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These appendices provide additional background and elaborate on some of the finer points in the
main text. In Appendix[A]we illustrate that cumulants have typically lower variance estimators com-
pared to moments. Technical background on tensor products and tensor sums of Hilbert spaces, and
on tensor algebras is provided in Appendix[B] We present our proofs in Appendix[C| In Appendix D]
additional details on our numerical experiments are provided. Our V-statistic based estimators are
detailed in Appendix

A Moments and Cumulants

Already for real-valued random variable X, moments have well-known drawbacks that make cumu-
lants often preferable as statistics. For a detailed introduction to the use of cumulants in statistics we
refer to McCullagh| (2018)). Here we just mention that

1. the moment generating function f(t) = E[e**] = 3" 11,,t™/m! describes the law of X
with sequence (i, ) of moments y1,,, = E[X™] € R. However, since the function ¢ — f(¢)
is the expectation of an exponential, one would often expect that f is also “exponential in

t”, hence g(t) = log f(t) = >_,, nm% should be simpler to describe as a power series.

2
For example, for a Gaussian f(t) = e®(X)+%Var(X) and while p,, can be in this case
explicitly calculated and uneven moments vanish, the m-moments are fairly complicated

. . 2 . . .
compared to the power series expansion of g(t) = kit + 52% which just consists of x1
(mean) and x5 (variance).

2. In the moment sequence [i,,, lower moments can dominate higher moments. Hence, a
natural idea to compensate for these “different scales” is to systematically subtract lower
moments from higher moments. As mentioned in the introduction, this is in particular
troublesome if finite samples are available. Even in dimension d = 1 the second moment
is dominated by the squared mean, that is for a real-valued random variable X ~

12 () = (1 (7))? + Var(X),

where Var(X) = E[(X — u*(7))?]. It is well known that the minimum variance unbiased
estimators for the variance are more efficient than that for the second moment: denoting

them by ;5 and K respectively, one can show (Bonnier & Oberhauser, [2020) that given N
samples from X, the following holds

Var(X)?

Var ([ﬁ) = Var () + % (EX)" — (EX)? Var(X) - 2~

This means that when X has a large mean, it is more efficient to estimate its variance
than its second moment since the last term in the above expression dominates. Hence,
the variance Var(X) is typically a much more sensible second-order statistic than 2 (7).
However, we emphasize that there are many other reasons why cumulants can have better
properties as estimators

3. Cumulants characterize laws and the independence of two random variables manifests it-
self simply as vanishing of cross-cumulants. In view of the above item [2] this means for
example that testing independence can be preferable in terms of vanishing cumulants rather
than testing if moments factor E[X"™Y™] = E[X"™|E[X "], and similarly for testing if dis-
tributions are the same.

The caveat to the above points is that it is not true that cumulants are always preferable. For example,
there are distributions for which (a) the moment generating function is not naturally exponential
in ¢, (b) lower moments do not dominate higher moments, (c) consequently independence or two-
sample testing become worse with cumulants. While one can write down conditions under which for
example, the variance of the kernelized cumulants is lower, the use of cumulants among statisticians
is to simply regard cumulants as arising from natural motivations which leads to another estimator
in their toolbox.

The main idea of our paper is simply that for the same reasons that cumulants can turn out to be pow-
erful for real or vector-valued random variables, cumulants of RKHS-valued random variables are a
natural choice of statistics. The situation is more complicated since it requires formalizing moment-
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and cumulant-generating functions in RKHS but ultimately a kernel trick allows for circumventing
the computational bottleneck of working in infinite dimensions and leads to computable estimators
for independence and two-sample testing.

Further, we note that although cumulants are classic for vector-valued data, there seems to be not
much work done about extending their properties to general structured data. Our kernelized cumu-
lants apply to any set X where a kernel is given. This includes many practically relevant examples
such as strings (Lodhi et al.,|2002), graphs (Kriege et al.,[2020), or general sequentially ordered data
(Kiraly & Oberhauser} 2019;/Chevyrev & Oberhauser;,2022); a survey of kernels for structured data
is provided by |Gértner| (2003)).

