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APPENDIX

A  PROOFS

A.1 PROOF OF LEMMA [4.1]- BOUND ON THE POLICY GRADIENT VARIANCE
For any parametric policy 7y and function @ : S x A — R,

Var (Vg log mg(als)Q(s, a)) < max [Q(s, a)]” max || Vg log ma(-|s) ||,
where Vg log mg(+|s) € RAX4m() i a matrix whose a-th row is V log g (als) .

Proof. The variance for a parametric policy 7y is given as follows:
Var (Volog 79(als)Q(a, 8)) =g, amns(.1s) [Vo logmo(als) Vo log mo(als)Q(s, a)?] —
Es~dﬂ9,a~7re(-|s) [V logmg(als)Q(s, a)]—r Es~dw9,a~m(~|s) [Vologmg(als)Q(s,a)],

where )(s, a) is the currently estimated Q-function and d ., is the discounted state visitation frequency
induced by the policy mg. Since the second term we subtract is always positive (it is of quadratic form
v v) we can bound the variance by the first term:

Var (Vg log mg(als)Q(a, s)) <Esva,, anmo(ls) [Vglogmy (als) " Vg logme(als)Q(s, a)?]
= dxy(s) > _mo(als)Vglogmy(als) " Vg log my(als)Q(s, a)?

s,a

< max [[Q(s, a)]? ﬂg(a|s)} > dey(5) Y Vologm(als) " Vglogma(als)

s,a

< max [Q(s,a)] maxz Vo logmo(als)' Vologmy(als)

= max [Q(s, a)}2 max Vo logmo(-|s)||7

A.2 PROOF OF LEMMA [£.2]- VECTOR FORM OF C-SOFTTREEMAX

In vector form, (3) is given by

c P {5 <Cs,d +y 1P (Pr) 6)} 8
Tae(:ls) = 17 exp [ﬁ (Cs,d + AP, (P ®>] | "

where
d—1

> 4yt

h=1

Cs,d = Rs + Ps Rﬂ'b' (9)

Proof. Consider the vector £, . € RIAI Tts expectation satisfies

d—1
> e+ 7%0(sa)
t=0
d—1
=R+ Y ' P(P™) Ry, + 7 P(P™) 10O

t=1

E™ ¢, .(d;0) = E™

As required. O
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A.3  PROOF OF LEMMA [£.3]— GRADIENT OF C-SOFTTREEMAX
The C-SoftTreeMax gradient of dimension A x S is given by
Vo logﬂfig = 5’Yd [IA - IA(WS,G)T] Py (Pﬂb)d_l

where for brevity, we drop the s index in the policy above, i.e., 75, = 75 5 (]s).

Proof. The (j, k)-th entry of Vg log 71'5’0 satisifes

_ Olog(mgg(a’|s))

[v9 IOg 7Tal 0] 80( )
) L e [p(Caatrtn Py o)]] et (PP,
= By [PS(PM) B b‘,k - T
Uiexp [8(Coa+ 7P, (Pr)" " 0)]
= B IRP™) i = By B o(als) [P,
= By [Ps(P™)* ™ ]jk — B [(Wd,e)TPs(P””)d*l}k
= BY![P(P™) Mk = By [La(xG) T P(P™)* ]
Moving back to matrix form, we obtain the stated result. O

A.4 PROOF OF THEOREM [4.4]— EXPONENTIAL VARIANCE DECAY OF C-SOFTTREEMAX

The C-SoftTreeMax policy gradient is bounded by
252B2
(1—7)?

Proof. We use Lemma - 4.1|directly. First of all, it is know that when the reward is bounded in [0, 1],
the maximal value of the Q-function is 77 as the sum as infinite discounted rewards. Next, we

bound the Frobenius norm of the term achieved in Lemma4.3, by applying the eigen-decomposition
on P7b:

Var (Vg log 7y 4(als)Q(s,a)) < 2 ~F24 2o (P70 201

s
P =1gu” + ) N, (10)
i=2
where o is the stationary distribution of P, and u; and v; are left and right eigenvectors correspond-
ingly.

