Supplementary Material for
Exponential Hardness of Optimization from the Locality in Quantum Neural Networks

Appendix A: Preliminaries

We start from the definition of a unitary ¢-design [1]. Consider a ensemble V of unitaries V' on a d-dimensional Hilbert space,
and denote P; (V) as an arbitrary polynomial of degree at most ¢ in the entries of V and at most ¢ in those of V1. Then V is a
unitary t-design if

ﬁ > PulV) :/u dp(V) P (V), (A1)

vev (d)

where | V| is the size of the set V, U/(d) is the unitary group of degree d and dy(V) is the Haar measure on i/ (d). Namely, P, (V')
averaging over the ¢-design V will yield exactly the same result as averaging over the entire unitary group U/ (d). Fortunately,
these integrals over polynomials can be analytically solved and expressed into closed forms. For example, the following element-
wise identities hold for the first two moments [2, 3]
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where v; ; and v}, ;, denote the entries of V' and V", respectively, and d;,; denotes the Kronecker delta. For practical purposes,
these element-wise identities need to be transformed into various matrix forms, during which one will encounter many contrac-
tion operations. Here we take advantage of tensor network notations to deal with the contraction operations. For example, if we
arrange the indices like

vig=(ivli) v, =(v i) (A3)

(A2a) could be represented as the following diagram

/u(d)duﬂ/) =;() C) (Ad)

where the arcs on the right hand side of (A4) represent identity matrices, i.e. the Kronecker delta d; ;» and J; ;7. As a simple
instance, we first prove Lemma 1 using (A4).

Lemma 1 For an arbitrary linear operator A on the d-dimensional Hilbert space, the following equality holds

/ VAVdu(V) = MI, (A5)
U(d) d

where I is the identity operator on the d-dimensional Hilbert space.

Proof By tensor network notations and (A4), we have

VAVTdu(V) = / du(V) (A6)

U(d) U(d)

which is exactly the same with (AS5). |



Similarly, (A2b) could be represented by tensor network notations as the following diagram
v
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Now we utilize (A7) to derive a central identity used in the proof in the next section as Lemma 2.

Lemma 2 Suppose V' € V is a unitary on the Hilbert space Ha ® Hp with dim (H ) = da and dim (Hp) = dg where V is
a unitary 2-design. For any linear operators P, Q) on H o @ H g, the following identity holds
IP113)
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where || - ||2 is the Schatten 2-norm and d = d sd g denotes the dimension of the whole Hilbert space Ha ® Hp.

Proof Note that V is a unitary 2-design and ||tr B (QVPVT) H; is a polynomial of degree at most 2 in the entries of V. By the
definition of unitary 2-designs in (A1), the left hand side of (A8) could be rewritten as

By [[[ers (@VPVH]3] = /M CGL (trp(QV PV trp(VPIVIQH) . (A9)

Since the Hilbert space H 4 ® H p has a bipartite tensor product structure, the linear operators on H 4 @ H p could be represented
as 4-degree tensors. We take the convention for the arrangement of the indices of V and V* corresponding to ‘H 4, H p as follows

Ha — — Ha Hp — **'HB
<H34V*HB)’<HA4V*HA)' (A10)

The arrangements of indices for P, () and P*, Q* are the same as V and V'*, respectively. The integrand on the right hand side
of (A9) could be represented diagrammatically as

, (Al1)

Combining (A7), (A9) and (A11), the left hand side of (AS8) is equal to
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which is exactly the desired identity (AS). .

Then, we will explicitly write down several special cases of Lemma 2 for the sake of convenience.



Corollary 3 Suppose V' € V is a unitary on the Hilbert space H ® Hp with dim (H4) = da and dim (Hp) = dg where V
is a unitary 2-design. Let p be an arbitrary density matrix on Ha @ Hp and ps = trg(VpV'1) be the reduced density matrix
on H from V pV'T. The expectation of the purity of p 4 is

d4 —1)d d% —1)d
Ev [tr (p4)] = %tr(ﬁ) + % (A13)

where d = d sdg denotes the dimension of the whole Hilbert space H o ® H . Since pure states satisfy tr(p®) = 1, (A13) can
be further simplified for pure states as

da+dp

== 2 Al4
dadp +1 ( )

Ev [tr (p%)]

Proof This is a special case of Lemma 2 by taking P = pand Q@ = 4 ® Ip. |

Corollary 4 Suppose V' € V is a unitary on the Hilbert space Ha ® Hp with dim (H ) = da and dim (Hp) = dp where V
is a unitary 2-design. Let p be an arbitrary density matrix on H 4 ® Hp. For any traceless operator Op on H g, the following
identity holds

d%4 110513 1
Ev [[trs (Ia @ 0pVpVT)l;] = % (tr(pQ) - d) , (A15)

where d = d adp denotes the dimension of the whole Hilbert space Ha @ Hp and I 4 is the identity on H a.

