounded the regret due to bias of #j; by the order of \/d?/t[|x; — ul|s,—1. The next

problem is how to mitigate this term. This is also a problem in previous work [LWL21, DLWZ23,
SKM23], and it has become clear that this can be handled by incorporating bonus in the algorithm.

3.4 The bonus term

To handle a bias term in the form of ||z; — ul|s 51, we resort to the idea of bonus. To illustrate this,

suppose that instead of feeding ¢; to the FTRLs we feed §; — by for some b;. Then this would give
us a regret bound of the following form:

T

D (@ —u g — by)

t=1

< O(>VT) +E

T

D e —u,yr — i)

t=1 t=1
T T
3
Zq/Tth—uHit—l Z —u, by ] 5)
t=1 t=1

where we assume that FTRL can give us 6(d2 \/T) bound for the loss sequence 3j; — b;. Our hope
here is to design a b; such that (x; — w, b;) provides a negative term that can be used to cancel the

bias term \/d? /t||x; — u||s—1 in the following manner:
t

T 3 B
bias + bonus = Z (\/ %th - UHit—l + (z¢ — u, bt>> < O(d*VT). (6)
t=1

Reg =E +E +E

Z(l‘t —u, bt>]

+E

which gives us a o (d? VT ) overall regret by Eq. (5). This approach relies on two conditions to be
satisfied. First, we have to find a b; that makes Eq. (6) hold. Second, we have to ensure that the FTRL

algorithm achieves a O(d2+/T) bound under the loss sequence §j; — b;.

To meet the first condition, we take inspiration from [ZL22] and lift the problem to the space of
covariance matrix in R(4+1)*(4+1) Considering the bonus term oy ! in the lifted space, we have

(H, —U,0037Y) = oy Te(H,S7Y) — o TH(US]Y) 7
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Using Lemma 15 and Corollary 20, we can upper bound Eq. (7) by O (day) — St[ju — @t”%_l.

Though the negative part does not match the bias / % ||z; — u||s—1, cancellation still happens since
t

T
. d3 Qg
bias + bonus < t; (\/ ~llze —ullgos + doy — Ztllflrt - U||22t1>
T T
~ d3 d3 Qi
< O(VT S e — &l N = e — S E -l )
< O( )+t§:1 e = 2ellg 0 + ;:1 ( N2 —ullg = 12— ullg

Using Lemma 16 to bound the second term above by O (d?), and AM-GM to bound the third term by
O3, d%/(tay)) = O(d*V/T), we get Eq. (6), through the help of lifting.

To meet the second condition, we have to analyze the regret of FTRL under the loss 3; — b;. The key
is to show that the bonus atﬂ,j !introduces small stability term overhead. Thanks to the use of the
logdet regularizer and its self-concordance property, the extra stability term introduced by the bonus
can indeed be controlled by the order v/T'. The key analysis is in Lemma 25.

Previous works rely on exponential weights [LWL21, DLWZ23, SKM23] rather than logdet-FTRL,
which comes with the following drawbacks. 1) In [LWL21, SKM23] where exponential weights is
combined with standard loss estimators, the bonus introduces large stability term overhead. Therefore,
their bound can only be 7%/ at best even with simulators. 2) In [DLWZ23] where exponential weights
is combined with magnitude-reduced loss estimators, the loss estimator for action a can no longer
be represented as a simple linear function a " §j;. Instead, it becomes a complex non-linear function.
This restricts the algorithm’s potential to leverage linear optimization oracle over the action set and
achieve computational efficiency.

3.5 Overall regret analysis

With all the algorithmic elements discussed above, now we give a formal statement for our regret
guarantee and perform a complete regret analysis. Our main theorem is the following.

Theorem 2. Algorithm I ensures Reg < O(d?v/TlogT).

Proof sketch. Let A be drawn from D independently from all the interaction history between the
learner and the environment. Recalling the definitions in Definition 1, we have

T T T
Reg = | (a; —utt,y)| =E ) (H U, y)| =E |> (Hf - UA“,%>]
t=1 t=1 t=1
T T . T .
<E [Z(H;“o —UA = A) | +E | (H U2, 0,87 | +E | Y (H — U2, 4 — 0,57
t=1 t=1 t=1
Bias Bonus FTRL-Reg

Each term can be bounded as follows:
* Bias < O(>VTlogT) + 327 aulu — ¢||% 1 (discussed in Section 3.3).
* Bonus < O(d?>VTlogT) — % ZtT=1 alu — 4 ||t22‘,1 (discussed in Section 3.4).
* FTRL-Reg < O(d*>v/TlogT).
Combining all terms gives the desired bound. The complete proof is provided in Appendix D. [

3.6 Handling Misspecification

In this subsection, we show how our approach naturally handles the case when the expectation of the
loss cannot be exactly realized by a linear function but with a misspecification error. In this case, we
assume that the expectation of the loss is given by E[/;|a; = a] = f;(a) for some f; : R? — [~1,1].
We define the following notion of misspecification (slightly more refined than that in [NO20]):

Assumption 1 (misspecification). \/% ZtT:I inf, cpa SUP Acsupp(D) SWPaca(ft(@) — (a,y))? <e.



301
302
303
304
305
306
307
308
309

310

311

312
313
314
315

316
317

322
323
324

325

326

327

328

330

Based on previous discussions, the design idea of Algorithm 1 is to 1) identify the bias of the loss
estimator, and 2) add necessary bonus to compensate the bias. When there is misspecification, this
design idea still applies. The difference is that now the loss estimator ¢, potentially has more bias due
to misspecification. Therefore, the bias becomes larger by an amount related to €. Consequently, we
need to enlarge bonus (raising o) to compensate it. Due to the larger bonus, we further need to tune
down the learning rate 7, to make the algorithm stable. Overall, to handle misspecification, when ¢ is
known, it boils down to using the same algorithm (Algorithm 1) with adjusted a; and 7;. The case
of unknown ¢ can be handled by the standard meta-learning technique Corral [ALNS17, FGMZ20].
We defer all details to Appendix E and only state the final bound here.

Theorem 3. Under misspecification, there is an algorithm ensuring Reg < (’3(d2\/T + VdeT ).

4 Linear EXP4

To tighten the d-dependence in the regret bound, we can use the computationally inefficient algorithm
EXP4 [ACBFSO02]. The original regret bound for EXP4 has a polynomial dependence on the number
of actions, but here we take the advantage of the linear structure to show a bound that only depends
on the feature dimension d. The algorithm is presented in Algorithm 2.

Algorithm 2 Linear EXP4

input: I, n, v.

fort=1,2,...do

Receive A, C R

Construct v; € A(A;) such that maxe 4, [|al?, 1 < d, where Gy = Eqny,[aa"]. Set

exp <77] th;ll és,‘rr)
ZTF’GH exXp (_7] Ei;ll gs,ﬂ")

and define py o = Y iy ProI{m(As) = a}.
Sample a; ~ pr = (1 — v)ps + yv¢ and receive ¢; € [—1, 1] with E[¢;] = (a¢, yz).
| Construct Vrr € IT: 4 = (m(A;), H; 'aily), where Hy = Eqp,[aa’].

Pt,ﬂ':

To run Algorithm 2, we restrict ourselves to a finite policy class. The policy class we use in the
algorithm is the set of linear policies defined as

II= {779 :0e€0, m(A) = argmina—re} )
acA

where © is an 1-net of [T, T]%. The next theorem shows that this suffices to give us near-optimal
bounds for our problem. The proof is given in Appendix F.

Theorem 4. With v = 2d+/(logT)/T and n = +/(logT)/T, Algorithm 2 with the policy class
defined in Eq. (8) guarantees Reg = O (d\/Tlog T).

Note that this result technically also holds in the “A-A” category with respect to the policy class
defined in Eq. (8). However, this policy class is not necessarily a sufficient cover of all policies of
interest when the contexts and losses are adversarial.

5 Conclusions

We derived the first algorithm that obtains /7T regret in contextual linear bandits with stochastic
action sets in the absence of a simulator or strong assumptions on the distribution. As a side result,
we obtained the first computationally efficient poly(d)/T algorithm for adversarial sleeping bandits
with general stochastic arm availabilities. We believe the techniques in this paper will be useful for
improving results for simulator-free linear MDPs as well.
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sis. A Summary of Notation

517 We summarize the notations that have been defined in Algorithm 1 and Definition 1.

=0 <(d+ 1)3log(T/6)>

t—1
1 t—1 .
=1 2 B
T=1
=
Ht = m GNPAT [(a ict)(a — il't)—r}
T=1
t—1 A AT
i - 1 B aa al _ Hy + 22, 24
R e R &) 1
Sy =Hy + Bl
2 it + it:rt i’t
Yo =H;+ Bl = .
: 1+ B
Ty = IE_AN’DE(LNPA [a]

Ht = ]EAND]EaszA [(a — .’i’t)(a - C%t)T:I

.
aaq a
Hi=EapEopp | v 1]

sis. B Auxiliary Lemmas

519 Lemma 5 (FTRL regret bound, Lemma 18 of [DWZ23a]). Let 2 C R4 be a convex set, Ji,---,97 €
s20 RY andny,...,np > 0. Then the FTRL update

t—1
1
wy = argmin w,E )+ —yY(w
! Eeﬂ {< T_1g> Utw( )}

521 ensures for any u € € and ng > 0,

T

Z<wt — U, g)

t=1

< Y(u) — mingeo Y (w) n i@(u) — p(wr)) (1 _ 1) +Z <%lea€2(<wt —w,g) — Dw(w,wt)> .

