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A Cost Model313

In this section, we delve into the cost models used in the Kinetics Scaling Law. We show empirically314

that adopting a max cost model does not alter the scaling behavior and outline methods for calculating315

the cost of sparse attention models.316

A.1 Max Cost Model v.s. Additive Cost Model317

Max cost model is widely used in performance modeling [97]. It assumes that computation and318

memory operations can be fully overlapped with each other and only considers the bottleneck319

operation for cost measurement.320

Cmax-cost = max(Ccomp, Cmem × I)

where Ccomp denotes the compute cost, Cmem the memory cost per access, and I the memory intensity.321

In this section, we analyze the Kinetics Scaling Law using the max cost model. For clarity, we refer322

to the cost model Ccomp + Cmem × I , which is used in the main paper, as the additive cost model.323

We draw two conclusions from empirical results under the max cost model:324

• Kinetics scaling law for dense models still holds. We re-plot Figure 4(a)(b) and Figure 6a under325

the measurement of max cost models in Figures 12 and 13. We find except that in Long-CoTs326

scenarios, large models become slightly more effective in low-cost regime (with accuracy∼0.3),327

the overall trends are very close to the plots with additive cost models.328

• Sparse attention solves problems more cost-effectively. We re-plot Figures 8a and 8d in Fig-329

ures 14a and 14b. Under the max cost models, in Long-CoTs, the accuracy and efficiency gaps330

increase from 47.5 points and 11.21× to 52.8 points and 15.71×, respectively. In Best-of-N , the331

gaps widen from 65 points and 10.67× to 69.4 points and 19.64×. These results indicate that under332

the max cost model, our claim that sparse attention can enhance problem-solving performance333

is strengthen. Compared to dense attention models, sparse attention models tend to have more334

balanced memory and compute costs. Thus omitting one of them via a max cost model will favor335

sparse attention models.336
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(a) (b)

(c) (d)

Figure 12: AIME Pareto Frontier (Long-CoTs) with Max Cost Models. (a)(b) is the original plot with the
additive cost model. (c)(d) is the corresponding plot using max cost models. Compared to the original plots,
the overall trend is similar except that larger models span a slightly broader region on the Pareto frontier. For
example, the 14B model now consistently outperforms the 4B model with a noticeable gap around accuracy 0.3
and maintains dominance thereafter. In contrast, under the additive cost model in Figure 4(a), the two models
alternate in performance until accuracy exceeds 0.4. This suggests that, when evaluated using a max cost model,
larger models appear slightly more efficient relative to their performance under additive cost models.
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Figure 13: AIME Pareto Frontier (Best-of-N ) with Max Cost Models. We re-plot Figure 6a using max cost
models. The Pareto Frontier is very similar under different cost models.
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Figure 14: Sparse attention scales significantly better under max cost models. We re-plot Figures 8a and 8d
using max cost models. Compared to the original plots, the performance and efficiency gaps between sparse
attention models and dense models become more pronounced. In Long-CoTs, the accuracy and efficiency gaps
increase from 47.5 points and 11.21× to 52.8 points and 15.71×, respectively. In Best-of-N , the gaps widen
from 65 points and 10.67× to 69.4 points and 19.64×.

11



Figure 15: AIME25 Pareto Frontier (Long-CoTs). We conduct the same experiments as Figure 4.

A.2 Details about Sparse Attention Cost Model337

Sparse attention models follow different cost functions due to the sparsification of KV memory access.338

In this paper, we focus on algorithms that impose a uniform KV budget (denoted as B) per attention339

head for each decoded token. We consider Lin ≥ B for the sake of simplicity. Under this setting, the340

cost model for sparse attention is given by:341

Csparse = 2NPLout + 2rNDBLout︸ ︷︷ ︸
compute

+2INDBLout︸ ︷︷ ︸
memory

. (8)

In practical implementations, we must also account for the overhead associated with retrieving or342

searching KV memory, denoted as Csearch, which depends on the specific sparse attention algorithm343

