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Abstract

We study algorithms using randomized value functions for exploration in reinforce-
ment learning. This type of algorithms enjoys appealing empirical performance.
We show that when we use 1) a single random seed in each episode, and 2) a

Bernstein-type magnitude of noise, we obtain a worst-case 0] (H A AT) regret
bound for episodic time-inhomogeneous Markov Decision Process where S is the
size of state space, A is the size of action space, H is the planning horizon and

T is the number of interactions. This bound polynomially improves all existing
bounds for algorithms based on randomized value functions, and for the first time,

matches the ) (H vV SAT) lower bound up to logarithmic factors. Our result

highlights that randomized exploration can be near-optimal, which was previously
achieved only by optimistic algorithms. To achieve the desired result, we develop
1) a new clipping operation to ensure both the probability of being optimistic and
the probability of being pessimistic are lower bounded by a constant, and 2) a new
recursive formula for the absolute value of estimation errors to analyze the regret.

1 Introduction

This paper concerns learning in tabular Markov Decision Processes (MDP), arguably the most
fundamental model for reinforcement learning (RL). Existing algorithms that achieve the near-

optimal minimax 0] (H V SAT) regret bound are based on the principle of Optimism in the face

of Uncertainty (OFU), such as upper confidence bound (UCB) [7, 53, 16, 57, 55]." Here S is the
number of states, A is the number of actions, H is the planning horizon, and 7T is the total number of
interactions between the agent and the environment.

*Equal Contribution
!"This bound is for time-inhomogeneous MDP with each reward bounded by 1 and T is sufficiently large.
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Another broad category is algorithms with randomized exploration such as Thompson Sampling [36,
5, 39]. These algorithms inject (carefully tuned) random noise to value function to encourage
exploration. UCB-type algorithms enjoy well-established theoretical guarantees but suffer from
difficult implementation since an upper confidence bound is usually infeasible for many practical
models like neural networks. Instead, practitioners prefer randomized exploration such as noisy
networks in [19], and algorithms with randomized exploration have been widely used in practice
[37, 13, 11, 35]. However, how to design randomized exploration algorithms in a principled way and
perform randomized exploration optimally is far from clear. While randomized exploration can have
great performance in practice, theoretically, the best known worst-case regret bound for algorithms

with randomized exploration is 9] (H 2SVAT ) [2], which is far worse than that of the UCB-type
algorithms. In this paper, we introduce a new randomized exploration algorithm and show it enjoys
a near-optimal 0] (H \/W) worst-case regret bound, thus closing the gap. Our work sheds new
light on randomized exploration on both the algorithmic side and the theoretical side.

Our Contributions. Our contributions are summarized below:

e We propose a new algorithm, Single Seed Randomization (SSR), which incorporates a crucial
algorithmic idea: using a single random seed for the entire episode, in contrast to previous methods
of randomized exploration which use one seed for each time step. SSR is able to explore more
efficiently than previous methods by avoiding having noise at different time steps canceling with each
other. Theoretically, we show, thanks to this new idea, if one uses a Hoeffding-type magnitude of

noise, SSR achieves an O (H L5y SAT) regret bound, improving upon the best existing result on
randomized exploration algorithm [2].

e We further design a new Bernstein-type magnitude of noise for our algorithm, and achieve an
9] (H VSAT ) regret bound, resolving an open problem raised in [2]. To our knowledge, this is the
first time that a Bernstein-type bound is used in randomized exploration. More importantly, our upper
bound matches the ) (H \/W) minimax lower bound up to logarithmic factors.

We note that our goal is not to show randomized exploration is better than optimistic algorithms [7] in
the tabular setting. Instead, we aim to provide a solid theoretical understanding of a practically relevant
algorithm. Indeed, understanding randomized exploration itself is an important theoretical research
direction and has attracted much interest in the community [3, 4, 6, 41, 52, 48, 2, 36, 39, 37, 35].

Main Challenge and Technical Overview. Besides the aforementioned algorithmic ideas (single
random seed and Bernstein-type magnitude of noise), we also need additional ideas in analysis to
prove the desired regret bound. The main challenge is that unlike UCB-type algorithms, the estimated
value in algorithm with randomized exploration, is not an upper bound of the true optimal value. This
leads to the failure of directly utilizing their analysis, which only need to analyze the one-sided error
in estimation. We instead work on the absolute value of the estimation error, whose analysis is more
complicated than that for the one-sided error in UCB-type algorithms. Working with absolute value
forces us to ensure that both the probability that the estimated value is optimistic and the probability
that the estimated value is pessimistic are lower bounded. However, the clipping strategy in existing
algorithm cannot maintain pessimism. To tackle with this issue, we develop a new clipping method.
Below we list our technical contributions.

