Appendix

In Appendix A, we introduce notations that we use throughout the rest of the appendix. In Appendix
B, we study the convergence of MPNNs and give the proof of Theorem 3.1. In Appendix C, we
analyze generalization properties of MPNNs and prove our main contribution, Theorem 3.3 from
Section 3. We give some details on the numerical experiments from Section 4 in Appendix D. For
completeness, we recall in Appendix E well-known results that we frequently use.

A Definitions and Notation

We denote metric spaces by (x, d), where d : x x x — [0,00) denotes the metric in the space x.
The ball around z € x of radius € > 0 is defined to be B.(x) = {y € x | d(z,y) < €}. Since, in
our analysis, the nodes of the graph are taken as the sample points X = (X7,...,Xy) in x, we
identify node ¢ of the graph G with the point X, for every ¢ = 1,..., N. Moreover, since graph
signals f = (f1,. .., fi) represent mappings from nodes in V' to feature values, we denote, by abuse
of notation, f(X;) :=f; fori =1,..., N.

Definition A.1 ([Vershynin, 2018]). Let (,d) be a compact metric space.

1. The e-covering numbers of X, denoted by C(x, €, d), is the minimal number of balls of radius
€ required to cover .

2. The Minkowski dimension of x is defined to be
dim(x) = inf{D > 0| Ve € (0,1) C(x,&,d) < P}.

Next, we define various notions of degree.

Definition A.2. Let W : x x x — [0,00) be a kernel, X = (X1,...,Xn) sample points, and G
the corresponding sampled graph.

1. We define the kernel degree of W at x € x by

dw() = [ W p)dnty) ©
X
2. Given a point x € x that need not be in X, we define the graph-kernel degree of X at x by
L N
dx(z) = N;W(x,Xi). (10)
3. The normalized degree of G at the node X, € X is defined by

1 N
da(Xe) = > W (Xe, X). (11)

i=1

When z ¢ X, dx(z) is interpreted as the degree of the node x in the graph (x, X1,..., X,,) with
edge weights sampled from W.

Based on the different version of degrees in Definition A.2, we define the corresponding three versions
of mean aggregation.

Definition A.3. Given the kernel W, we define the continuous mean aggregation of the metric-space
message signal U : x x x — RF by

v dw()

MwU = U y)du(y).

In Definition A.3, U(x,y) represents a message sent from the point y to the point x in the metric
space. Given a metric-space signal f : y — RF "and a message function ®, we have

Mﬂ%ﬁ=LW

('7y)
dw(+) O(f(), fy))dp(y).
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Definition A.4. Let W be a kernel X = X1, ..., X sample points. For a metric-space message
signal U : x x x — R, we define the graph-kernel mean aggregation by

_ 1 W('ﬂXj)
MxU = — ; T(.)U(-,Xj).

Note that in the definition of Mx, messages are sent from graph nodes to arbitrary points in the
metric space. Hence, Mx U : x — R’ is a metric-space signal.

Definition A.5. Let G be a graph with nodes X = X1,...,Xn. For a graph message signal
U: X x X = RY, where U((X;, Xj) represents a message sent from the node X; to the node X;,
we define the mean aggregation by

Xl,X
(MgU)(X =~ Z ™ U(Xi, X;).

Note that MU : X — RF is a graph signal.

Remark A.6. Given a graph signal f : X — R, which can be written as a finite sequence f = (f;);,
and a message function ® : R?" — RH  we define

B(E,£) = (D(6,5)),, -

Hence, given a graph signal f : X — R¥ and the graph messages U(X;, X;) = ®(f(X;),f(X)),
we have

MU = Mg®(f,f) = NZ dX D(£(), f(X;))-

Next, we define the different norms used in our analysis.

Definition A.7.
1. Foravectorz = (z1,...,zr) € RF, we define as usual
ol = o |2

2. For a function g : x — R, we define

Iglle = mas, sup | (9(a),

)

3. Given a graph with N nodes, we define the norm ||f||2.cc of graph feature maps £ =
(f1,...,fx) € RVNXF with feature dimension F, as the root mean square over the infinity
norms of the node features, i.e.,

1 N
~ I
i=1

Definition A.8. For a metric-space signal f : x — RY and samples X = (X1,...,Xn) inx, we
define the sampling operator S by

SXf=(f(Xi), e RN*F,

For a metric-space signal f : x — R and a graph signal f € RV*¥ we define the distance dist as
dist(f, f) = |If — S* fll2:00- i€,

1/2
dist(f, f) —( an —(5%/) |2> : (12)
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Given a MPNN, we define the formal bias of the update and message functions by || ¥ (0,0)]|c

and ||®®)(0,0)]|o respectively. Furthermore, we say that a function ® : RF — R is Lipschitz
continuous if there exists a Lg > 0 such that for every z, 2’ € R we have

[(z) = @(2")[loc < Loz = 2"[|oc-

Similarly, a function f : x — R is Lipschitz continuous if there exists a L ¢ > 0 such that for every
x,x’ € x, we have

12(z) = (2)]loo < Lyd(z, ).
Next we introduce notations for the mappings between consecutive layers of a MPNN.

Definition A.9. Let © = ((®W)L | (VD)T ) be a MPNN with T layers and feature dimensions
(F)E,. Forl=1,...,T, we define the mapping from the (I — 1)’th layer to the l'th layer of the
gMPNN as

A(el)c CRNVXFi-1 _ RNXF
£ £

Similarly, we define A(@l)w as the mapping from the (I — 1)’th layer to the I’th layer of the cMPNN
fU=D s f O,

Definition A.9 leads to the following,

@(GT) = Agg o Aggl) 0...0 Agi

and
T T T—1 1
@ng) :Aé)u)/ oA(@W )0...OAé)3v
Lastly, we formulate the following assumption on the space x, the kernel W, and the MPNN ©, to
which we will refer often in Appendix B.

Assumption A.10. Let (x,d) be a metric space and W : x x x — [0,00). Let © be a MPNN with
message and update functions ®© : R2Ft — RF gng 0O . RFHH y RFv =1 . T —1.

1. The space x is compact, and there exist D,,,Cy, > 0 such that C(x,e,d) < CXE_DX for
everye > 0.3

2. The diameter of x is bounded by 1. Namely, diam(x) := sup,, ,¢, d(z,y) < L.
3. The kernel satisfies |[W || < 00.

4. For every y € X, the function W (-, y) is Lipschitz continuous (with respect to its first
variable) with Lipschitz constant Lyy.

5. For every x € x, the function W (z,-) is Lipschitz continuous (with respect to its second
variable) with Lipschitz constant Lyy.

6. There exists a constant dy,in, > 0 such that for every x € x, we have dy (x) > dmin.

7. Foreveryl =1,...,T, the message function ®V) and update function V) are Lipschitz
continuous with Lipschitz constants Lg ) and Ly respectively.

8. There exists a constant W giag > 0 such that for every x € x, we have W (z, x) > Waiag >
0.

B Convergence Analysis

In this section we provide the proofs for Theorem 3.1 from Section 3.

>The Minkowski dimension dim(x) is a lower bound for all such possible D,,.
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B.1 Preparation

This section is a preparation for the upcoming proof of Theorem 3.1 from Section 3. An important
goal of this section is to formulate and prove Lemma B.5, which provides a uniform concentration
of measure of the uniform error between the continuous mean aggregation My and the graph-
kernel mean aggregation M x. We then show in Corollary B.6 that this uniform bound is preserved
by application of an update function. We begin with the following concentration of error lemma
which is a slight modification of [Keriven et al., 2020, Lemma 4], and can be derived directly
from [Keriven et al., 2020, Lemma 4], by using the assumption C(x, ¢, d) < CXE_DX instead of

Clx,e,d) < g~ dmb0,
Lemma B.1 (Lemma 4, [Keriven et al., 2020].). Ler (x,d, ) be a metric-measure space and W be
a kernel s.t. Assumptions A.10.1-4. are satisfied. Consider a metric-space signal f : x — R with

£ lloe < 0o. Suppose that X1, ..., XN are drawn i.i.d. from p on x and let p € (0,1). Then, with
probability at least 1 — p, we have

WX = [ W) futo

_ Il (62w (VI0B(CT + /D) + (VRIW I + S L) v T8 2])
— \/N b
where 5 5 )
= ﬁe(ln(m n 1) 1n@)c (13)

and C'is the universal constant from Dudley’s inequality (see Theorem 8.1.6 [Vershynin, 2018]).

As a consequence of Lemma B.1, we can derive a sufficient condition on the sample size N which
ensures that the graph-kernel degrees are uniformly bounded from below.

Lemma B.2. Let (x,d, i) be a metric-measure space and W be a kernel s.t. Assumptions A.10.1-4.
and A.10.6. are satisfied. Suppose that X1, ..., Xy are drawn i.i.d. from p on x and let p € (0, 1).

Let
L Wileo + CL
\/Nz2(<KViVn(1/1og +/Dy) + V2| ”ij W log2/ ) (14)

where ( is defined in (13). Then, with probability at least 1 — p the following two inequalities hold:
For every x € ¥,

dmin
dx(z) > 5 15)
and
| X
F WX — [ Wi o) f@)duto)
=1 * o0 (16)
_ Il (62w (VI0B(CT + /D) + (VRIW I + S L) v T8 2])
B vN '
Proof. By Lemma B.1, with f = 1, with probability at least 1 — p we have
(Lw (VIog(C) + /D) + (VEIWlxe + CLw) /105 2/p)
ldx (-) = dw ()]l < NI :
N
By using the lower bound (14) of V'N, we have ||dx(-) — dw (")l < 92in. Letz € x. By
Assumption A.10.6, we have |dy (2)| > dmin, hence |dx (2)| > dmin/2. O

The following lemma is a uniform concentration of measure of the Monte Carlo approximation of
Lipschitz functions. Related results about uniform law of large numbers for Lipschitz functions can
be found in [Vershynin, 2018, Chapter 8.2]. Our result holds for general metric spaces with finite
Minkowski dimension.
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Lemma B.3. Ler (x, d, ) be a metric-measure space s.t. Assumption A.10.1. is satisfied. Suppose
that Xy, ..., XN are drawn i.i.d. from 1 on x. For every p > 0, there exists an event Efip N

regarding the choice of (X1,...,Xn) € X", with probability u™ ( I’jip) > 1 — p, such that the

following uniform bound is satisfied: For every Lipschitz continuous function F : y — RY with
Lipschitz constant L, we have

N
N 2P - [ F)duta)
i=1 X

oo

1 C D
< N (zLF " \/anoo\/log(cX) Fapy p ) 1°g(2/p>> |
X

For completion, we provide a proof of Lemma B.3.

Proof. Letr > 0. By Assumption A.10.1, there exists an open covering (B;)cs of x by a family
of balls with radius r such that | 7| < CXT’DX. Forj =2,...,|J|, we define I; := B; \ U;<; B,
and define I; = B;. Hence, (I j) jeg is a family of measurable sets such that I; N I; = (0 for all
1£j€eJ, Ujej I; = x, and diam(/;) < 2r for all j € J, where by convention diam((}) = 0.
For each j € J, let z; be the center of the ball B;.

Next, we compute a concentration of error bound on the difference between the measure of I; and its
Monte Carlo approximation, which is uniformin j € 7. Let j € J and ¢ € (0, 1). By Hoeffding’s
inequality, there is an event 8]9 with probability x(€;) > 1 — ¢, in which

< 1 ylog(2/q) (17)

o0

Consider the event
71 |T|
q _ q
gLip - gj )
j=1

with probability p? (é}tijplq) > 1 —|J|q. In this event, (17) holds for all j € J. We change the

g, and denote £P. = gldla,

failure probability variable p = |J Lip Lip

Next we bound uniformly the Monte Carlo approximation error of the integral of bounded Lipschitz
continuous functions F' : Y — R¥. Let F' : y — R be a bounded Lipschitz continuous function
with Lipschitz constant L. We define the step function

Fr(y) =Y F(z)1p, ().

je€T
Then,
1 N 1 al 1 >
N;F(Xz)—/XF(Z/)dM(?J) < N; (XZ)_N;FT(XZ)
N
n %ZFT(XZ)—/FT(Z/MM(Z/) (18)
+‘/Fr(y)du( )—/F(y)du(y)H




To bound (1), we define for each X; the unique index j; € J s.t. X; € I;,. We calculate,

RS 1L 1 &
N;F(Xi)_N;F (X SN; F(Xi)_jesz(zj)Lj(X

o0

fz 1E(X3) = F(2i)ll o
ST’LF.

