sis A Notation Table

Symbol Usage

X c {0,1}  Bernoulli random variable indicating

whether a product was effective on a random instance

q PDF of the effectiveness distribution

Q CDF of the effectiveness distribution Q).

1o product effectiveness

I baseline effectiveness

oo variance of a product’s effectiveness: oo = /(1 — o) o

op variance of a baseline product’s effectiveness: o, = /(1 — pp) e
co fixed cost of running a clinical trial

c per-sample cost

R revenue upon approval

o} p-value threshold used by the principal

p(po,n; pp)  the probability of observing outcomes at least
as good as the evidence conditioned on the null hypothesis 1
Zan The critical region given n samples and p-value «
Pass(a, ug,n)  the probability that a product with effectiveness g is approved

u(a, o, n) utility for an agent with effective size o and number of samples n

Ny (@) optimal number of samples given p-value threshold o and effectiveness pig
() The participation threshold belief under a p-value threshold «
o The critical p-value threshold such that . (a*) = up

Table 3: Primary Notation
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B  Omitted proofs in Section
Proof of Theorem

Proof. We first define the following variables for brevity. Let A, = 110 — p;, denote the effect size,

o0 = v/o(1 — pg) denote the standard deviation of the true process and o, = /(1 — pp) the
standard deviation of the baseline Bernoulli variable. We use ¢(z) to denote the standard normal,
and ®(2) to denote its CDF. Lastly, let d,, = ®~1(1 — ) denote the 1 — « percentile of the standard
normal. Recall that we work under the normal approximation of the binomial distribution where the
critical threshold is:

Zom = {k‘ € R‘ / N (g, np (1 — ﬂb))} = np+®~ (1—a)\/nup(1 — ) = pyn+daoyy/n
k
4)

Thus, we may write the pass probability as follows, from which the expected utility expression
follows:

2zl —n d, 1= _
Pass() = 1— @ o MO ) g (DT iy (1 — ) — npo
nto(1 — o) npo(l — po)

e <daob - A#\/ﬁ)

00 0o

dy A
== U(n;a,uo,ub)ZR—R(I)( L —’”/ﬁ) —cn — ¢

0o g0

Observe that when the drug is not effective, i.e. po < pp, then the argument to ®() increases in n.
Hence, the passing probability, and thus the expected revenue, decreases with increasing n. It is
evident that the cost also increases in n. Thus, when the underlying drug is not effective, it is optimal
for the agent to choose the smallest value n,,;,, possible. Computing the pass probability oracle with
Numin, they can determine their maximum expected utility and choose to participate if this is positive.
In other words, when 1o < pp, a constant amount of computation suffices to determine the optimal
participation decision.

We next turn to the more interesting case where (g > up. Our goal is to efficiently search the sample

space by leveraging structural properties of the utility function. Letting v = d‘;—:b — A‘;ig/ﬁ, the
derivative of the utility function with respect to n is as follows:

ou 0P Ov

an = Tovan © ©
o RAM - RAM daab AM\/?Z
o ¢(U) 200\/5 °= 20’0\/5 ( (o1 (o)) ¢ (6)

The first term is always positive, and since the image of ¢() is always above 0. As n increases, this
first term tends to O, and the derivative is dominated by the second term and becomes negative. In
other words, increasing n only increases utility to a point. To precisely understand this characteristic,
consider the second derivative of the utility function:

2
T R o0) + Etup(v) = 2D {A‘“’ﬁ - 1} ™)
0

W o 200n3/2 200n3/2 200

The sign of the second derivative, and thus the concavity/convexity properties of the utility function

depend solely on %;;J Vn— 1} since the term multiplying it is always positive. We now expand it
by plugging in the definition of v:
A uv —-A doA\,0 b —A do Ao b
-1 = £ =t 1=t 4+ L1 8
{200 Vo ] 203 n 202 v 203 + 203 ®)

where we substitute in ¢ = y/n. Observe that this is a negative quadratic expression with only positive
real root being meaningful (since v/n cannot be negative). The roots n1, ny can easily be computed
by applying the quadratic formula to the instance parameters. We categorize the outcome as follows:
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1. No positive roots = the function is always concave
2. One positive root at ny = the function is convex over [0, n1] and concave over [ny, 00).

