295

296

297

298

299

300

301

302

303

304

305

306

307

308
309
310

311

312

313

314
315
316

317

318
319
320

321

322
323

324

325
326
327
328

329
330
331
332
333

335
336

Appendix

Table of Contents
—1Cost Modell . .. ... 10|
o [Max Cost Model v.s. Additive COSTMOAET . .. ..o v veveeee et ee e 10|
e |[Details about Sparse Attention Cost Model| ........ ... .. @
—DenseScaling Law| . ........ ...
o [AddiG0onal BenchmArKSl . . . ...\ oov ettt et e
» |[Additional Reasoning Models| ............. . @
—BparseScaling Law] ......... ... .. i [
o [AddiG0onal BEnCAMATKS] . . . ..o\ oev ettt et e 4
o [AAdTONal ANATYSIS| . . ..ottt e e et e e e e [13]
— [Experimental Details] . . .............oooiiniiit e [13]
« [Estimate Cost, Accuracy and Solving Rate| ......... ... ... .. @
* |Greedy Algorithm for Optimal Resource Allocation| ............. ... ... ... . ... .. |L7|
« [Top- K Attention and Block Top-/A Attention] .......... .. ... . i |L7|
— [Extended Related WorkK . .. ........... oo [19]
— [Cimitations, Future Scope, and Broader Impact] ............................................. ﬂEl

A Cost Model

In this section, we delve into the cost models used in the Kinetics Scaling Law. We show empirically
that adopting a max cost model does not alter the scaling behavior and outline methods for calculating
the cost of sparse attention models.

A.1 Max Cost Model v.s. Additive Cost Model

Max cost model is widely used in performance modeling [97]]. It assumes that computation and
memory operations can be fully overlapped with each other and only considers the bottleneck
operation for cost measurement.

Crnax-cost = max(ccompa Crem % 1 )
where Ceomp denotes the compute cost, Ciem the memory cost per access, and I the memory intensity.

In this section, we analyze the Kinetics Scaling Law using the max cost model. For clarity, we refer
to the cost model Ceomp + Cmem X I, which is used in the main paper, as the additive cost model.

We draw two conclusions from empirical results under the max cost model:

» Kinetics scaling law for dense models still holds. We re-plot Figure d(a)(b) and Figure [6a] under
the measurement of max cost models in Figures [I2] and [I3] We find except that in Long-CoTs
scenarios, large models become slightly more effective in low-cost regime (with accuracy~0.3),
the overall trends are very close to the plots with additive cost models.

* Sparse attention solves problems more cost-effectively. We re-plot Figures [8a] and [8d]in Fig-
ures [[4aand [T4b] Under the max cost models, in Long-CoTs, the accuracy and efficiency gaps
increase from 47.5 points and 11.21x to 52.8 points and 15.71 x, respectively. In Best-of-N, the
gaps widen from 65 points and 10.67 % to 69.4 points and 19.64 x. These results indicate that under
the max cost model, our claim that sparse attention can enhance problem-solving performance
is strengthen. Compared to dense attention models, sparse attention models tend to have more
balanced memory and compute costs. Thus omitting one of them via a max cost model will favor
sparse attention models.
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Figure 12: AIME Pareto Frontier (Long-CoTs) with Max Cost Models. (a)(b) is the original plot with the
additive cost model. (c)(d) is the corresponding plot using max cost models. Compared to the original plots,
the overall trend is similar except that larger models span a slightly broader region on the Pareto frontier. For
example, the 14B model now consistently outperforms the 4B model with a noticeable gap around accuracy 0.3
and maintains dominance thereafter. In contrast, under the additive cost model in Figure Eka), the two models
alternate in performance until accuracy exceeds 0.4. This suggests that, when evaluated using a max cost model,
larger models appear slightly more efficient relative to their performance under additive cost models.
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Figure 13: AIME Pareto Frontier (Best-of-N) with Max Cost Models. We re-plot Figure@using max cost
models. The Pareto Frontier is very similar under different cost models.
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Figure 14: Sparse attention scales significantly better under max cost models. We re-plot Figures and
using max cost models. Compared to the original plots, the performance and efficiency gaps between sparse
attention models and dense models become more pronounced. In Long-CoTs, the accuracy and efficiency gaps
increase from 47.5 points and 11.21x to 52.8 points and 15.71 x, respectively. In Best-of-V, the gaps widen
from 65 points and 10.67 X to 69.4 points and 19.64 x.
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Figure 15: AIME2S5 Pareto Frontier (Long-CoTs). We conduct the same experiments as Figure

