Supplementary materials for the NeurIPS 2021 submission
“Robustifying Algorithms of Learning Latent Trees with Vector
Variables”

A Illustrations of corruption patterns in Section [2.1]

X1 X2 X3 P PR e Xo

Figure 3: The left figure shows the corruption pattern that corrupted terms lie in the same rows. This
corruption patterm is known as outliers. The right figure shows an arbitrary corruption pattern where
corrupted entries in each column can be in any nq /2 rows.

B Illustrations of active sets defined in Section 3.2

(a) Mustration of T'! (b) Ilustration of ' (c) Mlustration of I3

Figure 4: Illustration of active sets.
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C Pseudo-code of RRG in Section 3.2

Algorithm 1 RRG

Input: Data matrix X, corruption level nq, threshold ¢
Output: Adjacency matrix A
Procedure:

1: Active set "' «— all the observed nodes )

2: Implement truncated inner product to compute d(x;, z;) for all z;, z; € Vyps.
3: while [I'"| > 2 do

4 Update El(:z:new, x;) for all z; € T'* for all new hidden nodes.

5. Compute (i)ijk = &(mi, Tg) — &(xj, xy) for all w;, z;, xp, € T

6:  for all nodes x; and z; inI'"* do

7 if |<f'ljk — @ijk/| < eforall 1,z € I'? then

8 if | D1 — cAl(x“x])| < eforall zj, € T then

9: x; is the parent of x;.
10 Eliminate z; from I
11: else
12: x; and x; are siblings.
13: Create a hidden node . as the parent of z; and x;
14: Add Zpey and eliminate z; and z; from I
15: end if
16: end if
17:  end for

18: end while

D Pseudo-code of RSNJ in Section 3.3

Algorithm 2 RSNJ

Input: Data matrix X, corruption level n;
Output: Adjacent matrix A
Procedure:

1: Implement truncated inner product to compute El(% , xj) for all z;, x; € Vops.
Compute the symmetric affinity matrix R as R(i, j) = exp(—d(z;, ;)) for all 2;,2; € Vops
Set B; = {z;} forall z; €
Compute the matrix S as S(i,j) = oo (RPY59)
while The number of B;’s is larger than 3 do
Find (7, j) = argmin, ; S(i, j).
Merge B; and B; as B; = B; U B; and delete B;.
Update S(k, i) = oq(RB*YUBi),
end while

WX D NE WD
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E Pseudo-code of RCLRG in Section 3.4

Algorithm 3 RCLRG

Input: Data matrix X, corruption level nq, threshold ¢

Output: Adjacency matrix A

Procedure:
1: Construct a Chow-Liu tree with a(xj, xy,) for observed nodes T, Tk € Vobs
2: Identify the set of internal nodes of the Chow-Liu tree
3: for all internal nodes x; of the Chow-Liu tree do

4:  Implement RRG algorithm on the closed neighborhood of z;

5

6

Replace the closed neighborhood of x; with the output of RRG
: end for

F Illustrations of representative trees in Section [3.5]

AR AR AT

(a) Double-binary tree (b) HMM
(c) Full m-tree, m = 3 (d) Double star

Figure 5: Representative tree structures.

G Proofs of results in Section 3.1

Proof of Proposition[l] For the sake of brevity, we prove the additivity property for paths of length 2.
The proof for the general cases can be derived similarly. We consider the case x; is on the path
connected x; and xj, and z;, x;, x € V.

For any square matrix A € R™*", the determinant of A is denoted as |A| = det(A).

Then we can write information distance as

1 1 1
d(w;, op) = — log 1S + 7 log 23| + 7 log 1Sk S| (G.1)
Note that E[x;|x;] = 3 Ej_jlxj and X;; is of full rank by Assumption and
-1

is also of full rank.
Furthermore, we have
S = Ay EAL and BB = A5 AL A DA

g

(G.3)
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Then we have

T T T
BB | = [ Ay Z5A% A, Z5A | (G4
= |Aj‘in,jzjjA[|jAk,jzjj| (G.5)
TAT TAT
A A | (A A, D G6)
P |54
Furthermore,
TAT TAT T

|25, A0,A0, 85| = A 252540 = 2525, (G.7)
|25 A0 A 5| = |02 (G.8)

Substituting (G.4) and (G.7) into (G.I), we have

1 1 1
d(wi, w) = = 5 log BB + 7 log [ | + 7 log |25 %
1 1 1
-3 log | Zk; Xy, | + 1 log | Sr Sy, | + 1 log | 2,5 (G.9)
= d(z;, z;) + d(zj, zp), (G.10)
as desired. O
Lemma 8. (Bernstein-type inequality [22]]) Let X1, ..., X, be n centered sub-exponential random
variables, and K = maxi<;<n || Xi||y,, where || - ||, is the sub-exponential norm and is defined as
_ 1

[ X1y, = Sup p HE[XP) /® (G.11)

p>

Then for every a = (a1, ...,a,) € R™ and every t > 0, we have

P()iaix’i >t> <2€xp[—cmin{ r t }} (G.12)
=1

27
K2[lall3” Kllallo
Lemma 9. Let the estimate of the covariance matrix 3;; based on the truncated inner product be
3. Ifta < k = max{02,., Pmin}, We have

t2ng

A~ 3n
P2 — Sijlloooe > b1 +t2) < 220 T 412 eTNT Vo x; € Vopee (G13)

Proof of Lemmal[9] Let I | be the set of indexes of the uncorrupted samples of [x;]s[x;];. Without
loss of generality, we assume that |5} ,| = na. Let I7/, and I}/ ; be the sets of the indexes of
truncated uncorrupted samples and the reserved corrupted samples, respectively.

st
[ij,l
st st
Iij,S Iij,Q

clean samples corrupted samples clean samples corrupted samples

reserved truncated

Figure 6: Illustration of the truncated inner product.

Then,
. 1 m m m
[zmstn< S BBl = 3 IR+ Y bl )[xﬂﬁm)) (G19
2 meffjt,l meIfJF,Z mEIth,3
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The (s, )™ entry of the error covariance matrix 3;; = 3;; — 2;; € R¥*? s defined as
- 1
g I (m (m) (m) (m)
[Bijlae = n2( o IR+ Y [l > (G.15)
melfj’, mEIS”
From the definition of the truncated inner product, we can bound the right-hand side of (G.13) as
- 2 m
|[Zijet| < N2 DRI NI (G.16)

st
melw 2

Equipped with the expression of the moment-generating function of a chi-squared distribution, the
moment-generating function of each term in the sum of (G.16) can be upper bounded as

)1 1(m (Beal ™2 4 (1™
E[em[xi]g ) )\] gIE[e #} (G.17)
< AE[eM )2 R [eX (1)) (G.18)
1
< (G.19)
1—202, X\

Using the power mean inequality, we have

22 1] ™) [x5]5™|
2 10 1y 1) | o, €72
(% St Il S EE Limer; 620
| i, 2|
2/\n1 x,;]0™) (m)
Serg, ¢ FHRIT o
< ( L N ) . (G.21)
’L] 2
Thus,
< 22 st x50 [x; im) 22y |1y 10m) ye 1(m)
E[e’\‘[z“]“l] SE[e"z Zmezim‘[ 157 5] w < Hel?ff E[e ”21|[ 107 [, H (G.22)
m 17,2
1
< — (G.23)
O pax™1
and
- _ _ 2
]E|:e)\ maxs ¢ |[271_j]st :| _ E|:H13X e)\|[27‘,_j]st :| < lr2rnx |:6)\|[2i_j]st :| < lm‘lX ) (G24)
s,t 1 _ 40121\axn1 )\
na
Thus,
P(I8i 00 > £) = P(ma| (S]] > 1) = B> mexee [Blee] 5 o) (G.25)
- 2
S efAtE |:6>\ maxs ¢ ’[Eij]st :| S ef)\t lma); ] (G26)
1 _ 40";7:(711 )\
Let A = 16033“%, then we have
~ 3"2
P(|Z o0 > t) < 21206 7R (G.27)

According to Lemmal§] (since the involved random variables are sub-exponential), we have

1 m) [y 1(m) _(tPny tno
IF’( - 2;1 ([Xz]( Vi ]™ — (Zijlst) | > t) < exp (— cmin {ﬁ, K}>7 (G.28)

where K = o2

max-*

Thus, if t < k, we have

A~ 3n t
P(||3; — Sijllooce > b1+ ta) < 22, e TN 42 e (G.29)
as desired. O
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Proof of Proposition [2} From the definition of the information distance, we have

lxnax
d(z;, z;) = — Z log o, (Eij) + %log det (2”) + %logdet (ij). (G.30)

n=1
According to the inequality ||All2 < v/||A[|1]]A |l Which holds for all A € R™*™ [23]], we have

|01(245) — o1(Ziy)| < 1Zi5 — Sijlla (G.31)

