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Abstract

Cluster DAGs (C-DAGs) provide an abstraction of causal graphs in which nodes1

represent clusters of variables, and edges encode both cluster-level causal relation-2

ships and dependencies arisen from unobserved confounding. C-DAGs define an3

equivalence class of acyclic causal graphs that agree on cluster-level relationships,4

enabling causal reasoning at a higher level of abstraction. However, when the5

chosen clustering induces cycles in the resulting C-DAG, the partition is deemed6

inadmissible under conventional C-DAG semantics. In this work, we extend the7

C-DAG framework to support arbitrary variable clusterings by relaxing the parti-8

tion admissibility constraint, thereby allowing cyclic C-DAG representations. We9

extend the notions of d-separation and causal calculus to this setting, significantly10

broadening the scope of causal reasoning across clusters and enabling the appli-11

cation of C-DAGs in previously intractable scenarios. Our calculus is both sound12

and atomically complete with respect to the do-calculus: all valid interventional13

queries at the cluster level can be derived using our rules, each corresponding to a14

primitive do-calculus step.15

Knowing the effect of a treatment X on an outcome Y , encoded by an intervention do(X) in the inter-16

ventional distribution P(Y |do(X)), is crucial in many applications. However, performing interventions17

is often impractical due to ethical concerns, potential harm or prohibitive costs. In such cases, one18

can instead aim to identify do-free formulas that estimate the effects of interventions using only19

observational (non-experimental) data and a causal graph (Pearl, 2009). Solving the identifiability20

problem typically involves establishing graphical criteria under which the total effect is identifiable,21

and providing a do-free formula for estimating it from observational data. However, specifying a22

causal diagram requires prior knowledge of the causal relationships between all observed variables,23

a requirement that is often unmet in real-world applications. This challenge is particularly acute in24

complex, high-dimensional settings, limiting the practical applicability of causal inference methods.25

One way to circumvent this difficulty is to rely on abstract representations which group several26

variables into macro-variables, a mapping usually referred to as causal representation learning27

(Schölkopf et al., 2021), which are connected through causal relationships and dependencies arisen28

from unobserved confounding. Several studies have been devoted to causal discovery of and causal29

inference in specific abstract representations, both for static and dynamic (time series) variables, as30

Assaad et al. (2022); Ferreira and Assaad (2024); Anand et al. (2023); Wahl et al. (2023). Recent31

studies have also tackled the related problem of defining mappings from clusters to variables while32

preserving specific causal properties (Chalupka et al., 2015, 2016; Rubenstein et al., 2017; Beckers33

and Halpern, 2019), and have provided a thorough theoretical analysis of the relationship between34

micro- and macro-level causal models with a view on causal discovery assumptions (Wahl et al.,35

2024).36
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Figure 1: Left: a C-DAG GC = (VC ,EC), Right: a graph Gm = (Vm,Em) that is compatible with GC .
For example, 2A ∈ VC corresponds to {A1, A2} ⊆ V

m. In Gm, a structure of interest (Definition 3) is
highlighted in bold black, with all other nodes and edges shown in gray.

The starting point of our study is the framework recently proposed in Anand et al. (2023), which37

relaxes the strict requirement of a fully specified causal diagram and provides a foundation for valid38

inference over clusters of variables. However, it focuses on abstract graphs, called Cluster-DAGs,39

which do not contain cycles between clusters, a restriction known as partition admissibility. We40

extend this framework in this paper by removing this restriction and consider arbitrary clusterings of41

variables, potentially resulting in abstract graphs with self-loops and cycles between clusters.42

To tackle identification in causal abstractions, recent work has introduced separation criteria that43

generalize d-separation to specific abstraction types (Jaber et al., 2022; Perković et al., 2018; Ferreira44

and Assaad, 2025). While effective, this has led to a proliferation of abstraction-specific rules. Yet,45

all these methods operate over the same underlying object: the class of graphs compatible with the46

abstraction. An alternative line of work could seek to construct a transformed graph on which standard47

d-separation can be directly applied. This is feasible, for example, when the union of all compatible48

graphs is itself compatible — but such cases are rare, especially when the abstraction introduces49

cycles. Our approach adopts a hybrid strategy. Rather than relying solely on path-based d-separation,50

we define a structure-based criterion that captures all necessary information for assessing separation.51

These structures avoid pitfalls such as reattaching colliders into conditioned paths and are simple52

to construct — typically by tracing backward along directed edges from root nodes. Crucially, our53

criterion remains tightly aligned with standard d-separation: every d-connecting path can define such54

a structure, and every connecting structure contains a d-connecting path. To support identification55

under abstraction, we introduce a two-step method grounded in a tractable search space. First, we56

derive an extended graph from the abstraction that, while not necessarily compatible, conservatively57

includes all potentially connecting structures. This enables efficient exploration using standard58

graph-traversal techniques. Second, a lightweight compatibility test is applied to filter out invalid59

structures, i.e., those which do not correspond to any graph in the compatible class.60

Specifically, we make the following contributions:61

1. We extend the framework of Anand et al. (2023) by removing the assumption of partition62

admissibility, thereby broadening its applicability to a wider range of causal abstractions.63

2. We reformulate the d-separation criterion in an ADMG using a structure-based separation64

criterion that remains faithful to classical d-separation.65

3. We introduce a calculus which is sound and atomically complete.66

4. We further show that any cluster can be reduced to a cluster of limited size, leading to67

efficient calculus rules.68

The remainder of the paper is structured as follows: Section 1 introduces the main notions while69

Section 2 presents our main result regarding sound and atomically complete calculus; Section 370

presents an efficient way to look at causal abstractions based on clusters; lastly, Section 4 discusses71

some extensions of our work while Section 5 concludes the paper. All proofs are provided in the72

Technical Appendices.73
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1 Preliminaries74

We follow the notations of Pearl (2009). A single variable is denoted by an uppercase letter X and its75

realized value by a small letter x. A calligraphic uppercase letter X denotes a set.76

Graphs. We denote by Anc(X,G) and Desc(X,G) the sets of ancestors and descendants of X in77

the graph G, respectively. We denote by Root(G) the set of roots of G, i.e., the vertices that have no78

child in G. A vertex V is said to be active on a path relative toZ if 1) V is a collider and V or any of79

its descendants are inZ or 2) V is a non-collider and is not inZ. A path π is said to be active given80

(or conditioned on)Z if every vertex on π is active relative toZ. Otherwise, π is said to be inactive81

givenZ. Given a graph G, the sets X and Y are said to be d-separated byZ if every path between82

X and Y is inactive givenZ. We denote this by X⊥⊥GY | Z. Otherwise, X and Y are d-connected83

givenZ, which we denote by X /⊥⊥GY | Z. The mutilated graph G
XZ

is the result of removing from84

a graph G edges with an arrowhead into X (e.g., A → X, A ↔ X), and edges with a tail from Z85

(e.g., A← Z). Let π be a path in a graph G and let A and B be two nodes of π. We denote by π[A,B],86

the subpath of π between A and B. For two graphs G1 = (V1,E1) and G2 = (V2,E2), the union is87

G1 ∪ G2 B (V1 ∪V2,E1 ∪ E2).88

Structural Causal Models. Formally, a Structural Causal Model (SCM) M is a 4-tuple89

⟨U,V,F , P(U)⟩, where U is a set of exogenous (latent) mutually independent variables and V90

is a set of endogenous (measured) variables. F is a collection of functions { fi}
|V|

i=1 such that each91

endogenous variable Vi ∈ V is a function fi ∈ F ofUi ∪ Pa(Vi), whereUi ⊆ U and Pa(Vi) ⊆ V \ Vi.92

The uncertainty is encoded through a probability distribution over the exogenous variables, P(U).93

Each SCMM induces a directed acyclic graph (DAG) with bidirected edges – or an acyclic directed94

mixed graph (ADMG) – G(V,E = (ED,EB)), known as a causal diagram, that encodes the structural95

relations among V ∪U, where every Vi ∈ V is a vertex. We potentially distinguish edges E into96

directed edges ED, which connect each variable Vi ∈ V to its parents V j ∈ Pa(Vi) as (V j → Vi),97

and bidirected edges, which appear as dashed edges (V j e Vi) between variables Vi,V j ∈ V that98

share a common exogenous parent, i.e., such thatUi ∩U j , ∅. Performing an intervention X=x is99

represented through the do-operator, do(X= x), which represents the operation of fixing a set X to a100

constant x, and induces a submodelMX, which isM with fX replaced to x for every X ∈ X. The101

post-interventional distribution induced byMX is denoted by P(V \ X|do(X)).102

Cluster-DAGs In this study, we further develop the Cluster-DAG framework introduced in Anand103

et al. (2023). The individual variables, called micro-variables and denoted byVm, are grouped into104

clusters forming a partitionVC , where each cluster contains one or more micro-variables.105

Definition 1 (Cluster-DAG). Let Gm = (Vm,Em) be an ADMG and letVC be a partition ofVm. We106

construct the mixed graph GC = (VC ,EC), possibly with self-loops and cycles, by defining EC as107

follows. For all clusters V,W ∈ VC:108

• V → W is in EC if and only if there exists Vv in V and Ww in W such that Vv → Ww in Gm.109

• V e W is in EC if and only if there exists Vv in V and Ww in W such that Vv e Ww in Gm.110

We say that Gm and GC are compatible.111

A key novelty of our approach is the allowance of cycles at the cluster level, in contrast to Anand et al.112

(2023), which restricts the cluster graph to be acyclic. We nonetheless retain the term “Cluster-DAG”113

(C-DAG) to emphasize that the underlying graph on micro-variables remain acyclic. We denote114

a node in GC by VC , and its corresponding set of micro-variables in a compatible graph Gm by115

Vm = {V1, · · · ,V#V } where the indices follow the topological ordering induced by Gm. We will use the116

same notations for any intersection or union of clusters. The cardinality of each cluster is displayed117

in the upper left corner of its corresponding node, as represented in Figure 1a.118