Mo — o M1 =1 Mt
Penalty Stability
s22  When ng,n1, ..., nr is non-increasing, the penalty term can further be upper bounded by
Penalty < Y(u) — mingeq P(w) ]
nr
523 Lemma 6 (Bernstein’s inequality). Let X1,---,X,, be iid random variables; let E[X] be the

524 expectation and Var(X) be the variance of these random variables. If for any 1,
525  then with probability of at least 1 — 6,

X —E[X]| <R

n 2 2
‘ o JAVar(X)log} | 4Rlogd
- n 3n
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s26 Lemma 7 (Hoeffding’s inequality). Let X1, --- , X, be iid random variables; let a < X; < b and
527 let E[X] be the expectatio. Then with probability of at least 1 — 0,

< (b a)y/ 5 loa(3)

1 n
- ;X — E[X]

1

s28 Given F(X) = —logdet(X), D?°F(X) = X! ® X~! where ® is the Kronecker prod-
a

529 uct. For any matrix A = {al as - an}, let vec(A) = | : | which vectorizes matrix
Qn

53 A to a column vector by stacking the columns A. The second order directional derivative
st for Fis D?F(X)[A,A] = vec(A)T (X' @ X 1) vec(4) = Tr(ATX1AX~!). We define
2 ||Allvepx) = VII(ATXTAX 1) and ||A|ly-2p(x) = V/Tr(ATXAX). Itis a pseudo-norm,
533 and more discussion can be found in Appendix D of [ZAK22]. In the following analysis, we will
s34 only use one property of this pseudo-norm which is similar to the Holder inequality.

535 Lemma 8. For any two symmetric matrices A, B and positive definite matrix X,
(A, B) < || Allv2rx) | Bllv-—2r(x)
53 Proof. Since (X ® X)~! = X! ® X1, from Holder inequality, we have
(4, B) = (vec(A), vec(B)) < |vec(A)|x-1gx-1[Ivec(B)|(x-1ex-1)-1 = [|Allv2rx) | Bllv-2r(x)

537 O

s3s C  Concentration Inequalities

539 The goal of this section is to show Lemma 16 and Lemma 17, which are key to bound the bias
s40 term. We first introduce a useful lemma from [DLWZ23], which will be used later to prove our
541 concentration bounds.

s2  C.1 General Concentration Inequalities

543 Lemma 9 (Lemma A.4 in [DLWZ23)). Let Hy, Hs,...,H, be i.id. PSD matrices such that
sas  E[H;) = H, H; = I almost surely and H = ﬁ log g[. Then with probability 1 — 6,

1 n
~Y Hi—H = - élogéHl/Q
n n 0

s45  Corollary 10. Let Hy, Hs, ..., H,, be i.i.d. PSD matrices such that E[H;] = H and H; =< cI almost
546 surely for some positive constant c. Let H = % Z?zl H,;, then with probability 1 — §,

.~ 3¢ d d 1
- .= s -
H+ 5 nlog<6>1_2H )

547 Proof. A simple corollary of Lemma 9 under the condition of Lemma 9 is that
1 & d d 1 d d
“N"H,—H»>—\/—log=HY? > —ZH— —log(=)I
n; - n 8% - 2 om e\ 5
1O d d 1
= — H, +—1 - | I==-H, 10
n ; * on 8 (6> —2 (10)
s4s  where we use that H2 < %H + i for any k£ > 0.
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Now consider the condition of this corollary. We first consider the case where % 10g(§) < 1. In this

case, we apply Eq. (10) with H, = L H; + % log(%)l , which satisfies the condition for Eq. (10) to

hold. This gives

1 /1 d d d d 1/1 d d
= —H. 4+ = _ s - = _ s
n¥(2cHz+2n10g<6 I>+2n10g<6)1_2<2CH+2n10g(6)I)
1
2

with probability at least 1 — 6. When 4 log(%) > 1. Eq. (9) is trivial because $H = £I =
5 log(§)1.
O]

C.2 Concentration Inequalities under a Fixed Policy p

In this subsection, we establish concentration bounds for a fixed policy p (with p** € A(.A) denoting
the action distribution it uses over .4) over i.i.d. contexts. The results in this subsection are preparation
for Appendix C.3 where we take union bounds over policies.

The setting and notation to be used in this subsection are defined in Definition 11.

Definition 11. Let {A1,..., A} be i.i.d. context samples drawn from D. Let D be the uniform
distribution over { Ay, . .., Ap}.

Over this set of context samples, define for any policy p,

z(p) = Eq4upEqpalal,

I(p) = E 4 pEanpa [a],

H(p) = EavpEopa [(a—E(p))(a—2(p) "],
H(p) =B, pEoopa [(a—2(p))(a—i(p) "],
H(p) =E4pEypa [aa'],

H(p) = E 4opEanpa [aaT] ;

S(p) = H(p) + BI,

S(p) = H(p) + A1,

where 3 = 5dlogT(L6d/5).

Lemma 12. Under the setting of Definition 11, for any fixed p, with probability at least 1 — 6,

)+ 4dlog7§6d/6) i % )
A) + 2 L)

Proof. In this proof, we use &, z, H, H, H. H to denote Z(p),z(p), H(p), H(p), fI(p), H (p) since
p is fixed throughout the proof.

Since ||a|| < 1, H < 21 and H < 2I. Thus, we can directly apply Corollary 10 with ¢ = 2 to get
with probability 1 — g

N I
| 3dlog(3d/5) |

1
= —H.
H _2H

n

17



se9 To prove the first inequality, we first decompose H and H
H=EspEypa[(a—2)(a—2)"]

=EapEopa [a—2+2—3)(a—2+2—2)

=EppEyupa [(a—2)(a—2)"] + (2 —2)(x —2)" (because E s pEqepa(a —z) = 0)

(11)

']

H=E, pEaps [(a—#)a—3)T]

E
=E 1 pEopa[a—z+2 -0 (a—x—|—a:—§3)T]
E, pEaupa [(a —z)(a— x)T] —(z—2)(z—2)
(because E , sE, pa(a —2) =1 — )
(12)

T

570 From Hoeffding inequality (Lemma 7) and union bound, with probability 1 — g, for all k € [d], we

571 have
6d
To—old < (/1o
f e~ of#] < | o tog (%),

s72 which implies that ¢ (z — &)(z — &) Tej, < 5= log(6 ) for all k, and thus

(z—@)(z—2)" = — log (6;1) I. (13)

s73 By directly applying Corollary 10 with ¢ = 2, we get with probability at least 1 — g,

E g pBanpa [(a - 2)(a—2)T] + W

s74 Further using Eq. (11), Eq. (12) and Eq. (13), we get with probability at least 1 — =2
~4dl d/é 1
4 Adlog(oa/s) 1

1
I §EA~DEa~pA [(CL - .’1?) (CL - x)T]

H
n

575 Taking union bound for both inequality finishes the proof. O

s76  Lemma 13. Under the setting of Definition 11, for any fixed policy p, with probability at least

577 1 —0O(9),
o) - 30l <0 (TELL)

s Proof. In this proof, we use &, z, H, H, H, H, 3., 3 to denote 2(p), z(p), H(p), H(p), H(p), H(p),
s79 3(p), 3(p) since p is fixed throughout the proof.

580 We first rewrite H.
H=Es.pEyups[(a—3)(a—2)"]
=E4pBopa [(a—2+2—2)a—2z+2—2)"]
=EapEyupa [(a—2)(a—2)"] + (x —2)(x —2)" (because EanpEqpa(a —z) = 0)
(14)

ss1 To simplify analysis, we perform diagonalization. Suppose that E 4 pE,pa[(a — z)(a — z)T]
ss2 admits the following eigen-decomposition:

EawpEoupal(a —2)(a—2)| = VAV

ss3  where V' is an orthogonal matrix and A is a diagonal matrix. By Lemma 12 and the definition of /5 in
584 Definition 11, we have with probability 1 — 9,

~ 1 1
E§§H+pIE§VAVT+pI

18



585 with some p = © (dl%(d/é)) , where the second inequality is by Eq. (14). Thus,
lo —2l3, = (@—2)'E7 (@ - 2)
1 -1
<(z—-x)" <2VAVT + pI> (x — &)
1 -1
=(&—x)'V <2A + pI> V(i —x).

56 Define

Ap=e V(2 Ze VTE, ,aila] —ef VI EAwpEqpalal

Define as Z“) Define as Z,

587 Since E4,~.p [Z ]gz)} = Z, by Bernstein’s inequality, with probability at least 1 — §, we have

(@)
1Al <O \/Va]r(Z,C )log(d/d) N log(d/d) )

n n

sgg for all k, where
Var(Z") = B [ (o] V Eompala] — o V7))

589 On the other hand,
Ay = e EaupEapa [V (a —2)(a —2) " V]ex
=EADEqpa {(e;VTa - egVTm)Q} .
s90 From Jensen’s inequality,

Apk = E 4o pEqrpa [(e;—VTa - ekTVTx)z] >Eawp [(e,IVTEaN,,A[ | —efVTz) } = Var(z\")

s91  Thus,
1 —1
le—dl%, <@ -2)TV <A+pf> V(& - 2)
d
- Z::l %Akk + P
i)y, log(d/s)
log(d/d) V A
<o [ 18l / a2 ) (by Eq. (15))
:1 A +p
<O (dlog 4/9) > (A > Var(Z{") and p = ©( 1842y
592 O

so3 Lemma 14. Under the setting of Definition 11, for any fixed policy p, with probability at least

see 1 — O(9),
I(Sw) — Ho)wllE,) - <O <d1g<d/5>)

n

so5 foranyy € BY.

ss6  Proof. In this proof, we use &, z, H, H,H H,3.3 to denote z(p), =(p), H(p) H(p), ﬁ(p), H(p),
se7 3(p), 3(p) since p is fixed throughout the proof.
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se8 First, we re-write H and H:

H= IE.ANDEaNpA [(CL - i‘)((l - A)T]
=EapEopa [a—z+2—2)(a—2+2—2)
=EapEyupa [(a—2)(a—2)"] + (2 —2)(x —2)" (because E s pEqepa(a —z) = 0)

(16)

']

H= E 4 pEa~pa [(a —&)(a—2)
=E, pEopa[la—2+2—38)(a—2+2—3)"]

)
=E, pBapa [(a—2)(a—2)"] = (z = 2)(x - )"
(because EANEIEGNPA (a—z)=4%—1x)