< \/Hfh‘j — Zijllsclis = Bijlh < lmaxlBij — Bijllo,co-  (G32)

Using the triangle inequality, we arrive at

Imax dim(x;)
(@, ;) — (4, 75)] < 7; |log 0, (3:5) — log 0 (245)] + 3 nZ::l | log 7,0 (3313) — log 0 (Zss) |
dim(x;) X
T3 n; | log 7 (32;) — log 0, ()] (G.33)

Furthermore, since the singular value is lower bounded by ~yin, using Taylor’s theorem and (G.31),
we obtain

| log 0 (345) — log 0, (245)| < anlm o (345) — 0 (Bi5)] < iymmi 126 — Bijlloc,oe-  (G.34)
Finally,
&(xi7xj) B d(xi7:cj)‘ < (lmax n dim(x;) -;dim(xj)) fym%x ”2” S lece
< mﬂ—_wnﬁzij = Zijlloo,c0- (G.35)
From Lemma([9} the proposition is proved. O

H Proofs of results in Section

Lemma 10. Consider the optimization problem

& max f(x)= sz(mi -1
i=1

{z:}
N
st. » 2, <N 0<a; <k i=1,... N (H.1)
i=1
Assume nk > N. An optimal solution is given by x; = k foralli = 1,. .., L%J and TN =

N — k[, andz; =0fori= ] +2,...,n

This lemma can be verified by direct calculation, and so we will omit the details.

Proof of Propositionld] We prove the proposition by induction.
Proposition and Eqn. (6) show that at the 0*® layer [24]
P(|Ai;] > €) < f(e) = KO (e). (H2)

Now suppose that the distances related to the nodes created in the (I — 1)5! iteration satisfy

P(|&(xi,xh) — d(zi,20)| > s) < h0-D(e). (H.3)
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Since s > 1 and m < 1, it is obvious that

A (e) < hHF)(g) forall I,keN andforall e > 0. (H.4)
Then we can deduce that
P(|d(zs, ;) — d(zi,7;)| > ) < KTV (e) forall z;,x; € T (H.5)

From the update equation of the distance in (9), we have

" 1

JEC(h) kEK;
and
1yvh —7 AL (2] H.7
d(.CC xf }C ( Z = |K:”| Z >—|—d(1‘ Jih) ( )
j€e€C(h) keK;;

Using the union bound, we find that

A(x;, zp) — d(;vi,xh)’ > 5—:)

g[@(_c { \’Cwl 3 (Au - >2g}> (H.8)

ke,

Z (’AU + — Ky Z ik — | > 25) (H.9)

ke

Z [ (|A”| > 2 )+ 3 P<|Aik\ > %5) +P<|Ajk| > gs)] (H.10)
eC(h ke

ij

The estimates of the distances related to the nodes in the I*" layer satisfy
P(‘&(ml, xp) — d(@i, ap)| > €> <[C(R)| (1 + 2| )pE—D (;5) (H.11)
< dimax (1 + 2N, )Y (gg). (H.12)
Similarly, from (T0), we have

P(|&(xk,xh) — d(xk,xh)| > 5)

<{ Sicen P(1A| > s)+P(|Am\ > 1e), if k € Vobs
< Z(”)GC(h)xC (|AU| > ie) —|—]P’(|Am\ > 1e) + P(JAjk| > ),  otherwise.
(H.13)

Using the concentration bound at the (I — 1)* layer in inequality (H.3), we have

P([a(ak, 2n) — d(n, )| > <)
dinaxh "V (3e) + 2, (1 + 2N )h("D(e),  if k € Vous
d2 UV (Fe) + 243, (1 + 2N, )W~V (2e),  otherwise.

max

(H.14)

Summarizing the above three concentration bounds, we have that for the nodes at the I'" layer,
estimates of the information distances (based on the truncated inner product) satisfy

P(|a(xk,xh) — d(z, zn)| > 5) [d2,. + 2d3 . (1 + 2N,)]h0—D) (gg) =h0(e). (H.15)
O

Proposition 11. The cardinalities of the active sets in I'" and (1 + 1) iterations admit following
relationship

AT

dmax

< e < - (H.16)
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Proof of Proposition [T1} Note that at the [*" iteration, the number of families is [T'*?|, and thus we
have

L

> oni=TY, (H.17)
1=1

. . . . . l
where n; is the number of nodes in T in each family. Since 1 < n; < dpyax, We have dr— < |Fl+1|.
max

Figure 7: Illustration of RRG. The shaded nodes are the observed nodes and the rest are hidden
nodes. I' = {z1,%a,...,,79}, and I'? is the nodes in the dotted lines. If we delete the nodes in T'?,
the remained unknown hidden nodes are x1g, x11 and x13. Nodes x19 and x5 are at the end of the
chain formed by these two nodes, and 17 is at the end of the degenerate chain formed by itself.

We next prove that there are at least two of n;’s not less than 2. If we delete the nodes in active set T,
the remaining hidden nodes form a single tree or a forest. There will at least two nodes at the end of
the chain, which means that they only have one neighbor in hidden nodes, as shown in Fig. [/| Since
they at least have three neighbors, they have at least two neighbors in T'. Thus, there are at least two
of n;’s not less than 2, and thus [I'*1| < |[IY| — 2. O

Corollary 1. The maximum number of iterations of Algorithm[I} Ly, is bounded as

log |V<§bs| < L <
——=— < Lg < [Vobs| — 2. (H.18)
log dimax

Proof. When Algorithm [I] terminates, |I'| < 2. Combining Proposition[I1]and |T'| < 2 proves the
corollary. O

Theorem 6. Under Assumptions[IH3] RRG algorithm constructs the correct latent tree with proba-
bility at least 1 — n if

1712 st Vo2
g

64X2Kk2 9 ) 2Lp—2

ng > o2 (5 lo - n (19
%j N 12;;% (g)LR—l log 34lr2naXsL;_1|Vobs|3’ (H.20)
where
A= W K =max{o2, , Pmin} S=do. +2d5, (1+2N,) = pr;in7
min (H.21)

c is an absolute constant, and Ly is the number of iterations of RRG needed to construct the tree.
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Proof of Theorem [B] It is easy to see by substituting the constants \, x, s and ¢ into (H.19) and
(H:20) that Theorem [f]implies Theorem T} so we provide the proof of Theorem 6] here.

The error events of learning structure in the [*" layer of the latent tree (the 0*" layer consists of
the observed nodes, and the (I + 1) layer is the active set formed from *" layer). The error
events could be enumerated as: misclassification of families £/, misclassification of non-families £°,
misclassification of parents £ and misclassification of siblings £!. We will bound the probabilities

of these four error events in the following.

The event representing misclassification of families 5} represents classifying the nodes that are not
in the same family as a family. Suppose nodes x; and x; are in different families. The event that
classifying them to be in the same family Sfl ;; atlayer [ can be expressed as

gfle = {|(i>”k — i)ijk’| < e forall Tk, T € Fl} (H22)
We have
P(El,;) = }P’( N (1% — S| < 5}) < minerp(@ijk by < 5), (H.23)
Tk, X s er ThoTk!
P(e}) = B( U gq)=P( U &) (H.24)
23,2 not in same family (mi@j)eri‘

We enumerate all possible structural relationships between z;, x;, ¥ and zz

Qd(xk,xj) Zd(l‘i,l‘j) 0 Zd(l‘k,l‘k/)
ZT; Tk X X Tk xX; X T xX; Zj Tk Tt xT; T X T
2d(z;, zp 2d(zg, zp) 2d(zj, zp) 0
T ;JC T Tk Th Tk T Tp Ty Tk Z; Ip Tk Tr
Qd(l'h, l'k/)

h Ty Tk
0
Th
T
0
Th, Tk’
zj

i ; Ty T Ty T X
T
Figure 8: Enumerating of four-node topology and the corresponding |®;;5 — ®ijr|.
Let € < 2pmin, by decomposing the estimate of the information distance as a(mi, zj) = d(z;, x;) +

A;;, we have

P<|(i)ijk — By < E) = P(\‘I’ijk = Qijp + Aip — Dji — Ay + Ajir| < 5)

YR

< P(Aik —Ajp — D + Ajiy < e — (Pyjr — (I)ijk/))
< P(Aik — DN — Dy + DNjpy < e — 2pmin)

2 min — € 2 min — €
<P(jau] > =) + P(jau] > 5 —)

2 min — € 2 min — €
+P(Ajk,| > pT) +]P’(|Aik/| > %). (H.25)
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The event representing misclassification of the parents Sll) represents classifying a sibling relationship
as a parent relationship. Following similar procedures, we have

ren=p( U &u)=p( U &) (H.26)

x;,a; are siblings (wi,ax;)€ly
P(gll),”) = P( m {‘q)lﬂf — d(ﬂ?“x])| < 8}) < zmel{‘ll P(‘q)ijk - d(aci,xj)’ < 8) (H.27)
zpel! k
2pmin — € 2pmin — & 2,omin — &