3. Two positive root at ny, ng with ng > ny = that over [0, n] the function is concave, over
[r1,n2] is is convex and over [ng, 00) it is concave.

We can consider the problem of optimizing n over each of these convex/concave regions defined by
the roots. Note that a convex function always attains its maximum on the boundary. Thus, for a the
convex interval, it suffices to just check the boundary points, of which there are only two. At the
optimal n for a concave interval, the first derivative is always 0, or it is a boundary point. Since the
latter case is similar to the first one, it suffices to find where the first derivative is 0, if it exists. Since
the first derivative is always increasing (monotonic) and we need to find the z-intercept, a binary
search suffices: starting in the middle of the interval, increase n if the first derivative is positive, and
decrease it if negative. This makes at most log 71,4, calls. It is immediate that taking max over the
best n from each of the at most three yields the globally optimal n,,, (o). The agent can compute the
corresponding passing probability and utility and decide to participate if this is positive. O

Proof of Lemma

Proof. We start with the first direction. If an agent with prior belief i participates with n samples,
then by individual rationality, they must have non-negative utility. That is, Pr[p(n, o; ) < o] - R >
(c-m+co), where (¢ - n + ¢p) is the cost. Now consider an agent with a prior belief 1 > o and
using the same number of samples-n. Observe that if Pr[p(n, u1; up)) < ] > Pr{p(n’, po; 1s)) <
a], then the agent will participate under belief 11. To compute Pr[p(n, u1; 1) < o, let nj =
>, X, denote the observed outcomes of n samples drawn independently from the distribution with
effectiveness p1. Observe that since the same number of samples are used here as when the belief
was (19, the critical region z,,, does not change since it depends only on «, n and ;. The probability
that these samples, drawn with respect to belief y;, will lie in this critical region:

> ()ul(l—m" =Y ()uol—uo)

1€2Za,n 1€2a,n

where the inequality follows immediately since p1; > po.

For the reverse, consider an agent with effectiveness i, not participating. This means that for all
n, we have Pr[p(n, uj; 1s)) < o] - Ry < (¢ - n + cg). Then for an agent with belief p} < py the
following holds:

vnz() 1—u1’“<2() (1= )=

1€2a,n 1€2Za,n

In other words, for each n, the passing probability under p is worse than py,, and the agent was
already not participating under i, for any n. O

Proof for Lemma

Proof. We first consider solving for (), given an «. To solve this upto some accuracy ¢, we can
discretize the belief space into k = % intervals of size €, and use the mid-point of the interval as
its representative belief. The monotonicity of beliefs implies that we can run a binary search over
these intervals. Starting with the middle interval g, if the agent participates at its representative
belief, we need not search intervals larger than this. Similarly, if the agent does not participate, we
need not search all intervals smaller than this. Clearly, this terminates in log (%) calls to the pass
probability oracle. To check participation, we need to compute the optimal n at every belief. Assume
the maximum number of sample iS 7,4, it will again take log(nm,q.) to search for the optimal
number of samples. So the total complexity should be log (1) * log(nmaz)-

Next, we show that p, () is non-increasing as « increases. For any «, we know that at the

corresponding threshold belief i, () and its corresponding optimal sample size n,,_(a) £ n. (),
the utility is 0. In other words: R - Pass(n, (), - (&), pip, &) = enr(a) + ¢o. It is known that for a
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fixed effect size and number of samples, the passing probability of a hypothesis test increases in c. In
other words, for two p-values a1, as where a; < g, the following holds:

Pass(a1, jir (1), nr (1)) < Pass(az, i (a2), nr(a2) and  u(ng (@), r (1), a9) > 0

Since the agent with effectiveness 11, (a1 ) will have non-negative utility when using n, (a) samples
when the p-value is ao, this agent will participate at this p-value (but not necessarily using n., (a1)
samples as that may not be optimal). The monotonicity of participation (Lemma (3.1) implies that
under a, agents with effectiveness greater than p.- (cvp) will also participation. Thus, the participation
threshold under ap by definition must be to the left of pi, (1) -i.e. pr(c2) < pr (@) as desired. O

