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A Appendix

A.1 Derivation of marginalized joint entropy

The Janossy density function resides in a combination of continuous and discrete domains [8]]. For
the Janossy density of (® (x,w), Y (x,w)) on A® x [C], we may follow the classical approach:

P(Pl S [pl +dp1]a 7PCG [pc—kdpc]?Y:?,)
%P(Y:dpl:pla 7PC:pC)IP)(P1€ [Pl +dp1]7 7PC€ [pc+dpc])
%p’bf(ph 7pC)dp1dea (1)

where f(-) is a density function of @ (x,w). So we may write the Janossy density of
(P (x,w),Y(x,w)) as follows:

j(pla"'apCay:i):pif(plv'”?pC)' (2)

Following the point process entropy [29, [17, 30} [8]], the joint entropy of ® (x,w) and Y (x,w) can be
defined as

C
ﬁ(@(X,W),Y(X,(U)) = _Z/A J(pla ,Pc,Y = Z)logj(plv yPC,Y :Z)dpl de
i=17A°

3)
We note that
/ pif (p1,--+ ,pc)dpy---dpc = /[ ]pif (pi) dp; = EP;. )
c 0,1
We may split the Jannosy density into two pieces:
Hore ey =)= EP) (B 10 pe)). ®)
Plugging () into (3), we have
H(P(x,w),Y(x,w)=H Y (x,w)) +Ey [h (P (x,w)|Y)]. (6)

On the other hand,
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(6) =72/ (1, pe,y =i)logj (p1,--+ ,pe,y =i)dpi -+ dpo

7Z/F (EP,) (EP (p1,- mpc)) log(EP)<ﬁp(p1, -,pc)> dp ---dpc

- _g(EPi)log (EP,) — ;/ (EP) (

bi p(p1,--- ,pc) | log
EP; ’ ’ IEP

Q)

(ph 7pC)) dpldpc

We apply Jensen’s inequality on the second term (by focusing on each summand). For each

ie{l,.--C},

-n) [
IEP /

(
Lo (&
[

- (EPR)

P pr,- po) ) log (L
EP,L ’ ’

p(p1,--- 7Pc)> log (]EPP (p1,- - ,pc)) dpy’ cdp;

IEP

Di .
(p17 . 7pC) dp ZC 1Og /
/Ac\{p ) ER” ' A

_ /.pif(pi)log (Ef}’;if(pi)) dpi = ~Ep, {P log (IE]; (P)ﬂ ’

i

(p17 : ,pC)> dpl

\{p:} EP,”

-dpc

Pi

where dp;f ¢ indicates dpy - - - dpc except dp;. By combining all terms together, we have

C
(6) < =) (EP,)log (EP) ZEP

i=1 i=1

e ()]

A.2 Equivalent formulation of marginalized joint entropy

Let us assume that P; ~ Beta(ay, ;) and P;" ~ Beta(a; + 1, 3;).

MJEnt[x Z]Ep [P;log (P,f(P,

Z/ pif (pi)1og (pi f(p)) dps

p(p1,--- ,pc)dpff.c> dp;

®

_ Z Ep, [P;log (Pif(F))].

€))

_ Z EP; / Di (pi) log (p f(pz)> dpi _ Z(Epz)log (EPZ) (10)

0

72 (EP;)

EP;

EP,

—log (EP;)] ,

where h(P;") is the dlfferentlal entropy of P;.

A.3 Proof of Theorem 3.1

i

(1)

For this appendix to be self-contained, we borrow the proof from [[1] which presents the formula stated
in Theorem But we are able to simplify the analytical formula so that it shows DirichletBALD[x]
is a function of marginal probabilities, which is one of the key observations in Section 3.4. Let ) =

(7717"' 777C) andn(l>++) = (7717"' s Mi—1,1% + 1777i+17"'

I'(-) is a Gamma function.

Theorem A.1. [l Theorem III.1] Assume that ® (x,w) := (Py, - -
Then the mutual information BALDIX]

c c c
DirichletBALD[x] := (Z e — > (Z 7]k> - Z n — 1) W (n;) — Z ( c,vh
k=1 i=1

+ZZ B(nz++))

i=1 jAi

where U(-) is a ngamma Sunction.

C

an

,nc). Let B (n) = w

Zkl
)i

i
log i
777‘) (ZE 1 m)
W(n; +1) <<

C

k=1 Tk

, Pc) ~ Dirichlet(n, - - -
can be analytically calculated as follows.

Som)+

k=1

),and

1)

) )]



31 Note that the density function f(-) of Dirichlet(ny, - - - 7770) is given by

f(p) = f(pla 7pC lei_l- (12)

32 Then to derive the analytical form, we shall calculate each term as below [1]]:
DirichletBALD[x] = h (® (x,w)) + H(Y (x,w)) — H (P (x,w), Y (x,w)) . (13)

33 Given ® (x,w) := (Py,---, Po) ~ Dirichlet(ny, - - - ,n¢), the first differential entropy of Dirichlet
34 distribution is well-known [11} 27].

h(@(xw))=—/Acf(p)logf(p)dp
C C
—logB(n>+<ZmC> (Zm)Z i~ DU (). (14)
k=1

i=1
35 For the second entropy term, we first need to use a simple property of Dirichlet distribution.

i
EPp = —"
i C
2 kh—1 Mk

36 Then the second term can be obtained by following the Shannon entropy with the equation (I3).

C C
i i
H(Y (x,w) EP;logEP;, = — () log () . (16)
; ; ch:1 Mk ZkC:1 Mk

37 For the third joint entropy term, we need to prove the following lemma.
ss Lemma 1. Assume that ® (x,w) := (P1,-- -, Pc) ~ Dirichlet(n,- -+ ,nc).