J

s99 Then, by definition (in Definition 11) and the calculation above,

S—H
=H—H+ I

- % Z]EaNpAi [(a—2)(a—2)"] —EaupEoupa [(a—2)(a—2)"] —2(x — &)(z — 2) " + BI.
i=1

define this as I

00 Using ||a + b+ ¢||? < 3]|a||* + 3]b]|*> + 3]|c||, we have

3 2 2 . T2 201,112
(X = H)yllg . <3ITyll5 -, + 120z —2)(z —2) ylz . + 87yl

< 3|ITyl3 -, + 12l — 2[3_, + O(B). (17)

601 The second and third term are bounded by O (dl%(d/é)) using Lemma 13 and the definition of 5,

so2 with probability at least 1 — O(0). Below, we further deal with the first term. To simplify analysis,
s03 we perform diagonalization. Suppose that E4pE,.,4[(a — z)(a — ) "] admits the following
604 eigen-decomposition:

EaupEoupal(a —2)(a—2)"] = VAV
e05 where V is an orthogonal matrix and A is a diagonal matrix. Then
ITyl3+ =y TE Ty = (VI T(VITV)(V V) (VITV)(V Ty). (18)

06 Below, we further deal with the V T T'V and V T AV terms in Eq. (18). By Lemma 12, with probability
607 atleast1 — 0,

. 1
3 - H+pI§§VAVT+pI,

N —

dlog(d/d)

n

608 for some p = O ( ) where we use Eq. (16) in the second inequality. Therefore,

. 1
VISV - 5A + pl. (19)

609 Next, denote A = V 'T'V. By definition, it can be written as the following:

ZEaNpAi [VT(a —z)(a— :c)TV] —EA~DE; pa [VT(a —z)(a — :z:)TV]

=1

A=l
n

defining this as A (%) =A

s10  with A() being i.i.d. samples with mean E[A(?)] = A. While these are d x d matrices, we will apply
611 concentration inequalities to individual entries.

s12 Let A\ipp, = e] AlDey, be the (k, h)-th entry of A(). Notice that E[\;xn] = €] Aep, = Ay, the
613 (k, h)-th entry of A.
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614 By Bernstein’s inequality, with probability at least 1 — &, we have

%Z o — M) <O<\/Varuikh)log<d/é> +log<d/6>>. 20)

— n n

3

|Agn| =

615 With the manipulations and notations above, we continue to bound Eq. (18) by
ITylE, =y TAVTEV) Ay (lety' =VTy)
<2/ TA(A+pI) " Ay (by Eq. (19))
<2Tx (A(A+p0)7" A)

616 By direct expansion and the fact that A is diagonal,

Tr (A (A+pD)~" A) - (A (A+pI)~" A) N

R
M&

AppApi
Ann+p

W‘

=1h=

i 3 1 (Varumh) log(d/0) |, log® (d/é))
— App +p n n?
(by Eq. (20))
d

ZAmp E(A\j) log(d/d) , d?log’ <d/5>> on

n pn2

[

IN
G

=

617 By definition,

/\ikh =E A [ekVT(a — x)(a — I)Tveh]

arphi
618 and thus

d

Z Ain < Eqpai [Z ekV (a—xz)(a—z)" Veh)
P
E,pa [ enVia—xz)(a—2)"Verel V(e —z)(a —2) Ve,
=1
=E,pai [eZV — ) (a—x)(a— :v)TVeh]
EGNPAL len VT (a—x)(a—2) Ve,
= Aip,

sto and Y20 E[A2,] < E[An] = Aps. Continuing from Eq. (21) and using that p = © (dl%(d/é)),

. 4 Apnlog(d/s)  d?log?(d/s) dlog(d/s)
Tr (A(A + pI) A)g(’)(hz_:l (A + ) + — g(’)(n).

620 This gives a bound on Hl"y||22_1 and finishes the proof after combining Eq. (17).

621 O
622 C.3 Union Bound over Policies

623 In Lemma 12, Lemma 13, and Lemma 14, we have obtained the desired concentration inequalities

624 under a fixed policy p. In this subsection, we proceed to take union bound over all policies that are
625 possibly used by Algorithm 1.
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626

627
628

629

630

631
632

633
634

635

636

638

639

640
641

642

643

644
645
646

647
648

The set of policies that could be generated by Algorithm 1 is the following:
P = {p : 6()\\/(;[)“4) =argmin {(H,Z) + F(H)} ,for Z € Z}
HenA

where Z = [-T2, T?](@+1)x(d+1) 0 § with S denoting the set of symmetric matrices. To see this,
notice that Algorithm 1 at round ¢ corresponds to the policy defined above with Z = 1 Zi;ll (As —
a.B70).

Our goal is to construct a e-cover P’ so that every policy p € P can find a policy p’ € P’ making

—el < é&l(p““) - éo\v(p’A) = €l on every action set .A. The size of such a cover is bounded in the
Proposition below.

Proposition 1. There exists an e-cover P’ of P with size log |P'| = O (d2 log g) such that for any
p € P, there exists an p’ € P’ satisfying

|Covp) — Covip)| <

for all A.

Proof. Itis straightforward to construct an £-cover C for Z = [T, T?](@+1)*(d+1) NS in Frobenius
norm with size |C| = (M)(dﬂ)2 (Exercise 27.6 of [LS20]). Now define P’ as

P = {p: éc;z(pA):argmin{<H,Z>+F(H)}7forZEC} (22)
HeHA

Below, we show that this is a e-cover for P.

Consider two policies p; and p, defined as the following:

(To\v(p“f‘) = argmin {(H,Z,) + F(H)}
HeHA

Cov(ps') = argmin {(H, Z>) + F(H)}
HeHA

with |Z1 — Z||r < {. Consider an arbitrary A and define H; = C/(;(p{‘), H, = C/(;/(pé“). Below
we show ||[H; — Hollp < e.

Since F'(H) is convex for H, from the first-order optimality condition for convex function, we have
(Hy,Z1) + F(Hy) < (H2,Zy) + F(Hy) — Dp(Ho, Hy)
= (Hy,Z2) + (H2,Z1 — Z3) + F(H2) — Dp(Ho, Hy)
(H2,Z3) + F(H2) < (H1,Z2) + F(H1) — Dp(H1, H2)
= (H1,Z1) + (H1,Z2 — Z1) + F(H1) — Dr(H1,H>)
Adding up these the two inequalities, we get
2min{DF(H1,H2),DF(H2,H1)} S DF(Hl,Hg) + DF(HQ,Hl) S <21 —ZQ,HQ —H1>

Since the second order directional derivative for Fis D?F(H)[X,X] = Tr(XH*XH 1) for any
symmetric matrix X, from the Taylor series, there exists H' that is a line segment between H; and
H 5 such that

||H1 _H2||2VQF(H/) = 2min{DF(H1,H2)7DF(H27H1)} S <Z1 —ZQ,HQ —H1>
< HZ1 — Z2||V—2F(H’)||H1 — HZHVZF(H/) (Lemma 8)

Thus we have [|Hy — Hs||v2pary < [|Z1—Z2|lv—2p@). Since |lall2 < 1, H" < 2I. The left-hand
side and right-hand side can be bounded as follows,

1
|Hy — Ha|lv2pmy = /Tr (Hy — Ho)(H')~(Hy — Hy)(H') 1) > S Hy — Hollp

€

121 = Zallv-2r@ry = VIt (Z1 — Z2)H' (Z1 — Z2)H') < 2||Z1 — Zol|p < 5
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e49 Combining the three inequalities above, we conclude that
|H1 — Ho|lp <2(H1 — Ho|ver@) < 2|21 — Za|v-2r@y <421 — Zof|r < e
—EIjHl _H2 j el.

650

651 O
62 Proposition 2. Suppose that p,p’ are two policies such that for all action set A,
|Covp) — Covp )| < (23)
653 Then all quantities defined in Definition 11 under p and p" are close. That is,
[z(p) — 2] <€ (24)
[2(p) — 2(p')I| < € (25)
I1H(p) — H(p')l|lr < Te (26)
IH (p) — H(@)|lF < Te @7
1H(p) —Hp)|r <e (28)
IH(p) = HP)|r < e (29)
15(p) = S@)llr < 7e (30)
I15(p) = E@)llr < e (31)

Proof. Eq. (28) and Eq. (29) are direct consequences of Eq. (23) since H (p) and H (p) are expec-
5 tations of éaf(p““) over distributions over A. Eq. (31) is directly implied by Eq. (29) because
S(p) = H(p) + BI.

es7  To show Eq. (24) and Eq. (25), observe that by the definition of z(p) and H(p),

o lEANDEGNPA [aaT] E.ANDEaNpA [a]]

6!

a
»

6!

o

6!

a
<)

aaT a

a 1 EA~pEqpala’] 1

_ ]E.ANDE(LNPA [aaT] I(p)
(p)" 1

i(p) — 2(p)| < |H(p) -

H(p) = EANDEaNp-A [

ess  Therefore, ||z(p) — z(p')|| < ||H(p) — HY')||Fr < €. Similarly,
o H(p)|r <e

660 If remains to show Eq. (26), Eq. (27) and Eq. (30). Next, we show Eq. (26):

H(p) — H(p)
= Eap [Eqnpal(a — 2(p))(a — &(p)) ] = Eqnpalla — 2(p"))(a — &(p') ']
=Eawp [ arprlaa’] —Eqpa [aaT]}
—a(p)i(p) " — i”(p)x(p)T +a(p)2(p)" +20)e@)" (using EgwpEqnpala] = z(p))

+i(p)2p)" - 2@)2E)" (32)
661 Using the property
lab" —cd"|p < flab" —cb"|p + [leb" —ed"|[r < [la—c][[[b]l + [le]ll|b — d]]
es2 we continue from Eq. (32) and bound
|H(p) — H(p)||F
< [[H(p) —H@)|r +2(12(p) — 2(")]| + z(p) — z@)]) + [[2(p) — 2] + [|2(p) — 2(»")||

< Te.

