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Abstract

For different parameterizations (mappings from parameters to predictors), we study
the regularization cost in predictor space induced by [, regularization on the param-
eters (weights). We focus on linear neural networks as parameterizations of linear
predictors. We identify the representation cost of certain sparse linear ConvNets
and residual networks. In order to get a better understanding of how the architec-
ture and parameterization affect the representation cost, we also study the reverse
problem, identifying which regularizers on linear predictors (e.g., [, quasi-norms,
group quasi-norms, the k-support-norm, elastic net) can be the representation cost
induced by simple [5 regularization, and designing the parameterizations that do
sO.

1 Introduction

In a class of parameterized models, penalizing the [, norm of the parameters induces regularization
on function space which can be interpreted as a complexity measure on the class of learned functions.
In this paper, we study how different parameterizations induce different complexity measures.

We consider parameterized mappings f : X x RP — R™, from input z € X and parameters
w € RP to predictions f(z;w). We denote the predictor implemented with parameters w by
F(w) : X — R™ defined as F(w)(x) := f(z;w). Then image(F) is the set of functions from X
to R™ which can be obtained from this class of parameterized models. We will use F to denote a set
of functions from X to R™.

The [, regularization on parameters, either explicitly or implicitly, is a common phenomenon. As an
example, in deep learning, explicit [, regularization on parameters (a.k.a. weight decay) improves
generalization ([20} [37]]). Implicit regularization of /5 norm of parameters appears when we use
gradient descent (GD) to train the model ([2, 135} 133} 19} 123} 132} [14} 25/ 9 [18]]). In particular, GD on
homogeneous neural networks with logistic loss implicitly regularizes ls norm on weights [23] [32].

The representation cost ([15,[31}[27]) of a function g in image(F') under the parametrization F is

Rp(g) = min{||w|f; : F(w) = g}. (1)
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Consider learning a predictor F'(w) with some loss function L(-) while controlling the I3 norm of
parameters w by minimizing
. 2

min L(F(w)) + Aul3 2)
This is clearly equivalent to learning a function ¢ in image(F') by controlling Rr(g) defined in
Eq. (I):

min  L(g) + ARr(g). (3)
g€image(F)

In other words, the representation cost under the parameterization F', Rp(-), captures the regular-
ization on function space image(F') induced by l» regularization on parameter space. In this paper,
we are interested in understanding how different parameterizations, regularize the function space
differently. Since GD on homogeneous neural networks with logistic loss implicitly regularizes /5
norm on weights [23| 32]], representation cost induced by [, regularization in weight space captures
the implicit regularization in homogeneous models, but not necessarily in non-homogeneous models.
Thus, representation costs of predictors parameterized by homogeneous models are arguably more
related to implicit regularization, while representation costs of predictors parameterized by both
homogeneous and non-homogeneous models are related to explicit regularization. In this paper, we
first develop results for homogeneous neural networks. Then we reduce the non-homogeneous neural
network to the homogeneous ones by arguing that the asymptotic behavior of its representation cost
can be captured by the representation cost of some homogeneous subnetwork of the non-homogeneous
network.

One way to motivate the study of representation cost is by considering the popularity of the over-
parameterized models, in which the number of parameters is greater than the number of samples.
Surprisingly, it has been observed that in the overparameterized regime, interpolative predictor
generalizes well [[7, 39,116, [3]. One way to explain this is that although there are many predictors
which perfectly fit the training data, gradient based algorithms choose the one with the smallest
representation cost ([15} 23]]). In these cases, representation cost operates as a regularization in
the function space which enables good generalization. Thus, understanding representation cost
helps us understand the generalization of the model. In particular, representation cost of predictors
induces an ordering on the space of predictors. Since representation cost is determined by the specific
parametrization, each parameterization induces an ordering on the function space. This can be
interpreted as an induced complexity measure of the predictor space, where penalizing the cost is the
same as minimizing the complexity.

Definition 1.1 (Induced complexity measure). Let F be a set of functions from & to R™ and F*
be the set of all functions from F to R. We define the equivalence relation in F* such that h, and
ho € F* (i.e., hy, ho : F — R) are equivalent (h; = hy) if there exists a strictly increasing function
¥ : R — R hy = o hy. Let F*/ =2 be the set of equivalence classes of F* under 2. []

Given a parameterization F' : RP — F, let F be image(F). In this case, for each value of
parameter w € RP, F(w) € F is a mapping from & to R™. Let the representation cost Ry under
parameterization F' be as in Eq. (I). We say that an equivalence class h € F*/ = is the induced
complexity measure of the parameterization F' if for any representative (i.e., element) & in class h,

Rp is a strictly increasing function of h.

We study the dependence of induced complexity measures on parameterizations from two perspectives:
First, given a parameterization F', we analyze its representation cost. Second, given a regularizer
on function space, we study when and how it can be the induced complexity measure of some
parametrizations. In this paper, we start answering these questions by focusing on linear predictors
parameterized by linear neural networks. Note that for linear networks with single outputs, the
function space being parameterized does not depend on the architecture. Thus, the change in
architecture only changes the induced complexity measure. This makes it appealing for highlighting
and understanding what the effect of changing the architecture is in changing the induced complexity
measure.

In the first part of the paper (Section 3, we identify the representation costs of various architectures.
Specifically, we look into fully connected networks and convolutional networks with multiple outputs.
In addition, we show how the representation cost of convolutional networks with restricted filter

~

B 'In other words, F*/ = is a partition of F* into classes with the following property: given a class
h € F*/ =, any two elements h1, ha € h are equivalent (i.e. h1 = 1) o hs).



Architectures (of depth d)

Induced Complexity Measures

Fully Connected Network with multiple outputs
Diagonal Network with multiple outputs

Schatten 2/d quasi-norm
Matrix l5/4,2 quasi-norm

Convolutional Network with multiple outputs Matrix I 4,2 quasi-norm on Fourier domain
Residual Network An interpolation between two quasi-norms

Table 1: From Architecture to Induced Complexity Measure

Induced
Complexity
Measure

Conditions Architectures

I, quasi-norms
k-support norms

lp,q group quasi-norms
Elastic nets

lp,q with

overlapping groups

Table 2: From Induced Complexity Measure to Architecture

ifand only if 2/p € N

if and only if k£ € [n]

if2/p,2/g e Nand2/p>2/q—1
None

None

Diagonal networks
k-balanced networks (Fig.
Group networks (Fig.
None
None

width changes as their filter width changes. Then, we show that the representation cost of residual
networks interpolates between the representation costs of two of their component networks. Finally,
we give two characterizations of the representation costs of depth-two neural networks. The results
of this part are summarized in Table[T]

In the second part (Section [)), given a few regularizers, we study when and how they can be the
induced complexity measure of some architectures. Specifically, we show that [, quasi-norm can
be the induced complexity measure induced by /5 regularization on some linear neural networks if
and only if 2/p is an integer. Moreover, when 2/p is an integer, we characterize all the architectures
whose induced complexity measures are [, quasi-norms. In addition, we design architectures whose
induced complexity measures are k-support-norm and [, , group quasi-norms. Then, we show that
elastic nets and [,, ;, quasi-norm with overlapping groups cannot be the induced complexity measure
of any linear neural network. On the contrary, we show that there exist homogeneous parametrizations
whose induced induced complexity measures are elastic nets and [, ; quasi-norm with overlapping
groups. The results of this part are summarized in Table 2] Finally, in the conclusion, we discuss
some interesting future directions.

Further related works: Some previous work focuses on the expressive power image(F') of the
model [22} 29,138} 21]. However, as discussed in [26, [24]], some other capacity control, different from
network size, plays a role in deep learning. This motivates the study of representation cost and its
relation to parametrizations.

Representation cost has been studied before under various models. [15]] showed that the representation
cost of a linear convolutional neural network of depth d is strictly increasing in the Schatten-2/d
quasi-norm on the Fourier domain, whereas the representation cost of a linear fully connected network
of depth d is strictly increasing in the /5 norm. [31] and [27] studied depth-two fully connected
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Figure 1: k-balanced and Group networks: architectures for /,, , quasi-norms. Figureinduces
l,1 norm. Figureinduces lg/d272/d1 quasi-norm. Figure@]induces lg/dhg/(dl_;’_l) quasi-norm. In
all plots, nodes in same color are in same group.



network with infinite width and ReLU activation. They show that the representation cost of any
continuous function depends on the Laplacian of that function.

Parallel to our work, [[18] studies the representation cost of linear convolutional neural network
with restricted filter width (a.k.a. kernel size) and multiple channels using anlaytical tools from
semidefinite programming. In spite of different approaches between our work and [[18] the results on
CNN with restricted filter width are similar in two papers.

Another line of work studies the relationship between neural networks with [, regularization on
weights and convex optimization problems [28} [12} [11}[30]. In [28} 12, [11}130]], the authors showed
that training a neural network with explicit [, regularization on weights is equivalent to a convex
regularized optimization problem in some higher dimensional space. In contrast, motivated by the
literature on implicit regularization of gradient descent [2, [35, [33] [19} 23| 32| [14, 25| 9} [18]], we
looked into the induced regularization of weight decay on function space. Some of the results in
[28 112! [11}130] are similar to the results in our work. For instance, the results on linear convolutional
neural network in [28},[12] [11} [30]] suggest that explicit [; regularization on weight space is related to
1, regularization on the Fourier transform of the predictor. This result was also discovered in [[15] and
is generalized to multiple output and restricted filter width (a.k.a. kernel size) case in our work and in
[18]. On the other hand, we considered other architectures beyond fully connected and convolutional
neural networks. For instance, we studied architectures that induce k-support norms and architectures
that induce I, , group quasi-norms, which are not included in [28} 12} 11} 30].

As another related work, [36] studied the equivalence between [ regularization on weights and some
sparsity-inducing regularization on the function space for various architectures. They considered the
architecture which induces I /4 2 group quasi-norms on the function space, for any d € N. We also
studied a similar question in section However, we found architectures that induce I, ; group
quasi-norms for both the case p > ¢ and the case p < ¢. In addition, we showed that in the case
p < @, lp,q quasi-norm can be induced by some linear neural network as induced complexity measure
if and only if 2/p, 2/q € N and designed architectures that do so.

2  Setup

A parameterized mapping f : X x RP — R™ is homogeneous of degree L if f(z; \w) = AL f(z;w),
for all A > 0. A feedforward neural network fxr with weights (parameters) w = (Wy,...,Wy)
and activation function o is defined as fy (z;w) = o(Wyo (... Wao(Wix))). Note that when the
activation function o is homogeneous (i.e. o(Azr) = Ao (z) for some L > 0), the feedforward
neural network [ is also homogeneous. In particular, with ReLU activation (i.e. o(x) = max(0, x))
or identity activation (i.e. o(x) = x), fa is homogeneous.

A linear neural network is a neural network with identity activation function. When X = R” and g is
a linear function, we identify ¢ with the matrix 3 € R™*" such that g(x) = Bx. In particular, in the
case of one-dimensional output space, we identify g with the vector 3 € R" such that g(x) = 37 z.
In this paper, we mainly focus on linear neural networks. A more general definition of linear neural
networks in terms of a directed acyclic graphs will be useful in our work.

Definition 2.1. Let G = (V, E) be a weighted directed acyclic graph, with n sources vy, va, . .. v,
(i.e. vertices with in-degree zero) and m sinks wy, ug, . . ., u,, (i.e. vertices with out-degree zero).
The weight of edge e € FE, is denoted by g(e). Given parameters w € RP, a function ¢ : E — [p]
assigns parameters to edges such that g(e) = w[y(e)] forall e € E.

The pair (G, ) gives a construction of a linear feedforward neural network N corresponding to
a linear predictor far(-;w) : R™ — R™ as follows: Let ¢(v) € R be the output flow of the node
v € V. Given x € R", let ¢(v;) = z[i] for all input nodes i € [n]. Then, ¢(v) for other nodes is
defined recursively such that the output flow of each node is a weighted sum of its input flow using
the weights of the graph: ¢(v) := 3", ,)ep 9(w)@(u). Then ¢(u) for sink nodes u give the linear

predictor fiv(z:w) = (6(u1), B(uz), - Otm)).
Let F)s be the parametrization associated with far defined as Fy(w)(z) := far(z;w).

The depth d of a linear feedforward neural network (G, ¢) is defined as the length of the longest
path from the source to the sink. We say that a linear feedforward neural network is homogeneous if
every path from the source to the sink have the same length. We say that a linear feedforward neural



network is without shared weights if the map %) is a bijection. We call vy, ..., v, the input nodes,
U1, ..., U, the output nodes, and v € V the nodes of the network A

Without loss of generality, we assume that for all v € V, there exist a directed path from v to some
output node u; and a directed path from some input node v; to v. Otherwise, removing v would not
change fxr. Foreachv € V, let

Sy ={i €[n]: there exists a directed path from v; to v}. 4)
By assumption, for all v € V, |S,| > 1.

Note that if a linear feedforward neural network A is homogeneous, then we can define its [th layer
N as the set of vertices whose distance to any input node v; is [. Note that this is well-defined since
the length length of any path from any input node to any output node is constant in homogeneous
linear feedforward neural networks.

Let NV be a depth d homogeneous feedforward linear neural network without shared weights. Then,
the weights of the edges between the /th and [ + 1th layer of N can be identified as a matrix W.
In this case, the parameters w is a sequence of matrices Wy, W, ..., W, with some fixed sparsity
pattern, i.e. supp(W;) = S, for each | € [d], where S; is determined by A. The parameterized map
fn and the parametrization Fs are given by

d
(@i w) o= Fx(w)(@) == (][ Wa-i11)e, (5)
=1

for x € R™, where w = (Wy, Wa, ..., Wy). Note that Eq. (3)) is an equivalent definition of fxr and
Fx when N is homogeneous and without shared weights.

In the rest of the paper, unless stated otherwise, we will use N to denote a single output depth d ho-
mogeneous feedforward linear neural network without shared weights. Note that fr is homogeneous
of degree d. Let Ny = [n] denote the input layer (we identify vy, ..., v, with [n]) and Ny = {O}
denote the output layer. With slight abuse of notation, let Fir(w) € R™ be the vector corresponding
to the linear predictor generated by w on V. Let Ry := Rp,. denote the representation cost (Eq.[T)
under Fjs. We say that h is the induced complexity measure of N if it is the induced complexity
measure of Fj as defined in Def[I.1]

Notation: We will use 5 € R™ to denote a column vector, and §; or /3[¢] to denote the i-th component
of 8. We will use 3 to denote the discrete Fourier transform of 5. For groups G1,Gs ..., Gy C [n],

k p/a\ 1/p
5”1),[1 = (Zj:l (Z'LEG,- |ﬂz|q> ) . Unless
stated otherwise, G1, G . . ., and G}, form a partition of [n] := {1,2,...,n}. We willuse 3 € R™*"
to denote a matrix and 3[j, k] to denote the element in the j-th row and k-th column of 3.

we use the definition of the [, ;, group quasi-norm,

3 Representation cost analysis

To understand the dependence of induced complexity measure on architectures, we analyze the
representation costs of some commonly used architectures. The authors in [[15]] studied single output
fully connected network, diagonal network, and convolutional neural network (CNN) with full filter
width. In this section, we first generalize their results to multiple output case. Then, we look into
the non-homogeneous residual neural network and observe that its representation cost interpolates
between the representation costs of two of its component networks. Finally, we characterize the
representation costs of depth-two neural network in two ways.

3.1 Multiple output networks
3.1.1 Linear fully connected network

In a linear fully connected neural network,

d
FFc(n17n27---7nd+1)(w) = H Wiy,
i=1



where w = (W7, Wa,--- ,Wy) is the weights of the network. For ¢ € [d], the matrix W; is
in R"+1%" where n; > min(m,n), n1 = n and ngy1 = m. Let Rpc(,,
Rrvcin,my.. be the representation cost under Frc(n, n,

Na,.Mag1)

..... nas) defined in Eq. (I).

mde1)

Theorem 1. Suppose that n; > min(m,n) for all i € [d + 1], where ny = n and ngy1 = m. Then,
forany B € R™*™

T

2/d ~ sC

RFC(nl,nz,...,nd+1)(B) = dzaz/ = ||6H2/da
=1

where 01,09, -+ , 0y are the positive singular values of 3 and ||,6'||§/C:i =0, 0142/‘1)‘1/2 is the
Schatten 2 /d-quasi-norm of 3. In particular, with a single output,

d ~
Ric(n ma,..main)(B) = d1BIE* 2 1|B]l,-

The above result is similar to a result in [[18]. They studied two layer multiple output convolutional
neural network with filter width (a.k.a kernel size) one, and showed that its induced complexity
measure is the nuclear norm.

3.1.2 Linear diagonal network

In a linear diagonal network,

d
Fpnn(w) =Wy H diag (wa+1-:),

=2

where w = (wy, wa, -+ - wq—1, Wg) is the parameters of a diagonal neural network. For ¢ € [d — 1],
w; € R™, and Wy € R™*". So a diagonal network consists of some diagonal layers followed by
a fully connected layer. Let Rpnn := Rp,y, be the representation cost under F'pyy defined in

Eq. (1).
Theorem 2. Forany 8 = (81,53 ... pM) c Rm*",

2/d
2

Rpyn(B)=d) Hﬁ(i) = 18ll2)4,2:
i=1

S n2/d
where Hﬁ”Q/d)Q =0, Hﬁ(” Hz/ V42 s the matrix l3,2/4 quasi-norm. In particular, with a single
output

Rpnn(8) = dlIB1305 2 11B]l5/a-

3.1.3 Linear convolutional neural network (CNN)

In a linear Convolutional neural network (CNN) with filter width ¢, the parameters w =
(w1, wa, - wg—1,Wy), where w; € R? x {0}""? and Wy € R™*™. Let h; € R™ be the out-
puts of the nodes in the ith layer. For i € [d — 1], the transformation from the 7th layer to the ¢ + 1th
layer is given by h;y1[j] = % Sh  wi1[klhi[(G +k — 1) mod n] =: (w41 ® h;)[j]. The last
layer is fully connected and hy = Wyhgy—1. Then, the linear map is given by fonn(q)(w,z) =
Fonny(w)(x) = Wa(wg—1 ® (wg—1 ® (... we ® (w1 ®x)...))). Equivalently,

d
Fonng(w) = H Wiy,
=1

where for each ¢ € [d — 1], w;[0] := w;[n] and W;[j, k] = w;[(k — j + 1) mod n]/\/n is the
circulant matrix with respect to w;. Let Ronn(q)(8) = REqy ., (B) be the representation cost
under Fo v (q) defined in Eq. (I) filter width q.

Let F € C™*™ be the discrete Fourier transform matrix defined by F[j, k] = ﬁw,(f 71)(“1), where

wy, = €27/ _For B € R™*" let 3 := BF.



Theorem 3. For any 3 € R™*", let B := BF and B9 be the i-th column ofﬁ. Then,

n
Rennmy(B) =d E
i=1

B

2/d
, =

2/d,2’

. . 2/d
where HﬂHg/d , =00, @ , )d/2 is the matrix ly 3, q quasi-norm. In particular, with a single
output ’
R d ~12/d ~
onNNm)(B) = d||B IQ/d =1181l,,4

The same result for d = 2 was also discovered in [18]].

Results on linear CNN with restricted filter width ¢ < n and some variations of CNN such as CNN
with sum pooling and CNN with multiple channels can be found in the supplementary materials.

3.2 Linear non-homogeneous residual neural networks

Let AV be a linear homogeneous feedforward neural network without shared weights. Suppose that
each hidden layer of A contains n nodes. Let d be the depth of N Let I1, I, ..., I}, C [d] such that
|I;| = d; for each j € [k]. For each j € [k], let I; = {j1,jo, ..., ja, }» Where j1 < jo < --- < ja;.
For each w = (W1, Wa,...,Wy) and j € [k], let

d; k
F-’\/j (w) = H Wj(dj—i+1) and FNRccht (w) = Z F/\/J (w) (6)
j=1

i=1

be the parameterization for a residual neural network (ResNet). Let Rresnet := R FNpeanes be the
representation cost under Fir, .., and R; := R Fy, be the representation cost under Fj, for each
J € [K].

Theorem 4. Suppose that di < dg < - -+ < dj. Then, Rgesnet(A3)/R1(AB) — 1las A — 0, and
Riesnet(AB)/Ri(AB) — Las A — .

Note that the model considered here includes sum of homogeneous models without shared weights,
which is studied in [32]. A concrete example can be found in the supplementary materials.

3.3 Depth two neural networks

In this section, we characterize the representation costs of depth two homogeneous feedforward
neural networks in two ways. We will use these two characterizations to find architectures that induce
k-support norms [6]] and I3 ; norms as induced complexity measures.

Let d = 2. Note that the definition given in Eq. (@) becomes S}, = {i € Ny : (i, h) € E}, for each
h € N; =: Ny.

Lemma 5. For a depth-two linear homogeneous feedforward neural network N without shared
weights, Ry (B) = 2min{zheNH llunlly = supp(uvy) C SthheNH vp, = B}

In the above lemma, each vector vy, corresponds to the linear predictor generated by the part of the
network which includes the hidden node & and its neighbors. Lemma [5|implies that R/ (+) is a norm.
Let R3/(-) be its dual norm. Now, we give a characterization of Rj(-).

Lemma 6. For a depth-two linear homogeneous feedforward neural network N without shared
weights, Ry (f) = %max{(ziesh BY?: h e Ny}

By Lemma@ if there exists hy, ho € Ng such that hy # ho and Sy, C Sh,, then removing h; from
N would not change the representation cost since > ;¢ BZ2<Y e s, B2
1 v2



4 Parameterization design

In order to further understand the dependence of induced complexity measure on architectures,
we study when and how regularizers can be induced as the induced complexity measure by some
architectures.

In this section, we study a few regularizers such as [, quasi-norms, [,, , group quasi-norms with and
without overlapping between groups, k—support norms, and elastic nets.

4.1 Architecture design

First, we design architectures that induce [, quasi-norms, [, , quasi-norms without overlapping
groups, and k—support norms as induced complexity measures respectively.

4.1.1 [, quasi-norms

In this section, we study architectures that induce [, quasi-norm, which is defined as |3 ||p =
(Xiey [BifP) /P, where 5 € R™
Theorem 7. There exists a linear homogeneous feedforward neural network N without shared

weights that induces 1, quasi-norm if and only if 2/p € N. In particular, diagonal network of depth
2/p induces 1, quasi-norm.

It turns out that we can capture all the architectures that induce [, quasi-norms using a simple
combinatorial measure called mixing depths. Roughly speaking, for any S C [n], the mixing depth
My (S) is the index of the first layer that contains a node v such that S C S, where .S, is defined in

Eq. @).

A linear homogeneous feedforward neural network A" without shared weights induces 7, quasi-norm
if and only if Mxr(S) = 2/p, for all S C [n],|S| > 2. The details can be found in supplementary
materials on mixing depths and proofs are in supplementary materials for [, quasi-norms.

4.1.2 I, , group quasi-norms

Similar to the previous sections, we want to know if and when [, , group quasi-norm is the in-
duced complexity measure of A/. Remember the definition of of [, , quasi-norm, ||/ ||p ¢ =

(Zk (ZZEGJ_ |ﬂi|q)p/q)1/p, where G1, Gs . . . Gy, form a partition of [n].