E [P, log P;] = chz Mk Vn+1) -0 ((Zgzl 77k> + 1)} ifi =7,

s |V () — ¥ ((chzl 77k) + 1)} ifi # j.

3o To prove the LemmalT] first we consider the i = j case.

5)

E [P, log P} ﬁ/ (pi log p;) kﬂlpzk 1dp—BL)/ v"logpigpzkldp
=ﬁ /AC P L[ka 1dp—+ / ngk 'dp
:ﬁdimB(n(i,'f—ﬂ-)) = W Un+1) - ((g:lnk> + 1)
st e -o((Z) )]

40 Note that we may interchange the differentiation and the integral operator by applying Lebesgue’s
41 dominated convergence theorem [13]]. The second last equality can be derived by the definition of the
42 Digamma function [3]. Similarly, for the 1 # j case,

1 1 1 1
P;log P; 7/ pilogp;) | | ¥~ dp = 7/ plipP Hlogp; P
ElRloa Bl =51 [y Wiloers kH AP V
1 / -1 I d / 714
P —p)" Hp dp= 5 <q- plpy Hp
“B(n) dn Wi B (n) dn; kg
. C
1 d . B (n(i,++))
=———B(n(iE,++)) = ——F——= -v me | +1
By, > T =) 2
i feo-w((£a) )
C
> k=1 Mk k=1
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On the other hand, following the usual point process entropy calculation, we may write a Janossy
density function of (® (x,w),Y (x,w)) on AY x [C’] as follows:

j(py=1)=pif () el P (17)
J#i
where p := (p1,--- ,pc) and f(-) is a density function of ® (x,w). Then the joint entropy of

® (x,w) and Y (x,w) can be defined as

c
9@ (xw).Y @) == > [ 7oy =1)loss (p.y=1)dp. (1)
i=1 v A
Then we have the following identity by plugging the Janossy density of (¢ (x,w),Y(x,w)) into
the equation (I8).

(P (x,w), Y(x w))
C

C
= (log B (n ZIE 1= (; —1)E[Plog P;] = > i [Pilog P}] =: ().

i=1 j£i i=1
C
() =loB ()~ 33 LD

s v (&) )

Sl o -v((e) )]

By combining three terms (T4), (16), and (I9) in the equation (T3), we have the following simplified
formula:

DirichletBALD[x]

¢ ¢ c . .
(En-c)o(Bn)-Bovvo-E (g ) (st)
i 7]J
()
c
+Z<Zk W) (g +1) ((Zm>+1>
c
= r—C | ¥ k| — i lo m)
<k§—:177 ) (Z”) ;<Zk 177k> g(Zglﬂk
SR (- gt ((E) )
i=1 Zk 17k i=1 Zk 17k k 17Ik

E(E ke ((E) )

Therefore DirichletBALD is a function of marginals of & (x,w) with Dirich-

By applying Lemmam we have

19)

let distribution parameters 7; and 220:1 ;. Under Beta marginal distribution as-
sumption, by letting 7; = «; and chzl n = «; + B; for any ¢ since each
marginal distribution of Dirichlet distribution follows Beta distribution, we have

C

. = (0] (67} = Q5 (Oél‘ - 1)
BetaMarginal BALD[x] := Z (a; = 1)U (a; + B;) — 2 (az T 5') log (az n Bi) - Z W\P (o)

i=1 =1

C
62 27
_Z U (a; + i + 1)+Z( z+ﬁz) (a; +1) — U (a; + B; +1)].
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Therefore Theorem 3.1 follows.

On the other hand, since Beta marginal distributions are sufficient to calculate the mutual information,
the same idea can be applied to the aleatoric uncertainty.

Corollary 1. Under Beta marginal distribution approximation, let P; ~ Beta(a;, 8;) in ® (x,w).
Then the aleatoric uncertainty can be estimated as follows:

O[z—

1)
Tat B )

c
BetaMarginalAleatoricUncertainty[x] := — Z (; = D)W (e + B;) + Z i
i=1

52 Q; aZZ
Z +ﬁ7, (ai+ﬁi+1)_;<ai+ﬁi>[\I/(ai+1)—\lj(ai+ﬁi+1)}.

A.4 Proof of Theorem 4.1

First let a positive integer A~ > 0 be given and let T := {I,,}, a collection of evenly divided
intervals in [0, 1] where I, := [(n — 1)A,nA) forn =1,--- , (A7 — 1) and In-1 := [1 — A, 1].
Let P; be a discretized random variable over Y of P; from ® (x,w). i.e., P; = (n — %) Aif P, eI,
such that P [Pi = (n - %) A} = P[P; € I,,]. For any estimator P, of P, given the label {Y = i},
by applying Fano’s inequality [12]][[7, Theorem 2.10.1], we have (note that our log has a base €)

,}>H(15i|Y:i)—log2 H (P|Y =i) —log2
=1 = = .