663 Eq. (27) can be shown in the same manner, which further implies Eq. (30) by the definition of f](p)
664 O
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665

666
667
668
669
670

671

672

673

674

675
676
677

678

679

681
682
683
684

685

686

Lemma 15. With probability 1 — 6, forallt =1,--- ,T,
~ 50(d + 1)3 log(3T/6) 1

H. I > —H,
t+ r 1 = 5t
3
i, 50(d + 1t) lc;g(3T/5)I - %Ht.

Proof. Notice that Hy, H;, Hy, H; corresponds to H(p;), H(p:), H(p:), H (p;) defined in Defini-
tion 11 with n = ¢ — 1. To show the lemma, our strategy is to argue the following two facts: 1) the
two desired inequalities hold for all policies in the cover P’ (defined in Eq. (22)) with high probability.
This is simply by applying Lemma 12 with an union bound over policies in P’. 2) p; is sufficiently
close to the nearest element in P’ so the desired inequalities still approximately hold.

By Proposition 1, we can find p’ € P’ such that for all A,

| Covip) - Covip)| <.

By Proposition 2, it holds that
1H (pe) = H@)l|r < Te, | H(pe) - H(p )IIF < 7Te (33)
1H(pe) —H@)r < e [1Hp) —H)|r (34)

On the other hand, using Lemma 12 and union bound, with probability 1 — d, we have

- 4dlog(6d|P’|/§ 1
i) + “HEOME) o L), (35)
- 3dlog(d|P’|/é 1
A+ 2B o Lh gy, (36)

Combining Eq. (35) and Eq. (33), we get

4dlog(6d|P’|/5) 4dlog(6d|P’|/5)
n

n

1= Ap) + Hp) — el

[\3\»—!

H(p:) + Tel + I= H( =

which implies the first inequality in the lemma by plugging in the choice of € = % and the upper

bound of log |P’| in Proposition 2. The second inequality in the lemma can be obtained similarly by
combining Eq. (34) and Eq. (36).

O

Lemma 16. With probability of at least 1 — 6, forallt =1,--- | T,

d3log (dT/5))

.2
Jor = a1l < 0 (2L

Proof. Notice that z, #;, 3; corresponds to x(pe), Z(pt), f](pt) defined in Definition 11 with n =
t — 1. To show the lemma, our strategy is to argue the following two facts: 1) the two desired
inequalities hold for all policies in the cover P’ with high probability. This is simply by applying
Lemma 13 with an union bound over policies in P’. 2) p; is sufficiently close to the nearest element
in P’ so the desired inequalities still approximately hold.

By Proposition 1, we can find p’ € P’ such that for all A,

|Covprt) — Covip™)|| <.

By Proposition 2, we have

lz(p") = z(p)ll < €& [2(0) =2l < & [1E0) = E(po)llr < Te 37
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687 Thus,
o) — 0l

= (l2e) = 200) 2y — 1206) = 2001 ) + 1) = 201
< (loto) = 500l ~ 1) = 20,1 ) +0 (FEAEI)
(by Lemma 13 with an union bound over P’)
=0 5(p,) 0, — 0 TSW) 0 + O (dlogt(cﬂlz’|/5))
(define 0; = x(p:) — &(py) and 6" = z(p’) — Z(p'))
%Wfim>wweﬁ@@olﬂﬂ)ﬁ@+wé@ﬁwmm+o(“%ﬁﬁV®)
< (0= 0T (S0 70+ 50) ) +0TEE) T (S0) - S0 ) S 6+ O <d1°gt(d_|1?|/5)>

es8 The first two terms above can be bounded by the order of O(et?) by Eq. (37). Using the choice
s89 € = - and recalling that log |P’| = O(d? log(d/¢)) finishes the proof.

690 O
69t Lemma 17. With probability of at least 1 — 6, forallt =1,2,...,T,

- d3log (dT/§
152 - Hml < 0 ()

sz Proof. Notice that z, &¢, 3¢ corresponds to x(pt), T(pe), f](pt) defined in Definition 11 with n =
693 t — 1. To show the lemma, our strategy is to argue the following two facts: 1) the two desired
e+ inequalities hold for all policies in the cover P’ with high probability. This is simply by applying
695 Lemma 13 with an union bound over policies in P’. 2) p, is sufficiently close to the nearest element
e96 in P’ so the desired inequalities still approximately hold.

697 By Proposition 1, we can find p’ € P’ such that for all A,
|Covprt) - Covip™)|| <.
698 By Proposition 2, we have

lz(@) =zl < e, [20) =@l <€ I50) = E(po)llr < Te (38)
699 Thus, for any ||y:]|2 < 1,

H( ) (pt) ytHE(p) 1
= (IS0 = HeOwild g, — 156 = HE Dl ) + 1EE) = B DullE -

< (1500 = B@))welZ -~ 1) = HEDullk ) + O <W>

(by Lemma 14 with an union bound over P’)
3 s dlog(d|P’|/d
Z@E%erﬂ”mm*w+0((%lﬂ/v
(define 6; = (S(pe) = Hipo))yn and ' = (') ~ HG o)

— (916 _ al)Ti(pt)flat + GIT (i(pt)fl _ 2(p/)—1)9t + elTﬁ:(p/)fl(et _ 9/) L0 (dl(fgt(d_ﬂzlv(s))

dlog(le’|/5))

gwrwv%ﬂmr%+iWVWO+W2mr%ﬂm—im0ﬂmr%+o( —

700 The first two terms above can be bounded by the order of O(et?) by Eq. (38). Plugging in the choice

701 of e = 7 and recalling that log [P’| = O(d?log(d/e)) finishes the proof.
702 O
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702 D Regret Analysis

704 Consider the regret decomposition in Section 3.5.

Z<atfuf‘t,yt i(ﬂz“*vf‘z@ ~E §Tj<H;“°U*‘°,%>]
t= t=1
l2<> S (-t o8[S -0t

t=1 t=1 t=1

Reg(u

+E +E

Bias Bonus FTRL-Reg

705 where A is drawn from D and is independent from the interaction between the learning and the
706 environment. Recall that our algorithm is FTRL:

t—1
. . o F(H)
H7° = argmin E H, s—aszsl + —>.
t HEgHAO {5—1< 7 > m

707 The FTRL-Reg term can be handled by the standard FTRL analysis (Lemma 5). In order to deal
708 with the issue that F' can be unbounded on the boundary of ¢, we apply Lemma 5 with the regret

A
700 comparator U defined as

—Ap 1 Ao R
U <1T2>U +ﬁH*

710 where HZ'* £ argming 44, F(H). Thus,

FTRL-Reg
T
<E lz (HP T 5= a8 ) | +E [ (T - U 5 - a7
t=1 t=1
FU™) - mingeya, F(H) L y (H, H0)
<E € +E max <Ht°—H,%>— i’
nr “ HepAo 2n:
Penalty Stability-1
T A
. D(H,H%) .
+E max <H;“0 ~H, —at2;1> DH.HP) | | Z< C U 5, —at2;1>
— HeHAo 2m, —
t=1 t=1
Stability-2 Error

(39)

711 In the rest of this section, we bound the following terms individually: Bias, Bonus, Penalty,
712 Stability-1, Stability-2, Error.

713 Forany t =2,--- T, let £&_; be the event that the high-probability event in Lemma 15, Lemma 16,
714 and Lemma 17 happens forall 1,--- ;¢ — 1 and &1 be the opposite event of £;_;(i.e. any of these
715 three lemmas fails for any 1,--- ,¢ — 1). We have P[£;_1] = 1 — O(§) and P[E;_1] = O(6). Let
716 K[| &_1] be the conditional expectation that event £ _; happens and let Ef = E[- | F;_1, 1]

717 D.1 Bounding the Bias term

Lemma 18.
T T .
Z 1 d3log(T/6)
s A A A Z 2 2 2 : g
Bias = E |‘t_1 <Ht °-U Oa’}/t_’yt>‘| < Zt:1 O‘t“l‘t_u”i;l + O <5T +t:1T
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718

719

720

721

722

723

724

725

726

Proof. For any t, we have
£ (B -0 3
=Ef [(H, —U, v — )] (taking expectation over Ag)
= Ef [(z1 — u, 50 — )] (by the definition of lifting)
=Ef

(2 — )T “(a, — )a) yf)} (by the definition of §)

e
(yt — 57 (ag — @) (ar — jt)Tyt)} - Ef [(xt —u) "3 (g — 30) 3] e
(I - E;IEANDEMNP;\ [(ar — &) (ar — ft)TD yt}

IE [(zt —u) f] (]EA~D]Eat~p [a] — it) :EtTyt} (taking expectation over A; and a;)

xt—uT

(2 —u)
=B [(2 —u)"
= B [(2; - w)

= Ef .Z‘t — u (i ) :| ]Ef |:(l‘t — U)Tit_l ($t — .’i?‘t) JA}tTytj|
(by the definition of H; and x;)
S Ef th — u T 1 ( t — Ht> :| +E H(Z‘t — U)Tit_l (xt — .fft)H (|i‘;yt| S 1)
<Ef ||xt — u||2_ <||( ¢+ — Hy)ye st lxs — fL'tHZ—1>:| (Cauchy-Schwarz)
d3log(T/d
<O < %th — u|§t1> (Lemma 17 and Lemma 16 given & _1)
d3log(T/6
< %th (()g(/)) (AM-GM inequality)
4 O[tt
On the other hand, since 3; = %I b %I, foranyt=1,---,T,

[9ell2 = 15 (ar = &0)a] yilla < 127 Har — &)[l2 < O(T)
Thus, we have trivial bound

¢ KHZAO —U%, g, _’AYt> ‘K} =E [(H—U,v — Ei1] =By [(we —w,ye — ) | E1] < O(T)

Therefore, we have

Bias = E -i <H;4° — U, ’%ﬂ

Lt=1

_E -ZT:IEt [(H — U0, - %ﬂ]

Lt=1

—E ZT:IEt [(Hf =T = 40) | €] e} | +E

T
1 d3log(T/6
*Zatuxt i 40 (Z Sl +5T2>

S, (o — Uo7 = 40) | & H{et_l}]
t=1

q;

t=1

D.2 Bounding the Bonus term

We first prove the following useful technique lemma to bound the inner product of lifted matrices.