A. For example, in block top-k selection, the search cost is:344

Csearch =
2NLinDLout + rNDL2

out

2Block-Size︸ ︷︷ ︸
compute

+
2ILinDLout + INDL2

out

2Block-Size︸ ︷︷ ︸
memory

. (9)

In our work, we choose the Block-Size in such a way that Csparse and Csearch are roughly balanced, so345

that the sparse attention cost increases sub-linearly with generation length.346

For local attention and oracle top-k attention, we assume no search overhead, i.e., Csearch = 0.347

Many sparse attention algorithms skip the first layer [79, 10, 101], resulting in only a minor increase348

in total cost. For the Qwen3 series, this additional overhead is bounded by 3.57% for the 0.6B model349

and by 1.56% for the 32B model.350

B Dense Scaling Law351

In this section, we further verify Kinetics Scaling Law for dense models proposed in Section 3 with352

extended experimental results of different benchmarks and model series.353

B.1 Additional Benchmarks354

We evaluate on AIME25 in Figures 15 and 16a to 16c and LiveCodeBench5in Figures 17 and 18a355

to 18c (excluding the 0.6B model), following the setting described in Section 3. The empirical results356

support the Kinetics Scaling Law: across both benchmarks, the 0.6B and 1.7B models are consistently357

less effective, and the Pareto frontier is almost always dominated by the 14B models.358

12
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Figure 16: AIME25 Score Curve (Best-of-N ). We conduct the same experiments as Figures 6a to 6c.

Figure 17: LiveCodeBench Pareto Frontier (Long-CoTs). We conduct the same experiments as Figure 4.
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Figure 18: LiveCodeBench Score Curve (Best-of-N ). We conduct the same experiments as Figures 6a to 6c.

Figure 19: AIME24 Pareto Frontier (Long-CoTs). We conduct the same experiments as Figure 4 on DeepSeek
Distilled Qwen series.
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Figure 20: AIME24 Score Curve Envelope (Best-of-N ). We conduct the same experiments as Figures 6a
to 6c on DeepSeek Distilled Qwen series.

B.2 Additional Reasoning Models359

In Figures 19 and 20a to 20c, we evaluate DeepSeek-R1 Distilled Qwen models (abbreviated as DS360

models) [30] on AIME24. The DeepSeek series models further demonstrate that previous scaling361

laws—those based on FLOPs—significantly overestimate the effectiveness of the 1.5B model. As362

predicted by the Kinetics Scaling Law, increasing the number of generated tokens for the 1.5B model363

is less effective than scaling up the model size, such as using the 7B or larger variants.364

Interestingly, we observe a shift in the emerging model size: unlike Qwen3, where the 14B model365

dominates, the 7B model becomes the dominant choice in the DeepSeek series. In Figures 19, 20a366

and 20c, the 7B model spans most of the Pareto frontier, and Figure 19 shows that 7B models with367

long CoTs are more efficient and effective than 14B models with short generations. We attribute368

this to an architectural outlier in the DeepSeek-R1 (Qwen2.5) model series. As shown in Table 2,369

the DeepSeek-R1 7B model is significantly more KV memory-efficient than the Qwen3-8B model.370

Unlike most model series illustrated in Figure 5a, where KV cache size typically grows sublinearly371

with respect to model parameters, DeepSeek-R1 shows a deviation from this trend: the 14B model has372

approximately 3.4× more KV memory than the 7B model, while having only 2× more parameters.373

Table 2: KV memory Size for Qwen3 and DeepSeek-R1 Distilled models (per 32K tokens, unit: GB).