A C-DAG GC is, by definition, derived from an ADMG over the micro-variable setVm; however, in119

practical applications the true causal diagram onVm is typically unknown. Then, we are interested in120

all the ADMGs compatible with GC .121
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Definition 2 (Class of Compatible Graphs). LetVC be a partition ofVm, and GC be a mixed graph122

on VC . We denote C(GC) B {Gm | Gm is compatible with GC} the equivalence class1 of graphs123

compatible with GC .124

A C-DAG is a valid causal abstraction of any underlying causal diagram on micro-variables if and only125

if it contains no directed cycle composed entirely of singleton clusters, which ensure the existence of126

at least one ADMG compatible with the mixed graph (see Proposition 4 in Appendix).127

2 A Causal Calculus for Cyclic C-DAGs128

We now introduce an atomically complete calculus for reasoning about cluster queries in C-DAGs.129

For each rule of Pearl’s calculus, Theorem 2 gives a graphical criterion that is sound and complete130

(Theorem 3): if the separation criterion for a given rule applies, then the rule is valid in all compatible131

graphs; if not, then there is at least one compatible graph in which the rule fails. Our work is132

constructive: if such a graph exists, then our criterion enables its construction. To establish Theorems133

2 and 3, we first introduce the concept of structure of interest, then describe the associated graphs134

needed to define efficiently our calculus, and finally define the corresponding calculus in the third135

subsection.136

2.1 Structure of interest137

Demonstrating that a rule of Pearl’s calculus fails on a compatible graph (at least one) requires138

exhibiting a graph on micro-variables in which the corresponding d-separation fails. Concretely,139

this involves the three following steps on the micro-variables, for a given C-DAG: (i) find a path140

connecting variables; (ii) for each collider on that path, provide a directed path to a conditioning141

variable; and (iii) ensure all these paths coexist in a single compatible graph. While (i)–(ii) could be142

decided via a graphical test on the C-DAG, step (iii) is nontrivial since paths may conflict and form143

cycles. To avoid this, we directly look at structures of interest, which correspond to paths to which144

we add for each collider a directed path to a conditioning variable. Thus, we only need to test that145

this structure of interest connects two sets of variables. Definitions 3 and 4 refine and formalize this146

intuition.147

Definition 3. A structure of interest σ is an ADMG, with a single connected component, in which148

each node V satisfies the following property:149

• V has at most one outgoing arrow, or,150

• V has two outgoing arrows but no incoming arrow.151

In an ADMG, executing a breadth-first search from the root set against the arrow orientation produces152

a subgraph that, by construction, satisfies the first condition of Definition 3. Moreover, by enforcing153

the second condition at each exploration step, one obtains an efficient procedure for constructing the154

desired structures of interest within the ADMG.155

Figure 5 in Appendix shows how arrows look like around a vertex in a structure of interest. We draw156

in Figure 1b in bold an example of a structure of interest in a graph on micro-variables.157

Definition 4. Let G = (V,E) be a mixed graph. Let X,Y,Z be pairwise disjoint subsets ofV. We158

say that a structure of interest σ ⊆ G connects X and Y under Z and we write X /⊥⊥σY | Z if the159

following conditions hold:160

• X ∩ σ , ∅ and Y ∩ σ , ∅ (σ connects X and Y)161

• Root(σ) ⊆ Z ∪ X ∪ Y and (all vertices of σ are ancestors ofZ∪X ∪Y)162

• (σ \ Root(σ)) ∩Z = ∅ (neither chains nor forks of σ are inZ)163

Example 1. Let us consider the graph Gm and the structure of interest σm depicted in Figure 1b. The164

roots of σm are Root(σm) = {D1,C1,Y1}. According to Definition 4, σm connects X1 and Y1 under165

Cm ∪Dm = {C1,C2,D1}. Indeed, σm contains the path πm = ⟨X1, A1, B1,C1,Y1⟩ which d-connects X1166

and Y1 under Cm ∪ Dm in Gm.167

1If we denote ϕ(Gm; VC) the cluster-DAG obtained from Gm via Definition 1, the equivalence relation is
given by Gm

1 ∼VC Gm
2 ⇔ ϕ(Gm

1 ; VC) = ϕ(Gm
2 ; VC).
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Figure 2: On the first row (Figures 2a, 2b and 2c), three examples of C-DAG are given. On the second
row (respectively, Figures 2d, 2e and 2f), we represent the corresponding unfolded and canonical
compatible graphs. The plain and dashed arrows corresponds to Gm

can, whereas the dotted arrows
represent the "eligible" arrows. Lemma 2 and Figure 2e show that there is no graph compatible with
the C-DAG depicted in Figure 2b such that A1 and C1 are connected by a directed path. Similarly,
Proposition 3 and Figure 2f show that there is no graph Gm compatible with the C-DAG depicted in
Figure 2c such that A1 ∈ Anc(Z1,G

m).

We remark that a path is always a structure of interest, but it may not be a connecting structure of168

interest. Theorem 1 shows that there exists a d-connecting path if and only if there exists a connecting169

structure of interest.170

Theorem 1 (D-connection with structures of interests). Let G be an ADMG. Let X,Y,Z be pairwise171

disjoint subsets of nodes of G. The following properties are equivalent:172

1. X /⊥⊥GY | Z.173

2. G contains a structure of interest σ such that X /⊥⊥σY | Z.174

Theorem 1 reduces the problem of determining whether a rule from Pearl’s calculus fails for a given175

C-DAG to the search for a compatible graph which contains a structure of interest that violates the176

corresponding d-separation.177

2.2 Associated graphs178

Enumerating all compatible graphs is generally infeasible due to their potentially large number. To179

address this challenge, we define two mixed graphs. The canonical compatible graph (Definition 5)180

allows efficient verification of whether given structures of interest exist in some compatible graph. The181

unfolded graph (Definition 6) aggregates all structures of interest present in at least one compatible182

graph. To look for a structure of interest, we first check in the unfolded graph. However, since it may183

include spurious structures that do not correspond to any actual compatible graph, we afterward filter184

out these spurious structures from the canonical compatible graph.185

Definition 5 (Canonical Compatible Graph). Let GC be a C-DAG. Its corresponding canonical186

compatible graph is the ADMG Gm
can =

(
Vm

can,E
m
can
)
, where the set of nodes isVm

can := Vm, and the187

set of edges is constructed by the following procedure:188

1. For all dashed-bidirected-arrows VC e WC in GC , add the dashed-bidirected-arrows189

Vv e Ww for all v,w ∈ {1, · · · , #VC} × {1, · · · , #WC} such that Vv , Ww.190
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2. For all self-loop VC , add the arrow Vi → V j for all i, j ∈ {1, · · · , #VC}2 such that i < j.191

3. For all arrows VC → WC , with VC , WC , add the arrow V1 → W#WC .192

Examples of canonical compatible graphs are given in Figure 2. As stated in Proposition 1, the193

canonical compatible graph is itself compatible and canonical in the sense that it can be added to any194

compatible graph without violating compatibility.195

Proposition 1. Let GC be a C-DAG and Gm
can be its corresponding canonical compatible graph. Then,196

the following properties hold:197

1. Gm
can ∈ C(GC).198

2. For all Gm ∈ C(GC), Gm
can ∪ G

m ∈ C(GC).199

Consequently, if a structure of interest exists in some compatible graph, it must also coexist with the200

canonical compatible graph, meaning that its addition to the canonical compatible graph does not201

create cycles2.202

We now introduce the unfolded graph.203

Definition 6 (Unfolded graph). Let GC be a C-DAG and Gm
can = (Vm

can,E
m
can) be its corresponding204

canonical compatible graph. Its corresponding unfolded graph is Gm
u = (Vu,Eu), the mixed graph205

defined by the following procedure:206

• Vu B V
m.207

• Let us consider the following set:208

Eeligible B

{
Vv → Ww

∣∣∣∣∣∣
{

VC → WC ⊆ GC , and,
Gm

can ∪ {Vv → Ww} is acyclic.

}
Then Eu B E

m
can ∪ Eeligible.209

Examples of unfolded graphs are given in Figure 2. As shown in Proposition 2, the unfolded graph210

is a supergraph of any compatible graph. Therefore, if there exists a compatible graph containing a211

structure of interest σm, it follows that σm must also appear in the unfolded graph. This implies that212

it is no longer necessary to enumerate all compatible graphs in the search for a structure of interest;213

instead, it suffices to search within the unfolded graph alone. Figure 2 illustrates how the unfolded214

graph can be used to demonstrate the non-existence of certain structures within the set of compatible215

graphs.216

Proposition 2. Let GC be a C-DAG and Gm
u be its corresponding unfolded graph. Then, any217

compatible graph Gm is a subgraph of Gm
u up to a permutation of indices in each cluster.218

The unfolded graph defines the search space for the structures of interest, while the canonical219

compatible graph, as stated in Proposition 3, ensures that these structures can indeed be realized220

within a compatible graph.221

Proposition 3. Let GC be a C-DAG and Gm
u be its corresponding unfolded graph. Let σm be a222

structure of interest in Gm
u . If Gm

can ∪ σ
m is acyclic, then Gm

can ∪ σ
m is compatible with GC .223

By keeping these two notions distinct, we are able to apply mutilations directly on the unfolded graph224

without restricting the overall class of compatible graphs.225

2.3 Calculus226

It is important to note that mutilating all graphs compatible with a C-DAG generally yields a strictly227

smaller set of graphs than the set of graphs compatible with the mutilated C-DAG, as illustrated in228

Example 2.3 This means that one cannot do the do-calculus on the class of graphs defined by the229

mutilated C-DAG.230

2Let σm ⊆ Gm. Since Gm ∪ Gm
can is acyclic, σm ∪ Gm

can is also acyclic.
3A similar phenomenon was observed by Zhang (2008) in the context of ancestral graphs.
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Example 2. Let us consider the C-DAG GC B 2A⇄ 1B. We have the following identities:231