S
187! (Ta,a = Lam ") Po(P™)" Y p = By (Ta,a — 1a7 ") P <lsuT +) Af_luw;> Ir

=2

(Ps is stochastic) = B'de (IA,A - 1A7TT) <1A,u + Z)\d tp U U; ) |7
=2

(projection nullifies 1ap1") = BvY|| (Iaa — 1am’ <Z NP, ) IlF

s
(triangle inequality) < ﬂ’ydz I (IAyA —1ym ) ()\d Ip, UV, ) |7
i=2
s
(matrix norm sub-multiplicativity) < By A3 Z 1144 — a7 " || 2 || Psll 7 llwiv || 7
=2

= By A3 H(S = DLaa — Lam ' [|pl| Pl -
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Now, we can bound the norm ||[74 4 — 147 " || by direct calculation:

T
a4 —1am " |7 = Te {(IA,A —1a7") (Iaa —1ar ') } an
=Tr {IA’A—IATFT —7711+7TT771A1£} (12)
=A-1-14+Ar"n (13)
< 24. (14)

From the Cauchy-Schwartz inequality,

”PSH%«“ = ZZ [[Ps]a,S]Q = Z I[P a, ||2 < Z [[[Ps] a, (Pt S]a,~||oo <A

So,
Var (Vo log 7(a]s)Q(5,0)) < max [Q(s,a)]” maxx Vg log w5 (1)
1
< By (Taa — Lam ") Po(P™) 13
Tl ( ) PL(P™)
1
< 2,2d| ) prey|2(d—1) g2(9 42
< o (PP S 0%,
which obtains the desired bound. O

A.5 A LOWER BOUND ON C-SOFTTREEMAX GRADIENT (RESULT NOT IN THE PAPER)

For completeness we also supply a lower bound on the Frobenius norm of the gradient. Note that
this result does not translate to the a lower bound on the variance since we have no lower bound
equivalence of Lemma4.1]

Lemma A.1. The Frobenius norm on the gradient of the policy is lower-bounded by:

[Veologmd y(:|s)||r > C - By Ao (P™)|(7 1), (15)

Proof. We begin by moving to the induced [, norm by norm-equivalence:

187" (Ia,a = 1am ") Po(P™) 4 p 2 (|87 (La,a — Lam ") Po(P™) .
Now, taking the vector u to be the eigenvector of the second eigenvalue of P™:
187 (Laa = Lam ") Po(P™)* |2 2 (|87 (La,a — Lam ") Po(P™) a2
= By (Ia,a — 1a7") Pl
= By P (P™) [ (Ta,a — 1am ") Poullo.
Note that even though P,u can be 0, that is not the common case since we can freely change 7, (and

therefore the eigenvectors of P™). O

A.6 PROOF OF LEMMA [£.3]— VECTOR FORM OF E-SOFTTREEMAX

For d > 1, {4) is given by

B o Esaexp(8y'0)
mao (1) = TR op(3776) (16)
where
Eq=P, H (exp[By" R]) P™) (17)

with R being the |S|-dimensional vector whose s-th coordinate is 7(s).

15
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Proof. Recall that

d—1
Coa(d;0) = r(s)+ D> 7'r(s0) +70(sa)- (18)
t=1
and, hence,
d-1
exp[Bls,q(d; 8)] = exp [B (7‘(3) + Zytr(st) + ’ydﬁ(sd)>] . (19)
t=1
Therefore,

_ i1 -
Elexp 845.4(d;0)] =E |exp |5 (r(s) + Z vtr(st)> E [exp [,8 (’ydﬂ(sd))] |51, ce, sd_l}]
] - ) (20)

d-1
=E |exp |8 <r(s) + Z'ytr(st)>

P”(-lSd—l)] exp(5770) 2D

- io :
=E |exp |3 <r(s) + Z’y%(sﬂ) exp[ﬁwd_lr(sd1)]P”b(-sd1)1 exp(ﬁ’de).
] o ] (22)

By repeatedly using iterative conditioning as above, the desired result follows. Note that exp(Sr(s))
does not depend on the action and is therefore cancelled out with the denominator.