Proof for Lemma 3.3

Proof. We prove by contradiction. Assume that there exists an « and p; > po such that
w(oy o, My (@) > wlay, i1, ny, (o). First note that if the agent is not participating in either,
then the utility is always 0. If they participate in one and not the other, the monotonicity of participa-
tion ( Lemma[3.T) means it must be under 1, (giving positive utility), with 1, being 0. Thus, the only
situation where the initial claim could hold if the agent participates under both. We divide this into
the following three cases:

* up < p1 < pp: since both pg and iy are less effective than the baseline drug, Theorem
implies that in both cases, n,,;, samples are used, and in Lemma @] we know that in such
settings, for a fixed n, the pass probability increases in p. Thus the utility under p; cannot be
lower than py.

e po < pp < proand pp < po < pp: We know from Lemma [3.1] for every fixed n, the pass
probability in this regime increases in p. Thus, Vn, u(e, o, n) < u(a, p1,n). Since n,, (o) is
the optimal number of samples for 11, we have

U(Oz, Koy Ty (Oé)) < U(Oé, M1y Moy (Oé)) < U(Oé, Hos Tpug (a))

The last step is according to the contradiction statement. However, this cannot be true since an
ny, (a) could not be the optimal number of samples for 41 if it led to a lower utility than n,,, ().

O

C Omitted Proof for Section 4]

For the ease of notation, let () denote the CDF of the effectiveness distribution g. Further, let Q
and >, denote the CDF of the belief distribution g, conditioned on 19 < pp and po > py.

Proof of Lemma [4.1]

Proof. We are interested in the total derivative of the pass probability with respect to « for any
agent with effectiveness pg > up,. Note that for this lemma, we consider the agent to always be
participating. This total derivative can be expanded using the multi-variable chain rule as follows:

OPass  OPass dn,,(a)

d
—Pass(a Ny, (@) = 9
do ( s MO, /LU( )) da on do ()
—— —_———
Direct effect indirect effect

To simplify notation, denote w, = ®~1(1 — «), and let

£(n,a) = (1 — a)oy, — v/nlpo — ) _ o Vo — 1)

g0 00 00

Then we have: Pass(a, g, 1y, (@) = 1 — ®(&(ny, (), o). We now separate the analysis based on
the direct and indirect influence.

Direct effect: The partial derivative with respect to « is:

OPass d % B

= ——®(&(n,a)) = —p(€)

g dwa _ 0y 9&)
Ja da

"da ()00 da 09 d(za) ~
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since a higher a lowers the critical threshold w, and makes the test easier to pass.

Indirect effect: The indirect effect depends on the optimal number of samples the agent uses for a
given «. That is, while having more samples increases the chance of passing (% > 0), the agent
might reduce this effort when « increases (since the test becomes easier). The product of these two

terms is therefore unclear. Formally,

OPass d o

“on_ = —%<I>(§(n,a)) = —¢(5)% =

Ho — Hb
. 0
Mg (o)

To compute dT, let F(n,a) be the first-order condition of the agent’s utility function:
u(ay, o, n) = RPass(a, f19, ) — cn — co. Since we know n,,, () is the optimal number of samples,
we claim that:

OPass

Flaynu (@) = R- 25

—c=0. (10)
n=n,, (a)
This holds because, as we show immediately below, the second derivative of the Pass(-) function
is always strictly negative with respect to n, meaning the utility function is always strictly concave.
This is formalized below:

2
Lemma C.1. The second derivative of Pass with respect to n is always negative — 882 25 < 0.

Proof. To see this,

OPass _ d (¢(£)~ (uo—,ub)> —6(6)- (_ﬁ(ﬂo—ﬂb)2 B (NO—Mb)).

on?  dn 200v/1 4o3n 4ogn3/?

