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Appendix

Overview of Appendices: Appendix |A| contains proofs for the lemmata and theorems that
appear in Section Appendix [Bfclarifies the benefits of the sampling method (equal-size stratified
sampling) described in Section[3.4] Appendix [C|contains more details on the experiments in this
paper. Appendix [D]compares KCal with a simpler variant, namely KCal-Linear, which uses a linear
layer as the IT. Appendix [F]explores the effect of d, the projected dimension, on the performance and
computational overhead. Finally, Appendix [G|compares the cross-validation-selected bandwidth vs
the analytically computed bandwidth, which shows that it is possible to avoid most of the bandwidth
selection steps if we use KCal in an online manner.

A DETAILED ASSUMPTIONS AND PROOFS

A.1 ASSUMPTIONS AND DEFINITIONS

Denote Z; := II(f(X;)) fori € [N + 1]. We assume {Z;}"" are i.i.d. Since fixing IT and f using
Sirain, all data will now live in Z := TI(f(X')). We are just performing a standard (multivariate)
kernel density estimation with only one parameter b on the calibration set. We will use § and g to

denote the estimation and density in Z, instead of the more cumbersome f]‘[of_’ % and friof k.
Like in/Chacén & Duong|(2018), we make the following standard assumptions for g (Z):

* (For any k) gy, is square integrable and twice differentiable, with all second order partials bounded,
continuous and square integrable.

The base “mother kernel” function should satisfy the following (true for the RBF kernel):

* ¢ is spherical symmetric and has a finite second moment. Formally, this means f]Rd zo(x)dx =0
and Vi € [d], [pu zizjd(x)dr = pg ¢1{i = j} where uz 4 is a fixed finite constant.

In the proof for Lemma [3.1)and Lemma [3.2] for simplicity, we ignore the subscript 5, and write g
instead of g, where there is no confusion.
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A.2 PROOF OF LEMMA [3.1]

Rewriting Eq. (7), we want to show ||G(z) — g(z)||> converges to 0 in probability with an admissible
b(m), as m — oo. We first derive the expression of the bias and variance of g. For the bias, we have:

E[g<z>1—g<z>=b{l1a[¢<z‘bz) ~ g(2) (12
-5 ¢<Z ;Z)g<z'>dz’—g<z> (13)
/¢ 9(z + bu)du — g(z) (14)
— / 5(w)(9(2) + b(Dy (2)) T + S8 Hy(zu + of[[a]?) ) du — g(z)
(15)
= / ¢<U>1b2uTH (z)udu + o(||bul|*) (16)
_ /¢( bzzuzuj g5 (Z)du + o(b?) (17)
= ZHg,z‘,i(Z)M@I% +o(b%) (18)
b2
= S H2,ptr(Hy(2)) + o(b?) (19)
= [E[§(2)] — g(z)| < Cyb” (20)

for some constant Cy 5.

For the variance,

Var(g(z) Var( 5 Z¢< )) = ml1)2dVar<¢<Z_bZ>> 21

< rr”Llly”lEqu(_ ) = m})m / as?(z‘bzl)g(z’)dz’ @2

- / 62 (w)g(z + bu)d (23)
_ W/(b u) (g(z) + b( Dg(z))Tu+0(||bu||1))du (24)
= mbd /(b (z)du + of 1bd) (25)
:mbdg / 62 (w)du + of 1bd> Cin 1b. (26)

for some constant Cy ,,.

As aresult, for any z € Z, we have the MSE as:

Ellg(z) — 9(2)|] = Elllg(z) — E[3(2)] + E[j(z)] — 9(=)||’] (27
= E[llg(z) — E[§(2)][I*] + E[IE[§(2)] — g(z)|*] (28)
= Var(§(z)) + (E[§(2)] — g(2))* (29)
variance bias?
< CW,% + Cy pb*. (30)
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This means the MSE goes to 0 as long as b%m — oo and b — 0. As m — oo, we have
limy,, o0 B[||§(2) — g(2)[|’] = 0.

Now, note that §(z) = - Y-, V; where V; = L 6(275). By Bernstein’s inequality, we have

(me2)/2

P{|j(z) — E[§(z)]| > e} < 2e mCont TFRmes@rT < o Bmbe (31)

for some constant B as long as € is smaller than a constant (say 1). With triangular inequality, we
have

P{|3(z) - 9(2)| > €+ Cy1b*} < P{|g(2) — E[(2)]| > e} < e " (32)

which gives us the conclusion as the RHS goes to 0 as m — oo.

A.3 PROOF OF LEMMA [3.2]

Lemma says that b = @(mfﬁ) is the optimal shrinkage rate to minimize E[||§(z) — g(z)]|?].

Following Eq. 1| by letting C¢7bﬁ = Cy ,b*, we getb = @(mfﬁ). We can also derive this
formula by taking the derivative of Eq. (30) with respect to b and setting it to 0, which gives us
(asymptotically):

,d0¢7b bf(

T 440, b =0 = b* = C'm~ T (33)
m

for some constant C’. The optimal MSE is thus O(mfﬁ ).

A.4 PROOF OF THEOREM [3.3]

Denote m := ming{my}. Vk € [K], Bernstein’s inequalityﬂ gives us:

2
Ne?

P|ix — | > @1} < 2 mintda < emPeNe (35)

where v, = ming{m (1 — 7)} and some constant By (we find the smallest such constant among
all classes), as long as ¢; is smaller than a constant (e.g. 1).

From Eq. with b = C’md%, and let € = matt for A € (0,2), we have, for some constants
Cl, Bll

4—2)

P{lg(z) — g(z)| > Clm%ﬁ} < e~ Bim T G6)

4—2X 4—2)\

Define 6, := e B g BaNel < o=Bim T | o=BaNel Wit probability > 1 — 3, 64
(union bound), for all &:

9% (2) 7k — gr(2)mk| < |G (2) 7k — gr(2) 7| + g1 (2) Tk — gr(2) 7| (37

< Cymg ™ + gr(z)er. (38)

®0ne could apply Bennett’s inequality to get:

_N-Tk_p(fL N1k 3
P{lfr —me| Z e} < e NEm ) e VRS R

(34)

and repeat the following proof for a slightly tigher bound. However, the notation is much more complicated.
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Denote ¢g*(z) = maxy gx(2z), 9 (z) = miny gr(z), and §(z) = >, gi(2z)m;. Denote € o =
—x