P|P # P|Y = = 2
{ 7 B log A-1 —log A 20)

We note that Shannon entropy and the differential entropy have the following connection [[7, Theorem
8.3.1]:

H(P]Y =i) +1log A =h(B|Y =i) + e =h(P') +e, (1)
where ¢; is an adjustment constant depending on A such that ¢, — 0 as A — 0. Note that ¢; does not
have to be non-negative. Then we can rewrite the inequality as follows:

L h(P;") —log A —log2 €
PP #P|Y =i| > ! . 22
{ 7 Z} —log A —logA 22)
Taking the expectation with respect to Y, we have
> 5 . > (EP) h(P) —log A —log2 3, (EP)e;
E|P|P#B|y=il| > & : i Y
{ [ 7 Z” —log A + —log A (x%)
If we let A=! = |2ef1(Y) |, there exists a § > 0 such that
H(Y) +1log2— 6 = —log A =log|2¢"Y) | < H(Y) + log 2. (23)

We also note that § — 0 as H(Y) — oo (or equivalently A — 0). Therefore, when A~! = [2eH (V) |,
we have

(xx) =

S (EPVAP) +HY) =3 ¥, (EP)e,

H(Y)+1log2 -9 H(Y)+log2—9¢
. SR WP+ HY) (| 5 EDCI I ET S
- H(Y) +log?2 H(Y)+1log2—9 H(Y)+log2
Letelzmand@:%20.Sinceei—>Oand5—>OaSA—>0,e—>0as

A — 0. Therefore Theorem 4.1 follows.

A.5 More Beta marginal formulations

With Beta approximation, we are able to describe Beta marginal formulation of MeanSD. Since we
are matching the variance of each marginal distribution, the empirical value of MeanSD should be
the same as BetaMarginalMeanSD.

alﬂl
BetaMarginalMeanSD[x = MeanSD|x]|. 25
g CZ\/OQ—F@ az+6i+1) [] (25)
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In [15], the expected information gain has been proposed and studied. We may
also formulate the expected information gain with Beta marginal distributions.

BetaMarginalEIG[x] :=H (Y) — EH (Y *|Y =)
«; = Q; +5Z(j) Q; +5Z(j) ;
:Z (O‘i+ﬁi> ; (O‘j+5j +1>log (aj+5j +1> s (Oéi+5i> ’
(26)

where Y is a categorical random variable over the posterior probability given Y = i, §;(j) = 1 if
i = j,and 6;(j) = 0 otherwise.

A.6 Beta marginal approximation visualization examples
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Figure 1: An example of Beta approximations (red lines) for each marginal distribution after applying
softmax layer in MNIST dataset. Each Beta distribution is estimated by calculating the sample mean
and sample variance of the histogram generated by the Bayesian deep learning model.
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Figure 2: An example of Beta approximations (red lines) for each marginal distribution after applying
softmax layer in CIFAR-10 dataset.

Figure [I| and Figure [2] shows an example of Beta approximations obtained from the MNIST and
CIFAR-10 datasets. P, --- , Pig show each marginal distribution of the predictive probability of
each digit. We observe that the Beta approximation is a reasonable approximation.

A.7 Rank correlation study with BetaMarginalEIG

A good advantage of explicit formula is that we can study the behavior of each measure directly. For
example, if C' = 2 and ® (x,w) ~ Dirichlet(c, 3) such that P; ~ Beta(«, 8) and P5 ~ Beta(g, a),
we are able to plot the behavior of each Beta marginal measure.



(a) BetaMarginalBALD  (b) BetaMarginalMeanSD (c) ExpectedEffectiveLoss  (d) BetaMarginalEIG

Figure 3: 3D plot of each uncertainty measure when Beta marginal assumption holds.

95 With BetaMarginalEIG, we are able to generate the same type of plot shown in Figure 1. EIG shows
96 positive correlations with BALD and MeanSD, but the correlation is around 70% implying that EIG
97 might show more variations.
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Figure 4: Same experiments with BetaMarginalEIG described in Figure 1 from the main article. This
is another independent experiment (as a validation), so the captured correlation values are slightly
different.
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Figure 5: Pairwise scatter plot at C' = 10, 000 companion with FigureEl

98 A.8 BALD and BetaMarginalBALD

99 Although BALD and BetaMarignalBALD shows high rank-correlation (under softmax applied
100 Gaussian distribution assumption), we might wonder how much different they are in the value.
101 We plot the RMSE (rooted mean square error) between two measures. Under Dirichlet distribu-
102 tion assumption, RMSE between BALD and BetaMarginalBALD is < 0.002 upto C < 1,000.
103 However, under softmax-applied Gaussian distribution assumption, RMSE between BALD and
104 BetaMarginalBALD shows < 0.07 upto C' < 1,000. This implies that Beta marginal approxi-
105 mation still preserves a high rank-correlation, but the absolute values are slightly shifted. e.g.,
106 BALD [x] &~ BetaMarginalBALD [x] + err for some constant err € R. This study also implies that
107 Beta marginal approximation is a reasonable assumption.

108 A9 Toy example with ExpectedEffectiveL.oss and BetaMarginalEIG

109 As observed by high rank-correlation in Figure EI, BALD, ExpectedEffectiveLoss, and Beta-
110 MarginalEIG show similar selections.

111 Figure [§] shows the active learning curves for ExpectedEffectiveLoss and BetaMarginalEIG with
112 MNIST and 3 x CIFAR-100. This experiment also confirms that BALD and ExpectedEffectiveLoss
113 are tightly aligned as we show that both are highly correlated. In MNIST, BetaMarginalEIG per-
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Figure 6: Scatter plot at C' = 1,000 between BALD and BetaMarginalBALD (left), RMSE between
BALD and BetaMarginalBALD over various class dimensions (middle), and Spearman’s rank
correlations over various class dimensions (right). The first row is the result from C'-dimensional 100
random Dirichlet samples. The second row is obtained from softmax-applied 100 random Gaussian
samples. Then we repeat the process 10 times. In both cases, we observe > 96% rank correlations as
well.