B Technical Background

In Section the tensor products ((X)?:1 ;) and direct sums of Hilbert spaces (P
recalled. Section is about tensor algebras over Hilbert spaces (I],,,~o H®™).

o1 Hi) are

B.1 Tensor Products and Direct Sums of Banach and Hilbert Spaces
Tensor products of Hilbert spaces. For Hilbert spaces H, ..., H4and (hy,...,hg) € Hq X -+ X
‘H 4, the multi-linear operator h; ® --- @ hgy € H1 ® - -+ ® Hq is defined as

d

(h1 @~ @ha)(fr, .., fa) = [ [ (s £i)me,
j=1
forall (f1,...,fq) € H1 X -+ X Hgy. By extending the inner product

d
(a1 @ ®ag, b1 @ @ba)ry@--0H, = H<ajabj>ﬂj

=1
to finite linear combinations of a1 ® - - - ® ag-S
n
{Z C; ®;1=1 a;j : ¢ € R, Qi € Hj, n > 1}
i=1

by linearity, and taking the topological completion one arrives at 1 ® - -- ® Hq. Specifically, if
(H1,k1)y ..., (Hg, kq) are RKHSs, then so is H1 @ -+ @ Hg = Hga_ i, (Berlinet & Thomas-

Agnan, |2004}, Theorem 13) with the tensor product kernel

(®?=1 k:j) (w1, ymq), (@), ..., 2))) = ij (xj,:z:;)
where (21,...,2q), (2],...,2}) € X1 x -+ x Xy.

Tensor products of Banach spaces. For Banach spaces By, . . . B4, the construction of B ® - - - ®
B, is a little more involved (Lang],2002) as one cannot rely on an inner product.

Direct sums of Hilbert and Banach spaces. Let (#;);c; be Hilbert or Banach spaces where
I is some index set. The direct sum of H;-s— written as @ie ; H;—consists of ordered tuples
h = (h;)ics such that h; € H; for all i € I and h; = 0 for all but a finite number of ¢ € I.
Operations (addition, scalar multiplication) are performed coordinate-wise, and the inner product of
a,b € P, Miis defined as (a,b)g,_, 1, = D ey aibi-

B.2 Tensor Algebras

The tensor algebra T'; over a Hilbert space H; is defined as the topological completion of the space

ey

m>0
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Note that it can equivalently be defined as the subset of (ho, k1, ha,...) € I],,>¢ H;@m such that
Zm>0||hm|\§{®m < 00, and as such it is a Hilbert space with norm
- J

N O e B [

m>0

T; is also an algebra, endowed with the tensor product over H; as its product. For a =
(a0, a1,a2,as...),b=(bo,b1,b2,bs...) € T}, their product can be written down in coordinates as

a-b= (i(ll ®bm_1>
=0

For a sequence H1, ..., Hq of Hilbert spaces, we define

m>0

T=T® - -®Tqg,

where T; = Hmzo ’H;@m (j=1,...,d). Let H = Hi x --- x Hg, and recall that given a tuple of

integers i = (iy, .. .,iq) € N% we define H®:= HP"' @ --- @ HF". This allows us to write down
a multi-grading for T as

T= ][] #®. (8)
ieNd
Note that this gives credence to us using multi-indices i € N¢ to describe elements of the tensor
algebra, as the multi-indices form its multi-grading.
Furthermore, T is a multi-graded algebra when endowed with the (linear extension of the) following
multiplication defined on the components of T
ot MO HET oy B ©)
(21 ® @) * (N @ Qyq) = (x1-11) @ @ (Tq - Yd),

so that for a = (al) b= (b");cna € T, their product can be written down as

ieNd ?
(axb)i = Y a xb" (10)
iliz=i
where addition of tuples i',i? € N? is defined as i* + i* = (z% + i3, i+ zfl) With the degree

of a tuple defined as deg(i) = i1 + --- + ig, T is also a graded algebra, with the grading written

down as
- @ w

m2>0 {ieN9:deg(i)=m}

so that if one multiplies two elements together, the degree of their product is the sum of their degree.

Finally we note that T is a unital algebra and the unit has the explicit form
(1,0,0,...),

i.e. the element consisting of only a 1 at degree 0.

C Proofs

This section is dedicated to proofs. The equivalence between the combinatorial expressions of cu-
mulants and the definition via a moment generating function is proved in Section|C.2] The derivation
of our main results (Theorem 2] and Theorem 3)) are detailed in Section [C.3]
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C.1 Equivalent Definitions of Cumulants in R?

Here we introduce a classical definition of cumulants via a moment generating function and its
equivalence to the combinatorial expressions. If X = (X1,..., Xy) is an R%-valued random vari-
able distributed according to X ~ ~, then

p=E[XD... X4 eR

fori = (i1,...,i4) € N% The following definition of the cumulants x!(v) of + are equivalent

L Yiene 61 (0% =log Yo i)
2 K1) = Srepay on Toen 10,

where 6 = (01, ...,04) € R, ¢, = (—=1)I"I(|x| — 1)! and the product [] .. is over all the blocks
o € (m1,...,m) in the partition 7 = (7y,...,m) of {1,...,d}. The equivalence between these
two definitions of cumulants, via a generating function and via their combinatorial definition, is
classic (McCullagh| 2018])). This equivalence is also at the heart of many proofs about properties of
cumulants since some properties are easier to prove via one or the other definition.