C’lm,jl“ , BEq.[38|means:

pe(z) = @) _on(2)mr — ek — gr(2)er 39)
Do Gr(2) Tk~ G(2) + g len 2 + gr (2)en]
9 (2)Tk — €x2 — gr(z)e1 1
= — (40)
VA Dok [6k/72+gk/(z)51]
9(z) 1+ )
> gr(2) 7k ~ k2~ gr(z)e1 (1- D [Gk’,3+ gk (Z)Gl]) @1
9(2) 9(z)
> pu(z) — 2 ‘tgk(z)ﬁl Y [61«,3-# gr (z)e1] 42)
9(z) 9(2)
Similarly,
R gk (2)mr + €x2 + gr(z)er 1
pk(z> = ?(Z) 1— Do len 2t gr (2)en] (43)
9(2)
€k,2 + gr(z)er 2wler 2 + g (2)ed]
< (pr(z) + ——— 142 = (44)
(Pk(2) 5(2) )( ) )
< pu(z) + €k,2 tgk(z)ﬁ 32w [ek’f + g (2)ed] (45)
9(z) 9(2)
We can proceed from Eq to (44{ and from 44| to 45| when W < 0.5, which is
achievable for a large m (the smallest my, thus N) given any z as long as g(z) > 0. .
4-2
With Eq.and , with probability > 1 — K (e~ Bim ™ 4 ¢=B2Nei).
) 3K + 1)(ex o+ gt (z)e
|pk(z)_pk(z)|§ ( )(lﬁ? g ( ) 1) (46)
9(z)
(3K +1)(Cym T + gt (z)e1)
= g (47)
9(z)
- 4-2X
If we let ¢; = ©(m@F1) and merge the constants, we have, with probability > 1 — Ke~ 5™ “**
(note that N > Km):
[pr(2) — P(2)] < (BK +1)Cmies (48)
— |p(z) - P(2))1 < KBK + 1)Cmvs (49)

with some constant C' and B that depends on {gx(2) } xe[x]-

A.5 PROOF OF THEOREM [3.4]

If we assume gj, is a-Holder continuous for all £ then by Theorem 2 in Jiang| (2017), there exists
positive constant C” independent of b and m, such that the following holds with probability > 1 — m%c

X o log my,
sup |gi () — gi(a)| < €' (b* + /205 ). (50)

Furthermore, we assume that all the densities are bounded from below (see, for example, Section 3
in|Gadat et al.| (2016)). Denote U := maxy, sup, gx(z) and L := miny, inf, gx(z).

We could replace ¢, 2 in the previous section with e, o = C1(b* + 4/ %) Following similar steps
leading towards Eq. and Eq.|45| we have, with probability > 1 — K (L + e~ B2Ne) for any z:
(BK +1)(ex2 + 9" (2)er)

1P (z) — pr(z)| < @) (51)

(cl(ba +

< (BK +1)
- L

)+ Uel) (52)
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Note that we still need Zwlew ot (2] < 0.5, which is satisfied as N increases because gy (z) >=

9
L. Now, we let b = O((1%8m)7523), and ¢ = O((1%8™)75a ), we have with probability >
_d _2a _d
1— K(m™ 14 e Bmafa(ogm)@2ay — 1 _ g(m~1 4~ B Tisam It ):
R logm . _a
[pi(2) — pr(2)] < BK + )O(=2) 7. (53)

d
B-22 _mpdt2a

Finally, with probability > 1 — K (m ™! +m~ " a+z ), for any q in AK—1:

logm o

sup |P{Y =k[p(z) =q} —qx| = sup |px(z) — pr(z)] < sup Ipk(z) — Pr(z)| < (BK +1)C(

z:p(z)=q 2:p(z)=q m
(54)

B THEORETICAL ANALYSIS OF EQUAL-SIZED STRATIFIED SAMPLING IN
TRAINING

We adopted equal-sized stratified sampling to facilitate efficient training. Here we provide some
theoretical justification of this choice.

After fixing a xy whose label y, is the prediction target, the problem is essentially estimating

% for all k, where py. denotes the frequency of class k in the populatiorﬂ and py, denotes

E[¢(X,z0)|Y = k]. Note that we know py, but not py, since py, is fixed for our training set, but
wr depends on xg and IT, which is what we are training. Suppose we can afford to use M samples
in total to make the prediction, the question is: How do we distribute these M samples to different
classes?

What sampling method to use will depend on many factors, although a stratified sampling strategy
tends to be more efficient in sample size. The sampling method we use (sample the same number
of samples for each class k) intuitively will improve the estimation quality of the rarer class. Here,
we will elaborate why we chose this sampling method, the assumptions behind it, and why it helps
training.

Denoting Sy, = ugpr and S_g = Zk,# Lk Pr’» We can apply Taylor expansion to get an approxi-
mation of the varianceft

Sk 1 E[Sk]
~ — e _
Var(ka + Sk) E[S_ + Sk]? Var(S) E[S_ + S]? Cov(Si, i + 5i) 43
E[Sk)?
+ B[S« + SMLLV(M“(SL;C + Sk) (56)
If we perform stratified sampling of any kind, then Cov (S, S—x) = 0, and Eq. becomes:
Sk 1 E[Sk]
~ -2
Var( S+ Sk) DAL Var(Sk) B[S .+ Sk]3vaT(Sk) (57)
M[Var(S ) + Var(Sy)] (58)
E[S_k + Sk]4 -k k
2
_ _ B[S E[S_+]
= B, 577\ | B5)] Var(Sk) + Var(S—x) (39)

To further analyze Eq. (59) and gain more intuition, we make the following assumptions:

* For any k" # yo, px has the same value denoted as f1_,, (and is smaller than 1, ). Intuitively, this
is like considering a one-vs-rest classification problem, and we are just saying data from the same
class will look more similar according to our kernel.

"In our case, this population is the large training set.
8Such a derivation could be found in https://www.stat.cmu.edu/~hseltman/files/ratio,
pdf
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* The standard deviation for a single observation is directly proportional to the mean. Namely, for all
\/Var (X, z0)|lY =k)
Elp(X, x0)[Y = K]

= r for a fixed number 7.

If we assign my, samples to estimate y, then we have Var(S;) = r [Si‘k] and Var(S_) =

7‘2%, where M = Zk, 1 Mg (M > my, when K is large). This transforms Eq. into:

Sk - E[Sk}Q]E[S_k]Q of 1 1 _ 1 1
VaT’(Sk + Sk) - E[ka + Sk}4 " mg + M — my, =c + M — (60)

where C'is a constant that does not depend on my.

Without prior information, it is natural to assume C' is class-independent (or at least relatively constant
across classes). Now, if our goal is to minimize the average variance, by Cauchy-Schwarts inequality
we have:

K
1 K?
- >
ST @
k=1
K
1 K2
> 62
’;Mfmk_(Kfl)M (62)

The equality in both cases is achieved if and only if my = M for all k. This means, to minimize the

1

average variance Z jet1 G m), we need to choose my, to be the same for all class .

