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A Related Work

Reinforcement Learning with Discrete Rewards. Group Relative Policy Optimization (GRPO) [13]]
utilizes discrete rewards generated by a rule-based reward function to guide the policy model update.
This reward function, known for its simplicity and unbiasedness, effectively mitigates reward hacking
and has demonstrated strong performance. However, GRPO faces challenges related to slow training
speed and unstable gradients during training. To address these issues, various methods have been
proposed. DAPO [34] introduced a dynamic sampling strategy to improve gradient effectiveness by
dynamically filtering invalid samples, thereby increasing sample efficiency, although this reduced
training speed. CPPO [44] prunes completions with low absolute advantages, significantly reducing
the number of gradient calculations and updates required, which enhances training efficiency but
can lead to gradient estimation errors. GPG [45] directly optimizes the original reinforcement
learning objective, eliminating the need for a proxy loss function and improving training efficiency.
However, this simplification may result in a significant divergence between the actor and policy
models. Dr.GRPO [35]] improves token efficiency while maintaining inference performance. Despite
these efforts, a critical challenge remains: these algorithms largely neglect the inherent difficulties
introduced by discrete rewards during the optimization process. The oscillations caused by gradient
vanishing and exploding are major contributors to the slow optimization speed. Our work specifically
aims to overcome the challenges in gradient optimization that arise from using discrete rewards.

Addressing Reward Design Challenges in LLM Reinforcement Learning. Designing effective
reward functions for identifying optimal strategies is a well-established area of research outside
the context of Large Language Models (LLMs) [46, 47, 48]]. However, a consensus on the optimal
approach for LLM reinforcement learning has not yet been reached [49]]. The RLHF framework
proposed training a reward model to score LLM outputs [4]. A recurring challenge, as noted
by numerous studies, is that low reward model accuracy can induce reward hacking [30} 31} 32].
Conversely, improving accuracy often reduces reward variance, which can slow down policy model
convergence due to vanishing gradients [25]. Although the reward function presented in GRPO
provides perfectly correct rewards, thereby avoiding reward hacking, it exacerbates gradient instability
and hinders optimization speed [13|[35]. Recent theoretical findings indicate that a successful reward
function requires a trade-off between variance and inaccuracy [37]]. Motivated by this, our work
seeks to design a reward function that effectively addresses the problem of reward hacking while
simultaneously facilitating efficient optimization.

B Theorems and proofs
B.1 Proof of Proposition ]

The proof of Proposition[I]is expressed as follows:

Proof. By the policy gradient theorem, the gradient of the original objective (1)) expands to:
Vod(m6) = Eqrpg Eonm(-|g) [R(q,0) Ve log mo(o]q)] - (6)

For the noise-injected objective, its gradient becomes:

V0T (70) = BgmpgEory(1a) [R(a,0)Volog mo(ola)| )

Substituting R(q, 0) = R(q,0) + € and leveraging linearity of expectation:

E [VoJ| = Eqoc [(Rg.0) + ) Vo log mo (o) ®
=E, . [R(g,0)Vglogmg(olq)] +Ec[e] - Eq.0 [Vo log me(olq)] . 9)
E[Vg.J]

Zero-mean noise: E.[¢] = 0 by definition of A'(0, 02). Thus, the cross-term vanishes:

E[VyJ] = E[VyJ] 4+ 0 = E[VyJ]. (10)
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B.2  Proof of Proposition 2]

Proof. Consider the perturbed objective function with noise-augmented reward R(q, 0) + €. The
estimated value of the gradient of the noise enhancement objective function using n samples is:
2 1 n
VJ(0) = =3 [Viegma(oilg:) - (Rlai o) + )], (11)

i=1

where ¢; ~ N(0, 02) is the Gaussian noise. The original reward gradient is:
1 n
VJ(9) = - Z [Vlogma(0s]g;) - (R(gi;0i))] - (12)

=1

Under this condition, the Eq. simplifies to:

2 N 1 n
VJ)= VJ(O) + - E [Vlogmg(0i]g;) - €] - 13)
M =1

.. . i=
origin gradient

noise gradient

While the expectation E.[e] = 0 implies the noise contribution’s mean is zero, the variance of the
gradient term persists. To compute this variance, we use the definition: Var(X) = E[X?] — (E[X])2.
Applying this to the noise-induced component € - V log mg(0|q), we get:

Var (e - Vg log m(0lq)) = E [€* - | Vg log my(0lq)||*] — (E[e - Vo log m9(0]q)])” . (14)

Since E[e] = 0, the second term vanishes. For the first term, note that:

E[e?] = Var(e) + (E[¢])? = 0% + 0 = ¢*. (15)
This allows us to simplify the variance expression to:
Var(noise gradient) = Var (e - Vglogmg) = 02 - [[Volog 7r9(0|q)H2} >0, (16)

provided Vy log 7y is not identically zero (a reasonable assumption for non-degenerate policies).
O

B.3 Proof of Proposition 3|

From Definition 1 in [37], The accuracy of the reward function is as follows:

Definition 1. Given a prompt 2 € X, the accuracy of a reward model rgps : X x YV — [—1, 1] with
respect to a distribution D over unordered output pairs is defined by:

accy p(rrm) = Egy yy~p [1[sign(rra (2,y) — Ry (2,y)) = sign(ra(z,y) —ra(z,y'))]l,
a7
where r¢ is the ground truth reward, 1[-] is an indicator function, and sign : R — {—1,0, 1} is the
sign function ]

From Definition 2 in [37]], The variance of the reward function is as follows:

Definition 2. Given a policy 7y, prompt € X, and reward model rgp; : X x Y — [—1,1], the
reward variance induced by r g for my and z is defined by:

2
Varyrwrg(~|:r) [TRJW (J?, y)] e ]EyNTrg(-\x) |:(TR1W (Z‘, y) - Ey"\/ﬂ'g(-lI) [TRM (33, y/)]) :| . (18)
The proof of Proposition [3]is expressed as follows:

Proof. Suppose the original reward model is rgas(x,y). We add a zero-mean Gaussian random
variable € with variance o2 to it, resulting in the new reward signal 7 g (X, y):

FrRv(X,y) = rrRM(X,Y) + ¢, (19)
where € ~ N (0, 0%), and we assume that e is independent of y (conditioned on x).

"For a set of prompts, accuracy refers to the mean accuracy over the set.
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1. Change in Reward Variance (Based on Definition 2). Definition 2 defines the reward variance
induced by the reward model 7 s under policy my and prompt x as:

2
Vary~7r9(-|x) [TRJM (X7 Y)] = EyNTrg(-\x) |:(TR1\/I (X, Y) - Ey’~7r9(-|x) [TRM (Xv y,)D :| . (20)
This is the standard definition of variance: the expected squared deviation from the mean.

Now, we compute the variance of the perturbed reward signal 7g;:

Vary o, (.1x) [FrRM (X, ¥)] = Vary o, . x) [TrRM (X, Y) + €]. 21
Using the property of variance for two random variables A and B:
Var(A + B) = Var(A) + Var(B) + 2Cov(A4, B). (22)

Here, A = rra(X,y) (arandom variable depending on y), and B = e (independent of y). Since €
is independent of y, A and B are independent, so Cov(A, B) = 0. Therefore:

Vary o (-x) [TRM (X, Y) + €] = Vary o, .x) TR (X, )] + Var(e). (23)
Since Var(¢) = o2, the perturbed reward variance becomes:

Vary r, (.|x) [FrRM (X, Y)] = Vary o, . x) [TrRM (X, ¥)] + 2. (24)

Conclusion: If 02 > 0, adding zero-mean Gaussian noise to the reward model increases the reward
variance by exactly 2. This aligns with our intuitive understanding based on Theorem

2. Change in Reward Model Accuracy (Based on Definition 1). Definition 1 defines the accuracy
of a reward model 7, at a given prompt x and distribution D over unordered output pairs as:

accx,p(rru) = By yyop [1[sign(rrar(x,y) — rra(x,y")) = sign(ra(x,y) — ra(x,y))]],
(25)
where r¢ is the ground truth reward function. This measures the probability that the reward model
correctly ranks a pair (y,y’) relative to the ground truth.
Now consider the accuracy of the perturbed reward model 7gps:
accx,p (TR ) = E(y yyop [1 [sign(Fru (X, y) — Fru(X,y)) = sign(ra(x,y) — ra(x,y"))]] .
(26)
We analyze the difference:
FrM (%, Y) = TrM (X%, Y') = (rRM (X, y) +€1) — (TRM (%, Y) + €2), (27)
where €1, €2 ~ N(0,0?) are independently sampled. Let:

Arpy = TRM(X,Y) —TRM(X,Y'),  Arg =ra(X,y) —re(x,y), (28)
and define ) = ¢; — €3 ~ N(0,202). Then:
FrM(X,Y) — TrM (X, Y') = Argar + 1. (29)
The condition for accuracy becomes:
sign(Argrar + 1) = sign(Arg), (30)
compared to the original condition:
sign(Argay ) = sign(Arg). 3D

We now analyze how the addition of noise affects this condition:

- If the original model is accurate, i.e., sign(Argas) = sign(Arg), then adding noise 1 may cause
sign(Argar + 1) # sign(Arg), especially when |7] is large enough to flip the sign of Arpgay.

- If the original model is inaccurate, i.e., sign(Argys) # sign(Arg), there is a small chance that
7 flips the sign back to match sign(Ar), but this is not systematic and depends on the values of
A’/‘RM and A’f‘g.

In general, since 7 is independent of both Ar gy, and Arg, it is more likely to disrupt the correct sign
relationship rather than correct it. Thus, adding random noise tends to make the ranking decisions
more random.

Conclusion: Adding zero-mean Gaussian noise to the reward model makes its relative ranking of
output pairs more random, thereby reducing the reward model’s accuracy (acc).
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3. Upper and lower bounds of training time). According to Theorem |1} the lower bound on the
training time ., is influenced by the variance of the reward function. Specifically, using Equation (24)),
we derive that the lower bound on ?., satisfies:

—1
U ((Bompg [Vatomn, (1 Rlg.0)] +0%) %) <t,. (32)
According to Theorem 2} in some cases (particularly when a perfectly accurate model would lead to

arbitrarily slow training), an inaccurate model could instead lead to faster increases in the true reward.
We derive that the lower bound on ¢ satisfies:

ty < O(mo(0)(¥1x) ") (33)
O

C Training Dynamic

In this section, we show more Training Dynamic information.

(a) GRPO Training Dynamic on Math (b) GRPO Training Dynamic on Math with ReDit
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Figure 9: Training Dynamics of Gradient Norm and Reward on Math Dataset.

Figure [9shows the training dynamics of using and not using ReDit on the Math dataset, indicating
that using ReDit can solve the problems of gradient oscillation and gradient vanishing, and improve
training stability

(a)Training Dynamic on GSM8K with Uniform ReDit (b) Training Dynamic on GSM8K with Gauss ReDit
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Figure 10: Training dynamics of gradient norm and reward on the GSM8K dataset, showing the
impact of perturbations of different distributions.

Fig[T0]and Fig[TT] Training dynamics using uniform and Gaussian perturbations. For both uniform
and Gaussian perturbations, ReDit shows amazing gradient stability and training stability.
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(a)Training Dynamic on Math with Uniform ReDit (b) Training Dynamic on Math with Gauss ReDit
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Figure 11: Training dynamics of gradient norm and reward on the Math dataset, showing the impact
of perturbations of different distributions.

D Experimental setting

D.1 Dataset

In this section, we introduce the statistics of the dataset and the additional processing performed on
the dataset. The statistics of the dataset are shown in Table

Table 3: Number of samples in the train, validation, and test datasets for various dateset.

Number of samples train dataset validation dataset test dataset

GSM8K 7473 - 1319
MATH 7506 - 5003
Geometry3K 2100 300 601

In addition, We added new templates to the original dataset to ensure the model could complete the
required tasks and output formats. It is important to note that the added templates did not alter the
original dataset, and special processing was performed for different LLMs. The specific examples are
as follows:

Dataset Format of GSMSK

dataset: GSM8K

"prompt": [
{"role": "system", "content": "Respond in the following format:
<reasoning> ... </reasoning> <answer> ...</answer>"},
{"role": "user", "content": "What is the largest single-digit prime number?"},
{"role": "assistant", "content": "<reasoning> 9 is divisble by 3 and 8

is divisible by 2, but 7 is prime. </reasoning>
<answer>7</answer>",

{"role": "user", "content": {question}}

1,

"answer": {answer}
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Dataset Format of MATH

dataset: MATH

"prompt": [
{"role": "system", "content": "Respond in the following format:
<reasoning> ... </reasoning> <answer> ...</answer>"},
{"role": "user", "content": "{question}

Let"s think step by step and output the final answer within \\boxed{}."