A.7 PROOF OF LEMMA [4.6]— GRADIENT OF E-SOFTTREEMAX
The E-SoftTreeMax gradient of dimension A x S is given by
-1
D(xty)  EeaD(exp(876))

1} E, gexp(5v70)

where for brevity, we drop the s index in the policy above, i.e., 75 , = 75 ,(-]s).

Vologmhy = By [Ia — 1a(nhy) "]

)

Proof. The (j, k)-th entry of Vg log 7y , satisfies

dlog(my o(a’]s))
[Vologmy glik = Ts’“)

= 89(83’“) (10g[(Es,d)jT exp(/@ryd@)] _ log[le&d eXp(ﬁ'yd@)])

_ B (Bsa)jnexp(By0(s%))  Br*1LAE;s aer exp(B46(sY))
)

(Es.a)] exp(8790 1) E, gexp(3740)
_ B (Bsaer exp(By0(s%))); By LA Es aer exp(8170(sY))
(Es,a)] exp(5790) 13 B, qexp(8716)
e;r 1)

= B¢ E, qex exp(ﬁ*yde(sk)).

e}Ead exp(fy40) B IIES,d exp(Bv90)
Hence,
[Vologmygl.k = 8" [D(Es,d exp(8770)) " — (1} Esq eXP(Bvd@))’llAlﬂ E, ger exp(By70(s*))

From this, it follows that

E, 4D(exp(5+409))
1} By gexp(Byi0)

Vi log Wgﬂ = fy? [D (wgﬂ)_l - 1,41}} (23)

The desired result is now easy to see. O
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A.8 PROOF OF THEOREM [4.7]— EXPONENTIAL VARIANCE DECAY OF E-SOFTTREEMAX

There exists « € (0, 1) such that, for any function @ : S x A — R,
Var (Vg log wgﬁ(ap)Q(s, a)) €O (BQ’deaZd) .

If all rewards are equal (r = const), then & = | Ao (P™)].

Proof outline. Recall that thanks to Lemmal4.1] we can bound the PG variance using a direct bound
on the gradient norm. The definition of the induced norm is

Vo logmgell = Jmax [V log 7g o2,

with Vj log 71'5) o given in Lemma Let z € R¥ be an arbitrary vector such that ||z|| = 1. Then,

z =) . 4 iz, where ¢; are scalar coefficients and z; are vectors spanning the S-dimensional space.
In the full proof, we show our specific choice of z; and prove they are linearly independent given that
choice. We do note that z; = 1g.

The first part of the proof relies on the fact that (Vg log 775}9)21 = 0. This is easy to verify using

LemmaEtogether with (@), and because {I 4—14 (ﬂg’ H)T} is a projection matrix whose null-space

is spanned by 1g. Thus,
s

Vi log ﬂgﬂz = Vg log wgﬂ Z CiZi.
i=2
In the second part of the proof, we focus on F 4 from @, which appears within Vg log 7r57 o- Notice

that E, 4 consists of the product []}_} (D (exp(By"R) P™) . Even though the elements in this
product are not stochastic matrices, in the full proof we show how to normalize each of them to a
stochastic matrix Bj,. We thus obtain that

d—1

E,q=P.D(M) [] Bn,
h=1

where M, € R is some strictly positive vector. Then, we can apply a result by Mathkar and Borkar
(2016), which itself builds on (Chatterjee and Seneta,|1977). The result states that the product of

stochastic matrices HZ; By, of our particular form converges exponentially fast to a matrix of the
form 1gu’” s.t. |[1gp’ — Z;i Byl < Ca? for some constant C.