Proof This is a special case of Lemma 2 by taking P = p, Q = 4 ® Op with tr(Op) = 0. |

Corollary 5 Suppose V' € V is a unitary on the Hilbert space H ® Hp with dim (H4) = da and dim (Hp) = dg where V
is a unitary 2-design. For any traceless operator P on H 4 ® Hp and any linear operators O 4,Op on ‘H 4, Hp respectively,
the following identity holds

2 OA|3||P|3 trOp|?
Ey [HtrB (Oa ®OBVPVT)|\2} _ 190afz[lPlz 32"2_“1 12 {41053 - 129810 dB‘ : (A16)
where d = d odp denotes the dimension of the whole Hilbert space Ha Q@ Hp.
Proof This is a special case of Lemma 2 by taking tr(P) = 0and Q = O4 ® Op. |

In the end of this section, we recall several fundamental inequalities in linear algebra and probability theory to make our
proofs in the next section more self-contained.

Lemma 6 (Holder’s inequality for tracial matrices) For any linear operators X,Y, the following inequality holds

[er(XTY)| < XN l1Y (A17)
a1 1 . . _ PP Al = VATA
where p, q satisfy 5 + 5 = 1 and || - ||, denotes the Schatten p-norm defined by || Al|, = (tr |A[P) ", [A] = V ATA.

Lemma 7 (Partial trace monotonicity) For any linear operator H on the Hilbert space Ha ® Hp with dimHp = dp, the
following inequality holds [4]

e Hllp < df =P ] (AL8)
Namely, the Schatten p-norm is non-increasing under partial tracing up to a constant coefficient. Specially, we have
ltep Hlx < ||y, s Hlz < Vg Hls |trs Hloo < dpllH|. (A19)

Lemma 8 (Markov’s inequality) Let X be a random variable taking non-negative real value. For any € > 0, the following
inequality holds
E[X]

Pr[X > ¢ < =5, (A20)
€

where Pr[X > €| denotes the probability of X > € and E[X] denotes the expectation of the random variable X.



Lemma 9 (Jensen’s inequality) Let X be a random variable and f : R — R is a convex function. The following inequality
holds

fE[X]) < E[f(X)]. (A21)

Lemma 10 Suppose that X is a random variable taking real values in [0, a]. The following inequality holds

Var[X] < a - E[X]. (A22)

Proof According to the relation 22 < az, we have
Var[X] < E[X?] < E[aX] = a - E[X]. (A23)
|

Appendix B: Proof of Theorem 1

To make the proof easy to read and emphasize important intermediate results, we prove Lemma 11-16 first and derive Theo-
rem 1 by use of these lemmas.

Lemma 11 Suppose V' € V is a unitary on the Hilbert space Hy ® Hp with dim (H 4) = da and dim (Hp) = dp where V is
a unitary 2-design. Let p be an arbitrary density matrix on H @ Hp and pa = trg(V pV'1) be the reduced density matrix on
Ha from V pV1. The expectation of the 2-norm distance between p 4 and the maximally mixed state I 4 /d 5 satisfies

Iy

PA—E

<L (B1)

E
% , Vg

Proof According to the concavity of the square root function and Jensen’s inequality in Lemma 9, we have

_da
PA da ,

Ev

2
] . (B2)

2

Using Corollary 3, the expectation under the square root on the right hand side of (B2) can be exactly calculated as

2

A I 9 2 14
Ey PA—d* =Ey tr pA_cT =Eytr pA_IpA+d7
Allg A A A (B3)
d4 —1)d d% —1)d 1
_ (d4 —Vdp tr(p?) (dp —1)da _ =
d? —1 d? —1 da
By the upper bound of the purity tr(p?) < 1, (B3) could be further relaxed to
Lo|?| (@3 —1dp (A3 —1)da 1
Ev ||lpa— 1A < ( A )dp + ( B ) A L
da ||, dz -1 ? -1 da (B4)
_datdg 1 _ 1
dadp+1 da ~ dp’
Combining (B2) and (B4), we arrive at (B1). |