The event representing misclassification of non-families £

¢ Tepresents classifying family members
as non-family members. We have

P(EL) = P( U grllf,ij) =P( U grllf,ij) (H.29)
z;,%; in the same family (ws,m5)€T,
P(gllnc) = P( U U {léz]k — (i)ijk’| > 6}) (H.30)
x;,2; in the same family xy ,x,, €T’
and
PN PN 3 3 3 3
P(l(bz]k — <I>ijM| > 6) < P(|A2k| > Z) —|—P(‘A]k| > Z) +P(|Ajk/| > Z) +P(|Azk’| > 1)

(H31)

The event representing misclassification of siblings £’ represents classifying parent relationship as
sibling relationship. Similarly, we have

P(E!) = ]P’( U f:gﬂ.j) - IP’( U sg,ij) (H.32)

x; is the parent of x; (zi,x;)€TL
P(EL,;) = 1P’< U {|(i)jik — d(ai,25)] > e}) (H.33)
xrel

and

P(| o — dlwiray)| > ) <P(1Ay] > %) +P(|an] > %) e %) (H.34)

To bound the probability of error event in [*" layer, we first analyze the cardinalities of T, Flp, It
and T'.. Note that the definitions of these four sets are

T} = {(2:,7;) : 2; and z; are not in the same family z;, z; € T'} (H.35)
Fi) = {(xi,xj) . x; and x; are siblings z;, z; € Fl} (H.36)
rl. = {(zi,z;) : x; and z; are in the same family z;, z; € I‘l} (H.37)
Il = {(x;,2;) : x; and x; is the parent of z;, z; € I''}. (H.38)
Clearly, we have
! I ! 1
T < ( 5 ) and [T < [TV (H.39)

The cardinality of ', can be bounded as

141
[T

< > (Z) (H.40)

i=1

where n; is the size of each family in I"!.
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From Lemma [10} we deduce that

1 15!
Fl < 7dmax dmax -1 - = Fl dmax —1). H.41
ITb] < 5o = 1) 5 = 5/ (done = 1) (H.41)
Similarly, we have
Tl < IF’I(dmax ~1). (H.42)

The probability of the error event in [*!" layer can be bounded as
PEY =P UE UELUEL
< P(E) + (&) + P(Exe) + P(ES)

<4150 (P2 5) o S 0 (=)
+ 3[04 2R0 (g) + 2T (i — 1)AD (Z) (H.43)

The probability of learning the wrong structure is

- P(U5l> <D B(E) o
l
< Z (F ')hm (%) + glFlemax - h® (%)

+ 3T 2RO (%) 2T (dypax — 1A (i) (H.45)
With Proposition [TT} we have

L-1
|Vobs| -2l [0 mein —€ 3 (1) 2pmin — €
< - — | — _
P€) < l:EO 4( 9 h ( 1 ) + 2(|Vob5| 20)(dmax — 1)h ( 3 )

+ 3(|Vobs| — 21) h(”( ) + 2(|Vobs| — 20)* (dimax — 1RO (Z) (H.46)
where L is the number of iterations of RRG.

We can separately bound the two parts of the first term in the summation (/e»3/=2) p(® (2'0"3%) as

l
(‘Vobs‘ 21)8 ae—wm'z (|Vobs| _ 21) (|Vobs| —9] — 1) |Vobs| fora > 0
4(|Vobq2| 2L)8L la}e—me*%c - 2gL—1-1 - 23L 1-1
and
4(Vors|=20) glpe—um?a? (|vob§\ = 20) (|Vobs| — 21 — 1) [Vobs|? H47
Vobs|—2L\ .L—1},—um2L—2z2 — L—-1-1 — L-1-1" (HA47)
4( A )s be 2s 28
These bounds imply that

— 2(s—1)

Similar procedures could be implemented on other terms, and we will obtain

P(5)§_4(1+ [Vovs )+g(dmax—1)(1+ [Vos| )'hw—n(M)

i=1

2(s — 1) 2 - 1)/ 4
o 2y 2 = (1 22 s (5) (149
o ) St e )
+ [3 W(’b“ )) 4 2dyax — 1)(1 + M)} (ae—wm“l% n be—um“*(if) <

22

L-1 o)
[Vobs| — 21 ) |Vobs|2 1 (L-1) |Vobs|2 (L-1)
< el J— — - -0
g 4( 5 A (z) < [1+ 5 g si]4h (x)—4(1+ )4h () forxz >0



Upper bounding each of the four terms in inequality (H.48) by 7/4, we obtain the following sufficient
conditions of n; and ns to ensure that P(E) < n:

)

- Vobs|® Vobs
6422 9\20-2 A2 STV A(L 4 ) 4 3 (e — 1)(1+ 5755)]
ng > maxq —————— <7) log
¢(2pmin — €)? \2 Ui

6aNZK2 0\ 202 AL PV [B(L 4 ) 4 9l — 1)(1 + Bl
—(3) s |

ce 1
o 2 max &(g)kllo 812,08 [A(1 + FA205) 4 § (s — D)(L+ g2251)]
no 3(2pmin — &) \2 & ; 7
3
128k (g)L—l o 8[r2nax [3(1 + |\(’:bsl)) + 2(dma — 1)(1 + ‘S‘g;’tf‘l))]
3e 2 & 7 ]
Note that
|Vobs |2 3 |Vobs ‘
4(1 a dmax -1 1 ,
max{ ( +2(8—1)>+2( )< +2(5—1))
|Vobs | |Vobs |3
1 2(diax — 1) (1
1+ o)+ (1+5:27)
|Vobs|2 |Vobs|3
4(1 2(dmax — 1) (1 H.49
= (+2(s—1))+ (dna )(+2(s_1)) (H.49)
[Vobs|® + 2[Vons|
< - .
= 2w = 1) (2 A TP ) (H.50)
obs|® 4 2[Vobs |2
< 2(dmax — 1)(2+ [Vovs| J; [Vobs| ) s
a 3 2 3
@ ol — 1) [Vobs|® + 2[Vobs|* + TN | Vos| )
S
3
< 17dmax Ny [Vobs| .
®) 17
< g Vol (H.54)

where inequality (a) and (b) result from s < 7N, |Vops|® and dpax Ny < - respectively. Choosing
€ < Pmin» We then can derive the sufficient conditions to ensure that P(E£) < 7 as

6412 K2 2L-2 1702, sE 7 Vobs|®
ny > —— ( ) log ~ tmaxs” " [Vobs|” (H.55)
ce 2 n
12 L—1 4 2 L—-1 3
@ > 8AR (g> 10 3 lmax |Vobs| ) (H.56)
ni 3¢ 2 n
In Theorem|T} we choose & = 2=,
Then the following conditions
6412 k2 2L-2 1712, st1 3
ny > —— ( ) log ~ tmax® " [Vobs|” (H.57)
ce 2 n
ny = 0(17”‘2). (H.58)
og no

are sufficient to guarantee that P(€) < 1.
We are going to prove that there exists C’ > 0, such that
o Y- 2 (H.59)

10 No — 128Xk (9\L—1 3412 sE T [ Vobs|?
g2 T3 (2) log n
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which is equivalent to
12825 (9>H log H40iass™ Vo’
3 \2 n
Since ny is lower bounded as in (H.37), it is sufficient to show that there exists C’ > 0, such that
12 L—1 4 2 L—-1 |3 2
(C/)2 8AK (9) log 345k |V0bb|
3 \2 n

o 64N (N2 AT S Vons 64X%K2 (9N\2L=2 1712 sE T [Vop?

( ) log log ( ) log ,
ce? \2 7 ce? \2 7

< y/nologns. (H.60)

which is equivalent to

2 L-1 2,2 _ 1712 Py P 2
9 lOg 7ltnax ‘vobS‘ (10g(64)\ (8)2L 2) +1Og10g max$ - ‘ b‘ )

(C)? < - - . . (H61)
256¢ log fndstn [Vobs |3 log 34l§mx5Ln ! Vobs [®
We have
1712 sT= 1 Vopsl® 3412 s Vonsl? 1
log —-max® [Vous| / log 2-tmax’ Vors” S L 1a (H.62)
n 2
K2 1712 5T Vons|® 2 2 2
<log (64>\ (2)2L=2) + log log Mlmax . [Vobs| ) (log 640,\52 (2)2L- 2))
ET AR S Y W (H.63)
log log
7 7
Since
(105 (2222 (9)22-2))’
lim — = 400 (H.64)
L 3412, ST [Vobs|? ’
=% log .
we can see that there exists C” > 0 that satisfies inequality (H.39). O

I Proofs of results in Section

Theorem 7. If Assumptions[I] 1o hold and all the nodes have exactly two children, RNJ constructs
the correct latent tree with probability at least 1 — n if

160252 2| Vobs| 212
g > CpQ.Ii log( | b| max) (L.1)
4\ 4Vops 212
2 :fp R log( L bn' max) (-2
where
2l2 Plnax/lmax
A= ma{’;+ and k= max{0%,., Pmin}, (1.3)

min
and c is an absolute constant.
Proof of Theorem [7} 1t is easy to see by substituting the constants X and « into ([.I) and ([.2) that
Theorem [7implies Theorem 2} so we provide the proof of Theorem 7] here.