Lastly, 1s /1; gets canceled due to our choice of z;, ¢ = 2,...,S. This observation along with the
above fact that the remainder decays then shows that V log 75 2;12 z; = O(a?), which gives the
desired result. '

Full technical proof. Let d > 2. Recall that

d—1
E.q= P, [[ (D (exp[87"R]) P™), (24)
h=1

and that R refers to the S-dimensional vector whose s-th coordinate is 7(s). Define

pr ifi =d—1,
Bi = {Dl(P”bMiH)P”bD(MHl) ifi=1,...,d—2, 25
and the vector
_ {exp(ﬁvd_lR) ifi=d, 26)
! exp(BY'R) o P M;,, ifi=1,...,d— 2,
where o denotes the element-wise product. Then,
d—1
E.q=P.D(M) [] B 27)

i=1
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It is easy to see that each B; is a row-stochastic matrix, i.e., all entries are non-negative and
Bilg = 1g.

Next, we prove that all non-zeros entries of B; are bounded away from 0 by a constant. This is
necessary to apply the next result from (Chatterjee and Seneta (1977). The j-th coordinate of M;
satisfies

(M; )J = exp[By"' R Z M) < || eXP[ﬂ’YZR]HOOHMz-H”oo (28)
k

Separately, observe that | My_1||sc < || exp(37?"'R)]||so. Plugging these relations in gives

d—1 d—1
h d—1 _h 1
IMilloe < J] llexp[BY" Rl = [ ] lexp[BRIIIZ, = lexp[BR]|1%"="" < ||exp[BR]|I%".
- - (29)
Similarly, for every 1 < i < d — 1, we have that
d—1
10 < TT I explBRIIZ < lexp[BRIIZ". (30)
h=i
The jk-th entry of B; = D=1 (P™ M, 1)P™ D(M;1) is
PP [M;11]k P’”’ P7Tb
(Bi)jk = —g (31)

>
S B Minle — 2 P IMiale || expl8R)IET

Hence, for non-zero Pfkb , the entries are bounded away from zero by the same. We can now proceed
with applying the following result.

Now, by (Chatterjee and Seneta|[1977, Theorem 5) (see also (14) in (Mathkar and Borkar, [2016)),
limg— oo H?:_ll B; exists and is of the form 154" for some probability vector z. Furthermore, there
is some « € (0, 1) such that e(d) := (Hf;ll Bi) —1g u" satisfies

le(d)ll = O(a). (32)
Pick linearly independent vectors ws, . . ., wg such that
plw; =0fori=2,...,d. (33)

Since Zf:z a;w; is perpendicular to g for any a, . .. ag and because x| exp(87y90) > 0, there

exists no choice of 0[2, ..., ag such that Zf:z a;w; = exp($y?0). Hence, if we let z; = 1g and
z; = D(exp(B7y90)) T, forz =2,...,5, then it follows that {21, ..., zg} is linearly independent.
In particular, it implies that {21, .. zs} spans R*.

18
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. . . s
Now consider an arbitrary unit norm vector z := >, ¢;2; € RS s.t. ||z]|2 = 1. Then,

S

Vg log wg’gz = Vylog 775’0 Z Ci%; (34)
i=2

-1
D (Wgﬂ) E, dD(exp(ﬂvdG S

e . 35
By [Ia = 1a(mye) '] 13 B, g exp(770) Zcz -
D( E )_1E 5
Td,0 s,d
e , o 36
By [1a = La(mi) ]IZES,dexp(BWdG);CW .
—1
D(x5,) " [tsn” +e(@)] &
B [A A(ﬂ'd,e) ] IXEs,deXP(ﬂ'Yd@ ;Cw Y
—1
D (#E
— ﬁVd [IA — lA(ﬂ's,a)T] ( de) ZC o >

1) E, gexp( ﬂvd@

-1
D (7o) e(d)D(exp(By?0))
= 37" [1a = 1a(miy) ] ( 123 4exp(3770)

(z —c1lg), (39)

where (34) follows from the fact that Vg log 7rd 921 = Vylog Tq, 915 = 0, E) follows from

Lemmal4.6 . holds since z; = (exp(57d® Law;, . because p is perpendicular w; for each
i, while l| follows by reusing z; = D(exp(3v?0)) ' w; relation along with the fact that z; = 1.