Lemma 12 Suppose V' € V is a unitary on the Hilbert space Ha ® Hp with dim (H 4) = da and dim (Hp) = dg where V is
a unitary 2-design. For any density matrix p on H o @ H p and any traceless operator Op on H g, the following inequality holds

1
Ev |[trp (Ia ® Op)VpVT)|, < ||OB\|OO\/@. (BS)



Proof According to the concavity of the square root function and Jensen’s inequality in Lemma 9, we have

Ey ||trs ((Ia ® Op)VpVT)||, < \/]EV [HUB (Ia® OB)VPVT)H;]' (B6)

Using Corollary 4, the expectation under the square root in (B6) can be exactly calculated as

d* 05|/} 1
Ey [||trB ((Ia ®OB)V/)VT)||;} = % (tr(p2) - d> , (B7)

By the upper bound of the purity tr(p?) < 1, (B7) could be further relaxed to

2 2 2 2 2
2] < allOslz (1Y _ dalOslz _ 0]
By [[[trs (14 © Om)VoVT)|[;] < 5222 (1- < RS (BS)
Considering |Ogll2 < v/dp|Og||s. we further obtain
2 Ogl?
Ey [||trB ((1a ®OB)VpVT)|\2} < %. (B9)
Combining (B6) and (B9), we arrive at (BS). |

Lemma 13 Suppose V' € V is a unitary on the Hilbert space Ha @ Hp with dim (Ha) = da and dim (Hp) = dp where
V is a unitary 2-design. Let O 5 be an arbitrary traceless operator on H 4 and Op be either an arbitrary traceless operator
or a homothety clp on Hp, where I is the identity operator on Hp and ¢ € C is an arbitrary complex number. Denote
Ua € U(d ) as a unitary operator on H 5. For any density matrix p on Ha ® H p, the following inequality holds

/d
Ey |:H[1]aX tr [(OA ®OB)(UA ®IB)VpVT(UI‘ ®]B)} H < ||OA||oo||OB||oo ﬁ (B10)

Proof The trace expression on the left hand side of (B10) can be rewritten as

tr [(oA ® Op)(Ua @ Ip)VpVi(UL ® IB>} = tr [(ULOAUA> trp (Ia @ Op)VpV1 )] : (B11)

On the one hand, if Op is traceless, by using Holder’s inequality in Lemma 6, we obtain

tr [(UI,OAUA) trp (In @ oB)VpVT)} ‘ < HULOAUAHQ [tr5 (1 ® OB)VoVT |,

< Vda [Oall [ltr ((La © 08)VpVT) .

(B12)

where we have used the unitary invariance of the Schatten norms to eliminate Uy4. Since (B12) holds for any U 4, it certainly
holds when taking the maximum, i.e.

tr [(ULOAUA)HB ((Ia® oB)vpVT)] ‘ < Vda |04l |[trs (Ia ® OR)VeVT) |, (B13)

max
A

Together with Lemma 12, we arrive at

Ev [H,}ax tr [(OA © 0p)(Ua @ Ip)VpVH(UL & IB)} ”
i d (B14)
< Vda |0l Ev |trs ((1a ® O)VpVT) ||, < [04ll«l05 ] ﬁ.

On the other hand, if Op = cIp, the right hand side of (B11) can be further rewritten as

I
tr [(ULOAUA) trp ((IA ® OB)V[)VT)} =c-tr [ULOAUApA} =c-tr |:UI‘OAUA (PA — df\>:| . (B15)
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where we have used the traceless condition of O4 and pg = tr B(VpVT) is the reduced density matrix on H 4 from VpVT.
Again, by Holder’s inequality in Lemma 6, we obtain

I I
c-tr [ULOAUA (pA — dA)” < |C‘ ULOAUAH ‘ pPA — de
! 4 (B16)
IA
< Va2 105 04l \ it
2

Since (B16) holds for any Uy, it certainly holds when taking the maximum. Together with (B11), (B15) and Lemma 11, we
arrive at

Ey {n&ax tr [(OA ®0p)(Ua® Ip)VoeVi (UL ® IB)} ”
(B17)
< Va3 10511 [0l By [|pa — 22| <105l 1041 /52
Allg B
Combining (B14) and (B17), we know that (B10) holds whether Op is traceless or Op = cIp, ¢ € C. [ |