We proceed by bounding (2). In the event of Efip, which holds with probability at least 1 — p, equation
(17) holds for all j € 7. In this event, we get

&;F“(Xi) - /XFr(y)du(y)

Z(}bi (2:)11,(X /sz dy>

o) JjeET i=1

N
1
<D IF e |55 D0 L (X0) = pal L)
jeT i=1
L Vlog(2|T1/p)
<|TNNF oo — ——7—
V2N
Recall that | 7| < CXr_DX. Then, with probability at least 1 — p
L
N )~ [ Frduy)
N i=1 X 0o
_ 1 /log(Cy) — Dy log(r) + log(2/p)
< Cor PX||Fllso— X )
= XT || || \f \/N
To bound (3), we calculate
|[ Frwat - [ Foae)| - [ 5 remintn - [
X X [e’e) ]ej o
<Y [ 1P - Pwl dut)
jeg i
< ’I“LF

By plugging the bounds of (1), (2) and (3) into (18), we get

1 /log(Cy) — Dy log(r) +10g(2/p)

< 2rLp + Oy PX||F|loo—
= F X || H \/i \/N

oo

N
¥ 2P~ [ Fwdntw)

S S
Lastly, choosing r = N 2(Px*D gives us an overall error of

N
NP - [ F@intw)
=1 X

oo

S 1
<N 2OxFD | 2L p 4 Oy || F|| oo —=4 [ log(C 71 N) +log(2
< ( o+ Ol Flloe 75 [108(C) + 55 =5 log(N) + o /p>>
Since the event £7; | is independent of the choice of F: x — R, the proof is finished. O

The next lemma is based on Lemma B.3, and provides a uniform concentration of measure on the
L -error between a non-normalized version of the kernel mean aggregation from Definition A.3 and
a non-normalized version of the graph-kernel mean aggregation from Definition A.4.
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Lemma B4. Ler (x,d, 1) be a metric-measure space and W be a kernel s.t. Assumptions A.10.1-3
and A.10.5. are sattsﬁed Letp € (0,1). Suppose that X1, ..., X are drawn i.i.d. from p on x such
that (X1,...,XyN) € SLIP, where the event Efjip is defined in Lemma B.3. Then, for every x € ¥,

fix— RF wzth Lipschitz constant Ly, and P : R2F — RH with Lipschitz constant Lg, we have

NZWxX)(I)(f /W:cy (), f(y))dp(y)

o0

_ 1
< N~TBET (2(|W||OOL¢LJ» + L (Lo | flloc + 11200, 0)]1) )

(Wl (L7l + 1200, 0)1) ) 751 [108(C) + log(N) +log(2/p)

19)

V2 3Dy 1 1)

Proof. Forany z € x, f : x — R¥ and ® : R?/" — R we define the random variable

N
Vao = 3 2 W X)2((0), F50) = [ Wl n)®(7(0). £0))duty)

X

on the sample space x”. Applying Lemma B.3 on the integrand F, (y) := W (x, y)(b(f(x), f(y)),
uniformly on the choice of the parameter = € Y, yields in the event Efip:

1
[Yisalloo < N7 ZPXFD <2LF’¢ + Ol Felloc 5 [log(Cy) + ] log(N) + log(2/p)

X
2(Dy +1
(20)

So it remains to calculate the Lipschitz constant and the infinity-norm of F.. For this, calculate for
/
Yy €EX

1Fa(y) = Fo(y)lloo =||W(af,y O(f(2). f(y) = W(2,y)(f (2 )7 FW))lls
<[IW (2, 9)@(f (=), f(y) = W (= ( ) £y lloe
HIW (2, 9)®(f(2), f(y) = ( ) (f(@), F(/ )Iloc
<(IWllsLaLs + Lw(La | flloo + 12(0,0)ll))d(y. ")

\f

and

[Fe (oo = W (@, )@ (f (@), £()llso
< [[Wlloo (Lol flloo + 120, 0)]]oo)-
O

The next lemma provides a uniform concentration of measure bound on the error between the
graph-kernel mean aggregation M x and the continuous mean aggregation My .

Lemma B.5. Let (x,d, i) be a metric-measure space and W be a kernel s.t. Assumptions A.10.1-6.
are satisfied. Let N € N satisfy (14). Let Sfip be the event defined in Lemma B.3. There exists an event
Fflp - 5pr regarding the choice of i.i.d X1, ..., Xy from p in x, with probability u( Llp) > 1-2p,
such that condition (15) together with (21) below are satisfied: for every f : x — RY with Lipschitz
constant Ly and ® : R*F" — RH with Lipschitz constant L

I(Mx = Mw ) (2(f, ) lloo < 4—=—Wllso (Lol flloc + [2(0,0)])

\/7d72”n,1n
+N<>< (B Lo+ 22 (Lol 7l + 120,01 )
+ O (L (Lol e + 1900.0)) ) 5 108(C1) + 55 (V) + los(2/7)

2
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where

e1 = Lw (y/1og(Cy) + /Dy) + (V2| W/lo + Lw ) v/log 2/p. (22)

Proof. By Lemma B.2, we have with probability at least 1 — p

ldx — dw]lee < €1 LW(VIOg(CX)+\/D7X)+(\@”WHOO+LW)\/10g2/p

ﬁ B VN (23)

dmin

2 ?

IN

where the second inequality follows from (14). Furthermore, in the same event we have

dmin

|ldx (2)|oo > B

for all z € x. Moreover,

(2)|oo = dimin by Assumption A.10.6. Hence, for all « € , we have

1 B 1 _ |[dw () — dx ()]
dx(z dw (z d dw (x
X( ) W( ) | XE(1) W( )| (24)
fd?ﬂln.

Let (X1,..., Xy) beiid
samples in F7; . Define Wi(z,y) = Y= Next we apply Lemma B.4 on the kernel 1. For this,

Denote that intersection of Sfip and the event in which (23) occur by fflp

 dw(x)
note that for x € x the kernel W (x, -) is Lipschitz continuous (with respect to the second variable)
with Lipschitz constant L;, = dL—W, since for y, 3" € x, we have

W(.’K, y) W(xa y/) LW /

Moreover, for all y € x we have |[W (-, )|« < Wlloo

—  dmin

Then, we use Lemma B.4 to obtain, for every f : Y — R¥ and ® : R?! — R as specified in the
lemma,

N; X)) wﬂ&nibﬂwWUMﬂWW@

o0

_ 1
SN D 2 HWIIDQL@LHL (Lq>||f||oo+||<1>(0,0)||oo))

@OMWWQMﬂu+¢M0®MDVﬁI%KU+-Q)+UbﬂN%H%@m0

oo Lw
e (5 “ T Laly + 2% (Lol flo + [2(0,0)]))

log(Cy) + log(N) + log(2/p)

(25)

(IIWHOO

mlIl

Lammﬁwwmowm»

NG 3Dy + 1)
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Then, by (24) and (25), for every f : x — Rf and ® : R?¥" — R¥ as specified in the lemma,

[(Mx = Mw)®(f, f)ll
N

5 Xi) W(,z)
N . ﬁ@(f(')vf(Xi)) -

x dw ()

O(f(), f(@))du()

o0

=[ -
SN
iz
[

DO FX) = [ W.2)@(FC), f(a)duo)

oo

\ng W llso (La [ flloo + 12(0,0)[lc)

N <X+>< (D 1y % () + 900,00

min min

O (W (1 £ 41900, 0) ) ) s om0 +

mzn \[

m log(N) + 10g(2/p)>.

O

The next corollary shows that Lemma B.5 is preserved by the application of an update function.

Corollary B.6. Let (x, d, ) be a metric-measure space and W be a kernel s.t. Assumptions A.10.1-6.
are satisfied. Let p > 0 and N € N satisfy (14). Suppose that X1, ..., Xy are drawn i.i.d. from
on x. If the event fﬁp from Lemma B.5 occurs, then condition (15) together with (26) below are

satisfied: for every f : x — RE with Lipschitz constant L Hd: R2F — R with Lipschitz constant
Lo and U : RFTH — RF" \ith Lipschitz constant Ly

(702t (@7 £)0) = (02w (205 2)0) |

< Lq:( NG zmnHWHoc(L@Hf”oo +[1©(0,0) /)

1 W oo L
+ N~ <2(| b pory 4+ 59 (Lg) £ + 200, 0)]))

min drn in

Wiloo
+ NG ( ||dm|7,|n (Lol flloo + ||(I>(070)”oo)) \/bg(C’X) m log(N) + log(2/p)

(26)

where €1 is defined in (22).

Proof. We calculate,

(£O Mx(@(£,£)()) =9 (£, Mw (2(£. 1) )| _
<Ly ||Mx (®(f, ) () = Mw (®(f, )) ()| -
and apply Lemma B.5 to the right-hand-side. O

We continue by providing three lemmas which capture deterministic properties of cMPNNs and
gMPNNs. We start by showing that the infinity norm of the output of the I-th layer of a cMPNN f ()
can be bounded in terms of the infinity norm of its input f.

Lemma B.7. Let (x, d, 1) be a metric-measure space, W be a kernel and © = (W)L | (D)L )

be a MPNN s.t. Assumptions A.10.1-7. are satisfied. Consider a metric-space signal f : x — RF
with || f||eo < 00. Then, for! =0, ..., T — 1, the cMPNN output 1) satisfies

I+1 I+1
1F Y < B | £l BETY,
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where

I+1

+1

B =3 (Law [#0 0,0l + [€90,0)]c) T Luwn (14 Lew) @)
k=1 V=k+1
and
I+1
B§l+1) _ H Ly (14 Low) . (28)
k=1

Proof. Letl=0,...,T
1FED ()l = H\I,om) (f(’“)(~),MW(CD(’““)(f(’“),f(k)))(~))H
< e (FP ) M (@I FD, F ) () = w0 (0,0)| w5 (0,0)uc

< Lo (7O oo + [ M (@50 (10O O] ) + 12400, 0)]c

— 1. Then, for k = 0,...,l, we have

For the message term, we have

HMW (q)(k+1)(f(k)7f(k)))(.)|| =

o0

(ay)
. m‘b(kﬂ) (f(k)(')a f(k)(y))d,u(y) H

(,y )‘
dw ()
< Lq><k-+1> 1F® o + [[@5F1(0,0)| o

oo

)|

du(y) - sup | @FFD(FRI () f

YEX

Hence,

LFEHD (oo
< Ly oesn) (Hf(’“)Hoo + (Lo [F Moo + 25 (0, O)Hoo)> + 2D (0,0)|oc,

which we can reorder to

15D ()
< Lyt (14 Lo )1 oo + Lo [ 8D (0,0l + 40, 0) .

We apply Lemma B.11 to solve this recurrence relation which finishes the proof. O

In the following, we denote by L F the Lipschitz constant of f (D). The next lemma bounds L Fa+)
in terms of L.

Lemma B.8. Let (x, d, 1) be a metric-measure space, W be a kernel and © = (W)L | (D)L )
be a MPNN s.t. Assumptions A.10.1-7. are satisfied. Consider a Lipschitz continuous metric-space
signal f : x — RY with || f||cc < oo and Lipschitz constant L. Then, forl = 0,...,T — 1, the

c¢MPNN output f**Y is Lipschitz continuous with Lipschitz constant L pa+n) satisfying

+1
Loy < Z ((L\y(k)

(|50, 0)loc + Lo [F 5 lloo) + Lo [W [0 (12H)(0, 0) [ o

(k1) L W]
+ Low | f ||oo H Ly ( 1 Lq><l'>)
mln k+1 min
1+1
Wlso
+ Lf kl:[l Ly (1 + Hdm|i|n L(I)(k)).
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Proof. Letl =0,...,T —1and consider k =0, ...,I. For z,z’ € x, we have
1F*H D (@) = fEHD () ]
- H\p(kﬂ) (f(k) (z), My (@(k+1)(f(k)’f(k)))(x)>
_ gk+1) (foc) ('), My (DE+D (0, f(k)))(x’)> H
< Lytwen (|| f® @) = 9@

i HMW(q)(k-H)(f(k), FON) (@) = My (@FHD (B, 1 0))) (a7

o0

)

< Lycwesn (Lgood(@ a') + | My (@D (£8), £9)) (2) = My (24D (1B, £3)) (@) | ).

(29)
For the second term, we have
[ My (@EFD(F®), f 0N (2) = My (@FFD(FP), ) (27)]| oo
_ W(‘T7y) 1 W(xlvy) 1
- ||/7<1><’€+ (B (@), FP(y)) - (') WD (1B (@), F P (y)) dp(y) o
/H - (z y (P (), f () - mg(x(;g)@(k“)(f”“)(w%f(k’(y))H du(y)
) WVE/%' ) . 0
< HTV IO, S Ow) g T (O, 1 W) )
/ H a0 (0w, 19) - B (@), 1) |_dut)
dw(l'/) ee}
B)+(C)
For (A), we have
1) W(I/’y) 1
/H T P @), 1O w) g TR (19 @), 1O )| duty)

=L'W e SR R

§wa/H@(‘““)(f(’“)(x),f(’“)(y))H du(y)
L

< = ([12%FD(0,0) oo + Lo [f M loo) d(a 2.

min

For (B), we have

(B)=/

G 0) ) (109 (@), 79 y)) — L 000 (10 02 0 4))| )

dw (x) dw ()
ITFZW Y |H (k+1) f(k)( ), fk )(y)) ,q)(kH)(f(k)(z/)’f<k)(y))Hoodu(y)
< ”W"'OOL@(M J 19 @. 9 w) = (9, 19| dutw)
min X
< IIWI'IooLQ(HUHf(k)(x) — 1)
S ”WHOOLq><k+1)Lf(k)d(1‘,JL‘/).

min
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For (C), we have

/ |5 - y gtk (@), £9(5) — W g0 (16 (), 59 (3) |ty

dw (2') o
:/|W(x’7y)\‘d 1 0 (109 ), 19 ) |ty

< [IW oo (2*F1(0, 0|0 +Lq><k+1>||f( )||oo)d2 d(z, '),
where the last inequality holds since
1 |dw (') — dw (2)]
dw(z) dw(2’) |dW( )dw (z')]
ng dw(a) = duw ()

min

w — [ W6 W)ty

| /\

< g [ BwdGe ity

< ——d(z,2).