G+gg" g] g [H+T ok

Lemma 19. Let G = BT 11 where G and H are positive semi-
g

0
definite, and H' = H + vv" where v = € R, Then we have

VB
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739

Proof. From Theorem 2.1 of [LS02], for any block matrix R =

1. Tr (H7'G) =Tr(H'G) + |lg — h[|%-. +1

Tr ((H')"'G) _WHQ hl%-

- 1+B

Schur complement S4 = D — CA~! B is invertible, then

R71

=Sy

1OA

A" 4 ATIBS oA

Using above equation, for the first equation, Since (H +hh ")
Schur complement of H + hh' is 1 +hT H~'h. Thus

—~H'h

H'=

and

(I+H *hh")(H +hhT)~!
—hTH-1

Te(H'G)=Tr (H'G+ H lgg"
=Tr(H'G)+g H™'

1+hTH A

—~H 'hg")
g—29"H *h+h"H 'h+1

=Te(H'G) + [lg — hl|7-1 + 1.

For the second equation, observe that

H =

H+hh'" h

T 148 :(1+ﬁt)

where b/ = 1+/3handH’ = 1+,8H+ (1+/3

Applying the first equality, we have

TH(H)'6) = 15

1+5

1+ﬁ

(1+/3

(H +hh')
hT

A
C

-A7'BS;!
-1
SA

-1 _g-

-l

e ]

H—l
hTH-!

1 L
1+hTH-

if A is invertible and its

. The inverse

—H'h
1+hTH h

~h"H 'g+1+n"H A

1
h]=u+&>

1+

1

H+WWT W
BT 1

T T
2)hhT = 5 H + (1+ﬂ)2hh = 0.

(Te((H)7'G) + llg = W|[3—s +1) =

1+/3

—llg = 1ll3-

Below, we continue to lower bound this term. By the same formula above, we have
5 H 'hhTH?

1+ﬁ

hTH-1h’

(using [|a + b|* < 2[|al|* 4 2|/b]|*)

Rl

ﬂ2
(14 8)

1 8 -t
H™! = H+ hhT> =(1+p)H " -
<1+6 (1+5)? (=0
Thus
—llg — [
1+
1 1

————|lg = hl% 1 — ——||h = |3,

> sy gghe — bl = 7ol — Rl
1 T

= l(g_h)T (H‘l _ 1+5H hh H-

2 1+thH71h

1 . talg=mTH W2 g2
2 5”9‘ Al — 5 T (1+B)2 I

2(1+ 51l )
25lIAl3
H-1
> 5llg = hlifrs — — g — Bl -
2(1+ 250013
1 2 )

= lg = hllz— = s Il

2 (14 125003 ) (1+5)

28
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H='hh"H~

+ t25hTH-h

: _ B
(using h — b/ = mh)

Yemnered L[/

(Cauchy-Schwarz)
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Using Lemma 19, we are able to show Corollary 20 which bound part of the second term.

Corollary 20. Tr(US; ") > lu — &2, — .

Proof. From Lemma 19, we have

1 A Bt
= &4li2
2 (1+ gl ) R

(UL ") >

)2 ||xt||

Since 3 = 8,1, 571 < é[. Since ||Z¢]|2 < 1, we have HitH%,l < é Then
; ; ;

~ 1 . Bt
U Y) > lu— 213
e (1 + 1+ll3t> oo A
1 B
> AR L
st 4”” t”g 1 (2\/E)2
1 . 1
= ZHU - xt”%;l e

Lemma 21.

T
Bonus = E lz <H;4° — U, atf);1>

t=1

By =2 0)

T T
2(d +2) Z iz t||u—xt||§t_1+0<zdo‘tbgT/5 6T2at>.

t=1

Proof. For any ¢, we have
F(EL -UA 0]
— Ef [T&r (ozt (H, —U) z‘:;l)}
[T (B0 - a0 (U]
<oy T (Ef (H$, ) Ef [ lu— @)l } + iat
< 200(d+2) — Ef | T llu— i3]
< 200(d+2) — Ef [T u— w30 — e — ool 2-]

d3aylog (T/6) )

o
<2at(d+2)—4tu—xt||g_l+o( p

On the other hand, since 33; > +I = 11, we have trivial bound

B [(H — U, 0,85 ‘K} < O(a,T)

29

(taking expectation over Ag)

(Corollary 20)

(Lemma 16)



747 Therefore, we have

T
Bonus = E Z <H,§4° — U, at2t_1>
Lt=1

- :éEt [<H;“° —U*“O,ati:;lﬂ
< A

r T
_E Z]Et[
Lt=1

+E

HA — U4 o, 87 > ‘&,l} {E 1}

M=

< 2(d+2)

(1- L By log(T/4) d
Q= — ZatHu—xtHE_l—i—O Zf—i—éTZat

t=1 t=1

T T
1 &y log (T /6
<2d+2)Y a Z§ t||u—xt|§;t_1+0<§ %(/)MTE at>
t=1 t=1

t=1 t=1

748 O

t=1

749 D.3 Bounding the Penalty term

750 Lemma 22. UAO, we have
FU™) - mingey, F(H) _ 2dlog(T)

nr o nr
751 Proof. Sinceﬁ (1 - —) UAo 4+ L Hfo, we have UAO b %HAO Then
FO™") - mingeyno F(H) 1 o et (BL) _ 2d1og(T)
T o et @) T
752 ]

753 D.4 Bounding the Stability-1 term
754 [ZL22] gave a useful identity to bound the Bregman divergence. We restate it in Lemma 23 for
755 completeness.

G+gg' H+hh" h
T

g T 1] , we have

D(G,H) = D(G,H) + |lg— hl|}-1 > llg — hl|}-

756 Lemma 23. Let G =

g‘| and H =
1

Proof.
D(G.H)=F(G) - F(H) - (VF(H),G — H)
det(H)
log<de (G)>+ G H))
det(H)
10g<de <G>>+Tr St
det(H)
(de(G))*Tr @mat
log(de EZ? > Te(H™'G) + g = hlff- —d (Lemma 19)
=D(G,H) + |lg — h[|}-
> |lg = Al
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Lemma 24. For any H € H*°, we have

T A T
D(H H™®
Stability-1 = E [Z <H;‘0 - H,%> . (217”] <2d "+ O(ST?)
t=1 t t=1
C T
Proof. Recall that H{*> = Cov( °) and Cov( )= ov(p) -i-(u)(Tp)u(p) M(lp)l , we have
w(p
-Ao 2
D(H,H/" l(p) = M E 0
<H24° - H,%> - % < <x;“° - u(p),@t> - Cov®e )" (| emma 23)
U 2n;
-Ao 2
<2 = 1) yrtor 1 19l oo — ) 7 71 g
> t 124VY Cov(pt 0)71 Yt Cov(pt 0) 27]1&
<= ||yf|| Cov(p70) (AM-GM inequality)
= *||Et (as — ft)ét\\zcov(pf\())
< n;(at — )T Cov(pfo)S  ap — &) (6] < 1)

”t Tr ((at —d)(ag — &) S cov(p;“O)i;l)

Since E4~pE,p4 [(a — Z)(a — &) } = H,, taking expectations over Ay, a; and Aq conditioned
on &;_1, we have

X D(H,H}°
(o~ m.5) - PEA)

o <Ef [Et Tr ((at —Zy)(ay — ft)Tit_l COV(pZAO)it_l)]

= k¢ [% Tr (Htilt_lEAOND [Cov(pf‘o)] ﬁ]t_lﬂ .
Notice that given &_1,
- 1 1 1, R 1
Yoz GH = §EA~D[COV(Z)Z4)] + 5 (@ = 2e)(2e — 20)" = SEa~p[Cov(p)]
Hence we continue to upper bound the last expression by
]Ef |:T]t Tr <Hti;1ﬁ:ti;1):| S ]Ef |:7]t Tr (Hti;l)} S 277td

On the other hand, since f)t b %I b %I , we have trivial bound

X D(H,H
<H;5AO _H7'7t> - <277tt) ‘ 1

[\

<O(T)

Combining everything, we get

[T A
. D(H,H})
Stability-1 = E § H{° —H %) — t]
Lt=1 < > 2n:

- [ [t 25
~E ZEt l<H*‘°— #50) - ZELAE) ‘SH] H{et_l}]
E ZEt

(mi - m50) - DAL 5] H{é’t—l}]
T

277t
<2d) e+ O(6T?).

t=1
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D.5 Bounding the Stability-2 term

Note that Lemma 8 does not require matrix A, B to be positive semi-definite. We will use it to prove
the following lemma based on Lemma 34 in [DWZ23b].

Lemma 25. [fn;o; < 64t, then

T
<d) o+ 0 (6T?)

t=1

T
Stability-2 = E l max <Hf\° - H, *Oétﬁ)t_1> - 9
i

D(H,H{")
pary HeHAo

N Ag N
Proof. We first show that max (H7 — H,—o,8; ") — 2D < a5
t t 2 2 t

e lo-2rarzo):

Define
D(H,H{")

G(H) = <H;“0 ~H, —atf3{1> -

and \ = ||atf]t_1||v,2F(H;40). Since f)t = %I, Hflo <21, oy < &, we have

. — ~ 1

ﬂt>\ = m||at2t 1HV*2F(H',AO) = T]tO[t\/TI'(H;AOEt 1Hz402t 1) < 27’]750[tt < 3—2

Let H' be the maximizer of G. Since G(H7*") = 0, we have G(H’) > 0. It suffices to show
|H' — H ||V2F(Hf‘0) < 16m: A because from Lemma 8, it leads to

N O A

G(Hl) < ||H240_Hl fﬂ)HO‘tz < 1677t)‘04t||2 ||V—2F(H;40) = Etnzt 1HV—2F(H;4°)

HV2F(H ||v 2F(H0)

To show ||H' — H;““HVQF(HAU) < 16m:), it suffices to show that for all U such that [|[U —
H;“OHWF(HAO) = 16m:A, G(U) < 0. This is because given this condition, if ||[H' —
Hio [ F(HA) > 16m,), then there is a U in the line segment between H7* and H’ such that
U— H ) A9, = 16mA. From the condition, G(U) < 0 < min{G Ho ,G(H")} which
t lwzrHE) t
contradicts to the strictly concave of G.