From (39), it follows that

IV logm gz|l < By le(d)] ||[1a — 1a(my) "] D (%,o)il | D(exp(8770))| ||z — e1ls|
v = 07 LBy g exp(8790)

(40)

DT | (r5e)

< Byta(|Lall + [1a(mg 1), E, 4 exp(3790)

exp(By* max(s))[|z — c11s]

(41)

()"
< fylat(1 +VA) | — ), exp(B7" max0(s))|z — 1| (42)
14 E; qexp(8v?0) s

< Bytal(1+ VA) [ D7 (B exp(5770))|| exp(5y? max 6(s))|z — e11s]|

(43)
1
< B'ydad(l * \/Z) ming[E; 4 exp(8v?0)]s exp(ﬁ'yd m;ax@(s))“z —als| ¢
d .0
< pytat(1+ VA) exp(gji’f; I;(ES) nfif) AL (45)
d
< Brta(1 + V) p(fy” max, H(s)) lz—els] @6

exp (874 ming 6(s)) exp(B8 ming r(s))
< By1a?(1 + VA) exp(Blnax B(s) — min 6(s) — minr ()2 - erlsll. @)

19
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Lastly, we prove that ||z — ¢115/| is bounded independently of d. First, denote by ¢ = (cy,...,cg) "
and & = (0,¢ca,...,c5) " . Also, denote by Z the matrix with z; as its i-th column. Now,

s

Iz = crls] = 1D ezl (48)
=2

= [1ze]l (49)

< lZllllell (50)

< Z|lllll (5D

=1Z|lllZ~"=] (52)

<|zllz=1, (53)

where the last relation is due to z being a unit vector. All matrix norms here are /5-induced norms.

Next, denote by W the matrix with w; in its i-th column. Recall that in (33) we only defined
wa, . .., ws. We now set w; = exp(3y?0). Note that w; is linearly independent of {ws, ..., ws}
because of @) together with the fact that 1" w; > 0. We can now express the relation between Z
and W by Z = D~ 1(exp(B+©))W. Substituting this in , we have

Iz = e1ls]| < [[D™ (exp(B7@)W[[|[W =" D(exp(5770))| (54)
< [IWIW [ D(exp(Byl oD D~ (exp(8y7O))]- (55)
It further holds that
ID(exp(B70))|l < maxexp (8770(s)) < max{1, exp[3max6(s)])}, (56)
where the last relation equals 1 if §(s) < 0 for all s. Similarly,
1 1
-1 d < < :
1D~ (exp(53770))] < ming exp (87%60(s)) ~ min{1, exp[8 min, 0(s)])} 57)
Furthermore, by the properties of the [>-induced norm,
W12 < VS[W]ly (58)
= \/glrél%xs [lw;]l1 (59)
— d .
= VS max{exp(y?0), 2I£ia§xs ||will1 } (60)
< \/gmax{l,exp[ﬁmaxﬁ(s)],212_a<XSHwi||1)}. (61)
Lastly,
1
-1y _
||W || - Umin(W) (62)
S—1
Tmax (W) 1
< (63)
(21;[ Ul(W) ) Umin(W)
o (OmaX(W>)S_1
= w7 (64)
[z, oi(W)
_ st
" lde ()] 0

The determinant of W is a sum of products involving its entries. To upper bound (63) independently
of d, we lower bound its denominator by upper and lower bounds on the entries [IV]; 1 that are
independent of d, depending on their sign:

min{1, exp[f msin 0(s))} < [W]i1 < max{1,exp[s max 0(s)])}- (66)

Using this, together with (53, (53), (56). (57). and (61), we showed that ||z — ¢1 15| is upper bounded
by a constant independent of d. This concludes the proof. [
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A.9 BIAS ESTIMATES