A.2 Details about Sparse Attention Cost Model

Sparse attention models follow different cost functions due to the sparsification of KV memory access.
In this paper, we focus on algorithms that impose a uniform KV budget (denoted as B) per attention
head for each decoded token. We consider L;,, > B for the sake of simplicity. Under this setting, the
cost model for sparse attention is given by:

Coparse = 2N P Loy + 2r NDB Loy +2INDB Loy - 8)

compute memory

In practical implementations, we must also account for the overhead associated with retrieving or
searching KV memory, denoted as Ce,ch, Which depends on the specific sparse attention algorithm
A. For example, in block top-k selection, the search cost is:

ONLiwDLow + rNDL2, 2ILnDLow+ INDIZ, o
2Block-Size 2Block-Size '

compute memory

Csearch =

In our work, we choose the Block-Size in such a way that Cparse and Ciearen are roughly balanced, so
that the sparse attention cost increases sub-linearly with generation length.

For local attention and oracle top-k attention, we assume no search overhead, i.e., Cearen = 0.

Many sparse attention algorithms skip the first layer [79,[10,[101]], resulting in only a minor increase
in total cost. For the Qwen3 series, this additional overhead is bounded by 3.57% for the 0.6B model
and by 1.56% for the 32B model.

B Dense Scaling Law

In this section, we further verify Kinetics Scaling Law for dense models proposed in Section [ with
extended experimental results of different benchmarks and model series.

B.1 Additional Benchmarks

We evaluate on AIME?2S in Figures|15|and to and LiveCodeBencan Figures|17/and

to (excluding the 0.6B model), following the setting described in Section (3] The empirical results
support the Kinetics Scaling Law: across both benchmarks, the 0.6B and 1.7B models are consistently
less effective, and the Pareto frontier is almost always dominated by the 14B models.

12



R s 30 Kinetics Scaling Law o

0.8 ™ 0.8 _ . Previous Scaling Law
P // P f/?’- @25
£0.6 . Qwen3-328 £0.6 [ queman @20
2 ¥, Qwen3-14B 2 Qwen3-148 o 15
£o0.4 4 L rouEsen S04 2 Quens.88 3 LU ERTENIRSIAPESRRRTESN S,
3 i /_J-" Qwen3-4B 3 Qwen3-4B 910

0.2 05, Quwen3-1.78 0.2 iR Qwen3-1.78 =

A . Qwen3-0.68 AP Lt © Qwen3-0.68 JR. 4
g . o
0.0 10° 104 10° 10° 10! 10° 10° 104 0.0 0.2 0.4 0.6 0.8
Tera-eFLOPs Tera-FLOPs Solving Rate
(a) Accuracy (eFLOPs) (b) Accuracy (FLOPs) (c¢) Optimal Models

Figure 16: AIME25 Score Curve (Best-of-/V). We conduct the same experiments as Figures@to

06 . Qwen3-328 5725000 - Qwen3-32B o« & o~
05 - Qwen3-14B S =~ Qwen3-14B ) o P -
. Qwen3-88 20000 .. Qwen3-88 S )
>04 s
E Qwen3-4B % 15000 Qwen3-48 ) o
303 Qwen3-1.78 2 Qwen3-1.7B
L Gl
<02 810000
s
01 £ so00
2
6
0.0
10* 10! 102 10°
Tera-FLOPs
06 . Quen3328 Qwen3-328 - ,F"
0.5 - Qwen3-14B Qwen3-14B Pl &
il Qwen3-88 Qwen3-88 Pt
g Qwen3-4B Qwen3-4B
303 Qwen3-1.78 Qwen3-1.78
g
<02
0.1
0.0
10? 10° 10* 107 10° 10
Tera-eFLOPs Tera-eFLOPs

Figure 17: LiveCodeBench Pareto Frontier (Long-CoTs). We conduct the same experiments as FigureEl

0.8 0.8 75 +  Kinetics Scaling Law
07 - 07 i 30 Previous Scaling Law
i i 25
206 206 =
205 05 N 20
204 + Qwen3-32B 20.4 Qwen3-32B 2 15
= Qwen3-148 = Qwen3-148 ]
3 0.3 . Qwen3-88 S 0.3 § Fj . Qwen3-88B 810
0.2 Qwen3-48 0.2 Pl 7 Qwen3-4B = e .
0.1 Qwen3-1.78 0.1 S He A Qwen3-1.78 5 e
0.0 0.0 R
102 10° 10* 10° 10° 10! 10° 10° 10* 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
Tera-eFLOPs Tera-FLOPs Solving Rate
(a) Accuracy (eFLOPs) (b) Accuracy (FLOPs) (c¢) Optimal Models

Figure 18: LiveCodeBench Score Curve (Best-of-N). We conduct the same experiments as Figures@to
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Figure 20: AIME24 Score Curve Envelope (Best-of-/N). We conduct the same experiments as Figures
to[6cfon DeepSeek Distilled Qwen series.