Since ¢(&) > 0, 1o — p > 0, 09 > 0, and n > 0, and since £ can be either sign, the two terms in
the parentheses are both negative (even if £ < 0, the negative sign in front ensures negativity). Thus,
the entire expression is strictly negative: % < 0. Intuitively this means that every new sample
increases the chance of passing, but each one helps less than the last. O

The result above also means that the first derivative of F'(«, n) is always non-zero at n,, («). It is
also evident that F'(«v, n) is continuously differentiable. Thus, we can apply the Implicit Function
Theorem. Differentiating both sides of F'(a, n,, () = 0 with respect to « yields:

oF dn,, (o) OF dny,, (o a%
@) T+ e mfe) =0 — T =g ay
Next we compute g—i and g—i accordingly. Observe that:
or O?Pass O*Pass  po —pp  09(€)
o % noa’ where onda  200yn  Oa
e 00(€) _ doe) o ¢ 1
=38 % _ A 2
we have OF )
9 _ R, BT : )
Do 0 20’0\/ﬁ §¢(£) ¢(Za) o0 .

We next turn to computing the derivative of F’ with respect to n. Observe the following (where we
plug in 8;%;55 from above):
OF 0°Pass _ R . (€¢(€)(Mo —m)*  B(&)(uo — Mb))

on 0 Top2 4o2n  dogn3/?

Now plugging them back into the expression computed by the Implicit function theorem, we have:
(Ho—pp) ES(E)  op 26 \/npg (@)oy

dn (o) 5E o @ewa o )
N OF |, _p (a o £o(€ —pp)? P& (Ho—p - — %0 °
do on kO (@) io%(::o (ﬁll))) - 4(7(0’3L300(a§3b/)2 g(MO 'ub) A /nmoJ ()
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953 Total derivative. Having computed the direct and indirect effects, we can directly compute the
954 total derivative. We have:

d _ OPass  OPass dny,, (o)
ﬁPaSS(a, Loy My (@) = Do + N do (12)
\\,—/ 1)
Direct effect T N
indirect effect
ap, ¢(§) po =y dny,(a)
= 228 L 4(e)- - (13)
00 ¢(2a) ?e) 200/, (@) dox
_ o 9(§) 1_ (1o — pw) € (14)

00 ¢(za) (f(uo — tp) — \/%>

(o—pp) €

)
Ho
956 show below, when agent chooses the optimal number of samples n = n,,, (c), it will never be the case

955 Thesignof | 1 — decides the monotonicity of the passing probability. As we

g0

957 that &(po — o) — > 0 (Lemma|C.2), which implies that | 1 — (po—p») € >0
\/@ (E(#o*#b)*ﬁ)
KO
958 always holds at the optimal n,,, (), thus the passing probability at the optimal number of samples
959 1y, () is always monotonically increasing. We finish the proof by proving Lemma C.2:

960 Lemma C.2. When n,,,(«) is the optimal sample size chosen by the agent to maximize utility, then

90 > 0 never holds.

961 5(:“’0 - Nb) - \/@

962 Proof. Recall the second derivative of the utility w.r.t n is:

9?Utility (n, po; pup, ) O*Pass

on? on?
_ 88O (1o — m)? B(€) (1o — 1)
40[2)71, 4aon3/2
— 9(&)(po — ) 00
= W(S(MO — p) — %)

963 At the optimal number of sample n = n,,(«), the second derivative of the utility must be negative,
964 otherwise it implies that increasing the number of samples will increase the utility, which leads
965 to a contradiction to the fact that n = n,,,(«) is an optimal number of samples, thus we have the

966 following always holds at n = n,,(a): (o — ) — \/L() <. O
nuo «
967 O

968 Proof of Theorem[d.2]

969 Proof. Recall that the false negative rate in our setting consists of two components, conditioned on
970 whether agents participate. Observing that when an agent does not participate —i.e. o < pr(a) —
971 their probability of passing the statistical test is 0, we can simplify the overall FN rate as follows:

FN(Q,I) = E [Fail(a7M0a”uo(a))|M0 > Mb}
Ho~q

= E q[Fail(amO,nm(a))luo > iy, fo > pir (@) P(po > pr ()0 > piy) + Pluo < pir ()| o > pup)
=

FNabstain
FNpanicip
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972 Consider first any ; < @. We can explicitly express each component of the false negative as follows,
973 since we are guaranteed that p, () > pp:

1—Q(pr(a1))

(D) =  m )
FNPartlclp<a1;I) =1_ O () /ur(al) Fall(al,llmnﬂo () - Q(MT(al))dﬂo (15)
FNupsiain (01, ) = Q(MTl(Oilg(l_Lb?(ub) (16)