C.2 Equivalent Definitions of Cumulants in RKHS

In the main text, we defined cumulants in RKHS by mimicking the combinatorial definition of cumu-
lants in R<. Tt is natural and useful to also have the analogous definition via a generating function”
for RKHS-valued random variables. However, to generalize the definition via the logarithm of the
moment generating function to random variables in RKHS, requires to define a logarithm for tensor
series of moments. In this part, we show that this can be done and that indeed the two definitions
are equivalent.

We use the shorthand k() = Kk, k. (V), #(¥) = pk,,... k. (7), and we overload the notation
(X1,...,Xq) with (k1(-, X1),...,kq(-, Xq)). With this notation, we show that given coordinates
i € N9, one may express the generalized cumulant x!(y) as either a combinatorial sum over mo-
ments indexed by partitions, or by using the cumulant generating function.

More specifically, we show that the generalized cumulant of a probability measure v on Hp X - - - X
H 4 defined as

Hi(’y) = Z CrrE’yjr (X®i)
TEP(m)
where ¢; = (—1)I™=*(|z| — 1)! can also be expressed as coordinates in the tensorized logarithm of
the moment series. Motivated by the Taylor series expansion of the classic logarithm, we define

(_1)n—1 *n
log: T—T, x>y ~———f(zx—1)"",
n

n>1
where % denotes the product as defined in @]) and fort € T, t*™ is defined as
P =tk
W—/
n - times

logarithm log : Ry — R, the tensorized logarithm is defined on the whole space as a formal

expression.

or coordinate-wise (#*")1 = Y, . #5 «---x " fori € N%. Note that unlike the classical

Generalized Cumulants as Logarithms We want to show that the following holds

i iy)1m
K (y) = (logu(v)) ™, (1D
where 1,, = (1,...,1) € N™. By iterating (I0) we can express (T} as

Z (_1).]_ Z ,uil(’Yi)*"'*Mij(ViL

T e,

and our goal is to express this as a sum over partitions. We will use the notation [n] = {1,...,n}.
We can achieve our goal in two parts:

j=1
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1. Show that for a fixed i € N? with deg(i) = m we can express (TT) as a sum over all
surjective functions from [m] to [;].

2. Show that this sum over functions reduces to a sum over partitions.

Part 1. Note that given i’ +- - - +i/ = 1,,, we may define & : [m] — [4] by the relation (i"(™)),, = 1,
that is, we take h(n) to be the index ¢ for which the multi-index i€ is 1 at n. Note that this function
is necessarily surjective since the sum is taken over non-zero multi-indices. Equivalently, for any
surjective function h : [m] — [j] we may define multi-indices by setting

(), — {1 ifneh(c)

0 otherwise
Note that any such multi-index will be non-zero since the function is assumed to be surjective. With

this identification we can write
m

. —1)i—1 el . L .
(logu(v1) "™ =3 ()i DD A G F R L OO
=7 o)
Part 2. Recall that given a function h : [m] — [j] we can associate it to its corresponding par-
tition 7, € P(m) by considering the set {h~1(1),...,h~1(j)}, and there are exactly ;! different
functions corresponding to a given partition, which are given by re-ordering the values 1,...,j.
This reordering of the blocks does not change the summands since the marginals of the partition
measure are always copies of each other and hence self-commute, hence a product of moments like

TSI RO . /i . .
it (Y x-- % pi Y (7') can always be written as ji'(7}, ), the i-th coordinate of the moment
sequence of the partition measure fy,irh. With this in mind we can write

inln X (=17 i i (===t 1 i
(log (7)) :Zf PRGNS it )
i=1 haml— 5] =EP(m)
= Y et = Y R, (X,
TeEP(m) TEP(m)

From this it immediately follows that for two probability measures v, n we can write

W) K)o = (Y Bt (XF0), ST Gy (YE)) e

TEP(m) TEP(m)
= D et Exyyeian (XY )0,
w,TEP(m)

Lemma ] then follows from the definition of the tensor products.