Lemma 14 Suppose V' € V is a unitary on the Hilbert space Ha @ Hp with dim (H ) = da and dim (Hp) = dp where
V is a unitary 2-design. Let O 4,0p be arbitrary linear operators on Ha,H g, respectively. Denote Us € U(d a) as a unitary
operator on H 4. For any traceless matrix H on H 4 ® Hp, the following inequality holds

d
Ev [[tr (04 ® Op)VHVT)||, < [0all2Oll2| H ooy =7 (B18)
where d = d adp denotes the dimension of the whole Hilbert space Ha Q@ Hp.
Proof According to the concavity of the square root function and Jensen’s inequality in Lemma 9, we have
Ev |[trp (04 ® Op)VHVT) H2 < \/]EV {HUB (Oa® OB)VHVT)”;} (B19)
Using Corollary 5, the expectation under the square root in (B19) can be exactly calculated as
@) H tr Op|?
Ey [HtrB (04 ® 0p)VHV| } w {dA|OB|§ - |dB|} . (B20)
Combining (B19), (B20) and || H||> < Vd||H ||, We arrive at
trO
Ev [[tr (04 ® 05)VHVY)|, < 4/ = 0all2 ||H2J aslos - 12928
(B21)
dA
= 1110al205ll2[1H|2 < \/ IIOAH2IIOBII2HH||oo7
which is exactly the same as (B18). |

Lemma 15 (Local unitary behind 2-design circuit) Suppose V' € V is a unitary on the Hilbert space H AQH g withdim (H 4) =
da and dim (Hp) = dp where V is a unitary 2-design. Denote Uy € U(d 4) as a unitary operator on H . For any density
matrix p and any traceless Hermitian operator H on H 4 ® Hp, the following inequality holds

Ey [r%ix [tr (H(UA ® Ip)V V(UL @ IB))H < || H|lo(2d% — 1) 3—;‘, (B22)
Proof Any traceless Hermitian operator H could be expanded as
H=H"+ HP + HAP, (B23a)
HA = trp(H) ® I—B, (B23b)
dp
HB = Ia ®tra(H), (B23c)

da
HAB.—H_H*_—HB, (B23d)



7

where H4, H® only act on H 4, Hp non-trivially, respectively. H4? acts on H 4 and H p both non-trivially. Here a linear
operator acting H*(H ) non-trivially means that the operator can not be decomposed to the tensor product form of I, ®

2

QpB(Q 4 ® Ip) where Qp(Q 4) is an arbitrary operator on H g(H 4). Denote {A34 };-lig ! is the set of clock-and-shift matrices [5]
on H 4 which is an orthogonal basis in the linear operator space with respect to the Hilbert-Schmidt inner product. Af are all
unitary and hence ||A3»4 oo = 1. We assume A§' = I4 without loss of generality. Then A}“ are all traceless except A§'. Thus,
H*5 could be further expanded in terms of AZ as

d%4 -1

HAB = Z At ®OPF. (B24)

j=1

where the explicit expression of Of could be derived from (B23d) as
1
B _ At AB
Oj _atrA<(Aj ®IB>H )

1 1
= —tra(AM @ Ip)H) — — tra[(AM @ Ig)HA) (B25)
da j da i

1
- at]rA((Aj-”®IB)H) - tra(A T trp(H)) @ Ip.

dadp

By definition, Of are all traceless. Combining (B23a) and (B24), we expand H as a summation of bipartite tensor product

operators. Next, we will take the maximum for each term in the summation to obtain the desired bound, i.e.

Ey {n{}ax {tr (H(UA ® Ip)V V(UL @ IB))H (B26a)

<Ey {I%ax {tr (HA(UA ® Ip)VpVi(Ul ® IB))H (B26b)

+Ey [H[l]ax [tr (HB(UA ® Ip)VpVi(Ul ® IB))H (B26¢)
d3 -1

+ ; L% {H,}&}‘X tr ((Af‘ © OP)(Ua ® Ip)VpVI(U} @ IB)) H . (B264)

For (B26b) involving H* from (B23b), Lemma 13 together with || tr5(H)| s < dp||H || from Lemma 7 gives

Ey {max {tr <<trB(H) 2 IB) (Up ® Ig)VoVH (U ®IB)>” Ml Jda gy Jda (o)

For (B26¢) involving H” from (B23c), Lemma 1 together with the given condition tr(H) = 0 gives