Lemma A.2. For any matrix A and A,

k
Ak — Ak = Z YA - A)AR,

Proof. The proof follows from first principles:

k k k
ZAh 1 Ak h ZAh_lAAk_h _ ZAh—lAAk—h (67)
h=1 h=1 h=1
k k
— ZAhAk*h _ ZAh*lAk*fH*l (68)
= h=1
k—
:Ak_A ZAhAk h ZAh 1Ak h+1 (69)
h=1 h=2
= Ak — A, (70)
O
Henceforth, || - || will refer to || - ||, i.e. the induced infinity norm. Also, for brevity, we denote ﬂ'gﬂ

and 7§ , by mg and 7y, respectively. Similarly, we use d, and dz, to denote dﬂg , and dﬁci, e As for

the induced norm of the matrix P and its perturbed counterpart 15, which are of size S x A X S,
we slightly abuse notation and denote || P — P|| = max,{||Ps — Ps||}, where P; is as defined in
Section 2

Definition A.3. Let e be the maximal model mis-specification, i.e., max{||[P — P||,||r — 7|} = e.

Lemma A.4. Recall the deﬁmnons of RS, Ps, Rﬂb and P™ from Sectlonl 2| and respectively denote
their perturbed counterparts by RS, P57 wa and P™. Then, for € defined in Deﬁnmon

max{||Ry — Ryll, | Ps = Py, | Rr, — B ||, |[P™ = P™ ||} = O(e). (71)

Proof. The proof follows easily from the fact that the differences above are convex combinations of
P —Pandr—7. O

Lemma A.5. Let g be as in , and let Ty also be defined as in , but with R, Py, P™ replaced
by their perturbed counterparts R, Ps, P™ throughout. Then,

7.6 — 7,0l = O(Bde). (72)
Proof. To prove the desired result, we work with (E) to bound the error between R, Ps, P™, R,
and their perturbed versions.

First, we apply Lemma|A.2] together with LemmalA.4|to obtain that [|(P™ )k — (P™)k|| = O(ke).
Next, denote by M the argument in the exponent in (5)), i.e.

M := B[Cs.q4 + v P,(P™)%10).

Similarly, let M be the corresponding perturbed sum that relies on P and 7. Combining the bounds
from Lemma and using the triangle inequality, we have that || M — M|| = O(Bde).

Eq. (5) states that the C-SoftTreeMax policy in the true environment is 79 = exp(M) /(17 exp(M)).
Similarly define 71y using M for the approximate model. Then,

tg = (g 0 exp(M — M))1T exp(M) /(17 exp(M)),
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where o denotes element-wise multiplication. Using the above relation, we have that ||y — 79| =
exp(M—NM)1" exp(M
1T exp(M)

[l7olll — 1]|. Using the relation |e® — 1| = O(x) as  — 0, the desired result

O

Theorem A.6. Let ¢ be as in Deﬁnilion Further let 7 7rd o being the corresponding approximate
policy as given in Lemma Then, the policy gradient bias is bounded by

(v'vm) — 9 (v'vT)|l =0 _ Sp2de (73)
a0 (1—9)? '
Proof. We have
a Ty,rm 8 Ty, m
a6 Ve)_ae( V) 74
= EsNdﬂgvaNﬂeus) [Vologme(als)Q™ (s, a)] — IESNdM’aM;Q(.m [V@ log 7ty (als)Q™ (s, a)}
(75)

= Z o ( 7T9(a|5)V91og7r9(a|s)Q’T"(s,a)—dﬁe(s)frg(ab)v(;logfrg(a|s)Qﬁg(s,a)) (76)

- Z( o ()(Vo log ms (1)) D(ma(-15)) Q™ (5. ) an
— dr, (5)(Vo logﬁe('IS))TD(mCIS))Q“(s,~)) 78)
4 4
= (H Xi(s) - H&(éﬁ) (79)
4
= 3> Kils) - Kica(o) (Xils) = Xils)) Xiga(8) - X, (80)

where X1 (s) = dnr,(s) € R, Xa(s ) (V@ logﬂg( )T € R¥*A. X3(s) = D(mp(+|s)) € RAXA
X4(s) = Q™ (s,-) € RA*A and X1 (s), ..., X4(s) are similarly defined with 7y replaced by 7.