•
{
Gm

B1
| Gm ∈ C(GC)

}
=


A1

A2

B1 ,
A1

A2

B1

232

• C
(
GC

BC

)
=


A1

A2

B1 ,
A1

A2

B1 ,
A1

A2

B1

233

And then,
{
Gm

B1
| Gm ∈ C(GC)

}
⫋ C
(
GC

BC

)
.234

However, thanks to the unfolded graph and the canonical compatible graph, the rules of do-calculus235

for cluster queries can be encoded in a sound and complete manner. This principle is formally236

established in Theorems 2 and 3. An illustrative application of Theorem 2 is provided in Example 3237

(a complementary example is provided in Figure 8 in Appendix).238

Theorem 2 (Calculus). Let GC be a C-DAG and let Gm
u be its corresponding unfolded graph. Let239

XC ,YC ,ZC ,WC be pairwise distinct subsets of nodes. Then for any density P compatible with any240

compatible graph, the following rules apply:241

R1. P
(
ym | do(wm), xm, zm) = P

(
ym | do(wm), zm) if Gm

uWm does not contain a structure of242

interest σm such that Xm /⊥⊥σmYm | Wm,Zm and Gm
can ∪ σ

m is acyclic.243

R2. P
(
ym | do(wm), do(xm), zm) = P

(
ym | do(wm), xm, zm) if Gm

uWm,Xm does not contain a244

structure of interest σm such that Xm /⊥⊥σmYm | Wm,Zm and Gm
can ∪ σ

m is acyclic.245

R3. P
(
ym | do(wm), do(xm), zm) = P

(
ym | do(wm), zm) if Gm

uWm does not contain a structure246

of interest σm such that Xm /⊥⊥σmYm | Wm,Zm, Gm
can ∪ σ

m is acyclic and Root(σm) ⊆247

(Wm ∪Zm) ∪ Ym.248

The first two rules of Theorem 2 are very similar to the first two rules of Pearl’s do-calculus. In contrast,249

the third rule of Pearl’s do-calculus requires verifying the d-separation conditionYm⊥⊥Gm
Wm ,Xm (Zm)

Xm |250

Wm,Zm, in all compatible graph Gm, where Xm(Zm) = Xm \Anc(Zm,Gm
Wm ). Since Xm(Zm) is not,251

in general, a union of clusters, the associated mutilation depends on the particular graph Gm. As a252

result, it is not possible to directly apply this mutilation to the unfolded graph to derive an atomically253

complete criterion for Rule 3.254

Nonetheless, if Rule 3 does not hold in some compatible graph Gm, then there exists a structure of255

interest between Ym and Xm in Gm
Wm,Xm(Zm). If this structure includes a root Xx ∈ X

m, then Xx must256

be an ancestor of some Zz ∈ Z
m in the mutilated graph. In such a case, we can augment the structure257

of interest by explicitly adding the directed path from Xx toZm, resulting in a new structure whose258

roots lie outside Xm. This constructive process of eliminating roots from Xm is behind the third rule259

in Theorem 2.260

For all the rules, structures of interest are sought in the unfolded graph. The canonical compatible261

graph is then used to ensure that the identified structure of interest actually exists in a compatible262

graph.263

All the calculus rules given in Theorem 2 are atomatically complete, as stated by Theorem 3.264

Theorem 3 (Atomic completeness). The calculus in Theorem 2 is atomically complete i.e. if the rule265

does not hold given a C-DAG, then there exists a compatible graph in which the corresponding rule266

in Pearl’s calculus fails.267

Example 3. Let us consider GC , the C-DAG depicted in Figure 2c. Figure 2f displays the correspond-268

ing unfolded graph and canonical compatible graphs. The plain and dashed arrows represent Gm
can,269

while the dotted arrows denote the "eligible" edges. According to the second rule of Theorem 2, we270

have P(ym | do(zm)) = P(ym | zm). Indeed any structure of interest σm which connects Ym and Zm
271

under ∅ contains the arrows A1 → B2 → Z1. Since Gm
can contains Z1 → A1, we know that Gm

can ∪ σ
m

272

contains a cycle. Therefore, Gm
u ∅,Zm does not contain a structure of interest σm that connects Ym and273

Zm under ∅ such that Gm
can ∪ σ

m is acyclic.274
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Figure 3: Top: GC (left) and GC
≤3 (right). Bottom: a graph compatible with GC (left) and a graph

compatible with GC
≤3 (right). In Figure 3c, the arrows in bold black represent a structure of interest

that connects Xm and Ym under Cm ∪ Am. In Figure 3d, the arrows in bold black represent the
structure of interest that connects Xm

≤3 and Ym
≤3 under Cm

≤3 ∪ Am
≤3, which is obtained by applying the

strategy used in the proof of Theorem 4.

3 Computational efficiency: reducing clusters of large size to 3 nodes275

While Theorem 2 provides a sound and atomically complete calculus, its direct application may be276

impractical for large clusters, as computing Gm
u becomes intractable due to a combinatorial explosion277

in the number of edges. To address this, we associate with any C-DAG GC a simplified C-DAG278

GC
≤3 on the same set of nodes (but with different cardinals), where each cluster of size greater than279

3 is reduced to size 3. The set of edges of GC
≤3 is the set of edges of GC . The key difference is that280

C(GC
≤3) , C(GC), because the graphs compatible with GC

≤3 contain fewer nodes and different edges281

than the graphs compatible with GC . We illustrate this in Figure 3. Notably, Theorem 4 shows that282

applying the calculus on GC or on GC
≤3 leads to the same results.283

Theorem 4 (Infinity is at most three). Let GC be a C-DAG and GC
≤3 be the corresponding C-DAG284

where all clusters of size greater than 3 are reduced to size 3. LetWC , XC , YC andZC be pairwise285

disjoint subsets of nodes. For i ∈ {1, 2, 3}, let Ri(W,X,Y,Z) be the ith rule of Pearl’s Calculus286

applied to (W,X,Y,Z), and say it "does not holds in G” whenever its associated d-separation287

condition in the associated mutilated graph is not satisfied. The following propositions are equivalent:288

1. There exists Gm ∈ C(GC) in which Ri(Wm,Xm,Ym,Zm) does not hold.289

2. There exists Gm
≤3 ∈ C(GC

≤3) in which Ri(Wm
≤3,X

m
≤3,Y

m
≤3,Z

m
≤3) does not hold.290

WhereWm
≤3, Xm

≤3, Ym
≤3 andZm

≤3 are the sets of nodes corresponding toWC , XC , YC andZC in GC
≤3291

Figure 3 illustrates Theorem 4 by showing how a graph Gm ∈ C(GC), in which a given d-separation292

does not hold, is transformed into Gm
≤3 ∈ C(GC

≤3), in which the corresponding d-separation does not293

hold as well. The figure highlights how this transformation impacts the structure of interest that294

violates the d-separation by omitting all irrelevant dependencies (see Figure 3d).295

Theorem 4 shows that reducing cluster size to at most three preserves all relevant dependencies. This296

bound is tight: in some C-DAGs, any further reduction of the size of the clusters (by removing more297

nodes) would necessarily lose causal information. Example 4 illustrates such a case.298

Example 4 (Infinity is at least three). Let GC be the C-DAG defined by Figure 4a. Let XC = {XC},299

YC = {YC} and ZC = {Z1C
,Z2C

}. There exists a compatible graph Gm in which Xm /⊥⊥GmYm | Zm:300

we displayed it in Figure 4b.301
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1Y

1Z1

1X

3A 1Z2

(a) GC

Y1

Z1
1

X1

A1

A2

A3

Z2
1

(b) Gm ∈ C(GC)

Y1

Z1
1

X1

A1

A2

Z2
1

(c) C(GC
≤2) =

{
Gm
≤2

}
Figure 4: Figure 4a depicts a cluster GC . Figure 4b illustrates a graph compatible with GC . Figure 4c
illustrates the unique graph compatible with GC

≤2.

There is only one graph compatible with GC
≤2 : C(GC

≤2) = {Gm
≤2} (the one displayed in Figure 4c).302

Moreover, in Gm
≤2, the corresponding dependence does not hold.303

4 Discussion304

On Cluster d-Separation Theorem 2 provides a sound and atomically complete calculus for causal305

identification. In addition, our results offer a sound and atomically complete solution to the problem306

of cluster d-separation. Specifically, the criterion for cluster d-separation corresponds to the first307

rule of Theorem 2 when takingWc = ∅. Furthermore, Theorem 6 in Appendix establishes cluster308

d-separation under cluster-level mutilations. Our results thus encompass both the first (association)309

and second (intervention) rungs of Pearl’s ladder of causation.310

Recovering the results on standard (acyclic) C-DAGs Theorem 2 recovers the results of Anand311

et al. (2023). When a C-DAG GC is acyclic, its corresponding unfolded graph Gm
u is also acyclic. As312

a result, Gm
u is a compatible graph and standard d-separation is both sound and complete in Gm

u .313

A 2-step strategy In our study, the unfolded graph defines the search space for the structures of314

interest, while the canonical compatible graph ensures that these structures can indeed be realized315

within a compatible graph. By keeping these two notions distinct, we are able to apply mutilations316

directly on the unfolded graph without restricting the overall class of compatible graphs. This317

approach resolves the non-commutativity between mutilation and enumeration of compatible graphs,318

since performing mutilation before enumeration generally produces a strictly larger set of graphs319

than enumerating first before mutilating. A similar phenomenon was observed in Zhang (2008) in the320

context of ancestral graphs.321

5 Conclusion322

We have addressed in this study the problem of identification in causal abstractions based on arbitrary323

clusterings of variables in ADMGs, extending the framework considered in Anand et al. (2023) to324

abstract graphs which potentially contain self-loops and cycles between clusters. This extension is325

important in practice as the structure induced on clusters of variables in a given ADMG is likely326

to contain cycles between clusters. In this framework, we have first reformulated the notion of327

d-separation in an ADMG using structures of interest, a reformulation which remains faithful to the328

original formulation as finding a structure of interest is sufficient to d-connect two sets, and then329

provided a causal calculus which is both sound and atomically complete. We further showed that any330

cluster can be reduced to a cluster of limited size, leading to efficient calculus rules.331