C.3 Proof of Theorem2land Theorem[3]

In this section we present the proofs of Theorem [2| and Theorem [3] We do this in a slightly more
abstract setting where the feature maps take values in Banach spaces for clarity, until the end when
we again restrict our attention to RKHSs. We start out by showing that polynomial functions of
the feature maps characterize measures (Lemma [). From there it is straightforward to show that
cumulants have the same property (Theorem[d), and lastly that this also holds when working directly
with the kernels (Proposition [I)).

A monomial on separable Banach spaces By, . . ., By is any expression of the form
i ia
M(xlv e ,fIJd) = H<f},$1> e H<f]d7xd>
j=1 j=1
for some (i1, ...,%4) € N¢, where fj € By are elements of the dual space B} and x; € B;}’| Finite

linear combinations of monomials are called the polynomials. Recall that a set of functions I’ on
a set S is said to separate the points of S if for every x # y € S there exists f € F such that

f(x) # f(y).

>These monomials naturally extend the classical ones.
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Lemma 4 (Polynomial functions of feature maps characterize probability measures). Let
Xy, ..., Xy be Polish spaces, B ..., By separable Banach spaces and p; : X; — B; be contin-
uous, bounded, and injective functions. Then the set of functions on the Borel probability measures

P <Hzc'l:1 Xi) 0fH?=1 &

d
P (HXZ> _>R7 084 B p(g01(-’171),...,(,Od(l‘d))d'y(xl,...,xd),
=1 i—1 Vi

where p ranges over all polynomials, separates the points of P (H?Zl Xi).

Proof. We first show that the pushforward map

(1))

i=1
is injective. This is done in two parts, first we show that every Borel measure on [[;_; &; is a

Radon measure, then we show that the pushforward map is injective on Radon measures. To see the

first part, note that since X7, ..., Xy are Polish spaces, so is their product space H?Zl X; (Dudley
2004} Theorem 2.5.7;Willard| 1970, Theorem 16.4c), and since Borel measures on Polish spaces are

Radon measures (Bogachev, 2007, Theorem 7.1.7), any v € 73(]_[;-1:1 X;) must be a Radon measure.

For the second part, note that

d d d d d
[ei: 11x— 18 (H%‘) (@1, wa) = [ [ i)
=1 =1 i=1 i=1 i=1

. . N . d . d .
is a norm bounded, continuous injection. Since [[;_; B; is a Hausdorff space, [[;_; ¢; is a homeo-
morphism on compacts since continuous injections into Hausdorff spaces are homeomorphisms on

compacts (Rudin, (1953| Theorem 4.17). Let u, v € P (H?Zl Xi) be two Radon measures such that

their pushforwards are the same Hle wi(p) = H?Zl ©;(v), then for any compact C' C H?Zl X; we
have ;(C) = v(C) as H?Zl pi: C — H?Zl ©i(C) is a homeomorphism. Since Radon measures
are characterized by their values on compacts, this implies that ¢ = v. Hence the pushforward map
is injective.

Denote by K the image of Hle X; under the mapping Hf.l:l ©; in Hle B;. Note that K is a
bounded Polish space. It is enough to show that the polynomials separate the points of P(K). To
see this, note that the polynomials form an algebra of continuous functions that separate the points of

Hle B;, and when restricted to K they are bounded, since K is norm bounded. Since K is Polish,
any Borel measure is Radon, and we can apply the Stone-Weierstrass theorem for Radon measures

(Bogachevl, 2007, Exercise 7.14.79) to get the assertion. O
In what follows we will use the following index notation for linear functionals. Fix some tuple
i= (i1,...,iq) € N with deg(i) = m. Given separable Banach spaces B ..., B; we use the
notation

B =B @@ B

and given an element © = (z1,...,24) € [[\_, Bi we write 2': = 2P @ --- @ 2§ so that
xt € B If we have functions (¢;)%_, such that ¢; : X; — B; on some Polish spaces X7, ..., Xy,

then we write

d
IR T ANl | By
i=1

Given a collection of linear functionals F' € H;l:l (B;)ZJ such that F' = (fy, ..., fq) we write

F®i:=f1®"'®fd7 F®i e (B®i>*.
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Note the following trick: the monomials on H?Zl B; are exactly functions of the form
x— (F®1 )

for F' = (f1,..., fa), this will be used in the proofs. We can now restate and prove the our theorem.
Note that the cumulants here are defined like in Definition ] which is a sensible definition even if
the feature maps are not associated to kernels.