With the sufficient condition in Proposition 5] we can bound the probability of error event by the
union bound as follows

P(€) <P max [d(esa;) - d(esay)| > 222 14
< |Vobs|2]P’(|<§1(xi,xj) - d(wi7xj)| > pmin). 1.5)

2
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We bound two terms in the tail probability separately as

__Bny 7
2l2 e Boinng Pmin < L6
max 2|Vobs|2 ( )
12 e CTontm P <« L L7)
@ 2|Vobs|2
Then we have
16)2k2 2| Vons 212
ng > 5 R log( [Vobs| max)7 (1.8)
Cprnin n

64\ 4| Vons 212,
@ > k 10g( |V0b | max).
ny 3pmin n

The proof that n; = O(,/n2/logns) can be derived by following the similar procedures in the proof
of Theorem [T O

(1.9)

Proposition 12. If Assumption[l|to[5| hold and the truncated inner product is adopted to estimate the
information distances,

- ) t
P(IR = Rz > t) < [Vone[2f (P ). (1.10)
|V0bs|
where the function f is defined as
3n n
flz) = 2lﬁlaxe’32M2n1 L2 e Cnte 2® _ ge~ W 4 e Uz (L11)
with X = 202, ePmex/Ime /5r1n/ilr;"ax’ w= 32%\7;2111’ U= e, 0= 2o and b =I5

Proof of Proposition [I2] Noting that R;; = exp ( — d(=;, z;)), we have

P(|Rij —R;j| > t) = IP’(‘ exp ( — (Ai(x“x])) — exp ( — d(xi,xj))’ > t) 1.12)

(a) - A
< P(!d(mi,xj) — d(2;,25)| > e”“““t) (L.13)
< flePming), 1.14)
where inequality (a) is derived from Taylor’s Theorem.
Since
IR-R|2 < |vobs|n}e;x|1iij - Ryl (L15)
we have
. .\ t
P(|JR-Rl; > 1) < ]P’(max IR;; — Ry;| > —) < |Vobs|2f(epmin—) (1.16)
2,7 |Vobs | |VObS |
as desired. O

Theorem 8. If Assumptions[I]to[3 hold and all the nodes have exactly two children, RSNJ constructs
the correct latent tree with probability at least 1 — n if

162242 |Vops |2 2[Vobs 120

ny > : log {1.17)
C€2pm‘r‘g(‘vobs ‘7 Pmin; pmax)2 n
64NK|Vons 4Vobs 13
ny 3€pm‘“g(|Vobs|’ Pmin; PmaX) n
where
l(2€*Pmax)10g2(I/Q)Q*Pmax(1 — e*2pmin) 672%‘“" <0.5
. —1 2 ’ >0
g(l'ypmmypmax) { 673p‘“""‘(1 o 672pmin)’ 672pmax > 0.5 (119)
212 pmax/lmax
A= T = max{o?, . P}, (1.20)

51/lmax

min

and c is an absolute constant.
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Proof of Theorem [8] It is easy to see by substituting the constants A and « into (I.17) and (TI8) that
Theorem 8] implies Theorem 3] so we provide the proof of Theorem [§] here.

Proposition |§| shows that the probability of learning the wrong tree P(E) could be bounded as

Vosy min; Pmax
(l b|vpb| P ))_ 121)

Substituting the expression of f and bounding the right-hand-side of inequality (L21)) by 7, we have
16)\2%52 |V0bs|2 2‘V0bs |2112nax

]P)(g) S IP)(H]-:A{_ RHQ > g(|VObs|apminapmax)) S ‘Vobs‘2f(epming

ng > - log and 1.22)
ce2emin g(|Vobs|, pmins Pmax)? U

na > 64/\’€|V0bs| log 4|Vobs|2lr2nax. (1.23)

ny 3epmi“g(|Vobs|, Pmin pmax) n

The proof that n; = O(/n2/logns) can be derived by following the similar procedures in the proof
of Theorem [Tl 0

J  Proofs of results in Section 3.4

Lemma 13. The MST of a weighted graph T has the following properties:

(1) For any cut C of the graph, if the weight of an edge e in the cut-set of C' is strictly smaller
than the weights of all other edges of the cut-set of C, then this edge belongs to all MSTs of
the graph.

(2) If T is a tree of MST edges, then we can contract T' into a single vertex while maintaining
the invariant that the MST of the contracted graph plus T’ gives the MST for the graph
before contraction [25].

Proof of Proposition [/} We prove this argument by induction. Choosing any node as the root node,
we first prove that the edges which are related to the observed nodes with the largest depth are
identified or contracted correctly.

Since we consider the edges which involve at least one observed node, we only need to discuss the
edges formed by two observed nodes and one observed node and one hidden node. We first consider
the identification of the edges between two observed nodes.

Iy Iy

Y

Figure 9: Two kinds of edges related at least one observed node.
To correctly identify the edge (z, z;) in Fig.[9] we consider the cut of the graph which splits the
nodes into {x;} and all the other nodes. Lemma|l3|says that the condition that
a(xk,xj) < El(xl,:rj) Yz € Vobs, Ti # Tk, Tj J.1n
is sufficient to guarantee that this edge is identified correctly. This condition is equivalent to
Apj < Ay +d(z, xk) Vo € Vobs, X1 # Tk, T4, J.2)

which is guaranteed by choosing AysT = det (2k; T, Vobs)-
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Furthermore, we need to guarantee that x; is not connected to other nodes except x;. We consider
the cut of the graph which split the nodes into {x;, x, } and all the other nodes. Lemma [13[says that
the condition that

a(xl,xk) < a(xl,xj) YV, € Vobs, Ti # Tk, T J.3)
is sufficient to guarantee x; is not connected to other nodes. This condition is equivalent to
A < A +d(zg, ;) Vay € Vobs, 21 # Tk, x5, J.4)
which is guaranteed by choosing Ayst = det(2k; T, Vobs)-

A similar proof can be used to guarantee (z;, xj) can be identified correctly. Then we can contract
z;,2; to xy, to form a super node in the subsequent edges identification for Lemma@

Now we discuss the edges involving one observed node and one hidden node. There are two cases:
(i) The hidden node x- should be contracted to either z; or x;. (ii) The hidden node x;+ should be
contracted to x; € Vobs, 1 # %, ;.

We first consider the case (i). Without loss of generality, we assume that x;, should be contracted to
x;. Contracting x; to x; is equivalent to that x; is not connected to other nodes except ;. Lemma
[[3] shows that

&(xi,xj) < Ei(xi,xl) &(osj,xl) < &(xi,xl) V&, € Vobs, X1 7# T4, T J.5)

is sufficient to achieve that x; is not connected to other nodes except x ;. This condition is equivalent
to

Aij + d(l'k’yxj) < Alj + d(xk/,l'l) and Ajl -+ d(ﬂfk/7l'j) < Ail —+ d(l’k/, CEi)
Va; € Vobs,xl 75 Tk, Tj, J.6)

which is guaranteed by choosing Ayist = det(zx7; T, Vobs)- Then we can contract z; to x; to form
a super node in the subsequent edges identification for Lemma[I3]

Then we consider the case (ii). Here we need to prove that ;- will not be contracted to x; or x;.
Without loss of generality, we assume that x- is contracted to x;, which guaranteed by that there is
no edge between z; and ;. Lemma 13|shows that

d(z, 1) < a(xi,xj) &(xj,xl) < &(J“Z,a“]) J.7)
is sufficient to guarantee that there is no edge between x; and x;. This condition is equivalent to
AV d(xk/,:nl) < Aij + d(mk/,xj) Ajl + d(mk/,xl) < Aij + d(SUk/,CL'Z'), J.8)
which is guaranteed by choosing Ayst = det (x5 T, Vobs)-
Assume that all the edges related to the nodes with depths larger than [ are identified or contracted
correctly. We now consider the edges related to the nodes with depths [. For the edges between
two observed nodes and edges of case (i) and (ii), similar procedures can be adopted to prove the
statements. Here we discuss the case where z; should contract the hidden nodes which are its
descendants. Contracting x to x; is equivalent to that there are edges between (z;, z;) and (z;, z;),
and there is no other edges related to x; and x;. Recall that condition (J.7)) is satisfied by the induction
hypothesis. Lemma|13[shows that
a(mi,ml) < (Al(x“xk) &(xk,xl) < a(xk,wi) Vi € Vobs, Tk 7 Xi, Tj, T J.9)
(Ai(xj,ml) < a(a:j,xk) d(zg, ) < &(xk,mj) V& € Vobs, Tk 7 Zi, Tj, T J.10)
is sufficient to guarantee that x- is contracted to x;. This condition is equivalent to
Aj < A +d(xp, 1) Ap < Api +d(zg,21)  Vor € Vobs, Tk # T4, 25,2 J.11)
Ajl < Ajk + d(!L‘k,.’El) Ay < Akj + d({L'j, (El) Vi € Vobs, Tk 7 Tiy Lj, Xy J.12)
which is guaranteed by choosing Anist = deg (@13 T, Vobs). Then we can contract x; and x; to x; to
form a super node in the subsequent edges identification for Lemma [I3]