It is worth noting that the discussion above is about training (and how to get better estimation therein).
This is not referring to errors of the final IT. Given enough time, different ways to sample data lead
to similar performance.
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C ADDITIONAL EXPERIMENTAL DETAILS

C.1 DATASETS

This section provides more detail on the healthcare datasets, which might be less familiar to readers.

IIIC (Jing et al., 2021} [Ge et al [2021) is an electroencephalography (EEG) dataset from the
Massachusetts General Hospital EEG Archive. It is collected for the purpose of automated ictal-
interictal-injury-continuum (IIIC) detection/monitoring. IIIC patterns include seizure and seizure-like
patterns designated Lateralized Periodic Discharges (LPDs), Generalized Periodic Discharges (GPDs),
Lateralized Rhythmic Delta Activity (LRDA), and Generalized Rhythmic Delta Activity (GRDA)(Ge
et al., [2021). The training data has been enriched with “label spreading” (Ge et al., [2021), whereas the
test (and calibration) data consists of only labels from medical experts. To improve stability (because
IIIC labeling is a challenging task for even experts), any sample with less than 3 labels are dropped.
The majority label is then used as the truth for the test and calibration ses. For more details on how
the data was collected and labeled, please refer toJing et al.|(2021); Ge et al.[(2021)).

ISRUC (Khalighi et al.,[2016) is a public polysomnographic (PSG) dataset for the sleep staging task.
It has three groups of data, with the first group having the most data and most widely used. The
(group 1) dataset contains 100 subjects with one recording session per subject. Every 30 second of
the recording is considered an “epoch” and is rated independently by two human experts. We use the
label from the first expert as the gold label. The five classes of ISRUC correspond to five different
stages of sleep, including Rapid Eye Movement (REM), Non-REM Stage 1 (N1), Non-REM Stage
2 (N2), Non-REM Stage 3 (N3), and Wake (Wake). For more details, please refer to|Khalighi et al.
(2016).

PhysioNet Callenge 2017 (PN2017) (Clifford et al.,[2017} |Goldberger et al.,[2000) is a public (upon
request) electrocardiogram (ECG) dataset for ECG rhythm classification. The ECG recordings are
sampled at 300Hz. The original dataset contains four classes: Normal sinus rhythm (N), Atrial
Fibrillation (AF), Other cardiac rhythms (O) and Noise segment. Among these patterns, AF is an
abnormal heart rhythm, and is the “important class”. We used the same processing method as|Hong
et al.|(2019), which cuts one segment into several shorter segments with data augmentation during
the training phase.

A summary of the classes can be found below in Table

Table 7: Additional information about the healthcare datasets used in this paper.

1IIC ISRUC PN2017
Dataset Name Train  Cal+Test \ Name  Train  Cal+Test \ Name Train  Cal+Test
Class 0 Other 42228 6852 Wake 14325 6433 Normal 8877 2893
Class 1 | Seizure 3305 549 NI 7589 3798 Other 4524 1579
Class 2 LPD 17338 7589 N2 19501 8505 AF 1345 449
Class 3 GPD 16983 9737 N3 12012 5254 Noisy 341 145
Class4 | LRDA 12515 5946 REM 8414 3452 - - -
Class5 | GRDA 11449 5067 - - - - - -

Data Licenses and Consent:

* ISRUC: We could not find the license. Per |Khalighi et al.| (2016)), “All patients referred were
submitted to an initial briefing with the support of an informed consent document. The ethics
committee of CHUC approved the use of the data of the referred patients as anonymous for the
research purposes”.

* PN2017: The license is Open Data Commons Attribution License v1.0. The dataset is donated by
AliveCor.

 IIIC: We could not find the license. Per|Jing et al.| (202 1)) “the local IRB waived the requirement
for informed consent for this retrospective analysis of EEG data”.

* CIFAR-100/CIFAR-10: We could not find the license. They are publicly available.

* SVHN: Under CCO: Public Domain license. It is publicly available.
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C.2 BASELINE IMPLEMENTATION

» Temperature Scaling: We used the github repository accompanying |Guo et al.| (2017), https:
//github.com/gpleiss/temperature_scaling.

e Dirichlet Calibration: We used the code at https://github.com/dirichletcal/
experiments_dnn.

* Focal Loss (Mukhoti et al.,[2020): We used the loss function and the gamma schedule provided in
https://github.com/torrvision/focal_calibration), and replaced our CrossEn-
tropy loss function in all experiments during training.

* Mutual-information-maximization-based Binning (I -Max): We use the official github implementa-
tionhttps://github.com/boschresearch/imax—calibration. To normalize and
get valid probability vectors, we used softmax on the log-odds given by I-Max.

* Gaussian Process Calibration: We use the official github implementation https://githubl
com/JonathanWenger/pycalibl

* Splines-based Calibration: We use the official github implementation https://github.com/
kartikgupta—-at—-anu/spline-calibration.

* Intra Order-preserving Calibration: We use the official github implementation https://githubl
com/AmirooR/IntraOrderPreservingCalibrationl

* MMCE: We use the official github implementation https://github.com/
aviralkumar2907/MMCE with additional temperature scaling on the calibration set as
suggested in the original paper.

C.3 TRAINING DETAILS

For CIFAR-10, CIFAR-100, SVHN, and ISRUC, the models are trained for 50 epochs, using
a one-cycle Cosine scheduler with 3 warm-up and 10 cool-down epochs (the other parameters
are default in timm). The exact ViT and Mixer are vit_base_patchl6_224_in21k and
mixer_bl6_224_in21k implemented and pretrained by timm . For PN2017, the number
of epochs is 100, and we use a ReduceLROnPlateau scheduler that halves the learning rate
with the patience parameter set to 10 epochs. We use a batch size of 128, SGD optimizer and
weight decay rate of 1e-4. For IIIC dataset, we use a AdamW optimizer with a weight decay rate
of le-5, and no scheduler. The learning rates are 2e-4 for CIFAR-10, CIFAR-100 and SVHN,
5e-3 for ISRUC, 1le-2 for PN2017 and le-3 for IIIC. For all datasets except for IIIC, we used
LabelSmoothingCrossEntropy in timm with smoothing being 0.1. For IIIC, since the
original dataset contains pseudo-labels that form a distribution, we use a cross entropy loss. The
experiments for the Focal baseline replace all loss functions with the proposed focal loss.

To train I, we use an SGD optimizer with a learning rate of 4e-4 for CIFAR-10, CIFAR-100, SVHN
and IIIC, 1e-3 for ISRUC and PN2017. We use ReduceLROnP lateau scheduler that halves the
learning rate with the patience parameter set to 10 epochs, and trains for 100 epochs. Each epoch has
a fixed number of 5000 batches (regardless of the size of the training set) and each batch consists
of B = 64 prediction samples and a “background” set used to construct KDE with m; = m = 20
for all k. The exact details could be found in our code. Training time for the largest dataset (except
for ImageNet), SVHN, is 3 hours for the base neural network, and 1 hour for IT on a machine with
Nvidia RTX 3090 GPU. Inference time is much shorter.