Theorem 4 (Generalization of Theorem [2] and Theorem [3). Ler X4, ..., Xy be Polish spaces and
;i + Xi — B; be continuous, bounded and injective feature maps into separable Banach spaces B;
fori=1,...d. Let v and 1) be probability measures on X1 X --- X Xg. Then

1. v =nifand only if k() = K(n).
2. 7=QL

x, if and only if the cross cumulants vanish, that is () = 0 for all i € fo_.

Proof.

e Item |2f We want to show that the cross cumulants vanish if and only if v = ®C.l:
Lemma]it is enough to show that

E, [p(sm(Xl), . -MPd(Xd))} =Egd | [p(sm(Xl), . -v‘ﬂd(Xd))}

for any monomial function p. Let us take linear functionals F' = (f1, ..., fq4) and note that
(F! Z cxBas [f1(p1(X1)) -+ fa(wa(Xa))]
TeP(d

which is the classical cumulant of the vector-valued random variable

((fl © 901)(X1)a ) (fd ° SDd)(Xd)),

where (X1, ..., Xy) ~ 7. Hence by classical results (Speed, |1983), all cross cumulants of ((fl o
©1)(X1), ..., (fao pa)(Xaq)) vanish if and only if the cross moments split, that is to say

Ev[ﬁ((flO@l)(Xl)w-w(fdosﬁd)(Xd))} E@2 11, [ ((fl0901)(X1);~~,(fdO@d)(Xd))}

for any monomial p on R?. Since fi,..., fq were arbitrary this holds for all monomials, which
shows the assertion.

o Item [1} By assumption i(v) = x!(n) for every i € N?; this implies that E,p(1, . ..,%q4) =
Enp(p1, ..., ¢q) for any polynomial p, so we can apply Lemma 4] O

Proposition 1 (Theoremand Theorem . Let X1, ..., Xy be Polish spaces and k; : X? — R be a
collection of bounded, continuous, point-separating kernels. Let v and n be be probability measures
on X1 X ---x Xy. Then

1. v =nifand only ifﬁkl,wwk)d (7) = Kk1w~,kd(n)'

2.y = ®C-l: x; if and only if’i}cl,m,k’d (v) =0forallie N..

Proof. We reduce the proof to the checking of the conditions of Theorem ] Let ¢; denote
the canonical feature map of the kernel k;, and let B;: = Hj, be the RKHS associated to k;
(¢ € {1,...,d}). Forall i € {1,...,d}, ¢; is (i) bounded by the boundeness of k; since
i (x)|I5,, = ki(z,z) < sup,ey, [ki(z, )] < oo, (ii) continuous by the continuity of k; (Stein-
wart & Christmann|, 2008, Lemma 4.29), (iii) injective by the point-separating property of k;. The
separability of Hj,, follows (Steinwart & Christmann, 2008, Lemma 4.33) from the separability of
X; and the continuity of k; (: € {1,...,d}). Note: Details on the expected kernel trick part of
Theorem [2]and Theorem [3|are provided in Section [E] O
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D Additional Experiments and Details

Here we give additional details on the experiments that were performed, and discuss some further
experiments that did not fit into the main text.

Background on permutation testing. Permutation testing works by bootstrapping the distribution
of a test statistic under the null hypothesis. This allows the user to estimate confidence intervals
under the null, which is a powerful all-purpose way of doing so when analytic expressions are
unavailable. As an example, assume we have two probability measures v, 7 on X with i.i.d. samples
Tlye. s TN ~ Y, Y1,-..,Yyn ~ 0. If the null hypothesis is that v = 7 then we may set

(z1,.-,22n) = (T1, -, TN, Y1, -+ -, UN)

so that for any permutation ¢ on 2N elements, we get two different set of of i.i.d. samples from
~ = n by using the empirical measures

Vo := (2o(1)s -+ » 2o(N))s  Tlo = (Za(N41)s- - - > Z0(2N))

and for any statistic S : P(X)? — R, we may estimate S(v,7) under the null by sampling from
S(Yo, T ). If the null hypothesis were true, we might expect S(-y,7n) to lie in a region with high
probability of the permutation estimator, and we can use this as a criteria for rejecting the null.
Under fairly weak assumptions, this yields a test at the appropriate level (Chung & Romanol [2013).