1,
"answer": {answer}

1025
Dataset Format of Geometry3K
dataset: Geometry3K
"prompt": [
{"role": "user", "content": [{
"type": "image",
"image": {image},
by
{
"type": "text",
"text": {question} + ".
You FIRST think about the reasoning process as an internal monologue and
then provide the final answer. The reasoning process MUST BE enclosed
within <think> </think> tags. The final answer MUST BE put in \\boxed{}."
ol
}
]
"answer": {answer}
1026

102z D.2 Reward function

1028 We design five reward functions for the GSMS8K dataset and show how to implement ReDit:

1 | def correctness_reward_func_with_noise (prompts, completions, answer
, **xkwargs) —-> list[float]:

2 def extract_number(s: str) -> str:

3 match = re.search(r’\d+’, s)

4 return match.group(0) if match else '’

5 responses = [completion[0] [’content’] for completion in
completions]

6 g = prompts[0] [-1] [’content’]

7 extracted_responses = [extract_xml_answer (r) for r in responses
1

8 original_rewards = [2.0 if extract_number (r) == extract_number (

a) else 0.0 for r, a in zip(extracted_responses, answer) ]

10 # ReDit add

i1 noisy_rewards = [r + random.uniform(-m x 2.0, m = 2.0) for r in
original_rewards]
2 #noisy_rewards = [r + random.gauss(0, 2.0 » m / (3 *x 0.5)) for

r in original_rewards]
3 return noisy_rewards
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GSMSK Int Reward Function

1 |def int_reward_func_with_noise (completions, xxkwargs) —-> list[float
1:
2 responses = [completion[0][’content’] for completion in
completions]
3 extracted_responses = [extract_xml_answer (r) for r in responses
1
4 original_rewards = [0.5 if r.isdigit () else 0.0 for r in

extracted_responses]

# ReDit add

noisy_rewards = [r + random.uniform(-m = 0.5, m = 0.5) for r in
original_rewards]
8 #noisy_rewards = [r + random.gauss (0, 0.5 x m / (3 =+ 0.5)) for
r in original_rewards]
9 return noisy_rewards

1030

GSMSK Strict Format Reward Function

1 |def strict_format_reward_func_with_ noise(completions, xxkwargs) ->
list[float]:
2 pattern = r"“<reasoning>\n[\s\S]x?\n</reasoning>\n<answer>\n[\s
\S]*?</answer>3$"
3 completion_contents = [completion[0] ["content"].strip() for
completion in completions]
4 matches = [re.match (pattern, content, re.DOTALL | re.MULTILINE)
for content in completion_contents]
5 original_rewards = [1.0 if match else 0.0 for match in matches]
6
7 # ReDit add
8 noisy_rewards = [r + random.uniform(-m = 1.0, m = 1.0) for r in
original_ rewards]
9 #noisy_rewards = [r + random.gauss (0, 1.0 * m / (3 % 0.5)) for
r in original_rewards]
0 return noisy_rewards

1031

GSMSK Sort Format Reward Function

1 |def soft_format_reward_ func_with_noise(completions, xxkwargs) ->
list[float]:
2 pattern = r"“<reasoning>[\s\S]*?2</reasoning>[\s\S]x*?<answer>[\s
\S]*?</answer>S$"
3 completion_contents = [completion[0] ["content"].strip() for
completion in completions]
4 matches = [re.match(pattern, content, re.DOTALL | re.MULTILINE)
for content in completion_contents]
5 original_rewards = [1.0 if match else 0.0 for match in matches]
6
7 # ReDit add
8 noisy_rewards = [r + random.uniform(-m = 1.0, m = 1.0) for r in
original_rewards]
9 #noisy_rewards = [r + random.gauss (0, 1.0 * m / (3 % 0.5)) for
r in original_rewards]
0 return noisy_rewards
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1 rdef xmlcount_reward_ func_with_noise (completions, xxkwargs) -> list]|
float]:
2 def count_xml (text) -> float:
3 count = 0.0
4 if text.count ("<reasoning>\n") == 1:
5 count += 0.125
6 if text.count ("\n</reasoning>\n") == 1:
7 count += 0.125
8 if text.count ("\n<answer>\n") == 1:
9 count += 0.125
10 #count —-= len (text.split ("\n</answer>\n")[-1])*0.001
11 if text.count ("\n</answer>") == 1:
12 count += 0.125
13 count —-= (len(text.split ("\n</answer>")[-1]) - 1)x0.001
14 return count
15 contents = [completion[0] ["content"] for completion in
completions]
16 original_rewards = [count_xml (c) for c in contents]
17
H # ReDit add
19 noisy_rewards = [r + random.uniform(-m = 0.5, m = 0.5) for r in
original_ rewards]
2o #noisy_rewards = [r + random.gauss(0, 0.5 » m / (3 %+ 0.5))
for r in original_rewards]
B1 return noisy_rewards