1. First, we propose a new clipping strategy to constrain the estimated value function (cf. Eqn. (4)).
Previous clipping strategies in [52, 2] are based on uncertainty and can only maintain optimism. Our
clipping strategy directly works on the value function, which is similar to those used in UCB-type
algorithms [7, 22, 57]. Our clipping strategy can maintain both the optimism and pessimism. In
addition, the number of times that the clipping is used can still be bounded.

2. Second, we prove that the single seed randomization ensures that the estimated value function can
both be optimistic or pessimistic with constant probability at all states and timesteps. This is stronger
than previous randomized exploration algorithms that are only shown to be optimistic at the initial
state with constant probability. With this property, we can then bound the difference between the
optimal value function and estimated value function from both above and below, which results in a
bound on its absolute value. See Section 5.1, Appendix C and Appendix D.



3. Third, we prove a novel recursion argument on the absolute value of the policy estimation error.
As mentioned in [2], the recursion in UCB-type algorithms can not be directly utilized because our
estimated value function is not a high-probability upper bound of the true optimal value function.
With the bound of absolute value, we are able to prove new recursion formulas and together we can
control the policy estimation error. See Section 5.2 and Appendix E.

4. At last, we bound the sum of variance in a novel manner. In [7], the UCB-type estimation
guarantees that the policy estimation error is always positive so the difference of the variance can be
directly bounded. We generalize the argument to the absolute value of the estimation error to bound
the sum of variance. See Section 5.3.1 and Appendix G.

2 Related Work

In this section we review existing provably efficient algorithms for tabular MDP. There is a long list of
sample complexity guarantees for tabular MDP [27, 9, 25, 43, 44, 28, 8, 21, 45, 30, 36, 14,7, 15, 38,
5,22,20,46, 16, 18,42,41, 54, 12, 56, 51, 40, 34, 55,49, 2, 41, 5, 17, 33, 31]. The state-of-the-art
methods are based on upper confidence bound (UCB) [7, 53, 16, 57, 55, 33, 31]. For the setting
considered in this paper where the transition is time-inhomogeneous and the reward is bounded by 1,

one can achieve an O (H vV SAT) in the regime where T is sufficiently large.

Algorithms with randomized exploration have been proved to enjoy favorable regret bounds in bandit
problems [29, 3, 26, 10, 4]. In certain settings, randomized exploration can match the worst-case
regret bound of UCB-based approaches and achieve nearly minimax optimal regret bounds [24, 4].
However, for RL, existing theory for randomized exploration are far from optimal [2, 41, 5, 50, 52].
For the setting considered in this paper, the sharpest existing regret bound among algorithms with

randomized exploration is 0] (H 28V AT) proved in [2]. Our paper closes this gap and thus deepens
our understanding about randomized exploration.

3 Preliminaries

We consider time-inhomogeneous finite-horizon MDP M = (H,S, A, P, R, s1), where |S| = S and
|A| = A. Here, S = {1,...,.S} is the finite state space. A = {1,..., A} is the finite action space.
H is the length of an episode. For convenience, we take s; to be the fixed initial state, although a
more general initial distribution will not change the conclusion. P : § x A x [H] = A(S) is the
transition function, where if the agent stays at state s and takes action a at time £, it transits to state
s’ with probability Py s .(s') € [0,1]. R : S x A x [H] — [0,1] is the reward function, where
if the agent stays at s and takes action a at time h, it will receive reward 7}, 5 , € [0,1] such that
E [Th,s,a] = Rh,s,a'

A deterministic policy for such a MDP is defined as a tuple 7 = (71, ..., 7q), where 7, : S — A.
The associated value function at state s € S and level h € {1, ..., H} is recursively defined as
Vi (3) = Rh,sﬂrh(S) + Z Ph,snrh,(s) (31) V}L—l (31) .
s’eS

For convenience, we set V7, | = 0 € R®. The corresponding optimal value function is V;* (s) =
max en V;' (s), where IT is the set of all possible deterministic policies. For a particular algorithm

Alg, let 7% denote the policy that Alg employs during episode k. Then, the regret of running Alg on
MDP M for K episodes is defined as

K
Reg (M, K,Alg) = > (Vl*(sl) - Vl’f’“(sl)) . 1)

k=1
Note that the regret, Reg (M, K, Alg), is a random variable due to randomness in state transition and
the algorithm, Alg. In this paper, we show the regret of our proposed algorithm can be upper bounded
with high probability, and the upper bound matches the known lower bound up to logarithmic factors.