(a) BALD (b) ExpectedEffectiveLoss (c) BetaMarginalEIG

Figure 7: Top-K selected points are marked by red color. The first row shows the top K = 25
point selections. The second row shows the top K = 500 point selections among around 0.6 million
uniform grid points. The same experiments shown in Figure 2 in the main article.

forms similar to BALD and ExpectedEffectiveLoss. However, in 3 x CIFAR-100, BetaMarginalEIG
performs similar to BALD at first, but it essentially performs better than BALD and similar to the
random case. Recall that the rank correlation between BALD and BetaMarginalEIG is around 70%.
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Figure 8: Active learning curves for ExpectedEffectiveLoss and BetaMarginalEIG with MNIST and
3 x CIFAR-100.

A.10 Non-negative BalEntAcq region

In this section, we study the non-negative region of BalEntAcq [x]. BalEntAcqx]
is non-negative when MIJEnt[x] > 0. Under Beta marginal distribution approxima-
tion, let P, ~ Beta(a;, ;) in ®(x,w). Then we can fully write MJEnt[x] as follows:

MIEnt[x] = % " (EP) h(F;") + H(Y)

i

¢ o
- ; (ai + Bi

Then, we are able to generate a 3D plot and a contour plot of BalEnt[x] when C' = 2. ie.,
® (x,w) ~ Dirichlet(a, §) such that P, ~ Beta(a, 8) and P, ~ Beta(3, o).

) {IOgB(Cw +1,8;) — ;¥ + 1) = (B — D)W(B) — (i + B — 1) (e + Bi + 1) — log (a?ﬁ)} :

Figure 9: BalEnt 3D plot (left) and Positive BalEnt contour plot (right) over parameters («, 3).
For the contour plot, starting from the outside, contours are generated when BalEnt[x] =
-3,—-2,—-1,0,0.1,0.2,0.3.

Figure [9] suggests that in Dirichlet distribution’s parameter space, there exist (uncountably and)
infinitely many parameters which produce non-negative BalEnt [x] values. Then we also plot the
non-negative region (red shaded) of BalEntAcq in our toy example.

Figure (b) illustrates that there exist infinitely many points which produce the same BalEntAcq [x]
values. Therefore we may imagine that we are conducting a uniform sampling on each contour
surface {BalEnt[x] = A} for each A > 0, then moving to the surface for each A > 0. This observation
also explains how BalEnt[x] diversifies the selection near the decision boundary.

10
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(a) Decision boundary (b) Non-negative BalEntAcq region (c) Acquired 25 BalEntAcq points

Figure 10: Non-negative BalEntAcq region illustration from the toy example

A.11 Implementation of balanced entropy active learning

Implementation of BalEntAcq active learning is almost the same as the usual MC dropout-based
uncertainty methods. The difference is the dropout samples at inference time; BalEntAcq requires an
additional estimation step of Beta parameters for each marginal distribution. Algorithm|[T|explains the
whole steps of BalEntAcq active learning. Moreover, we do not apply any early stopping criteria in
each training because we understand that early stopping conflicts with dropout-based model training.
In other words, if we stop too early in model training by observing validation accuracy or loss, we
observe that model weights cannot reach to the fully mixing states of the randomness in MC dropouts,
similar to the early stage of Markov Chain Monte Carlo (MCMC).

Algorithm 1: BalEntAcq active learning algorithm

Input: 1) Unlabeled dataset Dyo1, 2) initially labelled dataset Dt(fa)ining, 3) the number of dropout
samples M at inference time, 4) active learning budget K for each iteration, 5) total active
learning budget Kt

Initialize all weights of Bayesian neural network ® and set n <— 0

Repeat at iteration n > 0
Train the model ® with D"

training

For each x € Dpoar \ Dt(")

raining’
Generate M dropout samples
Estimate Beta parameters (o, 3;) for each marginal distribution
Calculate BalEntAcq[x]
Set Dt(:;:ﬁl,zg — Dt(:;gning U {top K BalEntAcg-valued x € Dpoor \ Dt(:;gning}, andn < n+1
(n—1)

tot
training | €aches to /<

Until ‘D

A.12 More experimental details

Table [T]shows a summary of dataset, configurations, and hyperparmeters used in our experiments.
For each experiment, we repeat 3 times to generate the full active learning accuracy curve.

Scenario Dataset # Classes K Kot Backbone Loss Image size  Batch size  Optimizer Epochs Learning rate  Dropout MC trials
Full dropouts MNIST 10 1 300 CNN Cross-entropy 28 x 28 128 Adam 150 0.01 50% 100
Fixed feature CIFAR-100 100 500 10,000 ResNet-50 Cross-entropy 224 x 224 128 Adam 150 0.0003 20% 100
Redundant images CIFAR-100 100 500 30,000 ResNet-50 Cross-entropy 224 x 224 128 Adam 150 0.0003 20% 100
Pre-trained backbone  Tin; 2 200 1,500 30,000 ResNet-50 Cross-entropy 64 x 64 128 Adam 100 0.0003 20% 100

Table 1: Detailed configurations used in our experiments.