As shown in the above code block, ReDit does not need to be modified in a complex way, only the
reward function needs to be modified, and any method can be easily integrated. The reward functions
of other datasets can be found in the code.

D.3 Specific experimental parameters

In this section, we present the experimental parameters, including LoRA parameters, GRPO and
other baseline experimental parameters.

Table 4: LoRA Parameters
LoRA Target LoRA Rank LoRA Alpha LoRA Dropout

q & v Proj 8 64 0.05

Table 5: GRPO Parameters
Learning Rate Num Generations Epochs

Se-6 4 10

Table 6: DAPO Parameters
Clip Ratio Low Clip Ratio Low Clip Ratio C Num Generations Max

0.2 0.28 10.0 10

E More result

In this section, we present detailed numerical results for all experiments.
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E.1 Main Result

In this section, we show the results in Figure [6] the performance of GRPO and GRPO+ReDit on
different datasets.

Table 7: Performance Comparison of Different Training Steps on the Math Dataset

Method \Step 0 1000 2000 3000 4000 5000 6000 7000 8000 9000

Instruct model 39 - - - - - - - - -
GRPO - 4786 4946 47.18 4728 4726 47.57 47.63 4789 48.01

Uniform ReDit - 50.02 5023 5034 50.78 5096 5127 5137 5137 51.96
Gauss ReDit - 4978 50.73 51.03 51.07 51.53 5143 5201 52.01 52.55

Table 8: Performance Comparison of Different Training Steps on the GSM8K Dataset

Method \Step 0 1000 2000 3000 4000 5000 6000 7000 8000 9000
Instruct model 84.91 - - - - - - - - -

GRPO - 85.70 86.01 86.47 86.73 87.13 87.78 8852 88.73 89.07
Uniform ReDit - 89.16 89.16 89.31 89.31 89.31 89.99 89.99 89.99 90.76
Gauss ReDit - 89.02 89.37 89.61 89.54 89.54 89.54 89.61 89.61 90.46

Table 9: Performance Comparison of Different Training Steps on the Geometry3K Dataset

Method \Step 0 1000 2000 3000 4000 5000 6000 7000 8000 9000
Instruct model 40.43 - - - - - - - - -

GRPO - 40.60 4293 38.77 39.77 3894 39.10 40.10 41.36 43.10
Uniform ReDit - 4337 4389 44.01 4423 4423 4423 44.12 4436 44.36
Gauss ReDit - 43.67 4398 44.03 4425 4425 4425 4425 44.67 44.67

Tables [7] [8] [ show the comparison of ReDit on different datasets. ReDit significantly improves the
convergence speed of GRPO. At any same step, ReDit achieves better performance.

E.2 Baseline Result

In this section, we present all numerical results in Fig.[5] As shown in Table[I0] we demonstrate the
effect of using ReDit on GSM8K based on the GRPO improvement method. The experimental results
show that ReDit can also improve the convergence speed and performance on these algorithms.