Jj=1

Unlike the results for [,, quasi-norms, we do not find all the values of p and ¢ such that [,, , group
quasi-norms without overlapping groups can be induced by some homogeneous feedforward linear
neural networks without shared weights.

Theorem 8. If there exists a linear homogeneous feedforward neural network N without shared
weights that induces l,, , group quasi-norms, then 2/p,2/q € N. On the other hand, if2/p,2/q € N
and 2/p > 2/q — 1, then there exists a linear homogeneous feedforward neural network N without
shared weights that induces 1, ; group quasi-norms.

Next, we will design group networks that induce [, , group quasi-norms. The design of group
networks uses insights from subnetworks. Roughly speaking, a subnetwork is a restriction of the
original network to some input nodes. The induced complexity measure of a subnetwork is tightly
related to that of the original network. This relationship, together with the results in Section . 1.1
inform how certain subnetworks of a group network look like, which indicates certain properties of
the group network. The details can be found in supplementary materials.

Group networks consists of some diagonal layers followed by a grouping layer and then followed by
a diagonal network (Section[3.1.2). Two examples of such networks are in Figures[IcJand[Id] The
grouping layer is the first layer that mixes information from different input nodes. Depending on
whether p < g or p > q,we define two types of grouping layers:

Definition 4.1 (Type I and II Grouping Layers). For each i € [d], N; is a type I grouping layer if
N; is diagonal for all j < 4, |V;| = k, where k is the number of groups, and for each j € [k], there
exists u € N; such that S, = Gj.

>When p = q, l,.4 quasi-norm becomes [, quasi-norm which we already studied.



For each i € [d], N; is a type II grouping layer if N; is diagonal for all j < i, |N;| = H?Zl |Gl
where k is the number of groups, and for each h € H?:l G, there exists v € N; such that S, = h.

Next, we compute the representation costs of networks with these two types of grouping layers.

For dy,d; € N with dy > dy, let N''i%1:92 be the architecture with d; — 1 diagonal layers, followed
by a type I grouping layer (Def [4.1)), and then followed by a diagonal network of depth dy — dy
(Section[3.1.2). See Figure[Ic|for an example of this kind of group network.

Theorem 9. Let G, G ... Gy be a partition of [n]. Let Ba, be the projection of 8 on G. Then for

k 2/d 2/d ~
dg > dy, R/\/l?dl"b (ﬁ) =ds Zj:l HﬁG]‘ HQ/d? = d2||ﬁ”2;d;2/d1 = ||B‘|2/d2,2/d1'

The same architecture when d; = 1 is also discovered in [36]. They also showed that in the group
network N/551:42 [, regularization on weights translate to I, /d»,2 Tegularization in the function space.
Our result is stronger than the results in [36] in two ways. First, we found the architecture A/ Lidi,da
which induces I3 /4, 2/4, quasi-norms for all d,d> € [n], while they only did it for d; = 1. Second,
we proved that these are all the values of p, ¢ such that [, , group quasi-norms can be induced as
induced complexity measures for some linear neural network, when p < q.

For dy,dy € N with dy > dj, let N%%1:92 denote the architecture consisting of d; — 1 diagonal
layers, followed by a type II grouping layer (Def[4.T)), and then followed by a diagonal network of
depth dy — d; (Section [3.1.2)). Figure is an example of N%d1:d2,

In particular, when d; = 1 and d> = 2 (as in Figure , N?Z12 induces I3 1 norm. This can be
proved by the dual characterization of representation cost of depth-two networks in Lemma 6| and the
fact that || 8[|y ; = (18]35 -

2/d2

Theorem 10. When dy = di + 1, Ryr24y,40 (8) = dgHBHZ/th/d2 = Blla/dy 274,

This theorem implies that A/2i91:92 induces [, /dy,2/d, quasi-norm when dy = dy + 1. Surprisingly,

NZdd2 does not induce Iy /dy,2/d- quasi-norm when dy > dy + 1. The details are in supplementary
materials.

4.1.3 The k-support norms

In [6], the k-support norm is defined as ||3]|,” = min{}> ;¢ llvrll, : supp(vr) € 1,3 g, vr =
B}, for k € [n], where Gy is the set of subsets of [n] of size at most k.

To design an architecture which induces k-support-norm, we introduce the k-balanced networks. A
two layer neural network is a k-balanced network, if it contains (Z) nodes in the hidden layer such
that for each subset I C [n] of size k, there is a node in the hidden layer which connects to input
nodes in I. See Figure[Ia|for an example with n = 3 and k = 2.

Theorem 11. For any k € [n], there exists a homogeneous feedforward depth two linear neural
network without shared weights that induces k-support norm as induced complexity measure. In
particular, k-balanced network induces k-support norm.

The proof of the above theorem is an application of Lemma [5] which characterizes the representation
cost of depth-two networks.

4.2 Limitations of homogeneous neural networks

Theorem [8|and Theorem (11| give architectures that induce [, ; quasi-norms and k-support norms.
Then, it is natural to consider two regularizers related to k-support norms and [, , quasi-norms.
Elastic netsﬂis defined as || || z v = |18y + |85, and I, 4 quasi-norms with overlapping groups
is defined as in Section [d.1.2] except that G, G2 ... G), might overlap. Contrary to the results of
k-support norm and [, ;, quasi-norms, elastic nets and /,, , quasi-norms with overlapping groups are
not induced complexity measure of any architecture N without shared weights. The detail can be
found in supplementary materials.

3Elastic nets and k-support norms are both interpolations between /; and s norms.



Given these negative results, it is natural to look at non-homogeneous residual networks. We use
the same definition of residual networks as in Section [3.2] Theorem | characterizes the asymptotic
behavior of the representation costs of residual networks. The proof of the following theorem uses
Theorem [4]

Theorem 12. Suppose that d1 < dy < --- < di. Let h : R® — R be a homogeneous function. If
Engoone, induces h as induced complexity measure, then F);, also induces h as induced complexity
measure.

This theorem implies that the negative results on elastic nets, [,, , quasi-norm with overlapping groups,
and [, quasi-norms when 2/p ¢ N still hold even in the case of non-homogeneous residual networks.
As a next step looking beyond homogeneous networks, we look into general form of homogeneous
parameterizations which might not be associated with any networks. Surprisingly, homogeneous
parameterizations can indeed induce elastic nets and [,, , quasi-norms with overlapping groups for all
p,q > 0, as induced complexity measure. The details are in supplementary materials.

5 Conclusion

In this paper, we take the first steps in studying the dependency of induced complexity measure on
the choice of parametrization. We do so by analyzing the induced complexity measures of some
well-known architectures and designing architectures that induce some common regularizers on linear
predictors. These directions are important for two reasons. First, it helps us understand why certain
architectures generalize. Second, if we have a desired regularizer in mind, this helps us design an
architecture which induces this regularizer as induced complexity measure.

For the first reason, many of the representation costs we study, when used as regularizers in learning
problems, have good generalization properties. This includes I, , group quasi-norms, especially in
the context of multi-task or multi-class learning [[13| [17], k-support norm [6]], elastic net [LL0, 40],
nuclear norm [4} 34} [1} 5], and {,, quasi-norms for p < 1 in order to promote sparsity [8]]. Thus, this
existing understanding and analysis, together with the results in our work, explain for the benefit of
using the corresponding architectures.

For the second reason, we do not mean designing an architecture from scratch based on a fully
specified regularizer (as we do in section d). Instead, we believe that building out our understanding
in this regard can help us with making architectural choices about complex architectures. In these
setups, we do not understand the exact representation cost, and cannot write it down and use it
explicitly; but we might want to change representation cost or nudge it in particular directions through
some modification of the architecture.

Answering these two questions of design and analysis in a broad sense is an important step in
understanding generalization and improving our current models. The limitation of our work includes
the fact that we are considering only a rather specific set of architectures, and in particular only
linear models. So our study is mostly meant to build tools and understanding and set the stage for
understanding more complex non-linear models. But non-linear models might behave very differently,
and so we should be cautious about how many of our insights carry over.

To move beyond, there are still many unanswered questions for the linear models. For instance, for
p,q € Nsuch that 2/p < 2/q — 1, does there exist an architecture that induce [, , quasi-norm?

Next step would be looking beyond linear predictors. For example, the question of analyzing
representation cost for neural networks with non-linear activation functions such as ReLU is an open
problem for most architectures. The other possible direction is studying the same questions (analysis
and design) for functions with multiple outputs.
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A Supplementary materials in Section multiple output networks

A.1 Fully connected networks with multiple outputs

We give a proof of Theorem |I]

Theorem 1. Suppose that n; > min(m,n) for all i € [d + 1], where ny = n and ng4+1 = m. Then,
forany B € R™*™,

2/d ~ sC
RFC(7L1,n2,...,nd+1)(ﬂ) = dzgz/ = ”ﬂH2/d7
i=1

where o1,09, -+ , 0, are the positive singular values of 3 and ||6||§/C(; =0, U?/d)d/Q is the
Schatten 2/d-quasi-norm of B. In particular, with a single output,

d ~
REC(mma....mai)(B) = dlIBIZ* = (18],

Recall that we assumed that n; > min(m, n) for all .

We first prove a special case when n; = m = n foralli € [d + 1].

Special case of Theorem[l] The idea of the proof is as follows. If we have a minimum cost represen-
tation H?:l Way1—; of B, then the matrices IW; are aligned in the sense that we can pick a singular
value decomposition W, = UiZiViT for each ¢ such that U; = V4 for all 2. As a result, singular

values of the product H?Zl W41—; equal the product of the singular values of W;s. In addition, the
singular values of W; equal the singular values of W for all ¢, j. These observations immediately
give the representation cost of 3. To prove this, we will choose a singular value decomposition
W; = UiEiViT for each W; such that U; = V;41, and ¥; = X; 1. We prove this in two steps.

First, we will prove the case d = 2. We will show that if W51/7 is a minimum cost representation
of 3, then the singular values of W, and W, are the same. In addition, given any singular value
decomposition (SVD) of Wy = Uy X, V4l , there exists a SVD of Wi = U3, V{¥ such that U; = Vs.
Second, we will use this observation to prove the general depth case. We will show that if

H?Il Wg1—; is a minimum cost representation of (3, then any two adjacent matrices W, and W,
form a minimum cost representation of their product matrix W;,1W;. Then, by the result in d = 2
case, given any SVD of W41 = U; 11511 V;},, there exists a SVD of W; = U;%;V;” such that
U; = Vi+1. We will use this observation to pick a SVD for each W;. Using this, we will show that
the singular values of 3 are the products of the corresponding singular values of the W;s and this
immediately gives the representation cost of 3.

Depth two case: Let 3 be a square matrix in R"*". Let 3 = ULV be the SVD of 3. We begin
with the case d = 2. Suppose that 3 = W,yW;, where Wy, W7 € R™ ™ such that Rpc(3) =

|Wal|3 + W1/, ie., WaWy is a minimum cost representation of 3. Let
Ay =UTW,, and A, =W,V. (7)

Then ;42/11 = 5; | Ao|l > = | Woll p and || A1 || = |Wi| . Thus, Rpc(B) = |[Wal/% + [|WA[5 =
[[Az2|| % + || A1 and

Rrc(B) = | As|h + | A1 |17

(@
> 2/ Tr(A247) Tr(AT 4,)
® (®)
2 ZTr(AQAl)

=2Tr(%)

T
=2 E Oy,
i=1
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where in (a) we used AM-GM inequality and in (b) we used Cauchy inequality. For the equality to
hold, it must be the case that || As|| = ||A1|| (AM-GM in (a)) and Ay = AAT for some A\ € R
(Cauchy in (b)). Thus,

Ay = AT or Ay =—-AT. 9)

Let Wy = U3, V4l be a SVD of Woy. Then, by Eq. (7) and Eq. (9), 4; = iAgT: +(UTW,)T =
:t(UTUQEQ‘/QT)T = VQEQ(:EUQTU) By Eq , W1 = AlVT = ‘/QEQ(ZtVU UQ)T is a SVD of
W1. Thus, the singular values of W5 and W, are the same.

General depth case: Now, we turn to the general depth case. Let 3 = Hle W41—i such that

Rrc(B) = L IWi|%. Let B; = Wiy 1 W;. Then Rpc(E;) = Wi |5 + ||[Wil|%, since
otherwise there is a representation of 3 with a smaller cost by changing W, and W; to some other
matrices whose product is still Z; and keep other W; the same.

Next, we pick a SVD for each W; as follows. Let W, = UdZdVdT be an arbitrary SVD of Wj.
By the argument in the previous paragraph (by considering 8 = Uy = W3Wj_1), there exists a
SVD Wy_1 = Ug—1Xq-1V}E | = VaXaV] |, for some V;_1 € R™*". Then, we apply the same
argument to W;_o and so on. At the end, we would geta SVD W; = UiZiViT for each W; such that
U,‘ = ‘/i-l-l? and Ez’ = EH—I- Thus,
d
B=1Warri = UssVi". (10)

i=1

Let o1, ..., ol be the singular values of ;. By Eq. (I0), the singular values of 3 are:

o =0 (11)
for all 5. Thus,
d d T r
d
Rrc(B) =Y_IWil3 = "0 o) =dd o/ 12
i=1 i=1 j=1 j=1

Now, we give a proof of Theorem |I] for the general case (n; is not a constant).

Proof of Theorem|[l] We will first prove that Rpc(3) > d 25:1 O'j2-/ 4 and then show that R rc(B) <
r 2/d
dy i 05

To prove Rpc(8) > d 25:1 aj-/ d, we will consider a super-network of the original fully connected
network. This super-network have constant widths (the number of nodes in each layer is the same)
and thus we can compute the representation cost of any matrix in this network using results we just
proved. We will then show that the representation cost of some matrix B in this super-network is
always a lower bound for the representation cost of 3 in the original network.

To prove Rpc(B) < d Z;:1 sz/ ¢ we will consider a subnetwork of the original network and give a
2/d

representation ngl Wyt1—; of 3 in this subnetwork, whose cost is d E;:1 o;

Lower bound: Let M = max{m,n,ny,na,...,n4+1} be the maximum width of the network. We
consider a super-network of the original fully connected network by adding nodes to each layer
(including the input and output layers) such that each layer have exactly M nodes and then add edges

to make the network fully connected. Let A" denote this network. Let 8 € RM*M be defined as

-~ (B0

B= (0 o) (13)
Let R N(,é’) be the representation cost of B under . For any given weights w on the original fully

connected network such that Fpc(w) = 8 and Hw||§ = Rrc(B), we can get a weights w’ on A by
putting zeros to the edges not in the original networks. Then, Fj(w) = 3 and ||w’ ||§ = ||wH§ Thus,

Rpc(B) = Ry (B). (14)
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By the proof of the special case of Theorem|[I] we have
Ry(B)=d)Y 57", (15)
j=1

where & are the singular values of ,@ However, the non-zero singular values of 3 and ,@ are the
same. To see this, let 3 = UX VT be a singular value decomposition of 3. Then,

_ /B 0\ _ (UsvT 0\ _ (U 0\ (S 0\ (VT o
5‘(00—00—011 0 0o){o 1 (16)
is a singular value decomposition of 3. Thus, by Eq. and Eq. (13),

Rrc(B)>dY a2/ a7
j=1

Upper bound: Let r = rank(3). Clearly, 7 < min(m, n). We extract a subnetwork A/’ from the
original fully connected network as follows. We remove all but r nodes in each hidden layer (do not
include input and out layers). Let A/’ be the resulting network. Let R (3) be the representation
cost of 3 in /. Since N is a subnetwork of the original fully connected network, we have

Rpc(B) < Ry (B). (18)

(Since m # n, the proof is not finished yet.) Let 8 = UXVT be areduced singular value decomposi-
tion of 3, where ¥ € R"™*", U € R™*", and V' € R™*". Now, take Wy = UXY4 W, = 214y T
and W; = S/ forall i ¢ {1,d}. Then, 8 = [\, Way1—; and X0, [[Wil|3 = d X2, 02/".
Thus,

Rrc(B) < Ry (B) <dd_o7/". (19)
j=1

By Eq. (I7) and Eq. (I9). Rrc(B) = d Y, 07"

A.2 Diagonal networks with multiple outputs

We give a proof for Theorem 2]
Theorem 2. Forany 8 = (3,53, ...  p") e Rm*n,
2/
2

Rown(8) =3 [0 2 1814
=1

S n2/d
where Hﬁ”Q/d)Q =0, Hﬁ(” Hz/ V4/2 s the matrix l3,2/4 quasi-norm. In particular, with a single
output

Rpnn(8) = d|815)5 = [1llya-

Proof. Letw = (w1,...,wq—1, Wq) be the parameters of a diagonal neural network such that
d
Fpyn(w) =Wy Hdiag wy—i+1 = B.
i=2

LetV = H?:z diag wg_;41. For each k € [n], let vy, = V[k,k|. Then we want to minimize
Y icia— wilk]? subject to [[;c sy wilk] = vy, for each k € [n]. By AM-GM inequality, the
minimum is (d — 1)]vg|?/ (4= 1.

Thus, it suffices to minimize

n

> (= D)oY 4 ([l
k=1
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subject to WV = 8. Let a;; = Wyli, j] and a; be the j** column of Wy. Let 8;; = B[i, j] and 3;
be the ;' column of 3. Then the problem becomes minimize -, (., ((d — D)]or] @D 4 Jjax13)

subject to viar = Sy for all k € [n]. Without loss of generality, we can assume that v, > 0 for
all k. This breaks up into n separate minimization problems and it suffices to solve one of them.

Fix a k € [n]. It suffice to minimize (d — l)vz/(d_l) + Zie[m] a?, subject to vga;x = By, for all
i€ [m]. Lety =3 i1 B2.. Let f(z) = (d —1)2%/(4=Y 4y /22, Then f(z) > dy'/? by AM-GM
inequality, where we write the first term (d — 1)2%/(?~1) as (d — 1) terms and then apply AM-GM to
the whole d terms. This bound can be achieved by z* = y(*=1)/24_Then the minimum for the whole

problem is d Zke["] Hﬁkllﬁ/d. -

A.3 Convolutional networks with multiple outputs

Recall that for each w; € R", the circulant matrix W; with respect to w; is defined as

wi[l] wi[2] - w;in]
ERVZON E : '
w; [2] w; [3] tee wl[l]

The main idea of the approach is to reduce the convolutional network case to the diagonal network case.
To do this, we observe that all the circulant weight matrices W; are simultaneously diagonalizable
by the discrete Fourier transform matrix. Then after a change of basis, the problem is similar to

the diagonal network case. Let F € C"*™ be the discrete Fourier transform matrix defined by

Flj, k] = LU=V here w,, = €27/™. Note that F* = F~1. Then, the Fourier transform of
’ Vn

the column vector c is Fc and the Fourier transform of the row vector 37 is 57F.

Let

di = Fwi, (21)
foreach i € [d — 1]. Then for each i € [d — 1],
W; = FD;F*, (22)
where
Then
B=W4FDy_1D4_o--- D1F*. 24)
Let ) .
B =pBF and Wy; = WyF. (25)
Then
R o d-l
B =Wy H Dy (26)
i=1
Since F is unitary,
1Dill = IWille and ||| = 1Wall - @7

Thus,
d—1 d—1 2 d—1 9
2 2 2 2 > 2 0
lwlly = 3 Neoall® + IWally = S UWally + W[ = S U0all + || - @9
i=1 i=1 i=1

Note that the above transformation can also be viewed as shifting from "time domain" to "frequency
domain". This makes convolution becomes multiplication, by the convolution theorem. This idea will
be used both in the full filter width case ¢ = n and in the restricted filter width case ¢ < n. As we
shall see, the filter width somehow represents the "degree of freedom". In the full filter width case,
the situation is very similar to the diagonal case since we can choose the coefficients w; freely. In the
restricted filter width case, however, we lose much freedom due to the sparsity control on w;, which
makes our approach harder to work as the lower bound by AM-GM inequality cannot be attained
anymore.
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Lemma 13. Forz = (2¢,...,an—1) € RN, the DFT & = (%o, ...,&N_1) satisfies &1, = &* ., n-
Inversely, if for v € CN we have x), = x* kmodN» then the inverse Fourier transform of x is real.

Proof. First, letx = (zg,...,xn—1) € R Let & = Fo = (&0, ...,2&n-1). Then

2 —_

SN2

gk
€
2%

(L = it v (29)
=(— W
N L N T
7=0
= T_kmod N
Now suppose that x € CV such that
Tl = T pmodN (30)
Letz' = F*z = (x{,...,2y_,) be the inverse Fourier transform of z. Without loss of generality,

assume that N is odd. The case that N is even can be done in exactly the same way. Note that by

(30), we have
2o € R. 31)

Then

1 2
:\/Nonr\/—NZ(wNJ T+ whTN_j)
j=1
= (32)
1 »
= \/Nx0+7N Z(wNjkxj—F(wN z;)")
j=1
N-—1
VNao+ —= 3 Re(wiz;)
=VNzy+ — e(wy’"T;
N &
@r.
O]

Now, we give a proof of Theorem 3|

Theorem 3. For any 3 € R™*", let B := BF and 3% be the i-th column ofB. Then,

Ronnem(B) = 2/as’
2/d
where HﬁH2 e =, )d/2 is the matrix ly 5, q quasi-norm. In particular, with a single
output
~112/d ~
Ronnm (B) = d||p ’Q/d = o

Proof. Let d,[j] = D,lj, j] = Fw,. Let Wy = (Wd(l), cey Wd(n)). Since 3 = WyD,

5 iy ()

By = dlilwa”, (33)
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for all j € [n]. Thus,

[, =

= |3, G4)
Then

d—1 2
2 2 0
lwnl2 = Z 1Dl + ||

d—1 n L9
*Zzld |2+Z‘ A(IZ(J)H2

i=1 j=1
Yyl |2+Z\5sz/\dm|2

znlj 1 o 35)
- i+ 18]/ TT vt

j=1 i=1 i=1

:Zd B
=1

where the second to last step follows by AM-GM inequality. Now we show that the AM-GM
inequality can be attained by some d;, whose inverse Fourier transform is real. For the AM-GM
inequality to be attained, it suffices to let

1/d
: (36)

dilj] = -+ =da-1[j] = || 8

2

forall j € [n]. Now let w; = F*d, foreach i € [d— 1]. Note that the rows of 3 are Fourier transforms
of the rows of 3, which is real. Then by lemma([I3] we have

Bi[k] = Bu—jr2lk]", (37)
and thus ) .
185K = [ Bn—jr2[K][?, (38)
forall j € [n — 1],k € [m]. Thus,
N 2
Bu-ia]| (39)

forall j € [n — 1]. By Eq. and lemma[13] w; is real for all i € [d — 1]. Thus, the bound can be
attained. O

B Supplementary materials : CNN with restricted filter width

In this section, we consider CNN with restricted filter width ¢ such that ¢|n. Unlike results in previous
sections, results in this section do not give a complete characterization of the induced complexity
measure of CNN with restricted filter width. Instead, we will give some results which lead to an
example that sheds light on the induced complexity measure of CNN with restricted filter width.