B [H&"jx {tr (dj @ tra H)(Ua @ In)V pV (U} @ IB))”

p ) (B28)
=Ey [tr ((A®tr,4 H)VpVT) = 2P tr(H) = 0.
da | d
For each term in (B26d) involving OJB from (B23d) and (B24), Lemma 13 gives
| da da
Ev {nﬁx [tr (A @ OF)(Ua & In)VpV (U} @ 1n))] | < 1A loelOF ooy 7 = 107 e[ 72 (B29)
Here HOJB |loo can be bounded using Lemma 7 as
1
By _ At At
105 oo = atrA((Aj ®Ig)H) — Tndn trA(Aj trg(H)) ® Ip N
1 1
< —— [eracast ®IB)H)H + tra(AM trp(H)) ®IBH
At 1 At
J oo dB J oo

1
1H oo + = lltr5(H)
B

<Hlw + 17l =2/Hll »

oo



where we have used the unitarity of Aj‘ and the unitary invariance of the Schatten norms. (B29) and (B30) are summarized as

d
Ey [max |t (A ® OF)(Ua @ In)VpV (U] @ IB))] < 2| HlJooy [ A (B31)
Ua dp
Finally, combining (B27), (B28) and (B31), we obtain
Ey [r%ax [tr (H(UA ® IB)VpVT(UL ® IB))H
A
(B32)
da o da 9 da
< [[Hll .7 (d3 —1) - 2[[Hlls i (2d% — D[ H |l 7
B B B
which is exactly the desired inequality (B22). |

Lemma 16 (Local unitary before 2-design circuit) Suppose V' € V is a unitary on the Hilbert space Ha @ Hp withdim (H 4) =
da and dim (Hp) = dp where V is a unitary 2-design. Denote Us € U(d 4) as a unitary operator on H . For any density
matrix p and any traceless Hermitian operator H on 'H o @ Hp, the following inequality holds

d2
Ey [H[ljéix [tr (HV(UA ® I)p(U} IB)VT)H < ||H\\oo\/ﬁ. (B33)

2
Proof Similar with the proof of Lemma 15, we denote {Af}jﬁ 0 " is the set of clock-and-shift matrices [5]. Any density matrix
p can be expanded in terms of Aj‘ as

d4 -1
p=Y AMeo?, (B34)
§=0
where Of can be explicitly expressed as
1
OF = —tra((AM @ Ip)p). (B35)
da J
Next, we will take the maximum for each term in the summation in (B34) to obtain the desired bound, i.e.
Ey |:H[1]ax [tr <HV(UA ® Ip)p(Uh ® IB)VT)H (B36a)
A
d3 -1
<Y Ev {n[ljax tr (HV(UA ©Ip)(A @ OP) (UL ® IB)VT) H (B36b)
A
j=0
d4 -1

7=0

For each term in (B36c), we employ Holder’s inequality in Lemma 6 to obtain

tr (UAAj‘UL trp(VIHV(I4 OJB))) ” (B36c¢)

[or (UAAM UL trp (VIHV (I © OF)) )| < [UANTY s exs (VI BV (14 @ OF)

(B37)
< \/dg ||tI‘B(VTHV(IA ® O]B))HQ .
Since (B37) holds for any U 4, it certainly holds when taking the maximum, i.e.
ma| r (UAAg‘Uj, trp(VIHV (14 ® Of)))‘ < Vi [ep(VIHV (I @ 0P))]), - (B38)
Together with Lemma 14, we obtain
Agrt T B T B
Ev {rr(ljax tr (UAAj Ultrg(VIHV (14 ® O ))) ” < VdaBy |trg(VIHV (14 @ OF))||,
A
(B39)

da

< OB |y H| s,
< SO Ll H|



where ||Op||2 can be bounded using (B35) and Lemma 7 as

1

1 1 1
10512 <1105l = ==l tra((AST @ In)p)ll < =A@ In)pll = —llplli = —, (B40)
da da da da

where we have used the unitarity of Af and the unitary invariance of the Schatten norms. Combining (B36), (B39) and (B40),
we arrive at

d 1 d>?
Ey {n{ljzlx tr (HV(UA ®Ip)p(Uy ® Ig)V )H <di Td.—1 da 1H |lso = |1 H||oo T (B41)
which is exactly the same as (B33). ]

In fact, in the proofs of Lemma 15 and 16 above, the clock-and-shift matrices could be replaced by Pauli strings specially for
qubit systems. Finally, we provide a proof for Theorem 1, which we recall for convenience. Note that compared to Theorem 1 in
the manuscript, here we prove a more general version where the Hilbert space dimension is no more restricted to qubit systems.