Comparing a uniform and a mixture. Any uniform random variable over a symmetric interval
will have 0 mean and skewness, so a symmetric mixture only needs to match the variance. If X is a
50/50 mixture of Ua, b] and U[—a, —b| then

2
Var(X) = 3 (b* + ba + a®)
so if Y is distributed according to U[—c, ] then we only need to solve
b +ba+a?® =c?
which is straightforward for a given a and c.
Computational complexity of estimators. The V-statistic for d(?) as written in Lemma is bot-
tlenecked by the matrix multiplications. We may note however that for two matrices A, B it holds
that
Tr(A'B) = (Ao B),

where (-) denotes the sum over elements and o denotes the Hadamard product. We also note that for
for H,, = %lnll we have (AHn)m. = % 22:1 A; .. Using both of these tricks we may compute
both d(?) and CSIC without any matrix multiplications, which brings the computational complexity
down to O(N?) for both. For a comparison of actual computation time, see Fig. E] and Fig.|7| where
the average computational times for out methods are compared to the KME and and HSIC for IV
between 50 and 2000.

Average times (s)

0 250 500 750 1000 1250 1500 1750 2000

Figure 6: Average computational time in seconds for KME (red) and d(?) (blue) for sample size N
between 50 and 2000.

Type I error on the Seoul Bicycle data. The results when comparing the winter data to itself is
presented in Fig.[§] As we see the performance is similar for both estimators and lies between 5 and
10%.
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Figure 7: Average computational time in seconds for HSIC (red) and CSIC (blue) for sample size
N between 50 and 2000.
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Figure 8: Type I errors using MMD (red) and d(?) (blue) on the Seoul bicycle data set.

Classical vs. kernelized cumulants. Using the same distributions as in the synthetic independence
testing experiment, we now compare X with Y{2- to contrast independence testing with classical
cumulants with their kernelized counterpart. The results are summarized in Table [T] where they
are displayed as the median value + half the difference between the 75th and 25th percentile. We
consider every combination of classical vs. kernelized, variance vs. skewness, and two different
sample sizes. One can observe that the classical variance based test performs poorly compared to a
classical skewness test, the kernelized variance test is almost as powerful as the kernelized skewness
test, and in all cases the kernelized tests deliver higher power.

E Kernel Trick Computations

Here we show how to arrive at the expressions used for the V-statistics used in the experiments.

Given a real analytic function f(z,...,2z4) = Y ;cne fi#' in m variables with nonzero radius of
convergence and Hilbert spaces H1, ..., Hq we may (formally) extend f to a function

d
fo : [[Hi =T, folar,....zq) = [] fie®™.
i=1 ieNd
Moreover, if the Hilbert spaces are RKHSs then we have the following result.

Lemma 5 (Nonlinear kernel trick). For any collection of RKHSs H1, ..., Hq with feature maps
;i + Xi = H,;, assume that | and g are real analytic functions with radii of convergence r(f) and

Table 1: Comparison of classical and kernelized cumulants for independence testing with both vari-
ance and skewness.

N=20 Variance Skewness N=30 Variance Skewness
Classical 19% +3.0% 56% £ 3.5% Classical 17% +0.5% 68% £+ 1.0%
Rbfkernel 39% +4.5% 59% + 3.0% Rbfkernel 65% +3.5% 79% +1.5%
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7(g) such that max,<;<qSup,ey, |@i(x)| < min(r(f),r(g)). Then

(fo(e1(21), .- pa(ra)), 90 (01(01); - 0a(ya)))r = Y figika(z1,91)" .. Ka(za,ya)™
ieNd

Proof. Since the image of the ;s lie inside the radius of convergence of fg, and g the power series
converge absolutely and we can write

<f®(§0 ( )) 9®( Zfl ®1 l ZQI‘P

ieNd ieNd
= Y ig(@® (@), 0 (Yo = D figika (@, y1)" - ka(a, ya)',
ieNd ieNd
where H = Hq X -+ X Hgq. O]

Using Lemma we can choose kernels k; : X? — R with associated RKHSs ; and feature maps
¢; and some i € N¢ with deg(i) = m. We make the observation that with X = (X1,..., X4) ~ 7,
Y = (Y1,...,Ys) ~ nand k%% and H®! as in (@), one has

(W) e = () B o™X, Y By o™ (V)

TEP(m) TeP(m)
= Z CWCT<E7;§0®i(Xi)v Ev]‘, 50®i(Yi)>'H®i
m,TEP(m)
= Y eneBoan (™ (X7, 0 (YT e
w,TEP(m)
Z Cﬂ'CT]E%ir@UiTk(gi((le ce 7Xm)’ (Y17 o }/m))’
w,TEP(m)

Since
H“i(V)H%—L@i = <"€i(7)7 "ii(V))H@i

1861 (7) = K () 13ges = (K1 (), K1 () mer + (K1 (1), 62 (1)) pger — 20K (7), K7 (1) g
one gets the expected kernel trick statements of Theorem [2]and Theorem 3]

We are now interested in explicitly computing the expression H/{(l 2) NII? HELHE ||/<;(2)( ) —

H](f (3,1, and ||l€k (v) — H,(c (n )H2 2 and their corresponding V-statistics. Recall that for

a (w.l.o.g.) symmetric, measurable functlon h(z1,...,2m), the V-statistic of h with N samples
Z1,...,Zy is defined as

N
V(hiZy,...,Zn)=N" 3" WZ,....Z,).