Hence, by plugging (30) and our bounds for (A), (B) and (C') into (29), we have
175D () = R (@) oo
< L\Ij(k+1) (Lf(k)d(ﬂ?, .CL'/) + ||MW ((b(k-‘rl)(f(k)7 f(k)))(fll‘) — Mw ((I)(k—i-l)(f(k)’ f(k)>)($/)”oo)

< Lyin (Lﬂk)d(x ) + (A) + (B) + (C))

L
< Ly (125400, 0) e + L [ 7))
Wlso L

e 2 g I e (195D 0,0) o + Lo 5 o) B ), )
Hence,
L <L Lw_ 1910, 0 L (*) L g Wl L

gun < Loy (Il (0,0)[loc + Lo+ [/ lloc) + Lgwesn ( 14+ =——Lawe+v | Lyw

+ Lywsn [W oo (12F(0,0) oo + Laprsn || £ )Hoo)dg

We finish the proof by solving the recurrence relation with Lemma B.11. O

Corollary B.9. Consider the same setting as in Lemma B.S. Then, forl =0,...,T — 1,
l l l
Lyo < 2 + 23" | flloo + 25 Ly,
where Zfl), ZQ(Z) and Zél) are independent of f and defined as

l
Z{l) _ Z <(L\I,(k)

12(0,0)lloc + Lo W [l |2 (0, 0) |

T )

min

- L Ly Wl
+ By 1)<L\y<k>dWLq><k> + Ly [[Wlloo Lot 75— )> H Lyar <1+ ”d |.| L‘P("))

min k+1 min

l
! k-1 Lw Lw ||W||oo
ZQ( ) § B( )(L (k) . L<I>(k) + Lyw |Wllco Loty —5— . ) H Lgan (l + i @(z/))

k=1 min " p—p 1 n

W|o
V= H Ly (1 + Wl L¢><k>>7
k=1

min

€1y
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where B§k) and Bék) are defined in (27) and (28).
Proof. By Lemma B.§, we have
Lo < Z ((pr(k)

Lo B T Ly (14 D @lf)))

min” yr—p 1 mn

(||<I>(’€)(0 0)lloe + Law [1FE ™ loo) + L [W oo (124 (0, 0) |

Wl

min

l
Ly T L (1+

e Ly )

I
-

L L
(Luoo 19D (0,0)lloc + Lo [W || 230, 0) [ o0 1)
1 min min
!
Wl
Ly (1 + H U Lq><l/>)
V=ht1 min
!
Lw L
+y Hf(kfl)Hoo(Lq/m o Low + Low [WlleoLaw dzw )
k=1 min min
!
Wil
H Lyan (1+ ”d | (z'>>
U=k+1 min
I
w
+ Ly H Ly (1 + ”dm‘l‘:o L@(k))
k=1
I
< 3 (Buor 22 10 0.0+ Ly W20, 0) e 2%
!
Willes
Ly (1+ ”d | <1>(z'>)
V=k+1 min

l

Lw Ly
+ (B¢ 4 B ||f||oo)(pr<k>d Low) + Ly [[W oo Loty —5— 2 )
1 n

min

w
H PR L

=k+1

+ Ly HL\wk) (1+ ”d HOOLq><k>)7

k=1 min

where the last inequality holds by Lemma B.7. [

We continue with the following simple lemma which bounds the infinity norm of the output of a
gMPNN.

Lemma B.10. Ler (x,d,n) be a metric-measure space, W be a kernel and © =
(@O)E,, (FD)E) be a MPNN s.t. Assumptions A.10.1-8. are satisfied. Consider a metric-

space szgnal f:x = REwith || f|lee < oc. Consider a graph (G,f) ~ (W, f) with N nodes and
corresponding graph features. Then,

10 (£)l[3.00 < NT(A" + A”[I£1%,),
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where

=Z( Ly W20 0,02 + 2w 0, 0) )

=1 diag

2
H 2(Lyan)* (W lloo (Lga)* + 1)
V=i41 Waiag

and
T

2
A" = [T 2(Le0)?* (57— W e (Low)* +1).

I—1 diag

Proof. Letl=0,...,T — 1. We have

1 N
+1
I = 5 Do IE VR

i—1
where £ = DD MYy with m{Y = Mg (@D (£ £1))(X;). By using the

Lipschitz continuity of ¥(+1) we get

£ < 2()lw D ED, mTY) — v (0,0))12, + 8D (0,0))2)

(32)
1 l
2((Lygasn)2([EV]1% + [V |2) + €0 (0,0)12)
For the message term we calculate
2
(1+1) 12 L f: (1+1) (gD (D)
m; "% = || =& W(X;, X;) U (7, £7)
Zj:l W(Xi’Xj) j=1 ! o
2
1
= W (X3, X;) - /W (X, X))@t gD g
N Z (2] 1y 7 b
Ej:l W(Xian> j=1 \/ \/ ! oo
1 " S W) ¢
< ST (XL X)) WX, X))@ (EY £]))2
N (3] J (2] J 1 I’ oo
Ej:l W<XiaX‘) j=1 j=1 ’
1 ) e()y2
< HWIIOCZH@”“’(f £l
N 10 oo
Zj:l W(Xia Xj) j=1 !
N
< IWlee S e g, 60 2,

Wi
diag J=1

where the inequality follows from Cauchy-Schwarz inequality. Per assumption, we have
|[W(X;,X;)| > Wdiag and forevery i = 1,..., N,

I+ ¢ eOyp2 _ 1g 04D ¢ 2Dy _ §+1) (1+1) 2
l l
< 21|V, ") — (0, 0) 12, + [2¢+D(0,0) %)

l l
< 2((Laern) 212 + £V 12) + [24+9(0,0)]2-)

Hence,

2[ Wl N ¢

+1 00 l l
V15 < S Z(ch(w POED I+ 1£712) + 200,02, )
e =1 (33)
2| W ||oe
< N (i PO e + Lo PIEO e+ 190D (0,02,
iag
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By (32) and (33), we have
1 l I+1
IR < + Z (o) 2UEIZ + V2 + 94D (0,0) %)

2|[W |
((Lq;(z+1))2 (Hfi(l) Hgo + N\HNiu

A
=] =
‘Mz Ik

((Loasn )2 IE0 2%

1 diag

o
Il

+ (Lopasn IV 3,00 + 12EH1(0, 0)||§o)) + II‘P(l“)(O,O)IIio)

Z

2/|W | 0o
= 2(Lue) (7 lef”HQ + VR (L) Z 16715
l1ag i=1

+ (Lo )PV ]300 + 00+ (O,O)IIQ)) + 2w (0,0)[13,

2[[Wlloo
Waia,

- 2(L‘I’(l+1))2 (Hf(l) ||§,oo +N ((L<I><l+1>)2||f(l)||%;oo + ||(I>(l+1)(0a 0)“20))
g

+ 2w (0,0))12,
2||W |

Wdiag‘
2|[W 1|0

diag

=2(Lyga+n)* (N (Loasn)? + 1) [[£D][3.

+2(Lyasn)*N 12 (0,0)12, + 2wV (0,0)]1%

Hence, by ||f|3... < || f]|2, and Lemma B.11, we have

2 W oo
1603 Z( (Lo PN 800,00+ 21%(0.0) |2 )

2 Wloo
H 2(Lyan) lLVH (Lgw)? +1)
V=i+1 diag
2 Wlso
#1712 TT (200 (VIR (102 4.1))
=1 iag

o 2|
<N (2L S 000,01 + 21w (0,0)]1%,)
=1

diag

2
H Q(L\w’))Q(WTHW||?>O(L<I>(V>)2 +1)
l'—l+1 diag

Wloo
+||fH2 NTH( (Lyw) (2\||7Vdie|Lg(L¢m)2+l)>'

O

We finish this subsection with the following easily verifiable lemma that provides a general solution
for certain recurrence relations.

Lemma B.11. Let (n(l)) be a sequence of real numbers satisfying n+1 < a(+1)p0) 4 pli+1)
forl=0,...,T —1, for some real numbers a'¥ b, 1 =1,... T. Then

n™) <Zbl H al)+n(0)Ha

=1 U=l+1

where we define the product HT+1 as 1.

28



B.2 Proof of Theorem 3.1

The idea of the Proof of Theorem 3.1 is as follows. We first use Corollary B.6 to bound the error
between a cMPNN and a gMPNN layer-wise, when the input of layer [ of the gMPNN is exactly
the sampled graph signal from the output of layer [ — 1 of the cMPNN. This is shown in Corollary
B.12. Then, we use this to provide a recurrence relation for the true error between a cMPNN and
the corresponding gMPNN in Lemma B.13. We solve this recurrence relation in Corollary B.14,
where we have an error bound that depends only on the parameters of the MPNN, the regularity of the
kernel and the regularity of the continuous output metric-space signals of the layers of the cMPNN.
We remove the last dependency in Theorem B.15. We then analyze the additional error by a final
pooling layer, leading to the formulation and final proof of Theorem 3.1, rewritten as Theorem B.18.

Corollary B.12. Let (, d, i) be a metric-measure space and W be a kernel s.t. Assumptions A.10.1-
6 are satisfied. Let p € (0, %) Consider a graph (G, f) ~ (W, f) with N nodes and corresponding
graph features, where N satisfies (14). If the event ffip from Lemma B.5 occurs, then condition
(15) together with (34) below are satisfied: For every MPNN O satisfying Assumption A.10.7. and
f : x — RY with Lipschitz constant Ly, we have

dist (A8 (5% 1 0), A0 (£0)) < D (34)

foralll =0,...,T — 1, where f(O) = @g/)f as defined in (5), and Ag:l) and A(GHV;U are defined in
Definition A.9. Here,

S
QMY = Lyaw <4\/N$2||Woo(Lq><z+1> 1F P llo + 1241(0,0)1cc)
o1 Wl L
+ N 2OxFD (2(H ” Lya+n Lyw + %(Lé(Hl)Hf(l)Hoo + ||q’(l+1)(0»0)||oo))
man min
Wi o
Cx (Wl 0 (1+1)
+ 3 (= T £Vl + 12700, 0)]10))

- \/log@) + S B + log<2/p>> ) ,

and dist is defined in (12).
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Proof. Letl =0,...,T — 1. We have,

(dist(A(@l:U(SXf(l)), l+1)(f(l )))
= [AGT (% p Oy — sXATTI(rO))2

N
1
=~ 2SR (¥ A 06) = S¥AGED () (xl1%

i=1
ZH\I;(Hl)(f(l) D, M (90 (5% p0 §X p0)) (X ))

B q,(1+1>(fa)(Xi)’MW(¢(z+1>(f<1)’f<z)))(xi)) Hio
ZN:H z+1>(f<z )MX(q)(m)(f(z)’f<z>))(Xi))

- qf<l+_1> (4000, M (@D (0, 5O ()|

< Liw( \ﬁdz IWlloo(Lapasn 1Vl + 27570, 0)]0c)

o (Lawen [Pl + 2400, 0)1)

min d

1 Wllso
+ N Z(Dx+1)< (Hd H L<I>(l+1)Lf(l) +

i(HWIIOO
\@ dmin

) \/log(CX) + ﬁ log(N) + 1og(2/p)>> ,

where the final inequality holds, by applying Corollary B.6. O

+ (Zaasn 17Vl + ||q><’+1><o,o>||oo>)

Lemma B.13. Let (,d, ,u) be a metric-measure space and W be a kernel s.t. Assumptions A.10.1-6.
are satisfied. Let p € (0, 3). Consider a graph (G,f) ~ (W, f) with N nodes and corresponding
graph features, where N satisfies (14). Denote, forl =1,...,T,

0 = dist(0f) (), 04 (f)),

and ) = dist(f, f). If the event ]-"fip from Lemma B.5 occurs, then, for every MPNN © satisfying

Assumption A.10.7. and f : x — R with Lipschitz constant Ly, the following recurrence relation
holds:

O < D0 | D)
forl=0,...,T — 1. Here, QY is defined in (35), and

d2

min

8||W |2
K(Hl) = \/(L\p<z+1))2 + ” ”OO (Lq><z+1))2(L\I/(l+1))2' (36)

Proof. In the event ffip, by Corollary B.12, we have for every MPNN O satisfying Assumption

A.10.7. and f : y — R with Lipschitz constant L fs

dist (Agg”(sxf(”),Agj‘v”(f(”)) < QU+D (37)
forl =0,...,7 —1,and
dmin
ldx (2)] 2 = (38)
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forallx € x. Letl =0,...,T — 1. We have

dist(@4TV (£), U (1))
= 05TV () — S¥OL (F)l2:ce
< 08V (£) = ATV (X F D), SEVY D) = SXO5 (£)l2:00 (39)
(
(

— JALTD(ED) = ALFD(SX O g0 + [ALED (SX FO) — SXALED (1 O) |5,
< AGEY (D) = AGEV (S¥ ) 200 + QY.

We bound the first term on the right-hand-side of (39) as follows.

HA(lJrl (f(l)) l+1)(SXf(l)) 2

2;00

iH l+1)( ) Mg ( (l+1)(f(l)7f(l)))(Xi)>

2

WD (5% f0);, Mo (@D (SY £, 83 10)) (X)) |
< i(L )2§:H(f(l) M ((I)(H—l)(f(l) f(l)))(X.))
=N p(l+1) i G 9 [

i=1

( (SXF0),, Mg (@D (5% f0_ 5% )y (Xi)) H2

o0

o0

N
= M _ (g% 0y H
< y{Ean) (2”f (577 (40)

2

N
Z HM (I)(Hl f(l) f(l)))(X ) — Mg (@(l+1)(SXf(l)7 SXf(l)))(Xi)
< (Lyasn)? ((dlbt( (0, 1 0))°
N
e D [ M (@I (EO£0)) () — M (BD(S¥ £, 5% F0)) ()], )
i=1

< (Lyarn)? (0

N
+%Z Mg (2D (£, £ D)) (x,) — MG(q)(l+l)(5Xf(l),SXf(l)))(Xi)H2 )

[es)
i=1
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Now, forevery i = 1,..., N, we have

HMG (q)(l+1) (£, fu))) (X,) — Me <<p<z+1> (5% 5, gxfa))) (X;) ?