The lemmas in this section (or some highly similar variants) were also discovered in [18]]. In addition,
they also studied the multiple channel CNN. We put some results on multiple channel CNN in the
supplementary materials[B.4} Their results on multiple channel CNN is stronger than ours. We show
that the representation cost of multiple channel CNN does not depend on the number of channels
when the filter width ¢ = 1 or n. They show that the same holds for any ¢ € [n].

For simplicity, we will consider single output m = 1 and depth two d = 2 case of CNN with
restricted filter width. The extension to multiple output case is straightforward and similar to what
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we did in Section[3.1] The extension to general depth case is also similar to what we did before. In
addition, we will assume that

q|n. (40)

Since m = 1, we will use 3 in place of 3 in this section. Also we will use Ronn(q) () to denote
the representation cost of a vector 5 € R” in a convolutional neural network of filter width q. Let

8 = Fb be the discrete Fourier transform of .

B.1 Filter width one case ¢ = 1

We begin with the case ¢ = 1, where the convolutional layer is simply a scaling (a multiple of the
identity matrix).

Lemma 14. For € R",

Ronnay(B) = 2vnl|Bl, = QﬁuéHz = HBH2 = 1B1l>- 1)

The above result shows that the induced complexity measure of CNN with filter width one is [ norm
(or equivalently, ls norm on the Fourier domain). This is very different from the induced complexity
measure of CNN with full filter width (i.e. ¢ = n), which is /; norm on the Fourier domain. Thus,
the induced complexity measure of CNN with restricted filter width is in general an interpolation
between [5 and [; norms on the Fourier domain.

Proof. When ¢ = 1, we identify w; with wq[1]. Let A = wy[1]. Let wo € R™ be the weights in the
second layer. Then we have Awsy/y/n = 3. Thus,

Renng)(8) = min{A2 + [lwa|2 : Ay = B} = min(A2 +n|8]2/32) < 2v/ml|B]l,, @2)

where we used AM-GM inequality in (a). Since F is unitary, || 3|, = HBHQ O

Note that we clearly have Ronn(q)(8) < Renny(B) = 2vn| B, = 2\/HHBH for all ¢ since
2
we can always set some weights to be zero.

Next, we turn to the general filter width case (i.e. ¢ € [n]).

B.2 Generalcase ] < g<n

First, we give a lemma.
Lemma 15. For 8 € R",

s ; |,
Ronng)(B) = min Z wli]®+ j

wERIX {0}n—a
. (43)
where [3; denotes the jth entry of the Fourier transform of (.

Proof. Letw = (w1, w2) be the weights such that

Fonn(g(w) = w Wy = 3, (44)
where T is the circulant matrix with respect to w;. Then by Eq. (26),

B =D, (45)
where D = diag(w;) = diag(Fw;) and F is the Discrete Fourier Transform matrix. Then
B
w2\]] = —= .
=

(46)
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Note that
i1 [j]|* = (Fun [5]) (Fuw: [j])*

q

= S WD)

i=1
q

= (O WD )

i=1 %

. Zwl £ 3 (@D DDy =D =D g [g]ay 1]

s>t

w6 D ]

M=

1

.
Il

w;U=DE=Dy [4])

-

1

:;<Zw1 Z G=D(=0) 4y =G=D6=0) )y, [s]wy [t])

s>t

= Zwl +2Zcos Mwl[s]wl[t])

s>t
1 2m(j — 1)k
75(.21”1 +22 Z wlzwl[erk]cosT).
=1 k=1 1<q—k
47)
Then,
Jul? Z S el = 3w+ il
Wiy = w1 wa (] = w12 - - PO RYAD
= Py iz T3 L wii?+ > QZiSq_kwl[z}wﬂz—Fk]cosw
(48)
Now, minimizing over w; gives the desired result. ]
B.2.1 Key lower bound of the representation cost
Now we give a lower bound for the general case.
n
Ronn(g)(B) =2 4 (49)

where Sy = {t+ Zv:v€{0,1,...,q —1}}.

To prove this lower bound, we first do a change of variable (note that  and y are not input and output
of the network):

Z;i [1] k] 0
i<q—k W wlt +
= k — 1.
Lk q 1wM2 ’ € [q }
Let
y=(Y0,%1,---,Tq-1), = (21,...,Tq-1)- (51

Note that the coordinates of y are not independent. However, this is enough to get a lower bound. Let

Y ={(yo0,21,...,24-1) : c € R" x {0}" 79},

_ (52)
X ={(z1,...,24-1) 1 c € RT x {0}" 79}
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be the feasible region for y, . Then by Lemma[T3] we have

q n 5.2
. : n|B;|

Renng(B) = min Zw[z]2 + ; 1 : 20—k

cERTx {0} o wlif? 0023 wliluwli + K] cos ZUTHE

n A
n|/8]‘2
= minyo + g
yey — Yo + Yo >.0_ | a cos ZULE (]n Lk

< 2/ min > = 2r(j—D)k

rEX\ S 1+ L@ cos
~ 2y, fmin f(2)
>2y/n,/ min f(x),

n

reRa—1
(53)
where (a) follows by AM-GM inequality and the fact that scale ¢ by ¢ does not change z but scales
1o by t2, and we define
D=y -k e
B DY |y cos ZTUZDE
We prove a simple lemma.
Lemma 17. For any u,w € [0, 27) such that u # 0 and qu = 27k for some k € N,
qg—1
Z cos(w + vu) = 0. (55)
v=0
Proof.
q—1 qg—1
Z cos(w + vu) = Re(z ellwtvu))
v=0 v=0
q—1
= Re(z e (e™
v=0
eiw _ eiweiqu
= Re(i1 o )
eiw _ eiweiQﬂ'k
= Re( -
eiw _ eiu)
Re( T o )
= O
Now, we give a proof of Lemma|[T6
m n/q .
Ronng(B) > z\f > 1803, (49)
1\ =1 jes,
where Sy = {t+ Zv:v€{0,1,...,g —1}}.
Proof. By (53) and (54), it suffices to show that
n/q .
z) > (> 18 (56)
t=1 ;eS8
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By lemma|[I7] we have

qg—1
Z cos (7 — l)k; ZCOS(Qﬂ(t -1k N 271']{:’[}) o, 57)
n

j €$t v=0

for all k. Thus,

Z +Zxkcos |St|+Zkacos ]_1)k

JES: k=1 = jES:
a1 (58)
=g+ x40
k=1
= q.

Now we have

B n/q |BJ|2
af (@) =q» (> 5 G—E)

t= 1;65,1+Zk 1 Tk COS m

n/q

- 2r(j — 1)k 1352
S SOIES P N soE) 9
=1 jes, k=1 n fes 1+ 20 1x k COS (] B
(@) 2
23
t=1 ;€S
where (a) follows from Cauchy’s inequality. O

Next we show that the bound in Lemma@ is tight up to a multiplicative factor of ,/q.
Lemma 18. For § € R"

n/q
2f S IBD2 < Ronnio(8) < 29y S 142 (60)
9\ =1 jes, =1 jes,
In addition, )
ﬁRCNN(l)(ﬁ) < Renng)(B) < Rennvay(B). (61)
Proof.
m n/q .
Rewwio(8) 2 2[ S 182
9\ =1 jes,
m n/q .
> z\/; SO B2
=1 jes, (62)
22\/H > 181
0\ =
= Ronn)(B)/vVa
> Ronnig(B)/Va-

Now, we show that both the lower and the upper bound in Theorem[I6|can be attained.
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Example Let

B=(L1....1)/Vn, B =(10,...,0). (63)
Then,
Renng)(B) = Renna)(B)/V4, Renng)(B') = Renny (B'). (64)
Proof. We begin with the lower bound. Let
B=(L1,....1)/Vn. (65)
Then A
8=1(1,0,...,0). (66)
Then by Lemma|[T4] we have
Ronn)(B) =2vnlB]l, = 2v/n. (67)

Then we have,

n 512
Zw[i]g + Z 15| T(—1Dk

L wlil? 4 00 2 e wlilwli + K] cos 2
=2l + s
;@ 12><§wm?> ST T (68)
2L+ s

(b)
22\/?
q

where (a) follows from Cauchy’s inequality and (b) follows from AM-GM inequality. The bound is
attained when

nl/4
wll] =w2] = =wlq| = S (69)
Then by Lemma|[T3]
Renwnig)(B) = 2\/§ = Renn)(B)/ V4 (70)

Note that we did not use the fact that ¢|n in the above calculation. Thus, (70) holds for all ¢ and n.
For the upper bound, we take

B =(1,0,...,0). (71)
Then 3’ = (1,1,...,1)//n. Thus,
Rennm)(B') = 2‘ B L= 2vn =2vnl|lf'|l, = Ronnw(8), (72)
where the last step follows from Lemma[T4] Thus,
Rennig)(B') = Renny(B') = 2v/n, (73)
since Ronnn) (B8') < Ronn(g) (B') < Ronnay(B)- O

B.2.2 Periodic and antiperiodic linear predictors

Now, we compute the representation costs of some special vectors. We say that 3 € R is g-periodic
if Bi4q = p; for all 4, and g-antiperiodic if ;. , = —f3; for all ¢.

Lemma 19. For g

n, if either B is q-periodic or n is even, q is odd, and 3 is is q-antiperiodic, then

Ronn(g(B) = 2\/?"3"1 = HBHI
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We give a proof of Theorem[T9]by considering the periodic and antiperiodic cases separately.
Recall that

St:{tJrgv:UG{0,1,...,q71}}, (74)

for each t € [n/q]. We say that a vector (3 is supported on S; if §[i] # 0 only if i € S;. Let F,, be the
n x n discrete Fourier transform matrix. Let F = F,,.

Periodic case

We begin with the periodic case.

Theorem 20. For any f € R"™ that is q-periodic,

Renng)(B) = 2\/Z

Before giving the proof, we first recall a lemma and give a characterization of g-periodic vectors. We
will then use this characterization to show that the representation cost of g-periodic vectors can attain
the lower bound in Theorem

5

. (75)
1

Lemma 21. Forz = (2¢,...,an—1) € RN, the DFT & = (%0, ...,&N_1) satisfies &, = &* ;. n-
Inversely, if for v € CN we have ), = x* kmodN then the inverse Fourier transform of x is real.

Lemma 22. Let 8 € R™. Then 3 is supported on Sy if and only if B is q-periodic, where Sy is
defined in Eq. (74).

Proof. For simplicity, let

g2, (76)

Suppose that B is supported on S;. Then for any k < n — ¢, we have

Brrq = (F7' Bitq

qg—1
1 Z Bprvn/qe—(k-i-q—l)vs
n

v

Bl

Il
= o

q—

—(k—l)vse—qu

BlJrvn/qe (77)

Bl«kvn/qe_(k_l)vs

Thus, [ is g-periodic.
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Now suppose that 3 is g-periodic. Then for any j ¢ S1, we have

@ZW@'
- ﬂt+ e J—1)(t—1+qv
\F t=1 v=
_ = Bie -1 (t—1+qu)w
Vi =
3 S e
- (7—-1)(t—14qv)w
sz
1 U n/q—l ‘ ‘ (78)
- th Z =1 (t-Dw,(j—1)vqw
\/ﬁ t=1 v=0
1 Zq: G-1)(t-1) n/ijl G-1)
- /B e -1 (t—1w e j—1)vqw
\/’Tl t=1 v=0
1 a . 1 —_ 6(]‘71)"“]
_ (G- (t-Dw _
= 75 e [~ el Daw
1 & . 1-1
- = G-D(t-Dw___ =~ — =
= 7 2 e [ cG-Daw
=0
Thus, 3 is supported on Sy . O

Next, we give some discussion of when the lower bound in Theorem@ can be attained, which is

central to the proof of Theorem (20). By Eq. (39), Rcnn(q)( \/>\/Z”/q s, 1B;])2

if and only if the Cauchy inequality ((a) in Eq. (39)) is achleved with equality. By Eq. (53), this
happens if and only if there exists weights (in the convolutional layer) w € R? x {0}"~9 and
AL, . .y Ansq € Risuch that forall i € [n/q], forall j € S;,

51t = il 351, (79
where S; is defined in Eq. (74). Note that in AM-GM inequality in (a) of Eq. (53) can always be
attained by scaling the weights w by some constant without changing the ratios between the |@;|s.

Thus, after satisfying Eq. (79), we can always change w to pw by some appropriate p € R so that
(a) in Eq. (33) holds and Eq. (79) still holds with a different choice of \;s.

By Lemma if B is g-periodic, then supp() C S;. Thus, the condition in Eq (79) becomes, there
exists A\; € R and weights w € R? x {0}~ 7 such that for all j € S;

" = Al Byl (80)
Since w € R? x {0}"9, we only care about the first ¢ columns of F in order to compute . Let
F’ € R"* be the submatrix of F consisting of the first ¢ columns of F. By Eq. (80), we only need

information of «@; for j € S; to determine whether Royn(q)(8) = 2\/7\/2"/‘1 ies, |/33|)2
Let

F=F[S] 81)
be the g x g submatrix of F’ consisting of the ¢ rows of F/ whose indices are specified by S;. Then,
we observe that

F=4/=F, (82)

n
is some scaling of the g x ¢ discrete Fourier transform matrix.

Now we give the proof of the theorem.
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Proof of Theorem (20). By lemma (22), § is supported on S;. Then

258 =25

Thus, it suffices to show that the lower bound in Theorem [T6] can be attained. Let w € R™ be the
weights in the convolutional layer. Let

(83)

u=w[l:q] (84)
be the first g entries of w. Since supp(w) C [¢],
W = Fw = Fu, (85)
where F’ is the submatrix of F which consists of the first ¢ columns of F. Let
v = B[S] € RY (86)
be the subvector of 3 whose indices are specified by S;. Let
W = @S] (87)

be the subvector of w whose indices are specified by S;. Recall that F is the submatrix of F/ which
consists of the g rows of F” whose induces are specified by S;. By Eq. (83), Eq. (87), and Eq. (82),

W = Fu = \ﬁFqu = \/7u (88)
n n

where u is the Fourier transform of w.

By Eq.(80), the lower bound in Theorem [16]is attained if and only if there exists A; € R and weights
¢ € R? x {0}™ 7 such that for all j € S;

iy |t = MBI, (89)
By Eq. (86) and Eq. (87), Eq. (89) is equivalent to
@' [ll* = Al (90)

for all ¢ € [g]. By Eq. (88), it suffices to show that there exists u € R? and A € R such that

afi] = A/l ©n

for all i € [g]. By lemmal[13]

1851 = 1Bn—j] (92)
for all 5. Thus,
VI = \/lB(ifl)n/q+1| = \/'B(q—i+1)n/q+1| =Vlg—i+2] (93)
Let \ € R be arbitrary. Let v'[i] = \\/[7[i]|. Letu = F, '+ Then by lemma we have
u € RI. 94
Thus, the lower bound can be attained. O

Antiperiodic case Now we consider the antiperiodic case. We assume that n is even and ¢ is odd.
For simplicity let

w=2" 95)
Let r € [n/q] be such that .
3 +1€S8,. (96)
For each j € [n], let
J=0- g) +nljcs. 97)



Then we have
F[j, k] = ——eU~D(k=Duw
) \/ﬁ

L G4m0 (k= 1)w

= ﬁe
= L G2 G- 1w (98)
NG
1 ,
- (-1 k=1, -1)(k—1)w
=(—1)"""e
= (=) 'Fl5 K.
Let
_en/2+1_
€n /242
P= ZL (99)
€2
L en/2 |

is a permutation matrix. Let F” € R™*7 be the submatrix of PF consisting of the first ¢ columns of
PF. Let

F=F'[S,] (100)

be the ¢ X ¢ submatrix of F” consisting of the ¢ rows of F’ whose indices are specified by S,.. Then

by (98), we have
E_ (_1)11/2\/5[:(1. (101)
n

Theorem 23. Let n be even and q be odd. For any 5 € R" that is q-antiperiodic,

Ronnig(B) = 2\/Z

Before giving the proof, we first give a characterization of g-antiperiodic vectors. We will then use
this characterization to show that the representation cost of g-antiperiodic vectors can attain the lower
bound in Theorem

Now we state the result.

B (102)

1.

Lemma 24. Let n be even and q be odd. Then 8 € R™ is g-antiperiodic if and only if B is supported
on S,, where S, is defined in Eq. (74) and Eq. (96).

Proof. For simplicity, let

§=—), W= — (103)
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Suppose that B is supported on S,.. Then for any k < n — ¢, we have
_13 )k+q

IBkJrq =

BA +Un/qe—(k+q—1)(r—1+11n/q)u;

3r+vn/q€_(k_1)(T_l"'”"/‘I)“’e—‘I(T—l)w—vnw

(F
_ 1
f
1
vn
1 ~
1 —(k=1)(r—14vn/q)w ,—q(r—1)w
\/ﬁ ﬁrJrvn/qe € (104)
% BrJrvn/qe_(k_l)(r_l—iﬂm/q)we_qm

n
1
N

ZB ton/q€ (kfl)(rflqtvn/q)w(_l)

Thus, 3 is g-antiperiodic.
Now suppose that 3 is g-antiperiodic. Then for any j ¢ S,., we have

B; = (FB);

q n/q—1
35 Aets i
v=0

q
Z (71)vﬂte(jfl)(t71+qv)w

q

Zﬁt Z (=1)vel~D-1Hqv)w
v=0
n/q—1

L

NG

L

NG

L

NG

1 zq: (=)= Dw (i-1) (105)

- = Bt (—1)”6 J—1)(t—1 w, Jj—1)vqw

NG

L

NG

L

NG

L

NG

0

n/q—1

q
Zﬁte(jfl)(tfl)w Z (,1)ve(j*1)vqw

t=1 v=0
(—1)"/2el—1nw

! 1
(G-Dt-1w
Zﬁte 1 +e(j71)qw

q
: 1-1
G-nt-Dw__ - =
Zﬁte 14 e(i—1)quw

Thus, B is supported on S, O

Now we give the proof of the theorem, which is similar to the proof in the periodic case.

Proof of Theorem 23). By lemma ([22), /3 is supported on S,.. Then

253l =25
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Thus, it suffices to show that the lower bound in Theorem [T6] can be attained. Let w € R”™ be the
weights in the convolutional layer. Let

u=wll: ¢ (107)

be the first ¢ entries of w. Let R
v = (Pp)[S1] € RY (108)

be a permutation of the nonzero entries of B . Let
W' = (Pw)[S] (109)

be the subvector of Pw whose indices are specified by S1. Now we have

W = Fru = (1)”/2\/3Fqu = (D“”’ﬂa, (110)

where 4 is the Fourier transform of . Note that in order for (a) in (39) to be attained with equality, it
suffices to show that for any A > 0 there exists © € R? such that

alfi] = A/ ]| (111)
forall i € [¢]. By lemma[l3]
18| = |Bn—j+2| (112)
for all 5. In other words,
EAREEA (113)
ifj+k=n+2 Let f:[n] — [n] be defined by
. . n
) =i~ 3 +nlicg. (114)
Then note that if j + k = n 4 2 and j # k, then
FO+fR)=j—5+k=Z+n=j+k=n+2 (115)
Thus, . X . .
PBj = B1() = Brn—j+2) = Phn—jr2. (116)
Thus,

Vil = \/'PB(ifl)n/q+1| = \/IPB(qu)n/qH\ =Vhla—i+2]|. (117)
Let 7/'[i] = Ay/|7[i]]. Let u = F'+'. Then by lemma we have
u€ R (118)

Thus, the lower bound can be attained. O

B.2.3 Induced complexity measure of CNN with restricted filter width

In this section, we give some examples to show how the induced complexity measure of CNN with
restricted filter width changes with the filter width.

Since CNN with larger filter width contains CNN with smaller filter width as a subnetwork, the
representation cost Ro () () is monotonically decreasing in ¢ for all 5 € R™. Given a predictor

B € R" such that Reyn(1)(B) > Ronn(n)(B), one might expect that Ron gy (B) is strictly
decreasing in q. However, this is not always the case as the following example shows.

Example Consider ¢z|n. Let e; € R™ be the jth standard basis vector and

n/qz2—1

B = 3" erpjg
§=0

Then, forall 1 < ¢; < ¢o,
2n

Renn)(B®) = RCNN(ql)(ﬁ(Q)) = ﬁ’ and RCNN(n)(ﬁ(Q)) =2v/n. (119)
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Now, we give a proof of Eq. (TT9).
Proof of Eq. (T19). Let
n
Si(q2) :{t—|—vq—:ve {0,1,...,q2 — 1}},
2

for each ¢t € [n/qz]. For simplicity, let

2migo 211
§=—, w=——
n n
For each j ¢ S1[ga],
n/qgx—1
3(2) [j] = ete2(i—1w

For j € &; [QQ],

Thus,
q2—1

- \/ﬁ
FENGE PR
ER—s

So B (2) has the same structure as 3(2) but with a different period. Thus,

3(2)H1 =V, ‘8(2)"2 - \/;1:7
and
Renny(B?) = 2\/77“3(2)“2 = j%,

n/q2
RCNN(qQ)(B(z))ZQ\/Z Z( Z 1851)% = 2n

t=1 j€Si(q2)

Since 1 < q; < qo,
2n
Ronn(g) (B%) = Renne) (B%)) = N
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By Eq. (T23)), the [; norm of the Fourier transform of 3(?) is independent of the periodicity go. Thus,
we immediately get

HB(I)Hl =(1- €>HB(2)H1 =(1-e)n, (128)

since 5(1) /(1 — €) only differs from 3(?) in the periodicity.

Next, we look into the representation costs of two predictors 5(1) and 52 to see how the induced
complexity measure of CNN changes with q.

Example Consider ¢ /g2, g2|n. Let e; € R™ be the jth standard basis vector and € > 0 be a constant

such that
(1 o)/ > /ar. (129)
Let
n/q—1 n/q2—1
BO=(1=6) 3 erpjq and D= 3" ey
=0 3=0
Then

RCNN(ql)(ﬁ(l)) > RCNN(ql)(»B(Q)) but RCNN(qz)(ﬁ(l)) < RCNN(qz)(ﬂ(2))' (130)

Proof of Eq. (130). By Lemma[I9] Eq. (IT9), Eq. (I29), and Eq. (I28), we have

Renn(en (BY) = 2(1\/_(716)71» Renw(e) (8Y) = 2(1\/_?26)”,
131
Renn(a)(BP) = j:‘{iz’ Renn(g)(BP) = 32»2 o
Thus,
Rennia)(BY) > Ronng) (B%) (132)
Renn(e)(BY) < Ronns) (B?).
O]

Next, we use Eq. (I30) to construct a data set and look into the minimum representation cost
interpolation of the data. We design our data so that this interpolation changes with gq.