Theorem 1 Suppose Vi € V1,V € Vo are unitaries on the Hilbert space HoQ@Hp withdim (Ha) = da and dim (Hp) = dp.
Denote Uy € U(da) as a unitary on H 4. If either V1 or Vs, or both are unitary 2-designs, then for any density matrix p and
any Hermitian operator H on H 4 ® H p, then the following inequality holds

d
Ev, va[Am,,(Vi, V)] < dw(H)d ﬁ- (B42)

where By, v, denotes the expectation over V1,V independently. w(H) = Amax(H) — Amin (H) denotes the spectral width of
H, where \pax(H) is the maximum eigenvalue of H and Ayin (H) is the minimum.

Proof By definition, we have U = V5(Us ® I5)V; and
Ap,(V1, Vo) = max [tr (HUpUT)] — II[}IAH [tr (HUpUT)] , (B43)

where the maximum and minimum with respect to U,4 are taken over the entire unitary group U/ (d4) of degree d 4. Without
loss of generality, we assume that [ is traceless since (B42) is invariant if H is added by a homothety H — H + cl, c € R.
Moreover, considering that the minimization term in (B43) could be written as

—mi N = _ t
min [tr (HUpUT)] max [tr ((—H)UpU")], (B44)
and w(H) = w(—H), in order to prove (B42), we only need to prove that
d
Ev, v, [max [tr (HUpUT )]] < 2w(H)d% | 52, (B45)
’ Ua dB
holds for any traceless Hermitian operator H. On the one hand, if V; is a unitary 2-design, Lemma 15 gives

Ev, v, |max [tr (HUpU' )]} —Ey, {]Evl {max [tr (V;HVQ(UA ® Ig)VipVi (Ul @ IB))}
UA UA

i i (B46)
A A
< Ev, |V HValloo (205 — 1)/ 57 | = [1Hloo (2% — 1)1/ 5

dB dB
where we have used the unitary invariance of the Schatten norms and the normalization condition Ey,[1] = 1. On the other
hand, if V5 is a unitary 2-design, Lemma 16 gives

T — Tt U
Evi.v; |max [t (HUpU )]} —Ey, {]EV2 {n&ax [tr (HVQ(UA ® Ip)VipVi (UL @ Ip)V; )H }
A A
(B47)

d2 d2
<Ew, {||H||oo\/dAd’;‘37_1} = |ty

where we have used the fact that V; pr is also a density matrix and the normalization condition Ey, [1] = 1. Note that for any
traceless Hermitian operator H, we have Ayax(H) > 0, Amin(H) < 0 and

1H ||oo = max{Amax(H), —Amin(H)} < Amax(H) — Amin(H) = w(H). (B48)
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Combining (B46), (B47), (B48) and

da da
2d% — 1)/ 5= < 2d%y/ —
( A ) dB < A dB 9

(B49)
i < % < 2d> da
Vdadg —1  \/(da —1)dp Vg’
for d4 > 2, we know that the inequality
f 2 [da
Ev, v, |max [tr (HUpU )] < 2w(H)d%4\/ =, (B50)
’ Ua dB
holds if either V; or V5 is a unitary 2-design. Certainly, (B50) also holds if both V; and V5 are 2-designs. Together with (B44),
we arrive at (B42). |
Note that for qubit systems where d4 = 2™ and dg = 2"~ ", the upper bound in (B42) reduces to that in the manuscript, i.e.
Ev, v, [Am,p(V1, V2)] < Sn/2—3m=3" (B51)

Although Theorem 1 only establish an upper bound on the expectation of Ay ,(V4, V), we can derive the upper bound on
the variance of Ag ,(V1,V2) from Theorem 1 with the non-negativity and boundedness of A ,(Vi,V2). Namely, since
Ap ,(V1,Va) € [0, w(H)], Lemma 10 gives

d
Vary, v, [Am,p (Vi, V)] < w(H) - Evi v, [Am,p(Vi, V)] < dw®(H)d ﬁ- (B52)

Furthermore, Theorem 1 together with the non-negativity of A ,(V7, V) can also provide an upper bound of the probability
that Ay ,(V1, V2) deviates from zero. Specifically, according to Theorem 1 and Markov’s inequality in Lemma 8, the following
concentration inequality