Qwen3 Qwen3-1.7B Qwen3-8B Qwen3-14B Qwen3-32B
3.5 4.5 6 8

DeepSeek DS-1.5B DS-7B DS-14B DS-32B
0.875 1.75 6 8

This finding highlights the importance of concrete model architecture design, rather than focusing374

solely on the number of model parameters. Whether KV memory size is directly related to reasoning375

performance remains an open question, which we leave for future investigation.376

C Sparse Scaling Law377

We present additional results supporting the kinetics sparse scaling law across multiple tasks and378

demonstrate how these insights enable scalable test-time scaling with sparse attention.379

C.1 Additional Benchmarks380

Beyond AIME24, we evaluate our approach on LiveCodeBench [39] and AIME25 [60]. Live-381

CodeBench features complex programming problems from recent coding contests, while AIME25382

consists of challenging math problems. In both cases, sparse attention—particularly oracle top-383

k—consistently outperforms dense attention. Block top-k attention, a tractable alternative, closely384

matches the performance of the oracle.385

5For LiveCodeBench dataset, we have sampled 50 examples from the v5 subset consisting 167 examples.
Our subset comprises 24 hard, 16 medium and 10 easy examples respectively.
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(d) Long-CoTs Scaling Comparison
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(e) Long-CoTs Top-K Sparse Scaling
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(f) Long-CoTs Block Top-K Scaling
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Figure 21: LiveCodeBench Sparse Scaling. We evaluate sparse scaling laws for Qwen3-14B model using
oracle top-k and block-top-k attention on the LiveCodeBench dataset. (a)(d) compare block-top-k and oracle
top-k with dense scaling under Best-of-N and long-CoT TTS settings. (b)(e) show cost-accuracy trade-offs for
top-k attention. (c)(f) show trade-offs for block-top-k attention. (g)(h)(i) compare the oracle top-k scaling for
easy, medium and hard difficulty questions.

For LiveCodeBench, we sample 50 problems from the v5 subset (24 hard, 16 medium, 10 easy). As386

shown in Figure 21, oracle top-k attention can achieve ∼ 10× speedup in high-accuracy regimes387

and improves coverage by 40–50% in low-cost regimes. Conversely, the tractable alternative, Block388

top-k yields 5–6× speedup and 30–40% coverage gains. We further show how the benefits of sparse389

attention scale with problem difficulty (Figures 21g to 21i).390

Figure 22 confirms similar trends for AIME25, with substantial gains in both accuracy and efficiency391

under sparse attention.392

C.2 Additional Analysis393

Fixing a model (e.g., Qwen3-8B), we investigate the tradeoff between generating more tokens through394

Best-of-N and increasing the KV budget in Figures 23a to 23d. As the figures suggest, on AIME25,395

each doubling of total compute cost increases the optimal KV budget by 1.13×, while generated396

tokens grow by 1.67×; on LiveCodeBench, these factors are 1.14× and 1.89×, respectively. We397

find that although the concrete numbers depend on the types of tasks, the overall results confirm our398

suggestions in the main paper that allocating compute toward generating more responses is generally399

more effective than expanding KV budget, highlighting the scalability of sparse attention.400

D Experimental Details401

In this section, we explain the details about our experiments.402
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(c) Best-of-N Block Top-K Scaling
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(d) Long-CoTs Scaling Comparison
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(e) Long-CoTs Top-K Sparse Scaling
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Figure 22: AIME25 Sparse Scaling. We evaluate sparse scaling laws for Qwen3-14B model using oracle top-k
and block-top-k attention on the AIME25 dataset. (a)(d) compare block-top-k and oracle top-k with dense
scaling under Best-of-N and long-CoT settings. (b)(e) show cost-accuracy trade-offs for oracle top-k attention.
(c)(f) show trade-offs for block-top-k attention.
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(a) AIME25 Gen.
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(c) LiveCodeBench Gen.
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(d) LiveCodeBench Budget

Figure 23: Tradeoff Between Generated Tokens and KV Budget. We empirically characterize the tradeoff
between increasing generation length and allocating a larger KV cache budget using Qwen3-8B. For AIME25
((a)(b)) and LiveCodeBench ((c)(d)), we identify the optimal KV budget and generated tokens (defined as
number of reasoning trials times the average generated tokens per trial) to achieve the highest problem-solving
rate under every cost constraint C.