Example We consider a generalized linear regression model. Let g1 |ga, g2|n. Let

K = Si(n/q1) — Si(n/q2), k=K, (133)
where

Sl(q){1+jZ:j€{0,1,...,q1}}. (134)
For instance, when n = 12,¢; = 2, and ¢o = 4, S1(n/q1) = {1,3,5,7,9,11} and S1(n/g2) =
{1,5,9}. Recall that

n/q1—1 n/qgz—1

ﬁ(l) =(1-¢) Z €1+jq1s 5(2) = Z €1+5qgz> (135)
j=0 7=0

where e; € R™ is the jth standard basis vector. Thus, S1(n/q1) and S1(n/qgz) are the supports of
B and B respectively. Let § € R,z € R3". Let & = (x1, 2o, x3) wWhere 1, x5, 23 € R".
Consider the model

p(B.x) =BTz + (B2 = (1—e)B) a2+ (B2 - (2—€)B+1—¢) us, (136)
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where 32 denote the entry-wise squaring of 3. We will construct a sample such that the vectors 3
that achieve zero loss are () and 8(2). To achieve this, it suffice to have the following conditions:

Blil =0 Vj & Si(n/q1)

Bli €{l,1—¢t Vi€ Si(n/g)

Blil€{0,1—¢} VjeK

Bl =Pli+ @l i € Siln/a) (37
Blil+ (ﬁ Z BlJ] .

JE€S1(n/q2) jEK

The only interesting condition is the last one. Note that if we don’t have the last condition, then it
might be the case that we have some vector which chooses 1 for its coordinates in Sy (n/gz) and 1 — e
for its coordinates in /. We don’t want this to happen. With the last condition, for any vector 5 such
that B[j] = 1 for j € S1(n/q2), X_ e, (n/qy) Bli] is already n/qz. Thus, all the remaining entries

have to be 0. Also, for any vector § such that B[j] = 1 —efor j € S1(n/q2), 3 cs, (n/q) Blil i
less than n/go and B[j] has to be 1 — e for all j € K in order to satisfy the last condition.

Now we give the construction for the sample which forces [ to satisfy the conditions (I37). We will
use ((z1,x2,3),y) to denote an element in the sample .S. Let

71 ={((;,0,0),0) : j & S1(n/q1)},

T ={((0,0,¢;),0) : j € S1(n/q2)},
Ts ={((0,€5,0),0) : j € K7},
Ty =A{((ej — €j44.,0,0),0) : j € S1(n/q2)}, (138)
TSZ{( Z €j+(_—1_626],00 ’I’L/C]Q)}
JE€S1(n/q2) a2~ a1)( JEK
Let
= (139)
t=1
be the sample. Let
W={BeR":¢(B,z) =y V(x,y) €S} (140)
be the set of interpolating solutions. Then
w = {p", 5}, (141)
For each g|n, let
V(g)={B8" e W:Renng(B') = }311 n Ronng)(B)} (142)
By equation (130), we see that
Via) = {8}, Vig)={8"}). (143)

B.3 CNN with sum pooling

In a convolutional neural network with sum pooling, we put an extra sum pooling layer before the
fully connected layer. The sum pooling layer corresponds to a circulant matrix A with respect to
avectora = (1,1,...,1,0,0,...,0) € R™, which is supported on the first k entries, where k is
the width of the pooling region. Recall that a circulant matrix C' with respect to a vector ¢ € R™
c[l] ¢2] -+ ¢[n]
cn] 1] -+ ¢n—1]
is defined as C' = ﬁ . ) ) . As before, let w = (wy,wa, - wq—1, Wq)

2] 3] - ]
be the parameters of a convolutional neural network, where w; € R? x {0}"~? for ¢ € [d — 1]
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and W; € R™*", For each i € [d — 1], let W; be the circulant matrix with respect to w;. In a
convolutional neural network with sum pooling,

d—1
Fsenn(gr (w) = WaA H Wat1—s. (144)
i=1
For any matrix 8 € R™*" and q € [n], let Rsonn(q,k) (B) = RFscpn (g0 (B) be the representation
cost of 3 in a convolutional neural network with sum pooling of filter width ¢ and pooling width k.
As what we did for CNN without sum pooling, we can use the discrete Fourier transform matrix F to
diagonalize A and W;s. Similar to Eq. (26),
d—1
B =WaD [[ Das1-i, (145)
i=1
where D = diag(a) and D; = diag(w;). Now we consider the cases g =n,m = land ¢ =1,m =
1. We use 3 in place of 3 in these cases.

B.3.1 Full filter width case: ¢ =n,m =1
Theorem 25. Forany € R",

RsenNmm(B) = dZ(@)” I (146)

where B and a are the Fourier transforms of 8 and a respectively and
1 —cos(2mk(j —1)/n)
1—cos(2n(j —1)/n) "

la | = (147)

Proof. As before, we know that the optimal weights w; would be identical by the same reason as
before. Then we can assume that

Wl =Wy =-++=1Wg_1 =C (148)
for some c. By (T43)), we have
Bi = Walilase[i]*". (149)
Thus, A
Wali] = b (150)
a;eli)d-1
Thus,
— mi - d NAIE |BZ|2
RsonN(nk) (B) = min > ((d—D)jefil]” + W)
i=1 ¢
=S min((d = VIl + ) as1)
2 REEHECS
@ |6l
== dZ(F)Q/da
i=1 G|
where (a) follows from AM-GM inequality. Note that
k—1 ;
, 1 — =Dk
G — G-t -~
aj =Y w = — (152)
Pt 1—wl
where w := e2™/™_ Since
|1 —wP|? = (1 — cos p(27/n))? + sin’® p(27/n) = 2 — 2 cos p(27/n), (153)
we have ) ork(i 1
1—cos(2n(j —1)/n)
O
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B.3.2 Filter width one case: ¢ =1,m =1
Theorem 26. For any g € R",

Rsennam(B) = = dn(4=1/4( Z

1/d, (155)

where B and a are the Fourier transforms of 8 and a respectively and

a2 = 1 —cos(2nk(j —1)/n)
T 1 —cos(2n(j —1)/n)

(156)

Note that the induced complexity measure in this case is some weighted /3 norm.

Proof. As before, we know that the optimal weights w; would be identical by the same reason as
before. Then we can assume that

W)y =Wy =-++=1W4_1=2C (157)
for some c. By (145), we have
By = Wylia;eli) . (158)
Since ¢ = 1, we know that
1
ll=¢2)=---=¢n]= %c[l]. (159)
Thus, )
B = Wd[i]&i(%c[l])d_l. (160)
Thus, .
Wali = o (161)
o (=[1])
Thus,
R (B) Hlln( +z”: d 1|B1|2
SCNN(1,k) o] || 2c 2(d 1)
|B (162)
@) gn(d=1) /4 i yia
Z )"
where (a) follows from AM-GM inequality. Note that
k—1 A
. ]_ — w(]fl)k
G — G-t —
ajfzw =T (163)
t=0
where w := e2™/™_ Since
|1 —wP|? = (1 — cos p(27/n))? + sin® p(27/n) = 2 — 2 cos p(27/n), (164)
we have ) ork(i _ 1
ja, P = L= oosCrkl = L)/m) (165)
1—cos(2n(j —1)/n)
O
B.4 CNN with multiple channels
In a convolutional neural network with n. channels,
Ne
FyonngW) = Z Fonn(g)(wi), (166)
i=1
where W = (wq, ..., w,,) are the parameters of the n. parallel convolutional neural networks. For

any 3 € R", let Ryronn(q)(B) = REyenn g () be the representation cost of 5 under Fiyron n(q)-
Surprisingly, CNN with multiple channels have the same representation cost as CNN (with one
channel), when ¢ =n orq = 1.
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B.4.1 Full filter width case: ¢ = n

We first consider the case ¢

Theorem 27. For 3 € R”,

=n.

Ryennm)(B) = dz 187/ = Rennm)(B).

Jj=1

Proof. Let w* € R™ be such that

[w*||5 = Renney(B), and  Fonng(w*) = B.

Then, taking W* = (w*,0, ..

||W*H§:RCNN(n)(B)7 and  Fyennm) (W)

Thus,

., 0), we have

Ryrennm)(B) < ||W*||§ = Ronnm)(B)-

Let W = (0, . .., Wy, ) be such that

For each i € [n.], let

Then

Thus, Then

When d = 2, we have

2
HWH2 = Ryennm) (B)-

Pi = Fonnm) (i)

B = Zcpz
i=1

B = iﬁi'

i=1

Ryrennm)(B) = ‘

Ne

~ 12

= llwill3
i=1

Ne

> Z Rennm) (i)

i=1

Ne
= ZQIIﬁiHl
i=1

=T
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W
2

i

3.

(167)

(168)

(169)

(170)

(171)

(172)

(173)

(174)
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where the last step follows from and triangle inequality.
Now suppose that d > 2. Then we have

RyreNN ) (B8)

Nec

~ 112

= llwill;
i=1

> 2 Ronnm) (pi)
i=1

=SS a3 e
=1 gj=1

>dZ|ZP 11

j=1 =1

=d>_ |67
j=1

(176)

To see (a), it suffices to show that for each j,

le \2/d>|2p FIlRAS (77

By triangle inequality, it suffices to show that

le ][4 > Z\p )2/, (178)

which is equivalent to

OBl = Ipilill- (179)
i=1 i=1
This follows directly from Taylor’s theorem and the fact that d > 2. O

B.4.2 Filter width one case: ¢ = 1

Now we consider the case ¢ = 1.
Theorem 28. For 8 € R”,

Ryennay(B) = dn(d‘”/dHﬁH;/d = Rennvy(B). (180)

Proof. The proof is exactly the same as in the ¢ = n case. It follows from triangle inequality and the
fact that . .

Do lail = O lash)* (181)

when ¢ < 1. - - O

B.5 An architecture similar to CNN

In this section, we consider the representation cost of an architecture similar to CNN, whose induced
complexity measure is {1 2 norm on Fourier domain. For simplicity we consider depth two neural
network with single output. Let ¢ be a hyper-parameter, which is analogous to the filter width in
CNN. We assume that g|n. Let w = (ws, wy ) be the parameters of this architecture, where wy € R”

and wy € (R x {0}"/ a=1)9, Let W be the circulant matrix with respect to wy. In this architecture,

Fronn(g(w) = w3 Wi. (182)
For 5 € R, let RLCNN(q)(B) = RFonni (53) be the representation cost of 3 under Frenn(g)-
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Theorem 29. For 8 € R",

q
Rrenn(g(B) = 2\/Z > 1B (183)
t=1

JES:
where Sy = {t+ kq:k=0,1,...,n/q — 1}, and B is the Fourier transform of 3.

So the induced complexity measure of this architecture is /; » norm on Fourier domain.

Before giving the proof, we first make some observations which reduce this problem to the CNN case.

Let F,, € C™*™ be the n x n discrete Fourier transform matrix defined by F,,[j, k] = ﬁwg_l)(k_l),

where w,, = €2™/™ Let F/ be the submatrix of F,, obtained by taking the 1, 14+-n/q, 1+2n/q, ..., 1+
(¢ — 1)n/qth columns of F,,. Then we have

o /4 e (184)
n:

Fq

where F, is the ¢ x ¢ discrete Fourier transform matrix. In other words, F’ is a stack of smaller

discrete Fourier transform matrices up to some scaling. Now let u € R? be the subvector of ¢

obtained by taking the 1,1+ n/q,142n/q,..., 1+ (¢ — 1)n/qth entries of w;. Since supp(w;) C

{14+wvn/qg:v=0,1,...,q—1},

Fqu U
Fqou U

Wy = Fuwy = Flu = \/g T = \/g | (185)
F(;u ﬁ

where @ = Fyu is the Fourier transform of w.

Similar to Eq. (26)), if 37 = wi C, then BT = wI D, where D = diag ;. Then, we have

B = Dibs. (186)
Thus, for all j € [n],
waj] = L (187)
w1 4]
Note that ) ) ) ) ) ) )
||w||2 = HU’ZH2 + ||U11||2 = H@DZHQ + ||u||2 = ||1b2||2 + ||ﬂ||27 (188)

since u is the subvector of w; by taking the entries in supp(wy ).

Proof of Theorem 29 By Eq. (I87) and Eq. (I88),

q n a2
s 3
Rucn(8) =min 3 finl* + 3 s
t=1 j=1

q q 3.2
(a) . L2, N Zjest 1351
= muln E |G |© + p E — 5

- - iy |?
. c2 . M Zajes P
= min Ug|” + ——— 55—
ST
®, iy ;
=252 [ 2 1B,
173\ jes.
where (a) follows from Eq. (I83), and () follows from AM-GM inequality. O
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C Supplementary materials for residual networks

C.1 Proofs of general results of residual networks

We give the proofs of Theorem ] and Theorem[12]

Theorem 4. Suppose that di < dg < - -+ < dj. Then, Rgesnet(A3)/R1(AB) — 1as A — 0, and
Rpesnet(AB)/Ri(AB) — Las A — .

Proof. A — 0 Case: We will first show that

RResNet(ﬁ) S Rl (ﬁ); (190)
for all 5 € R™. To see this, let w € RP be the weights such that
Fy,(w) =8, and [wl} = Ri(B). (191)

Since w achieves the minimum representation cost with respect to N7, for any edge in Nresner but
not in A1, its weight has to be 0. Since d; > dy forall j > 1, each ./\/] has at least two adjacent
layers whose edges in between are assigned zero weights. Thus, Fiy;,(w) = 0 for all j > 1. Thus,

Enp.one (w) = B. Thus, Eq. (I90) holds.
Then, fix 5 € R™. We will show that

RResNet ()‘B)

. -1
llgnjgf 731(/\5) >1 (192)

Let f : R, — R be defined as
f()\) = RRestt()\ﬁ)- (193)

The restriction to A > 0 does not compromise our statement since A5 = (—\)(—0) (for A < 0 we
just apply the argument to —\ and — /). Let w) € RP be weights such that

Fnpeawe(wa) = A8, and  [lwa]l; = Rreanet(AB). (194)
Let F be the set of edges in N gesnet- Foreach e € E, let wy (e) be the weights on e in wy. Then,

2 @ (© y2/d
wx(€)” < RResnet(AB) < Ri(AB) = A" Ry (B), (195)
where (a) follows from Eq. (I90) and (c) follows from Lemma[37] Thus,
lwa(e)] = OAY4) as A — 0. (196)
Since N is of depth d; > d; forall j > 1,
[Ex, (wn)]], = OAE/%) = 0(A) as A — 0. (197)
Thus,
k
> Fy,(wy)|| =o()) as A—0. (198)
j=2 )
Note that
k
Fi, (wy) = A8 = Fy, (wy). (199)
Jj=2
Thus,

RResNet()\ﬁ) = Hw)\Hg

k
> Ri(AB =) F,(wy))
= (200)

= NAR (B = (Y F (wr))/N)

Jj=2

Ny (8 — o(1))

39



where (a) follows from Eq. (I98). Thus,
RResNet()‘B) > )‘2/d1R1(5 - 0(1)) _ Rl(ﬁ - 0(1))

= 201
ROB) © RR(D) R1(B) ooy
Taking lim inf on both sides of Eq. (201), we get
o Reesnet(AB) _ . Ri(B—o0(1))
1 f————">1 f————==1 202
T T ROs ST RE " 202
where in the last step we used Lemma[43] By equations (I90) and (202)),
RResNet ()‘ﬂ)
———— —1, as A—=0. (203)
R1(AB)
A — oo Case: Fix 8 € R™. We will first show that
. RResN@t ()‘6)
limsup ———————= < 1. (204)
Asoo  LE(AB)
First, we assume that 3; # 0 for all i € [n]. Let w € RP be the weights such that
Fy(w) =8, and [w]3 = Ri(5). (205)
Let w™) be the weights obtained from w by multiplying all the weights by A/@ . Then,
2
Fr (™) =28, and [uw® | = A%l = X/ R(8) = Re(A8), (206)
by Lemma Since the weights w*) on each edge is O(A'/%) and the depth of N is d;j < di,
HFM (w@))H2 = O(AB/4) = o(N), as A — oo, 207)
for all j < k. Thus,
k-1
S [ )] = 00 =002, as A oo (208)
i=1 ?
Thus, there exists M > 0 such that
k-1
ABil > D 1w, (wM)[i]] - Vi € [n], (209)
j=1

for all A > M. Since we will let A\ — oo, we can assume that A is always greater than M.

If there exists ¢ € [d] such that N}, skips the tth layer, then the weights w much be zero on the tth
layer. Hence, w®) is also zero on the tth layer. Thus, any subnetwork N; that does not skip the ¢th
layer much satisty F, (w()‘)) = 0. Thus, to simplify the notation, we might assume without loss of
generality that AV, does not skip any layer.

LetS; = {j € [k] : 1 € I;} be the indices of subnetworks that do not skip the first layer. By the last
paragraph, k € S;. Let So = [k] — Sy be the indices of subnetworks that skip the first layer.

Let s1, So, ... s, be some real numbers to be decided later. Let ﬁ)()‘)(sl, Sa,...Sn) be the weights
obtained from w® by multiplying the weights of the edges connected to the ith input node by 1 + s;
for all i € [n]. Since W™ (s, 59, . .. s,,) differs from w*) only in the first layer, for all i € [n],

Fp, (0™ (51, 89, .. 80))[i] = (1 + 8:) Ew, (w™)][i] (210)
forall j € S; and
Fn, (0™ (51,82, . .. 80))[i] = Fa; (w™)[i] (211)
for all j € S,. By the above equations, for all ¢ € [n],
Fun (0™ (s1, 82, sa))i] = (1+53) Y F, (w)[i] + > Fiy, (w™)][d]. (212)
JES1 JES2
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By equation (Z09), Fjy(w™)[i] and AB; have the same sign for all i € [n]. By equations (208) and

(212), for all i € [n],

Fn (@™ (51, 82, ... 80))[i] = (145:)(ABi+o(N))+o(N) = A[(1+s5;)(Bi+o(1))+o(1)], as A — .

213)
By equation (Z13)), if we solve for Fx () (s1, 52, . .. 5,))[i] = ABi, then we get
o(1)
$i=——-——=0(1), as \— oo. 214
Bi +o(1) o) ¢
By equation (214), for each i € [n], there exists s; = o(1), such that
Fipeaned (@ (51,82, 50)) = AB. (215)

Thus,

RResNet()\B) < H’J)(}\) (81, 89, ... Sn)

i ’ < (14 ma si) HwWHz = (14 o(1))Ri(AB), (216)

where the last step follows from Eq. (206)) and the fact that s? = o(1) and |s;| = o(1) for all i € [n].
Thus,

. RResNet()‘B) . (1 + 0(1))Rk()‘6) 1 _
ll/iris;p TROG) < h,{isolip ReO\) = h,{njolip 1+0(1)=1. (217)

Now, we drop the condition 3; # 0 for all i € [n]. Let 0 < ¢ < 1. Let w € R? be the weights such
that

Fy(w) =B, and |w]; = Ri(B). (218)
Let w(e) be the weights obtained from w by adding e to the weights on each edge. Let S(¢) =
Fn, (w(e)). Then, there exists a constant C' > 0, such that for all 7 € [n],

1B8(e)i — Bil < Ce. (219)

Without loss of generality, assume that 3(¢); # 0 for all i € [n]. Let w® (¢) be the weights obtained
from w(e) by multiplying all the weights by A\'/4. Let w(*) be the weights obtained from w by
multiplying all the weights by A'/@*_ Then,

2
Fr (™) = A8, and [|o ™| = A2 ullf = A% Re(8) = Ru(A8).  (220)
by Lemma[37]
By the same argument as in the previous case, we get something similar to Eq (213)
Ex (@™ (e)(s1, 82, 50))[i] = (14s:) (AB(€)it0(A))+o(X) = A[(Hsi)(5(6)i+0(1))+0(1()%21)
Now, we solve for Fys (0™ (¢)(s1, 82, - - - $n))[i] = AB;. By Equations (221)) and (ZI9), we get for
all i € [n],
Bi —Ble)i +o(1), _ Ce+o(1) /
ol = < < (e , (222)
i = [P < | 2o < e o)
for some constant C’ > 0.
By equation (222)), for each i € [n], there exists s;, such that |s;| < C’e + o(1) and
Fipoonee (@ (51,82, ... 80)) = A (223)
Thus,
2
RResNet(Aﬁ) < Hw()\) (6)(517 §2,... Sn) 9
2
< (1 4+ max |si\)2Hw(/\)(e)
i€[n] 2 (224)

2
< (1 +max|3 D2([|w™M]| + C” A/ dre)
2

i€[n]

= (1+ o(1))(Ri(AB) + C"\*/¢),
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for some C”" > 0, where the last step follows from Eq. (220) and the fact that s? = o(1) and
|si| = o(1) for all ¢ € [n]. Thus,

11y\2/dy,
Jimn sup RRresnet(AB) < limsup (14 0o(1))(Rr(AB) + C" A2/ ¢))
Ao B(AB) A—r00 Ry(AB)
C”AQ/dk € (225)
=limsup(l1 +o(1) + ———
Moo (1+ol) A2/ Ry, (B)
=1+C",
for some C""” > 0. Since € € (0, 1) is arbitrary, we get
. RResNet ()‘ﬂ)
limsup ———————= < 1. (226)
Ao B(AB)
On the other hand, we will show that
. . RResNet ()‘5)
1 f——"" 2 >1. 227
Ao Re(MB)  © 227
As before, let 5 € R"™ be fixed and let f : R, — R be defined as
f(>\> = RResNet()\ﬁ)' (228)

Let wy € RP be weights such that

Fipeaver(02) = A8, and [wn 3 = Rresner(AB). (229)
Let E be the set of edges in Ngesnet- For each e € E, let wy(e) be the weights on e in wy. Then,

(a) c
wr(€)® < Rresvet(M8) = (14 0(1))Ri(A8) < (1+ o)X/ Re(8),  (230)
where (a) follows from Eq. (224) and (c) follows from Lemma[37] Thus,
lwa(e)] = OAY%) as X — oco. (231)
Since N is of depth d; < dj, forall j < k,
| E, (w)]], = O(A%/%) = 0(A) as X — oo, (232)
for all j < k. Thus,
k—1
Fy;(wy))|| =o(A) as A — oo. (233)
j=1
2
Note that
k—1
Fy, (wa) = A8 =Y Fy,(wy). (234)
j=1
Thus,
RResNet()\B) = ||U})\||2
k—1
> Ri(AB = ) Fi;(wy))
j=1
- (235)
= ARy (8 — (Y Fi;(w))/N)
j=1
AR Ry (B o(1),
where (a) follows from Eq. (233)). Thus,

Re(AB) = M/URy(B)  Ri(B)
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Taking lim inf on both sides of Eq. (236), we get

o Bresnet(AB) _ 1 Rie(B —o(1))
> =
B RO YT RE T &
where in the last step we used Lemma[43] By equations (204) and (237)),
RResNet(AB)
DResNet\AP) g 4 A = oo (238)
Ri(AB) O

Theorem 12. Suppose that d; < ds < --- < dj. Let h : R™ — R be a homogeneous function. If
Fngoone: induces h as induced complexity measure, then F), also induces h as induced complexity
measure.