Pr [AHP(VlaVé> > 6] < EV17V2[AH,P(‘/17‘/2)] < 4’11](H)d?4 de

B53
€ - € dg’ (BS3)
holds for any € > 0. It is worth noticing that the upper bound in (B42) only involves w(H ) and does not depend on any detail of
the Hermitian operator H. In order to derive this compact and general upper bound in (B42), we perform many relaxations such

as in (B24), (B48) and (B49). Otherwise, if some specific structures about H are known, a more complicated but tighter bound
could be obtained as

d H da (B54)

[ d
]EV1,V2 [AH,p(V17‘/2)} S maX{NA + 2NAB7dA 7} . H — tI’(H) ,
d—1 d dp

where N4 < 1 denotes the number of non-vanishing terms in (B23b) and Nap < (d?4 — 1) denotes the number of non-
vanishing terms in (B24), which can be seen as a “coupling rank” or say “coupling complexity” between subsystem A and B
of the Hamiltonian H. The variational quantum eigensolver (VQE) example of the Heisenberg model H in the main text has
N4 =0, Nap = 3 and that of quantum autoencoder (QAE) has Ny = 1, N4p = 0. Therefore, we have two tighter bound for
these two examples as

on/2’

Heisenberg: Ev, v, [Avqr(Vi, Va)] < 24 - w(H) -
1 (B55)

8
Autoencoder: Ey; v, [Aqar(Va, Va)] < —

\/g ’ on/2’

which are used in the figure of the numerical simulation section in the main text.

Appendix C: Proof of Proposition 2

In this section, we prove Lemma 17-19 first and derive Proposition 2 by use of these lemmas.
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Lemma 17 For any density matrices p and o we have

Fl(p,o) < rank(po) tr(po), 1

2
where F(p,0) = (tr \/p1/20p1/2> denotes the Bures fidelity.

Proof Let )\; be the i-th eigenvalue of \/p!/20p!/2 in the non-increasing order. Note that \; > 0 holds for any 7 due to the
positive semi-definite property of 1/ p!/20p1/2. By definition, the square root of the Bures fidelity can be represented as

VF(p,0) =\, (€2)

while the square root of the Hilbert-Schmidt inner product of p and o can be represented as

Vir(po) = \/tr(pt/20pt/2) = /Z A7 (C3)

According to the inequality between the vector 1-norm and 2-norm ||x||; < y/n||x]||2 for any n-dimensional vector x, (C2) and
(C3) lead to

VF(p,0) < \/rank(po)/tr(po). (C4)

Take the square of both sides and we arrive at (C1). |

Lemma 18 Suppose V € V is a unitary on the Hilbert space Hy @ Hp with dim (H4) = da and dim (Hp) = dp where V
is a unitary 1-design. Denote Ua € U(d ) as a unitary operator on H a. For any density matrices p and o on Ha ® Hp, the
following inequality holds

da

Ey |max F((Ua ® Ig)VpVT(Us @ I)T,0)| < ==.
Ua dB

(C5)

where F' denotes the Bures fidelity.

Proof According to the monotonicity of the Bures fidelity under the action of quantum channels [6], we have
F(Ua®Ip)VpVI(Us®Ip)t,0) < Ftra (Ua @ Ip)VpVI(Us ® Ip)Y) trac) = Ftra (VpVT) trac).  (C6)

Since (C6) holds for any U 4, it certainly holds when taking the maximum. Together with Lemma 17, it holds that

rrlljaxF((UA @ Ig)VpVI(Ua @ Ip)t o) < F(tra (VpV1) trao) < datr(tra (VpVT) tra o). (C7)
A

Because V is a unitary 1-design, we can apply Lemma 1 to obtain

t 1 1
Ey [tr(tra (VpVT) trao)] =tr(tra MI trao | =tr(p)tr(oc)— < —, (C8)
d dp ~ dp
where d = d 4dp denotes the dimension of H4 ® H . Combining (C7) and (C8), we arrive at (C5). |

Lemma 19 Suppose V1 € V1,V € Vy are independent unitaries on the Hilbert space Ha @ Hp with dim (Ha) = da and
dim (Hp) = dp. Denote Uy € U(d4) as a unitary operator on H 4. If either V1 or Vo, or both are unitary 1-designs, then for
any density matrix p and o on Ha @ Hp, the following inequality holds

da
Evi,v, |max F (UpUT,0)| < 2=, (€9)

where U = Vo(Uy ® I5)Vy and F is the Bures fidelity.
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Proof On the one hand, if V; is a unitary 1-design, Lemma 18 gives