D.1 Estimate Cost, Accuracy and Solving Rate403

When empirically measuring cost, one major challenge is the difficulty of controlling the actual404

generation length. Although it is possible to set an upper bound on the number of generated tokens,405

there is no guarantee that the model will utilize the full budget. For instance, in our Best-of-N406

experiments, we set the maximum number of generated tokens to 32,768, yet the average generation407

length was only 14K–16K tokens.408

Furthermore, it is important to model the relationship between actual inference cost and performance409

metrics, such as accuracy in Long-CoTs or solving rate in Best-of-N . Relying solely on the maximum410

allowed generation length to estimate cost can substantially underestimate the efficiency of models411

that solve problems with much shorter responses—an ability that may reflect higher capability.412

To address this challenge, we first sample S independent reasoning traces r1, r2, . . . , rS from model413

M on task T , with the maximum allowed number of tokens set to n. We slightly generalize Equa-414

16



tion (4) as:415

CTTS = 2NPE[Lout] + 2rNLinDE[Lout] + rNDE[L2
out]

+ 2ILinDE[Lout] + INDE[L2
out]

= aE[Lout] + bE[L2
out] + c, (10)

where a, b, and c are constants determined by the model architecture and test-time strategies (e.g., the416

value of n). The expectations are estimated from the sampled traces, whose distribution is influenced417

by the model M , the token limit n, and the task T .418

For Long-CoTs, we fix N = 1 in Equation (10) and vary n. From the sampled traces, we estimate419

the accuracy (Pass@1), and compute the corresponding cost by substituting the empirical values of420

E[Lout] and E[L2
out] measured under each n.421

For Best-of-N , we fix n = 32,768, and estimate the solving rate (Pass@K) following the method-422

ology of Brown et al. [4]. The corresponding cost is then computed by substituting N = K423

into Equation (10).424

Similarly, we can estimate the cost for sparse attention models using Equations (8) and (9).425

Advanced control of generation lengths is an active area of research [91, 65, 57], but it is beyond the426

scope of this paper.427

D.2 Greedy Algorithm for Optimal Resource Allocation428

We describe the procedure for identifying optimal resource allocations and establishing the Pareto429

frontier for sparse attention models in Algorithms 1 and 2, as a supplement to Section 4.1. Given430

a fixed cost constraint C, we perform a grid search over key parameters: KV budgets and either431

reasoning trials or maximum generation lengths.432

Empirically, we sweep over KV budgets {32, 64, 128, 256, 512, 1024}; reasoning trials {1, 2, 4,433

8, 16, 32} (with a reduced upper limit for the 14B and 32B models to save computation time); and434

generation lengths {2k, 4k, 6k, 8k, 10k, 12k, 14k, 16k, 18k, 20k, 22k, 24k, 26k, 28k, 30k, 32k}.435

By varying the cost constraint C in Algorithms 1 and 2, we obtain the performance of sparse attention436

models under optimal resource allocation, as shown in Figures 8a to 8f and 10a to 10c.437

It is important to note that we do not consider inter-request resource scheduling strategies, such as438

early stopping or dynamic reallocation across requests [26], since we aim to ensure fairness across all439

inputs. Instead, the cost constraint C is interpreted as the maximum allowable cost per request (not440

the average), even if some requests achieve saturated accuracy below that threshold.441

D.3 Top-K Attention and Block Top-K Attention442

In this section, we explain the sparse attention algorithms discussed in the main paper, namely Top-K443

Attention and Block Top-K Attention.444

During the decoding phase of a large language model (LLM), the self-attention mechanism computes445

a weighted average of past values as follows:446

o = Softmax

(
qK⊤
√
d

)
V = wV, q ∈ R1×d, K, V ∈ Rn×d, w ∈ R1×n, (11)

where d is the head dimension and n is the context length. The key and value matrices are given447

by K = [k1, k2, . . . , kn], V = [v1, v2, . . . , vn], where each ki, vi ∈ R1×d are cached from previous448

decoding steps.449

Top-K Attention. Top-K Attention is a sparsification method where only the K most relevant tokens450