C.4 ADDITIONAL EVALUATION METRICS

In this section, we compute the following variants of the evaluation metrics presented in the main
text. The conclusion stays very similar across all methods.

* The static (equal-width bins) version of CECE, in Table §]
* The static (equal-width bins) version of ECE, in Table[9]
¢ The multi-class version of Brier score, in Table To be specific, the brier score in the main text

is Zf\il(f)k;« (z;) — 1{y; = k}})? where k} = arg max,, px(z;). The multi-class version of

Brier score is ' SN SR (Pr(wi) — 1{y; = k})%
* NLL Loss, in Table[TT}
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Table 8: (Static) Class-wise ECE in 10~2 (] means lower=better). The best accuracy-preserving
method is in bold (p=0.01). The otherwise lowest number is underscored. KCal almost always
achieves the lowest class-wise ECE, while maintaining accuracy.

CECE | UnCal | Ts DirCal I-Max Focal Spline 10P GP MMCE | KCal

IIIC (pat) 8.01+0.27 | 8.94+0.86 5.11+£1.49 9.17+0.99 8.95+0.52 8.55+0.63  8.3040.53 7.94+0.65 7.09+0.44 | 4.661+1.30
e 7.89+0.02 | 8.96+£0.50 2.13+0.13 8.77+0.24  8.76+0.02 8.41+0.23  7.97+£0.26 7.51+0.24  6.66+£0.26 | 2.04:+0.27
ISRUC (pat) 4.51+0.25 | 4.68+0.77 4.194+0.89 8.65+0.99 9.244+0.20 4.67+0.46 4.59+0.59 4.63+0.42 4.06+0.35 | 3.84+1.22
ISRUC 4.53+0.02 | 5.18+0.79 2.73+0.38 9.29+0.86 9.074+0.02 4.75+£0.16 4.69+0.37 4.71£0.25 4.07+0.21 | 1.93+0.27
PN2017 12.20£0.07 | 12.324£0.19 4.04+0.54  9.70+1.19  16.70+£0.10 8.42+0.73  12.10+£0.37 12.204+0.07 12.20+0.32 | 3.83+1.27
C10 (ViT) 3.4240.01 | 1.3940.08 1.254+0.08 1.15+0.06 5.194+0.03 1.36+0.06 1.25+0.07 1.23+0.06 1.52+0.22 | 1.18+0.08
C10 (Mixer) 3.36+0.02 | 2.11£0.11  1.64£0.08 1.76+0.24  7.02+£0.03  1.71+£0.09  1.7840.10 1.75£0.10  1.954+0.27 | 1.59+0.06
C100 (ViT) 6.33+£0.05 | 6.43£0.29 54440.14 596+021 6.07£0.05 5.16+0.17 558+0.14 554+0.09 5.30+0.22 | 5.06+0.11
C100 (Mixer) 5.60+0.05 | 6.75+0.25 5.874+0.20 6.64+£0.29  6.084+0.06 5.56+0.13  6.09+0.32  5.80+0.14 6.15+£0.21 | 5.16+0.07
SVHN (ViT) 3.50£0.01 | 2.56+0.58 1.40+0.06 2.98+0.22 6.11£0.02 1.51+0.07 1.474+0.07 1.51+£0.05 1.63+0.11 | 1.46+0.08
SVHN (Mixer)  3.36+£0.02 | 3.38+£0.67 1.39+0.11 3.004+0.16 5.79+0.02 1.66+0.07 1.54+£0.06  1.58+0.06  1.73+0.09 | 1.5740.11
ImageNet 3.70+0.03 | 3.99+0.07 6.114+0.22  3.29+021 - 2.80+0.07 2.93+0.16 3.05+0.08 - 2.4040.04

Table 9: (Static) ECE in 10~2 (] means lower=better). The best accuracy-preserving method is in
bold (p=0.01). KCal is usually on par or better than the best baseline.

ECE | UnCal | TS DirCal I-Max Focal Spline 10P GP MMCE | KCal

IIIC (pat) 9.1841.08 | 4.954+2.77 2.874+1.62 10.56+4.05 7.374+0.53  4.5442.07 4.56+2.15 3.84+1.63 6344330 | 4.28+1.42
(e 9.13+£0.04 | 4424153  1.2240.17 10.1740.81  7.10+£0.04  3.08+0.65 3.44+038  1.68+0.55  4.78+2.26 | 2.55+0.61
ISRUC (pat) 3.6040.32 2.70+1.56  2.91+1.02  8.82+1.41 14.95+0.40 1.99+0.36  2.40+1.43 1.94+0.62 2.09+0.97 | 2.74+1.29
ISRUC 3.4640.06 3.81+1.67  2.20+0.68  9.58+1.26  14.76+0.05 1.48+0.55 2.69+0.94 2.04+0.76 2.08+1.06 | 1.34+0.41
PN2017 17.1040.14 | 17.3440.42 5.46+0.66 8.974+1.85 24.65+0.13 6.10+2.22 16.5542.03 17.13+0.15 13.21£1.08 | 4.56+1.41
C10 (ViT) 9.1740.05 | 0.76£0.11  0.4440.08 0.6140.06  7.1940.06  0.494+0.10  0.38+0.05  0.2840.07  0.65+0.15 | 0.4140.10
C10 (Mixer) 9.06+0.05 | 1.114£0.12  0.5140.05  1.044+0.17  12.54+0.06 0.48+0.08 0.56+0.12  0.34+£0.06  1.01+£0.40 | 0.65+0.09
C100 (ViT) 11.65+0.14 | 2.814£0.44  0.7740.12 3394023  9.98+0.09  1.07+£0.24 1244027  0.92+0.12  1.21£0.36 | 1.58+0.33
C100 (Mixer) 13.714£0.15 | 3.18+£0.35  1.17+£0.26  4.82+0.25 14.36+0.20 1.20+0.35  1.824+0.72 1.15+0.22 2.1440.49 | 3.11+0.48
SVHN (ViT) 10.114£0.05 | 2.4442.72  0.61+£0.09 2.0840.18  12.17+£0.08 0.64+0.14  0.55+0.11  0.61+0.10  0.66+0.15 | 0.71+0.13
SVHN (Mixer) 10.3040.04 | 3.1942.55  0.5740.08 221+0.10 11.0940.06 0.6740.13  0.4940.10  0.62+0.08  0.69+0.21 | 0.7440.11
ImageNet 3.0640.13 | 3.26+0.13  4.26+0.74  8.05+0.32 - 1.134£0.15 1384046  0.95+0.16 - 1.30+0.28

Table 10: Brier Score (multi-class) in 102 (| means lower=better). The best accuracy-preserving

methods are in bold (p=0.01).