1150 sim =1

Under fairly general conditions, the V-statistic converges in distribution to E[h(Z1, ..., Z,,)] and a
well-developed theory describes this convergence |[Van der Waart (2000); Serfling| (1980); |Arcones
& Giné| (1992).

Example E.1 (Estimating H/@,(f)( ) — lik (M3,0.0)- Let X, X', X", X" denote mdependent
copies of v and Y,Y',Y" ,Y"" denote independent copies of n. The full expression for H/ik (v) —

kO DI, s
k2 (7) = K2 ()20 = ER(X, X )k(X", X") + EE(Y, Y )k(Y",Y") (12)
+ EE(X, X")? —|—IEI<;(YY)
+ 2Ek(X,Y)k(X',Y) + 2Ek(X, Y)k(X,Y")
— 2EE(X,Y)k(X',Y') — 2Ek(X,Y)?

— 2Ek(X, X' )k:(X, X") = 2Bk(Y, Y )k(Y,Y").
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720 Given samples (z;)N_1, (yi)M | from y and n respectively the corresponding V statistic is

N M
1 1
0,7,Kk,0=1 ©,7,k,0=1
1 N M
+ N2 Z k(xz7xj)2+ M2 Z k(ymyj)
i,j=1 i,j=1
2 & 2
+ N2M Z Zk(xiayj)k('rﬁvy] NM2 Z Z k xuy] xwyﬁ)
i,k=17=1 1=1 j,k=1
9 N M 9 N M
- N2M2 Z Z k/’(xz,yj)k(l'ﬁ,yl)—WZZIC(.T“:UJ)Q
il=1j,k=1 i=1 j=1
2 N
-3 Z k(s xj)k(xi, ) — Z k(yi, v )k(Yi, Y )-
%,7,k=1 i,7,k=1

721 Let us define the Gram matrices K, = [k(xs, 25)]1;2; € RVN, K, = [k(yi, y;)]i—, € RM*M,

2 K;, = [k(xz,y])]f]fl and let Hy = %11\/1} € RVXN H,, = ﬁlMlAT/[ € RM*XM po the
723 centering, then (13)) can be rewritten as

1 1 1
mTr(HNKwHNKm)+mTr(HMKyHMKy) e Tr(K2)—|—WTr(K2)
2 2 T 2 )
2 2
724 which simplifies to
1TKIH2 1TKIH2 QTTKIHKTIH
ﬁr[( «(I— N))]‘FW r[( y(I— M))]_W [ oy(I—Ha) K, (T - N)]-

725 This estimator can be computed in quadratic time.

726 Example E.2 (Estimating Hlﬁ(l 2) (v )||§_L®1®,H®2). Let k denote the kernel on Xy and { denote the
k £
721 kernel on Xy. Let (X,Y), (X', Y"), (X", Y"),(X®), Y ®), (X<4> Y<4>) (X©®) Y ) denote in-

728 dependent copies of v € P(X1 x Xy). The full expression for ||,'-$,(C ;v )HH®1®H®2

Ek(X, X" )k(X, X )Y, Y') — 4Bk(X, X" )k(X, X" )(Y,Y")

— 2BE(X, X )E(X, X" )Y, Y") + 4Bk(X, X" )k(X, X" )Y, Y ®)

+ 2BE(X, X )k(X", XO)UY,Y") + 2Bk(X, X )k(X", X (v, Y ®)
+AEE(X, X VE(X", XY, Y ) + BE(X, X )k(X, XYY", Y®)

— 8EE(X, X)k(X", XN e(y DY) — 4Ek(X, X" )E(X", X )(YW, Yy ®)
+ AEE(X, X )E(X", X))y ® vy ©),
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729 Given samples (z;,v;) N, from ~y the corresponding V-statistic for this expression is