—HNZ dX“X B0 (£0(X,), 10 (X))

N
N
-~ Z P (U0 (). £ () — 0D (¥ 0 (), ¥ 7)) |
i’ Xz,X ‘ ZH( D) (£0 (x,), £0 (X)) — D (8% O (X,) SXf(l)(Xl)))Hz
N
< 4HdV2V,”gO%ZH(‘I’“+1)(f(”(Xi),f”)(Xj)) a0 (50 (x), 5% 10 x,)) ||
min ]:1

(41)
where the second-to-last inequality holds by the Cauchy—Schwarz inequality and the last inequality
holds by (38). Now, for the term on the right-hand-side of (41), we have

N
N > o0 0 00 - 05 1000, 8 100%) I

N z X 50) a X p() (42)
< (Lausn) Z(|f() =S¥ PO+ £005) - SO

(Lq)(l+l) Hf SXf l) H L,i,(z+1) (S(l))2.
Hence, by inserting (42) into (41) and (41) into (40), we have
l l
IAGSY (5D - AQ”(SXﬂ”)nz

< (L)’ (€ Z Mo (20 (£ £0)) (%) — Mo (2O (5% 50, 5% 1)) (x)]2,)
L\I}(l+1) 2( (l) 4HWHOO Lq,(l+1) Z Hf(l) SX (l)(X )Hio + (5(1))2))

2
L\Il(l+1) 2( 2 4HWH (L@(z+1))2((€(l)>2 + (E(l))z))

8||[W |2,
< (Lyan)? () + "(127”@@%1))2(6(”)2)
By inserting this into (39), we conclude
8|W |2,
||(;12 H (Lq>(l+1))2)(€(l))2 + Q(l+1)-

min

dist(@4T(£), 007V (1)) < (Lyasn)? (1 +
O

Corollary B.14. Let (x,d, pu) be a metric-measure space and W be a kernel s.t. Assumptions A.10.1-
6. are satisfied. Let p € (0, %). Consider a graph (G, f) (W, f) with N nodes and corresponding
graph features, where N satisfies (14). If the event J; Llp Jfrom Lemma B.5 occurs, then, for every
MPNN O satisfying Assumption A.10.7. and every Lipschitz continuous f : x — RY with Lipschitz
constant Ly,

T
dist(Oc(f(X)), 0w (f) <Y Q" [ &,
=1 U'=l+1
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where Q) and K® are defined in (35) and (36), respectively.

Proof. By Lemma B.13, for every MPNN O satisfying Assumption A.10.7. and every Lipschitz
continuous f : Y — R with Lipschitz constant L » the recurrence relation

e+ < D0 L gU+1)

holds for/ = 0,...,T — 1. We use that £(©) = 0 and (™) = dist (O (f(X)), Ow (f)). and solve
this recurrence relation by Lemma B.11 to finish the proof. O

Theorem B.15. Let (x, d, 1) be a metric-measure space and W be a kernel s.t. Assumptions A.10.1-6.
are satisfied. Let p € (0, %) Consider a graph (G,f) ~ (W, f) with N nodes and corresponding
graph features, where N satisfies (14). If the event }'fip from Lemma B.5 occurs, then for every

MPNN © satisfying Assumption A.10.7 and f : x — RY with Lipschitz constant Ly,

dist(0c(f(X)), Ow (f))
< N7H (@1 + Q2108(2/p) + Ul flloe + il fll log(2/0))
NI (g 4 Qg e + L)

. D
N~ =D |1 X og(N) +10g(2/p) - (Qs + Q
+ \/og(CXH 2D+ 1) og(N) +log(2/p) - (28 + Q|| flloo),

where §;, fori =1,...,9, are constants of the MPNN ©, defined in (48), which depend only on the
Lipschitz constants of the message and update functions { Ly, Ly}, and the formal biases

{12D(0,0) |00},

Proof. In the event ]-"fip, by Corollary B.14, for every MPNN O satisfying Assumption A.10.7. and
[+ x = R with Lipschitz constant L,

T
dist (0 (f(X)), 0w () <>V T[ K™, (43)
=1 U'=l+1

where

9 _
QY = Lyw <4X/Néllwloo(Lq>u> £ o + 112(0, 0)]oc)

min

S T Wlso L _
+ N 2Dx+D (2(”(31 H L@(L)Lf(l—l) + dim./([@(z)”f(l 1)”00 + H<I>(l)(0,0)||oc))

+ S (e

V2
: \/10g(0x) + Q(DS):—I) log(N) + 10%(2/19)))7

(Law 19 oo + [120(0,0)]1) )

dmin

and

8 W13
d2

min

(KU)? = (Lgan)? + (Lgpan)*(Lyan )
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We plug the definition of Q) into the right-hand-side of (43), to get

dist ( @W (f))

T
S _
; w( mllwllm@wllﬂ Voo +120(0,0)]o0)
+N

1 2|[W||le 2L
2(DX+1)( ” H L@(L)Lf(z by W w

min dmzn

(Lo 114V loe + 20(0,0)|c))

(Ltb(l)”fl 2 ”OO + H(I)(l (0 0)”00) (44)

(HWIIOO
\/5 dmzn

\/log(CX)+$mlog(N)+log 2/p) )) H K,

U'=l+1

+

By Lemma B.7, we have

1£Ollee < BY + BY || £l (45)
where By), Bél) are independent of f. Furthermore, we have
Lo < 2" + 2| fle + 2Ly, (46)

where Zfl), Zél) and Zél) are independent of f, and defined in (31). We plug the bound of L Fa-1)
from (46) into (43)

dist(@g(f( ))s @W(f))

< ZLW 7 IWlee (Lo £V loc +1120(0,0) o) + N~ BT
\/7 min

2 Wllso - - - _
3 v Low (2 + 25 7| flloo + 257 L) + T (Lo |17 oo + 120(0,0)]] )

dmzn min

Wl | ey )
+ 2 (L £+ 1900,0))

-\/log(C’) (DDiJrl)log( ) + log(2/p) )) H K.

U'=Il+1

We insert the bound of || f(!~1)|| o, from (45) in the above expression, to get

T
sz w( fdQ W oo (Lo (B ™ + B[ flloo) + [18D(0,0) | o) + N~ 700

Wileo -1 -1 -1 2Lw -1 1-1)
(” boe Lo (279 4+ 28 e + 280 0) + 22 (B0 4 B )

dm'm, min

Wl 1), pl-
0 = Lo BT+ BV ) + 19(0,0) 1))
mwn
D T

\/Iog(CX)-l-2(D+1)10g(N)+10g(2/p)>> I &™.

U=l+1

+

(47)
We insert the bound for €1, defined in (22) as

e1 = ¢(Lw (y/105(Cy) + V/Dy) + (VEIW |l + L) VIog2/p).
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into (47) to get

T ¢(Lw (VIog(C) + /Dy) + (VEIW Il + L) /108 2/p)
< Z Lyw| 4 TNE
=1 min

- -
AW oo (Lo (B 4+ BY V|1 f1]o0) + 2P0, 0)]|0)
2| W o

min

_71 — — —
+ N Law (20" + 28 V|| floe + 28V Ly)

2Lw , (-1 -1
+ VBV 1+ B[]l

dmln

4 O (Wl

. \/log(CX) + 2(l)lz>3r1)10g(N) +log(2/p) )> H K

'=l+1

(Law (BY ™ + BY VI flloo) + 1190(0,0) o))

Then, rearranging the terms yields

T L \/1 ) ++/D
_ZL\I,(UZLC w(Vlog(C X )|\W||OO(L¢,<1)B(Z D4 [20(0,0)]|o0) H K

U'=Il+1
C(V2|[W s + Lw)/log2/p - T '
+ZL¢< i VN2 IWlloe (Lo B + [000,0)|) T] &)
min U'=l+1
T T
CLW V1og(Cy) + /D - /
+ZLW< 4 Wi = )”WHOO(L@U)B( Nflee) ] K@
dmin U'=l+1
C(V2[Wlloo + Lw)+/log 2/p - L :
+ZLM I NiTE IWlloo (Lo BS V1 flle) T E®
dm'm U'=l+1
T
a2 W e 2L ,
+ZLW>N 2(D;+1)( |(|1W|| Low 20 1)+d 2w pa- 1)) I &
=1 min min /=141
T T
— 1 w 00 2L ’
£ Ly 2(DX+1)( 2| || Low Z5 V|| fllo + = WBu ”Hflloo) I1 &
=1 U'=Il+1

- e L
+3 Lo N NS = Ly Zy Ly II &“

=1 min V=141
T

1
+§ Ly N~ 20xFD
=1

D,
1 [log(Cy) + =2~ 1log(N) + log(2 K
\/g< 0+ grp gy B Y) + log /p)l/rl[ﬂ

Cx [Wlleo

dmin

(Low BY ™Y + (|20(0,0) )

Ox Wl

1—
7 a Leo B Sl
min

T 1
+ E L‘I,(z)Niz(DXJrl)
=1

-\/log(CX)+(Dl)_mlog( ) + log( 2/p) H K®

I'=l+1
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1 log(2/p) lf Il oo | f | log(2/p)
=M\ —+Q +Q +Q
WNUPUN YN TYTUN
4+ N3 (5 + Q6| flloo + Q7Ly)

N \/log(ox> Slog((V) + log(2/p) - (95 + %l ).

2(Dy T

where we define

a Lw (V1 VD
ZLWACW I EVDI i) (Lo 50 + 190 (0,0) ShIRE

l’ +1
V2|W|loo + L _ L ,
0= 3 Lyt dZ“ W>HW||OO(LMB¥ D4 e 0,0)x) T &
min ll_l+1
T
(Lw \/log )+ /D
Q=" Lyw4 ( )||WHOO(L¢(L>BU Y H K
mzn l'= lJrl
T T
V2||[W|lso + Lw)+/log 2 _ ,
Q4:ZLW>4§( | ||oo012 w)y/log /pIIWIIOO(L@wBél D) H K
min U/'=Il+1
_ 2[[Wlso -1 , 2Lw La-1) %)
Q5 B ;L\D(l) < dmzn Lq)(l)Z + dmlnB llglK

2(|W 1| oo 2L
Qﬁsz,)( ”d H Loo Z80 4 =W pli= ”) H K@

d
— min min U=i+1

Wl|oo
Q7:ZL\D(’)2”d ” Low Zy ™ H K©

min

=1 U/'=Il+1
T
0 =3 L S e (1500 4 o 0,0)1) T K
\/5 dmzn
=1 U'=Il+1

Wil
99:ZLW¢%”den Lew By ™ H K
U'=l+1

(48)
where Zy—l), Zél_l), Zél_l) are defined in (31), Bgl_l) and Bél_l) are defined in (27) and (28), and

/ 812
K" = \/(Lq/u’))Q + Hdz H (Lgan ) (Lgan)?.

min

Next we study the convergence of MPNNSs after global pooling. We give the following lemma.

Lemma B.16. Let (x,d, i) be a metric-measure space and W be a kernel s.t. Assumptions A.10.1-6.
are satisfied. Suppose that X1, ..., X n are drawn i.i.d. from p on x such that (X1,...,XnN) € 6L1p’

where the event E¥._ is defined in Lemma B.3. Then, for every MPNN O satisfying Assumptwn A.10.7

Lip
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and f : x — RY with Lipschitz constant L 2

X (o9}

1 N
¥ 2 (5%ew(n)(X) - [ w(Nwduy)

__ 1 C
< NI (2(2@ + 230 loo + 257 L)+ 2B+ B fle) - 49)

: \/10g(C’X) + 2(D],j)i&—1) log(NV) + 10%@/?))-

Here, ZfT), ZST), Zg(,T) and B%T), BéT) are defined in (45) and (46).

Proof. By Lemma B.7, we have

T T T
185 (oo < BT + 1 flloo BS"

and, by Corollary B.8, we have

T T T
Lompy S 2 + 257 | flloo + 257 Ly

for all MPNNs © and metric-space signals f considered. Hence, by Lemma B.3, equation (49)
O

holds.

Corollary B.17. Let (x,d, 1) be a metric-measure space and W be a kernel s.t. Assumptions
A.10.1-6. are satisfied. Consider a graph (G,f) ~ (W, f) with N nodes and corresponding graph
features, where N satisfies (14). If the event Ffip from Lemma B.5 occurs, then for every MPNN ©

satisfying Assumption A.10.7 and every f : x — R with Lipschitz constant Ly,

2 S+ S|f12 Rt Ralfli+RsL: T+ T f|A
Heg(f)_@%(f)H <5 1\2fo” n 1 ! zlllfH log(I)
N Dx+1 N Dx+1I

o0
Ss + Sall £12 R+ Bs|If13
i S B 1o o) 4 Tt W e 1oy

N Dx+1

where the constants are defined in (51) below.
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Proof. We have

|e - ek ()|

oo

1 N

_ HNZ@G(f)(XZ) —/G)w(f)(y)du(y)Hoo

1;1 , N

<[l 2 0aB)(X) — 5 D (S¥Ow (1) (X))
1 zj;l =1

Hlx X (¥ ewn) ) - [ ewnaut)]..
1 Jl\;l

< < 20X ~ (s¥Ow () (Xl

__ C
+ NI (2(25” + 2571w + 27 L) + B+ BT )

: \/log(CX) + 2(171311) log(N) + log(Q/P)>
= dist(@g(f),@w(f))

- C
+ NI (2(2@ + 25 Moo + 257 L)+ 2B+ BV f)

- \/ log(Cx) + 573 o8(N) + log@/p)) ,

where the last inequality holds by Lemma B.16. Together with Theorem B.15, we get

0L () — of ()] .

< Q1+ log(2/p) + Qallf o + Ul e lo8(2/p)
N2

L D5+ | flloo + DLy

1
N 2(Dx+D

+ SM9”f|°°\/10g(CX) + Q(DDiil) log(N) + log(2/p) (50)
X

1
N 2ZDxFD)

1 C
e <2< 27+ 237 oo+ 257 L)+ 5 (B + B o)

. \/log(C’X) + 2(1)13);1) log(N) + 10g(2/p)>.

Now we use the inequality
n 2 n
(Z al-) <n Z a?
i=1 i=1
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forany a; € Ry, =1,..., N, and square both sides of (50) to get

l05) — 05 (D’
02 + Q2| F11% N 14Q§ + QI f1I1% + Q3 L%
N N
QF + Q3| f12 D,
+14891°°<1 C +71 N)
e (108G + g gy los V)

(22 + (22|11 + (Z7)2L2

<14

+ 56

N7
(c2eB{"y2 + 2B 211 ) log(Cy) + 357y log ()
+7 =
X
Q2 + Q2| £]|2) log?(2 02 + 02
14l 1£112) log™( /p) PRVAL Sl Fi S
N N Dx+1
LGB + RBVPIS IR log(2/p)
N
S 2 R+ Ro|lflA + RsL: Ty + Tl |12
_ St S flls L0 2||fH1c>o 3% Dt 21Hf||oo log(IV)
N N DX+ N DxF1
Ss + Syl f]12 Ry + Rs||f]12
¢ S e g2 ap) 4 Tt M e 1o o),
N Dx+1
where
S = 1403
Sy = 1403
Ss = 1403
Sy = 1403
Ry = 1402 + 1492 1og(Cy) + 56(2{")2 + 7C2(B{"))? log(Cy )
Ry = 1402 + 1492 log(C,) + 56(25")2 + 702 (B{")? log(Cy)
Ry = 1403 + 56(25") 1)
Ry = 1402 + 7C2(B{")?
Rs = 1402 + 7C2 (B<T>)2
D
= 1402 X 4 7c2(B)? X
82(D + 1) +TO(BL)’ 2(Dy +1)
D
Ty=1402——X 4 7c?(B{)?2___=x
2 92(D, 1)+ (B ) 2(Dy + 1)’
and 4, ..., Qg are defined in (48), and BET) and BéT) are defined in (27) and (28). O

We now write a version of Theorem 3.1 (about the convergence error of MPNNs) with detailed
constants, and prove it.