To facilitate our later analysis, we introduce some notations for empirical estimation. At episode k,

we collect a trajectory (s§,a¥, 7, .-+ s% . a% r%) as specified in Algorithm 1. Let ny, (h, s,a) =
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Algorithm 1: Single Seed Randomization (SSR)
Input: H, S, A, perturbation type ty € {Ho, Be}

for episodes k =1,2,..., K do
Sample 2, ~ N (0,1)
Define terminal value function @H_H’k =0cR%and Vg 1 =0€R?
for time periods h = H,...,1do
ah,k (Sv a) — Rz,s,a + <pllzc,s,a7vh+1,k> + Ufy (hv 5, CL) 2k /7 (Téy (h,s, (1’) is
defined in (5) and (6).
Define Vi x (s) = clipy g _p41) (maxXaca Q4 (s, a)) forall s € S
end
Agent takes actions a), = argmax,e 4 Q, (s}, a) throughout this episode
Observe data s’f7 a’f, r’f, e 5’;1» a’;{, r}“{ and compute thla, P}’ftla and ng41 (h, s, a) for
all (h,s,a) € [H xS x A
end

;:11 1{(s},al) = (s,a)} be the number of times action a is taken at state s and time h before
episode k, where 1 {-} is the indicator function. We define

k—1
L =1 ]l{(sim aél) = (37 a)}ré’sgﬂal

R = h 2
h,s,a g (h, s, a) +1 ) ( )
k—1
Pk (Sl) _ =1 ]l{(siz?aﬁwslh-&-l) = (svavsl)} 3)
hys,a ng (h,s,a) + 1

Then, define empirical MDP based on our observation and estimation before episode k as the tuple
M* = (H,S, A, P¥ R, s)). Since P,’f_s’a is not a valid distribution over S, for being rigorous, we
can imagine there is an additional virtual absorbing state that every state will transit to with remaining
probability.

In addition to the above notations, let O (+) , © () and 2 (-) be asymptotic notations ignoring all poly-
logarithmic terms. For distribution D € A and value function V' € R¥, let V (D, V') denote the vari-
ance of V under distribution D, which is defined as V (D, V) = > s D(s) (V(s) — (D, V)2 For
constant a > 0, we define the corresponding clipping function as clip, () = max {—a, min {a, -} }.
Immediately we have |clip, (z)| < a for any a > 0. We introduce the definitions of other notations
when used. In appendix, we summarize the notations and definitions used in this paper.

4 Main Results

4.1 Algorithm

The main contribution of this paper is that we show algorithm with randomized value functions
can achieve regret that matches the known lower bound 2 (H VSAT ) [21, 17] up to logarithmic

factors in the tabular setting. To facilitate exploration, this type of algorithms uses random value
perturbation instead of deterministic bonus. The algorithm we consider is summarized in Algorithm
1. In our algorithm, SSR, the random perturbation ensures that optimism/pessimism can be obtained
with constant probability in each episode. Moreover, randomized value function has its origin from
posterior sampling for reinforcement learning (Thompson sampling). The randomized perturbation
can be interpreted as approximate sampling from the posterior distribution of the value function on
randomized training data [41].

We first give an overview of SSR. In Algorithm 1, the policy used at episode & is computed using the

empirical MDP, M* = (H,S, A, P* Rk s 1), which is based on observation and estimation before

episode k. However, instead of directly choosing optimal policy for M*, we add a small random
perturbation when computing the value of each state and action pair. To be more precise, at each



episode k, we first estimate the reward and transition function for each state s and action a based on
(2) and (3). Then, we compute the value function for state s and action a,

@h,k (57 a) — Rlli,s,a + <pi]f,s,aavh+1,k> + O—fy (ha S, a) k-

Here, 2, ~ N(0,1) is a standard Gaussian random variable sampled once every episode. The
magnitude of the perturbation, afy depends on how many samples ny(h, s, a) we have observed and

and PF

hs.q- We Will discuss more about the choice of

how confident we are on the estimations Eﬁ sa
the magnitude later in this section.