In the future, we aim to establish the global completeness of the calculus, as it is currently only332

atomically complete. We also plan to extend this work by considering micro-level interventions, i.e.,333

interventions on individual variables rather than on clusters of variables, when only the C-DAG is334

known.335
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A Technical Appendices and Supplementary Material399

Notation 1. Let GC be a C-DAG, and let V be a cluster in GC . When V is seen as a node of GC , V400

will be written as VC; but when V is seen as a set of variables of a graph Gm on micro-variables, V401

will be written as Vm = {V1, · · · ,V#V } where the indices follow the topological ordering induced by402

Gm. We will use the same notations for any intersection or union of cluster.403

Terminolgy on paths. Let π be a path and X a subset of variables. We say that π intersects or404

encounters X if they share at least one common vertex. We treat paths as ordered lists of variables,405

which allows us to define the first and last encounter of π with X. The first encounter is the first vertex406

in the order of π that also belongs to X. Similarly, the last encounter is the last such vertex in the407

order of π. Let π be a path from X to Y. Let A be a vertex on π. We denote by π[X,A] the subpath of π408

from its first vertex to A and π[A,Y] from A to its last vertex.409

A.1 Basic Properties of C-DAGs410

In this section, following the notations of Perković et al. (2018), an arrow (←•) represents either a411

directed arrow (←) or a dashed-bidirected arrows (e).412

Proposition 4. Let VC be a partition of Vm. Let GC be a mixed graph over VC and let C
(
GC
)

413

denote the class of graphs compatible with GC . Then the following propositions are equivalent:414

• C
(
GC
)
, ∅415

• GC does not contain any cycle on clusters of size 1.416

Proof. Let us prove the two implications:417

• ⇒: If GC contains the cycle 1A→ · · · → 1A, then any compatible graph would contain the418

cycle A1 → · · · → A1, which is not allowed because compatible graphs have to be acyclic.419

• ⇐: If GC does not contain any cycle on cluster of size 1. Let us construct a compatible420

graph. For all cluster V of size 1, we put all incoming and outgoing edges at V1. This does421

not create a cycle because, otherwise, GC would contain a cycle on cluster of size 1. For422

all other clusters V , as they are at least of size 2, we can deal with V1 and V2. We put all423

outgoing edges at V1 and all incoming edges at V2. This construction cannot introduce a424

directed cycle, since no vertex in Vm ever has both an incoming and an outgoing edge.425

□426

Proposition 5. Let GC be a C-DAG, Gm be a compatible graph with GC and VC and WC be nodes of427

GC . If Gm contains two similar (same type) arrows between Vm and Wm, then removing one of these428

arrows create another compatible graph.429

Proof. By definition, only one arrow between Vm and Wm is necessary. □430

Proposition 6. Let GC be a C-DAG, Gm be a compatible graph with GC and VC be a node in GC , i.e.431

a cluster. If there exists (i, j) with i > j such that Gm contains the arrow Vi → Ww, then there exists a432

compatible graph Gm′ that contains the arrow V j → Ww and not Vi → Ww if desired.433

Proof. If i > j, thus by the convention of Notation 1, we know that V j is before Vi in the topological434

order of Gm. Thus, V j is not a descendant of Vi in Gm. Thus, V j is not a descendant of Ww in Gm.435

Therefore, adding the arrow V j → Ww into Gm does not create a cycle, because otherwise V j would436

be a descendant of Ww in Gm.437

By Proposition 5, Vi → Ww can be thereafter removed if desired. □438

Corollary 1. Let GC be a C-DAG, Gm be a compatible graph and VC be a cluster. If Gm contains a439

path which contains a fork on Vi with i > j, then there exists a compatible graph Gm′ which contains440

the same path except that the fork is on V j.441
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Proof. Apply Proposition 6 twice. □442

Proposition 7. Let GC be a C-DAG, Gm be a compatible graph and VC be a cluster. If there exists443

i < j such that Gm contains the arrow Vi←•Ww, where←•, then there exists a compatible graph Gm′
444

that contains the arrow V j←•Ww and not Vi←•Ww if desired.445

Proof. i < j, thus by the convention of Notation 1, we know that Ww is not a descendant of V j.446

Therefore, adding the arrow V j←•Ww does not create a cycle.447

By Proposition 5, Vi←•Ww can be removed if desired. □448

A.2 Proof of Theorem 1449

We introduce Figure 5 which helps the reader understanding structures of interest.450

V V V

Figure 5: We represent the three forms that arrows can take around a vertex with multiple arrow in a
structure of interest. Some vertices have incoming arrows (left), some have incoming arrows and a
single outgoing arrow (middle), and some have exactly two outgoing arrows and no incoming arrows
(right).

During the proofs, we are often led to construct structures of interest in which a root lies outside the451

target set. However, the graph containing such a structure also includes a directed path from this452

problematic root (outside the target set) to a vertex within the target set. Lemma 1 shows how to453

exploit this directed path to construct a new structure of interest where the problematic root has been454

removed. Figure 6 depicts this idea.455

A B

C

R1 R2

(a)

A B

C

R1 R2

(b)

Figure 6: Figure 6a depicts a graph containing a structure of interest shown in bold black. Let us
assume that the target set of roots is {R1,R2}. In this graph, B is a root outside the target set. However,
the graph contains a directed path ⟨B,C,R1⟩ from B to a vertex in the target set. Figure 6b illustrates
how this path can be used to construct a structure of interest in which B is no longer a root, without
introducing a new root outside the target set.

Lemma 1 (Add a Path to Remove a Problematic Root). Let G be an ADMG. Let X, Y and Z be456

pairwise distinct subsets of nodes of G. Let σ be a structure of interest such that:457

• σ ⊆ G458

• X ∩ σ , ∅ and Y ∩ σ , ∅.459

• (σ \ Root(σ)) ∩Z = ∅.460

If there exists R ∈ (Root(σ) \ Z) ∩ Anc(Z,G) then G contains a structure of interest σ′ such that:461
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(a) σ′ ⊆ G462

(b) X ∩ σ′ , ∅ and Y ∩ σ′ , ∅.463

(c) (σ′ \ Root(σ′)) ∩Z = ∅.464

(d) Root(σ′) \ Z ⊆ (Root(σ) \ Z) \ {R}.465

Sketch of proof. R ∈ Anc(Z,G), thus G contains a directed path π from R to Z. We add this path466

to σ to remove R from the root set. The end of the path is in Z, thus we do not add a problematic467

root. □468

Proof. R ∈ Anc(Z,G), thus G contains a directed path π from R toZ. Without loss of generality, we469

assume that π meetsZ only at its last vertex. We construct σ′ with the following procedure:470

• If σ ∩ π \ {R} = ∅, then σ ∪ π is a structure of interest. In this case, we set σ′ ← σ ∪ π. We471

have the following properties:472

(a) σ′ ⊆ G because σ ⊆ G and π ⊆ G.473

(b) X ∩ σ ⊆ X ∩ σ′ and Y ∩ σ ⊆ Y ∩ σ′ thus X ∩ σ′ , ∅ and Y ∩ σ′ , ∅.474

(c) By construction, Root(σ′) = Root(σ) ∪ Root(π) \ {R}. Thus, σ′ \ Root(σ′) = {R} ∪475

(σ ∪ π) \ (Root(σ) ∪ Root(π)) ⊆ {R} ∪ (σ \ Root(σ)) ∪ (π \ Root(π)). Since R < Z,476

(σ \ Root(σ)) ∩Z = ∅, and (π \ Root(π)) ∩Z = ∅ (because π meetsZ only at its last477

vertex), we can conclude that (σ′ \ Root(σ′)) ∩Z = ∅.478

(d) Root(σ′) = Root(σ) ∪ Root(π) \ {R}. Since Root(π) ⊆ Z, we conclude that Root(σ′) \479

Z ⊆ (Root(σ) \ Z) \ {R}.480

• Otherwise, σ ∩ π \ {R} , ∅. Let W be the first encounter of π and σ \ {R} and let π′ be the481

subpath of π from R to W.4 In this case, we set σ′ ← σ ∪ π′. We have (a), (b), but also482

(c) By construction, Root(σ′) = Root(σ)\{R}. Thus, σ′ \Root(σ′) = {R}∪ (σ\Root(σ))∪483

(π′ \ Root(σ)). Since π meetsZ only at its last vertex, we know that π′ ∩Z ⊆ {W}.5484

Thus, (π′ \Root(σ))∩Z = (π′ ∩Z) \Root(σ) ⊆ {W} \Root(σ) ⊆ σ \Root(σ). Since485

R < Z and (σ \ Root(σ)) ∩Z = ∅, we can conclude that (σ′ \ Root(σ′)) ∩Z = ∅.486

(d) Root(σ′) = Root(σ) \ {R}. Therefore, Root(σ′) \ Z ⊆ (Root(σ) \ Z) \ {R}.487

However, σ′ is not necessarily a structure of interest. By construction, W is the only node488

of σ ∪ π′ which does not necessarily satisfy the conditions of Definition 3. Since σ is a489

structure of interest, the arrows around W in σ are necessarily in one of the three cases490

described by Figure 5. The right hand case is the only case where adding an incoming arrow491

prevents σ′ from being a structure of interest. Thus, if σ′ is not a structure of interest, it492

means that W has one incoming arrow and two outgoing arrows in σ′. Let A and B be the493

two children of W in σ′. Moreover, since σ∩ π , ∅, we know that σ′ has a single connected494

component. Let π⋆ be a path between X ∈ X and Y ∈ Y in σ′. Let us show that we can495

assume that π⋆ does not use A← W → B:496

– If π⋆ uses A ← W → B. Without loss of generality, we assume that A is before B in497