B.2 Additional Reasoning Models

In Figures[T9)and [204]to we evaluate DeepSeek-R1 Distilled Qwen models (abbreviated as DS
models) [30] on AIME24. The DeepSeek series models further demonstrate that previous scaling
laws—those based on FLOPs—significantly overestimate the effectiveness of the 1.5B model. As
predicted by the Kinetics Scaling Law, increasing the number of generated tokens for the 1.5B model
is less effective than scaling up the model size, such as using the 7B or larger variants.

Interestingly, we observe a shift in the emerging model size: unlike Qwen3, where the 14B model
dominates, the 7B model becomes the dominant choice in the DeepSeek series. In Figures [I9] [20a]
and[20c] the 7B model spans most of the Pareto frontier, and Figure [I9]shows that 7B models with
long CoTs are more efficient and effective than 14B models with short generations. We attribute
this to an architectural outlier in the DeepSeek-R1 (Qwen2.5) model series. As shown in Table

the DeepSeek-R1 7B model is significantly more KV memory-efficient than the Qwen3-8B model.
Unlike most model series illustrated in Figure[5a] where KV cache size typically grows sublinearly
with respect to model parameters, DeepSeek-R1 shows a deviation from this trend: the 14B model has
approximately 3.4x more KV memory than the 7B model, while having only 2x more parameters.

Table 2: KV memory Size for Qwen3 and DeepSeek-R1 Distilled models (per 32K tokens, unit: GB).
Qwen3 Qwen3-1.7B  Qwen3-8B Qwen3-14B Qwen3-32B

3.5 4.5 6 8
DeepSeek DS-1.5B DS-7B DS-14B DS-32B
0.875 1.75 6 8

This finding highlights the importance of concrete model architecture design, rather than focusing
solely on the number of model parameters. Whether KV memory size is directly related to reasoning
performance remains an open question, which we leave for future investigation.

C Sparse Scaling Law

We present additional results supporting the kinetics sparse scaling law across multiple tasks and
demonstrate how these insights enable scalable test-time scaling with sparse attention.

C.1 Additional Benchmarks

Beyond AIME24, we evaluate our approach on LiveCodeBench [39] and AIME2S5 [60]]. Live-
CodeBench features complex programming problems from recent coding contests, while AIME25
consists of challenging math problems. In both cases, sparse attention—particularly oracle top-
k—consistently outperforms dense attention. Block top-£ attention, a tractable alternative, closely
matches the performance of the oracle.

SFor LiveCodeBench dataset, we have sampled 50 examples from the v5 subset consisting 167 examples.
Our subset comprises 24 hard, 16 medium and 10 easy examples respectively.
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Figure 21: LiveCodeBench Sparse Scaling. We evaluate sparse scaling laws for Qwen3-14B model using
oracle top-k and block-top-k attention on the LiveCodeBench dataset. (a)(d) compare block-top-k and oracle
top-k with dense scaling under Best-of-N and long-CoT TTS settings. (b)(e) show cost-accuracy trade-offs for
top-k attention. (c)(f) show trade-offs for block-top-k attention. (g)(h)(i) compare the oracle top-£ scaling for
easy, medium and hard difficulty questions.

sss For LiveCodeBench, we sample 50 problems from the v5 subset (24 hard, 16 medium, 10 easy). As
ss7  shown in Figure [21] oracle top-k attention can achieve ~ 10x speedup in high-accuracy regimes
sss and improves coverage by 40-50% in low-cost regimes. Conversely, the tractable alternative, Block
389 top-k yields 5-6x speedup and 30-40% coverage gains. We further show how the benefits of sparse
so0 attention scale with problem difficulty (Figures 2Tg|to [2Ti).

so1  Figure[22] confirms similar trends for AIME25, with substantial gains in both accuracy and efficiency
392 under sparse attention.