N
1
ﬁ Z k(ﬂfza%)k(xwx])g(yu% 3 Z k xwxj xzaxn)f(yivyj)
1,j=1 i,J,k=1
9 X 4 X
- = > k(wi m) k(@i 2) 0y, ye) + i > kws, @)k, 20)yi, ui)
i,j,k=1 i,4, k=1
N 9 N
Z k(xi,x)k(xg, 20)0(yi, y;) + i Z k(xi, x)k(xg, 20)0(yi yi)
i,j,k,0=1 i,j,Kk,l=1
R 1 X
tr D k@i r)k@ez)y) s Do K )k ) (e )
i,5,k,0=1 i,j,k,0=1
8 N 4 N
- Z k(i x)k(xe, 20)0(Ym, y;) — N5 Z k(zi,x)k(ze, 2)0(Ym, Y1)
i,j,k,0,m=1 i,j,k,0l,m=1
4 N
t 6 Z k(i 25) k(2 20)(Ym, Yn)-

i,7,K,l,m,n=1

730 Using the shorthand notation K = K, L = L, and H = Hy and denoting by o the Hadamard
731 product [AoBl; ; = A, ;B; j and (-) the sum over all elements of a matrix (A) = Zf\fj:l A, j, the
732 V-statistic above can be written in the simpler form

1
N2<K cKoL-4KoKHoL -2KoKoLH

+4KHoKoLH + 2K o L<K>+2KHOHKOL

+4KoHKoLH + Ko K<J\I;2>—8K0LH<K>
L K \?
— 4K o HK +4{ 5z ) L).

733 Again this estimator can be computed in quadratic time.

73+ Example E.3 (Estimating ||/<;](€3)(7) — nf)( )||H®3) In order to estimate d®) (v, n) we note that

785 One can write

3 3 3 3
I (1) = K M0 = I (D0 + 1 )30

3 3
=2k (7)1 (1)) 309
736 We can estimate the first two terms like in Example|E.2} and the third term can be expressed as

() (), 517 () g0 = BR(X, Y)? = BEE(X, Y)2k(X,Y")?

— 3EE(X,Y)*k(X',Y)? + 6Ek(X,Y)k(X, Y’)k;(X’, Y)

+ 3EE(X,Y)? k(X' Y') + 2Ek(X, Y)k(X', Y)k(X",Y)

+ 2BE(X, Y)k(X, Y )k(X,Y") — 6Ek(X, Y)k(X, Y )k(X',Y")

— 6EE(X, Y)k(X', Y)E(X",Y') + 4Bk(X, Y)k(X', Y k(X" Y").
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740

74
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N

743

For simplicity we will assume that we have an equal number of samples (N) from both measures

()N, € yand (y;)., € n. The V-statistic for (/123) (), Kjgj)( )>H§3 can be expressed as

1 O 3 -

3,j=1 ,j,k=1
N 6 N
Z xmy] xﬁay1)+ ﬁ Z k(wiayj)k(xiayﬁ)k(xlayj)
JR= 1,5,k =1
N 9 N
Z mzay] $n7yl)+ﬁ Z k(‘rlayj)k(xﬁvy])k(xhy])
SRy i,7,k,l=1
N 6 N
Z k xzay] Izayn)k(l‘iayl) - ﬁ Z k(xuy])k(xuyli)k(xhym)
7/7]7571— i,J,k,l,m=1
6 N 4 N
- m Z k(mwyj)k(xn?y])k(xla ym) + ﬁ Z k(xia yj)k(‘rnvyl)k('rm7yn)
1,5,k,l,m=1 i,7,k,l,m,n=1

Using the notation Ky, = [k(x,y;)N,_,, this estimator simplifies to

1
Nz <Kmy o Kyy o Kyy — 3K,y 0 Kyy o HK
- 3K,y 0 Kyy o K,y H+ 6K,y 0o Ky Ho HK
K,

+ 3K,y 0 Koy < ~

> +2K,, o HK,, o HK,,

K,
+2K,, o K,y Ho K, H — 6K,, o K,, H < i~ >

K, K \?2
_GKWOHKW< s >+4<N2> Km,>

We mention also that the first two terms ||/<;(3)( )|| 03, Hn(g)( )|| pa CaN be computed a little more

simply than in Example [E2] since the expressions have more symmetry, using the notation K,
[k(xs, 25)]Y,—, we can write down the V-statistic for HFLk (v )”H 5 as
? k

]\}2<K$OK$0KI—6KIOKIHOK$

+4K, Ho K, oK, H+ 3K, oK, <§2>

K,
4+ 6K,HoHK, 0 K, — 12K, 0o HK,, < >

N2
K 2
+4<N2> K$>

with a similar expression for ||,‘f§C ()12 o The estimator can be computed in quadratic time.
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