Thus, the results are proved by induction. O
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Theorem 9. If Assumptions[IH4} RCLRG constructs the correct latent tree with probability at least

1—nif
4 s9\2Lc-2 1 16)2K2 1712 stoHVel® + 12, [Vobs|?
ny > max —(7) R 5 1o Lm0 Wobsl” + bua Vors” 5 15
e2\2 Af gt c n
2/9\Lc-1 1 64\ 3412 sLo=HY 13 4+ 212 [Vops|?
E 2 max { (7) C , } KR log maxs | b | + max‘ b ‘ , (J.14)
ny 2 Amst) 3 Ui
where
2[1211 Xepmax/llnax Pmin
A= W K= ma‘X{UIQnax’ IOIIliH} s = d1211ax + Qdfnax(l + QNT) €= T?
- (.15)

c is an absolute constant, and L¢ is the number of iterations of RCLRG needed to construct the tree.

Proof of Theorem [9) Tt is easy to see by substituting the constants \, x, s and ¢ into (I.I3)) and (T.14)
that Theorem 9] implies Theorem[d] so we provide the proof of Theorem [9 here.

The RCLRG algorithm consists of two stages: Calculation of MST and implementation of RRG on
internal nodes. The probability of error of RCLRG could be decomposed as

P(&) = P(Emst U (Exist N ErrG)) = P(EmsT) + P(ESist N ErrG) < P(Emst) + P(Erra)

‘We define the correct event of calculation of the MST as

Cust= () {!&(wmg‘)—d(%%)\<Al\gST}z N ¢ (1.16)

Z;,% € Vobs Zi,%; € Vobs

Proposition[7] shows that

P(Emst) < 1—P(Cust) = P(( m Ci;)°) Jd.17)

Ii,iEjGVobs
c e [Vobs| A
:P( U Cij) < ) B < ( Y >f(“§ST) (1.18)
3,2 EVobs 23,25 €Vobs

We define the event that RRG yields the correct subtree based on nbd[x;, T]

Crra = ﬂ {Output of RRG is correct with input nbd[z;, T]} (J.19)
x,-EInt(MST(Vobs;ﬁ))
_ N " (J.20)

z; €EInt(MST (Vops; D))
Then we have
P(Errc) zl_p(CRRG):P(( ﬂ Ci) ) :IP’( U CZC) J.21)
2; €Int(MST (Vors; D)) @3 EInt(MST(Vobe; D))

By defining L¢ = [w — 1], we have
P(€) < P(Emst) + P(Erra) (4.22)

(M) - e ) B

x hFe=1) (Lmj — E) + [3(1 + J(];Otff)) + 2(dmax — 1)(1 + ;::tf'f))} h(LC’”(Z)

J.23)
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To derive the sufficient conditions of P(£) < 7, we consider the following conditions
P(émst) < (1 —r)p and P(Errg) <rn forsome 7€ (0,1) J.24)

Following the same calculations with inequalities (T3]), we have

64M2k% (9\2Lo=2 1712 sEeT VP 16A%k% 12 [Vobs|?
ng > max K (7) c log max [Vou| y X3 " o max[Vobs| J.25)
ce? \2 1 cAf st (I—r)n
128\ Lo-1 412 stem Vo2 64 212 obs |
E Z max 8 k (g) °© 10 3 max |V b | , 6 K 10 1nax|v b | (J26)
ny 3e \2 1 3AnmsT (I—7)n
. sLe—1 v ?
By choosing r = 17SL1C7,1 ﬁiobl\\éiﬂhbslw we have
4 (9\2Le=2 1 1 16M%k% 1712 sTOT Vo + 12, [Vobs|?
ny > > max ( ) c ’ 5 K 10 max® | bs | + max|v bs | , (J.27)
e2\2 Af et c 7
2/9\Le=1 1 64X 3412, ste ! 34212 .
™2 > max (7) o g xS [Vobs[” & Ainax[Vor ‘ (J.28)
n1 e\2 AMST 3 n
Following a similar proof as that for RRG, we claim that
4 (9\2Le=2 1 Y 16Nk 1712 sTOT Vo P + 12, [Vobs|?
ny > max{2(> R } B g Lmaxs " [Vous " + InaxVons” 5 5,
g2 \2 Ast c m
ny = 0( vt ) (J.30)
log no
are sufficient to guarantee P(E) < 7. O

K Discussions and Proofs of results in Section

In this section, we provide more discussions of the results in Table[l] We also provide the proofs of
results listed in Table[Tl

The sample complexities of RRG and RCLRG are achieved w.h.p., since the number of iterations
Ly and L¢ depend on the quality of the estimates of the information distances. The parameter ¢ for
RSNIJ scales as O(ﬁ + log |Vobs|). For the dependence on Diam(T), RRG and RSNJ have the
worst performance. This is because RRG constructs new hidden nodes and estimates the information
distances related to them in each iteration (or layer), which results in more severe error propagation
on larger and deeper graphs. In contrast, our impossibility result in Theorem [5] suggests that RNJ
has the optimal dependence on Diam(T). RCLRG also has the optimal dependence on the diameter
of graphs on HMM, which demonstrates that the Chow-Liu initialization procedure greatly reduces
the sample complexity from O((2)P®#m(M) to O(log Diam(T)). Since the dependence on ppax
only relies on the parameters, the dependence of pyax Of all these algorithms remains the same
for graphical models with different underlying structures. RRG, RCLRG and RNJ have the same

dependence O(ezil’rnn% ), while RSNJ has a worse dependence on gy ax.

K.1 Proofs of entries in Table/]

Double-binary tree For RRG, the number of iterations needed to construct the tree Ly =
1(Diam(T) — 1). Thus, the sample complexity of RRG is O (e fmax ()Plam(T),

For RCLRG, as mentioned previously, the MST can be obtained by contracting the hidden nodes to
its closest observed node. For example, the MST of the double-binary tree with Diam(T) = 5 could
be derived by contracting hidden nodes as Fig.|10l Then L¢c = [D“’%(TUH]

Diam (T)+1
2

1, and the number of

. Thus, the sample complexity is O (62 Tmax (9 ) pep® )

observed nodes is |Vops| = 2
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Figure 10: The contraction of hidden nodes in double-binary trees.

Diam(T)41

For RSNJ, the number of observed nodes is [Vobs| = 27 2, so the sample complexity is
O(e?*PmaxDiam(T)).
For RNJ, the number of observed nodes is [Vobs| = 2Diamz§T)+l, so the sample complexity is
O(ezmﬁDiam(T)).

HMM For RRG, the number of iterations needed to construct the tree Ly = (w — 1]. Thus,

9 Pmax

the sample complexity of RRG is O (e” Tmax (2)Plam(T)),
For RCLRG, MST could be derived as contracting hidden nodes as shown in Fig. [TT] Then L¢ =1

2 Pmax

and |Vobs| = Diam(T) + 1. The sample complexity is thus O (e” imax log Diam(T)).

Figure 11: The contraction of hidden nodes in HMMs.

For RSNJ, the number of observed nodes is [Vobs| = Diam(T) + 1, so the sample complexity is
O (e?Pmax Jog Diam(T).

For RNJ, the number of observed nodes is |Vobs| = Diam(T) + 1, so the sample complexity is

Pmax

O(e*max log Diam(T)).

Full m-tree For RRG, the number of iterations needed to construct the tree Ly = %Diam(T).
Thus, the sample complexity of RRG is 0(62 fona (%)Diam(T)).

For RCLRG, the MST can be derived by contracting hidden nodes as shown in Fig.[I2] Then L¢ = 2
and |Vops| = mP2™(T)/2 Thus, its sample complexity is 0(62% Diam(T)).

Figure 12: The contraction of hidden nodes in full m-trees.
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Double star For RRG, the number of iterations needed to construct the tree Lg = 1. Thus, the
sample complexity of RRG is O(e

Imax

2 Pmax )

For RCLRG, the maximum number of iterations over each RRG step (over each internal node of the
constructed Chow-Liu tree) in RCLRG is. L¢ = 1 and [V,bs| = 2dmax, so the sample complexity of

RCLRG is O (e 10g dinay)-

L Additional numerical details and results

L.1 Standard deviations of results in Fig. 2|

We first report the standard deviations of the results presented in Fig. [2]in the main paper. All results

are averaged over 100 independent runs.