Brier | UnCal | TS DirCal I-Max Focal Spline I0P GP MMCE | KCal

MIC (pat) 9.23+0.18 | 9.11+£0.31  813+0.26  9.22+0.44  9.69+0.20  9.05+0.25  9.07+0.27  9.01+0.24  9.13+0.25 | 8.38+0.36
mc 9.25+£0.01 | 9.10+£0.06  7.86+0.02  9.17+0.05  9.68+0.00  9.00+0.01 = 9.05+0.03 ~ 8.95+£0.03  9.07+0.06 | 7.40+0.04
ISRUC (pat) 6.84+0.17 | 6.83+0.17  6.83+021  7.15£021 7.97+0.14  6.79+0.17 6.82+0.18  6.80+0.17  6.59+0.14 | 6.67+0.18
ISRUC 6.95+£0.02 | 6.97+0.06 6.66+0.04 7.31+0.11 8.074+0.01  6.90+0.02  6.94+0.04  6.90+0.03  6.68+0.02 | 6.30+0.03
PN2017 14.9240.02 | 14.97£0.11 12.85+£0.09 14.03+£0.20 17.644+0.01 13.78+0.13 14.84+0.24 14.92+£0.02 15.26+0.17 | 12.81+£0.13
CI10 (ViT) 0.27+0.01 | 0.18+0.01  0.16+0.01  0.17+0.01  0.31+0.01  0.16+0.01  0.16+0.01  0.16+0.01  0.18+0.01 | 0.15+0.01
C10 (Mixer) 0.39+0.01 | 0.30+0.01  0.30+£0.01  0.30+0.02  0.74+0.01 ~ 0.29+0.01  0.29+0.01  0.28+0.01  0.30+£0.03 | 0.28--0.01
C100 (ViT) 0.14£0.00 | 0.12+£0.00  0.12+£0.00  0.12+£0.00  0.1440.00  0.12+0.00 ~ 0.12£0.00 ~ 0.12+£0.00 ~ 0.11£0.00 | 0.11£0.00
C100 (Mixer) 0.21£0.00 | 0.19+£0.00  0.18+£0.00  0.19+£0.00  0.23+0.00  0.18+0.00 ~ 0.18+0.00  0.18+0.00 ~ 0.17+0.00 | 0.18+0.00
SVHN (ViT) 0.76+0.01 | 0.65+£0.04 0.62+0.01  0.65+0.01  0.95+0.01  0.62+0.01  0.62+0.01  0.62+£0.01 ~ 0.54+0.00 | 0.55+0.01
SVHN (Mixer) ~ 0.7740.01 | 0.684+0.05 0.6240.01 = 0.66+0.01  0.97+0.01  0.63+0.01 ~ 0.63+0.01 ~ 0.63£0.01 ~ 0.68+0.01 | 0.60-0.01
ImageNet 0.03+£0.00 | 0.03+0.00  0.03+0.00  0.03+0.00 - 0.03+0.00  0.03+0.00  0.03+0.00 - 0.03+0.00

Table 11: NLL (| means lower=better).

The best accuracy-preserving methods are in bold (p=0.01).

NLL | UnCal | Ts DirCal I-Max Focal Spline 10P GP MMCE | KCal

IIIC (pat) 1.0940.02 | 1.084+0.05 0.97+£0.05 1.11+0.07 1.11£0.03 1.07+£0.03  1.074+0.04 1.06+£0.03  1.074+0.03 | 1.00+0.05
1ic 1.0940.00 | 1.08+0.01 0.92£0.00 1.10+0.01  1.11£0.00 1.06+£0.00 1.06+0.00 1.05£0.00 1.06+0.01 | 0.87+0.01
ISRUC (pat) 0.63+0.02 | 0.62+0.02  0.624+0.02  0.69+0.03  0.724+0.01 ~ 0.61+£0.02  0.62+0.02  0.61+0.02  0.60+0.02 | 0.61+0.02
ISRUC 0.644+0.00 | 0.63+£0.01  0.60£0.00  0.71£0.02  0.73+0.00  0.63+£0.00  0.63+0.00  0.62+0.00  0.61£0.00 | 0.57+0.00
PN2017 1.00£0.00 | 1.00£0.00 0.86+0.01 0.96:+0.02 1.19£0.00 0.95+£0.01  0.99£0.02 1.00£0.00  1.04:+0.03 | 0.86:0.01
C10 (ViT) 0.1240.00 | 0.05+£0.01  0.03+0.00  0.04+0.00  0.10+0.00  0.04+0.00  0.03+0.00  0.03+0.00  0.05+0.00 | 0.03+0.00
C10 (Mixer) 0.154+0.00 | 0.07+0.01  0.06+0.00  0.07£0.00  0.20+0.00  0.06£0.00  0.06+0.00  0.06+0.00  0.07+0.02 | 0.06=-0.00
C100 (ViT) 0.3840.00 | 0.29+£0.01 0.284+0.01  0.32+£0.01  0.36£0.00  0.28+0.01 ~ 0.28£0.01  0.27£0.01 ~ 0.25+0.01 | 0.27+0.00
C100 (Mixer) 0.5440.01 | 0.43+0.01 0.4340.01 0.47+0.01 0.54+0.01 0.43+0.01 0.434+0.01 0.42+0.01 0.39+0.01 | 0.4440.01
SVHN (ViT) 0.23+0.00 | 0.16+0.02  0.15£0.00  0.17£0.00  0.26+0.00  0.15£0.00  0.15+0.00  0.15£0.00  0.13£0.00 | 0.13£0.00
SVHN (Mixer)  0.23£0.00 | 0.19£0.03  0.15£0.00 0.184£0.00 0.26+£0.00 0.16£0.00  0.15£0.00  0.15£0.00  0.16£0.00 | 0.15+0.00
ImageNet 0.8440.01 | 0.83+0.01  0.904+0.02 0.87+£0.02 - 0.77+£0.01  0.754+0.01  0.75+0.01 - 0.87+0.01
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C.5 RELIABILITY DIAGRAMS

Figure[3] [4] and[5]are the reliability diagrams for the ITIC, ISRUC and PN2017 dataset, respectively.
We keep only bins with at least 15 samples, because otherwise the “gap” is misleading due to small
sample and big variance. The count of samples in each bin is plotted on the right axis (log-scale). The
conclusion is similar. In all cases, TS seems to calibrate the overall ECE but fails on some classes.
DirCal tends to improve on all classes, but KCal usually closes the gap between actual frequency
and the prediction further.
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Figure 3: Reliability diagrams for the IIIC dataset.