In SimCLR [6] feature training, we trained ResNet-50 with 224 x 224 image size, 192 batch size,
500 epochs, and 0.0003 learning rate with Adam optimizer for CIFAR-10/CIFAR-100.
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A.12.1 Simply last+ layer Bayesian

Dropout-based Bayesian neural network typically requires adding dropout layer with ReL.U activation
for each convolutional or linear layer to approximate a Gaussian process [[18]. But this requires a high
computational cost. Therefore we adopt several additional last layer dropout architecture to build
a Bayesian neural network equipped with Beta approximation. There exist several different lines
of works to justify the effectiveness of this simple last layer modification [33} 36} 4} 26, 21]]. More
precisely, similar to Laplace approximation applied at the last layer [26 See Theorem 2.4] and [21]],
we may replace several last linear layers with a dropout applied and ReLU activated linear layers.

For example, we may add two or more dropout layers after ResNet-50 fixed backbone in our CIFAR-
100 experiments to avoid any pathological cases [14]. In practice, we observe a single dropout layer
application is sufficient to achieve our Beta approximated marginals as shown below. We note that in
MNIST experiment, we use 50% dropout rate and for all other our experiments, we use 20% dropout
rate.

A.12.2 Choices of prioritization in BalEntAcq

In this section, we study the impact of the prioritization in BalEnt [x].

P1. Pl [x] = —BalEnt [x]. This is the case where we put higher priority when the posterior
uncertainty captures very small values. Note that this also includes high epistemic uncertainty
(BALD) valued case. For example, when C' = 2 with ® (x,w) ~ Dirichlet(c, ), the
posterior uncertainty goes to —oco as « — 0 and  — 0. Therefore BalEnt [x] — —oo. But
this case also achieves the highest epistemic uncertainty.

-1 . >
P2x] {BalEnt[x] if BalEnt[x] > 0,

| BalEnt[x] if BalEnt[x] < 0
tion measure.

P2. . This is the same case as our proposed acquisi-

P3. P3[x] = BalEnt[x]. This is the case where we put higher priority when the posterior
uncertainty captures very high values (close to zero). As discussed in Section 4.1, we want
to prioritize more when the information imbalance gap is higher.

Figure and Table show that selecting the points near BalEnt[x] ~ 0 is a better way to improve
the accuracy as we discussed in Section 4.1. When we prioritize the small posterior uncertainty case,
P1 shows a very poor performance in a fixed feature scenario. However, under the backbone and
augmentation scenario, the performance of P1 is similar to the high posterior uncertainty case of P3.
This could be because of the evolution of the feature space and the batch normalization during the
active learning process. i.e. previously captured uncertainty values will not be preserved under the
backbone with augmentation scenario.

w
'..N("/
045 “',‘.t."'
—<- P1 aquisition size 500 " Z —+- P1 aquisition size 1500
040 e P2 (BalEntAcq) aquisition size 500 7 = P2 (BalEntAcq) aquisition size 1500
BT P3 aquisition size 500 020 P3 aquisition size 1500
03s
w000 RN I =300 0000 om0 000 o =500 o000
(a) 3xCIFAR-100 (b) TinyImageNet

Figure 11: Active learning curves depending on different prioritization.
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Scenario Redundant images + Fixed feature Backbone + A ion

Dataset/Acq. Size/Test size 3x CIFAR-100/500/10,000 TinyImageNet/1,500/10,000
Train Size/Pool Size 5,000/150,000  15,000/150,000  25,000/150,000  30,000/150,000  6,000/100,000 15,000/100,000  24,000/100,000 30,000/100,000
P1 376 £0.7% 41.5+0.4% 45.6 £1.1% 48.4+£0.8% 28.2+1.2% 35.8+1.0% 41.7+£0.7% 43.6 £0.2%
P2 (BalEntAcq) 56.9 + 0.6% 63.5 +0.4% 66.6 + 0.3% 67.4+0.1% 30.0 +£0.9% 38.5+0.2% 428 +£0.7% 45.3 +0.4%
P3 53.6+0.1% 60.5 £ 0.6% 63.4+0.2% 64.7+0.2% 28.9 4 0.5% 36.2 4 0.9% 41.0 +0.9% 43.6 +0.2%

Table 2: Selected accuracy table depending on different prioritization. Mean and standard deviation
are from 3 repeated experiments. The best performance in each column is shown in bold.

A.12.3 Behavior of different precision levels

As shown in the proof of Theorem 4.1, we may have some freedom to choose the level of the
precision in the P; estimation. Therefore we report the active learning behavior for other precision
choices. It is not clear which precision level achieves the optimal performance, but our preference

—log A = H(Y) + log 2 shows a reasonably superior performance in any scenario as shown in
Figure[T2]and Table 3]

Case 1. —logA ~ H(Y) — log2,

Case2. —logA ~ H(Y),

Case 3. —log A ~ H(Y') + log 2 (our choice),
(Y)
(Y)