(i.e., those with the highest attention scores) are selected to compute the output. Formally, instead of451

computing the full softmax, we define a sparse attention weight vector:452

wi =

{
exp(si)∑

j∈IK
exp(sj)

if i ∈ IK ,

0 otherwise,
where si =

qk⊤i√
d
, IK = TopKK(s), (12)

Here, IK denotes the indices of the top K attention scores si. By masking out the less important453

positions, this approach reduces the computational and memory cost of attention fromO(n) toO(K),454

where K ≪ n.455
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Algorithm 1: Best-of-N optimal resource allocation under cost C
Data: Tasks T , KV budgets {B1, . . . , Bj}, trial counts {N1, . . . , Ni}, cost limit C
Result: Average of maximum accuracy per task under cost C

1 AccumBestAcc← 0 Count← 0;
2 for task T in T do
3 for KV budget Bb do
4 Generate S ≥ max{N1, .., Ni} responses using Bb for task T ;
5 for trial count Na do
6 compute cost c(T )

b,a ;

7 if c(T )
b,a ≤ C then

8 Compute accuracy Acc(T )
b,a = Pass@Na;

9 if Acc(T )
b,a > BestAcc then

10 BestAcc← Acc(T )
b,a ;

11 end if
12 end if
13 end for
14 end for
15 AccumBestAcc += BestAcc; Count += 1;
16 end for
17 AvgBestAcc = AccumBestAcc/Count;
18 return AvgBestAcc;

Algorithm 2: Long-CoTs optimal resource allocation under cost C
Data: Tasks T , KV budgets {B1, . . . , Bj}, gen. lengths {n1, . . . , ni}, samples S, cost limit C
Result: Average of maximum accuracy per task under cost C

1 AccumBestAcc← 0 Count← 0;
2 for task T in T do
3 BestAcc← 0;
4 for gen. length na do
5 for KV budget Bb do
6 Generate S responses using (Bb, na); compute cost c(T )

b,a ;

7 if c(T )
b,a ≤ C then

8 Compute accuracy Acc(T )
b,a = Pass@1;

9 if Acc(T )
b,a > BestAcc then

10 BestAcc← Acc(T )
b,a ;

11 end if
12 end if
13 end for
14 end for
15 AccumBestAcc += BestAcc; Count += 1;
16 end for
17 AvgBestAcc = AccumBestAcc/Count;
18 return AvgBestAcc;
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Block Top-K. Block Top-K Attention is a block-level sparse attention mechanism. Instead of456

selecting individual tokens based on attention scores, this method selects entire blocks of tokens,457

thereby reducing the number of attention computations.458

Specifically, assume the full sequence of n keys is divided into m = n
BLOCK_SIZE consecutive blocks,459

each of size BLOCK_SIZE:460

K = [k1, . . . , kn]→ {K1,K2, . . . ,Km}, Ki ∈ RBLOCK_SIZE×d

For each block Ki, we first compute the average key vector:461

k̄i =
1

BLOCK_SIZE

BLOCK_SIZE∑
j=1

ki,j

Next, we compute the attention score between the query q and each block’s average key:462

si =
qk̄⊤i√

d
, for i = 1, 2, . . . ,m

We then select the top K ′ = K
BLOCK_SIZE blocks based on the scores si, denoted by the index set463

JK′ = TopKK′(s). Attention is computed only over the tokens within the selected blocks. The464

sparse attention weights are defined as:465

wi =

{
exp(si)∑

j∈IK
exp(sj)

if i ∈ IK ⊆ tokens in selected blocks,

0 otherwise

For both algorithms, K is the KV budget. For GQA, we conduct an average pooling across all the466

query heads in a group, ensuring that the total number of retrieved key-value vectors does not exceed467

the allocated KV budget.468

E Extended Related Work469

Efficient Attention. Sparse attention [44, 99, 6, 10, 101, 88, 96, 67, 11, 48, 5] has been comprehen-470

sively studied to reduce the attention cost when processing long sequeces. In parallel, approaches471

like FlashAttention [16, 14] accelerate attention by maximizing hardware efficiency. To address the472

quadratic complexity of standard attention, researchers have also explored linear attention architec-473