Now consider any U such that ||U — H7* ||v2F(H,A0 = 16m:\. By Taylor expansion, there exists U’
t

)
in the line segment between U and H7' such that

1
U — H{ |22 vy

G(U) < ”U _HZAUHv2F(H:40)“at2;1||V72F(H:40) - Tt

We have ||U’ — HA°||V2F(HAO) <||U — HAOHsz(HAO) = 16mA < %. From the Equation 2.2 in
page 23 of [Nem04] (also appear in Eq.(5) of [AHRO09]) and log det is a self-concordant function,
we have ||U — H* ||V2F(U’) 10 - Hv |2 Thus, we have

V2F(H{0)
. 1 (1617:1)°
G(U) < HU_HZ%HVQF(H;AO)HatEt 1||V—2F(H:‘O)_MHU H‘AOH(H'AO) 1 167715)\2_T?7t =0

We have [l pgeto) = /THEHPE HAE) = \/Te((H%)?). Observe the fol-

lowing two facts: 1) all eigenvalues of H 2402; ! are non-negative since H ;40 and f)t_ ! are both
positive semi-definite, 2) for a square matrix A with all non-negative eigenvalues, Tr(A?) < Tr(A4)?
because Tr(A%) = >, \(A?) =3, Mi(A4)? < (30, Ai(A))?. We have

Tr(H7"E,1)?) < Te(HE ).
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790 This allows us to conclude

Ot & Qi ES
f |:?H2t 1||V72F(H:40):| S E]Etg |:Tr(H'tAOEt 1):| g O[td
701 where we use that 33, = %]EAOND[H;“O] given & .
732 On the other hand, since 33, > +I = 11, forany t = 1,--- , T, we have trivial bound
. D(H,H{) | —
E; | max <H24° - H, —at2;1> — M E1| <O(T)
HeHAo 2m
793 Overall,
- 4
- D(H,H{™®
Stability-2 = max <Hg“0 _H, —at2;1> _ DIH.H?)
iz 1HeHA0 2n,
[ . D(H, H*
<E ZEt max <HA0 - H, —oztEt_1> - M
= HcHAo 2n
- 4
D(H,H{™®)
—E|SE <HA°—H,A>—’7t S| 1{E
tz:; t lHIQ%)jO t Yt 2, t—1 { t 1}
T A
DH,HMY ]
+E E max <HA°—H,A>—’t’5 &
; t Hogm t Yt 2, t—1 { + 1}
T
<d) a+0(57%).
t=1
794 L]
795 D.6 Bounding the Error term
Lemma 26. .
Error = E Z <ﬁAO — U, 4 — at2;1> <O(1).
t=1

796 Proof. Since UAU = (1 — %) UAo + %Hfo, and 3, = %I,f)t > %I we have

T
Error = E Z <UAO — U4, 4 — Oétﬁt_1>‘|
t=1
|z
=E ﬁz< Hf°7’3’t—04t2t_1>
t=1
o(1).
797 O]

798 D.7 Finishing up

799 Recall the regret decomposition at the beginning of Appendix D. From Lemma 22, Lemma 24,
soo Lemma 25, and Lemma 26, we have

FTRL-Reg = Penalty + Stability-l + Stability-2 + Error

<0 (dlog +dzn +dZat+(5T2>
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gor  From Lemma 18 and Lemma 21, we can cancel out the additional regret induced by bias through the
go2 well-designed bonus term. Namely,

o
t=1 t=1 t

T T
. 1 9 d®log(T/6) )
Bias + Bonus = 1 E ay|lze — UHE;I +0 <§ — 45T

T T
1 dazlog L
2d+2)> o - 4Zat||u—xt||%t_l+(’)<z d’aqlog § 5ZatT>
t=1 t=1

t=1

T
) (z DI z”))

t=1 t=1
so3 Thus, we have

Reg = Bias + Bonus + FTRL-Reg

dlog(T L ) T Blog(T/5) <~ dPaylog (T/6
=O<fjf”+dzm+dzat+z OB(T/) | Porlos(T)0) s
T t=1 =1 t=1 t

t
t=1

so4 Recall that we have an additional condition in Lemma 25 such that for any ¢, niay < g3 4 ;. Picking
805 —ﬁ,nt—64dﬂand6—T2,weget

Reg = O (d2\/flog(T) +d* log(T)) = O(d*V'Tlog(T))

06 where we assume d? < /T without loss of generality (otherwise the bound is vacuous).

s7 E Handling Misspecification

gos In this section, we discuss how to handle misspecification as defined in Section 3.6. In Appendix E.1,
gos we study the case where the amount of misspecification ¢ is known by the learner. In Appendix E.2,
810 we use a blackbox approach to turn it into an algorithm that achieves almost the same regret bound
811 (up to log T factors) without knowning €.

g2 E.1 Known misspecification

813 As discussed in Section 3.6, when the amount of misspecification ¢ is known, we still use Algorithm 1,
14 but with different o; and n;. Throughout this subsection, we leta; = -+ andny = —— 2+,
t ui g t \/f+\/3 Mt 64(d\/f+ﬁt)

g15 and point out the modifications of the analysis from Appendix D.

s16  We start with the regret decomposition similar to that in Appendix D, but here we define

= argmin max max a
Y ygEBg e ma | fi(a) — (a,y)|,

€ = max max a, ,
¢ = max  max|fi(a) = (@ )|

ci(a) = fi(a) — <a’7yt>'
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817 The regret decomposition goes as follows:

Reg(u) = E

e

o~
Il
s

(fe(ay) — ft(UAt))]
+Z€t
t=1

(-0

IA
=
] =

(ay — uAtayt>

~
I
A

+eT'=FE

] =
M=

(B 0 er

t=1 1

1T
Il
~

I

T T
<E |3 (HP —UA 5 —30) | +E | (B - U4, 08)
Lt=1 t=1
Bias Bonus
+ E Z <Hz40 — UAO,’AYt — Oéti:;1> +ET
t=1

FTRL-Reg

g1 Now @t = ﬁ)t_l(at — i‘t)ft with E[ﬁt] = Cl;ryt + ct(at).

s19  For the Bias term, the proof is almost the same as Lemma 18. The only difference is that from the
s20 fourth line, we have

E; [(xt - U)T (yt - zA:t_l(@t - i‘t) (atTyt + Ct(at)))}
21 for some c;(a;) such that |c¢(a.)| < e;. This leads to an additional term of

Ef [~ (@ — ) T8 (@0 - do)er(a)]

< Ef \/(wt — u)Tiglct(at)Q(at — Z¢)(ay — i’t)—rfl;l(sct — u)]

<Ef \/(xt — ) TS By a, len(@e)?(ar — &) (ar — &) T] 57 (a0 — u)}

< B eyl = ) 8 (i (0 — 80 = 20D E )|

<Ef 6t\/(a:t —u) TS H S (2 — u)}

S Et”fﬂt — UH2;1

g2 Plugging it into the proof of Lemma 18, we have

. d3log(T/d
Ete [<H240 —UAU»% —%>} < O( # +€t> |4 —Uﬂigl

O{tt it

d3log(T /56 2
< %th —uf3. +0 <Og( AJ Et)

g23  Other parts of the proof follow those in Lemma 18. Finally, we get

T
Bias = E Z <H;4° — U 5, — %>]
t=1
T T T
1 d®log(T/6) g2
< - — A O _— L4677
<13 ol + (; CS
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The Bonus term will not be affected, according to Lemma 21, we have

T T T
1 Sy log (T
Bonus < 2(d + 2) E _ZE atHu—xtH%,l +(’)<§ datog(/5))+6T2>
t=1 t=1

t=1 t

The Penalty term will not be affected, according to Lemma 22, we have

FU™) - mingey, F(H) _ 2dlog(T)

nr - nr

Stability-1 term is also unchanged, as we assume that ¢; still lies in [—1, 1] even under misspecifica-
tion. We still have

T
Stability-1 < O (dz e+ 6T2>

t=1

The Stability-2 term will not be affected as long as n;a; < ﬁ. According to Lemma 25, we have

T
Stability-2 < O (dz o + 6T2>

t=1

The Error term is also unaffected. We still have Error = O(1).

Adding these terms together, the regret caused by bias and the negative term induced by bonus cancel
out. We have

B dlog(T d? log T/5 d3a;log (T/6) d g2 9
RegO( +dZm+at+Z ;f+;a—t+6T

Recall that we pick a; = % + %. = and 6 = % This gives

1
64d\/f+64%t

Reg = O(d*VT log(T) + d*log(T) + VdeT) = O(d*VT log(T) + VdeT)

where we assume d? < +/T without loss of generality.

E.2 Unknown misspecification

In this subsection, we use a model selection technique to convert the algorithm in Appendix E.1 which
requires knowledge on ¢ into an algorithm that achieves a similar regret bound without knowing ¢.
Such a procedure to handle unknown misspecification/corruption has appeared in several previous
works [FGMZ20, WDZ22], though we adopt the technique in an unpublished concurrent work
[Ano23] to handle the adversarial case. 3

The idea here is a black-box reduction which turns an algorithm that only deals with known ¢ to one
that handles unknown ¢. This is similar to [WDZ22] but additionally handles adversarial losses using
a different approach.

More specifically, the reduction has two layers. The bottom layer takes as input an arbitrary
misspecification-robust algorithm that operates under known ¢ (e.g., Algorithm 1), and outputs
a stable misspecification-robust algorithm (formally defined later) that still operates under known
€. The top layer follows the standard Corral idea and takes as input a stable algorithm that operates
under known ¢, and outputs an algorithm that operates under unknown . Below, we explain these
two layers of reduction in details.