Theorem B.18. Let (x,d, i) be a metric-measure space and W be a kernel s.t. Assumptions A.10.1-
6. and Assumptions A.10.8 are satisfied. Consider a graph (G,f) ~ (W, f) with N nodes and
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corresponding graph features. Then, for every f : x — RY with Lipschitz constant L f

2
EXl,...,XNN;LN

sup  [|©&(F) — Oy (£)]|

©€cLip;, >
SGVE(&4&%+Q%+&%MﬂP R1+R4+uﬁ+4%mfw + R L2
NDX+1

Ty + 1| f||%,) log(N :
o (T+ Tl log >>+O<exp(_N)NgT_g)7
N DXt

where the constants are defined in (51).

Proof. For any p > 0, we have with probability at least 1 — 2p for every © € Lip;, g, by Corollary
B.17, that

|05 (F) — ©5.(F)||2, < Hy + Hzlog(2/p) + Hslog?(2/p)
if (14) holds, where
a+wm@+m+&W%+&@+ﬂ+mw2

H1 - N —— g o] log(N),
N Dx+1 N Dx+1
2 2
HZZMaHdH;g:M,
N Dx+1 N

Further, for every p € (0,1/2), we consider k£ > 0 such that p = 2expg—k2). This means, if p
respectively k satisfies (14), we have with probability at least 1 — 4 exp(—k®) for every © € Lip, g,

|OE(F) — O (N>, < Hi + Hak + Hak?.

If £ does not satisfy (14), we get

]{3>N0=D1+D2\/ﬁ,
where D1 € R and D5 > 0 are the matching constants in (14). By Lemma B.10 and Lemma B.7, we

get in this case

N 2

¥ 206~ [ Ow(Nwanty

=1

|0&(#) — el (N, =

OO

o0
N 2

ZH@G( )i ||oo+2H/@W JWduw)|| (52)

IA

4
N

A

< 106 (0) B + 200w (1)

IN

4 /
SN+ A% + 2B 4 (1l BS) = (),

where the first inequality holds by applying the triangle inequality and Cauchy-Schwarz.

We then calculate the expected value by partitioning the integral over the event space into the
following sum.

Ex, .. Xy~u? sup H@g(f) - @Ix;/(f)Hio

©€lipy, g
N() 9
<> P(Hy + Hok + Hsk® < sup  ||OG(F) — Ofy (f)||, < Hi + Ha(k +1) + Ha(k + 1)°)
k—0 ®€LipL’B

(Hy + Ha(k + 1) + Hy(k + 1)?)

+ Y P(Hy + Hok + Hsk* < sup  ||©5(F) — ©F (1),
h=No ©€Lipy, p

~q(N)

< Hy+ Ha(k+1) + Hs(k + 1))

(53)
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To bound the second sum, note that it is a finite sum, since ||O&(f) — ©F,(f) Hio is bounded by
q(N), which is defined in (52). The summands are zero if H; + Hak + H3k? > g(N), which holds

for k > %JZ). Hence, we calculate with the right-hand-side of (53) by
No
<2 2exp(—k?) - (Hy + Ha(k+ 1)+ Hs(k + 1))
k=0

[V ]
+ > dexp(—Ng) - q(N)
k=No (54
< 2/ 2exp(—k?) - (Hy + Ha(k + 1) + H3(k +1)?)
0
aN)

+aexp(-NDa(N) |14

where g(N) = O(NT~1) is a polynomial in NV as defined above. The first term on the right-hand-side
is bounded by using

o0 2 o0 2 o0 2
/ 2(t +1)%e~" dt, / 2(t +1)e " dt, / 2¢~ " dt < 3y/7.
0 0 0
For the second term we remember that Ny = D1 + Do+ N. Hence,

EXI,...,XNNHN[ sSup H@g(f)_@{/yv(f)Hio]

©€Lipy,

C Generalization Analysis

In this section, we provide details on our generalization analysis of MPNNs. In Subsection C.1, we
detail the data distribution from the graph classification task, which was introduced in Subsection 2.4.
In Subsection C.2, we provide a detailed version and a proof for Theorem 3.3 (about the generalization
bound of MPNNSs). This is followed by a derivation of the asymptotics of our generalization bound in
Subsection C.3 and a comparison of the asymptotics of our generalization bound with other related
generalization bounds in Subsection C.4.

C.1 The Probability Space of the Dataset

Recall that the measure on the space ’ is denoted by ;7. Given a class j and N € N, the space of
graphs with IV nodes from class j is defined to be (x’)V. The measure on (y’) is defined to be
(u?)N, namely, the direct product of the measure i/ with itself N times. The space G; of graphs of
any size, which are sampled from class 7, is defined to be

G; = J o).
neN
The measure on G; is denoted by fig;, and defined as follows.
Definition C.1. A set of graphs S C G; is called measurable, if for each N € N, the restriction

Sy :={G € S| G has N nodes} ¢ (x))

is measurable with respect to (/)N . The measure of a measurable set S C G; is defined to be

oo

1o, (8) =Y v(N) ()N (Sn),

N=1
where v(N) is the probability of choosing a graph with N nodes (see Subsection 2.4).

41



The space of graphs of either of the classes j = 1,...,T is defined to be

r
G:=J3.
j=1

The measure on G is denoted by g, and defined as follows.

Definition C.2. A set of graphs S C G is called measurable, if for each j = 1, ..., T, the restriction
S; :={G € S| G is sampled from class j} C G;

is measurable with respect to ug,. The measure of a measurable S C G is defined to be

T
o (S) = vng,(S;),
j=1

where y; is the probability of choosing class j (see Subsection 2.4).

With these notations, the space of graph datasets of size m is defined to be G"* with the direct product
measure pg' . We denote a random graph sampled from the space of graphs by (G, f,y) ~ ug. Here,
y denotes the class of the graph, namely, the value y such that (G, f) is sampled from class y.

The next lemma is direct, and given without proof.
Lemma C.3. The spaces {G, ig} and {Gj, g, }, j = 1,...,T, are measure spaces, and pg and
kg, j =1,...,T, are probability measures.

Let us next derive a re-parameterization of the space of datasets G™. Given T ~ pug', for every
j =1,...,T, let m; denote the number of graphs in 7 that fall into the class j. Note that m =
(m1, ..., mpr) has a multinomial distribution with parameters m and v = (71, ...,7r), which we
denote by MN,,, . Conditioning the choice of the graphs on the choice of m, we can formulate

the data sampling procedure as first sampling m from MN,,, ., and then sampling {Gj £ P~

1771

)™, 9 =1...,1 independently of each other. Now, the measure of the space of datasets
pg;)™, 3 =1 I independently of each other. N hi pg' of the sp fd
can be parameterized as follows.

First, we define the following measure space. Let m = (my, ..., mr) satisfy Z§=1 m; = m. We
define the space

r
g™ .= H g;nj,
j=1
with the measure
r
pgm = [ e’ (55)
j=1

The space G™ is interpreted as the space of datasets with exactly m; samples in each class j.

We can now show the following parametrization of the measure space G™ of datasets of size m. The
lemma is direct, and given without proof.

Lemma C.4. A set of datasets S C G™ is measurable, if and only if for every m = (mq,...,mr)
with 25:1 m; = m, the restriction

Sm ={T € S|V1<j<T, T contains m; graphs from class j} C g™
is measurable with respect to jigm.

With these notations, g is decomposed as follows: G™ = |J,,, G™, and for every measurable set of
datasets S C G™,

r m;
ué (S) = > i, (M) D> " G, (Se).
m: mi+...+mr=m j=11:=1
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C.2 Proof of Theorem 3.3
The following corollary computes the expected robustness of a random graph, of arbitrary size,
sampled from pg;, and is a direct result of Definition C.1 and Theorem B.18.

Corollary C.5. Let {(W7, f7)} be a RGM on the corresponding metric-measure space (x?,d?, ji7)
that satisfies Assumptions A.10.1.-6. and A.10.8. Let jig, be the distribution from Definition C.1.
Then,

E(Gi,fj)~ygj [ sup ||@gj(fj) - @1}/31/1 (fj)Hio]

O€lipy, g

< 6ﬁ<(55j’ + 55+ (557 + S 112 Enms [N 7]
# (B4 B+ (R + RO + R LB [NV

T £ IO 912 Exny [log(N)N 707" o(E _N)NF-%
+ (Y + T P 1I5) Enny |log(N) + N~ [exp(=N) :

where Sl(j ), Rl(j ), Tl(j ) are the according constants from Theorem B.18 for each class j and are
defined in (51).

When sampling a dataset 7 ~ p™, the numbers of samples m; that fall in class x7, for j = 1,...,T,
are distributed multinomially. We hence recall a concentration of measure result for multinomial
variables.

Lemma C.6 (Proposition A.6 in [Vaart and Wellner, 1996], Bretagnolle-Huber-Carol inequality). If
the random vector (my, . . . mr) is multinomially distributed with parameters m and 7y, . . ., yr, then

r
P m; — my;| > 2/mA §2Fexp —2)\2
Y

i=1

forany A > 0.

We now write a version of Theorem 3.3 (about the generalization error of MPNNs) with detailed
constants, and prove it.

Theorem C.7. Let {(W7, f7) 5:1 be a collection of RGMs on corresponding metric-measure spaces
{7, d7, ) §=1 such that each one satisfies Assumptions A.10.1.-6. and A.10.8. Let g denote the

data distribution from Definition C.2. Let T = ((Gl, fi,91) -y (G, By ym)) ~ ug be a dataset
of graphs. Then,

2
1 m
]ET"‘HZL sup (m ZL‘(@@L (fi),yi) — ]E(G)f’y)NMQ [ﬁ(@g(f),y)])
i=1

@ELipLyB

8ILI2, 6T : : ] N -

<o Mller Wty (ﬁ((S§” +57 +(55 + SN2 B [V 7]
j=1

) ) ) . ) . 1
b (B9 + B+ (R + RO + R L)Exe [N

(7) Gy fin2 b res 3p_3
(10 + T %) Enms |log(NN 707 ) + O (Enes [exp(~N)NETE]) ).

where Sl(j ), Rl(j ), Tl(j ) are the according constants from Theorem B.18 for each class j and are
defined in (51).

Proof. Given m = (my,...,mr) with Z?Zl m; = m, recall that G™ is the space of datasets with
fixed number of samples m; from each class j = 1,...,I". The probability measure on G™ is given
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by pgm (see (55)). Similarly to the notation of Lemma C.4, we denote the conditional choice of the
dataset on the choice of m by

T
- {{sz fzJ ;’”;1 ~ pgm.

Given k € Z, denote by M, the set of all m = (my, ..., mr) € N} with er.zl m; = m, such that

2y/mk < Z;Zl |m; — m~;| < 2/m(k + 1). Using these notations, we decompose the expected
generalization error as follows.

2
1 m
ETNMQ” sup (m Zﬁ(@gl (fl),yz) — E(G,f,y)Nug [E(@g(f),y)])
i=1

O€Lipy, g

mj

= ETM@” sup Zzﬁ GJ ) E(Qﬂy)wtg [ﬁ(@g(f)7y)]
©€lipy g j 1i=1
r 2
I 1 m; ) ]
=Ereug | sup (D =D LOFE)y;) = 1B 0 ong, [L(O8: (£),9))]
©€lip, g i=1 m i—1 v
< P meMk X sup E7~ugm sup L(O j
2 P(m € M) X stp Brivyom | 300 ; Z w)
my; 2
—— ZE 6o £yng, [L(O6 (fﬂ>,yj)}>>
(56)
We bound the last term of (56) as follows. For j = 1,...,I', if m; < mry;, we add "ghost
samples", i.e., we add additional i.i.d. sampled graphs (G{n ) mJ) (G{m], hm) (W3, f).