24



Published as a conference paper at ICLR 2023

o Top-1 Prediction Wake N1 N2 N3 REM
1.
- Gap ¥ - Gap - Gap s - Gap ¥ - Gap - Gap o
o Accuracy o Actual Frequency 1 Actual Frequency 4 1 Actual Frequency [ Actual Frequency 1 Actual Frequency 10
2081 — L o 1o e ‘ T e ant
g [} 10*
58 0.6 B B B
8
2% 2
10
2§ oaq 1 1 1
2
<o02{ 1 1 1 10t
e A
0.0 T T T T T T T T T T T T T T T T 10°
0.00 025 050 075 1.00 0.00 025 050 075 1.00 0.00 025 050 075 1.00 0.00 025 050 0.75 1.00 0.00 025 050 075 1.00 0.00 025 050 0.75 1.00
10 Prediction Prediction Prediction Prediction Prediction Prediction
T | - cap i - - Gap 3 - Gap il - Gap = Gap 10
N = Accuracy = actal reaueney g actua Freauency M = actual Freaueney == Actual Frequency == Actual Frequency ]
2084 — ant 1 1= ent 15 1 A — ot t
g 1 . 1 |
z 10
§ 0.6 P 1 1 1
ni
S 2
g 0.4 4 4 4 10
<
2
<024 1 4 4 M J 10!
/
/ ), 7
0.0 T T T T T T T T T T T 10°
0.00 025 050 075 1.00 0.00 025 050 075 1.00 0.00 025 050 075 1.00 0.00 025 050 0.75 1.00 0.00 025 050 075 1.00 0.00 025 050 0.75 1.00
10 Prediction Prediction Prediction Prediction Prediction Prediction
7| . Gap - Gap oA - Gap - Gap - Gap »f - Gap
- [0 Accuracy [ Actual Frequency Pl ("1 Actual Frequency 71 Actual Frequency 771 Actual Frequency 771 Actual Frequency
2084 — et 1 1 T« A — —
2 |1 i
g v 1[
806 1 ] ] i
S L
S oaq B B B
g
<024 1 1 ]
/ Al
0.0 T T T T T T T T 10°
0.00 025 050 075 1.00 0.00 025 050 0.75 1.00 0.00 025 050 075 1.00 0.00 025 0.50 0.75 1.00 0.00 025 050 075 1.00 0.00 025 0.50 0.75 1.00
10 Prediction Prediction Prediction Prediction Prediction Prediction
" | . cap = Gap = Gap = Gap A1 = Gap P = Gap
o Accuracy Actual Frequency I Actual Frequency 1 Acwal Frequency [ Actual Frequency I Actual Frequency
08— ent b= ent 1 — ent ent
g p;
yFos # ] A v w111
£ il (il
&3
P804y 1 1 1 I
° v J
<029 4 4 2 4 1
’
g Al ;
0.0 - - : : : : : | : 100
0.00 025 050 075 1.00 0.00 025 050 0.75 1.00 0.00 025 050 075 1.00 0.00 025 0.50 0.75 1.00 0.00 025 050 075 1.00 0.00 025 0.50 0.75 1.00
10 Prediction Prediction Prediction Prediction Prediction Prediction
T - cap - Gap , - Gap - Gap - Gop o - Gop i, .
2087 — an 1 et 1 T\ et ant ant
g l 10°
§064 4 4 4 ¥ -
g U
oS~ 2
g 0.4+ 1 1 1 1o
E J
°
2024 1 1 1 10t
/ -i'
/ ), ), ),
0.0 T T T T T T T T T T AR T 10°
0.00 025 050 075 1.00 0.00 025 050 075 1.00 0.00 025 050 075 1.00 0.00 025 050 075 1.00 0.00 025 050 075 1.00 0.00 025 050 0.75 1.00
10 Prediction Prediction Prediction Prediction Prediction Prediction
7| - Gap - Gap - Gap - Gap 1 - Gap » - Gap 1o
. Accuracy y Actual Freque Actual Frequency = Actual Frequency =1 Actual Frequency =1 Actual Frequency Il
2081 — of = 15 o = e — et it
p: p
2 A I 10°
§ 0.6 1 1 1
6s I
S 2
g 0.4 4 4 4 10
<
2
< 0.2 4 4 4 10t
v L
; A ;
o T 10°

.0 T T T T + +
0.00 025 050 075 1.00 0.00 025 0.50 0.75 1.00 0.00 025 050 075 1.00 0.00 025 0.50 0.75 1.00 0.00 025 050 075 1.00 0.00 025 050 0.75 1.00

10 Prediction Prediction Prediction Prediction Prediction Prediction
7| . Gap - Gap A - Gap - Gap i = Gap o - Gap L 100
o | Accuraey == Actual Frequency A 1 Actual Frequency = Actual Frequency 4 = actl freauency = Actual Frequency A
08— 1 1 1 o i — ent 1! at 1
g “ 3
s [ L 10°
w8 0.6 B B B
g [
= 044 ] ] ] 102
go.
g
] % ] ] ] 10
<02{
. Al
/ 7 );
0.0 T T T T T T T T 10°
0.00 025 050 075 1.00 0.00 025 050 0.75 1.00 0.00 025 050 075 1.00 0.00 025 0.50 0.75 1.00 0.00 025 050 075 1.00 0.00 025 0.50 0.75 1.00
10 Prediction Prediction Prediction Prediction Prediction
| . Gap > - Gap ® - G e - G - Gap » e
o Accuracy Wy Actual Frequency I Actual Frequency | Actual Frequency _f I Actual Frequency 10
208 — pall 1= et 1 1 y nt o
S o P
g - V p #H 100
_ o6 4 4 4
3= 1 102
§oaq 1 1 1
2
.
/
; Al 4 AT :

/
0.0 T T T T T T T T T T T 10
000 025 050 075 1.00 0.00 025 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00 0.00 025 050 0.75 1.00 0.00 0.25 050 075 1.00

Prediction Prediction Prediction Prediction Prediction Prediction

Figure 4: Reliability diagrams for the ISRUC dataset.
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Figure 5: Reliability diagrams for the PN2017 dataset.
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Figure 6: Structure of the learnable projection II (in gray).

D ABLATION STUDY: LINEAR PROJECTION

A natural first architecture to try for IT is a simple linear layer. It is however not clear whether a linear
projection can learn the best metric space due to its simplicity. We introduced a mild complexity by
having two layers in I1, yet the skip connection should help it learn well when a linear projection is the
most desirable as well. We empirically compared both versions: KCal, with the architecture showed
in Figure @ and KCal-Linear, which only uses one linear layer with the same output dimension (d).
Both IT normalized f(-) automatically with a Batch Normalization layer. The results are in Table
As we can see, KCal is generally better than the linear version, but the gap is generally small. The
additional computation time is smaller than 1x the computation time for KCal-Linear, because the
second layer has only d? parameters rather than hd in the first layer (b > d). Both have negligible
computation overhead compared with calling f (see Appendix [F).