Constant magnitude corruptions (Fig. [2[a))

o/(o/AVG) x 100 # Samples
500 1000 1500 2000 5000 10000 20000
Algorithm
RRG 9793 | 44550 37145 40/5.0 5068 | 144241 | 21.0/75.0
RSNJ 3338 | 3.0/7.0 | 3.9/288 | 03/703.5 | 0.0/0.0 0.0/0.0 0.0/0.0
RCLRG 2.1/520 | 0.5/229.1 | 0.000.0 0.0/0.0 0.0/0.0 0.0/0.0 0.0/0.0
RNJ 56/43 | 9.0/7.1 | 1237100 | 17.1/15.1 | 284283 | 35.4/479 | 32.2/63.1
RG 92195 | 8.8/838 83183 78078 5.716.2 4.1/4.9 19123
SNJ 0403 | 0.6/0.4 1.4/0.9 27118 32026 3.63.7 32159
CLRG 3022 | 35126 34125 40530 | 112199 | 47224 | 2.1/435
NI 18/13 | 2216 2.2/1.5 31723 6.0/4.8 11508 | 17.9/16.35
Table 2: The standard deviations and standard deviations divided by the means of the Robinson-Fould

distances for different algorithms

Uniform corruptions (Fig. [2(b))

a/(c/AVG) x 100 # Samples
500 1000 1500 2000 5000 10000 20000
Algorithm
RRG 4.5/5.0 3.3/4.0 3.8/4.6 3.1/4.0 4.3/5.9 10.9/17.4 | 23.0/103.2
RSNJ 3.3/4.0 2.9/6.7 5.0/30.1 0.7/230.3 0.0/0.0 0.0/0.0 0.0/0.0
RCLRG 4.6/9.7 | 2.5/35.8 | 0.6/197.1 0.1/1971.0 0.0/0.0 0.0/0.0 0.0/0.0
RNJ 9.2/6.9 11.5/9.4 16.4/14.1 18.7/16.6 31.1/35.0 | 31.4/50.9 33.7/74.5
RG 9.2/9.0 9.8/9.6 8.0/7.8 8.1/8.0 9.0/9.0 7.8/7.4 5.9/6.1
SNJ 0.0/0.0 0.0/0.0 0.0/0.0 0.2/0.1 0.5/0.3 4.4/3.0 3.5/3.0
CLRG 3.3/24 3.4/2.5 3.3/2.4 3.5/2.5 3.0/2.2 6.0/4.5 8.0/17.5
NJ 1.7/1.2 1.9/1.3 2.0/1.4 2.0/1.4 2.1/1.5 3.9/2.8 6.1/4.8

Table 3: The standard deviations and standard deviations divided by the means of the Robinson-Foulds
distances for different algorithms

HMM corruptions (Fig. [2[c))

o/(oc/AVG) x 100 # Samples
500 1000 1500 2000 5000 10000 20000
Algorithm
RRG 4.0/4.5 5.3/5.8 3.8/4.5 3.3/4.0 3.4/4.6 7.5/10.9 21.1/49.6
RSNJ 5.9/6.0 3.5/6.4 3.4/9.7 3.6/35.2 0.0/0.0 0.0/0.0 0.0/0.0
RCLRG 13.1/17.4 | 4.9/14.1 3.4/29.1 1.6/54.6 0.0/0.0 0.0/0.0 0.0/0.0
RNJ 6.7/4.5 11.3/8.9 12.7/10.5 19.2/16.7 29.3/30.7 38.0/48.7 32.3/65.4
RG 9.3/9.1 8.4/8.3 8.7/8.5 8.6/8.3 9.0/8.8 8.6/8.2 5.5/5.7
SNJ 0.3/0.2 0.4/0.3 0.4/0.3 0.5/0.3 2.0/1.2 4.8/3.4 3.9/3.2
CLRG 3.4/2.5 3.3/2.4 3.2/2.3 3.1/2.3 3.5/2.6 15.0/12.7 8.2/13.7
NJ 1.8/1.3 1.6/1.2 2.0/1.4 1.9/1.3 2.8/2.0 4.5/3.3 5.7/4.4

Table 4: The standard deviations and standard deviations divided by the means of the Robinson-Foulds
distances for different algorithms

We note that most of the standard deviations (relative to the means) are reasonably small. However,
some entries in Tables appear to be rather large, for example 0.5/229.1. The reason is that the
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mean value of the errors are already quite small in these cases, so any deviation from the small means
result in large standard deviations. This, however, seems unavoidable.

L.2 More simulation results complementing those in Section 3.6]
In the following more extensive simulations, we consider eight corruption patterns:

¢ Uniform corruptions: Uniform corruptions are independent additive noises in [—2A4, 2A]
and distributed randomly in the data matrix X7'.

» Constant magnitude corruptions: Constant magnitude corruptions are independent additive
noises but taking values in {—A, +A} with probability 0.5 and distributed randomly in X7.

* Gaussian corruptions: Gaussian corruptions are independent additive Gaussian noises
N (0, A%) and distributed randomly in X7

* HMM corruptions: HMM corruptions are generated by a HMM which shares the same
structure as the original HMM but has different parameters. They replace the entries in X7
with the samples generated by the variables in the same positions.

* Double binary corruptions: Double binary corruptions are generated by a double binary
tree-structured graphical model which shares the same structure as the original double binary
graphical model but has different parameters. They replace the entries in X} with the
samples generated by the variables in the same positions.

* Gaussian outliers: Gaussian outliers are outliers that are generated by independent Gaussian
random variables distributed as N (0, A?).

* HMM outliers: HMM outliers are outliers that are generated by a HMM that shares the
same structure as the original HMM but has different parameters.

* Double binary outliers: Double binary outliers are outliers that are generated by a double
binary tree-structured graphical model which shares the same structure as the original HMM
but has different parameters.

In all our experiments, the parameter A is set to 60 and the number of corruptions n; is set to 100.

Samples are generated from two graphical models: HMM (Fig.[5[b)) and double binary tree (Fig.[5{(a)).
The dimensions of the random vectors at each node are /,,,, = 3. The Robinson-Foulds distance [21]]
between the nominal tree and the estimate and the error rate (zero-one loss) are adopted to measure
the performance of learning algorithms. These are computed based on 100 independent trials. We use
the code for RG and CLRG provided by Choi et al. [4]. All our experiments are run on an Intel(R)
Xeon(R) CPU E5-2697 v4 @ 2.30 GHz.

L.2.1 HMM

Just as in the experiments in Choi et al. [4], the diameter of the HMM (Fig. [5(b)) is chosen to
be Diam(T) = 80. The matrices (A, X,, 3,,) are chosen so that the condition in Proposition [14]
are satisfied with o« = 1, and we set A commutable with X,. The information distances between
neighboring nodes are chosen to be the same value 0.24, which implies that p.,;,, = 0.24 and
Pmax = 0.24 - Diam(T) = 19.2.
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Figure 14: Performances of robustified and original learning algorithms with uniform corruptions

Figure 15: Performances of robustified and original learning algorithms with HMM corruptions
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Figure 20: Performances of robustified and original learning algorithms with double binary outliers

These figures show that for the HMM, RCLRG performs best among all these algorithms. The
reason is that the Chow-Liu initialization greatly reduces the effective depth of the original tree,
which mitigates the error propagation. These simulation results also corroborate the effectiveness
of the truncated inner product in combating any form of corruptions. We observe that the errors of
robustified algorithms are significantly less that those of original algorithms.

Table [T]shows that for the HMM, RCLRG and RNJ both have optimal dependence on the diameter of
the tree. In fact, by changing the parameters puin and pmax, we find that RNJ can sometimes perform
better than RCLRG when py,i,, and py,ax are both very small. In the experiments shown above, the
parameters favor RCLRG.

Finally, it is also instructive to observe the effect of the different corruption patterns. By comparing
the simulation results of HMM (resp. Gaussian and double binary) corruptions and HMM (resp.
Gaussian and double binary) outliers, we can see that the algorithms perform worse in the presence
of HMM (resp. Gaussian and double binary) corruptions. Since the truncated inner product truncates
the samples with large absolute values, if corruptions appear in the same positions for all the samples,
i.e., they appear as outliers, it is easier for the truncated inner product to identify these outliers and
truncate them, resulting in higher quality estimates.