By convention, for any two [, ¢ € Ny with [ < ¢, we define



for any sequence c; of reals, and define Z?: o ¢; = 0. With these notations, we have

T I D1 O AT

©€lipy g j=1

my; ?
A g)
r my; ) j
= Er~pgm [ sup (Z ( Z yJ + m Z £® )

G)ELlpL,B i=my;

- ZE@ #9)~ng, [£(OGs (fj)’ya‘)}»

(57

my;
< Ern~pgm o sup Z < Zﬁ @P f] y;)

€Llipy g =1

my;j ?
_— ZE(GJ fJ)N#g E(ng (fj)ay])]>>

2
r

F B Z( s = m 1€l

Let us first bound the last term of the above bound. Since any m € My, satisfies Z _q1|lmj—my;| <
2y/m(k + 1), we have

T 1 2 9 I 2
Brpon |2 | 30 (s~ millel ) | | < 2500l {3 o -]
— =~
2 8|1 £]|2
< = |Ll|2dm(k +1)? = =0 (4 1)2,
fmgll [5o4m(k + 1) - (k+1)
Hence, by Lemma C.6,
2

Iy
1
STB(m e M) x b Brygn |2 3 (el ~ mill)c
k ,

meMy, j=1

81 L1 2
<> P(me M) x (k1)

8|13
<Y 2l exp(—2k?) 2=l 1)?
Z B == (k+ 1)
2
g/ 2Fexp(—2k2)%(/€+l)2dk
0

2 ee}
_ or8l£l / exp(—2k*)(k + 1)*dk
m 0

2
< o8Il
m
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To bound the first term of the right-hand-side of (57), we have

©€lipy, g

r my;
ETmNMgm Sup Z < Z @P f] )
mry; 2
i Z E(Gi ti)mpg, [ sup  L(O¢; (1), yj)] ))

LlpL,B

r my;
gFZETmNMle sup ( ZL j )

j=1 @GLlpL,B

my; 2
—*ZE@ £1)~pg, l sup £(9§j(fj)7yj)D

©€Lipy,

r vjm
1 .
:FZVar(Gj,fj)Nugj [ sup  — Z E(@gj (fj),yj)l

j=1 O€Lip, 5 M 53

T
. )
=Iy EJ Var s £5)pg, [ sup  L(0g; (f7), yj)]

j=1 ©€lip, g
T
Vg ; . 2
<O PE it | sup L0 (), 55) — LOF,(F),5))]
= ’ |©cLip, 5

T
v , :
<UD B89, L) sup  Lz[0¢, () - @%j(fj)lio] :

€lip, g

‘We now apply Corollary C.5 to get

Z% < ((SI+S3+(S2+S4)||J”|2 JEN~w [N_l]

+ (R + Ra+ (Ro + Bo) | 912 + RsL2,) e {N_Dx-f“]

) +0 (ENW [exp(—N)N%T—%D )

log(NV)

+ (Ty + T 7|12 ) Enen

ND-;‘(+1
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Hence, by Lemma C.6,

r
ZIP’(m € My) x sup E7pugm | Sup Z

meMy, ©cLip;, p =1

- Z:J E(Gﬂ f7) N;Lg ‘C(ng (fj)a yj)]))

\/> r ')/ r 1 moy;j )
<Y LEr pom | SUP — Y LOL; (), y;
oS U | z(mz (©F, ).
my; 2
- ZE(GJ &) g, [L(OF;(f7), yj)]))
L VT

2FFZ’“LL<6\W ((S<“+S‘” + (S + SN 1% Enms [N

+ (B + R + (B + RO)F % + By L3, ) Eves {N_M}

) +0 (ENN,, [exp(—N)N%T_%D ),

log (V)
N D{<1+1

+ (T9 + T 7112 Enen

where S Rl(j ), Tl(j ) are the according constants from Theorem B.18 for each class j and are defined
in (51). All in all, we get
r my

ap (=373 L(Og,(£).y5) — E(G.)mus [L(OG(E).)]

ETN m
a ©cLip m - :
L,B j=14=1

8[|£]1% T r , , ) ) ) B
< 2F%w + %ff > vil: (6\/7?((55” + 59 4 (S5 + S F]1% ) B [N 1]

# (B9 + B9+ (R + RO + P LB [N

+ (T + T 1% By [log” )+ 0 (Exwy [exp(-N)NET-E]) )
NDJ +1
We define
= ﬁ\f max (Z S(]) + ZR(J) + ZT(J)> (58)
leading to
Erepg| s (Bony(©7)  Beey(07)) ]

©€lipy, g
o8| L2 2'TL2C ,
< 2, 2 TEC S (1P s + 23)

mn J
1 1+1log(N) 3p_3
. (ENNI/ |:N+]\71/DX.7'+1+O<6XP(_N)N2 2) .
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C.3 Asymptotics of the Generalization Bound

In this subsection, we derive the asymptotic dependency of our generalization bound in Theo-
rem 3.3 with respect to the uniform Lipschitz bound L of the message and update function, the
depth T, the maximal hidden dimension h and the average graph size, that we denote in this sec-
tion by abuse of notation IN. Since we bound the expected square generalization error, and most
other related generalization bounds are formulated in high probability, we transform our bound
in expectation to a bound in high probability, using, e.g., Markov’s Inequality (and then taking
the square root of the square error). By this, the comparison with other generalization bounds

formulated in high probability are valid. Hence, we focus on the constant v/C, where C is the
constant from Theorem 3.3. We reformulated Theorem 3.3 as Theorem C.7, where we observed

that C' < 6y/m maxj—1, .. r (Zf 1 S9 4 P RY) 4+ > T-(j)> where S(j) R(j) T(j) are the
according constants from Theorem B. 18 for each class 7 and are defined in (51). For a better presenta-
tion, we drop the class-superscript by setting S; = max; S( 7 Jforl=1,...,4, Rj = max; R( 7 , for
l=1,...,5and 7} = max; T(J) for | = 1,2. Further, denote C,, = max; CX], = max; D,
Lw = max; Ly, and HW||oo = max; ||WJHOO

The constants R;,.S; and T; are bounded by a polynomial of order 2 in 2, for j = 1,...,9, defined
in (48). The constants €2;, j = 1,...,9, depend on a polynomial of degree one in Zfl), Zz(l), Zél),
BY B and on a polynomial of degree at most T — 1in K for I = 1,...,T — 1. Here,
z, 7z 78D are defined in (31), B\" and B are defined in (27) and (28), and

/ 8||W |2
K) = \/(L\w’))z + ”dg I (Lgan)*(Lygan)?.

min

Hence, our strategy is as follows. We first work out the asymptotic behaviour of Zfl), Zél), Zél),
Bil), Bél) and K for | = 1,...,T — 1 with respect to the parameters. Then, we derive the
asymptotics of ), 5 = 1,...,9. These already agree with the asymptotic of V/C'. For this, we
writeA < z* if A is bounded by a polynomial of order k in .

We begin with observing that K @) < L? HXI;'J:C Since we only consider MPNNs © € Lip;, 5, we
have forl =1,...,T,

l

oo W oo
<3 (b (=100 0.0+ 1990,0)1) I Zow (s g )
: mln l/ k}+1 min

l
S ||Woo(||wooL2> RPN LU

~
l
m1n dmin dmm

and

l
Wl
Bél) < H Ly (1 + ”(i”L(b(k)>

HVVlloo 2l
STg L

min
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Forl=1,...,T, the constants Zfl), are defined in (31). We have

l
l
7" <Y ((L\p(m 20 (0,0) o + Lo | W o |2 (0,0)oc 17 )
k::1 min
1 L Wl
+ B )(Lq/(k)dlminquk)+pr<k>||W|ooL<I><k>dI2nm)> l;IJrlL‘I’("’(1+ dimin L‘I’“l)
. : B(k 12 Lw ||WHooL2 =t
NZ dr2n1n dmin
k=1
l W Ly (Wl 2\
S BIW et (L) L2 r
d dmln
P min min
W Lw o
SETgT
We have

Lw Wlleo
L<D(k) +L\I;(k)||WHOOL<I>(k)d ) H Lyan (1+ Hd H L@U’))

k=1 min " k1 min
L Wl 2" ™"
< ST BEV L2V gy (B 2
kZl W oo (T

k 1 -k

LwHWlloo 2
S—qg L
We have l
Wl
Z?()l) < H Ly (1 + Hdiulmp(k))
k?:l min
Wl 2
sl
Fori=1,...,9, the constant Q; depends on K () for which we have
K" < \/(Lq/(l'>)2 + Hdg ” (Lgan)*(Lgan)? S uLz
For €, we calculate
T T
CLw (\/1og(Cy) + /D _ ,
@ <Y Lyt - W (Lo B + [800,0)1) T] 5O
1=1 min U=14+1

5( /log +\/7 ZLQB(l 1) LWJLWHOO(LQ)T’I
Lw W%
S (y/log(Cy) + /D )BLQT%

min

Similar calculations lead to

L |[W|Z
Q; < (y/log(Cy) + +/Dy) B( T%.
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Hence,

g 27 2P (/08(C) + DY) B L WL Tog (V) “
~ \/m—i_ \/ﬁdTﬂ_l N~v |7 — 1 |- ( )

N 2(Dx+1)

C4 Generalization Bound Comparison

In this subsection, we compare our generalization bound, especially the asymptotics derived in
the previous subsection, with other related generalization bounds. Since related work does neither
consider the same network architecture, nor the same data distribution as our work, we emphasize the
setting of each of the cited results. We then write the asymptotics of the cited bounds in terms of
the maximal hidden dimension h, depth T, Lipschitz bound L of the message and update functions,
maximal node d degree and graph size N. We recall (59), where we derived the asymptotics of our
generalization bound from Theorem 3.3 with respect to T, L and N as

o(xaw log(N)D . o)

N D; 1)
C.4.1 PAC-Bayesian Approach based Bound

and O(1) with respect to h.

The generalization analysis of [Liao et al., 2021] considers MPNNs with sum aggregation for a
K -class graph classification setting. The authors differentiate between the input node feature vectors
X4, which is an unchanged input for every layer, and the node embedding/representation in the I-th
layer £(), where they take £(°) = 0. More formally, the MPNNs takes the following form.

Definition C.8. Let G be a graph with graph features x. A MPNN (in [Liao et al., 2021]) with T
layers is defined by taking the input feature representation £©) = 0, and mapping it to the features
£(1) in the I-th layer, which are defined recursively by

£ =0 | Wix, +Wap | > @) ] |, (60)
ueN (v)

where p, U and ® are nonlinear transformations, and W1 and Wy, are linear transformations. This is
followed by a global pooling layer, which takes as an input £T—1 € RN*E and returns the vector

%le(Tfl)WT c RIXK,

where Wr is a linear transformation. Here 1 denotes the vector (1,...,1) € RN where N is
the number of nodes in the graph.

The message and update functions in Definition C.8 are the same in every layer. It is assumed that
¥, p and ® have Lipschitz constants Ly, L, and Lg. Furthermore it is assumed that W, W5 and
W have bounded norms, i.e., ||Wil||2 < By, |[Wal|2 < By and ||Wr||2 < Br.

The expected multiclass margin loss is then defined as
Rp4(0) =P xy)~p ((Gg(x))y <7+ Ig?;‘ (@g(x))j) )

where D is the unknown data distribution, v > 0 and @g is the MPNN after pooling. Accordingly,
the empirical loss is defined as
1
Rro©) =% 3 1((05)),, <7+ mx (05, x)), )

(Gixi,yi)ET 7y

where the summand 1 ((@g (xi))y_ <y + max;y, (OF, (xl))J) is equal to 1if (©F, (xi))y_ <
7+ max;zy, (O, (x:)) ; and otherwise 0.

Furthermore, the following assumptions hold for the training set and the considered MPNNs
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Assumption C.9.

1. The training set T = {(G1,X1,¥1), -+ (GmsXm,Ym)} is drawn i.i.d. from some distribu-
tion D, where all graphs are simple and have node degrees at most d — 1.

2. The maximum hidden dimension across all layers is h.

3. The node features are drawn in an 1>-ball with radius B from the node feature space X.

The generalization bound is formulated in terms of the following constants: ( =
min ([[Willo, [[Wellz, [Wzllz), [ws = [IWillE + IWellE + [WrllE A = IWillz[Wr . € =
Ly %, and the percolation complexity C = Ly L,Lg||Ws||2. We summarize the main result

[Liao et al., 2021, Theorem 3.4] as follows.

Theorem. Let T > 1. Then for any 6,y > 0, with probability at least 1 — § over the choice of the
training set T ~ D™ of m graphs, for any T-layered MPNN ©, we have,

1. IfdC = 1, then
Rpo(©) < Rt4(0)

o \/32 max ((—=6, A3L) (T + 1)4h log(Th)|w|2 + log 7;)

vm

2. If dC # 1, then
Rp(©) < R7T,(0)

Lo \/BQ (max (¢~ T+, (&) T+D/T)) T2h log(Th)|w|3 + log ™I+

B

¥2m

We only consider the non-degenerative case dC # 1, as it is the generic case, which can again
be split into two cases. As the authors in [Liao et al., 2021] mention, these two cases cor-

respond to max(¢™1, (A)T) = ¢! (case A) and max((™1, (AE)T) = (AT (case B). In
practice case B occurs more often, where the generalization bound depends on the parameters

with orders O (di”“%”’”), O (VhTogh) and O (A1+%gl+% VIWAIE + [Wa % + ||Wz||%)-
In case A, the generalization bound depends on the parameters with orders O (\/ hlog h) and
O (¢~ AT + Wallz + TWilTE ).

We now describe the architecture in Definition C.8 in terms of the message passing framework from
(1). Forl =1,...,T, we denote by mgl) and fi(l) the message and graph feature of node ¢ in the [-th
layer, respectively. Given a simple graph G with node features (x;);, we set f; = x; as the input for
the MPNN. Then the message function in the first layer is given by ®()(f;, f;) = f;. We recall that
the message in MPNNs with sum aggregation is calculated as mgl) =D ieN() ®W (£, f;). The
update function in the first layer is given by ¥()(f;, mgl)) = (®(Wif)),f;). Forl=2,...,T — 1,
the message functions are defined as
I-1) (-1 -1
(! £7Y) = a(e(' V)

and the update functions are defined as
wOE m) = w (Wi )2 + Wap(m), (£17V)),

where (fi(l_l))g stays unchanged through all layers, and is equal to the input graph features x;. The
aggregation scheme is given by sum aggregation. Finally, the pooling in Definition C.8 can be
described by a graph MPNN layer with update function W followed by average pooling. With
this construction of message and update functions the MPNN © = ((U)T", (@) ) with sum
aggregation matches the architecture in Definition C.8.
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We summarize the Lipschitz bounds for the message and update functions by Lg) = 1, Lgr)y =
1, L\I/(l) = pr, L@(T) = ||WT||2 and L@(z) = L(b, L\I,(z) = L\I}(||W1||2 + HWQ”QLP) forl =
2,...,T — 1. For deriving our generalization bound in Theorem 3.1, we assume that there exists a
uniform Lipschitz bound for the message and update functions, denoted by L. Hence, we assume
that Le < L, L\I/||W1||2 + L\IJ||W2||2LP < L and HWTHQ < L.

For simplicity and better comparison with our generalization bound, we make use of the following
upper bounds,
C= LyL,Lo|Wa| < L?,

@)t -1
§=lv—

¢ = min([[Will2, [Wellz, [[Will2) < L and
A= [[Wi2[[Willz < L.