Proof. Suppose that Nresne: induces h as induced complexity measure. Let e; = (1, 7O)T S
R™ and 5’ € R™ be any vector such that h(e;) = h(8’). Since h is homogeneous, h(/\el) = h(\G")
for all A > 0. Since N gesner induces h as induced complexity measure and h(Aey) = h(A3'),

RResNet(Ael) - RResNet ()\/8/) (239)
for all A > 0. By Theorem 4]

. RResNet()\el) o . RResNet()‘/B/) _
By equations (239) and (240),
/
i 1) (241)

A—0 Rl()\el)
By Lemma[37)and Eq. (24T),
’ 2/dy / ’ ’
1 — lim R (A\3') :limA Ri(8') — lim R (8') :Rl(ﬂ)'
A—0 R1()\61) A—0 \2/du Ry (61) A—0 Ry (61) Ry (61)
Let L be the degree of homogeneity of h. Since induced complexity measure is invariant up to

monotonic transformations, we may assume without loss of generality that h(e;) = 1. Then, for any
8 € R,

(242)

Ri(B) = Ri(h(B)28/h(B)"*)
W h(3)2/h Ry (8/h(B) )
2 (B Ry o)
) dlh(ﬁ)Q/Ld17

where (a) follows from Lemma[37} (c) follows from Eq. (242), and (d) follows from Lemma [46]
Thus, N7 induces h as induced complexity measure. O

(243)

C.2 A simple ResNet

Now, we give an example of a simple ResNet. In this simple ResNet,
FSResNet (’U)) = wg + dlag wiw2, (244)

where w = (wy,w2) is the weights of the network. For i € [2], w; € R™. Let Rsgesnet ‘=
RrEgp..n.. be the representation cost under Fgpesnet defined in Eq. (]I[)

In this simple ResNet, there are two component networks A; and Na, with [; = {1} and I = {1, 2}.
In this case, the first subnetwork A7 skips the first diagonal layer, while the second subnetwork
N3 goes through both layers. Note that A; induces I5 norm while A3 induces I; norm. In light of
Theorem@ we should expect that the representation cost Rgresnet interpolates between lo norm
and [; norm.

Theorem 30. For 3 € R", Rgpesnet(B8) = D iy (r(B:i)? + W) where r(7y) is the unique
positive real root of the equation x(z + 1)3 = ~2.
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Proof. Since § = wy + diag(wy )ws, we have

Bi = wa[i](w1[i] +1). (245)
Thus,
wsli] = B (246)

Let f(x,7) = 2% ++%/(z + 1)2. Note that
Rspesnet(f) = min > fwnBi) =) min f(z;, 5;)- (247)
sn s

Thus, in order to compute Rgpgesnet (), it suffices to find the minimum of f(x, ) with respect to .
Taking the derivative with respect to « and set it to 0, we get

272
) R S—— 248
which implies
z(z +1)% =42 (249)
Since
e =2+ S (250)
(x+1)% ’
there is a unique minimum for f. For each v € R, let
r(y) = argmin f(x). (251)
Then we claim that
() > 0. (252)
Suppose that () < 0. Then
2 o4
fl=rM) =r(N)" + 75
(Ir()+1)?
2
) ¥ (253)
<r(Y) '+ ——7—
e e

= f(r(v),7):

which contradicts the definition of 7(v). Then r(~y) is a positive root to Eq. (249). We claim that
Eq. (249) could only have one positive real roots. Suppose that Eq. (249) have two distinct real roots
x1 > x9 > 0. Let

q(z) = z(z +1)°. (254)
Then
q(z1) = q(w2) =~ (255)
However,
¢ () =423 +92° + 6 +1 > 0, (256)
when = > 0. Thus,
q(z1) > q(x2), (257)

which is a contradiction. Thus, () is the unique positive real root of Eq. (249). Let g(y) =
min, f(z,7). Then we have

(258)

Then the result follows since Rgpgesnet(8) = Y iy 9(5i)- O

We give some plots to show the behavior of g(v) := r(v)? + ﬁ in Figure which shows

that the representation cost Rggresnet transits from lo norm to Iy norm. This is in accordance with
Theorem [
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Figure 2: Representation Cost of a simple ResNet

D Supplementary materials of depth two neural networks

In this section, we study the representation cost of two layer neural networks A/. In particular, we
will show that R/ is always a norm and will characterize R s through both its primal and dual norms.
From the primal characterization, we will find architectures that induce k—support norms as induced
complexity measure. From the dual characterization, we will find architectures that induce [ ; norm
as induced complexity measure.

D.1 Primal characterization of representation costs of depth two networks

Note that a two layer linear homogeneous feedforward neural network A/ can be represented by a
graph G = (V, E) with vertex set V = Ny U Ny U {O}, where |N;| = n denotes the nodes in the
input layer, Ny denotes the nodes in the hidden layer, and O denote the single output node. Two
vertices are adjacent in G if and only if the corresponding nodes are connected by an edge in .
Since A has only one node in the output layer, we may assume without loss of generality that all
nodes in the hidden layer are connected to the node in the output layer. Now for each h € Ny, let

ShZ{iENIZ(i,h)EE} (259)

denote the set of nodes in the input layer that are adjacent to h. Note that this definition agrees with
the one given in neural networks of general depth in equation ({@). Let w be the weights on the neural
network \. We define Fis(w) € R™ to be the vector corresponding to the linear predictor generated
by w. For any 8 € R"”, we define

Ry (B) = min{|jw|f3 : Fy(w) = 8} (260)

to be the representation cost of 5. Now, we give a characterization of the representation cost.
Lemma 5. For a depth-two linear homogeneous feedforward neural network N without shared
weights, Ry (B) = 2min{} ; cn.. lvnlly : supp(vn) € Sh, Y pen,, vh = B}

In the above lemma, as we shall see in the proof, each v;, denote the vector corresponding to the
linear predictor generated by part of the network .

Proof. Let w be the weights of this neural network. We partition this network as follows. For each
h € Ny, let wy, be the weights obtained from w by keeping the weights of w for all the edges that
are adjacent to the node A (including the one between h and the output node O) and put all the rest of
the weights to 0. Let

Vp = FN(wh). (261)

Then we have

Fy(w) = Z vp, supp(vp) C Sp, and Hw||§: Z HwhHg (262)
heNy heNgy
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Letws, ..., wg,| be the weights in wy, corresponding to edges between nodes in the input layer and
h. Let A, be the weights on the edge between & and the output node O. Then

ISkl
min{||wh||§ : Fy(wp) = vp} = min {)\,2, + Zw? s Aw; = wpli], Vie [n]}

=1

5] (263)
= min{)\i + ZU}L[Z‘}Q/)\%L S Ap > O}

=1
(a)
= 2lonlly,

where (a) follows from AM-GM inequality and the fact that supp(vy) C Sp,. Thus,
Rar(B) = min{||wl3 : Fir(w) = B}

:min{ Z w3 : Z FN(wh)Zﬁ}

he€ENyg h€Ng

® min{ > min{|lwnll; : F(wn) =va} : supp(vs) € Sn, Y vp = ﬁ} (264)

heNg heNg

he€ENy h€ENy

= 2min{ Z [vnlly : supp(vn) € Sh, Z Un =

heNg heNg

)

© min{ > 2lfvally s supp(v) € Sp, > vn = B}
g

where (b) follows from the fact that wy,s have disjoint support, and (c) follows from Eq. (263).
O

Note that the above result implies that Rxs(-) is a norm. Next, we study its dual norm. For simplicity,
let ||-|| \- = Rar(+)/2 and |- denote the dual norm of |- ;. Then, the dual norm of R/ (-) satisfies:

1,
Ry () = §|I~IIN- (265)

D.2 Dual characterization of representation costs of depth two networks

Lemma 6. For a depth-two linear homogeneous feedforward neural network N without shared
weights, Ry (f) = %max{(ziesh BY?: h e Ny}

Proof. By definition of dual norm,

18Il = max{({a, B) : [|al| - < 1}. (266)
First, we pick a € R™ such that [|a|| \ < 1. Thus, there exists v;,’s such that
> wn=a,  supp(vr) Sk, Y. funl, < 1. (267)
heNy heNy
Thus,
" 1/2 o= 1/2
a
@.8) S (w8 £ S ||vh||2< > ﬂ?) < max{< > 6?) the NH}7
heNgy heNg i€SH €Sy
(268)

where we used Cauchy’s inequality and supp(vy,) C Sy, (267) in (a). By equations (Z66) and (268),

1/2
||5;<max{<2ﬁ?> :heNH}. (269)

i€Sh
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For the other direction, let A* € N}, be such that

1/2 1/2
( Z ﬁf) :max{<2ﬁ§> :hENH}. (270)

i€S),* i€Sh
Then, let a* € R™ be such that

lics,.Bi
afi] = —miesmBi_ 71)
Yies,. BF
By Lemma 5]
||a||N <1, (272)

since supp(a) C Sp- and ||a||, = 1. By equations and (270),

1/2 1/2
18]y > {a”, 8) = ( > B?) :max{<2 63) :h e NH}. (273)

1€ Sy * i€Sh
Thus,

1/2
Rj‘\/(ﬁ)zéﬂﬂﬂj\/zémax{(z:ﬁf) :hENH}. (274)

i€Sh O

By the above result, if there exists hy, ho € Ng such that h; # ho and Sy, C Sy, then removing
hy from A/ would not change the representation cost since

SNy g (275)

1€Sh, i€ Sh,
for all B € R™. Thus, we might assume without loss of generality that
Shy € Sh, Vhi # ha, hi,ho € Np. (276)

Moreover, the above result shows that the norms that can be induced by two layer neural networks
as induced complexity measure are precisely the dual norms of I 2 group norms with possibly,
overlapping between groups.

Now, we will give some applications of the primal and dual characterizations of the representation
cost Rar(B) of two layer neural networks.

D.3 k-support norms

In this section, we give an architecture of a two layer linear neural network which induces the
k-support norm as induced complexity measure. For 8 € R™ and k € [n], define the k-support norm
as

181l = min{ D lvrlly s supp(or) €1, > vr = 5}, 277)

IegGy IeGy

where Gy, denotes the set of subsets of [n] of size at most k. Now we define the architecture. For each
I € Gy, I # 0, there is a node u; in the hidden layer which is connected to the ith node in the input
layer if and only if 7 € I. The output layer has one node which is connected to all nodes in the hidden
layer. Note that in the definition of k-support norm, we could define Gy, to be the set of subsets of [n]
of size exactly k by the remarks after Lemma 6]

Letw € RY be the weights of the networks, where N is the total number of edges. Let F,(w) € R"
be the predictor obtained by weights w on this network. Let
Risp(8) = min{w]3 : Fyap(w) = 5} (278)

denote the representation cost of 5 € R™ for the architecture defined above. By Lemma [5| we
immediately get the following result.

Theorem 31. Forany g € R",
Risp(B) = 2118137 (279)
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We prove a result that is stronger than Theorem[T1]

Theorem 32. For any k € [n], there exists a homogeneous feedforward depth two linear neural
network without shared weights that induces k-support norm as induced complexity measure. Fur-
thermore, a homogeneous feedforward linear depth two neural network N without shared weights
induces k-support norm if and only if the mixing depths of subsets S satisfy

L oif |S| <k

MN(S){ 2 i 19>k (280)

In particular, k-balanced network induces k-support norm.

Proof. The “if” part is a direct consequence of Theorem [31]and the remarks after Lemma [6]

For the “only if” part, suppose that A/ induces k-support norm. By Eq. for any 5 € R™ such that
|supp(B)| = K, ||8]];” = ||8|,- This implies that for S := supp(f3), the subnetwork N induces o
norm by Lemma[44] Thus, by Theorem[35] My, (S) = 1, which implies that there exists v € Ny
such that S C S,,. Thus,

My(S)=1 if |S| <k (281)

For the other case, suppose that there exist S* C [n] and u € Ny such that |[S’| = k+ 1 and S’ C S,,.
Then, for any 5’ € R™ such that supp(8’) = 5/,

Ry (B') =2|8'l,, (282)

by Lemmaf[46l Now, take 3 € R™ such that | supp(3)| = k and ||3]|, = [|8||,. By Eq.]281} Eq.[282]
and Lemma 46| we have

Ry (B) =2[IBlly = 2[18'll, = Bar(B)- (283)
Since N induces k-support norm,
111" = 181" = 11B1ly = 118"ll- (284)

However, since |supp(83’)| > k, ||#]|;* > ||8'||, by definition of k-support norm in Eq.[277] and

triangle inequality. This is a contradiction. Thus,

My(S)=2 if |S|>k. (285)
O
For the last claim, if \V is a k-balanced network, then
B 1 if S| <k
M (9) = { 2 if |S| > k. (286)

Thus, A induces k-support norm by arguments above.

D4 [ norms

This section introduces the architecture with l5 1 group norm as the induced complexity measure. Let
G1, ..., Gy be a partition of [n]. Let

k
C=]]Gi=GixGax-- xGi (287)
j=1

be the Cartesian product of the k£ groups. This architecture has a node uy, for each h € C such that uy,
is connected to the ¢th input node if and only if

i€ Sp:={hlj]:j €[k} (288)

where h[j] denote the element in the jth entry of h. Then we connect all the nodes in the hidden layer
to the output node. See Figure|lb|for an example.

Let w € RP be the weights of the networks, where p = (k + 1) H?Zl |G,| is the total number of
edges. Let N2 1 be the architecture defined above. Let R Nop = R Fr, be the representation cost
under Fly, , as defined in Eq (I). By Lemma@, we immediately get the following result.
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Corollary 33. Forany g € R",

1/2

1
1€ESH

Now, we state the result.

Theorem 34. Ry, , (8) = 2[|B]l, ;-

Proof. Tt suffices to show that

1 1| ?
R, 1 (8) = 5l1Bllo.00 = 5 > <maxlﬂz ) : (290)

Jj=1

By Corollary

1/2 1/2
R;/m(ﬂ):;max{<253> :hec} max{<2ﬁ2> ;z'jeGj}. (291)
1€SH

For each j € [k], let 7} € G be such that

|Bil.- (292)

[Sen

Now, in order to maximize 2?21 BZ , we would choose i; = i} for each j € [k]. Thus,

k 1/2 k 1/2 k 2
ax{(ZBZ.) :i.,»eGj}z (Zﬁf) = Z(maxml) ) (293)
=1 = J =

Thus,
1| < ’
R, (8) =5 ; (ggxl&) : (294)
Since the dual of the dual norm is the primal norm,
Rp,, (8) = (R, ) (B) = 2181300 = 2118ll5.1- (295)

Intuition of Optimal Weights

Now, we consider a special case to show some intuitions of how the weights on the network would
attain minimum representation costs and properties of the representation which attains the minimum
cost.

Example Letn = 4,G; = {1,4}, G2 = {2,3}. We give a plot of this architecture:

49



Let NV denote the above architecture. Recall that
R (8) = Qmm{ Z lvn ||y : supp(vp) € Sh, Z vy, = } (296)
heENy heENg
In our case, let Ny = {1,2,3,4} and
Sy ={1,2}, S»={1,3}, S3={2.4}, Si={34}. (297)
Let {v; : ¢ € [4]} be such that

4
> vi=B,  supp(v;) CSi, Vield]. (298)

Then, we have

18ll2,1 = V/(1B1] + [B4D)? + (1B2] + 183])2)
= v/([1[1] + v2 (1] + [vs[4] + va[4]))? + (Jor[2] + ws[2]] + [v2[3] + va[3]])?)

<V (or 11+ o2 1] + [os[4]] + Jva[4])? + (v [2]] + [os[2]] + [va[3]] + [v4[3]))?).
(299)

Now, note that

2
v v 1 |vgl4 v
(o [1]1+ oo+ Jesld]| + of)” = (n R T L T . ||2'4”'>
lorllE Juall? sl Juall?
4
(i) ZH’UH 01[1]2+1)2[1]2+113[4]2+v4[4]2
= &0 oy Teally * Toslly * Toally )
(300)
where in (a) we used Cauchy’s inequality. Similarly,
2
V1 %’U23 V3 V4
(lon (211 + uaf3)] + [os[2]] + Joa[3]))? = (n NEIEIC B ) B ol ||2'”'>
lor I leall? lusllE uall?
Z” +Uz[3]2+v3[2]2+v4[3]2
||v I " Toally  Teslly ™ Teal, )
(301)

where in (b) we used Cauchy’s inequality. Now, by equation (299), we have

18112,1 < v/(or [1]] + [oa[1]] + [os[4]] + [0al4]1)? + (jos [2]] + [vs[2]] + [v2[3]] + [v4[3]])?)

< (Z |UZ||2> ( [1]2 + v1[2]? " va[1]? + vo[3]? N v3[4]2 4 vs[2]2 N vy [4]2 +v4[3]2>

[, [lvall, llvs]|, llvall,
4 2
_ (zmnz)
1=1

4
> lilly.
i=1

(302)

Thus,
Ra(B) = 2|18l (303)
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For this lower bound to be attained, the vectors v; should satisfy

sign(v1[1]) = sign(vz[1]) = sign(p1)

sign(v3[4]) = sign(v4[4]) = sign(f4)

. . (304)

sign(v1[2]) = sign(vs[2]) = sign(2)

sign(v2(3]) = sign(v4(3]) = sign(f),
and

1 1 4 4

1) _ feaft]] _ o) _ Jeuld]] 05)

2] foaf3]] fus2]] [vaf3]]
The first requirement ensures that the triangle inequality (in @)) would hold with equality. The
second requirement ensures that Cauchy’s inequality (in (), (b) in (300) and (301))) would hold with
equality.

The more interesting requirement is the second one, which says that for each node in the hidden layer,
the ratio of the weight it distributes to the first group to the weight it distributes to the second group is
some constant which is the same for all nodes in the hidden layer. The same holds for more general

l2.1 architectures. Specifically, let Gy, ..., Gj be a partition of [n]. For each h € H;Ll Gj, let vy,
be the vector corresponding to the hidden node that corresponds to h. Let p(vy,) be the projection
of vy, on the coordinates in {h[j] : j € [k]}. Then there exists a vector u € R” such that for each

h e H?:l G/, there exists A, € R, such that
[p(vr)] = Anu, (306)

where the absolute value | - | is applied component-wise.

Intuitively, this means that each node in the hidden layer distributes weights to different groups “in
the same way”’(i.e there is a fixed ratio that is shared across all hidden nodes, of how to distribute
weights to input nodes in different groups).

E Supplementary materials: mixing depths and basic properties of
representation cost and induced complexity measure

We will use the following results in [15] many times:

Rpc(B)=d|B5/",  Rpwnx(8) = d|All3)5, (307)

where F'C' and DN N are fully connected network and diagonal network of depth d, respectively. In
this section, we only consider networks without shared weights.

E.1 Mixing Depths

‘We begin with the formal definition of mixing depths.
Definition E.1 (Mixing Depths). For any S C [n], the mixing depth of S with respect to A is
defined as:

Mu(S) :=min{i € N: thereexists v € N; suchthat S CS,}, (308)

where N; is the set of nodes in the 4-th hidden layer of AV, and S, is defined in Eq. (@).

The notion of mixing depths capture how fast information from a subset of nodes in the input layers
is mixed together. Note that Mxs({s}) = 1 for all s € [n]. Thus, we only consider mixing depths of
sets of size at least two.

The following theorem identifies architectures that induce I, quasi-norms as architectures with
uniform mixing depths.

Theorem 35. A linear homogeneous feedforward neural network N without shared weights induces
I, quasi-norm if and only if My (S) = 2/p, for all S C [n],|S]| > 2.

51



Note that the above theorem implies Theorem [/| since mixing depths are always integers and a
diagonal network has uniform mixing depths.

Roughly speaking, architectures with small mixing depths usually have small representation costs,
and vice versa. The following theorem is a motivating example of this intuition.

Theorem 36. For all linear homogeneous feedforward neural networks N without shared weights
and of depth d,

Rpc(B) = d||Bl5/* < Ry (8) < d|IBll3)5 = Ronw(B). (309)
Furthermore, the lower bound is achieved for all 3 € R™ if and only if the mixing depths Mn(S) = 1

for all S C [n], and the upper bound is achieved for all B € R™ if and only if the mixing depths
Mpr(S) = d forall S C [n] such that |S| > 2.

Note that for a fixed set of input and output nodes, fully connected networks have the smallest possible
mixing depths while diagonal networks have the largest possible mixing depths. The result above
shows that architectures with smallest mixing depths have the smallest representation costs while
architectures with the largest mixing depths have the largest representation costs.

E.2 Basic properties of representation cost
We give some basic properties of representation cost for homogeneous feedforward architectures N
First, we show that the representation cost function Rar(/5) is homogeneous.

Lemma 37. Let N be a homogeneous feedforward neural network without shared weights and of
depth d. Then for any A > 0,

Ry (AB) = A/ Ry (B), (310)
forall B € R™.

Proof. Let w be weights on N such that

Fy(w)=8, and |w|;= Rx(B). 311)
Then,
Fy(A\Y4w) = A3, and H)\l/dej = 2\ )y2, (312)
since d is the depth of N. Thus,
Ry (AB) < N9 Ry (B). (313)
On the other hand, substituting 1/ to A and A\S to 3, we get the other direction
Ry (B8) < %. (314)
The result follows from equations (313)) and (BT4). O

Note that the same result holds with the same proof if we put ReLU activation (or any other
homogeneous activation) on .

Then, we show that for any weights w that attains the minimum representation cost, its magnitude is
"uniform" across layers in a sense we define below.

Lemma 38. Let N be a homogeneous feedforward neural network without shared weights and of

depth d. Let § € R"™. Let w = (wy, . .., wq) be the weights on N, where w; denotes the weights on
from the © — 1th layer N;_1 to the ith layer N; such that
Ex(w) =8, and |w];=Ra(5). (315)
Then
oy = 08 616
foralli € [d].
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Proof. Tt suffices to show that ||w2H§ = ||wit1 Hg forall i € [d]. Letv € N; be an arbitrary node. Let
E7_, be the set of edges from /V;_; to IN; that have v as one of their endpoints. Let £ be the set of
edges from N; to N, that have v as one of their endpoints. For any edge e, let w, be the weights

on it. Then we claim that
D, owi= ) wl (317)
eeE? e‘GE;u

i—1

Suppose Eq. (317) does not hold. Then, by AM-GM inequality,

(Z)e(zw)or( T o) ()
c€EY_, cEEY e€Ey_, e€Ey

However, we could then scale the weights w, by A for all e € E?_; and scale the weights w, by 1/\
for all e € EY so that Eq. (317) holds. Let w’ be the weights after this modification. Then

2
Fy(w') =8, and [uw']; < [[w]; = Ry(B), (319)
which is a contradiction. Thus, Eq. (317) holds. Since v € N; is arbitrary,

lwill =Y > wl=>" " w?=|wil (320)

vEN; e€EY_, vEN; e€EY

Since Ryr(B8) = S0, |[will3 = d||wi 3,

Ry (B)
d )
for all ¢ € [d]. O

2 2
[willy = [lwnll; = (321)

Note that the same result holds with the same proof if we put ReLU activation (or any other
homogeneous activation) on N.

Then, we show that the representation cost Rxs(3) only depends on |3|, where the absolute value | - |
is applied component-wise. Furthermore, R/ () is strictly increasing in |3;| for all ¢ € [n].