L.2.2 Double binary tree

The diameter of the double binary tree (Fig.|5(a)) is Diam(T) = 11. The matrices (A, X,, X,)) are
chosen so that the condition in Proposition [14]are satisfied with o« = 1, and we set A commutable
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with 3,. The information distance between neighboring nodes is 1, which implies that p,,;, = 1 and
Pmax = Diam(T) = 11.
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Figure 28: Performances of robustified and original learning algorithms with double binary outliers

These figures reinforce that the robustification procedure is highly effective in combating the corrup-
tions. Furtheremore, we observe that RNJ performs the best among all these algorithms for the double
binary tree. However, the simulation results in Jaffe et al. [6] shows that SNJ performs better than NJ.
This does not contradict our observations here. The reason lies on the choice of the parameters of
the model pp,i, and ppax. In the simulations of [6]], the parameter § (defined in therein) is set to 0.9,
but in our simulation, the equivalent parameter e ~2Pmax/Piam(T) j5 () 1. The exponential dependence
on pmax of RSNJ listed in Table[T]explains the difference between simulation results in [6] and our
simulation results.

M Proofs of results in Section 4]

To derive the impossibility results, we will apply Fano’s inequality on two special families of
graphical models, each contained in 7 (|Vobs|, Pmaxs lmax)- Each graphical model in the families is
parameterized by a quartet (A, X, 3, ). This quartet defines the Gaussian graphical model as
follows. We choose a node in the tree as the root node x,, and define the parent node and set of
children nodes (in the rooted tree) of any node z; as pa(¢) and C(z;) respectively. The depth of a
node z; (with respect to the root node x,) is dr(z;, z,). We specify the model in which

X; = AXpyy + 1 forall z; €V (M.1)
where A € RlmaxXImax is non-singular, n; ~ A (0, a97(*::#:)=133 ) and n,’s are mutually indepen-

dent. Since the root node has no parent, it is natural to set x,,;) = 0 and n, ~ N(0,%)). It is easy
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to verify that the model specified by (M.I)) and this initial condition is an undirected GGM. Then the
covariance matrix of the random vector x; is qd7(%i:#:) 33

Proposition 14. If n;’s for the variables at depth | are distributed as N'(0, o!~'%,)), and
ASAT+3, =a%, (M.2)
where o > 0 is a constant, then the covariance matrix of the variable at depth | is o' %,

We term (M.2) as the (A, X, 33, )-homogenous condition, which guarantees that covariance matrices
of the random vectors in the tree are same up to a scale factor.

Proof of Proposition The statement in Proposition [T4]is equivalent to

l
A (ANT +> o TATTE (AT T =o' 3, (M.3)
i=1
We prove (M.3) by induction.
When [ = 1, the homogenous condition guarantees that A AT+ 3, =aX,.
If (M.3) holds forl =1,...,n,thenforl =n + 1
n+1

An+12r(An+1)T + Z aiflAnJrlfiEn(AnJrlfi)T

i=1

n+1
— A(A”Er(A")T + Z ai—lAn—izn(An—i)T)AT (M.4)
i=1
=A"E, +a"ATIZ, AT AT (M.5)
=a"(AX AT + X)) (M.6)
=a"ty, M.7)
as desired. O

Proposition 15. The undirected graphical model specified by (M.1)) and the initial condition X, () =
0, n, ~ N(0,%,) is GGM.

Proof of Proposition To prove that the specified model is a GGM, we need to prove that the joint
distribution of all variables is Gaussian and that the conditional independence relationship induced by
the edges is achieved.

According to (M) and the initial condition, it is easy to see that any linear combination of variables
is the linear combination of independent Gaussian variables, which is Gaussian. Thus, the joint
distribution of all variables is indeed Gaussian.

To show that the conditional independence is guaranteed, we show that
A L B | S for any S separates A and B. M.8)

where S, A and B are all sets of nodes, and S separates A and B means that any path connected
nodes in A and B goes through a node in S.

Without loss of generality, we consider the case where S, A and B consist of a single node for
conciseness of the proof. The case where these sets consist of multiple nodes can be easily proved by
generalizing the proof we show here.
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Figure 29: Illustration of the relationship among x,,, x,,, and .

We first consider the case where z,, and z,,, belong to different branches, as shown in Fig. [29] and
the depths of x,, and x,,, are n and m, respectively. The separator node =4 can be anywhere along the
path connecting x,, and x,,. Without loss of generality, we assume it sits in the same branch as z,,,
and its depth is s, where s < n. Then we have

Elx,x,] = A"S(A")" + Y A"E; (AT (M.9)
=1
E[xpmx,)] = A"S(A™) T + > A™si(A™)T (M.10)
1=1
t . .
Elx;x,] = A'S(A") "+ AT (AT, (M.11)
i=1

where ¥, and X/ are the covariance matrices of the independent noises in each branch.

Then we calculate the distribution of conditional distribution

[,’fﬂ | x¢ ~ N (ji, 2), (M.12)
where
- Z~:11 212:|
= | = - . M.13
{221 S M.13)
‘We have

t
212 = ‘A”EY@A"L)—r _ (Anzr(At)T + ZAnfiEiA(t,i)T)
=1

t
. . -1
X (AtEr(At)T +3 At_lEZ-A(t‘”T) A'S (A™T =0. (M.14)
=1

Thus, the conditional independence of x,, and x,, given z is proved.

When z,, and x,, are on the same branch, a similar calculation can be performed to prove the
conditional independence property. O

Proposition 16. For a tree graph T = (V, E) where V = {1, %2, . .., xp } and any symmetric matrix
A € R¥? ywhose absolute values of all the eigenvalues are less than 1, the determinant of the matrix
D(T, A), which is defined below, is [ det(I — AQ)]]%1

Adr(@i,z1)  Adr(ziz) ... Adr(zi,p)

B Adr(@z,z1)  Adr(z2z2) ... Adr(z2,p)

D(T,A) = . : , . ; (M.15)
AdT(.zpvfl) AdT(.zpv$2) e AdT(;Epvzp)

40



Proof of Proposition [I6] Since the underlying structure is a tree, we can always find a leaf and its
neighbor. Without loss of generality, we assume z,, is a leaf and x,,_; is x,,’s neighbor, otherwise we

can exchange the rows and columns of D(T, A) to satisfy this assumption. Then we have
dr(zp—1,2p) =1 and dp(zp,z;) =dr(zp—1,2;) +1 forall i€ [p—2]. (M.16)

Thus, we have

AO Ad'ﬂ'(ml,l’z) - AdT(wth,l) Ad'ﬂ'(aj17$p—1)+1
Adr(z2,71) A0 coo Adr(z2apo1)  Adr(@2@p-1)+1
D(T,A) = : : r : :
Adr(@p-1,21) Adr(@p—1,22) .. A0 Al
Adr(@p—1,71)+1  Adr(zp_1,22)+1 || Al A°
(M.17)
Subtracting A times the penultimate row of D(T, A) from the last row of D(T, A), we have
A0 Adr(@i,z2) 0 Adr(znzpo) Adr(ziep-a)+l
Adﬂr(ffz’l’l) A© L Ad'ﬂ'(m27xp71) AdT(z27zp71)+1
: : . : : (M.18)
Adr(@p—1,21)  Adr(zp-1,22) ., A° Al
0 0 e 0 A0 — A?
Applying the similar column transformation, we have
A0 Adr(zi,z2) e Adr(zimpo1) 0
Adr(z2,21) A° oo Adr(map-i) 0
: : . : : (M.19)
Adr(@p—1,21)  Adr(zp-1,22) ., A0 0
0 0 e 0 A" — A2
By repeating these row and column transformations, we will acquire
diag(L,LT— A%,... . I— A?), (M.20)
which has the same determinant as D(T, A). Thus, det(D(T, A)) = [det(I — Az)]pfl. O

The proof of Theorem [5] follows from the following non-asymptotic result.

Theorem 10. Consider the class of graphs T (|Vobs|s Pmax; lmax ), Where [Vobs| > 3. If the number
of i.i.d. samples n is upper bounded as follows,

2(1 — (5)(log31/3 [logs (| Vobs|)) — 1) - ﬁ (1-9)/5- @ } (M.21)

—_ Pmax ’ _
—lmax lOg (1 —e uogguvobswmx) —lmax log (1 — € 3lmax )

n<max{

then for any graph decoder ¢ : R™"Vobsllmax T (|Vobs|s Pmax: lmax)
max P X7 T) > 6. M.22
omer o) (A(X7) #T) = (M.22)

Proof of Theorem [5] To prove Theorem 5| we simply implement the Taylor expansion log(1 + z) =
Zzozl(—l)k“%k on (M:ZT)) in Theorem (10| taking pmax — 00 and |[Vops| — 00. O

It remains to prove Theorem [10]

Proof of Theorem [I0] To prove this non-asymptotic converse bound, we consider M models in

T (|Vobs|, Pmax, lmax)» Whose parameters are enumerated as {61, 0 ... §(*)1 We choose a
model K = k uniformly in {1,..., M} and generate n i.i.d. samples X} from Py). A latent tree
learning algorithm is a decoder ¢ : R™Vovslbmax — £1 . M},

Two families are built to derive the converse bound. We separately describe the families of M
graphical models we consider here.
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Graphical model family A We specify the structure of trees as full-m trees, except the top layer,
as shown in Fig.[30] All the observed nodes are leaves. The parameters of each tree are set to satisfy
the conditions in Proposition[T4] Additionally, we set « = 1 in the homogeneous condition

and set A to be a symmetric matrix that commutes with 3,.. We set m = 3 and L = [logs(|Vobs|)],
then the number of residual nodes is 7 = |Vops| — 3L All these residual nodes are connected to one
of parents of the observed nodes.