In order to prevent estimated value function from behaving badly, we add a clipping to the value
function:

Vhi(s) = clibyg_py1) ({?Eaijh,k(& a)) 4)

As our analysis will show, this kind of clipping can bound the value function, maintain optimism
and pessimism and also guarantee that clipping will not happen for a lot of times. The constant 2
(instead of 1) plays a crucial role because it means the value function grows at an additive rate of
2 from h = H to h = 1. If we do not consider the added noise, then the value function should at
most grow 1 at each timestep because the reward is at most 1. For our clipping technique, if a clip
is triggered, there exists a timestep such that the added noise is more than 1, which is equivalent
to a small number of visits (cf. Definition 23 and Lemma 8). As our later analysis will show, the
clipping only affects the lower-order term and will not compromise the long-term performance of the
algorithm. Finally, after computing the value function and clipping, SSR chooses the action af that

maximizes @h)k(s;j, a) at each time step, h = 1, ..., H, throughout the episode.

Note that from a Bayesian perspective, when there is no clipping, in Algorithm 1, @h_’ i follows
distribution

Quils,a) | Vigrpe ~N (Rz,s,a + <p;]f,s,a77h+1,k> ; (o—fy(h,s,a))2> .

This resembles posterior sampling because when estimating some parameter 6* ~ N (0, [32) based
on noisy observations 61, ...,0, ~ N(0,3%), the posterior distribution of 6* given {6;}7; is

0* 1 {0;37, ~ N (n%rl S 6, f—;) Although exact posterior sampling may not be possible in
complex reinforcement learning settings, in SSR, o, (h, s, a) is chosen at scale ) (1/ Vg (h, s, a))

and therefore can be interpreted as doing approximate posterior sampling. Moreover, SSR can be
viewed as a variant of Randomized Least Square Value Iteration (RLSVI). The major differences are
at the clipping function and a single random seed used in each episode instead of different random
seeds at different tuples (h, s,a). We will discuss more about the choice of the random seed later
in this section. We refer to [37] and [41] for a more detailed discussion on the relationship among
RLSVI, posterior sampling and randomized value function.

In the following paragraphs, we discuss in more details about the three major algorithmic innovations:

Single Random Seed in Each Episode. SSR is similar to the algorithms analyzed in [41] and [2].
The major difference is that in the algorithm we propose, we use a single random seed Zj, to generate
the perturbations for all time steps h = 1, ..., H in an episode k.

When using different random seeds in an episode, the algorithm can be optimistic in some time step
while being pessimistic in others. Then, the effects of the perturbations at different time steps will
cancel with each other. As a result, to ensure sufficient exploration, the magnitude of the perturbation
has to large. This issue was also pointed out in [2, 1].

A large perturbation magnitude can increase the instability of the algorithm and worsen the algorithm’s
performance. When a single random seed is used, a small perturbation magnitude is enough to
guarantee that the algorithm is optimistic with constant probability in any episode. We are able to
show that using a single random seed can significantly increase the stability of the algorithm and
therefore enjoy much smaller regret. Coincidentally, [48] also uses a similar single randomization
in bandit problems to build a near-optimal randomized exploration algorithm and our work can be
treated as its natural extension to RL problems.



Clipping. To obtain a tight regret bound, the estimated value function needs to be well bounded.
In [41], no clipping is used and the estimated value function is at the order of O(H?%/2S), which
results in a suboptimal regret bound. Generally there are two types of clipping methods. The first one
is uncertainty-based, i.e. the value is clipped to H — h + 1 at timestep & whenever the uncertainty
is large [52, 2]. However this type of clipping cannot maintain pessimism which is critical in our
analysis. The other kind of clipping is value-based, mostly in UCB-type algorithms [23]. These
algorithms truncate estimated value greater than a certain threshold, i.e. H — h + 1 at time step h.
The problem here is that the number of clippings cannot be bounded because if the true value function
is close to H — h + 1 at timestep h, the clipping will happen with some constant probability.

Our clipping method leverages both type of clipping methods in the existing literature. Though
our clipping is based on the value function, we show that whenever the clip is triggered, the esti-
mation error must be large, which implies that the uncertainty at that state is large. This clipping
method inherits the desired properties from both uncertainty-based and value-based clipping, i.e. the
optimism/pessimism is maintained and the number of clippings can be bounded.