Therefore,
T é T
‘/ 9) - — (1/ ‘/ 9)

S

Haa (v ’ < (maxF(S)) S, (81)

where

=133 Ki(s) - Kicas) (Xils) = Ki(9)) Xials)- Xa(s)|. (82)

s =1

Next, since d,, dz,, T, and 7y are all distributions, we have

max{|X1(s)], | X1(s)], [Xa(s, )], | Xa(s,0)[} < 1. (83)
Separately, using Lemma[4.3] we have
1Xall = Vo logmg(als)l| < By (I Lall + 1 Lamg DI 1P (84)
Since all rows of the above matrices have non-negative entries that add up to 1, we get
1Yl < 28~ (85)
In the rest of the proof, we bound each of || X; — X1, ..., | X4 — X4
Finally,
1
Xyl £ —. 86
[ X4l < - (86)

Similarly, the same bounds hold for X 1, X 2, X3 and X,.
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From, we have

1 = X1 < (1 - Z’YHV (Pm)" = v T (PT)|

t=0

< (1= ) v 3 At tde
t=0
< (1=7)de ) 't
t=0
vde

1—7

The last relation follows from the fact that (1 — ) ~' = >"7° /4, which in turn implies

0
t
oy < ) Z "
From Lemmal[A.5] it follows that
1X3 — X3]| = O(Bde).

Next, recall that from Lemma4.3]that

Xo(s,-) = By [Ia — 1a(mg) ] Py (P™)*!
Then,

[Xa(s. ) — Xa(s. )| <185 [La — Lalm) T Bl (P = (87) 7

. . d—1
+ 187" [1a = Lalm) TT IR, = 24l (P™)
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Following the same argument as in (85) and a lylng Lemma | we have that (9
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(89)

(90)

oD

92)

93)
(94)

(95)

93) is O(3y4de).

Similarly, from the argument of (85), Eq. (94) is O(B~%). Lastly, (I:) is O(By?de) due to

Lemma[A.5] Putting the above three terms together, we have that
1 Xa(s, ) = Xa(s, )| = O(By"de).

Since the state-action value function satisfies the Bellman equation, we have

Q™ =r+~yPQ™
and ) o
QM =7+ yPQ™.
Consequently,
Q™ — Q™| < |lr — 7| + PR — PQ™ || +~|[PQ™ — PQ™|
< e+9lIP1Q — Q|| + v P — P|Q™||

<e4Q7 — QY + —L—e,
I—y

which finally shows that

~ S €
Xy — Xl = Q7 — Q7| < ——.
I =1 | e
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B EXPERIMENTS

B.1 IMPLEMENTATION DETAILS

The environment engine is the highly efficient Atari-CuLE (Dalton et al.l [2020), a CUDA-based
version of Atari that runs on GPU. Similarly, we use Atari-CuLE for the GPU-based breadth-first TS
as done in|Dalal et al. (2021): In every tree expansion, the state S; is duplicated and concatenated
with all possible actions. The resulting tensor is fed into the GPU forward model to generate the
tensor of next states (S, ..., Sﬁﬁl). The next-state tensor is then duplicated and concatenated
again with all possible actions, fed into the forward model, etc. This procedure is repeated until the
final depth is reached, for which Wy(s) is applied per state.

We train SoftTreeMax for depths d = 1...8, with a single worker. We use five seeds for each
experiment.

For the implementation, we extend Stable-Baselines3 (Raffin et al., 2019) with all parameters taken
as default from the original PPO paper (Schulman et al., 2017). For depths d > 3, we limited the
tree to a maximum width of 1024 nodes and pruned non-promising trajectories in terms of estimated
weights. Since the distributed PPO baseline advances significantly faster in terms of environment
steps, for a fair comparison, we ran all experiments for one week on the same machine and use the
wall-clock time as the x-axis. We use Intel(R) Xeon(R) CPU E5-2698 v4 @ 2.20GHz equipped with
one NVIDIA Tesla V100 32GB.