π⋆. Let πXR be a path from X to R in σ. We distinguish two cases:498

* If πXR does not encounter W (cf Figure 7a). We consider θ B πXR ∪ π′ ∪ π⋆[W,Y]. θ499

is a subgraph of σ′ in which X and Y are connected.6 By construction, θ does not500

contain A← W. Thus θ ⊆ σ′ contains a path between X and Y that does not use501

A← W → B.502

* Otherwise, πXR encounters W. Since πXR ⊆ σ, πXR uses A ← W → B. We503

distinguish two cases:504

· If A is before B in πXR (cf Figure 7b), we consider θ B π⋆[XW]∪π
′∪πXR

[R,B]∪π
⋆
[B,Y].505

θ is a subgraph of σ′ in which X and Y are connected. By construction, θ does506

4π and π′ may be equal.
5π′ ∩Z is empty if π′ , π, otherwise, it is equal to {W}.
6θ is not necessarily a path.
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not contain W → B. Thus θ ⊆ σ′ contains a path between X and Y that does not507

use A← W → B.508

· Otherwise, A is after B in πXR (cf Figure 7c), we consider θ B πXR
[X,B] ∪ π

⋆
[B,Y]. θ509

is a subgraph of σ′ in which X and Y are connected. By construction, θ does not510

contain A← W → B. Thus θ ⊆ σ′ contains a path between X and Y that does511

not use A← W → B.512

Thus, without loss of generality, we assume that π⋆ does not use A← W → B. We remove513

from σ′ one outgoing arrow from W that is not used by π⋆. By doing so, W satisfies514

the conditions of Definition 3. Thus, all the vertices in σ′ now satisfy the conditions of515

Definition 3, and satisfies (a) and (b), and516

(c) (σ′ \ Root(σ′)) ∩Z = ∅ because removing the arrow does not change the vertices nor517

the roots of σ′.518

(d) Root(σ′) \ Z ⊆ (Root(σ) \ Z) \ {R} because removing the arrow does not change the519

roots of σ′.520

However, σ′ does not contain necessarily a single connected component. Thus, we only521

keep the connected component of X, which contains Y via π⋆. By doing so, σ′ is now a522

structure of interest and we have:523

(c) (σ′ \ Root(σ′)) ∩Z = ∅ because we consider a subgraph.524

(d) Root(σ′) \ Z ⊆ (Root(σ) \ Z) \ {R} because we consider a subgraph.525

□526

R

W

A B

X Y
π′

πXR

π⋆

(a)

R

W

A B

X Y
π′

π⋆

πXR

(b)

R

W

A B

X Y
π′

π⋆

πXR

(c)

Figure 7: Helping figure for the Proof of Lemma 1. π⋆ and πXR are represented by the dotted paths
following the arrows. A squiggly arrow represents an arbitrary path.

Corollary 2. Let G be an ADMG. Let X, Y,Z and R be pairwise distinct subsets of nodes of G. Let527

G contains a structure of interest σ such that:528

• X ∩ σ , ∅ and Y ∩ σ , ∅529

• Root(σ) ⊆ Z ∪ X ∪ Y ∪ R530

• (σ \ Root(σ)) ∩Z = ∅531

If for all R ∈ R, R ∈ Anc(Z,G), then G contains a structure of interest that connects X and Y under532

Z.533
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Proof. We apply Lemma 1 iteratively for each R ∈ R, we get a structure of interest σ′ such that:534

• σ′ ⊆ G535

• X ∩ σ′ , ∅ and Y ∩ σ′ , ∅536

• Root(σ′) \ Z ⊆ (Root(σ) \ Z) \ R. Thus, Root(σ) ⊆ Z ∪ X ∪ Y.537

• (σ′ \ Root(σ′)) ∩Z = ∅538

Therefore, σ′ a structure of interest that connects X and Y underZ. □539

Theorem 1 (D-connection with structures of interests). Let G be an ADMG. Let X,Y,Z be pairwise540

disjoint subsets of nodes of G. The following properties are equivalent:541

1. X /⊥⊥GY | Z.542

2. G contains a structure of interest σ such that X /⊥⊥σY | Z.543

Proof. Let us prove the two implications:544

• 1⇒ 2: If X /⊥⊥GY | Z, then, by definition, the ADMG G contains a path π d-connecting X545

and Y. Without loss of generality, we assume that π encounters X only at its first vertex and546

Y only at its last vertex. Since π is a d-connecting path, it is a structure of interest which547

satisfies the following properties:548

– π ⊆ G.549

– X ∩ π , ∅ and Y ∩ π , ∅.550

– (π \ Root(π)) ∩Z = ∅.551

However, some roots of π may not be in Z ∪ X ∪ Y, preventing π from being a552

connecting structure of interest. Necessarily, theses roots are colliders. Define R B553

Root(π) \ (Z∪X ∪Y) to be the set of these colliders. Since π is d-connecting, for all R ∈ R,554

R ∈ Anc(Z,G). By Corollary 2, G contains a structure of interest which connects X and Y555

underZ.556

• 2⇒ 1: By definition, σ has a single connected component. Thus σ contains a path π from557

X to Y. Without loss of generality, we assume that π encounters X only at its first vertex558

andY only at its last vertex. Let us first prove that without loss of generality, we can assume559

that all colliders on π are ancestors ofZ. If it’s not the case, since Root(σ) ⊆ Z ∪ X ∪Y,560

all colliders that are not ancestors ofZ are ancestors of X ∪Y. Without loss of generality,561

assume that a collider C on π is an ancestor of X. Thus, σ contains a directed path π1 from562

C to X. Let π2 be the subpath of π between C and Y. Since C belongs to both π1 and π2,563

these two paths intersect at C, and possibly at other vertices. Let T be the last vertex of π1
564

that is in π1 ∩ π2. Let π′ B π1
[T,X] ∪ π

2
[T,Y]. π

′ is a path. Moreover, between X and T , π′565

is a directed path, and, after T to Y, π′ is a subpath of π2. Therefore, π′ contains at least566

one fewer collider than π that is not an ancestor ofZ. Repeating this procedure iteratively567

allows us to construct a path in σ from X to Y in which all colliders are ancestors ofZ.568

Finally, note that all forks and chains on π are not roots by definition, and hence do not569

belong toZ. Therefore, the resulting path π is d-connecting between X and Y givenZ.570

□571

A.3 Proofs of the Properties of the canonical compatible Graph and the Unfolded Graph572

A.3.1 Canonical Compatible Graph573

Proposition 1. Let GC be a C-DAG and Gm
can be its corresponding canonical compatible graph. Then,574

the following properties hold:575

1. Gm
can ∈ C(GC).576
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2. For all Gm ∈ C(GC), Gm
can ∪ G

m ∈ C(GC).577

We break the proof of Proposition 1 in Lemma 2 and Lemma 3.578

Lemma 2. Let GC be a C-DAG. Then, Gm
can, its canonical compatible graph, is compatible with GC .579

Proof. By construction, all arrows in GC are represented in Gm
can. Moreover, all arrows that are added580

correspond to an arrow in GC . Therefore, we only need to check for acyclicity to prove that Gm
can is a581

compatible graph with GC . By contradiction, let us assume that Gm
can contains a cycle π. First, we582

know that π is not within a single cluster. Indeed, in each cluster V , Gm
can |V is a V#V -rooted tree. Thus,583

π encounters at least two clusters and has an arrow between two clusters. Let A1 → B#B be such an584

arrow. We prove that necessarily, #AC = 1. Indeed, if #AC ≥ 2, then no arrow in Gm
can is pointing585

on A1. Similarly, we can show that #BC = 1. Thus, the next arrow cannot be pointing into BC , thus586

the next arrow is also an arrow between two clusters. By induction, we show that all the clusters587

encountered by π have a cardinal of 1. This contradicts Proposition 4. Therefore, Gm
can is acyclic.588

Therefore, Gm
can is a compatible graph with GC . □589

Lemma 3. Let GC be a C-DAG, Gm
can be its corresponding canonical compatible graph, and Gm be a590

compatible graph. Then, Gm
can ∪ G

m is a compatible graph.591

Proof. Since Gm and Gm
can are compatible, then we only need to check for acyclicity. Let label indices592

according to Notation 1. Let a be an arrow in Gm
can that is not in Gm. We distinguish three cases:593

• If a is a dashed-bidirected arrow, then adding a does not create a cycle.594

• If a is a directed arrow inside a cluster VC , since Gm follows Notation 1, then the indices595

in Vm follow the topological ordering induced by Gm. Therefore, a can be added without596

creating a cycle.597

• Otherwise, a corresponds to an arrow between two clusters Vm and Um. Gm is compatible598

thus it also contains an arrow from Um to Vm. By applying Propositions 6 and 7, we see that599

we can add a without creating a cycle.600

Therefore, Gm
can ∪ G

m is a compatible graph. □601

A.3.2 Unfolded Graph602

Proposition 2. Let GC be a C-DAG and Gm
u be its corresponding unfolded graph. Then, any603

compatible graph Gm is a subgraph of Gm
u up to a permutation of indices in each cluster.604

Proof. Let Gm = (Vm,Em) be a compatible graph. By definition, we already know thatVm = Vu.605

Gm is a DAG, thus, in each cluster, we can permute the indices of the vertices so that the topological606

order of Gm agrees with the order of the indices. Let a be an arrow of Gm. We distinguish three cases:607

• If a is a dashed-bidirected-arrow, then a is also in Gm
u because Gm

u is a super graph of Gm
can608

which contains all possible dashed-bidirected-arrows.609

• If a corresponds to a self-loop VC in GC . Necessarily, in Gm, a = Vi → V j with i < j.610

Thus, a corresponds to an arrow added during step 2 of Definition 5. Therefore, a is also an611

arrow in Gm
u .612

• Otherwise, a corresponds to an arrow UC → VC , with UC , VC . We distinguish two cases:613