Case4. —logA ~ H(Y) + 2log2,

Case5. —logA ~ H(Y) + 3log2.
045 7
s
0ss
040 » %
00 P
2 - )
o - ot =
055 035 ¢.A".‘/ ~
£ H A
s 5 g 4
£ F »
050 y 7
030 Y
P . 74 4
—«- Casel aquisition size 500 .7
o Case2 aquisition size 500 / —e— Casel aquisition size 1500
P . 025 a o i
—— Case3 (BalEntAcq) aquisition size 500 f Case2 aquisition size 1500
L . == Case3 (BalEntAcq) aquisition size 1500
0s0 —
Cased aqu!s!t!on S!Ze 500 -~ Case4 aquisition size 1500
--- Caseb aquisition size 500 020 ff ~- Case5 aquisition size 1500
0% 5000 10000 15000 20000 25000 30000 5000 10000 15000 20000 25000 30000
Aquired dataset size: Aquired dataset size
(a) 3xCIFAR-100 (b) TinyImageNet
Figure 12: Active learning curves depending on different precision levels.
Scenario Redundant images + Fixed feature Backbone + A ion
Dataset/Acq. Size/Test size 3xCIFAR-100/500/10,000 TinyImageNet/1,500/10,000
Train Size/Pool Size 5,000/150,000  15,000/150,000  25,000/150,000  30,000/150,000 6,000/100,000 15,000/100,000 24,000/100,000 30,000/100,000
Casel 55.4+£0.7%  62.0+0.3% 64.2£0.1% 65.0£0.1%  27.5+01%  36.2+0.1% 40.6 £ 0.5% 42.6 £ 0.5%
Case2 57.2+0.3% 64.2 £0.2% 66.9 +0.3% 67.4+0.2% 29.9 +1.2% 37.8+0.5% 42.4 £ 0.5% 44.2 +0.8%
Case3 (BalEntAcq) 56.9 +0.6% 63.5 + 0.4% 66.6 4 0.3% 67.4+0.1% 30.0 +0.9% 38.5+0.2% 42.8+0.7% 45.3 +0.4%
Cased 56.3+0.7%  63.6+0.2% 66.4 + 0.3% 67.4+02%  29.9+02%  39.0+0.5% 42.2 4 0.9% 45.2+0.3%
Case5 55.6 £ 0.6% 63.2+0.1% 65.9 £0.5% 67.2+£0.5% 30.5 £0.5% 39.1+£0.7% 42.9 +0.3% 45.4 £ 0.5%

Table 3: Selected accuracy table depending on different precision levels. Mean and standard deviation
are from 3 repeated experiments. The best performance in each column is shown in bold.

A.12.4 More details about the main experiment

Figure[T3]shows the full active learning curves, negative log-likelihood, average epistemic uncertainty
for selected samples, and average aleatoric uncertainty for selected samples. We note that our proposed
method selects neither high epistemic uncertainty (=model uncertainty) nor aleatoric uncertainty
(=data uncertainty) samples. Nevertheless, BelEntAcq shows a good performance improvement
during the active learning iterations. Furthermore, we observe that BelEntAcq keeps choosing low
aleatoric uncertainty points but increasing epistemic uncertainty points.
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(a) Accuracy (b) Negative log-likelihood (c) Epistemic uncertainty (d) Aleatoric uncertainty

Figure 13: Full active learning curves obtained from different scenarios. From the top row, each row
represents a result of MNIST, CIFAR-100, 3x CIFAR-100, and TinyImageNet.

195 A.12.5 Model architectures

196 In this section, we describe model architectures what we have used in our experiments.

197 Toy example - moon dataset

198 BNN (

199 (classifier): Sequential (

200 (0) : Linear (in_features=2, out_features=72, bias=True)
201 (1) : RelLU(inplace=True)

202 (2) : Linear (in_features=72, out_features=72, bias=True)
203 (3) : Dropout (p=0.2, inplace=False)

204 (4) : ReLU(inplace=True)

205 (5): Linear (in_features=72, out_features=72, bias=True)
206 (6) : Dropout (p=0.2, inplace=False)

207 (7) : ReLU(inplace=True)

208 (8) : Linear (in_features=72, out_features=3, bias=False)
209 )

210 )

211 MNIST

212 CNNBNN (
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(features) : Sequential (

(0) : CNN2D (in_channel=1, out_channel=32, kernel_size=5,
stride=1, dropout_p=0.5, apply_max_pool=True,
apply_relu=True)

(1) : CNN2D (in_channel=32, out_channel=64, kernel_size=5,
stride=1, dropout_p=0.5, apply_max_pool=True,
apply_relu=True)

)

(classifier): Sequential (
(0) : Linear (in_features=1024, out_features=128, bias=True)
(1) : Dropout (p=0.5, inplace=False)
(2) : ReLU(inplace=True)
(3) : Linear (in_features=128, out_features=10, bias=False)
)
)
SVHN
RESNETBNN (
(features): ResNetl8 (remove_last_fully_connected_layer=True)
(classifier): Sequential (
(0) : Linear (in_features=512, out_features=512, bias=True)
(1) : Dropout (p=0.2, inplace=False)
(2) : RelLU(inplace=True)
(3) : Linear (in_features=512, out_features=10, bias=False)

CIFAR-100 and 3x CIFAR-100

RESNETCLASSIFIER (
(classifier): Sequential (
(0) : Linear (in_features=2048, out_features=2048, bias=True)
Dropout (p=0.2, inplace=False)

(1) :
(2) : ReLU(inplace=True)
(3) : Linear (in_features=2048, out_features=100, bias=False)
)
)
TinyImageNet
RESNETBNN (
(features) : ResNet50 (remove_last_fully_ connected_layer=True)
(classifier): Sequential (
(0) : Linear (in_features=2048, out_features=2048, bias=True)
(1) : Dropout (p=0.2, inplace=False)
(2) : ReLU(inplace=True)
(3) : Linear (in_features=2048, out_features=200, bias=False)

A.13 Relationship with the efficient active learning algorithm with abstention

It is well-known that any active learning method cannot improve the label complexity better than
passive learning (random acquisition) in general [35] 23] [5]]. Therefore under some conditions on
labels or models, it is possible to achieve exponential savings [ [37.231[31]]. Zhu and
Nowak recently proposed an efficient active learning algorithm with abstention in binary classification
[39] in the parametric setting with high probability. This section illustrates the relationship with the
recently proposed efficient Algorithm by Zhu and Nowak [39]]. Note that we are not proving the

equivalence between the two algorithms.
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As demonstrated in[A.T0} we can see that our proposed BalEntAcq method shares a high similarity
with active learning strategy with abstention [28, |32} 31} [39].