393 C.2 Additional Analysis

394 Fixing a model (e.g., Qwen3-8B), we investigate the tradeoff between generating more tokens through
se5  Best-of-V and increasing the KV budget in Figures[23ato[23d] As the figures suggest, on AIME25,
396 each doubling of total compute cost increases the optimal KV budget by 1.13x, while generated
397 tokens grow by 1.67x; on LiveCodeBench, these factors are 1.14x and 1.89x, respectively. We
s9s find that although the concrete numbers depend on the types of tasks, the overall results confirm our
399 suggestions in the main paper that allocating compute toward generating more responses is generally
400 more effective than expanding KV budget, highlighting the scalability of sparse attention.

w01 D Experimental Details

402 In this section, we explain the details about our experiments.
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Figure 22: AIME2S5 Sparse Scaling. We evaluate sparse scaling laws for Qwen3-14B model using oracle top-k
and block-top-k attention on the AIME2S5 dataset. (a)(d) compare block-top-k and oracle top-k with dense
scaling under Best-of-N and long-CoT settings. (b)(e) show cost-accuracy trade-offs for oracle top-k attention.
(c)(f) show trade-offs for block-top-k attention.
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Figure 23: Tradeoff Between Generated Tokens and KV Budget. We empirically characterize the tradeoff
between increasing generation length and allocating a larger KV cache budget using Qwen3-8B. For AIME25
((a)(b)) and LiveCodeBench ((c)(d)), we identify the optimal KV budget and generated tokens (defined as
number of reasoning trials times the average generated tokens per trial) to achieve the highest problem-solving
rate under every cost constraint C'.

403 D.1 Estimate Cost, Accuracy and Solving Rate

404 When empirically measuring cost, one major challenge is the difficulty of controlling the actual
405 generation length. Although it is possible to set an upper bound on the number of generated tokens,
406 there is no guarantee that the model will utilize the full budget. For instance, in our Best-of-/NV
407 experiments, we set the maximum number of generated tokens to 32,768, yet the average generation
408 length was only 14K-16K tokens.

409 Furthermore, it is important to model the relationship between actual inference cost and performance
410 metrics, such as accuracy in Long-CoTs or solving rate in Best-of- V. Relying solely on the maximum
411 allowed generation length to estimate cost can substantially underestimate the efficiency of models
412 that solve problems with much shorter responses—an ability that may reflect higher capability.

413 To address this challenge, we first sample S independent reasoning traces r1, 72, . .., 7s from model
414 M on task T, with the maximum allowed number of tokens set to n. We slightly generalize Equa-
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tion (@) as:
Cr1s = 2N PE[Low| + 2rN Liy DE[Loy] + rNDE[L?,]
+ 21 Liy DE[Low| + IN DE[L},,]
= aE[Lou] + bE[LE,] + ¢, (10)
where a, b, and c are constants determined by the model architecture and test-time strategies (e.g., the

value of n). The expectations are estimated from the sampled traces, whose distribution is influenced
by the model M, the token limit n, and the task T'.

For Long-CoTs, we fix N = 1 in Equation and vary n. From the sampled traces, we estimate
the accuracy (Pass@1), and compute the corresponding cost by substituting the empirical values of

E[Loy) and E[L?2,,] measured under each n.

For Best-of-V, we fix n = 32,768, and estimate the solving rate (Pass@ K) following the method-
ology of Brown et al. [4]. The corresponding cost is then computed by substituting N = K
into Equation (10).

Similarly, we can estimate the cost for sparse attention models using Equations (8) and (9).

Advanced control of generation lengths is an active area of research [91} 65, 571, but it is beyond the
scope of this paper.

D.2 Greedy Algorithm for Optimal Resource Allocation

We describe the procedure for identifying optimal resource allocations and establishing the Pareto
frontier for sparse attention models in Algorithms|l|and |2} as a supplement to Section Given
a fixed cost constraint C, we perform a grid search over key parameters: KV budgets and either
reasoning trials or maximum generation lengths.

Empirically, we sweep over KV budgets {32, 64, 128, 256, 512, 1024}; reasoning trials {1, 2, 4,
8, 16, 32} (with a reduced upper limit for the 14B and 32B models to save computation time); and
generation lengths {2k, 4k, 6k, 8k, 10k, 12k, 14k, 16k, 18k, 20k, 22k, 24k, 26k, 28k, 30k, 32k}.