– If a is added at step 3 of Definition 5, then a is also an arrow in Gm
u .614

– Otherwise, by Lemma 3, we know that Gm
can ∪ G

m is compatible. Thus Gm
can ∪ G

m is615

acyclic. Since Gm
can ∪ a is a subgraph of Gm

can ∪ G
m, we can conclude that a does not616

create a cycle in Gm
can. Thus, a ∈ Eeligible. Therefore a is an arrow in Gm

u617

Hence, Em ⊆ Eu. Therefore, Gm is a subgraph of Gu.618

□619
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A.3.3 Proof of Proposition 3620

Proposition 3. Let GC be a C-DAG and Gm
u be its corresponding unfolded graph. Let σm be a621

structure of interest in Gm
u . If Gm

can ∪ σ
m is acyclic, then Gm

can ∪ σ
m is compatible with GC .622

Proof. By Proposition 1, Gm
can is compatible with GC . Therefore, Gm

can ∪ σ
m contains all necessary623

arrows to be compatible with GC . Moreover, by definition of Gm
u , all arrow Vv → Ww in σm ⊆ Gm

u624

correspond to an arrow V → W in GC . Therefore, Gm
can ∪σ

m does not contain any arrow preventing it625

from being compatible with Gm
u . Gm

can ∪ σ
m is acyclic, thus it is an ADMG. Therefore, Gm

can ∪ σ
m is626

compatible with GC . □627

A.4 Proofs of the Calculus628

First of all let us recall the rules of Pearl’s calculus for cluster queries.629

Theorem 5 (Do-Calculus Rules for Cluster Queries (Pearl, 2009)). Let GC be a C-DAG and630

XC ,YC ,ZC ,WC be pairwise distinct subsets of nodes. Let Gm be a compatible graph. The following631

rules hold:632

1. Insertion/deletion of observations:633

P
(
ym | do(wm), xm, zm) = P

(
ym | do(wm), zm) if Ym⊥⊥G

WmX
m | Wm,Zm

634

2. Action/observation exchange:635

P
(
ym | do(wm), do(xm), zm) = P

(
ym | do(wm), xm, zm) if Ym⊥⊥G

Wm ,XmX
m | Wm,Zm

636

3. Insertion/deletion of actions:637

P
(
ym | do(wm), do(xm), zm) = P

(
ym | do(wm), zm) if Ym⊥⊥G

Wm ,Xm (Zm )
Xm | Wm,Zm

638

where Xm(Zm) B Xm \ Anc(Zm,G
Wm ).639

The first two rules hinge on graphical conditions expressed as d-separations under cluster-level640

mutilations. We begin by rigorously characterizing this form of dependency; Theorem 6 provides641

precisely this characterization.642

A.4.1 Cluster D-separation with Cluster Mutilations643

Theorem 6. Let GC =
(
VC ,EC

)
be a C-DAG. Let Gm

can be its corresponding canonical compatible644

graph. Let Gm
u be the corresponding unfolded graph. Let XC ,YC andZC be pairwise distinct subsets645

of nodes of GC . LetA and B be subsets of nodes of GC . Then the following properties are equivalent:646

1. ∃ Gm ∈ C
(
GC
)
Xm /⊥⊥Gm

Am BmY
m | Zm.647

2. Gm
u AmBm contains a structure of interest σm such that Xm /⊥⊥σmYm | Zm and Gm

can ∪ σ
m is648

acyclic.649

Proof. Let us prove the two implications:650

• 1⇒ 2: Let Gm be a compatible graph such that Gm
AmBm contains a structure of interest σm

651

which connects Xm and Ym underZm. By Lemma 2, σm ⊆ Gm
AmBm ⊆ G

m ⊆ Gm
u . Moreover,652

since σm ⊆ Gm
AmBm , we know that σm does not contain any incoming arrow inAm and no653

outgoing arrow from Bm. Therefore, σm ⊆ Gm
u AmBm and σm connects Xm and Ym underZm.654

By Lemma 3,Gm
can∪G

m is a compatible graph, thus acyclic. Moreover,Gm
can∪σ

m ⊆ Gm
can∪G

m.655

Therefore, Gm
can ∪ σ

m is acyclic.656

• 2⇒ 1: Gm
can ∪ σ

m is acyclic. By Lemma 2, Gm
can is compatible. Moreover, all arrows from657

σm come from Gm
u . Therefore, Gm

can ∪ σ
m is a compatible graph.658
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Moreover, since σm ⊆ Gm
u AmBm , we know that σm does not contain any incoming arrow in659

Am and no outgoing arrow from Bm. Thus, σm ⊆ (Gm
can ∪ σ

m)
AmBm . Since σm connects Xm

660

and Ym underZm, we can conclude that Xm /⊥⊥(Gm
can∪σ

m)
AmBmY

C | Zm.661

□662

Figure 8 illustrates Theorem 6.663

1A

2X

2Y

3B 1Z

(a) GC

A1

X1 X2

Y1 Y2 B1

B2

B3

Z1

(b) Gm
u

Figure 8: (a) a C-DAG GC . (b) its corresponding unfolded graphs. The plain and dashed arrows
represent Gm

can, while the dotted arrows denote the "eligible" edges. According to Theorem 6, we
have ∀ Gm ∈ C

(
GC
)
Xm⊥⊥GmYm | Zm, as all structures of interest connecting Xm and Ym given Zm

in Gm
u include a directed path from A1 to Z1. Since Gm

can already contains the edge Z1 → A1, such
paths would necessarily form a cycle.

A.4.2 Proofs of the Three Rules of the Calculus664

As soon as Theorem 6 has been established, Rules 1 and 2 of the calculus follow almost immedi-665

ately. In contrast, the third rule of Pearl’s do-calculus requires verifying the d-separation condition666

Ym⊥⊥Gm
Wm ,Xm (Zm )

Xm | Wm,Zm, in all compatible graph Gm, where Xm(Zm) = Xm \ Anc(Zm,Gm
Wm ).667

Since Xm(Zm) is not, in general, a union of clusters, the associated mutilation depends on the668

particular graph Gm. As a result, this rule does not fall under the scope of Theorem 6.669

Nonetheless, if Rule 3 does not hold in some compatible graph Gm, then there exists a structure of670

interest between Ym and Xm in Gm
Wm,Xm(Zm). If this structure includes a root Xx ∈ X

m, then Xx must671

be an ancestor of some Zz ∈ Z
m in the mutilated graph. In such a case, we can augment the structure672

of interest by explicitly adding the directed path from Xx toZm, resulting in a new structure whose673

roots lie outside Xm.674

Theorem 2 (Calculus). Let GC be a C-DAG and let Gm
u be its corresponding unfolded graph. Let675

XC ,YC ,ZC ,WC be pairwise distinct subsets of nodes. Then for any density P compatible with any676

compatible graph, the following rules apply:677

R1. P
(
ym | do(wm), xm, zm) = P

(
ym | do(wm), zm) if Gm

uWm does not contain a structure of678

interest σm such that Xm /⊥⊥σmYm | Wm,Zm and Gm
can ∪ σ

m is acyclic.679

R2. P
(
ym | do(wm), do(xm), zm) = P

(
ym | do(wm), xm, zm) if Gm

uWm,Xm does not contain a680

structure of interest σm such that Xm /⊥⊥σmYm | Wm,Zm and Gm
can ∪ σ

m is acyclic.681

R3. P
(
ym | do(wm), do(xm), zm) = P

(
ym | do(wm), zm) if Gm

uWm does not contain a structure682

of interest σm such that Xm /⊥⊥σmYm | Wm,Zm, Gm
can ∪ σ

m is acyclic and Root(σm) ⊆683

(Wm ∪Zm) ∪ Ym.684

Proof. The first two rules are proven by Theorem 6. The third one is proved by the following685

reasoning.686

We will show that if the third rule applies, then in all compatible graph Gm, the third rule of Pearl’s687

calculus applies. More precisely, we prove the contrapositive. Let Gm be a compatible graph in which688

the third rule does not apply. Then, Gm
Wm,Xm(Zm) contains a structure of interest σm that connects Ym

689
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and Xm under the conditioning setWm∪Zm, where Xm(Zm) = Xm \Anc(Zm,Gm
Wm ). By definition,690

we already know that σm follows the following properties:691

• σm ⊆ Gm
Wm,Xm(Zm) ⊆ G

m
Wm .692

• Xm ∩ σm , ∅ and Ym ∩ σm , ∅.693

• Root(σm) ⊆ (Wm ∪Zm) ∪ Ym ∪ Xm
694

• (σm \ Root(σm)) ∩ (Wm ∪Zm) = ∅695

Let us remark that Root(σm)∩Xm ⊆ Xm \ Xm(Zm) = Anc(Zm,Gm
Wm ). Indeed, let Xx be an element696

of Root(σm) ∩ Xm. Since Xx is a root and σm has a single connected component, Xx must have697

an incoming edge within σm. Thus, Xx must have an incoming edge within Gm
Wm,Xm(Zm). Thus698

Xx < X
m(Zm). For element of Root(σm) ∩ Xm, we iteratively update σm using Lemma 1. At the end699

of this process, we obtain a structure of interest σm′ which satisfies the following identities:700

• σm′ ⊆ Gm
Wm .701

• Xm ∩ σm′ , ∅ and Ym ∩ σm′ , ∅.702

• (σm′ \ Root(σm′) ∩ (Wm ∪Zm) = ∅703

• Root(σm′) \ (Wm ∪Zm) ⊆ (Root(σm) \ (Wm ∪Zm)) \ (Root(σm) ∩ Xm) ⊆ Ym
704

Thus, Root(σm′) ⊆ (Wm ∪ Zm) ∪ Ym and σm′ is a structure of interest which connects Xm and705