Intuitively, Algorithm 1 in [39] works in the following way. Set an abstention parameter v > 0.
Train a binary classifier A(z). For unlabelled point € X, we can calculate a uncertainty bound,
UB[z] := [Icb(z), ucb(x)]. If UB[z] C [3 — v, 4 + 7], we abstain the point z, i.e., we do not query
the point z. If 1 € UB[z] and UB[z] Z [§ — v, 3 + 7. we query the point z. At each iteration m,
we add geometrically increasing 2™ queried points.

The key insight of this Algorithm 1 to achieve exponential label savings is to abstain from the point
very close to the decision boundary. Similarly, as we demonstrated in our BalEntAcq[z] finds
a margin by focusing on the positive sign of BalEntAcq[x] which corresponds to finding z outside
the abstention region such that |x - % | > ry near the decision boundary. Then following the positive
BalEntAcq|z] values, we acquire points toward the decision boundary direction, which corresponds
to the condition % € UBJ[z]. We know that the point near the decision boundary should have high
aleatoric uncertainty. On the other hand, Corollary [T|implies that aleatoric uncertainty is increasing
as a, f — 400. So MJEnt[z] — —oo. Then BalEntAcq[z] — —oo. Therefore, our BalEntAcq|[z]
will acquire points near the decision boundary but will not acquire the point if it’s too close to the
decision boundary. This strategy in our BalEntAcq[x] exactly matches the key insight of Algorithm
1. So we may be able to theoretically guarantee that our proposed acquisition function BalEntAcq|[z]
could be a universally working active learning algorithm by achieving exponential label savings.

A.14 Acquisition time complexity

We note the time complexity of the acquisition calculation for each active learning iteration. We
denote by N number of unlabelled points, C' number of classes, K the acquisition size. For BADGE,
we use the last layer feature vector and then apply k-means++-.

Method BalEntAcq BALD  Entropy MeanSD PowerBALD BADGE  Random
Time Complexity O(CN) O(CN) O(CN) O(CN) O(CN) O(CNK) O(N)
Case Average Elapsed Time (sec)
MNIST with Acq. size 1 7.1 6.9 6.8 6.3 - — 0.1
CIFAR-100 with Acq. size 500 10.2 9.4 9.5 9.6 9.6 302.5 0.1
3xCIFAR-100 with Acq. size 500 18.9 18.5 18.4 18.2 18.4 1227.4 0.3
SVHN with Acq. size 2500 20.7 19.7 19.3 19.4 20.3 85.4 0.1
TinyImageNet with Acq. size 1500 183.4 178.7 178.4 176.4 182.0 4936.1 0.2

Table 4: First two rows show the theoretical time complexity. Remaining rows present the average
calculation time what we observed in our experiments.

A.15 More experiments with smaller acquisition size

In this section, we conduct more experiments with 3xMNIST and 3xCIFAR-10 by adding more
baselines such as VarRatio [x] := 1 — max; EP; [[16], BatchBALD, and CoreSet. The main purpose
of these experiments is to test the relatively smaller acquisition size. We acquire 25 points for each
active learning iteration. For 3 X MNIST, we use CNN architectures. For 3x CIFAR-10, we fix the
feature space obtained from SimCLR [6], the same setting we used in our main experiments. Overall,
the additional experimental results are well-aligned with our main results. We observe that BADGE is
the best performing baseline. However, we note that BADGE is not linearly scalable, and it requires
more computational costs. Figure [I4]and Table[5]show full results.
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Figure 14: Active learning curves of smaller batch size with 3xMNIST and 3 x CIFAR-10.

Scenario Full dropouts + CNN Fixed feature
Dataset/Acq. Size/Test size 3xMNIST/25/10,000 3x CIFAR-10/25/10,000

Train Size/Pool Size 100/180,000  200/180,000  300/180,000  200/150,000  300/150,000  500/150,000
Random 83.0£2.5% 89.14+24% 91.9+£1.1% 61.3+23% 64.9+0.6% 681+£0.7%
BALD 76.5+6.0% 83.8+28% 889+55% 49.8+08% B53.7+£1.7% 57.7+1.1%
Entropy 73.2+£35% 81.5+28% 89.0+1.0% 485+3.7% 53.0+£3.7% 59.1+0.7%
MeanSD 791+27% 883+28% 93.5+12% 55.0+£0.7% 583+0.8% 63.0+0.6%
Variation Ratios 80.3+1.3% 91.1+05% 929+1.0% 53.0£2.7% 55.0£1.0% 61.8+1.6%
PowerBALD 83.8+£4.5% 89.4+15% 92.6+04% 61.0+0.5% 65.6+£0.6% 68.3+0.5%

BADGE (not-scalable) 89.0+0.7% 94.2+04% 958+0.3% 63.2+0.5% 66.8+08% 70.3=+0.7%
BatchBALD (not-scalable)  85.7 £2.4% 93.3+1.2% 95.4+0.2% — — -
CoreSet (not-scalable) 80.0£0.7% 86.44+0.5% 89.5+1.2% 57.84+0.9% 60.5+1.4% 65.2+0.5%

BalEntAcq (ours) 86.3+2.0% 92.8+05% 95.7+£02% 62.7+16% 659+14% 70.1+0.5%

Table 5: Selected accuracy table. Mean and standard deviation are from 3 repeated experiments.