974 Let us focus on FNpicip. To simplify this, the following result is helpful. For a positive function
975 g(x) and a function f(z) with minimum and maximum values f,;, and fy,q. over an interval [a, b],
976 the following holds:

b b b fb
9(z) f(z)dx
fmin/ g(fL‘) S/ g(ﬂ?)f(l’)d.’)i‘ S fmaw/ g(l‘) — fmzn S abi S fmaa:
a a a fa g(ﬂ?)
977 Since the expression in the middle is between f,,;, and and f,,,,, by the intermediate value theorem,
b
o7 there exists an ¢ € [a, b] such that: f(c) = f“g;f)# which means: there exists a ¢ such that

o9 f(c) fab g(z) = f; f(x)g(x). This can be interpreted as an integral mean value theorem. Using this,
s80 there exists a value ! € [ur (), 1] such that the FN,q,ticip (1) can be expressed as follows:

_ 1
L et [l
- 1 — Q(ub)Faﬂ(alaucanﬂc (OZ)) /MT(O(I) 1— Q(Mr(al))d‘uo

_ Mﬁlil(al, ul, ny(a))

1 —Q(up)

981 Therefore, we can write:

1—-Q(pr(1)) Qur (1)) — Q)
1—Q(uw) 1 — Q)

982 Now consider an « such that oy < ap < a*. Note that due to Appendix wr(ag) < pr(aq). We
983 can thus write the FNpaycip Of this instance as follows:

1- Q(,U/T(OQ))
1— Q)

for some 1’ € [pu, (1), 1]): FN(ay,Z) = Fail(al,ui,n#é(a))—i—

FNparticip (OQ y I) =

! . )
Fail —_—d
/HT((xg) “ (a27 Ho, nHU (a)) 1- Q(IU’T(OQ)) Ho

1

(o wr(a1)

1 NT(O‘I)
T 1-Qw) l/ﬂ N Fail(va, f10, nyuy (@2))q (o) dpso +/ Fail(OémMo,nﬂo(ag))q(uo)duol

- Fail(ag, ', n 21(a)) /#T(m)q(uo)duo + Fail(ag, u2?,n 22(04))/1 q(p0)dpo
1= Q(us) B pe (02) S e
Qur()) — Qpr(a2)) 1 — Qpr(a1))

= Fail(aw, p*, n,z21(a)) + Fail(ag, p22, n,zz2(a))

1 —Q(ks) 1 — Q)

984 where in the third transition, we use the integral mean value theorem as in the previous «; case. Note
985 that for the integral between [1,(cv1), 1] in the s setting, we know that for every pg € [pr(aq), 1],
o8 Fail(ve, 1) < Fail(aq, p) since from Lemma4.1] we know that the pass probability increases as
987 alpha increases and this set of agents participated under both oy and ap. This immediately means that
o8  Fail(ag, 12, n 22()) < Fail(ag, iy, n 21 (). In the [ur (@2), pi- ()], the failure probability is
o989 at most 1. Hence, Fail(az, 21, 2. (a)) < 1. Thus, we can upper bound the FN participation loss
990 at avp as follows:

Qpr (1)) — Qur(a2))
1 —Q(up)

1 — Qur(n))
1—Q(up)

FNpanicip(QQ) < + Faﬂ(alv /L}a n;té (a)) (17)
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993
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995

We now express the abstain loss for ais as follows:

N, (g) = QU7 (02) = Qun) _ Qir(@1) — Q) QUutr(a1)) ~ Qlpir(a2))
abstain {2 1_ Q(Mb) 1— Q(Mb) 1-— Q(/J/b)

Then we have that:
FN(OQa I) = FNparticip + FNabstain (18)

1= Q(pr(a1)) | Qur(01)) = Qo) _ e
= 00w T 1-0Gw _ NewI) 19

< Fail(ayq, Mi, Nyl (@)

Lastly, for any o > @, we know from Proposition that FNparicip (@, I) = 0 and from Proposi-
tion[4.1] that FNgpgain (cr, Z) = 0. O

D Plot for Vaccine Drugs

Figure 4: @ vs Revenue - Vaccines
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