By varying the cost constraint C' in Algorithms[T]and 2} we obtain the performance of sparse attention
models under optimal resource allocation, as shown in Figures [8a] to [8f|and [T04] to

It is important to note that we do not consider inter-request resource scheduling strategies, such as
early stopping or dynamic reallocation across requests [26]], since we aim to ensure fairness across all
inputs. Instead, the cost constraint C' is interpreted as the maximum allowable cost per request (not
the average), even if some requests achieve saturated accuracy below that threshold.

D.3 Top-K Attention and Block Top-K Attention

In this section, we explain the sparse attention algorithms discussed in the main paper, namely Top- K
Attention and Block Top- K Attention.

During the decoding phase of a large language model (LLM), the self-attention mechanism computes
a weighted average of past values as follows:

KT
o = Softmax <q\/a ) V=uwV, geR™, KVeR™, ecR*" (11)
where d is the head dimension and n is the context length. The key and value matrices are given
by K = [k1, ko, ..., k), V = [v1,vs,...,v,], where each k;, v; € R*? are cached from previous

decoding steps.

Top- K Attention. Top-K Attention is a sparsification method where only the K most relevant tokens
(i.e., those with the highest attention scores) are selected to compute the output. Formally, instead of
computing the full softmax, we define a sparse attention weight vector:

{XP” if i € Iy, k]
w; = =

2 jezyc XP(s3) where s;

otherwise, RV

Here, Zx denotes the indices of the top K attention scores s;. By masking out the less important

positions, this approach reduces the computational and memory cost of attention from O(n) to O(K),
where K < n.

Tk = TopK,(s), (12)
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Algorithm 1: Best-of-V optimal resource allocation under cost C

Data: Tasks 7, KV budgets {B;, ..., B;}, trial counts {Ny,..., N;}, cost limit C
Result: Average of maximum accuracy per task under cost C'

1 AccumBestAcc <— 0 Count < 0;

2 for rask T in T do

3 for KV budget By, do
4 Generate S > max{ Ny, .., N;} responses using By, for task T’
5 for trial count N, do
6 com (1),
pute cost Cpa >
7 if ¢{”) < C then
8 Compute accuracy Accl(f;) = Pass@N,;
9 if Accl(f;) > BestAcc then
10 BestAcc Accha);
11 end if
12 end if
13 end for
14 end for
15 AccumBestAcc += BestAcc; Count += 1;
16 end for
17 AvgBestAcc = AccumBestAcc/Count;
18 return AvgBestAcc;
Algorithm 2: Long-CoTs optimal resource allocation under cost C'
Data: Tasks 7, KV budgets {Bj, ..., B;}, gen. lengths {nq,...,n;}, samples S, cost limit C
Result: Average of maximum accuracy per task under cost C'
1 AccumBestAcc <— 0 Count < 0;
2 for task T in T do
3 BestAcc < 0;
4 for gen. length n, do
5 for KV budget By, do
6 Generate S responses using ( By, n,); compute cost céj;);
7 if c,(f? < C then
8 Compute accuracy Acc,(f;) = Pass@1;
9 if Acc,(};) > BestAcc then
10 BestAcc Accl(f;);
11 end if
12 end if
13 end for
14 end for
15 AccumBestAcc += BestAcc; Count += 1;
16 end for

17 AvgBestAcc = AccumBestAcc/Count;
18 return AvgBestAcc;
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Block Top-K. Block Top-K Attention is a block-level sparse attention mechanism. Instead of
selecting individual tokens based on attention scores, this method selects entire blocks of tokens,
thereby reducing the number of attention computations.

Specifically, assume the full sequence of n keys is divided into m = consecutive blocks,

each of size BLOCK_SIZE:
K=1[ki,....kn] = {K1,Ks,..., K}, K;¢c RBLOKSIZEXd

n
BLOCK_SIZE

For each block K;, we first compute the average key vector:

- 1

- - k. -
* " BLOCK_SIZE J

BLOCK_SIZE

1

<

Next, we compute the attention score between the query ¢ and each block’s average key:
k.

\/Qi7

S; fori=1,2,...,m

We then select the top K/ = m blocks based on the scores s;, denoted by the index set

Jr+ = TopK . (s). Attention is computed only over the tokens within the selected blocks. The
sparse attention weights are defined as:

E:jGIK—eXp(Sj)

) e T C tokens in selected blocks,
w; =
0 otherwise

For both algorithms, K is the KV budget. For GQA, we conduct an average pooling across all the
query heads in a group, ensuring that the total number of retrieved key-value vectors does not exceed
the allocated KV budget.