tures [28, 29, 43, 12]. Additionally, quantization and low-precision methods [56, 34, 52] have been474

broadly applied for improving inference efficiency.475

Efficient Inference. Orca [95], vLLM [46], and SGLang [102] are widely adopted to enhance476

the efficiency of LLM serving. Our analysis builds on the practical designs and implementations477

of these systems. In parallel, speculative decoding [47, 7, 61, 71] has been proposed to mitigate478

the memory-bandwidth bottleneck during LLM decoding. Additionally, model compression and479

offloading [19, 51, 77, 73, 25] techniques are playing a crucial role in democratizing LLM deployment.480

Efficient Test-time Strategies. Optimizing reasoning models to generate fewer tokens has been481

shown to directly reduce inference-time cost [80, 2, 58]. Recent work such as CoCoNut [31] and482

CoCoMix [78] explores conducting reasoning in a latent space, thereby reducing decoding time.483

Methods like ParScale [9], Tree-of-Thoughts [93], and Skeleton-of-Thoughts [68] aim to improve484

efficiency by enabling parallel reasoning. Architectural innovations such as CoTFormer [63] further485

enhance efficiency by adaptively allocating computational resources across tokens. Efficient reward-486

model-based [87, 74, 76] test-time scaling algorithms are also comprehensively studied.487

F Limitations, Future Scope, and Broader Impact488

Limitations. Our experiments primarily focus on Qwen3 [91] and DeepSeek-R1-Distilled-489

Qwen [30], two state-of-the-art pretrained reasoning model series, evaluated from the inference490

perspective. However, the effects of training and post-training strategies are not fully explored and491

may influence the performance gaps and robustness to sparse attention mechanisms. In addition,492
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Figure 24: Correlation between Generation Length and Number of Trials. Longer generations correlate
strongly with the optimal number of trials (Nopt), serving as a proxy for problem difficulty. (a) shows this trend
for top-k and block top-k attention on the AIME24 dataset using the Qwen3-8B model.

our cost analysis assumes a cloud-based serving environment, where computational resources are493

typically sufficient and large batch sizes are feasible. In contrast, local deployment scenarios, such494

as those using Ollama6, often face limited VRAM where access to model parameters can dominate495

inference costs. Smaller models may be more appropriate in such settings, and our findings may not496

fully extend to these use cases.497

Future Scope. Our sparse scaling law offers valuable insights for enriching the applications of498

sparse attention algorithms and the design space of test-time scaling strategies. On one hand, except499

for top-k, currently we only discuss a simple variant, i.e., block top-k, and have already demonstrated500

strong scalability. More advanced sparse attention algorithms [79, 10, 96, 50] are emerging these days.501

We do believe they can eventually push the scalability of test-time scaling to a much higher boundary.502

On the other hand, test-time scaling algorithms are proposed to adaptively allocate computation to503

tasks, or even to tokens [2, 63, 58, 57]. Extending them towards to new resource allocation problems504

in sparse attention is critical to reach the limit of Kinetics sparse scaling law. For instance, since505

generation length strongly correlates with the optimal number of trials under sparse attention (as506

shown in Figure 24), it can be used as a dynamic signal to adjust the number of trials and KV budget.507

Moreover, sparse attention drastically reduces inference cost, enabling more reasoning trials and508

longer generations. This unlocks greater flexibility in configuring TTS strategies within a fixed509

resource budget.510

Broader Impact. This work aims to contribute to the understanding of efficiency and scalability511

challenges in the test-time scaling era, spanning model architecture, system-level implementation,512

and hardware design. We highlight the central role of sparsity in addressing these challenges. Our513

study is algorithmic in nature and does not target specific applications. While large language models514

can be misused in harmful ways, this work does not introduce new capabilities or risks beyond those515

already present in existing systems. Test-time scaling can consume a substantial amount of energy,516

raising concerns about the environmental sustainability of widespread deployment. By promoting517

sparse attention, our work hopes to help to reduce the carbon footprint and energy consumption of518

inference systems and support the broader goal of sustainable AI.519
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