Ym under Wm ∪ Zm. Since Gm
Wm ⊆ G

m
uWm , it follows that Gm

u contains σm′. Moreover, since706

Gm
can ∪ σ

m′ ⊆ Gm
can ∪ G

m, it follows that Gm
can ∪ σ

m′ is acyclic.707

Therefore, Gm
uWm contains a structure of interest σm which Xm and Ym under Wm ∪ Zm, with708

Root(σm) ⊆ (Wm ∪Zm) ∪ Ym, and such that Gm
can ∪ σ

m is acyclic. □709

Theorem 3 (Atomic completeness). The calculus in Theorem 2 is atomically complete i.e. if the rule710

does not hold given a C-DAG, then there exists a compatible graph in which the corresponding rule711

in Pearl’s calculus fails.712

Proof. The first two rules are proven by Theorem 6. The third one is proved by the following713

reasoning.714

If the rule does not hold, then Gm
uWm contains a structure of interest σm that connects Xm and Ym

715

underWm ∪ Zm such that Root(σm) ⊆ (Wm ∪ Zm) ∪ Ym and Gm
can ∪ σ

m is acyclic. Gm
can ∪ σ

m is716

acyclic, thus Gm B Gm
can∪σ

m is a compatible graph. Moreover, since σm ⊆ Gm
uWm , then σm ⊆ Gm

Wm .717

We will show that we can assume that σm ⊆ Gm
Wm,Xm(Zm), where Xm(Zm) = Xm \ Anc(Zm,Gm

Wm ):718

By definition, Xm ∩ σm , ∅. Let Xx be an element of Xm ∩ σm. We distinguish the cases:719

• If σm contains an outgoing arrow from Xx i.e. Xx →⊆ σ
m. Then this arrow is not deleted by720

the mutilation Xm(Zm). It exists in Gm
Wm,Xm(Zm).721

• Ifσm contains an incoming arrow to Xx i.e. → Xx ⊆ σ
m. Since Root(σm) ⊆ (Wm∪Zm)∪Ym,722

we know that Xx is not a root. Let Rr be a root corresponding to Xx i.e. an element of723

Desc(Xx, σ
m)∩Root(σm). Since σm ⊆ Gm

Wm , we know that Rr <W
m. Thus, Rr ∈ Z

m∪Ym.724

We distinguish two cases:725

– If Rr ∈ Z
m. Then Xx < X

m(Zm). Therefore, → Xx is not deleted by the mutilation726

Xm(Zm) and it exists in Gm
Wm,Xm(Zm).727

– Otherwise, Rr ∈ Y
m. Thus, σm contains a proper causal path from Xm to Ym. We728

update σm to be this path. Now σm have no incoming arrows on Xm, thus it exists in729

Gm
Wm,Xm(Zm).730

Therefore, we can assume that σm ⊆ Gm
Wm,Xm(Zm). Therefore, by Theorem 1, Ym /⊥⊥Gm

Wm ,Xm (Zm )
Xm |731

Wm,Zm, i.e. the third rule of Pearl’s do-calculus does not hold in Gm. □732
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A.5 Proof of Theorem 4733

Theorem 4 presents three equivalences, one for each rule of do-calculus. To streamline the proofs, we734

introduce Corollary 3, which restates Theorem 2 in a form better suited to treating all three rules in a735

uniform manner.736

Corollary 3. Let GC be a C-DAG. LetWC ,XC ,YC andZC be pairwise disjoint subsets of nodes.737

LetWC , XC , YC andZC be pairwise disjoint subsets of nodes. For i ∈ {1, 2, 3}, let Ri(W,X,Y,Z)738

be the ith rule of Pearl’s Calculus applied to (W,X,Y,Z), and say it "does not holds in G” whenever739

its associated d-separation condition in the associated mutilated graph is not satisfied. The following740

propositions are equivalent:741

• There exists Gm ∈ C(GC) in which Ri(Wm,Xm,Ym,Zm) does not hold.742

• Gm
uWm,Mm

i
contains a structure of interest σm such that Xm /⊥⊥σmYm | Wm,Zm and Gm

can∪σ
m

743

is acyclic and Root(σm) ⊆ Rm
i .744

whereMm
i =

{
Xm if i = 2,
∅ otherwise.

and Rm
i =

{
(Wm ∪Zm) ∪ Ym if i = 3,
(Wm ∪Zm) ∪ Xm ∪ Ym otherwise.

.745

Proof. Directly follows from Theorem 2. □746

In order to prove Theorem 4, we need to prove Lemma 4 on structures of interest.747

Lemma 4. Let G = (V,E) be a mixed graph. Let X,Y,Z be pairwise disjoint subsets of V. Let748

σ ⊆ G be a structure of interest such that X /⊥⊥σY | Z. Then there exists a structure of interest σ′ ⊆ σ749

such that X /⊥⊥σ′Y | Z and such that #σ′ ∩ X = 1 and #σ′ ∩ Y = 1.750

Proof. X /⊥⊥σY | Z, thus σ contains a d-connecting path π from X to Y. For all collider C on751

π, σ contains a directed path πC from C to Z. We can assume, without loss of generality, that752

for all collider C, πC does not encounter X. Indeed, let C⋆ denote the last collider on π such that753

πC⋆ encounters X. Let X be the first encounter of X and πC⋆ . We just need to consider the path754

π′ B πC⋆ [C⋆,X] ∪ π[C⋆,Y]. Similarly, we can assume, without loss of generality that for all collider755

C, πC does not encounter Y. We apply the construction of Lemma 1. By doing so, we obtain a756

structure of interest σ′ ⊆ π ∪
⋃

C collider on π πC ⊆ σ such that X /⊥⊥σ′Y | Z. Therefore, #σ′ ∩ X = 1757

and #σ′ ∩ Y = 1. □758

Theorem 4 (Infinity is at most three). Let GC be a C-DAG and GC
≤3 be the corresponding C-DAG759

where all clusters of size greater than 3 are reduced to size 3. LetWC , XC , YC andZC be pairwise760

disjoint subsets of nodes. For i ∈ {1, 2, 3}, let Ri(W,X,Y,Z) be the ith rule of Pearl’s Calculus761

applied to (W,X,Y,Z), and say it "does not holds in G” whenever its associated d-separation762

condition in the associated mutilated graph is not satisfied. The following propositions are equivalent:763

1. There exists Gm ∈ C(GC) in which Ri(Wm,Xm,Ym,Zm) does not hold.764

2. There exists Gm
≤3 ∈ C(GC

≤3) in which Ri(Wm
≤3,X

m
≤3,Y

m
≤3,Z

m
≤3) does not hold.765

WhereWm
≤3, Xm

≤3, Ym
≤3 andZm

≤3 are the sets of nodes corresponding toWC , XC , YC andZC in GC
≤3766

Proof. We prove the two implications.767

Proof of 2⇒ 1:768

We add as many vertices without arrow as necessary to construct a graph compatible with GC in769

which Ri(Wm,Xm,Ym,Zm) does not hold.770

Proof of 1⇒ 2: (Figure 9 illustrates the key steps of this implication with a concrete example.)771
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By Corollary 3, Gm
uWm,Mm

i
contains a structure of interest σm such that Xm /⊥⊥σmYm | Wm,Zm

772

and Gm
can ∪ σ

m is acyclic and Root(σm) ⊆ Rm
i where Mm

i =

{
Xm if i = 2,
∅ otherwise.

and Rm
i =773 {

(Wm ∪Zm) ∪ Ym if i = 3,
(Wm ∪Zm) ∪ Xm ∪ Ym otherwise.

.774

Let σm be such a structure of interest. By Lemma 4, we can assume that #σm ∩ Xm = 1 and775

#σm ∩ Ym = 1. Let VC be a cluster. We split σm ∩ Vm in two subsets as follows:776

F B
{
Vv ∈ σ

m ∩ Vm | Vv has no incoming arrows in σm}
NF B σm ∩ Vm \ F

We will show that we can assume that #NF ≤ 1 without loss of generality. Consider the case777

where #NF ≥ 2. Necessarily, since #σm ∩ Xm = 1 and #σm ∩ Ym = 1, we know that VC is different778

from any cluster in XC ∪ YC . Let VmaxNF denote the element of NF with maximal index. We779

distinguish two cases:780

• If NF contains a root of σm. Since Xm /⊥⊥σmYm | Wm,Zm, we know that NF ⊆ (Wm ∪781

Zm) ∪ Xm ∪ Ym. Since VC is different from any cluster in XC ∪ YC , we can conclude that782

NF ⊆Wm ∪Zm. Since, Xm /⊥⊥σmYm | Wm,Zm, we know that (σm \ Root(σm)) ∩ (Wm ∪783

Zm) = ∅. Therefore, all elements in NF are roots in σm. By Proposition 7 and since784

mutilations are done at cluster level, we know that for all arrows Ww → Vv with Vv ∈ NF ,785

Gm
uWm,Mm

i
also contains the arrow Ww → VmaxNF . Therefore, Gm

uWm,Mm
i

also contains a786

structure of interest σm′ which is equal to σm except that all arrows Ww → Vv with Vv ∈ NF787

are now pointing toward VmaxNF . Therefore, VmaxNF is the only element of σm′ ∩ Vm that788

has incoming arrows. Therefore, in this case, we can assume that #NF = 1.789

• Otherwise, every element in NF has an outgoing arrow in σm. Since σm is a structure of790

interest, we know that σm contains a path πm from Xm to Ym. We will construct a graph791

σm′, satisfying the following conditions:792

– σm ⊆ σm′ ⊆ Gm
uWm,Mm

i
793

– Root(σm′) = Root(σm)794

– σm′ differs from σm only inside Vm.795

and such that σm′ contains a path πm′ from Xm to Ym which encounters NF at most once796

with a chain or a collider and that this intersection occurs a VmaxNF . If σm and πm does not797

satisfy these conditions, let us consider a1 and a2 be respectively the first and last arrows of798