Lemma 39. Let N be a homogeneous feedforward neural network without shared weights and of

depth d. For any 3 € N,
Ry (B) = Ry (|8)), (322)

where the absolute value | - | is applied component-wise. Furthermore, Rxr () is strictly increasing
in |B;| for all i € [n].

Proof. Let 8, 5" € R™ such that | 5;| = |5} for all i € [n]. We will show that
Ru(B) = Ry (8"). (323)
Let w be weights on NV such that

Fy(w)=8, and |w|;= Rx(B). (324)

Then we modify the weights w as follows. For each edge (between the input layer Ny and the first
layer N1) in NV that is connected to the ith input node, we scale its weight by sign(3; ;). We do this
modification for each i € [n]. Let w’ denote the resulting weight. Then

Fx(w') =8, and |5 = [lwl3 = Rx(8). (325)
Thus,
Rn (') < R (B). (326)
Switching the role of 8 and /3’, we get
Ry (B) < Ry (8)). (327)

Then, Eq. (323)) follows from equations and (327). In particular, Eq. (323) holds for 5’ = |3].
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For the second claim, fix an i € [n]. Let 3” € R™ such that [3}/| = |3;] for all j # i and |3'| < |B;].
By the first claim we just proved, we may assume that both 8 and 8" have non-negative entries
(8, 8" € R"}). Then we modify the weights w as follows. For each edge (between the input layer N
and the first layer V7) in A that is connected to the th input node, we scale its weight by 3/’ /3;. We
do this modification only for the single index 4. Let w’ denote the resulting weight. Then

Ey(w")=p", and [o"[; < Jull; = R (8). (328)

Thus,
Ry (B") < Ry (B). (329)
Thus, R () is strictly increasing in |§;| for all i € [n]. O

In light of this result, we can always assume that 8 € R} when considering representation cost of
homogeneous feedforward neural networks. In addition, if we are given two vectors 3, 3/ € R™ such
that |3;| < |B;| for all i € [n], then Ry (8) < Rar(8').

Next, we show that we can assume that the weights w are always non-negative.

Lemma 40. Let N be a homogeneous feedforward neural network without shared weights and of
depth d. Let 3 € R!}. Then there exists non-negative weights w such that

Fy(w) =8, and |lw]= Rx(B). (330)

Proof. Let w be weights on N such that

Fy(w) =6, and |wl; = Ry (B). (331)
We will show that |w| also satisfies Eq. (331), where |w| is obtained from w by taking absolute values
of the weights. First, note that ||w||§ = | |w|||§ Thus,
Ry (Fx(jw))) < llwlll; = [w]; = Rx(8). (332)
On the other hand, note that
Fx(lw])[i] > Ex(w)[i] = Bi, (333)
for all i € [n]. Thus, by Lemma[39]
By (Fx(|w])) = Bar(B)- (334)
By equations (332) and (334), we have
By (Fx(|w])) = Bar(B)- (335)
Since Rs(f) is strictly increasing in |3;| as stated in Lemma [39] we must have
Fy(Jw]) =8 (336)

by equations (333) and (333). O

In light of Lemma [39]and Lemma [0} it suffices to consider non-negative vectors and non-negative
weights when studying representation cost of homogeneous feedforward neural networks.

Then, we consider the following question: “if we perturb the vector 5 a little bit, how does its
representation cost change?”.

Lemma 41. Let N be a homogeneous feedforward neural network without shared weights and of
depth d. Let B,v € R" such that
[v]l; <6 <1, (337)

for some § € R. Then,
Ry (B +v) < Rar(B) +2¢/nRar(B)8 + |E|6%/7, (338)

where E is the set of edges in the neural network N. In addition, if there exists some constant C' > (
such that

Ry (8) < C, (339)
forall ' € Bi(B) :={8 € R" : ||’ — B|l, < 1}, then
|RA (B4 v) — Ry (B)] < 2VnCoY? + | E|6%/4. (340)

54



Proof. By Lemma we can assume that 8; > 0 forall < € [n]. Since we want to get an upper bound
on Ry (B+v), we might assume that v; > 0 forall i € [n], by Lemma[39](since |3; +v;| < B+ vi)).
Let w be weights on A such that

Fn(w) =8, and |w|; = Ry (B). (341)

By Lemma[40] we can assume that the weights w are non-negative. We modify the weights w by
adding 5/ to the weights of each edges in \. Let w’ denote the resulting weights. Let 3’ = Fyr(w').
Since N is of depth d and all the weights are non-negative,

B> B+ > (B+0), (342)
for all i € [n]. Thus, by Lemma[39]
Ry (B+v) < Ry (8) < [[w'[]5. (343)

Let e be an edge in \V. Let w, and w/, be its weights before and after the modification. Then, note
that
w? = (we +89)? = w? + w0V + 5%/, (344)

€

Then,

2
Jw'lly = w?
eckE
= (w2 + 2w + 62/ (345)
ecl
(a)
< Rn(B) + 2¢/nRy(B)6"/4 + | E|6%/¢,

where we used Cauchy’s inequality (or /; norm is bounded by +/n times 5 norm) in (a). By equations

(345) and (343),

Rn(B+v) < Ry (B) + 2/nRBp(B)8Y + | E|6%/4. (346)
Then, if there exists C' > 0 such that
Ry (8') <C, (347)
forall 8" € By(B) := {8 € R" : ||’ — ||, < 1}, then by Eq. (346)), we have
Rar(B+v) — Rar(B) < 2vnCoY? + |E|62/4. (348)
Substituting 8 + v for 5 and —v for v, we have
Rar(B) — Rar(B 4 v) < 2v/nCéY? + |E|62/2. (349)
By equations (348) and (349),
|Bn (B + v) = Ry (B)] < 2v/nCY? 4 | E[6*/1. (350)
O

In light of Lemma it is useful to have an upper bound on the representation cost Ry () that
works for all architectures . Intuitively, an architecture A/ gives rise to high representation cost
Ry() if there are very few edges in it. On the other hand, for any valid architecture, there has to be a
path from each input node to the output node. Thus, diagonal network seems to be the "sparsest”
architecture that satisfies this condition. Indeed, as we shall see, the representation cost of a diagonal

network Rpnn (5) = d||8 ||§ﬁ (as shown in [[15]]) is an upper bound for the representation cost of
any architecture of the same depth.

Lemma 42. Let N be a homogeneous feedforward neural network without shared weights and of
depth d. For any 5 € R",

Ry (8) < d||B3)5 (351)

Furthermore, the upper bound is achieved for all § € R" if and only if the mixing depths Mpr(S) = d
forall S C [n],|S| > 2.
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Proof. By Lemma it suffices to consider § € R’} For each i € [n], let P; be a path from the ith

input node to the output node. For each edge e € |-, P, assign it the weights max{ ﬂzl iee P;}.
For any edge not in | J;_, P;, assign it weight 0. Let w denote the resulting weights. Then

lwlls < > IB18 = diIB]5)a, (352)

i=1

where | P;| = d is the length of P; and

Fyx(w)li] > (8 = Bi. (353)
Thus, by Lemma[39]

Ry (B) < R (Fw(w)) < [[wl < d|Il3)5- (354)

Note that the condition Mar(S) = d for all S C [n], |S| > 2 is equivalent to N being essentially
diagonal. Suppose that A/ is not essentially diagonal. Then we could choose for each i € [n], a

path P; from the 7th input node to the output node such that Py, ..., P, are not edge disjoint. Then,
Eq. (352) is strict inequality as long as supp(3) = [n]. For such 3,
2/d
R (B) < d||B3)- (355)

Now, suppose that A/ is essentially diagonal. We partition the network N\ as follows. For each
i € Np, let
Vi ={v eV : there exists a directed path from ¢ to v}. (356)

Let
E; ={e € E: bothendpoints of e liein V;}. (357)

Let ; be the architecture corresponding to the directed graph (V;, E;). Since N is essentially
diagonal,
E;NE; =0, (358)

for all ¢ # j. Thus,

S’ZRN 8:) Y S Rec() = Y digi** = d|18]12)5, (359)

=1 =1

where in (s) we used the fact that the networks A are disjoint except at the output node and
Uien, Ei = E, and in (a) we used Corollary [47(on the second layer of ;) to reduce each \V; to a
directed path, which is a fully connected network with one node in each layer.

O

Next, we show that the representation cost function Rar(/3) is continuous.

Lemma 43. Let N be a homogeneous feedforward neural network without shared weights and of
depth d. Then, the representation cost function Ryr(3) is continuous.

Proof. Let § € R". Let C = d(||]33 + n). Then, by Lemma

Ra(8') < d|I8']13)4 < dZ 1Bi] + 1)2/4 < dZ B2/ +1) = C, (360)

i=1
forall B’ € B1(B) :={B € R": ||’ — B||, < 1}. Let (B®);cn be a sequence in R" converging
to 8. Without loss of generality, assume that 3(Y) € B;(3) for all t € N. By Lemma

[Bar(8) = R (8)] < 2vnCoy" + | B3, (361)
where §; = ||3() — B||,. Taking lim sup on both sides of Eq. (361)), we get
limsup |Ra(8®) — Ry (B)] < limsup 2\/nC(5t1/d + |E|§?/d =0, (362)
t—o0 t—o0
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since 0; — 0 as t — co. Since |Rpr (M) — Ras(B)| > 0, Eq. (362) implies that

Jim [Ry(61) = Rar(B)] = 0. (363)
—00
Thus,

Jlim Ry (8) = Rar(8). (364)
Thus, Ry (/) is continuous. O

E.3 Reference function

A common technique we will use to prove that some certain architecture A does not induce a certain
quasi-norm ||-|| as induced complexity measure is as follows. We first find a function f : R® — R
such that f(8) depends only on ||3]|. Then, we find /', 5" € R™ such that

1B =18"l, Ra(8") = f(8), and Rx(8") # f(B"). (365)

Now, if A/ induces ||-|| as induced complexity measure, then R (8') = ¥ (|8|)) = ¥ (|8"]) =

Rpr(B8"). On the other hand, Ry (8) = f(8') = f(B8") # Rar(8”) by Eq. (363) and the fact that
f(B) depends only on ||3]|. Thus, A/ does not induce ||-|| as induced complexity measure. We will
call such a function f a reference function, since we compare the representation cost R/ to it in
order to get a contradiction.

E.4 Subnetwork

Another common technique we will use is to consider a subnetwork ANg of N corresponding to a
certain subset S C [n] of the input nodes. We obtain N5 from N in two steps. First, we remove all
input nodes in A/ except for those in S C [n]. Then, we remove all nodes that are isolated(cannot be
reached by any input node in S via a directed path). Now, we give the formal definition.

Definition E.2 (Subnetwork). For S C [n], the restriction of N to S is called Ns. The subnetwork
N is obtained from A/ by first removing all input nodes in A except for those in S C [n] and then
removing all hidden nodes that are isolated from the remaining input nodes.

Alternatively, Ng is the subnetwork of A corresponding to the subgraph generated by nodes v € V
such that

S, NS # 0. (366)

The induced complexity measure of the subnetwork is tightly related to that of the original network.

Lemma 44. Let N be an architecture. Let N's be the subnetwork of N with respect to the input
nodes in S C [n] (Def[E.2). Then for any 3 € R™ such that supp(8) C S,

Rps(Bs) = Bar(B), (367)

where Bs is the projection of 8 on coordinates in S. Furthermore, if N induces some quasi-norm
h(-) as induced complexity measure, then Ns induces hg(-) as induced complexity measure, where
hs(:) : RISl — R is defined as

hs(B') = h(B), (368)
where (3 is the lifting of B’ defined as: 5; = B, for i € S and 8; = 0 otherwise.

Proof. Let w’ be the weights on N such that Fir, (w') = Bs and Rary(8s) = ||w'||3. Then, we
extend w’ to weights on N by putting 0 weights on new edges. Let w denote the resulting weights.
Then,

Fy(w) =8, and [w]3 = [lw'|; = Ras(Bs)- (369)
Thus,
Ry (B) < ||lwl; = Ry (Bs). (370)

For the other direction, let @ be the weights on A such that Fis(w) =  and Ry (8) = ||1Z;H§ Since
supp(3) C S, any edge in NV that is not in N5 would not contribute to nonzero entries of 3. Thus,
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setting the weights of these edges to 0 would not affect Fir(w). Since Rpr(8) = ||u~;||§, the weights
on these edges must already be 0 in w. Thus,

@5 = |@s]3, and  Fa(ws) = Bs 371)

where (s is the projection of 8 on the coordinates in S and g is restriction of w0 to the edges of Ns.
Thus,

Ry (8s) < |[@slly = @] = Rar(5). (372)
Thus,
Rns(Bs) = Ba(B). (373)
Since N induces h(-) as induced complexity measure, there exists a strictly increasing function
1 : R — R such that
Ry (B) = ¥ (h(B)), (374)
for all 5 € R" by Def[[.1] Thus,

Rys(Bs) = Ba(B) = ¥ (h(B)) = ¢(hs(Bs)), (375)
since supp(3) C S. Finally, note that for any 3 € RISI, 3’ = 3%, where 3/ = B} if i € S and
B = 0 otherwise. Thus,

Ry (B8") = ¥(hs(B)), (376)
for all 3’ € RISI. Thus, N induces hg(-) as induced complexity measure. O

E.5 Contraction of paths

Another technique we will use to modify architectures is to contract a path. Let N'p be an architecture
which is a concatenation of some architecture Ay.; of depth 7, followed by a fully connected layer
consisting of one node at the ¢ + 1th layer, and then followed by a path P of depth d — ¢ — 1.
Equivalently, |N;| = 1 for all j > 4. Then, we claim that contracting P to a single output node would
not affect the induced complexity measure. We state this as a lemma.

Lemma 45. Let Np be an architecture of depth d such that |N;| = 1 forall j > i. Let P = Nj1.4
be the last d — i layers of N'p, which is a path. Let Ny.;11 be the first i + 1 layers of Np. Then,
No.it1 and N'p induce the same induced complexity measure.

Note that NVy.; 11 is obtained from Np by contracting the path P to a single output node.

Proof. Let t be the scaling factor induced by weights on P, that is

t= H w(e), (377)

where w(e) denotes the weights on an edge e. Let
dy=d—i—-1, (378)

be the length of P. By AM-GM inequality, it is clear that the weights of edges on P would be the
same in order to achieve minimum representation cost, that is

Rp(t) = dat|?/ 4. (379)
Let Np.;11 be the architecture obtained from Ap by contracting P to a single output node. Then, by
Lemmal37]
RNO:i+1 (5)
R (B/1) = NEGEN (380)

By equations (379) and (380),

(i+1)/d
. [ B (B) 2 R (B)

Ry, (B) = rntln(R/\/o:i-H (B/t)+Rp(t) = min <W+d2|t|2/d ) = d<z_|_+1> )

(381)

where the last step follows from AM-GM inequality (write the first term into a sum of ¢ 4 1 identical
terms and write the second term into a sum of dy identical terms, and then use AM-GM on the
resulting d terms). Since Ry, () is monotonic in Ry, (5), Np and Np.;41 induce the same
induced complexity measure.

O
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Since we only care about induced complexity measure of architectures, we can always contract a
path P when the conditions in Lemma 5] are met.

E.6 Reduced architectures

Now, we discuss a notion called reduced architectures. Intuitively, if an architecture AV is not reduced,
then we can modify it to make it reduced without changing its induced complexity measure. To
motivate the definition, we first make a simple observation. Note that for any 5 € R"”, and any
architecture A/, the representation cost of 3 in A is certainly lower bounded by that in a fully
connected network since we can always choose to set the weights of some edges to zero. However,
under what condition would that be attained? Now, we give a necessary and sufficient condition for
that. Recall that a fully connected network of depth d has representation cost d|| 3 ||§/ ? (See [13]), for
all B € R™.

Lemma 46. For any 3 € R”,
Ra(8) = d||B]3". (382)
Moreover, for any S C [n], S # 0, the following statements are equivalent:

(1) There exists 5 € R™ with supp(8) = S, such that
Ry (8) = dl| 813" (383)

(2) There exists a node v in the first hidden layer Ny, that is connected to all nodes in the input layer
that correspond to the support of B, or equivalently,

Sy D supp(f8) = S. (384)

for some v € Nj.
(3) For all B € R™ with supp(5) = S, we have

Ry (8) = d| 815", (385)
In particular, this implies that Ry (8) = d||ﬁ||§/d, for all B € R™ if and only if there exists a node v
in the first hidden layer Ny, that is connected to all nodes in the input layer, or equivalently,

S, = Np. (386)

for some v € Nj.

Proof. We will first prove Eq. (382). Then we will prove (1) = (2) = (3) = (1). The last one is

trivial. For the first one, we will first expand the trivial inequality Rar(8) > d||8 ||§/ % into a chain
of inequalities. Then, if equality is attained for some 5 € R", then all the inequalities in the chain
have to hold with equality. We will use one of these inequalities to prove (2), which is essentially
an application of Cauchy Schwartz inequality. To show (2) = (3), we will see that since we are
interested in the representation cost of 3, we can delete all input nodes except for those corresponding
to the support of 3. Then, in the resulting architecture, we show that we can extract a fully connected
subnetwork. Now, since representation cost of a subnetwork is lower bounded by representation cost
of the original one, we know that the representation cost of 3 in the original network is upper bounded
by that of a fully connected network. On the other hand, the representation cost of (3 in the original
network is always bounded below by that of a fully connected network since we can always add
edges to the original network to make it fully connected. Now, the new network has a representation
cost upper bounded by the original one since it contains the original one as a subnetwork. Note that
we are essentially using the fact the representation cost of a fully connected network does not depend
on its width. Now, we give the rigorous proof.

Equation : Letw = (Wy, Wa,...,Wy) be such that

d
Fy(w) = [[Wazis1 =8 (387)
=1
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d
Hw@=§]mw%
>d<IInwzF>
=1

) < )M
> d
a

2/d
= d||gI3"",

where we used AM-GM inequality in (@) and submultiplicity of Frobenius norm in (b). Thus,

Ry (B) > d|Bl13".
(1)=(2): LetS C[n],S # 0. Suppose that
Ru(8) = d||8]12/.

for some 5 € R™ with
supp(8) = S.
Then there exists some w = (W7, Wa, ..., Wy) such that

d
d
=[IWaia=8,  [wlls =d|B|5".

d(HWiHF> :d< ) :
=1 =1 F

HWdfiH
||W1||F = H ( H Wy L+1> Wi

By (b), this means that

In particular, this implies

2

d—i+1

)

F

since

Hmvm HWle

\W1||F

H Wd i+1

Let A=W; e R™*" ¢ (Hl T Waiv)T € R™. Leta; ; = Afi, j], w; = c[] Then

[T A% = [lellZ A%
Note that

1A% = 3203 wia,)?

j=1 i=1

“5((5)5)
(E9)(EE)

2 2
= llellz 1Al
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where we used Cauchy’s inequality in (e). Since ¢T A = 3 # 0 by Eq. (392), ¢ # 0. Thus, there
exists i* € [m] such that w;« # 0. We will show that the ¢*th node in the first hidden layer Ny is
connected to all nodes in the input layer that correspond to the support of /3. Now, for (e) to hold
with equality, for each j € [n], there exists \; such that

Q5 = /\jwi (398)
forall i € [m]. Since Y ;" | w;a; ; = B; # 0 forall j € S = supp(B),
A #0 (399)
forall j € S. Then
Ai* j = )\jwi* 7é 0 (400)

forall 7 € S. Let v be the ¢*th node in V7. Then v is connected to all nodes in the input layer that
correspond to the support of /.

(2) = (3): Suppose that there is a node v € N that is connected to all nodes in the input layer
that correspond to S. Let 3 € R”™ be a vector with

supp(8) = S. 401)
Let Vg be the subnetwork of A/ with respect to the input nodes in .S (Def[E-Z). Then, by Lemma[4#4]
Ry (B) = Ry (Bs), (402)

where g is the projection of 3 on coordinates in S. Since v is connected to all input nodes of N,
we can extract a fully connected subnetwork A'p¢ from N as follows. Let P be a path from v to
the output node. Let Az¢ be the subnetwork obtained from N by keeping only the path P and the
edges between the input nodes and v. Then, for any 5 € R",

Ry(B) = Ry (Bs) < R (Bs) = d|IBs|3/ = d|| 813", (403)
where Npc is fully connected. Thus,
Rur(8) = d||B]13*. (@04

By the proof of the previous lemma, we get the following corollary.

Corollary 47. Suppose there exists a node v € N, that is connected to all w € N,;. Let P be a
directed path from v to the output node O. Then removing all the nodes in N, except for v and
removing all edges after the i + 1th layer except for those on P would not change the representation
cost. Furthermore, contracting P to a single output node would not change the induced complexity
measure.

Proof. Let d be the depth of A/. We view A as a concatenation of two architectures Ny.; and N;.4,
where the first one corresponds to the first ¢ layer and second one corresponds to the last d — i + 1
layers. Let /., be the subnetwork obtained from A;.q by removing all the nodes in N; 1 except for
v and removing all edges after the ¢ + 1th layer except for those on P. Then, N/, is fully connected.
Thus, by Lemma 46]

(d— )81 < Ru,.o(B) < Bar ,(B) = (d— d)||BI3/ 477, (405)

where the first term is the representation cost of a fully connected network of depth d — 4, and the
second inequality follows from the fact that N/ ; is a subnetwork of A;.4. Thus,

Ry...(B) = Ru, (B). (406)
Let /' be the concatenation of Ny.; and N/, ;. Then for any 5 € R",
RN(B) = I&}IE{RN’(M (A) + RM;d(c) tcTA= B}
= min{Ry,, (4) + Ru,(c) : A= p} (407)

= Rav(B).

Note that in A/, the architecture of the last d — 4 layers is a path, which we denote by P. By
Lemma 5] contracting P to a single output node does not affect the induced complexity measure.

O
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(@ (b)

Figure 3: Two architectures. Figure is an essentially diagonal network. Figure[3b|is not fully
reduced. Figureis a k-balanced network, which induces k-support norm with n = 3, k = 2.

Now, we are ready to give the definition of reduced architectures.

Definition E.3 (Reduced Architecture). An architecture N is reduced if for all 4 < d — 1, there does
not exist v € N, that is connected to all u € N;.

If an architecture is not reduced, then we can always do some modifications as in Corollary
without changing its induced complexity measure. Thus, we can always assume that an architecture
is reduced.

Now, we prove Theorem [36]

Theorem 36. For all linear homogeneous feedforward neural networks N without shared weights
and of depth d,

Rro(8) = d|BI5"" < Ra(8) < d|IB3)3 = Ronn(8). (309)

Furthermore, the lower bound is achieved for all § € R™ if and only if the mixing depths Mur(S) = 1
for all S C [n], and the upper bound is achieved for all B € R™ if and only if the mixing depths
Mp(S) = dforall S C [n] such that |S| > 2.

Proof. The proof follows from Lemma 42} Lemma[46] Theorem [I] and Theorem 2] O

F Supplementary materials in Section : [, quasi-norms

We will use the following results in [15] many times:

Rpo(B)=d|B3/",  Rpwxx(8) = d|IAll3)5, (408)

where F'C' and DN N are fully connected network and diagonal network of depth d, respectively. In
this section, we only consider networks without shared weights.