3Since [Ano23] has not been published, for completeness, we restate all their results in Appendix E.2. The
goal is to use their reduction idea to handle the unknown misspecification case. We do not claim our contribution
in the reduction idea.
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Algorithm 3 STable Algorithm By Independent Learners and Instance SElection (STABILISE)

Input: € and a base algorithm satisfying Definition 27.
Initialize: [log, T'] instances of the base algorithm ALGy,...,ALG Mog, T']» Where ALG; is config-
ured with the parameter

0=0; 2279 +44/2-Tlog T + 8log(T).

fort=1,2,...do
Receive w;.
if w; < 1 then
play an arbitrary policy 7

L continue (without updating any instances)
Let j; be such that w, € (277t~1 27Jt],
Let m; be the policy suggested by ALG;, .
Output 7.

If feedback is received, send it to ALG;, with probability 275;71 , and discard it otherwise.

Bottom Layer (from an Arbitrary Algorithm to a Stable Algorithm) The input of the bottom
layer is an arbitrary misspecification-robust algorithm, formally defined as:

Definition 27. An algorithm is misspecification-robust if it takes 0 as input, and achieves the following
regret for any random stopping time t' < T and any policy u:

E Z(ft(at) — fitu™))| <E [cl\/{’—i— 026] +Prie;y >0|T

t=1

for problem-dependent and log(T) factors ¢y, co > 1 and e1.4 = \/t/ 231:1 e2.

In our case, ¢; = O(d?log T) and ¢, = ©(v/d). While the regret bound in Definition 27 might look
cumbersome, it is in fact fairly reasonable: if the guess 6 is not smaller than the true amount of 1./,
the regret should be of order d?\/t' + V/d0; otherwise, the regret bound is vacuous since 7' is its
largest possible value. The only extra requirement is that the algorithm needs to be anytime (i.e., the
regret bound holds for any stopping time ¢’), but even this is known to be easily achievable by using a
doubling trick over a fixed-time algorithm. It is then clear that Algorithm 1 (together with a doubling
trick) indeed satisfies Definition 27.

As mentioned, the output of the bottom layer is a stable robust algorithm. To characterize stability,
we follow [ALNS17] and define a new learning protocol that abstracts the interaction between the
output algorithm of the bottom layer and the master algorithm from the top layer:

Protocol 1. In every round ¢, before the learner makes a decision, a probability w, € [0, 1] is revealed
to the learner. After making a decision, the learner sees the desired feedback from the environment
with probability w;, and sees nothing with probability 1 — w;.

One can convert any misspecification-robust algorithm (defined in Definition 27) into a stable
misspecification-robust algorithm (characterized in Theorem 28).

This conversion is achieved by a procedure that called STABILISE (see Algorithm 3 for details). The
high-level idea of STABILISE is as follows. Noticing that the challenge when learning in Protocol 1
is that w; varies over time, we discretize the value of w; and instantiate one instance of the input
algorithm to deal with one possible discretized value, so that it is learning in Protocol 1 but with a
fixed wy, making it straightforward to bound its regret based on what it promises in Definition 27.

More concretely, STABILISE instantiates O(log, T') instances {ALG; } 3“;%2 1 of the input algorithm
that satisfies Definition 27, each with a different parameter 6;. Upon receiving w; from the environ-
ment, it dispatches round ¢ to the j-th instance where j is such that w; € (277~1,277], and uses the
policy generated by ALG; to interact with the environment (if w; < %, simply ignore this round).
Based on Protocol 1, the feedback for this round is received with probability w;. To equalize the
probability of ALG; receiving feedback as mentioned in the high-level idea, when the feedback is
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actually obtained, STABILISE sends it to ALG; only with probability 2- (and discards it other-
wise). This way, every time ALG; is assigned to a round, it always receives the desired feedback with

probability w; - ; = 279~1 This equalization step allows us to use the original guarantee of the
base algorithm (Definition 27) and run it as it is, without requiring it to perform extra importance
weighting steps as in [ALNS17].

The choice of 6, is crucial in making sure that STABILISE only has €7 regret overhead instead of
ﬁ Since ALG; only receives feedback with probability 277!, the expected total misspeci-
fication it experiences is on the order of 277~ !£T'. Therefore, its input parameter 6; only needs to be
of this order instead of the total amount of misspecification 7.

The formal guarantee of the conversion is stated in the following Theorem 28.

Theorem 28. If an algorithm is misspecification robust according to Definition 27 for some constants
(c1, ¢2), then Algorithm 3 ensures

Reg < O (IE [c’l \/m} + c’geT)

1

W’ with Cll = 6((01 + CQ)\/ log T)

under Protocol 1, where pp =

Proof of Theorem 28. Define indicators
gt,5 = H{wt S (27j71, 27]}}
h¢,j = I{ALG; receives the feedback for episode ¢}.

Now we consider the regret of ALG;. Notice that ALG; makes an update only when g; ;h; ; = 1. By
the guarantee of the base algorithm (Definition 27), we have

T
E > (filar) - ft(UA‘))gt,jht,j]
t=1
T T T
<E|c nght,] + 20 MAX gr.j +Pr (Z gt’jht’j> <Z afgt’jht’j> >0;|T.
t=1 t=1 t=1
(40)
We first bound the last term: Notice that E[h; j|gs,;] = 277! g ; by Algorithm 3. Therefore,
T T
> eigesElheloes) =277 Y efgn; <2771ET 1)
T T
Y 91iBlheglgegl =277 Y gy <2797 (42)
t=1
By Freedman’s inequality, with probability at least 1 — %
T T
Zaggt,jht,j - Z*Efgt,j]E[ht,j 9t,5
t=1 t=1
T
<2 Z *9¢.5E[he,j|g¢,5] log(T") + 4log(T')
T
<4, e2g1jElhy 5190 5] log(T) + 4log(T)
t=1
T
Z € 9t,;E[he j|ge,;] + 8log(T) (AM-GM inequality)
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gos which gives

T T

> etgrihe; <2 cigeElhejlgr ]+ 8log(T) < 279°T + 8log(T)
t=1 t=1

899 with probability at least 1 — T2 using Eq. (41). Similarly,

T T
> 9eshe; <2 g0iElhe lges) + 810g(T) < 277T + 8log(T)

t=1 t=1

900 with probability at least 1 — % Therefore, with probability at least 1 — %

T T
(Z gt,jht,j> (Z sfgt,jht,j> < \/2—2j52T2 +16-2-9Tlog T + 641og T
t=1 t=1
< 27eT 4 4/2-9Tlog T + 8log(T
<40,
901 Therefore, the last term in Eq. (40) is bounded by %T <
902 Next, we deal with other terms in Eq. (40). Again, by E[h¢ ;|g: ;] = 27771 g, ;, Eq. (40) implies

2

2-7- 129,57]—1—@9 max gt.j + .

277'E lZ(ft(at) - ft(UAt))gt,j] <E|a T
=1

t=1
903 which implies after rearranging:

T

E Z(ft(at) - ft(uAt))gtle

2
<E | 2]12.%,] (231>rtn<Tgt] +W

<E|c

2 TlogT
Z It.g + 4co <5T + o8 + log T) MaxX gy, j +

wy 2-J T2-i-1"
t=1

_—

(using that when g; ; = 1 < uTt’ and the definition of §;)

52]1_

904 Now, summing this inequality over all j € {0,1,..., [log, T'| }, we get

E i(ﬂ(an — filwt)I {Wt > ;}

t=1
T TlogT
NZ—JrNcQsTJrcz -~ %8 NlogT| +1
—1 Wt ming<r Wt

<0 (E [(01 +e) Tlog(T)pT} + cpeTlog T)

SO ]E C1

905 where N < O(logT') is the number of ALG;s that has been executed at least once.
906 On the other hand,

B[S (a0 - Al {ws 1}

t=1

< TE[l{pr > T} <El[pr].

907 Combining the two parts and using the assumption cy > 1 finishes the proof. O
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Algorithm 4 (A Variant of) Corral
Initialize: a log-barrier algorithm with each arm being an instance of an algorithm satisfying the

guarantee in Theorem 28. The hypothesis on 7" is set to 2! forarm i (i = 1,2, ..., M £ [log, T]).
Initialize: py ; = M, Vi.

fort=1,2,...,Tdo
Let

o~

! 1& .
wy = argmin {<w, 2(27 - ’I“-,—)> + ;}Zlog w}

wEA(IW),wiZ%,Vi p— i

1
4c) VT

For all ¢, send wy ; to instance 4.

Draw it ~ Wt¢.

Execute the a; output by instance 7,

Receive the loss z; ;, for action a; (whose expectation is f;(a;)) and send it to instance 7;.
Define for all i:

where n =

 zllliy =]
2t = )
Wt 4
1
Pt,i = Min
’ <t U}T,i7

T = ¢} (\/pt,iT - \/ﬂt—uT) .

Top Layer (from Known ¢ to Unknown ¢) In this subsection, we use the algorithm that we

construct in Theorem 28 as a base algorithm, and further construct an algorithm with v/T + ¢ regret
under unknown €. The idea is to run multiple base algorithms, each with a different hypothesis
on ¢; on top of them, run another multi-armed bandit algorithm to adaptively choose among them.
The goal is to let the top-level bandit algorithm perform almost as well as the best base algorithm.
This is the Corral idea outlined in [ALNS17, FGMZ20, LZZZ22], and the algorithm is presented in
Algorithm 4.

Theorem 29. Using an algorithm constructed in Theorem 28 as a base algorithm, Algorithm 4
ensures Reg = O (c/l VTlog® T + 6’26T> without knowing €.

The top-level bandit algorithm is an FTRL with log-barrier regularizer. We first state the standard
regret bound of FTRL under log-barrier regularizer, whose proof can be found in, e.g., Theorem 7 of
[WL18].

Lemma 30. The FTRL algorithm over a convex subset §) of the (M — 1)-dimensional simplex A(M):

t—1 M 1
wy = argmin ¢ { w, b )+ — log —
ensures for all u € <),

M
MlogT
(w—u, b)) < 777g +n E § w?zfgz
1 t=1 i—1

[M]=

~
Il

as long as nwy ;|4; ;] < %for all t, 1.