πm in NF . We distinguish the cases:799

1. If both a1 and a2 are incoming arrows in NF , i.e πm = · · ·Ww•→ V1
v1 · · ·V2

v2←•Uu · · · .800

By Proposition 7 and since mutilations are done at cluster level, we know thatGm
uWm,Mm

i
801

contains the arrows Ww•→ VmaxNF and VmaxNF←•Uu. We consider σm′ B σm∪{Ww•→802

VmaxNF }∪{VmaxNF←•Uu} and πm′ B πm
[Xm,Ww]∪{Ww•→ VmaxNF←•Uu}∪π

m
[Uu,Ym]. Note803

that πm′ encounters NF only at VmaxNF and that Root(σm′) = Root(σm).804

2. If both a1 and a2 are outgoing arrows in NF , i.e πm = · · ·Ww←•V1
v1 · · ·V2

v2•→ Uu · · · .805

By Proposition 6 and since mutilations are done at cluster level, we know thatGm
uWm,Mm

i
806

contains the arrows Ww←•V1 and V1•→ Uu. We considerσm′ B σm∪{Ww←•V1}∪{V1•→807

Uu} and πm′ B πm
[Xm,Ww] ∪ {Ww←•V1•→ Uu} ∪ π

m
[Uu,Ym]. Note that πm′ does not encounter808

NF and that Root(σm′) = Root(σm).809

3. Otherwise, without loss of generality, we can assume that a1 and a2 are pointing810

towards Ym, i.e. πm = · · ·Ww•→ V1
v1 · · ·V2

v2•→ Uu · · · . Indeed, otherwise, we just need811

to consider the path from Ym to Xm. Note that V1
v1 or V2

v2 could be equal to VmaxNF but812

not both. Since all elements inNF have an outgoing arrow, let us consider Cc, the child813
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of VmaxNF in σm. By Propositions 6, 7 and since mutilations are done at cluster level,814

we know that Gm
uWm,Mm

i
contains the arrows Ww•→ VmaxNF and Cc←•V2

v2 . We consider815

σm′ B σm ∪ {Ww•→ VmaxNF } ∪ {Cc←•V2
v2 } and πm′ B πm

[Xm,Ww] ∪ {Ww•→ VmaxNF →816

Cc←•V2
v2 }∪π

m
[V2

v2 ,Y
m]

. Note that πm′ encountersNF only once with a collider in VmaxNF817

and once with a fork in V2
v2 and that Root(σm′) = Root(σm).818

Note that in all cases, we have used Propositions 6 and 7, thus σm′ ∪ Gm
can is acyclic.819

Moreover, in all cases, Root(σm′) = Root(σm). Therefore, Root(σm′) ⊆ Rm
i . In addition,820

σm′ contains πm′, a path from Xm to Ym which encountersNF at most once with a chain or821

a collider and that this intersection occurs a VmaxNF .822

However, in Cases 2 and 3, we have added outgoing arrows to some vertices different from823

VmaxNF . This could prevent σm′ from being a structure of interest. We apply the following824

transformation to construct a structure of interest from σm′:825

1. Move all incoming arrows to VmaxNF : By Proposition 7 and since mutilations are826

done at cluster level, we know that for all arrows Ww → Vv with Vv ∈ NF, Gm
uWm,Mm

i
827

also contains the arrow Ww → VmaxNF . Therefore, Gm
uWm,Mm

i
also contains σm′′ which828

is equal to σm′ except that all arrows Ww → Vv with Vv ∈ NF are now pointing toward829

VmaxNF . Since we are using Proposition 7, we know that σm′′ ∪ Gm
can is acyclic. Note830

that πm′ still exists in σm′′ and that all vertices in σm′′ ∩ Vm except VmaxNF have no831

incoming arrows in σm′′. Moreover, note that Root(σm′′) = Root(σm′).832

2. Remove problematic outgoing arrows: To keep the notations simple, we update833

σm′ ← σm′′. Some vertices, different from VmaxNF , may have more than two outgoing834

arrows, preventing σm′ from being a structure of interest. We remove from σm′, all835

outgoing arrow from Vm that is not used by πm′. Since, πm′ uses at most two arrows836

around a vertex, we know that all vertices have now at most two outgoing arrows.837

Since we have just removed some arrows, we know that σm′ ∪ Gm
can remains acyclic.838

Moreover, since πm′ is preserved, we know that Xm and Ym are still connected.839

3. Remove the problematic vertices: At the end of the previous steps, some vertices are840

not connected to the others in σm′, preventing σm′ from being a structure of interest.841

More precisely, these vertices areNF \ {VmaxNF } except V1 in case 2 and except V2
v2 in842

case 3. Indeed, at step 1, they have lost their incoming arrows and at step 2, they have843

lost their outgoing arrows. We remove these vertices from σm′. By doing so, σm′∪Gm
can844

remains acyclic and σm′ is now a structure of interest, Root(σm′) = Root(σm) ⊆ Rm
i .845

To summarize, we have constructed a structure of interest σm′ in Gm
uWm,Mm

i
, such that846

Xm /⊥⊥σm′Ym | Wm,Zm, Gm
can ∪ σ

m′ is acyclic and Root(σm′) ⊆ Rm
i . Moreover, VmaxNF is847

the only element of Vm ∩ σm′ with incoming arrows. Therefore, in this case, we can assume848

that #NF = 1.849

Therefore, in all cases, we can assume that #NF ≤ 1 without loss of generality.850

We will now show that we can assume that F ⊆ {V1} without loss of generality. If it is not the851

case we apply the following transformations:852

1. Move all arrows to V1: By Proposition 6 and since mutilations are done at cluster level, for853

all arrow Vv → Ww in F ∩ σm, we know that Gm
uWm,Mm

i
contains the arrow V1 → Ww. Thus,854

we consider σm′ the subgraph of Gm
uWm,Mm

i
obtained by moving all the arrows Vv → Ww855

with Vv in F ∩ σm to V1 → Ww. Since, σm is a structure of interest, it contains a path πm
856

from Xm to Ym. Note that the above transformation yields a path πm′ in σm′ which connects857

Xm and Ym.858

2. Remove problematic outgoing arrows: In σm′, V1 may have more than two outgoing859

arrows, preventing σm′ from being a structure of interest. Yet πm′ uses at most two of these860

arrows. Thus, we only keep two of them without altering πm′.861
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3. Remove the problematic vertices: At the end of the previous steps, some vertices are not862

connected to the others in σm′, preventing σm′ from being a structure of interest. More863

precisely, these vertices are F \ {V1}. Indeed, they have lost their outgoing arrow at step 1864

and had no incoming arrows are they are in F .865

To summarize, we have constructed a structure of interest σm′ in Gm
uWm,Mm

i
, such that Xm /⊥⊥σm′Ym |866

Wm,Zm, Gm
can ∪ σ

m′ is acyclic and Root(σm′) ⊆ Rm
i . Moreover, V1 is the only element of Vm ∩ σm′

867

with no incoming arrows. Therefore, we can assume that F ⊆ {V1}.868

End of the proof of 1 ⇒ 2: Without loss of generality, we assume that #NF ≤ 1 and F ⊆ {V1}.869

Let VNF be the only element of NF (if exists). We consider the graph Gm B Gm
can ∪ σ

m. By870

Corollary 3, Ri(Wm,Xm,Ym,Zm) does not hold in Gm and by construction Gm is compatible with871

GC . For every vertex in Vm \ (F ∪NF ), we apply Proposition 6 to move all outgoing arrows to V1872

and Proposition 7 to move all incoming arrows to V#VC . This yields a graph Gm′ ∈ C(GC) in which873

Ri(Wm,Xm,Ym,Zm) does not hold, and where no vertex outside NF ∪ {V1} ∪ {V#VC } is incident to874

an arrow.875

We repeat this construction for each cluster, ultimately obtaining Gm⋆, where Ri(Wm,Xm,Ym,Zm)876

still fails and every cluster has arrows on at most three vertices. Finally, by removing all vertices877

that are not incident to any arrow in Gm⋆, we obtain Gm⋆
≤3, a graph compatible with GC

≤3 in which878

Ri(Wm
≤3,X

m
≤3,Y

m
≤3,Z

m
≤3) does not hold.879

Therefore, there exists Gm
≤3 ∈ C(GC

≤3) in which Ri(Wm
≤3,X

m
≤3,Y

m
≤3,Z

m
≤3) does not hold. □880

We come back to the example presented in Figure 3 to illustrate the successive steps of this proof881

in Figure 9. Particularly, Figure 9a is the initial graph, then in Figure 9b we consider an analogous882

structure of interest such that #NF ≤ 1. Then, in Figure 9c, we consider an analogous structure of883

interest such that F ⊆ {V1}. Finally, in Figure 9d we move every unused gray arrows such that only884

three vertices of Bm are incident to any arrows. From this graph, we deduce Gm
≤3 in Figure 9e on885

which d-connection with structures of interests are equivalent. We apply equivalent rules to get 9f,886

which corresponds to Figure 3.887
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(a) Gm ∈ C(GC)
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(b) Application of Proposition 6 to the arrow B3 →

C1, thereby adding B2 → C1. Note that now
#NF = 1.
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(c) Application of Proposition 6 to shift B2 → C1 to
B1 → C1. Note that now F ⊆ {V1}.
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(d) Application of Propositions 6 and 7 to reposition
all unused (gray) arrows. Note that only three vertices
of Bm are incident to any arrows.
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(e) Remove some vertices that are not incident to any
arrow to get Gm

≤3. Note that Gm
≤3 ∈ C(GC

≤3).
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(f) Application of Propositions 6 and 7 to get the same
graph of Figure 3d.

Figure 9: Figure 9a shows the graph Gm containing the structure of interest σm (in bold black), which
connects Xm and Ym under Cm ∪ Am. Figures 9b, 9c and 9d illustrate the successive transformations
of Gm and σm (as carried out in the proof of Theorem 4) for the cluster BC . Figure 9e shows the
last step of the proof. Figure 9f shows how to transform the graph in Figure 9e to get the graph in
Figure 3d.
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