This leads to
0 (AH%HW W3+ IWall3 + ||Wz%) =0 (L (L)) L)

—0 <L2T72/T+1> .

Hence, the asympotics of the generalization bound in [Liao et al., 2021] with respect to the maximal
hidden dimension h, the Lipschitz bound L, the depth 7" and the maximum node degree d can be
summarized respectively as

O (a"H) 0 (Vhlogh) and O (12772741

C.4.2 Rademacher Complexity based Bound

We next analyze the bound derived in [Garg et al., 2020]. Since [Garg et al., 2020] consider the same
architecture, defined in Definition C.8, as [Liao et al., 2021], we adopt the notation from Subsection
C.4.1. The authors in [Garg et al., 2020] consider a binary graph classification task with the same
Assumptions C.9 on the training set and the MPNN as in [Liao et al., 2021]. The main result can be
summarized as follows.

Theorem. Let T > 1. Then for any 8,y > 0, with probability at least 1 — § over the choice of the
training set T ~ D™ of m graphs, for any T-layered MPNN ©, we have,
Rpo(0) < Ry (0)

log (||WTH2\/7HmaX (Z,f\/ﬁmax (BHW1||2,R||W2||2))) +\/€

1
+ 0| — +h|Wr|22 =
ym yem m

where R is a constant specified in [Garg et al., 2020] that satisfies R < L,LedB||W1]2¢, and
Z = B|Wh |2 Wrl|s.

We only consider the case max (Z,f\/ﬁmax (BB1,RBQ>) = ¢VhRB,, which is the

generic case (see [Liao et al., 2021, Subsection A.5.2] for the other cases). Thus the
generalization bound from [Garg et al., 2020] depends on the parameters with orders

o (dT_l\/W) O (h\/log \/E) and O ()\Cf log(||W2H2/\§2)) .

Similarly to Subsection C.4.1, we consider a uniform Lipschitz bound L for the message and update
functions. We thus consider the upper bounds on &, A and C, summarized in (61), which leads to

o (ACf log(HWQHQ)\{?))) —0 (LQT, /log(L4T4)> .

Hence, the asympotics of the Rademacher based generalization bound in [Garg et al., 2020] with
respect to the maximal hidden dimension h, the Lipschitz bound L, the depth 7" and the maximum
node degree d can be summarized as

0 (dT_l\/log(dT—?’)) e (h log \/E> and O (LQT\/W> .
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VC-Dimension Based Bound [Scarselli et al., 2018] The work by [Scarselli et al., 2018] considers
graph neural networks in supervised classification or regression tasks, where the input is a graph G
with graph feature map x and one node of interest v in which we want to produce a prediction. They
apply a recurrent graph neural network on the graph G with graph feature x, and then evaluate the
output graph feature map f only in v. They then calculate the loss between f(v) and its given desired
target y. More formally, the training dataset 7 is defined as 7 = {(G%,x%,v%,y%) | 1 <i < m},
where m is the number of graphs and each tuple (G?,x%, v, y") denotes a graph G* with graph
features x¢, the supervised node v*, and the desired target yi for that node.

Given a graph G = (V, E) with graph features x the graph neural network architecture is defined
implicitly, as a method that solves a system of equations, and the solution is the output of the network.
The equation is given by
fi= Y O(xif,x;), VieV (62)
JEN (@)
where @ is a multi-layer-perceptron with input [x;, f;, x;], and the solution f to (62) is defined as the
output of this part of the network. The output of the network o; € R for the node i is then defined by

0; = g(x4,f;), (63)

where ¢ is a multi-layer-perceptron. Given the training data set 7, the empirical 10ss Remp is then
defined by the sum of the squared errors, i.e.,

m

Rcmp = Z(}’Z - Ov")2'

i=1

One way to solve the fixed point problem (62) is by a fixed point iteration, which means that we can
interpret the architecture as a recurrent message passing network (theoretically with infinite depth),
where all message functions in all layers are equal to .

Scarselli et al. [2018] derive VC-dimension bounds for the mapping that takes as an input a tuple
(G, x,v) of a graph G with features x and node of interest v and outputs o, as defined in (62) and
(63). The VC-dimension bound depends on the total number of parameters p of the network and
a predefined maximum graph size N. Furthermore, the bound for the VC-dimension depends on
the choice of the activation function in the MLPs ® and g. If the activation is given by tanh and
logistic sigmoid activations the VC-dimension scales as O(p*N?). Since p can be related to the
maximum hidden dimension h by p € O(h?), the VC-dimension scales as O(h® N?). Consequently,
the asymptotics of the generalization bounds in [Scarselli et al., 2018] with respect to h and IV can be
summarized as
O(h*) and O(N).

For piecewise polynomial activations the VC-dimension scales as O(h*log(IN)N), hence the gener-
alization bound scales in this case as

O(h?) and O(+/log(N)N)
with respect to h and N.

D Details on Numerical Experiments and Additional Experiments

In this section we report additional experiments and write all details corresponding to Section 4. We
First give an example that illustrate our convergence theorem (Theorem 3.1), and then introduce a
comparison between our generalization bound and the Rademacher complexity [Garg et al., 2020]
and PAC-Bayesian [Liao et al., 2021] bounds, evaluated on synthetic datasets.

D.1 Convergence Experiments

In this section, we show simple numerical experiments on the convergence of sampled MPNNs from
a random geometric graph model, on toy data. We consider random geometric graphs [Penrose,
2003], which can be described by using RGMs with the kernel W (z,y) = 1 (4)(y) on [0,1]2,
equipped with the uniform distribution and the standard Euclidean norm. Here 15 (. is the indicator
function of the ball around 2 with radius r. Even though 15 (,)(y) is not Lipschitz continuous, and
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Figure 2: The average worst-case error between MPNNSs realized on graphs and on the limit RGM,
with varying number of nodes, drawn from the RGM W (z,y) = 1p, () (y) (Where 1p (,) is the
indicator function of the ball around z with radius r = 0.2 in the space ([0, 1]2, || - ||z, £)), and a
random low frequency signal. Left: graph sizes on the z-Axis and error on logarithmic y-Axis. Right:
log, of the graph sizes on the z-Axis and log, of the error on the y-Axis. The slope of the curve
represents the exponential dependency of the error on N.

hence does not satisfy the conditions of Theorems 3.1, 15 _(4)(y) can be approximated by a Lipschitz
continuous function. As the metric-space signal we consider a random low frequency signal (see
Figure 2).

For our network, we choose untrained MPNNs with random weights, where each layer is defined
using EdgeConv [Bronstein et al., 2017] with mean aggregation, and is implemented using Pytorch
Geometric [Fey and Lenssen, 2019]. More precisely, we consider MPNNs with 2 layers. The message
function in the first layer is defined as (V) (f;, f;) = KM (f;, f; — f;), where A1) is a 1-layered MLP
with ReLU activation, input dimension 2 and output dimension 3. The message function in the second
layer is defined as ®2 (", (1) = @ (£, f;l) — £, where h(? is a 1-layered MLP with
ReLU activation, input dimension 6 and output dimension 1. The update functions are given by
\Il(fi(l)7 mgz)) = m'?. This is a followed by an average pooling layer.

We ran the experiments that depend on random variables 10 times and report the average results with
error bars that indicate the standard error. One run consists of the following steps. We consider 10
different graph sequences, where each graph sequence contains randomly sampled graphs of 2¢ nodes,
withi =1,...,13. We then consider 50 (different) randomly initialized MPNNs, and compute for
each graph sequence the worst-case error between the output of the cMPNN to its sampled graphs,
i.e., for every graph size IV, we pick the MPNN with the highest error. We then average the resulting
10 errors over the 10 different graph sequences, to approximate the expected error over the choice of
the graph. In Figure 2, we plot the average error over the 10 runs on the logarithmic y-axis and the
number of nodes on the x-Axis. We also provide a log-log-graph of this relation. Recall that in a
log-log-graph a function of the form f(z) = x¢ appears as a line with slope c. We observe that in
this toy example the worst-case error, which corresponds roughly to the uniform convergence result
in Theorem 3.1, decays faster than our theoretical worst-case error bound —1/6. This suggests that,
at least for band limited signals on random geometric graphs, our convergence bounds are not tight.

Computing the exact cMPNN would involve computing integrals. To approximate this integral, we
sampled a large graph from the RGM. For the largest graph, we choose 2'# nodes. Our smaller graphs
consist of 2¢ nodes, with i = 1,...,13, and are sampled directly from the RGM. As the metric-
space signal we consider a discrete random band-limited signal of resolution 256x256, defined as
f = F~1(v), where v consists of randomly chosen Fourier coefficients in the low positive frequency
band 20x20 such that the coefficients in the lowest positive frequency band 8x8 are amplified by a
factor of 10, and F~! is the inverse Finite Fourier Transform.

D.2 Generalization Experiments

In this subsection, we provide details for the numerical experiments from Section 4 and report
additional generalization experiments.
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Table 2: Readout of the constants depending on the datasets. Each column represents the value of the
respective dataset parameter used for the calculations of our generalization bounds.

Wl Lw lfle fo N m  dun

ER-SBM 0.41 0.5 0.5 0.5 50 100K 0.25
ER-EXP 0.5 1 0.5 0.5 50 100K 0.373
EXP-SBM 0.5 1 0.5 0.5 50 100K 0.25

D.2.1 Dataset

We create three different synthetic datasets of random graphs from different random graph models.
The domains of the graphons (the metric space), is taken as the Euclidean space [0, 1]. First, we
consider Erdos-Rényi graphs with edge probably 0.4 with constant signal, represented by (W7, f1)
with Wy (x,y) = 0.4 and f;(z) = 0.5. We also consider a smooth version of a stochastic block model,
represented by (Ws, fo) with W (z,y) = sin(2rz) sin(27y) /27 +0.25 and fo(z) = sin(z)/2. Last,
we consider an exponential radial graphon, represented by (W3, f3) with W5(z,y) = exp(—|z —
y|?)/2 and f3(x) = 0.5z. For each graphon, we create 50K graphs of size 50. We call the Erdos-
Renyi dataset ER, the stochstic block model dataset SBM, and the exponential radial dataset EXP.
We then consider all possible pairs, i.e., ER-SBM, ER-EXP and SBM-EXP, and train a binary
classifier for each pair. We split each dataset to 90% training examples and 10% test.

D.2.2 MPNN Details

For our network, we choose MPNNSs intialized with random weights, where each layer is defined
using GraphSage [Hamilton et al., 2017], and is implemented with Pytorch Geometric [Fey and
Lenssen, 2019]. We consider MPNNs with 1,2 and 3 layers. The message functions are defined by

(0 pl=1) p(=1)y _ £(I-1)
O (f; f; ) = f; .
The update functions are given by

\I’(l) (fi(l_l)> mgl—l)) _ p(Wl(l)fi(l_l) + W2(l)m§l—1))’
where W1(1) € R128x1 Wz(l) c R128x1 4nd WI(Q), W1(3) € R128x128 VV2(3)7 W2(3) c R128X128 e
then consider a global mean pooling layer, and apply a last linear layer () (including bias) with input
dimension 128 and output dimension 2. This last linear layer is seen as part of the loss function in the
analysis, and contributes to the generalization bound via the Lipschitz constant and infinity norm of
the loss, as seen in Theorem 3.3.

D.2.3 Experimental Setup

The loss is given by soft-max composed with cross-entropy (composed on the last MLP). We consider
Adam with learning rate [r = 0.01. For experiments with weight decay, we use an /2-regularization
on the weights with factors 0.27,0.15 and 0.05 for the ER-SBM dataset. For the ER-EXP dataset we
consider weight decay factors 0.37,0.15 and 0.05. For the SBM-EXP dataset we consider 0.28, 0.05
and 0.05. We train for 1 epoch. The batch size is 64. We consider 1, 2 and 3 layers.

D.2.4 Details on Computations of Our Bound

We compute our generalization bound according to the full formula given in Theorem C.7. The
terms depending on the dataset are: the size of the training dataset m, the average graph size IV, the
minimum degree d, the largest infinity norm of the graphons ||W ||, largest Lipschitz norm of the
graphons Lyy, the largest infinity norm of the metric-space signal || f ||, the largest Lipschitz norm
of the metric-spaces signals L ¢ and the number of classes is I' = 2. For every dataset, we summarize
these terms depending on the dataset in Table 2.

Our bound depend also on the Lipschitz constants of the trained GraphSage MPNN, i.e., on the
Lipschitz norms Ly ) and Lgq of the update function v and message function <I>(l), given in
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Subsection D.2.2. We have Ly = || [I/Vl(l)7 WQ(Z)] HOO and Lgywy = 1. We readout the norms
|| [Wl(l), WQ(I)] HOO for every layer, and plug it into our bound. The bound also depends on the infinity
norm and Lipschitz constant of the loss. We compute these constants in the next subsection.

D.2.5 Computation of the Infinity Norm and Lipschitz Constant of the Loss

Next we bound the Lipschitz constant and infinity norm of the loss. Namely, we derive properties of
softmax composed on cross-entropy. Softmax composed with the cross-entropy loss in the case of
binary classes take the form

e’t e’
Lcr(x;y) = —y1 log (W) — 2 log (W) )

where x = (21, 22) € R? and (y1,92) € {e1, e2} depends on the target label, where e; = (1,0) and
ez = (0, 1). When the target label is fixed, we write in short Lo (X) := Lor(X;y).

Lemma D.1. The loss Lcg is Lipschitz continuous with Lipschitz constant 1. Additionally, Lcg is
locally bounded in the following sense:

| LcEll Lo (- &, k]2) < log(1 + e,

where HL:CE||Loo([,K7K]2) = maxxe[,K’K]z H‘CCE(X)H

Proof. We compute

0 e®1 e*1
—Lce(z1,22) = — 1 (1 - ) + Y2

0x1 ev1 4 e*2 ev1 4 e*2

e™t

=( + yz)m W

et
Tet v u
Since m € [0,1] and y; € {0, 1}, this implies
iﬁ (z1,22)] <1
8.731 CE\L1,42)| > 1.