Magnitude of Perturbation. A large magnitude of perturbation can encourage exploration, but at
the same time increase instability. In our algorithm, the magnitudes are chosen as the smallest values
so that the algorithm can be optimistic with constant probability. Since the value function can roughly

be bounded by O(H), a naive choice of the perturbation magnitude can be © (H /\/ (b, s, a)). In

this way, by Hoeffding’s inequality, as long as the random Gaussian variable sampled Zj, is bigger than
a constant, which happens with constant probability, the estimated value function will be optimistic.
By similar reasoning, we can see that the estimated value function will also be pessimistic with
constant probability.

To make the magnitude even smaller, inspired by [7] who showed one can use an (empirical)
Bernstein’s inequality to derive a sharp exploration bonus for UCB-based algorithms, we propose
a new choice of perturbation magnitude based on Bernstein’s inequality. The Bernstein-based
perturbation uses the empirical variance of the value function, which makes it smaller than the
Hoeffiding-based one mostly, but still maintains optimism with constant probability.

In our paper, we study both types of magnitudes. In particular, we show that the regret of SSR based
on Bernstein’s inequality matches the known lower bound 2 (H VSAT ) Following are the two
choices:

log (2H S Ak?) H
ng (h,s,a) +1  ng(h,s,a)+1’

E (hsa) 16V (P;i“,s,a’vk,hﬂ) log (2HSAk?) | 65Hlog QHSAK?)  [log RHSAK) (g
o ,8,a) = ,
Be ng (h,s,a) +1 ng (h,s,a) +1 ng (h,s,a) +1

E)

UIIYIO (h,s,a) = H 5)

where subscript “Ho” represents that the perturbation is based on Hoeffding’s inequality and “Be
represents Bernstein’s inequality, correspondingly. Here, for proof convenience, PF _  is defined by

replacing the denominator in PF _ by max {n(h, s, a), 1}. To clarify, when subscript “ty” is used,
which stands for “type” as a placeholder for “Ho” or “Be”, it means that there is no need to write two
copies of expressions for Hoeffding-based and Bernstein-based noises separately.

Practical Considerations. Here, we explain why randomized exploration is widely used in practice
and why our algorithmic formulation practically has advantage over UCB-type algorithms. In ran-
domized exploration, there are usually two important components: (1) the algorithm (e.g., Algorithm
1) and (2) the noise magnitude (o). In practice, the main advantage of randomized exploration lies
in the algorithm component. The generalization from the tabular setting to the function approximation
setting is straightforward: one can just add a random regularization term in the value estimation step,
whose details can be found in [35]. On the other hand, the generalization of optimistic algorithms
from the tabular setting to the function approximation setting is more non-trivial because it often
requires an explicit construction of the confidence set. For the second component, although generaliz-
ing our strategy of tuning noise magnitude to the real-world function approximation setting is indeed
not straightforward, it is often set as a hyper-parameter in practice.



4.2 Regret Analysis

We analyze the regret, defined in (1), of our algorithm SSR using both types of perturbations. Our
main theorems are presented in Theorem 1 and 2. In particular, Theorem 2 shows SSR with Bernstein-

based perturbation can achieve the regret that matches the known lower bound 2 (H vV SAT) up to

logarithmic factors. We sketch the proof of Theorem | and Theorem 2 in Section 5.

Theorem 1. If the Hoeffding-type noise (5) is used, then for any MDP M = (H,S, A, P, R, s1),
with probability at least 1 — §, Algorithm [ satisfies

Reg(M, K, SSRi.) < O <H1'5\/SAT + H452A> .
In particular, when T > Q (H5S3A), it holds that Reg(M, K, SSRy,) < 19) (HLS\/ SAT).

Theorem 2. If the Bernstein-type noise (0) is used, then when T' > Q (H5 SZA), for any MDP
M = (H,S, A, P, R, s1), with probability at least 1 — §, Algorithm I satisfies

Reg(M, K, SSRp.) < O (H\/SAT + H452A) .
In particular, if we further have T > (H®S3A), it then holds that Reg(M, K, SSRg.) <
O (HV/SAT).
We give a brief comparison between SSR and other related works. [41] shows that RLSVI, an
algorithm similar to SSR, can achieve O (H 25615y AT) regret in expectation over the randomness

of MDP and the algorithm. In [2], an improved high probability regret bound 0] (H 25V AT) is

proposed, which is the sharpest bound for randomized algorithms prior to this work. Our paper closes
the gap between those previous bounds and the lower bound in tabular setting.

We also run numerical simulations to empirically compare SSR and RLSVI in the deep-sea environ-
ment, which is commonly used as a benchmark to test an algorithm’s ability to explore. The results
show that SSR significantly outperforms RLSVT as predicted by our regret analysis. More details
about our experiment can be found in Appendix J.