F.1 Essentially diagonal networks

We begin with the definition of essentially diagonal layer and essentially diagonal network.
Definition F.1 (Essentially Diagonal). A layer NV; is essentially diagonal if for all v € N;,
1S =1, (409)
where S, is defined as
Sy :={i € Ny : 3 adirected path from ¢ to v}. (410)
An architecture N of depth d is essentially diagonal if it consists of d — 1 essentially diagonal layers
followed by a fully connected layer.

d

Note that if A/ is essentially diagonal, then |S,| = 1, for all v € Uz:_ll N;. In other words, an

essentially diagonal network is the combination of n separated subnetworks that are connected to the
same output node in the last layer. See Figure [3a|for an example.

Thus, A is essentially diagonal if and only if the mixing depths M (S) = d forall S C [n], |S] > 2.
This means that essentially diagonal networks achieve the upper bound in Theorem [36] Thus, we
immediately get its representation cost.

Lemma 48. If N is essentially diagonal, then
Ry (B) = Rpnn(8) = dl|Bl3)5. (@11
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F.2 Fully reduced architectures

Now, we make some observations similar to Lemma@] and Corollary If we have an architecture
whose first d; layers are essentially diagonal, then its representation cost is certainly lower bounded
by that of the architecture which consists of d; essentially diagonal layers followed by d — d; fully
connected layers. The representation cost of the latter one can be shown to be d|| 3 ||§7(i dy+1) Indeed,
by Corollary we can show that the second architecture has the same representation cost as a
diagonal network of depth d; + 1 followed by a path of depth d — d; — 1. However, when would this
lower bound be attained? We give a necessary and sufficient condition in the following lemma.

Lemma 49. Let N be a depth d linear neural network such that for some dy < d,

[Sul =1 (412)
forallw € Ng,. Then for any 5 € R",
d
Ry(8) = d|1BIl3) (- (413)

Moreover, the following statements are equivalent:

(1) There exists 5 € R™ such that 5; # 0 for all i € [n], and

Ra(B) = dl|Bl3) 1,1 (414)

(2) There exists a node v € Ny, 41 such that
Sy = Np. (415)

(3) Forall 3 € R™,
R(B) = dlIBI3) 1,1 (416)

Proof. We will first prove Eq. @I3). Then, we will prove (1) = (2) = (3) = (1). The proof
strategy is exactly the same as in Lemma 6]

Eq. @T3): Let 8 € R™. For each i € [n], let
W, = {U S Nd1 0 S, = {Z}}7 w; = |Wz| 417
Without loss of generality, assume that the nodes in N4, are ordered in a way so that the first w;

nodes are in W7, the next wo nodes are in W and so on. Let w = (w1.4,, W4, +1:4) be the weights
of V, where wy.4, denotes the weights in the first d; layer and wg, 1 1.4 denotes the weights in the

remaining layers, such that
Fy(w) = 8. (418)

We view N as a concatenation of Np.q, and Ny, .4, where Np.q, corresponds to the first d; layers
and Ny, .4 corresponds to the remaining do + 1 := d — dy + 1 layers. Let

T= FNo;dl (w11d1)7 &T = FNdl;d(wd1+1id)' (419)
By assumption,
t1 0 0
0 to e 0
T=|. . A (420)
0 0 . tn

where t; € R"i, for all i € [n]. Let
a" =(af,a3,...,a}), (421)
where a; € R":, for all i € [n]. Then we have
B=0a"T = (alty,alts, ... alt,). (422)

Thus,
Bi =al't; (423)
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for all i € [n]. Let (V', E’) be the directed graph associated with Np.4,. We partition the network
No.q, as follows. For each i € No, let

V! ={veV': there exists a directed path from i to v}. (424)

Let
E!={e € E’: bothendpoints of e liein V;}. (425)
Let N; be the architecture corresponding to the directed graph (V/, E!). Since |S,| = 1 for all
Ve Ndl,
EiNE; =19, (426)
for all 7 # j. Thus,

Ry, (T) = Ry (t: Z di |[til|5 ™, 427)

where in (e) we used the fact that the representation cost of a vector t; (here the linear transformation

is R — R™) in a fully connected network of depth d; is d;||¢; ||2/ “ (See Theorem , which is
certainly a lower bound for any other architecture of the same depth. Now, note that

2 2 2
[wlly = llwra, Iz + llwa, +1.all;
> RNU dq (T) + RNdlzd(a)

g Zdlnt 1574 + daal3/*

2 [ Znt |2/d1> 1(a||§/d2>dT/d
[ Znt /) (Zn)]/d

di/(di+1) , 1/(d1+1)q (d1+1)/d
( ||ti||§/<d1“>>(d1+1>/d1> (Z( ailly Y >d1+1> ]
d 1 2 d 1
> d Z a1/ a5/
=1

| |
l—|

i=1
~| (d1+1)/d

() ~
> d Z(|aTt |)2/(d1+1)

L i=1

n
) d Z |5i|2/(d1+1)

- rdm)/d

~|(d1+1)/d

= dIIBHQ/ (di+1)"
(428)

where in (f) we used Eq. @27) and Lemma6] in (g) we used AM-GM inequality, in (k) we used
Holder’s inequality, in (1) we used Cauchy’s inequality, and in (s) we used Eq. (#23). This proves

Eq. @13).

(1) = (2): Suppose that there exists 3 € R"™, such that 3; # 0 for all 7 € [n], and

2/d
N (B) = Bl )y 1) (429)
Then there exists w such that
2/d
lwll5 = dllBI3) () and  Fx(w) = 8. (430)

By step (f) in equation @28)), this implies that
Ry,,.0(a) = daflal3 ™. (431)
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Now, we will focus on the subnetwork Ng,.q. By Eq. (431) and Lemma 6] there is a node v in
Ng, +1(which is the first hidden layer in Ny, .4) that is connected to all nodes in Ny, that correspond
to the support of a. Thus,
Seo> U Su (432)
i€supp(a)
where w; is the ith node in Ny, . Since §8; # 0 for all ¢ € [n],

alt; 0 (433)
for all ¢ € [n] by equation (@23). Thus, for each i € [n], there exists s; such that
ai[s;] # 0. (434)
For each i € [n], let
i—1
ji=si+ Y wi (435)
=1
Then
alji] #0, and S, = {i}, (436)
for all i € [n]. Then, by Eq. (d32),
Sy > | Su,, =[n] = N. (437)
i€[n]
Thus,
S, = Np. (438)

(2) = (3) : Suppose that there exists v € Ny, ;1 such that
S, = Np. (439)

Now, for each ¢ € [n], let P; be a directed path from ¢ to v. Let P be a directed path from v to O.
Let \V be the subnetwork of A/ corresponding to the subgraph U?:l P; U P. Now, N is a diagonal
network concatenated with a path. Then for any 5 € R",

. 2/(d 5—1)y (@) 2/d
Ry (8) < Rye(8) = min((dr + DIB/AZ) (51 11) + (do = DN E) ZrdlB|570, L), (440)
where in (a) we used AM-GM inequality. Thus,
2/d
Ry (8) = d|1BIl3) (11 (441)

O

By the proof of the above lemma, we get the following corollary.
Corollary 50. Let N be a neural network such that there exists dy < d — 1 such that for all u € Ny,

[Sul =1 (442)

and there exists v € Ng, 1 such that

S, = Np. (443)
For each i € [n), let P; be a directed path from i to v. Then removing all edges from N except for
those on | J-_, P, would not change the induced complexity measure.

Proof. This immediately follows from the last part ((2) = (3)) of the proof of Lemma {49| and
Lemma 3] O

Now, we give the definition of a fully reduced architecture.
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Definition F.2 (Fully Reduced Architecture). An architecture A/ of depth d is fully reduced when the
following holds:

Forall 0 < d; < d—1,if forallu € Nyg,,
|Su| =1, (444)

then for any v € Ng, 41,
S, # No = [n]. (445)

Note that if an architecture is not fully reduced, then we can do some modifications to make it fully
reduced without changing its induced complexity measure by Corollary For instance, network in
Figure [3b]is not fully reduced because of the red node (here d = 3 and d; = 1). For any u € Ny,
|S..| = 1 but for the red node v € Ny, we have S, = Np. Thus, this architecture is not fully reduced.
We can modify it by removing the three blue nodes.

F.3 Essentially diagonal networks and /,, quasi-norms

Now, we will show that [, quasi-norms correspond to essentially diagonal networks in the sense
that an architecture A induces [, quasi-norm as induced complexity measure if and only if A is
essentially diagonal, provided that A is fully reduced. Before giving the main result, we first make
some observations. Suppose that A induces [, quasi-norm as induced complexity measure. Then
the subnetwork N; ; (Def of A/ with respect the ¢, jth input nodes also induces [, quasi-norm
as induced complexity measure for the same value of p by Lemma[44] Thus, if we can show that
any architecture V' with two input nodes could induce [, quasi-norm only if p = 2/d’ for some
d' € N, then the same statement follows for any architecture. Indeed, as we shall see, all fully reduced
architecture A/ with two input nodes are essentially diagonal.

Lemma 51. Let N be a fully reduced architecture with two input nodes. Then, N is essentially
diagonal. Consequently, any architecture with two input nodes induces l, quasi-norm as induced
complexity measure for some p € {2/d' : d’' € N}.

Proof. Let N be a fully reduced architecture with two input nodes. Let
d' =min{t: Jv € N; suchthat S, = Ny = {1,2}}, (446)
where
Sy = {i € Ny : 3 adirected path from i to v}. (447)

Since N is fully reduced (Def[E.2), A\ is essentially diagonal of depth d’. By Lemma[48] A induces
l2/q4 quasi-norm as induced complexity measure. The second claim follows from the fact that we
can always modify an architecture to make it fully reduced without changing its induced complexity
measure by Corollary [50]

O

Now, we give the main theorem.
Theorem 52. Suppose that N induces l,, quasi-norm for some p. Then 2/p € N. Moreover, if N is
also fully reduced, then it is essentially diagonal of depth 2 /p.

The first part of the proof follows directly from the discussion at the beginning of this section. The
iS’

second part of the proof will use d'|| 3 H;?Z: as a reference function (Section , where d’ = 2/p.

Proof. Let N be an architecture which induces [, quasi-norm as induced complexity measure. Then
the subnetwork \V; ; (Def[E.2) of A/ with respect the 4, jth input nodes also induces [,, quasi-norm
as induced complexity measure for the same value of p by Lemma By Lemma p=2/d for
some d’ € N.

In addition, suppose A is also fully reduced. For each i, j € [n], let
d;; = min{t : Jv € N; suchthat S, D {i,j}}, (448)

where
Sy = {i € Ny : 3 adirected path from i to v}. (449)
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Since V; ; induces Iy /4 quasi-norm as induced complexity measure,
dij =d (450)

forall 4, j € [n], by Lemma Thus, |S,| = 1 forallv € Uf:ll N;. Then, we claim that there is
u € Ny such that S,, = [n] = Ny. Suppose for the sake of contradiction that

Su # No (451)
forallu € Ng. Let 8 = (1,1,...,1). By Lemma9|((1) = (2)),
Ry (B) > d|1B5)5 (452)

where d is the depth of V. Let 3" = |8l 4 (1,0, ..., 0). Then, by Lemma

Ry (8') = d||B'5"" = dlIBll3)5 < B (8): (453)
However,
1Bll2yar = 118"ll2ya- (454)

Thus, A cannot induce 5 /a quasi-norm as induced complexity measure since there are two vector
with the same 5,4, quasi-norm but different representation cost with respect to NV(See Reference
Function in section [E.3). Thus, there exists u € Ny such that S, = [n] = Ny. Since N is fully
reduced (Def , is essentially diagonal of depth d’.

O

Now, we immediately get the following corollary about [, , group quasi-norms that can be induced
as induced complexity measure by neural networks.

Corollary 53. If N induces l,, , group quasi-norm for some p, q, then 2/p,2/q € N.

Proof. Suppose that A induces the following [, , group quasi-norm as induced complexity measure

k
181, = OO 1B:9P/ )M, (455)

Jj=1 ’iGGj

where 5 € R™, k denotes the number of groups, and G; denote the jth group. Note that by definition
of group quasi-norms, the G;s are disjoint. Now, let NV, be the subnetwork (Def of N with
respect to the input nodes in G. Then N, induces [, quasi-norms as induced complexity measure.
To see this, substitute 3; = 0 in equation @353)) for all i except for i € G;. Thus, by Theorem [35]

2/q € N. (456)
Now, for each j € [k], pick i; € G;. Let
B={ij:je k] (457)

Let NV be the subnetwork (Def[E.2) of A with respect to the input nodes in B. Then Np induces [,
quasi-norms as induced complexity measure. Thus, by Theorem [35]

2/p € N. (458)
O

F.4 Proof of main results of /, quasi-norms

Now, we give a proof of Theorem 35}

Theorem 35. A linear homogeneous feedforward neural network N without shared weights induces
I, quasi-norm if and only if My (S) = 2/p, for all S C [n],|S]| > 2.
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Proof. Suppose A induces [, quasi-norm. Note that the operations in Corollarydo not change
mixing depths. Thus, if A/ is not fully reduced, we can make it fully reduced using operations in
Corollary [50] without changing its mixing depths and induced complexity measures. Without loss of
generality, assume that A is fully reduced. By Theorem it is essentially diagonal of depth 2/p.
Thus, My (S) =d =2/p,forall S C [n],|S| > 2.

On the other hand, suppose that Mxr(S) = 2/p, for all S C [n], |S| > 2. This implies that |.S,,| = 1
for all u € Ny/,_1 and there exists v € Ny, such that S, = Ny = [n]. By Lemma@], N induces
l,, quasi-norm.

O

Now, we prove Theorem [7]

Theorem 7. There exists a linear homogeneous feedforward neural network N without shared
weights that induces 1, quasi-norm if and only if 2/p € N. In particular, diagonal network of depth
2/p induces l,, quasi-norm.

Proof. This immediately follows from Theorem[35] since mixing depths are always integers and a
diagonal network has uniform mixing depths. O

G Supplementary materials in Section : [,, group quasi-norms
In this section, we only consider networks without shared weights.

G.1 Intuitions of group architectures

We give some intuitions on how we design group architectures. The main observation is that if
N induces 1, , quasi-norm as the complexity measure, then the subnetwork Ng with S = {i,j}
( Def induces 1, or l,, quasi-norm depending on whether i and j are in the same group or
not. The reasoning for this observation is two-fold: Restricting a network to two nodes gives a
subnetwork with “restricted induced complexity measure” as in Eq. (368); and restricting {,, , group
quasi-norm to 2 sparse vectors gives [, or [, quasi-norms. Theorem [35|identifies the architectures
which induce [,, quasi-norm as the ones with uniform mixing depths 2/p. Hence, the mixing depths
of any architectures that induces [, ; quasi-norm satisfy

My (i) = {

2/q if 1iand j are in the same group;

459
2/p if 1iand ] are in different groups. (459)

Based on this, it is natural to consider architectures that consists of some diagonal layers followed by
a grouping layer and then followed by a diagonal network (Section [3.1.2)). This immediately gives us
the group networks.

G.2 Proof of TheoremE]

Theorem 9. Let G, G ... Gy be a partition of [n]. Let Ba, be the projection of 8 on G. Then for

k 2/d 2/d ~
da > dy, RNl?dl’d2 (ﬁ) =d Zj:l H/BGj Hz/dj = d2||ﬂ||2§d;2/d1 = ||5H2/d2,2/d1'

Proof. For each j € [k], let NV, Cljjdl’d"’ be the subnetwork (See Def l of N'1id1:42 with respect to

G;. Then NG, ... NF™® form a partition of A591:42_ Thus,
k
Rypanaz (B) = ) Ry (). (460)
=19

Now, note that each N, Clj7,dl 42 is an essentially diagonal network of depth d; concatenated with a path
of depth dy. By Lemma

Ry (Be) = dal |8, - (461)
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Thus,

2/d2

k
Ryriavay (B) = d2 ) ||Ba, Iy - (462)
j=1

O]
G.3 Proof of Theorem
Theorem 10. When dy = dy + 1, Ryrzn i (8) = da|IBI13) 5 5 0, = 18ll2/dy 2/
Proof. Let w be the weights on A/%¢1:41+1 guch that
Fyzayan(w) =8,  Ryzaya (8) = |lw]3. (463)

Let wy, wy denote the weights corresponding to the first d; — 1 diagonal layers and the remaining

layers respectively. Let T' = diag(t4, . .., t,) denote the diagonal matrix generated by w1 in the first
dy — 1 diagonal layers. Since Rpr2iay,a,+1(0) = ||w\|§ (w attains the minimum representation cost),
w1l = Bape (t:) = (da — 1) > [t/ (17, (464)

i=1 =1

where N r¢ denotes a fully connected neural network and the first equality follows from the fact
that the first d; — 1 hidden layers are n disjoint paths each of which is a fully connected network
with one input node and one output node. Let Ny, —1.4, +1 be the subnetwork of A/ corresponding
to the last three layers. Note that Ny, _1.4,+1 has the same architecture as NQJ in section@ Let
a = Fxr(ws). Then since

a'T = B, (465)

we have

a; = Bi/t; (466)

for all ¢ € [n]. Since Rpr2aq,a1+1(8) = ||w\|§ (w attains the minimum representation cost),

2
) . (467)

k 2 k
”wQHS = BNy 14y (a) = By, (a) = 2 Z ( Z |ai> =2 Z ( Z

j=1 \ieq,

|Bi
|t:]



Therefore,

2 2 2
[wlly = llwi 3 + [Jwz]l2
n k 2
=(d— 1)) |t hD 42 | > ( Z )
=1 j=1 €G;

d1+1

n K 1/(di+1)
(Z It ]2/ (= 1)) (Z ( Z ||fz )2)]

j=1 cG; "

41

k k d1+1
= (dy +1) { S \t.|2/<d171>)<d171>/d1)d1/<d1—1>]<d1*1>/d1 [Z((Z W)wle)dl}“dl} '
j=1 i€G; j=1 ieG; |ti]
k dy /(d1+1)
dl +1) {Z Z It; |2/(d1 1))(d1 1)/d1( Z |6’i)2/d1:|}
J=1 i€G, i€Gy |4l
k dy4+1_ di—1 9 dij+1 dld‘l"l
= (dy +1) {Z \Hﬁ)ﬁ)m(Z((Wi‘)dﬁu)%)m} o }
=1 i€G, i€Gy [t
di
}i +1) a1
0y +1) {z[zmdm] 1 }
j=1 ieG

B 2/(d1+1)
= (dy + 1)||5||2/d1,2/(d1+1)’

(468)
where in (a) we used AM-GM inequality, in (b), (c) we used Holder’s inequality.

Now, we show that this bound can be attained. To show this, it suffices to find a ¢ € R™ such that the
bound in Eq. [#68) is attained. We do this by first start with some arbitrary vector t = (t1,...,t,)
and modify it step by step such that the inequalities in each step of Eq. (@68) can be achieved with
equality. This would imply that the bound in Eq. (@68} is achievable. For each j € [k], let

t) e RIC| (469)
denote the subvector of ¢ such that ¢; is an entry in t/) if and only i € G ;. Now, in order for (c) to
hold with equality, we modify ¢U) such that

[t)[iy]] |5i1|(d1+1)/(d171)

. = 470
£ [iz]| 1Bl @70

forall iy, iy € G, forall j € [k]. Note that this requirement only depends on the ratio between entries
in ¢t\9) for each j. In other words, it will remain to hold if the ratio within-group does not change.
Now, in order for (b) to hold with equality, we scale each ¢J ) by A ; such that the ratio between-groups
satisfy some certain requirement. Note that this does not affect the ratio within-groups and thus (c)
continues to hold with equality. Lastly, for (a) to holds with equality, we scale the whole vector ¢ by
some constant A, which does not change the ratio between groups or the ratio within groups. Thus,
(b), (¢) continue to hold with equality. Thus,

2/(d1+1
Ryczanars1(8) = (di + DIIBI3 0 - @70

G.4 Proof of Theorem 8|
Theorem 8. If there exists a linear homogeneous feedforward neural network N without shared
weights that induces l,, , group quasi-norms, then 2/p,2/q € N. On the other hand, if2/p,2/q € N

and 2/p > 2/q — 1, then there exists a linear homogeneous feedforward neural network N without
shared weights that induces l,, ; group quasi-norms.

Proof. This follows immediately from Corollary [53] Theorem 9] and Theorem [10] O
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G.5 Negative results of A/ 2id1,d2 when dy > dy + 1

Now, we give some negative results. We will show that A’%1:%2 does not induce l3,2/4, quasi-norm
as induced complexity measure for all dy > 3. We do this in two steps. First, we will define a new
quasi-norm f, which is monotonic in I3 5,4, quasi-norm. Then, we use [ as a reference function

(Section l to show that A%1?2 does not induce l2,2/4, quasi-norm as induced complexity measure.
Note that f is not a parametrization here.

Lemma 54. Let f : R — R be defined as

d2/2
f(B) =da min{ Z ||vh||2/ 2t op € R", supp(vy) C S, < Z 02/d2> :ﬁ} (472)

heN1 heN;

where N1 and Sy, are defined as in seclzon@lEq (287) and (288)) respectively, and the exponents

are applied component-wise(i.e a* Then
F(B) = d2|IBII3 2, (473)
Proof. Let ¢ : R® — R" be defined as
o(x)li] = x[i]*/*. (474)

Then

n 1/d2 1/d2
o5/ = (th[i]2> (Z |¢(vn)] |d2> = [lo(vn)llg,- (475)
=1

Also, note that

> é(vn) = ¢(B) (476)

heN;

if and only if

da/2
< > uf/“) = 8. 477)

heNy

Let g(¢(8)) = f(B)/d>. Then

9(6(8)) = min{ S 16(on) 4, ¢ supp(en) € Sie 3 olwn) = ¢(6)}- (478)

heNy heNy
Note that g is a norm. Let g* denote its dual norm. Let d* > 0 be such that

1 1

— =1 479
d2+d* 479)

By the similar arguments (with l norm changing to [, norm) in Lemma 6|and Theorem 34} we have

1/d*
oo =mos{ (St ne ]
i€Sh
k d*\ 1/dx (480)
=<Z<gggx|¢< )H) )

Thus,
9(#(B3)) = llo(B)l 4.1- (481)
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Then

f(B) = d2g(6(B))
= da[|6(B)

”dz’l

(500"

j=1 iEGj

2/d
= o BII3 3%,

Lemma 55. Let ds > 3. Forany § € R",
Ryr21.a5 (B) > f(B),

(482)

(483)

where equality is attained only if there exists v, € R™ for each h € Ny such that the supports for v,

are disjoint,

Z vy, = B, supp(vp) € S, Vh € Ny,
heNy

and

2/d 2/d
S onlly = = 1181152,

heNy

Proof. By the same argument as in Lemmal[5] we have

Rprz,a5 (B) = da min{ Z ||vh||§/d2 : supp(vy) C Sh, Z vp = B},

heN h€N1

forany 8 € R™. Fix a f € R™. Let {vj, : h € Ny} be such that

Z Vp = Ba Supp('Uh> g Sha

heN,
and
Ryenay () =dp Y llvnll3/ ™.
heN;
For each i € [n], let
> nen, Unli]

i =

(Xhen, vali]?/4)®/2

(> wnli]/ %) %/2 > 3 ],

heN; heN;

Since dy > 3,

where equality is attained only if all but one of the vy, [i]s are zero. Thus,
A <1,
for all ¢ € [n]. Now, for each i € [n], for each h € Ny let
wp[i] = Aqvp[i].