(a) The full 3-tree. All the observed nodes are leaves, and residual nodes are connected to one of parents
of the observed nodes.

—_——

M
(b) The full tree with depth k, where all the internal nodes have three children except the root node.

Figure 30: The family A of graphical models considered in the impossibility result.

To derive the converse result, we use the Fano’s method. Namely, Fano’s method says that if the
sample size

(1—=96)log M
- M.2
Xy K) (M.23)
then for any decoder
n 1
pmex, Foo [p(XT) # k] > 60— log M (M.24)

We first evaluate the cardinality of this family of graphical models. We first count the number of
graphical models with depth 1 < k£ < L in Fig. For a specific order of labels (e.g., 1,2, ... ,mb),
exchanging the labels in a family does not change the topology of the tree. For instance, exchanging
the position of node 1 and node m, we obtain an identical tree. By changing the orders in the last
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layer, it is obvious that there are (m!)mL_1 different orders representing the same structure. For the

penultimate layer, there are (m!)mh2 different orders represent an identical structure. Thus, for a
specific graphical model with depth k, there are

L_k+1 i mL —mL—Fk+1
(mE=k+)1 H (m))™ = (mI=F ) (m) " mer— (M.25)
i=L—1

graphical models with the same distribution.

Then the number of different structures of graphical models with depth k can be calculated as

mP)!
( )mL_mL—k+1 : (M.26)
(mL=F+D(m!) "=t
The total number of different graphical models in the family we consider is
L)|
M = Z - (M.27)
e 1 mL k+1)|(ml)T
Using Stirling’s formula, we have the following simplification of M:
L L
)m +1/2 —m 1
M Z Z mL k+1 mL k+1+1/2 —mbL—k+1 (6 (m— 1)mm+1/2)(mL—mL kE+1)/(m—1) (M28)
_ Z Vv 27TmLmL —(L—k+1)mE = (k=1)/2— (m+1/2)(mE —mE=F+1) /(m—1) (M.29)
e

V21 (L—(m+1/2)/(m—1))m* = —(L—k+1—(m+1/2)/(m—1))mE k14 (k—1)/2
m > m (M.30)

e
k=1
SV 27Tm(L—(m+1/2)/(m—1))mL m3m/(2m—2)+(L—1)/2 (M31)
e
and
V2 m+ L 3 L-1
log M > log (—ﬂ-) +mL(L— 2)logm—i— ( mn —|—7) logm (M.32)
e m—1 2m — 2 2
Thus,
log M 1 V21 mb m+ 3 1 3m L-1
> lo < )—l— ( —72)10 m + ( + )1om
|Vobs| |Vobs‘ & |Vobs| -1 & |V0bs| 2m — 2 2 &
(M.33)
1 1 1 V2
Ogm(L—m+2)+ 1og( ”) (M.34)
m m—1 [Vobs|
a) |
@ log3, (M.35)

where inequality (a) is derived by substituting m = 3.

Next we calculate an upper bound of 1(X;; K). Since Py, = N (0, Xops(Tx)), where Zops is the
covariance matrix of observed variables, we have [26]]

I(X1; K) < Ep, [D(Pr, |Q)], (M.36)

for any distribution Q. By choosing Q@ = N (0,1, v, | xlmax[Vors|)» WE have

D(Pr,||Q) ;{ log (det (@Obs('ﬂ‘k))) + trace(Sops(Tx)) — lmaX|VObs|} (M.37)

;{ —log (det (Sobs(Th ))) + trace (Sobs(Tk)) — zmax|vobs|} (M.38)
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Since we consider models that satisfy the conditions in Proposition[T4] the covariance matrix of any
two variables is

Elxx] ]| = S A%0m), (M.39)
The covariance matrix 3(T},) for all the observed variables and latent variables Vops U Vpiq is
[ 3, Ade(zie1) . ¥, A @y, ) >, Adr(@iy) . ErAdT(zl’ylvhid\)
ZrAdT(Elv"bs"ml) e ZrAdT(CE'vobs"x‘vobS') ErAdT(I\Vobs|’y1) . EI.AdT(x‘VobstWhidl)
3, Adr(yr.en) .. ErAdT(yl’w\vobs‘) >, Adr(wiy1) . ErAdT(yl’yWhid\)
_ErAdT(yWh‘d‘ o) ErAdT(y\Vhid\ TNV opel) ErAdT(y\Vhid\vyl) . ErAdT(y\vhid\W\vhid\)_
V B
= (I|V\><|V\ ® Er) {BT H] (M.40)
= (Iwwxw\ ®2r)D(Tk»A) (M.41)

where A ® B is the Kronecker product of matrices A and B. Letting 3. = I, it is obvious that
D(T, A) is a positive definite matrix. Furthermore, H — BTV-!Bis positive semi-definite matrix,
since it is the inverse of the principal minor of D~!. Thus we have

det (D(Tk, A)) = det(V)det (H—-B'V™'B) (M.42)

(a) al—

< det(V) det (H) 2 det(V) [ det(T — A2)] I~ (M.43)
where inequality (a) is derived from Minkowski determinant theorem [27], and (b) comes from the
fact that all the latent variables themselves form a tree. Also, we have that
[Vhial+[Vobs|—1

det (D(Tx, A)) = [det(I— A?)] (M.44)
Thus, we have
det(V) > [det(I— A?)] [Vons! (M.45)
which implies that
log ( det (Sous(Tx) ) > log ((det(5,) ™' [det(r — a%)] ") (M.46)
= [Vobs| log (det(Er) det(I — AQ)). (M.47)

The mutual information can thus be upper bounded as
1
I(Xy; K) < o [Vors|(— log (det(T — A?)) + trace(3,) — log (det(Ey)) = lmax)  (M.48)

Combining inequalities (M.28)) and (M.48)), we can deduce that the any decoder will construct the
wrong tree with probability at least § if

2(1 - 0)(log3'/3L — 1)

< M.49
nez log (det(I — A?)) + trace(X;) — log (det(2:)) — lmnax ( )
By choosing ¥, = T and letting the eigenvalues of A are all the same, we have
2L
Pmax =~ log (det(AZ)) = —2lmaxLlog (A(A)) (M.50)
and
trace(3X;) — log (det(Er)) — lmax = 0. M.51)
Furthermore, we have
log (det(I — A?)) = Lpax 1og (1 = A(A)?) = Lnax log (1 — ™ Lhik). (M.52)
By choosing ' = § + m, we have that the condition
2(1—¢6")(log3/3L — 1) — 52
n < ( ) [Vobs| (M.53)

—Imax log (1 — e thix )
guarantees that

max P xXn T) > ¢ M.54
O(T)ET ([ Vobs | »pmas-lmas) o ($XT) #T) 2 (M5
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Figure 31: The family B of graphical models considered in the impossibility result.

Graphical model family B We consider the family of graphical models with double-star substruc-
tures, as shown in Fig. [31] Then the number of graphical models M in this family is lower bounded
as

Mo 1< [Vobs| ) V27 [Vops | Versl+1/2e= Vous|
2\ [|[Vos|/2] 2(enn+1/2e=n) (e(|Vobs| — n)Vorsl=n+1/2¢=(Vore|—n))
Vor [Vobs |[Vors+1/2

T 262 R ([Vops| — ) Ve 172 (M.55)

when n = [|Vops|/2]. Since n > |Vobs| — 1, we further have

R 7 (IVolos|)“’°‘”‘+1 (M.56)
262 n ! Vobs | +1 o 264‘Vobs| n .

and
log(M) |Vobs| +1 |Vobs| 1 ™
> 1 + lo —_— (M.57)
|Vobs| |vobs| ( Hvobs|/2—‘ ) |Vobs| & ( 264|Vobs|)
[Vobs| + 1 1 T 1
—2 " log?2 1 — ) > = M.58
|Vobs| 082t |Vobs| o8 ( 2e4|Vobs|) 10 ( )

By choosing ¥, = T and letting all the eigenvalues of A to be the same, we have

3
Pmax = =5 log (det(A?)) = —3lyax log (A(A)) (M.59)
and
trace(3;) — log (det(Er)) — lmax = 0. (M.60)
Furthermore, we have
log (det(T — A?)) = Ly 10g (1 — A(A)2) = yyax log (1 — ¢~ 3 ). (M.61)
By choosing ' = § + m, we have that the condition
(1-0"/5- =2
n< Worel (M.62)
—lmax log (1 — € 3lmax )
guarantees that
max P X T) > ¢ M.63
AT T (T sty LD PXD) 2 T) 2 (M63)
as desired. O
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