B.2 TIME-BASED TRAINING CURVES

We provide the training curves in Figure[d] For brevity, we exclude a few of the depths from the plots.
As seen, there is a clear benefit for SoftTreeMax over distributed PPO with the standard softmax
policy. In most games, PPO with the SoftTreeMax policy shows very high sample efficiency: it
achieves higher episodic reward although it observes much less episodes, for the same running time.
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Figure 4: Training curves: GPU SoftTreeMax (single worker) vs PPO (256 GPU workers). The
plots show average reward and standard deviation over 5 seeds. The x-axis is the wall-clock time.
The runs ended after one week with varying number of time-steps. The training curves correspond to
the evaluation runs in Figure[3]

B.3 STEP-BASED TRAINING CURVES

In Figure[5| we also provide the same convergence plots where the x-axis is now the number of online
interactions with the environment, thus excluding the tree expansion complexity. As seen, due to the
complexity of the tree expansion, less steps are conducted during training (limited to one week) as
the depth increases. In this plot, the monotone improvement of the reward with increasing tree depth
is noticeable in most games.
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Figure 5: Training curves: GPU SoftTreeMax (single worker) vs PPO (256 GPU workers). The
plots show average reward and standard deviation over 5 seeds. The x-axis is the number of online
interactions with the environment. The runs ended after one week with varying number of time-steps.
The training curves correspond to the evaluation runs in Figure 3]

We note that not for all games we see monotonicity. Our explanation for this phenomenon relates to
how immediate reward contributes to performance compared to the value. Different games benefit
differently from long-term as opposed to short-term planning. Games that require longer-term
planning need a better value estimate. A good value estimate takes longer to obtain with larger depths,
in which we apply the network to states that are very different from the ones observed so far in the
buffer (recall that as in any deep RL algorithm, we train the model only on states in the buffer). If
the model hasn’t learned a good enough value function yet, and there is no guiding dense reward
along the trajectory, the policy becomes noisier, and can take more steps to converge — even more
than those we run in our week-long experiment.

For a concrete example, let us compare Breakout to Gopher. Inspecting Fig. [5, we observe that
Breakout quickly (and monotonically) gains from large depths since it relies on the short term goal
of simply keeping the paddle below the moving ball. In Gopher, however, for large depths (>=5),
learning barely started even by the end of the training run. Presumably, this is because the task in
Gopher involves multiple considerations and steps: the agent needs to move to the right spot and
then hit the mallet the right amount of times, while balancing different locations. This task requires
long-term planning and thus depends more strongly on the accuracy of the value function estimate.
In that case, for depth 5 or more, we would require more train steps for the value to “kick in” and
become beneficial beyond the gain from the reward in the tree.

The figures above convey two key observations that occur for at least some non-zero depth: (1) The
final performance with the tree is better than PPO (Fig. [3); and (2) the intermediate step-based results
with the tree are better than PPO (Fig.[5). This leads to our main takeaway from this work — there
is no reason to believe that the vanilla policy gradient algorithm should be better than a multi-step
variant. Indeed, we show that this is not the case.

C FURTHER DISCUSSION

C.1 THE CASE OF A\3(P™) =0

When P™ is rank one, it is not only its variance that becomes 0, but also the norm of the gradient
itself (similarly to the case of d — oo). Note that such a situation will happen rarely, in degenerate
MDPs. This is a local minimum for SoftTreeMax and it would cause the PG iteration to get stuck,
and to the optimum in the (desired but impractical) case where 7 is the optimal policy. However,
a similar phenomenon was also discovered in the standard softmax with deterministic policies:
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0(s,a) — oo for one a per s. PG with softmax would suffer very slow convergence near these
local equilibria, as observed in |[Mei et al. (2020a). To see this, note that the softmax gradient is
Vo logmg(als) = eq — mo(+|s), where e, € [0, 1]# is the vector with 0 everywhere except for the
a-th coordinate. L.e., it will be zero for a deterministic policy. SoftTreeMax avoids these local optima
by integrating the reward into the policy itself (but may get stuck in another, as discussed above).
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