Then
d2/2
( > wi/d2> =B,  supp(wn) C Sh,

heNy

72

(484)

(485)

(486)

(487)

(488)
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and

FB) <y 3 flwnl3™ < do 7 onl3"™ = Ryaa (8), (494)
heN; heN;
where equality is attained only if
=1, (495)
for all 7 € [n]. This occurs only if all but one of the vy, [i]s are zero for all ¢ € [n], which implies that
the supports of vy s are disjoint. O

Now, we are going to prove that A%1:92 does not induce l2,2/4, quasi-norm as induced complexity

measure. Note that if %192 does not induce l2,2/4, quasi-norm as induced complexity measure for
any nontrivial grouping, then there have to be at least two groups and one of which should contain at
least one element. Then, without loss of generality, we can assume that

{1,3}C Gy, 2€Ga. (496)

Then, if we remove all input nodes except for the first three of them, then the resulting architecture
would also induce I3 3/4, quasi-norm as induced complexity measure. Thus, in order to show that

N2142 does not induce l2,2/4, quasi-norm as induced complexity measure, we can assume without
loss of generality that

n=3, k=2 Gy ={1,3}, Gy={2} (497)

Note that the above argument still holds if we change N'%1:%2 to any other candidate architecture
N that is supposed to induce I3 5,4, quasi-norm as induced complexity measure. Now, we state the
result.

Lemma 56. If dy > 3, then N**'% does not induce l2.2/4, quasi-norm as induced complexity
measure.

Proof. As we just discussed, we can assume without loss of generality that
n =3, k=2, G1 ={1,3}, Gy = {2}. (498)
For any S € R",

k da
18l3,2/4, = > ( > |5i|2/d2> = \/(|ﬂ1|2/d2 +|B3]#/d2)2 + | Ba|2. (499)

j=1 \ieG,

Note that N7 = (hq, ho) and

Sk, = {1,2}, Sh, = {2,3}. (500)
Let
B =(1,24/2 1), (501)
Suppose for the sake of contradiction that
F(B') = Ryzn.a2 (B'). (502)
Then, by Lemma@ there exists v, vo such that
supp(v1) C Sh,, supp(v2) C Sp,, supp(vi)Nsupp(ve) =0, (503)
and
Noo=8. >l = 181552, (504)
heNy h€N1

Without loss of generality, assume that

supp(v1) = {1}, supp(v2) = {2, 3}. (505)

Then
vy = (1,0,0), vy = (0,292/2 1), (506)
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Then

ST llunlly® =14 @B + 1)V > 142=3. (507)
heN;
However,
181552, = (184 + a2/ 42)% 4 [By]) 1/ = 224D/ <93 <3, (508)
since dy > 2. Thus,
RNQ;Ldz (,B,) > f(ﬂl) (509)
Now, let
A" =X(1,0,0), (510)

where A > 0 is chosen such that
||5HH2,2/[12 = ||»3/||2,2/d2~ (511)
Recall that

Ryr2i1.a, (B") = da min{ Z ||vh||§/gl2 :supp(vp) C S, Z v = ﬁ”}. (512)

heEN; REN;
Now, if we choose v; = 8" and v, = 0, then
2/d: 2/d: 2/d-
Ryas (B") < dal|B" 15/ = daX¥/ % = a]|8" 357, = dallBI13'5 7, = F(B') < Rapa.aa (8.

(513)
Thus, V%142 does not induce l2,2/4, quasi-norm as induced complexity measure. O

By a similar argument as in the proof of Theorem we can show that N'%%1:%2 does not induce
l2/d,,2/d, qQuasi-norm when dz > d; + 1. Roughly speaking, we can get a similar chain of inequal-

ity as in Eq. However, this time it cannot be achieved since A/%1:42=41+1 does not induce
l2,2/(ds—d,+1) quasi-norm as induced complexity measure, and the equality in the second step of
Eq. becomes strict inequality.

H Supplementary materials in Section : negative results on homogeneous
neural networks

In this section, we only consider networks without shared weights.

Elastic nets is defined as
18l gn = 18]y + l|Bll5; (514)

where o > 0 is some constant.

To show the impossibility of designing architectures with these induced complexities, we make the
following observation.

Lemma 57. Let h : R* — R be a function that is the induced complexity measure of some linear
homogeneous feedforward neural network N without shared weights. Let i,j € [n],i < j be two
distinct indices. Let h; j : R? — R be defined as

hi;(8') = h(B) (515)

where B; = 31, B; = 5, and By, = 0 for all k & {3, j} (5 is the lifting of 3'). Then, there exists a
strictly increasing function ¢ : Ry — Ry and p = 2/d for some d € N such that

hig(B) = o(1811,), (516)
forall B' € R?, where [|[l,, denotes the 1, quasi-norm.
Proof. Let N; ; be the subnetwork of A with respect to the 4, jth input nodes (Def [E.2). By

Lemma[#4 V; ; induces h; ; as induced complexity measure. On the other hand, ; ; induces /4
quasi-norm as induced complexity measure for some d € N by Lemma[51] Thus, the result follows.

O
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The above result shows that any function that is the induced complexity measure of some linear
homogeneous feedforward neural network always behaves like a [, quasi-norm on 2-sparse vectors.
The result is a direct consequence of Lemma[4]and Lemma 5T}

Since neither elastic nets nor [, 4 quasi-norms with overlapping between groups satisfy this property,
they are not induced complexity measure of any architecture N

Theorem 58. For any o > 0, elastic nets ||-|| ; y defined in Eq. (514) is not the induced complexity
measure of any linear homogeneous feedforward neural network without shared weights.

Next, we give the negative result for [, , group quasi-norm with overlapping groups.

Proof. Let h(-) = ||| g~ Let hy 2 : R? — R be defined as
h12(8") = h(B) (517)

where (3 is obtained from 3’ by putting zeros to the kth entries for all k ¢ {1,2}. Then

h12(B1, B2) = |Ba| + |Ba| 4+ an/ BT + 53 (518)

Suppose hq 2 is monotonic in I, quasi-norm for some p = 2/d. Then

h12(1,1) = hy 2(2V/7,0), (519)
since
I, = @770 (520)
Note that
h12(2Y/7,0) =2YP(1+ @),  hia(l1) =2+aV2. (521)
Thus, we have
2+ av2 =2"7P(1 + a). (522)
If d > 2, then p < 1 and
VP(1+a)>2(1+a)>2+aV2. (523)
Thus, d = 1 and p = 2. However,
2YP(1+a) =V2(1 +a) <2+ aV?2. (524)

Thus, h4 2 is not monotonic in I, quasi-norm for any p = 2/d. Thus, by Lemma h cannot be
induced as induced complexity measure by any linear neural network. O

The [, ; group quasi-norm with overlapping groups is defined as

k
181, = (D2 (D2 18:f0)" )7, (525)

j=1 i€G;
where G1,Gs ...Gy, C [n].
Theorem 59. Let G1,...,Gy, C [n] such that

k
UG =nl. (526)
j=1

Let ||~||p7q be the 1y, 4 group quasi-norm with respect to G1, . . ., Gy, for some p,q > 0,p # q, defined
in Eq. (523). Suppose that there exists i, j € [n] and s,t € [k] such that

{27.7} g Gsa 1€ Gt7 j g Gt' (527)

Then ||-|| p.q i Ot the induced complexity measure of any linear homogeneous feedforward neural
network without shared weights.
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Note that the assumption in the above result is necessary. If the assumption does not hold, then
for all 4, j, z; and x; are either always in the same group or always in different groups. However,
this implies that the resulting quasi-norm is [,, , quasi-norm without overlapping between groups,
provided that

Gs #G; Vs #t. (528)
Indeed, the assumption in the above result exactly characterizes [,, , quasi-norm with overlapping
groups.

Proof. Let h(:) = [|-[|, ,- Without loss of generality, assume that i = 1, j = 2. Let w; denote the
number of groups that only contains 1. Let wo denote the number of groups that only contains 2. Let
w3 be the number of groups that contain both 1 and 2. Let hy 2 : R? — R be defined as

h12(8') = h(B) (529)
where 3 is obtained from /3’ by putting zeros to the kth entries for all k¥ ¢ {1,2}. Then
hl’g(u’(})p = w3(|:131|q + ‘x2|q)p/q + w1|:1c1|p + ’LU2‘£L‘2|p. (530)
Since we only care about the value of /1 » up to monotonic transformation, we can assume that
wz = 1. (531)

Note that at least one of w; and ws is nonzero by assumption. Now, suppose for the sake of
contradiction that /11 2 is monotonic in l3,4 quasi-norm for some d € N. Then

h1,2(17 O) = h1,2(07 1)7 (532)
which implies that
W] =Wy = ¢ (533)
for some ¢ > 0. Now,
hia(@)? = (Jo1]? + |22 DP9 + (|21 + |w2|?). (534)
Since 1 2 is monotonic in l3,4 quasi-norm, it is constant on
{2, (1=1)**) 1t € (0, 1)}, (535)

Let
g(t) = haa(17, (L= )Y2)7 = (1997 4 (1 = 0)/2P/0 4 c(9/2 4 (1= tpP¥%). (536)
Let

r=ple,  s=qd/2. (537)
Then
gt) =+ 1 —¢)°)" +ct™+ (1 —-1)"). (538)
Since p # q,
r# 1. (539)
Now, if s = 1, then
gt) =14c(t"+ (1 =1)"), (540)
which is clearly not constant since r # 1 and ¢ > 0. Thus,
s # 1. (541)

Since ¢(t) is constant, its derivative is 0:

gty =rs@+Q—t)°) T = (A=) ) ters(t™T = (1-t)7) =0, (542
which implies that

gt)rs=t"+ 1=t )t = (1=t et —1-t) ) =0, (543)
forall ¢ € (0,1). Then

lim ¢'(t)/rs = 0. (544)
t—0
However,
limg'(t)/rs=-1—¢<0 (545)
t—0
if s > max(1,1/r),
. /
}gr(l)g (t)/rs = o0 (546)
ifs<lors<1/r,
lim gt)/rs=-1<0 (547)

if s = 1/r > 1. This is a contradiction. Thus, h1,2 is not monotonic in [y /d quasi-norm for any
d € N. Thus, by Lemmal[57] h cannot be induced as induced complexity measure by any linear neural
network. O
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I Supplementary materials: homogeneous parameterizations

In this section, we consider general homogeneous parametrizations. We will show several homoge-
neous parameterizations whose induced complexity measure cannot be induced by any linear neural
network.

First, we recall the setup. We consider parameterized mappings f : X x RP — R™, from input
x € X and parameters w € RP to predictions f(z;w). We denote the predictor implemented with
parameters w by F'(w) : X — R™ defined as F'(w)(z) := f(x;w). Then image(F) is the set of
functions from X to R™ which can be obtained from this class of parameterized models. In this
section, we consider the single output linear models, i.e., m = 1, ¥ = R", and image(F) is the set
of linear transformations, which can be identified as R".

The representation cost ([15, 31} [27]) of a function g in image(F') under the parametrization F is
Rr(g) = min{[lw]; : F(w) = g}. (548)

I.1 Elastic nets

In this section, we consider the Elastic Nets penalty defined as:

18Iy + Bl (549)

for § € R™, where > 0 is some constant. Let wy = (w1, ws), ws = (W3, w,), where wy, we, wy €
R™ and W3 € R"*", Let

W, = diag(w;). (550)
Let w = (w1, ws) be the parameter, and X = R™. Let
fen(z;w) = sign(wi W) min(2|wd Wi, 20~ |w] Ws|)z, (551)

where min(-), sign(-), and absolute value | - | are applied component-wise.
Theorem 60. For any 3 € R",

Rign (B) = 18Il + ellBlly = 18l pn- (552)

Thus, the induced complexity measure induced by F'g is an elastic net.

Proof. Letw = (wy, w2, W3,w,4) be such that 8 = fry(-;w). Let

BT =wlwy, B = wlws. (553)
By results in linear fully connected networks and linear diagonal networks, we have
Rpgy () = min{2[|8']l, + 2[|6”|l, - sign(8") min(2|3|, 2071 |6") = 8}. (554
Since [8] = min(2|], 27 1[8"]),
Rppy (B) 2 2(18/21ly + 2llaB/2]l; = 18]y + allBlly, (555)
where equality is achieved when 2" = 2o~ 13" = . O

In the proof of Theorem[60} the key step is to answer the follow question: Given two parameterizations
F1, F, how can we find another parameterization F' such that Rp(-) = R, (-) + Rp,(+)? The answer
is taking component-wise minimum min(+). Similarly, we can extend this result to an arbitrary number
of parameterizations.

Lemma 61. Let fi(;w1), ..., fr(-; wy) be k linear predictors such that Ry, () is strictly increasing
in |B;| for all i € [n] and only depends on |3|, for all j € [k], where | - | is component-wise absolute
value. Let
fla;w) = Sign(fl(-;wﬂ)jng%g](lfj(-;wj)I)Tw, (556)
where min(-) and absolute value | - | are taken component-wise, and w = (w1, ..., wy). Then,
k
Rp(8) = Re, (). (557)
j=1

In addition, if F;s are all positively homogeneous of degree L > 0, then I is also positively
homogeneous of degree L.
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Proof. For any 8 € R",

k
Ri(9) = min { > g  sign((00)) min(1f; (:10,)]) = 5}

j=1

k
= min { > " min{ w3 : f(5w;) =5} : Sign(%)%ﬁ(lwl) = 6}
=1
]k
= min { PRIACHE sign(1) min(|; ) = B}
j=1

N (558)
@i d S Ry (1351 sgnin) i) = B}
j=1

where in (a), (c) we used the fact that R, (3) depends only on |3
Rp, () is strictly increasing in |f].

,and in (b) we used the fact that

In addition, suppose that f; is positively homogeneous of degree L > 0 for all j € [k]. Then for all
A >0, forall j € [k],

FiGaw) e = fi (2 w) = A f(asw) = A fi (5 w) T a, (559)

for all z € R™. Thus,
fi(52w) = AF f(50) (560)
for all j € [k]. Then for all X > 0,

Fla; dw) = sign(fi (5 dwn ) min (15 (5 wj)|)"

= sign(AL f1 (- wr)) ;reli[g](ALlfj(-;wj)l)Tx

(561)
= At sign(fi(5wi)) min(f; (5 wy))) T2
JEK]
=\ f(zyw).
Thus, f is positively homogeneous of degree L.
O

L2 [, quasi-norms

Letp € (0,00), and X = R™. Our goal is to find a homogeneous parameterization which induces /,,
quasi-norm as induced complexity measure. Let ¢, : R — R be defined as

bp(2) = sign(z)|2[*/7. (562)

Let

fplz;w) = (j)p(w)Tac, (563)
where x;w € R™ and ¢ is applied component-wise.
Theorem 62. Forany § € R",

Rr, (8) = 11BI5 = 161,- (564)

Thus, F}, induces [, quasi-norm as induced complexity measure.
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Proof. Let w € R? such that

fplsw) =4 and  |w|; = R, (8). (565)
Then since ¢, (w) = S,
wli]] = 8"/ (566)
for all ¢ € [n]. Then, we would have
R, (8) = llwll; = 181}, (567)
O

Note that this parameterization cannot be realized by any linear neural network since it is not
multilinear. Indeed, as we have seen in Theorem not all [, quasi-norms can be induced as induced
complexity measure by neural networks.

1.3 [, , group quasi-norm with overlapping between groups

In Corollary we showed that /,, , quasi-norm with overlapping between groups cannot be induced
as induced complexity measure by any linear neural networks. In contrast, we will show that with
homogeneous parameterization, we can indeed induce [, , quasi-norm with overlapping between
groups as induced complexity measure for all p, ¢ > 0. We will give two classes of homogeneous
parameterizations for the case p < g and p > g respectively.

We begin with the case p < g. The strategy is to first find a parameterization fJ such that

Rpp (B) = cl|Bllg, (568)

for some constant c. Then, we will use something similar to Lemma(61]to get the parameterization
F, 4 whose representation cost is

k k r/q k
Rr, () =Y ey (Bo,) =Y ( > W) = el 669
j=1 j=1 \i€G; j=1
where G, ..., Gy are the groups and (¢, denotes the projection of 3 onto the coordinates that

correspond to elements in G;. Thus, F}, 4 induces [;, , quasi-norm with overlapping between groups
as induced complexity measure.

Now, we give the parameterization £} whose representation cost satisfies equation (68) for p < gq.

We will use the following generalized AM-GM inequality:
sy Tt <tr + (1 -t)y (570)

forany =,y > Oand ¢ € [0,1]. Fix ¢ € [0, 1]. We will find parameterization F}, , for p = tq. Based
on the previous paragraph, we will first find parameterization F;‘I such that

Ry (B) = cllBll, (571)
for some constant c. Let ¢ € (0,00). Let ¥ = R". Let ¢, : R — R be defined as
¢q(2) = sign(z)|z]¥/1. (572)

Let w = (w1, ws) be the parameters where w; € R™ and wy € R. For any w = (w,ws) € R+
and x € R™, let

i w) = pg(wl' ™ wi) Tz, (573)
q q 2

where ¢, is applied component-wise.

Lemma 63. Forany 8 € R",

Rpsa(B8) = col|BIly" = 1181l (574)
where c; = 1/(tt(1 — t)17%).
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Proof. Letw = (wy,w2) € R™! be such that qﬁ(wél*t)/twl) =B.Let 8 = wélft)/twl. Then

2
2o A o @ 18015
||w1H2 +U}2 - 2(17t)/t +w2 Z tt( t)l Tt(1 _ A\1—¢t° (575)
Wy
where in (a) we used the generalized AM-GM inequality (570), which can be attained when
18'1I* w3
= . (576)
twg(l—t)/t 1—t
Now, since ¢(5') = 3,
181 = |6:]*/ (577)
for all ¢ € [n]. Thus,
tq
18113 18114
R tq = = . 578
G tH(1—t)1=t (1 — )t 678
O
Using some technique similar to Lemma[61} we get the following result.
Theorem 64. Let G, ..., Gy C [n] be the groups. For v € R", let x, denote the projection of ©
on coordinates that correspond to elements in G;. Let w = (wn, . .., wy) be the parameters, where
w; € RIGH forall j € [k]. For each j € [k, let
filzswy) = filwa,; wy), (579)

where fl9 is defined in equation (5T3). So f;(-;w;) is the lifting of fi%(-;w;) by putting zeroes to
coordinates not in G ;. For each i € [n], pick j; € [k] such that i € Gj,. Let

Juaalwsw) = ngn i Cwg ) mim (155wl (580)

Then i
Rry o (8) = 3 1B, |1} 2 1Bl g0 (581)

j=1

where Fy, , is the parameterization induced by fr 4 and c; = 1/(t'(1 —t)171).

Thus, Fy, 4 induces l;4,4 quasi-norm as induced complexity measure.
Proof. Let 8 € R™. Suppose that f;, ,(-;w) = 5, and ||w||§ = Rp,, (). Then,
|Bil = min (|£5(;w;)[]]) (582)
JHi€eG;

for each i € [n]. Since Rp,(a) = Ryt (ag;) (ag, is the projection of a on coordinates in G) is
. .
strictly increasing in |a;| for ¢ € G; by Lemma and w attains the minimum representation cost,

£33 wp) ]| = 164l (583)
for all j such that i € G;. Thus, by Lemma 63}

1
1—¢ HﬁGjHZq’ (584)

2
lw; 5 = RF;q(ﬁcj) = 1 — )it

where ¢ is the projection of 3 on coordinates in G;. Therefore,

R, (8 ZIijllg T ZHﬁG [ (585)
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Next, we turn to the p > ¢ case and aim to find a homogeneous parameterization that induces [, ¢4
quasi-norm as induced complexity measure. First, we recall the construction of hidden layer used to

induce I 1 norm (section|D.4) as induced complexity measure. Let G1, . .., Gy be a partition of [n].
Let
k
C:HGJ‘:G1XG2X---XGk (586)
=1
be the Cartesian product of the k groups. For each h € C, let S, := {h[j] : 7 € [k]}. Let

w = (wp)rec be the parameters, where w, € R*+! for all h € C. For each z E R"”, let g,
be the projection of = on coordinates that correspond to elements in S;,. For each h € C, let
gn(fi%(-;wn)) € R™ be the vector defined as

gn(f20(5wn)) i) = fa(5wn)[i] (587)

if i € S}, and 0 otherwise. Now, let

1/tg\ T
fatq(zsw) = ((Zgh (f29(;wn)) ) ) z, (588)

heC

where the exponents are taken component-wise(i.e a*[i] = a[i]*).
Theorem 65. For 3 € R,

Rp,.,(8) = ctllBllgy = 18Il g0 (589)
where ¢, = 1/(t'(1 — t)1~1).

Thus, Fy ¢ induces [, ;4 quasi-norm as induced complexity measure.

Proof. By Lemma[63]

1/tq
Rp,,,(B) = ¢ min{ > llonllg = supp(vn) € Sh, (Z v,?> = B}, (590)

heC heC

where vy, = gn(fL9(-;wy)) and ¢, = 1/(t'(1 —t)'7"). Let ¢ : R — R™ be defined as

é(x)i] = x[i]*/*. (591)
Then

lonlly! = <thmq> (Zfb on)[ 1/t> = ll¢(wn)lly/e- (592)
=1

Also, note that

> d(vn) = 6(B) (593)

heC
if and only if

1/tq
<Z vff’) = 6. (594)

hec
Let g(¢(8)) = RF, ,,(B)/ct. Then

9(#(8)) = min { S llgon)ll . : supp(on) € Su, S dlvn) = ¢>(,6’)}- (595)

heC heC

Note that g is a norm since 1/¢ > 1. Let g* denote its dual norm. Let t* > 0 be the conjugate of 1/¢,
that is

1
t+ el 1. (596)
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By the same arguments in Lemma([6|and Theorem[34] we have

1/t
ax{(ZW)[i]“) :heC}
i€Sh
k o\ 1/t (597)
5w

1
= [lo(5)

g (¢(B))

t* 00
Thus,

9(0(B)) = ||¢(5)H1/t,1- (598)
Then

k 1/t t
Rp, ., (B) = ctg(o(B)) = cell @Bl 11 = Ct<z ( > 18 ) >

j=1 \i€eGj
k 1/t\ t
_ a(Z ( > Wtq) ) = ]| BIIGY,- (599)
j=1

i€G j

O
To summarize, we can induce all [,, , group quasi-norms with overlapping between groups as induced
complexity measure using homogeneous parameterizations for all p and q. In particular, we can

induce all [,, ; group quasi-norms without overlapping between groups as induced complexity measure
using homogeneous parameterizations for all p and q.
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