By symmetry we conclude that Lcg is Lipschitz continuous with constant 1.
Last, let (1, 72) € [~ K, K]? and without loss of generality 3; = 1 and o = 0. We have

|Cep(1,22)| = — log (e>

er1 + etz

er2
=log (1 + )
e’1

<log (1 + €*).
O

The above lemma tells us that in order to bound the infinity norm of the loss we must bound the
domain of the loss - the output of the MPNN.

LemmaD.2. Let © = (2T, ()T ) be a MPNN s.t. Assumption 7. is satisfied. Consider a
graph with N nodes and a graph feature map £ € RN*¥ . Then,
IOE(E)lloc < A"+ A”|[f ]| ocio0

where

T
Z(Lwncb“ (0,0) s + [€(0,0) ) I Zucor (a1
=1 U'=l+1

and

T
"= HL\I,(Z) (1 + L@(z)).
=1
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Proof. Let G be a graph with weight matrix W = (W; ;); j—1.. .~. Let! =0,...,T — 1. Then, for
k=0,...,l, we have

I e = [0 (67, m{0) |
< o (19, m* ) - w00+ 0. 64

< Ly (I oo + [mf | ) + 195 (0,0 o,

where m* ) — WZJ L Wiy @D (£ 7). For this message term, we have
Im{* V)| = ZW 4D (£ (1))
Z] 1W2J j=1 I
: (65)
< || max <I>(k+1)(fi(k),f](k))‘
j=1,\N -
< max Lowen [ oo + [ 240(0,0)]

.....

Denote [|f||so;00 = max;=1,. ymax,=1 __p |f; ;| forf € RN *F_ We have as a result of (64) and
(65)

£+ o
< Lyoern (I8P ocioe + (Lo [£9) oo + [0 (0,0)]c) ) + #+(0,0)
which we can write as
4D o
< Lyoern (14 Laen ) 1P lagsoo + Lyoeen |24 (0,0)]loc + [#4FD(0,0) .

We apply Lemma B.11 to solve this recurrence relation, to get

k

k
1 ocioo <37 (Lo 19000, 0)loc + [0 0,0)1oc) [T Lo (1+ Lgr)
=1 U'=Il+1

| sos00 H Lyo(1+ Lew)
=1

Now, since for general bounded functions F': x — R™" and z1,...zx5 € X

X
N;F(%)

the proof is done. O

< [1Floo,00-

Note that using our analysis, for the MPNN architecture presented in Section D.2.2, the loss is not
just Lcg, but the composition of Lcg, on the last linear layer of the network. We denote this total loss
by Liotal = Lok © Q. Hence, in our analysis the Lipschitz constant of the total loss is bounded by

Ltotal ||Q||OO7

where || Q]| o is the induced infinity norm of the matrix (). The infinity norm bound of the total loss
is bounded by

[ Lootalllco < log(1 + e2(1QUI=K+b)),
where K is the infinity norm of the MPNN.
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D.2.6 Details on the Computation of Bounds from Other Papers

The papers [Liao et al., 2021] and [Garg et al., 2020] do not provide generalization bounds for general
MPNNS, but only for a specific architecture — GNNs with mean field updates, as defined in Definition
C.8, namely

fl(l) =v Wlxi + ng Z @(fj(lil)) 5
ueN (v)

where p, U and ® are nonlinear transformations, and W7 and W5 are linear transformations. This is
followed by a global pooling layer, which takes as an input (7= € RV <X and returns the vector

%1Nf(T71)WT c RlXK’

where W7 is a linear transformation. Here 1 denotes the vector (1,...,1) € RY*Y where N is
the number of nodes in the graph. As described in Subsection C.4.1, GNNs with mean field updates
are a special case of MPNNS.

The generalization bounds in [Liao et al., 2021] and [Garg et al., 2020] are formulated in terms of
the following constants: ¢ = min (|[W |2, [Wallz, [[Wr|l2), [w]3 = [Wi]% + [[WallF + W%,
A = [[Wh]|2|Wrlle, € = Lq,(dcd)cl%, and the percolation complexity C = Ly L, L ||W2||2, where
Ly, L, and Ly are the Lipschitz constants of ¥, p and ®. For the calculation of the generalization

bounds, we use the fully non-asymptotic generalizations bounds, provided in [Liao et al., 2021,
Subsection A.7]. There, the PAC-Bayesian based bound is given by

2
42232 (max (n—<T+1>, (Ag)%)) T2hlog(4Th)|w|2
5 . (66)
v2m
The Rademacher based bound is given by
3log (24]|Wr l2/m max (Z, Mv/E max(B|[Walla, RIW]2) ) )
48h||Wrl|2Z m (67)

Note that GraphSage cannot be described in terms of mean field update networks, and vice versa. In
order to still report some comparison between the generalization bounds, we offer some conversion
between the constants of the two methods, and then apply the PAC-Bayes and Rademacher bounds
on the converted bounds. It should be noted that the comparison is a bit like “comparing apples to
oranges,” but still gives insight into the respective bounds, their asymptotics, and their usefulness in
practical situations.

Since the transformation by W (W5 (-) + W2 o p(-)) can be seen as an update function, similarly to
the one in GraphSage, we set in the PAC-Bayes bound ||W1 |2 = |[Wall2 = 1/T ZlT:l L), where
Ly is the Lipschitz constant of the update function of GraphSage in the /-th layer. The message
function in GraphSage is the identity, which corresponds to ®. We thus convert this to Ly = 1 in the
PAC-Bayes generalization bound. Finally, we give a lower bound for the maximum degree over all
graphs in the datasets by setting d = Nd,;, (note that the PAC-Bayes and Rademacher complexity
based bounds increase with increasing maximum degree).

D.2.7 Generalization Comparison Results

The results are reported in Figure 3. The different experimental setting are given on the x-Axis. We
report experiments for MPNNs with depth 7' = 1, 2, 3 with weight decay (WD) and without weight
decay (w/o WD). The bound values are reported in a logarithmic y-Axis to improve comparability. In
addition to the figures, we also provide numerical values of the bound calculations in Table 3.

Our generalization bound is tighter than the PAC-Bayes bound and the Rademacher bound under all
settings, i.e., for all datasets, for all depths, with weight decay and also without weight decay.
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Figure 3: The generalization bounds on all datasets, i.e., i) ER-SBM, ii) ER-EXP and iii) EXP-SBM,
for different number of layers T' = 1, 2, 3 with weight decay (WD) and without weight decay (w/o
WD). Bounds are given in a log;-scale.

D.3 Additional Comparison of the Generalization Bounds

In this subsection, we present additional plots of the generalization bounds which showcase the
dependency on the average graph sizes in the dataset. The parameters in these plots are set not for a
specific dataset and trained network. The plots can be interpreted as the bounds corresponding to
training with certain constraints or regularization terms leading to the respective constants (Lipschitz
bounds and infinity norms).

We consider a theoretical setting in which we assume that the following parameters are given: The
dataset has 50K graphs, randomly sampled from RGMs with graphons that have maximum infinity
norm |W{|s = 0.4 and Lipschitz norm Ly, = 0.5. We assume that the metric-space signal are
bounded by 0.5 and have Lipschitz constants of maximum 0.5. Furthermore, we assume there is a
linear layer after pooling such that the norms of weight matrix and of the bias are upper bounded by
0.5 and 0.1, respectively. The infinity and Lipschitz norms of the loss function are assumed to be
bounded by 1.

We then consider different datasets with graphs of average size N = 2%,2% ...,2%%  Since the
PAC-Bayes and Rademacher generalization bounds scale with the maximum node degree d of the
graphs, we estimate the degree by setting d = N - dpyin, Where dy,i, is the graphon degree. We
report our generalization bound with respect to the graph size in Figure 4. The comparison with other
generalization bounds is given in Figure 5. As expected by our theoretical results, our generalization
bound decays with respect to the average graph size. In contrast, we see that both the PAC Bayes
based bound and the Rademacher based bound increase with respect to the increasing graph size.

In Figure 6 we showcase the dependency of our generalization bound on the Lipschitz constant
of the graphons. For this, we fix the graph sizes in the dataset to 1000, and compute the resulting
bounds for increasing Lipschitz norms. The rest of the parameters are as specified above. We plot the
generalization bound for MPNNs with depth 1, 2 and 3 in Figure 6.
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Table 3: Bound comparisons on all synthetic datasets.

T=1WD ER - SBM ER - EXP SBM - EXP
Rademacher 3.9597 x 10° 5.5278 x 109 3.6869 x 10°
PAC-Bayesian ~ 1.9597 x 10* 5.8187 x 103 7.8245 x 103
Ours 88373 x1072 1.325x 107! 24495 x 10~?
T=1w/o WD
Rademacher 1.7329 x 10° 4.3686 x 10* 2.2311 x 10°
PAC-Bayesian ~ 6.0161 x 10° 2.6146 x 10* 7.2969 x 10°
Ours 1.3534 x 101  4.4827 x 10° 1.7109 x 10!
T=2WD
Rademacher 3.2439 x 10° 6.3963 x 10° 1.9428 x 10%
PAC-Bayesian  3.0695 x 103 3.2992 x 103 1.4299 x 10*
Ours 1.2817 x 10°  1.7047 x 10°  5.4857 x 10°
T=2w/o WD
Rademacher 1.1943 x 108 1.4238 x 108 1.3619 x 107
PAC-Bayesian ~ 4.0392 x 107 6.9262 x 107 1.3817 x 1010
Ours 1.1875 x 102 1.478 x 102 1.9353 x 103
T=3WD
Rademacher 2.7221 x 10° 1.2286 x 10° 1.2529 x 10°
PAC-Bayesian  3.9963 x 107 2.6016 x 106 2.6141 x 10°
Ours 8.1312 x 107 8.1904 x 10° 2.7574 x 10!
T =3 w/o WD
Rademacher 1.1762 x 108 1.0872 x 10° 4.8271 x 108
PAC-Bayesian 6.225 x 10° 5.1689 x 10°  3.7028 x 10!
Ours 3.1606 x 10® 3.5428 x 103  1.8596 x 103
04
0.6
e Coa
202 2
8 ,S 0.2
0.1
5 10 15 20 25 5 10 15 20 25

log, of Number of Nodes

log, of Number of Nodes

Figure 4: Our generalization bounds with respect to increasing average graph sizes. On the x-axis
we give the average number of nodes in the dataset in log,-scale. On the y-axis, we give our
generalization bound.
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Figure 5: The generalization bounds with respect to increasing average graph sizes. On the x-axis,
we give the average number of nodes in the dataset in log,-scale. On the y-Axis, we give our
generalization bound, the PAC-Bayes based bound and the Rademacher complexity based bound for
MPNNs with depth 2 (left) and depth 3 (right) also in log,-scale.
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Figure 6: Our generalization bounds with respect to increasing average Lipschitz norm of the graphon.
On the x-axis we give the maximal Lipschitz norm of the graphons from which we sampl the dataset.
On the y-axis, we give our generalization bound. The rest of the parameters are equal to the parameters
in the setting of Figure 5 (see Subsection D.3) with fixed graph size N = 1000.

E Background in Random Processes

In this section, we provide background information in probability theory, and focus on random
processes and concentration of measure inequalities.

Definition E.1 (Definition 7.1.1. in [Vershynin, 2018]). A random process is a collection of random
variables (Y;)ier on the same probability space, which are indexed by the elements t of some set T.

The following lemma provides an upper bound on the probability that the sum of bounded independent
random variables deviates from its expected value by more than a certain amount.

Theorem E.2 (Hoeffding’s Inequality). Let Y1,..., Yy be independent random variables such that
a <Y; < balmost surely. Then, for every k > 0,

p(miﬁf ~EVi])| 2 k) < 20x0 (- é’iﬁ&)

Definition E.3 (Definition 2.5.6 in [Vershynin, 2018]). A random variable Y is called a sub-Gaussian
random variable if there exists a constant K € R such that E exp (Y?/K?)] < 2. The sub-Gaussian
norm of a sub-Gaussian random variable X is defined as

Y|y, = inf {t >0:Efexp (Y2/12)] < 2}.

Lemma E.4 (Example 2.5.8 in [Vershynin, 2018]). Any bounded random variable Y is sub-Gaussian
with

1
Y]y, <

< eVl
n(2)
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Definition E.5 (Sub-Gaussian increments, Definition 8.1.1 in [Vershynin, 2018]). Consider a random
process (Yy)zey, on a metric space (x, d). We say that the process has sub-Gaussian increments if
there exists a constant K > 0 such that

Ve = Yoy, < Kd(z,2")

forall z, 2" € x. We call (||Yy — Yar||ys) 2,07 ey the sub-Gaussian increments of (Yy)zey-

Lemma E.6 (Centering of sub-Gaussian random variables, Lemma 2.6.8 in [Vershynin, 2018]). IfY
is a sub-Gaussian random variable, then so is Y — E[Y], and

I =¥ Ils < (g + DI¥ e

Lemma E.7 (Proposition 2.6.1 in [Vershynin, 2018]). Let Y1,...,Yx be independent mean-zero
sub-Gaussian random variables. Then, Zivzl Y; is also a sub-Gaussian random variable, and

N 9 N
}/i 2 < Z e )/; 2 .
||i:z1 g, < 7 ;H [

Theorem E.8 (Dudley’s Inequality, Theorem 8.1.6 in [Vershynin, 2018]). Let (Y, ). be a random
process on a metric space (X, d) with sub-Gaussian increments, i.e., there exists a K > 0 such that
1Yy — Yoy, < Kd(x, ') forall z,2’ € x. Then, for every u > 0, the event

sup Y, — Y| < CK(/ V1ogC(x, e, d)de + udiam(x))
0

x,x’ €EX

holds with probability at least 1 — 2 exp(—u?), where C(x, €, d) is defined in Definition A.1 and C is
a universal constant, specified in [Vershynin, 2018, Chapter 8].
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