A.16 Miscellaneous

In our prioritization experiment, one might be interested in the reciprocal form of BalEnt[x] itself.
But in this case, the majority of acquired points have positive values. So there’s no meaningful
difference with P2 [x]. However, as the result of P1 [x] suggests, adding negative values close to —oo
should not be helpful to improve the active learning performance. Figure [I3]shows the additional
prioritization active learning curve.

P4. P4[x] = BalEnt [x] . This is the case where we put the reverse priority for the negative
value case after acquiring all positive values.

‘,.('
Lot
—«- P1 aquisition size 500 /¢ —=- Plaquisition size 1500
sl Ao
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= P3 aquisition size 500 & P3 aquisition size 1500
R R 7 aquisition size 500 o fff ++ P4 aquisition size 1500
o 5000 ‘10d00 15000 ‘0000 25000 0000 5000 ‘10600 15000 20000 25000 ‘10000
e et se Jo%- - r—
(a) 3xCIFAR-100 (b) TinyImageNet

Figure 15: Active learning curves depending on different prioritization.
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A.17 Comparison with CoreMSE

Recently, the Bayesian active learning framework considering the Expected Loss Reduction (ELR)
for the optimal Bayes classifier has been proposed [38| 34]. Under this framework, they attempt to
optimize the loss reduction in a holistical way, accounting for average loss reduction from all points.
However, this non-parametric approach requires a very expensive computational cost. With a large
dataset size, ELR [38]], wMOCU [38], CoreLog [34], and CoreMSE [34] require a vast memory size
unless we apply size reductions on the data space and MC samples [34]. If the number of classes
is large, running the algorithm in practice is impossible. Therefore the naive application of the
ELR-based algorithm is not scalable. Moreover, both works have pitfalls in the convergence proof
by assuming the finite data and parameter space. Both pieces of the works end up with null proof.
Nevertheless, we tested the performance of CoreMSE [34] with MNIST, seemingly the best method
under this framework. Figure[T6and Table[6]show the full active learning results.

=== BalEntAcq aquisition size 1
Random aquisition size 1
—<+- BALD aquisition size 1
+- CoreMSE aquisition size 1
Variation Ratios aquisition size 1

E) 100 150 20 2%0 0
Aquired dataset size.

Figure 16: Active learning curves with CoreMSE in MNIST

Scenario Full dropouts + CNN
Dataset/Acq. Size/Test size MNIST/1/10,000

Train Size/Pool Size 50/60,000 100/60,000 300/60,000
Random 786 +4.9% 86.4+£2.7% 93.6+0.7%
BALD 826 +£1.3% 90.5+£0.8% 95.3+0.4%
Variation Ratios 83.4+£32% 90.0£1.2% 96.2+0.2%
CoreMSE 85.3+21% 91.3+1.3% 95.8+0.8%
BalEntAcq (ours) 85.4+1.0% 91.4+13% 96.5+0.1%

Table 6: Selected accuracy table. Mean and standard deviation are from 3 repeated experiments.

A.18 Application to another Bayesian neural network with variational dropouts

In this section, we report our active learning experiment when we train a Bayesian neural network
with variational dropouts [24] with 3xCIFAR-10 with acquisition size 50 under a fixed feature
scenario.

We use an Adam optimizer with a learning rate of 0.0003 and 500 epochs in each experiment.
Compared to MC-dropout Bayesian neural network models, we observe that the convergence with
variational dropouts is not stable, so it requires much longer epochs if we newly train the model at
each active learning iteration. Therefore, we continue to train the model from the previously trained
model at each iteration except the initial iteration so that the convergence can be more stable.

Here is the architecture we used for our 3 x CIFAR-10 experiment.

VARIATIONAL_DROPOUT_CLASSIFIER (
(classifier): Sequential(
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329 (0) : VariationalDropout (in_features=2048, out_features=1024)

330 (1) : VariationalDropout (in_features=1024, out_features=1024)
331 (2) : Linear (in_features=1024, out_features=10, bias=False)
332 )

333 )

334 We observe a similar result from the MC-dropout Bayesian neural networks. Our BalEntAcq
consistently outperforms other linearly scalable baselines and is eventually on par with BADGE.

- g === BalEntAcq aquisition size 50
a »,," Random aquisition size 50
V2 v —<+— BALD aquisition size 50
2 2 «- Entropy aquisition size 50
+- MeanSD aquisition size 50
PowerBALD aquisition size 50
BADGE aquisition size 50

200 0 600 800 1000
Aquired dataset size

Figure 17: Active learning curves with variational dropouts in 3x CIFAR-10

335

Scenario Fixed feature + variational dropouts

3xCIFAR-10/1/10,000

Dataset/Acq. Size/Test size

Train Size/Pool Size 500/50,000  750/50,000  1000/50,000
Random 67.0+05% 69.9+04% T71.24+0.7%
BALD 62.1+15% 66.4+08% 69.54+0.8%
Entropy 60.8+1.7% 64.9+1.3% 66.5+1.9%
MeanSD 63.5+0.6% 68.0+09% 70.34+0.9%
PowerBALD 67.0+12% 69.8+02% 71.24+0.2%
BADGE (not-scalable) 69.1+0.1% T720+04% 73.2+0.1%
BalEntAcq (ours) 68.2+08% 71.9+06% 73.5+0.2%

Table 7: Selected accuracy table. Mean and standard deviation are from 3 repeated experiments.
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