E.3 Variance Result

In this section, we show more results on the performance of ReDit as the perturbation changes. As
shown in Figure [I2] the variance of uniform perturbation is similar to the variance of Gaussian
perturbation, and the appropriate variance can achieve the best performance. The specific numerical
results are shown in Tables [[Tland

E.4 Scheduled Perturbation Result

In this section, we show the changing trends of different scheduled perturbation strategies, as
shown in Figure[I3] We took the perturbation of Gauss distribution as an example and conducted
experiments. The experimental results are shown in Table[T3] The CosineReverse strategy shows the
best performance.
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Table 10: Performance Comparison at Different Training Steps on Different Baseline

Method \Step 1000 2000 3000 4000 5000 6000 7000 8000 9000
DAPO 8499 8620 8635 8635 86.75 87.04 87.12 87.17 87.52
Uniform ReDit 87.03 87.15 8726 8754 8754 87.69 87.83 88.03  88.57
Gauss ReDit 87.76 8796 88.01 88.01 88.10 88.37 88.67 8896 89.34
DR.GRPO 84.69 8423 8453 8491 8567 8567 8567 8590 86.13
Uniform ReDit 86.27 8636 8645 86.54 86.75 87.03 87.26 87.16 87.34
Gauss ReDit 86.47 86.23 87.10 87.16 87.56 87.67 87.67 87.67 87.69
REINFORCE++ 8491 84.69 8506 85.14 8514 8514 86.10 86.17 86.25
Uniform ReDit 86.21 86.11 86.67 8631 86.75 87.01 8726 87.59 87.59
Gauss ReDit 86.17 86.27 8647 86.83 86.83 87.06 87.63 87.76 87.96

Performance Comparison of Different Uniform Variance

Peak Accuracy
90.76% (a=0.05)
s )

9 4

—_

Test Accuracy (%)

85 1

84

Figure 12

90 1
891
881
871
86 1

Fastest Convergence
89.16% (a=0.05)

—0— a=0.00
== a=0.01
A= a=0.02

-+ a=0.05
—o— a=0.1
a=0.5

0

: ReDit uniform perturbation performance changes with variance.

Training Steps

1000 2000 3000 4000 5000 6000 7000 8000 9000

Table 11: Performance Comparison of Different variance on the Gauss Perturbation

Variance \Step 1000 2000 3000 4000 5000 6000 7000 8000 9000
0.01 8597 87.01 8740 8754 8792 8876 88.84 89.54 89.54
0.02 86.40 87.70 88.16 89.23 8939 90.22 90.14 90.14  90.14
0.05 89.02 89.37 89.61 89.54 89.54 89.54 89.61 89.61 90.46
0.1 87.64 89.08 89.69 89.84 90.07 89.84 89.84 89.84 90.07
0.3 87.87 8848 88.78 8893 8939 8939 89.39 8946 89.46
0.5 86.81 87.57 8741 87.64 87.64 8795 8832 8848 88.95

Table 12: Performance Comparison of Different variance on the Uniform Perturbation

Variance \Step 1000 2000 3000 4000 5000 6000 7000 8000 9000
0.01 85.67 86.79 8743 87.68 8796 88.05 8889 89.01 89.09
0.02 8544 86,52 87.20 88.03 8832 8846 8899 8931 89.53
0.05 89.16 89.16 89.31 8931 8931 89.99 8999 89.99 90.76
0.1 88.17 8825 89.01 89.01 89.84 89.54 89.54 89.61 89.61
0.3 87.49 8825 88.25 88.02 8817 8795 8893 8870 88.78
0.5 86.73 87.72 87.64 87.64 87779 8848 87.87 88.02 87.87
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Table 13: Performance Comparison of Different Scheduled Perturbation Methods

Method \Step 1000 2000 3000 4000 5000 6000 7000 8000 9000
SquareRoot 88.10 89.31 8893 89.69 89.46 8946 8946 8946 90.22
SquareRootReverse ~ 88.55 89.54 89.46 90.07 90.07 89.31 89.61 89.54 89.69
Factor 88.25 88.63 89.69 89.46 89.23 89.54 8946 8931 89.69
FactorReverse 88.48 8832 89.39 8878 8893 89.54 89.61 89.76  89.46
MutilFactor 87.87 89.31 89.01 89.01 89.01 89.61 89.16 89.61 89.46
MutilFactorReverse ~ 88.17  88.78 88.86 89.01 8893 8893 89.39 89.16 89.54
Cosine 8832 8832 89.39 8984 89.76 89.61 90.14 9046 90.23
CosineReverse 89.08 8795 89.54 89.08 89.16 90.37 90.07 90.84 91.84
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