Proof of Theorem 29. The Corral algorithm is essential an FTRL with log-barrier regularizer. To
apply Lemma 30, we first verify the condition nw, ;|¢; ;| < % where ¢, ; = Z;; — 7. By our choice
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931
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933

of n,

R 1
nwy |2 < nze < T (because ¢j > 1)

NWe,iTt,i = ﬁcﬁﬁwt,z‘(\/m,i - \/Pt717i)~

The right-hand side of the last equality is non-zero only when p;; > pi—1,;, implying that p; ; = -

Therefore, we further bound it by

1
NW¢ ;T < nc’l \/Tp

t,0

(Viu: = /P T)
—mlf( !

o)
< nclw/( - 1 > (<

1

——ﬁ<i——f0ra b>0

pt 1,2 ptz \/E a = Vb \/> )

43)

< VT (pri > 1)
1

=1 (definition of 1)

which can be combined to get the desired property nwy ;|2¢; — r4| < %

Hence, by the regret guarantee of log-barrier FTRL (Lemma 30), we have

T
E 2ty T Rti*

Mlog T L <
t=1 i=1 t=1 =

term; termo

where ¢* is the smallest ¢ such that 2° upper bounds the true total misspecification amount £7".

Bounding term; :

M
term; < 27 Z Z wy (20 +7%5)
t=1 1=1
where
T M T M
2772 Z w?zéfz =2 Z Z Z?,i]l{it =i} <OT)
t=1 i=1 t=1 i=1
and

T M T M 2
1 1
277§ § wf,irf,i§477§ E (c;\/T)2< — - > (continue from Eq. (43))

t=1 i=1 t=1 i=1 Pty
T M 1
< AncPT x ( )
tz:l ; \VPt—1,i Pt,i
1
(m— mglandl—a< Ina)
< AncPTM*. (telescoping and using p ; = M and pr; < T)
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Bounding terms:

termg - E E Wt,iTt,i § Tt,i*

t=1 i=1
T

M
1 1
</ T _ _(/ 7;*j‘v_/ l*T)
zz(m ) - (VT -y

t=1 i=1

(continue from Eq. (43) and using 1 —a < —1Ina)
S @ (Cll\/TM%> - Clly/ PT,i*T~

.. . _ 1
Combining the two terms and using 7 = © (C/ T

T
E ft (lt Zt,z
t=1

g ), M =0(logT), we get
(z

tiy th‘|
¢ \/Tlog? T> E[c’l\/m} (44)

On the other hand, by the guarantee of the base algorithm (Theorem 28) and that £T' € [2¢" 1, 2%"],
we have

E

O

T
Z crie — folu t)} < E[ «/pTZ*T} + el (45)

Combining Eq. (44) and Eq. (45), we get
T
E [Z(ft(at) — fi(u™))

<(’)< \/ T log® T> + cheT,
t=1

which finishes the proof. O

Proof of Theorem 3. As shown in Appendix E.1, our Algorithm 1 can be adapted to satisfy Defini-

tion 27 with ¢; = ©(d?log T') and c; = ©(V/d). By a concatenation of Theorem 28 and Theorem 29,
we conclude that there is an algorithm that achieves

o ((01 + Q)\/Tlog2 T + c9eT log T) =0 <d2\/flog2 T + VdeT log T) .
regret under unknown ¢. O
F Analysis for Linear EXP4

Proof of Theorem 4. We first show that

Zatyt Z (AT 1<O(WT+IHT|IH|+ndT>. (46)
t=1

The magnitude of the loss is bounded by

0] = ]<W(At),ﬁ1;1atzt>

< lw (Al g2 llaell g

vmell: Reg(m

1 d
< Al larlgs < 5

If v > 2dn, then we have \Et A <: 5 and we can use the standard regret bound of exponential weights:

> Pt,ﬂz?fm] ] .

mell

Vrell: Reg()<7T—|— + ZE

ar~pt
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Let H; = E,,,[aa"]. Then we have H, * < 7= H; ', and thus

> Pl > Pir <7T('At)7£’t1at>2‘|

at~pt at~pt
mell well
S [<a, f{t—latﬂ (by the definition of ;. ,)
1
< —— _Tr(HH 'H,H™') = 0O(d).
—»(1477)2 ( ttle ttle ) ( )

Combining all proves Eq. (46).
Next, we show that there exists € © such that
T

Eawp lZ(m(A) — 71 (A) Ty | <OQ). (47)

t=1

Let d be the closest element in © to Zthl Y. By the definition of © and the assumption that ||y;|| < 1,
we have Hé — ZtT:I ytH < e. Thus, for any A,

T
> (mp(A) =7 Ty <3 (mp(A) =7 (A) 0+ e<e

t=1 acA

where the last inequality is by the fact that ;(A) = argmin, ¢ 4 a’é. Taking expectation over 4
gives Eq. (47).

bgT

Finally, combining Eq. (46) and Eq. (47), choosing € = 1 and v = 2dn = 2d

T T
Sl —zwwyt]
t=1 t=1
T

T
> alyi =Y m(A) Ty
(@D
n

, we get

Reg =E

=E

T
+Eavn [Zwut) - w*(A))Tyt]

t=1
=0 (’yT +

=0 (ayTlogT),

finishing the proof. O

+ ndT + 1>

G Comparison with [DLWZ23, SKM23]

We state the exponential weight algorithm adopted by [LWL21, DLWZ23, SKM23] in Algorithm 5,
which is an algorithm that we know to achieve the prior-art regret bound in our setting (though they
studied a more general MDP setting).

Their algorithm proceeds in epochs (indexed by k), where every epoch consists of W rounds. The
policy on action set A in the k-th epoch is defined as

pii(a) cxexp(nza Js — bs(a ))

where gy, is the loss estimator for epoch k, and by (a) is a (non-linear) bonus. In all W rounds in
epoch k, the same policy is executed. The samples obtained in these W rounds are randomly divided

into two halfs. One half is used to estimate the covariance matrix flk, and the other half is used to
construct the loss estimator ¢ (see Line 5 of Algorithm 5).
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Algorithm 5 Exponential weights with magnitude-reduced loss estimators
1fork=1,2,...,% do
2 For all A, define

exp (—n (21 (a7, — by(a))
pit(a) = ( - ) foralla € A.

Yaeacsp (-n T (@Th — ba(@)))
3 Randomly partition {(k — 1)W +1,...,kW} into two equal parts Ty, 7.

4 | fort=(k—1)W+1,...,kWdo
L receive A, sample a; ~ pft, and receive /;.

5 Define

ﬁ]—|—|77€ Zatat

teTk

Yk = k |7_/| Z Cltét

teT,

bk(a) = OLH(ZHi;l

967 G.1 Regret Analysis Sketch

968 The regret analysis starts with a standard decomposition that is similar to ours. We abuse the notation
. 1 kW
969 by defining yi, = Zt:(kfl)W y¢. Then

(7w
Reg = WE Z pﬁo (a){a — u, yp)

(/W T/W
=WE | 3 s (@) (@, 5) — (@) = (w = b)) | + WE | 3 s (@)bula) — b (u)
k=1 k=1
EW-Reg Bonus
/W
+WE Z P (a){a — ™, yp, — G
k=1

Bias

970 Bounding the regret term follows the standard analysis of exponential weight:

ln \A pal A
EW-Reg < WE X Y @@ a0 Y] Y pi(a)bi(a)?
L N k=1 a€Ap k=1 a€Ag
ln \A pal A o?
<WE YN pi@e S HS e+ Y F
L k=1 a€Ap k=1

971 where H, = E AN DEqpa [aaT]. Then they use the following fact to bound the stability term: as
o2 long as W > . it holds with high probability that ;" H ;" < 28,7, Thus EW-Reg can be
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973 further bounded by

/W

In |A0 T o?
EW-Reg < W +nE Z Z Dy ||a|| +77W§
k=1 a€Agp
1 2
S M + ndT + TIT&'
U B
974 By the definition of the bonus function b, it holds that
T/W T/W
Bonus = WE |« Z Z Dy, |aHE 1| —WE |« Z ||uA°Hi;1
k=1 acAg k=1
975 Finally, the bias term can be bounded as follows:
[T/w
Bias = WE Z Dj, (a —u™) T (y — f],;lHkyk)
[T/w
=WE Zp (@ — w0 TSNSy, — Hy)ys,
[T/w
<WE Zp (@fla = u g2 |(Ex — Hi)yells, s

976 The bias here has a similar form as in our case. They use the following fact to bound the bias: as
977 longas W > ﬂQ , it holds that ||( Y. — H k)kaZ—l < /Bd. Therefore, the bias can further be upper
978 bounded by

T/W T/W
Bias < WE |/Bd Y > pi°(a)llalls s +v/Bd Y [[u* s
k=1 ac€ Ao k=1

979 Combining the three parts, we get that the overall regret is of order

/W T/W

Win|A
E ‘O|+77dT+nTF+Wa+\/ ) > > pi@llallg s + W(VBd—a) Y w5

k=1 a€Ag

980 Choosing o =~ /d, we further bound it by

T/W

E WII;AOH dr+W+/Bd > 3 pi(a)llals

k=1 a€Ap

/W

1
<E WI;'AOH T WYY |5 @l

k=1 acAp

+ ndT + /BdT.

< W in | A|
n

981 Recall the constraint W > 32 7. Choosing W = [32 gives

dln|Ap|
np?

982 which gives d(In |.Ag|)s 7% with the optimally chosen 7 and £3.

+ndT ++/BdT (48)
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988

Remark Due to the restrictions on the magnitude of the loss estimator required by the exponential
weight algorithm, there is actually another constraint % < 1, which makes Eq. (48) be d(In |.Ag |)%T ?
at best. This is exactly the bound obtained by [SKM23]. A more sophisticated way to construct gy,
developed by [DLWZ23] removes this additional requirement and allows a bound of d(In |4 |)éT%.

The sub-optimal bound T’ 5 reported in [DLWZ23] is due to issues related to MDPs, which is not
presented in the contextual bandit case here.
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