E Extended Related Work

Efficient Attention. Sparse attention [44} (99} 16l [10, [1011 88}, 196, 167, [11} 48 5] has been comprehen-
sively studied to reduce the attention cost when processing long sequeces. In parallel, approaches
like FlashAttention [16,[14] accelerate attention by maximizing hardware efficiency. To address the
quadratic complexity of standard attention, researchers have also explored linear attention architec-
tures [128} 129, 43| |12]]. Additionally, quantization and low-precision methods [56} 34, |52]] have been
broadly applied for improving inference efficiency.

Efficient Inference. Orca [95], vLLM [46], and SGLang [102] are widely adopted to enhance
the efficiency of LLM serving. Our analysis builds on the practical designs and implementations
of these systems. In parallel, speculative decoding [47. [7, 61} [71] has been proposed to mitigate
the memory-bandwidth bottleneck during LLLM decoding. Additionally, model compression and
offloading [[19}151}[77}[73,125]] techniques are playing a crucial role in democratizing LLM deployment.

Efficient Test-time Strategies. Optimizing reasoning models to generate fewer tokens has been
shown to directly reduce inference-time cost [80, |2, 158]]. Recent work such as CoCoNut [31] and
CoCoMix [/8] explores conducting reasoning in a latent space, thereby reducing decoding time.
Methods like ParScale [9]], Tree-of-Thoughts [93]], and Skeleton-of-Thoughts [[68] aim to improve
efficiency by enabling parallel reasoning. Architectural innovations such as CoTFormer [63]] further
enhance efficiency by adaptively allocating computational resources across tokens. Efficient reward-
model-based [87, 74, [76] test-time scaling algorithms are also comprehensively studied.

F Limitations, Future Scope, and Broader Impact

Limitations. Our experiments primarily focus on Qwen3 [91] and DeepSeek-R1-Distilled-
Qwen [30], two state-of-the-art pretrained reasoning model series, evaluated from the inference
perspective. However, the effects of training and post-training strategies are not fully explored and
may influence the performance gaps and robustness to sparse attention mechanisms. In addition,
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Figure 24: Correlation between Generation Length and Number of Trials. Longer generations correlate
strongly with the optimal number of trials (Nop¢ ), serving as a proxy for problem difficulty. (a) shows this trend
for top-k and block top-k attention on the AIME24 dataset using the Qwen3-8B model.

our cost analysis assumes a cloud-based serving environment, where computational resources are
typically sufficient and large batch sizes are feasible. In contrast, local deployment scenarios, such
as those using Ollameﬂ often face limited VRAM where access to model parameters can dominate
inference costs. Smaller models may be more appropriate in such settings, and our findings may not
fully extend to these use cases.

Future Scope. Our sparse scaling law offers valuable insights for enriching the applications of
sparse attention algorithms and the design space of test-time scaling strategies. On one hand, except
for top-k, currently we only discuss a simple variant, i.e., block top-%, and have already demonstrated
strong scalability. More advanced sparse attention algorithms [[79L110, 96, 50] are emerging these days.
We do believe they can eventually push the scalability of test-time scaling to a much higher boundary.
On the other hand, test-time scaling algorithms are proposed to adaptively allocate computation to
tasks, or even to tokens [12,163} 58, 157]]. Extending them towards to new resource allocation problems
in sparse attention is critical to reach the limit of Kinetics sparse scaling law. For instance, since
generation length strongly correlates with the optimal number of trials under sparse attention (as
shown in Figure [24), it can be used as a dynamic signal to adjust the number of trials and KV budget.
Moreover, sparse attention drastically reduces inference cost, enabling more reasoning trials and
longer generations. This unlocks greater flexibility in configuring TTS strategies within a fixed
resource budget.

Broader Impact. This work aims to contribute to the understanding of efficiency and scalability
challenges in the test-time scaling era, spanning model architecture, system-level implementation,
and hardware design. We highlight the central role of sparsity in addressing these challenges. Our
study is algorithmic in nature and does not target specific applications. While large language models
can be misused in harmful ways, this work does not introduce new capabilities or risks beyond those
already present in existing systems. Test-time scaling can consume a substantial amount of energy,
raising concerns about the environmental sustainability of widespread deployment. By promoting
sparse attention, our work hopes to help to reduce the carbon footprint and energy consumption of
inference systems and support the broader goal of sustainable Al
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