Table 12: Comparison between the architecture described in Figure [6] (KCal) and a simple linear
projection with the same input and output dimensions (KCal-Linear). On average, KCal adapts to
different datasets and architectures better than (KCal-Linear), although the performance is generally
similar.

Accuracy? CECE| ECE] Brier |

KCal KCal-Lienar |  KCal KCal-Lienar |  KCal KCal-Lienar | KCal KCal-Lienar
IIIC(pat) 61.67+2.22 61.51+2.46 | 4.68+1.27 4.68+1.41 4.34+1.35 4.48+1.99 19.33+0.78  19.28+0.82
1IC 66.32+0.21  65.59+0.20 | 2.03+0.26 2.084+0.23 2.6240.59 3.1240.68 17.54+0.10  17.88+0.09
ISRUC(pat) 76.13+0.89  76.02+1.08 | 3.82+1.24 3.96+1.34 2.78+1.25 2.87+1.53 14.97+0.29  15.04+0.30
ISRUC 77.45+£0.16  77.19+0.19 | 1.90+0.28 2.014+0.31 1.36+0.41 1.6940.46 14.28+0.08  14.3740.08
PN2017 60.36+0.61 60.15+0.56 | 4.25+1.26 4.214+1.26 4.784+1.48 541+£1.14 22.56+0.28 22.69+0.32
C10 (ViT) 98.98+0.09 98.96+0.07 | 0.74+0.07 0.7240.06 0.40+0.05 0.31+0.06 0.754+0.05 0.75+0.05
C10 (Mixer) 98.14+0.06 98.12+0.09 | 1.17+0.10 1.1840.07 0.5940.09 0.61+0.13 1.34-+0.04 1.3440.05
C100 (ViT) 92.37+0.15  92.47+0.14 | 4.32+0.10 4.37+0.08 1.5040.32 1.43+0.33 5.014+0.08 4.934+0.08
C100 (Mixer) 87.55+0.16  88.00+0.24 | 4.62+0.10 4.73+0.12 3.074+0.49 2.78+0.45 7.614+0.09 7.394+0.07
SVHN (ViT) 96.42+0.05 96.36+0.06 | 1.23+0.10 1.32+0.08 0.64+0.12 0.65+0.09 2.49+0.03 2.49+0.03
SVHN (Mixer) | 96.10+0.04 96.13+0.04 | 1.40+0.08 1.49+0.08 0.73+0.10 0.61+0.09 2.68+0.03 2.69+0.03

E ABLATION STUDY: USING THE CLASSIFICATION LOGITS

We empirically compared using the penultimate-layer embeddings and the predicted logits in Table[I3]
As we can see, KCal is generally better than the alternative that uses the logits.
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Table 13: Comparison between using the penultimate layer embedding vs the prediction logits as the
input to IT (KCal-Logits). Overall, KCal is significantly better than KCal-Logits, but KCal-Logits
also has competitive performance.

Accuracy? CECE| ECE| Brier |

KCal KCal-Logits |  KCal KCal-Logits |  KCal KCal-Logits | KCal KCal-Logits
IIIC(pat) 61.67+2.22 61.21+2.66 | 4.68+1.27 4.26+1.30 4.34+1.35 4.02+1.51 19.33+£0.78  19.07+0.77
1IC 66.32+0.21  65.26+0.20 | 2.03+£0.26  2.11+0.27 2.62+0.59  2.77+0.37 17.54+0.10  17.9040.05
ISRUC(pat) 76.13+0.89  75.57£1.02 | 3.82+1.24  3.95+1.44 2.78+1.25 2.75+1.27 14.974+0.29  15.30+0.31
ISRUC 77.45+0.16 76.75+£0.12 | 1.90+0.28 1.974+0.32 1.36+0.41 1.624+0.48 14.284+0.08 14.6040.09
PN2017 60.36+0.61 59.99+0.56 | 4.25+1.26 4.13+1.22 4.78+1.48 5.184+0.96 22.56+0.28 22.64+0.34
C10 (ViT) 98.98+0.09 98.94+0.06 | 0.74+0.07 0.794+0.07 0.40+0.05 0.431+0.05 0.75+0.05 0.7940.04
C10 (Mixer) 98.14+0.06  98.11+0.06 | 1.17+0.10 1.21£0.07 0.59+£0.09  0.54+0.06 1.3440.04 1.37+£0.04
C100 (ViT) 92.37+0.15 91.11+0.14 | 4.32+£0.10  4.67+0.10 1.50+0.32 1.95+0.37 5.01+0.08 5.5540.08
C100 (Mixer) 87.55+0.16 85.07+0.26 | 4.62+0.10  4.98+0.13 3.07+£0.49  3.731+0.54 7.61+0.09 8.8440.06
SVHN (ViT) 96.42+0.05  96.05+0.05 | 1.23+0.10 1.53£0.12 0.64+0.12 0.9140.08 2.49+0.03 2.76+0.03
SVHN (Mixer) | 96.10+0.04 95.90+0.05 | 1.40+0.08 1.65+£0.11 0.73£0.10  0.88+0.09 2.68+0.03 2.8440.03

F ABLATION STUDY: EFFECT OF d

To investigate the effect of d, we tried d =8, 16, 32, 64, and 128 and repeat the experiments. The
performance and the inference time (overhead) can be found in Figure[7} The inference time depends
on the size of the calibration set, which is specified in Section 4]

Generally speaking, we can only tell for sure that increasing d increases the overhead, although the
overhead is always small compared with calling f. The effect on other metrics, including accuracy,
ECE and CEC, is not monotonic, and the best d probably depends on many factors.