IE:V1A,V2 |:I%3XF (UPUTa O—):| = ]EV2 {EV1 |:H[l]aXF ((UA by IB)leVIT(UA & IB)Ta ‘/2TU‘/2):| }
A A

da| _ da
dg| dgp’

(C10)
< ]EVz |:

where we have used the unitary invariance of the fidelity and the normalization condition Ey, [1] = 1. Note that in this case there
is no restriction on Vs. On the other hand, if V5 is a unitary 1-design, similarly, Lemma 18 gives

Ev,. v, {H(}axF (UpU", o)} =Ey, {Ev2 [r%axF (Vl,oVJ, (Ua®1p) VioVa(Us @ IB))] }
A A

dal _ da
dp| ~ dp’

(C11)
<Eyw [

where we have used the unitary invariance of the fidelity again and the normalization condition Ey, [1] = 1. Combining (C10)
and (C11), we know that (C9) holds if either V; or V5 is a unitary 1-design. Certainly, (C9) also holds if both V; and V, are
1-designs. |

Finally, we provide a proof for Proposition 2. Compared to Proposition 2 in the manuscript, here we prove a more general
version where the Hilbert space dimension is no more restricted to qubit systems.

Proposition 2 Suppose Vi € V1,V € Vy are independent unitaries on the Hilbert space Ha ® Hp with dim (H4) = da and
dim (Hp) = dp. Denote Us € U(d 4) as a unitary operator on H 4. If either Vi or Va, or both are from unitary 1-designs, then
for any density matrices p and o, the following inequality holds

Evi.vi [Aqsi(Vi, V2)] < :1%’ (C12)
where Ev, v, denotes the expectation over V1,V independently.
Proof By definition, we have U = V5(U4 ® Ig)V; and
Aasi.(Vi, Vo) = max F (UpUT,0) — min F (UpUT,0). (C13)
According to Lemma 19 and the non-negativity of the fidelity, it holds that
Ev, v, [AqstL(V1, V2)] < Ev; v, HlljfiXF (UpUT,0)| < %;, (C14)
if either V1 or Vb, or both are from unitary 1-designs. ]

For qubit systems where d4 = 2™ and dp = 2"~ ™, the upper bound in (C12) reduces to that in the manuscript, i.e.

1

Ev, v [AqsL(V1, V2)] < o am (C15)

Importantly, due to the non-negativity and boundedness of Aqsr,(V1, V2), we can derive the upper bound on the variance and
the probability tail from Proposition 2 using Lemma 10 and Markov’s inequality in Lemma 8, i.e.

d
Vary, v, [AqsL(Va, V2)] < 1-Evy, v, [AqsL(Va, V)] < ﬁ

(C16)
< Evw [AqsL(V1, V2)] - }Z*A

Pr{AqsL(Vi,V2) > ¢ < , Ve>0.

€ e€eap

Appendix D: Numerical simulation with varying layers

This section provides some experimental results on how the variation range of the cost function caused by a local unitary
varies with the number of circuit layers. We construct circuits of V; with different numbers of layers to perform experiments
with other settings the same as those in the manuscript. As shown in Fig. 1, different lines with markers represent the average
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——
1001 —0—
I —eo—
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—o—

Ev,, v,[Avqe(V1, V2)]

45-layers /
55-layers Slope = —0.5
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2 3 4 5 6 7 8

number of qubits
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FIG. 1. The semi-log plot of the average value of the variation range Avqe(Vi1, V2) vs. the number of qubits. The cost function used here is
the energy expectation of the 1-dimensional antiferromagnetic Heisenberg model. Different lines represent different numbers of circuit layers
from 5 to 95 with step length 10, with the line for 5 layers on the top and 95 layers on the bottom. And the dashed line, as a guide to the eye,
has a slope of —0.5, which is the exponential decay rate we derived in Theorem 1.

value of Ayqr(Vi, Va) over samples vs. the number of qubits n corresponding to different numbers of layers we laid in V3. We
can see that as the number of layers increases, these lines become more and more parallel to the dashed reference line, which
has a slope of —0.5, i.e., the exponential decay rate we derived in Theorem 1. Thus there is a transition to 2-design where
Ev, v, [Am,,(Vi, V2)] converges. This implies that Theorem 1 is valid when the circuit is sufficiently deep, practically with
depth around 10 X n.
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