m

SVHN (ViT) CIFAR100 (VIT) CIFAR10 (Vi

e

99.00

98.95

98.90

67.00
66.75
66.50
66.25
66.00

— A [ OB | |TTTTTTTTTTTTTTTTTTT - —ace | [ | {TTTTTTTTTTTTTTT
102 § 9815 12 10
06 R -~ oNNtime £ oo 10 — ece -~ oNNtime
cece 10 — Kaltime g ve CECE |10+ — Kcaltime
£ 9805
M o — ] oo N | —
98.00 10
50 100 EY 100 EY 100 50 100 50 100 50 100
___________________ 88 s
. =
10 g 5 \ 102
3 — ECE === DNN time S 86 — ECE === DNN time
cece 107 — KCal time -] 4 CECE |10-+ — KCal time
\ Z
2 Zea 3
— Acc | __—m <1 — Acc o /
50 100 EY 100 50 100 50 100 50 100 50 100
e — s T S el T E— M ===
— A - 96.10 A 14
12 10~ 5 1o
10 — Ece --- DNNtime 2 9605 12 — EcE --- DNNtime
cece [10° — Kealtime z 10 cece 10+ — Kcaltime
08 H
E— @ 96.00 08
06 10 TEE—(10-5
50 100 50 100 50 100 50 100 50 100 50 100
PeaF e e e [ I ervou] H [r— R
— Acc ECE Acc 12.00
122 $ -
30 CECE ® 0
| ~-- DNNtime S 774 175 — ECE ~-- DNN time
2.5 —— KCal time S 150 CECE 107 —— KCal time
) 773
20 10- 125 10-5
—— 72 —_
50 100 EY 100 EY 100 50 100 50 100 50 100
60.75
— Acc
. 6050 s —— |
3 1 10 --- DNN time
8 6025
2

60.00

59.75

= — KCal time

-

100

50

100

Figure 7: Change in performance and inference time if we we change d (the output embedding size
of IL. “DNN time” refers to the average time running f for one input x, and “KCal time” refers to
the average time transforming f(z) to p(z) using KCal. For Accuracy, ECE and CECE, the unit is
percentage. The band represents the median 50% among 10 experiments. For time, the unit is second.
Performance is not always improving as d increases, but a larger d naturally leads to larger overhead.
It is however worth noting that in all experiment, the overhead (“KCal time”) is negligible compared
with the ‘DNN time”.
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G COMPUTING BANDWIDTH

As suggested in the main text, although there is a bandwidth selection step that seemingly prevents
KCal from efficiently updating predictions in an online manner, we could actually leverage Lemma[3.2]
to compute b as opposed to actually performing cross-validation. To verify empirically that this is
feasible in practice, we perform experiments where we vary the size of the calibration set, and plot

the cross-validation-selected bandwidth b against the predicted value ©(m ™ T ). The results are in
Figure[§]
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Figure 8: Empirically-selected bandwidth (b*) on the y-axis, and predicted bandwidth (©(m™ T )
on the x-axis. For each calibration set size we have 10 experiments like in the main text, and we plot
the scatter plot and median of the experiments. As expected, we see a nearly linear relationship for
most data, except for ITIIC, which exhibits a piece-wise linear pattern. This suggests that in practice, as
new samples are added into the calibration set in an online manner, we could compute the bandwidth
b and only re-do the cross validation sparingly.

If everything is perfect, we should see a linear relation in all plots, and we can use this relationship
to compute b* when we gradually add samples to the calibration set. It is clear that if we use the
estimated constant in the O(+) and the calibration set size (per class) m to set the bandwidth, we are
still very close to the empirically selected value most of the time. In practice, this means that we only
need to perform the actual cross validation occasionally, and predict the b* in between. Note that
from left to right, m decreases, so the optimal b* increases and the variance increases greatly due to
m being small. In practice, one might keep updating b* using cross validation when m is small (and
cross-validation takes very little time) and only compute b* when m is already large.
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While computation will give good estimates for b* for most datasets, especially when m is large and
the estimate of b* is relatively stable (towards the left ends of plots), IIIC (and ISRUC to some extent)
seems to show two different slopes. As m increases, from right to left, b* seems to first decrease, and
then stop decreasing. While a detailed analysis for this are beyond the scope of this paper, there are a
few possible reasons.

1.

First, and most importantly, the optimal bandwidth derived in Lemma@] is “best” for estimating
the density, fx (in Eq. (4), not P{-| X }. b* is however chosen according to the log-loss of the KDE
classifier. As a result, the formula should be more relevant when K is large and the difference
between pr(X) and P{Y = k| X} is essentially linear in f, — f) (as the denominator is much
more accurate than the numerator). The experiment does support this point, since CIFAR100, with
100 classes, exhibits the clearest linear relationship.

Lemma is not applicable if frjo¢ violates the assumptions. For example, if f creates a
discontinuity in the density, with a lot of data from different classes mapped to the same embedding.
This means decreasing b might not decrease the bias term in Section and only increases
variance. This could be what is happening in CIFAR10-ViT (with 99% accuracy) and in the left
end of IIIC: decreasing b might not improve log-loss as we have exhausted the discriminative
power of f.

H BANDWIDTH SELECTION

In Section[3.4] we stated that we use Golden-Section search because we assume the cross entropy
loss is convex in bandwidth b. While the convexity is expected from the bias-variance trade-off, we
show in Figure[J]that this is indeed the case.
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Figure 9: Change in cross validation loss used for the Golden-Section Search mentioned in Sec-
tion[3.4]as a function of bandwidth. As we can see, the loss is indeed roughly convex in the bandwidth
for all datasets.

I

EFFECT OF THE SIZE OF THE CALIBRATION SET

In Figure we plot the accuracy, Brier score, CECE and ECE as a function of |S.,| for different
datasets. As expected, as |S.,| increases, the performance of KCal increases and then stabilizes.

30



Published as a conference paper at ICLR 2023

Accuracy Brier CECE ECE
98984 00— | [T 5
2 \/ 1.51 3
2 5
% 98.96 - KCal 2
u 1.0 4
O ~== UnCal
98.94 t=====m=mlo oo oo oo 14 0
L e e e e
[
X 98.16 - 3 7.5
= 2.0
o 5.0 4
= 98.14 4 N
P 2.5 1
G 98.12
= 6 f=================] [=================
2 104
8 92.01
P
< 5 51
u
G 91.51 e
C
§ = ] ] e
< 87 5.25 -
s 101
3 86 5.00 -
P 4.75 4 51
O 854 _—
%4 —mm | 4" [T 10~~~ """"77—~
= ]
2 96.2 ’
=z .27
5
% 34 24
96.0 -
__________________ —_—
. 961d———mm  —— L e 104~~~ """
X 3]
s J
§. 96.0 5|
i 2
> 95.9 3
2000 4000 2000 4000 2000 4000 2000 4000
Size of Sca Size of Sca/ Size of Sca Size of Sca
Accuracy
S 651 /
A 20 4
o
A —— KCal
2604 -~ uncal 18
. 5.5
& 774 /
= 15.0
V’I
] 7 14.5
REE N ’
o00{— | 26 101 151
Q
& 57.5 1 24 10
51 54
5504 o —
500 1000 1500 2000 500 1000 1500 2000 500 1000 1500 2000 500 1000 1500 2000

Figure 10: We change the size of Sca and repeat the experiment for KCal. The red dashed line
denotes UnCal. We see that, as expected, all metrics improves as the size of the calibration set
increases, and the performance is generally stable.
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