5 Proof Outline

In this section, we present an proof outline of Theorem | and 2. Since their proofs follow the same
framework, we will present an unified outline and explain the individual steps particularly for each
case when necessary. The details of complete proof are deferred to the appendix.

Notation For the ease of exposure, we will use a simplified notations during this sketch. Specifically,
letz = (h, s,a) and 2§ = (h, s¥, a¥).

5.1 Concentration and Optimism/Pessimism

We start by introducing a set of MDPs ./\/lﬁy as a confidence set such that the empirical MDP
MF belongs to it with high probability, meaning that we have a good estimation of the true MDP.

Specifically, with M’ = (H, S, A, P, R/, s1), we define
(R, = ) + (P = P Vi) ey o)}
where /e (z) = o, () and y/ek (2) =~ of (2).

Define the event Ctky = {M ke Mfy} Then, by applying Hoeffding’s inequality or Bernstein’s

Mfy = {M’:Vx = (h,s,a),

inequality, for both types of perturbation, it is possible to show that
2

> e ((eh)7) - P (i g ) < 5



Since the value function is bounded in [0, H], this inequality tells us that the regret incurred by bad
estimation is at most O (H ). To be precise, it holds with high probability that

i“ {€§)} (v —vin) sh <o), )

k=1

Then, to better control the estimated value function, we need it to be bounded, which requires
us to clip it. Specifically, we will use two crucial properties of our clipping method. First, if
Qpi(s,a) > Qj(s,a), V(s,a) € S x A, then we have V, 1.(s) > Vj*(s),Vs € S. Similarly if
Qni(s,a) <Qr(s,a),V(s,a) € S x A, then we have V1, (s) < Vj*(s),Vs € S.

In addition, we can prove that whenever a clip is triggered for sy, we have ng(h, s¥, af) < aj, with
ar = O(H?). As aresult, it is possible to show that the total regret incurred by clipping is at most
O (H*SA), which is a lower-order term when 7 is sufficiently large. That is, let &'’ denote the

event that there is no clipping during episode k. Then, it holds with high probability that’
K
Soa{el (e} (Vi - v (sh) < O (H's24). @®)
k=1

As claimed before, because of the randomness in Gaussian noise, our algorithm SSR will encourage
exploration and it takes effect when there is no clipping and the estimation is not too bad. In other
words, it can be optimistic. However, also because of this randomness, its optimism only holds in a
probabilistic sense. In precise, it is possible to show that

P (Vik(s) > Vi(s),Vh € [H],s € S| C,) > Cyy, 9)
where the value of constant Ct,, depends on the type of noise we choose. Meanwhile, we can also
prove a very similar probabilistic pessimism, which means to have V', x(s) < V;*(s),Vh € [H], s €
S with constant probability. The property of optimism and pessimism will help us upper bound the
absolute value of V;*(s¥) — V1 x(s¥), which will be discussed soon.

5.2 Regret Decomposition
Now, given equations (7) and (8), we can see that for each episode k, it only remains to bound
1 {cﬁy n gHg} (Vl* - V;j;') (sk). Technically, the further defined the good event Gy will help

make V;hk. better-behaved. Its precise definition will be given in the appendix. Therefore, it is
sufficient to bound 1 {G } (Vf‘ - 1“,2) (s¥), which means to have

K
Reg (M, K,SSRy) < > 1{Gi} (V' = Vg + Vg — Vi) (sh) + O (H*'SA) . (10)
k=1 T
pessimism estimation error

To proceed, we need to define two auxiliary value functions V;, ;. and ﬁh} k» which are obtained by
virtually running policy 7T]i on some deliberately perturbed MDPs. In particular, they are designed
such that Zh, < V’u < V;%k holds under the good event Gy.

Pessimism Term Here, as a technical novelty, we bound the pessimism term’s absolute value.
Meanwhile, different from [52] and [2], by applying both optimism and pessimism, we do not resort
to an independent copy of the perturbed MDP to bound the pessimism term and give a conceptually
simpler analysis. In particulary, by defining C; = 1/ min {Cho, Cge}. it is possible to show that

{6} |Vien(sh) — V()| < 1 (G} & (]?Zﬂsﬁ) _Vh(sh)

*luzieh - viken|). an

The full proof is given in Appendix under Lemma 15.

Technically, this is not precisely how we bound the regret incurred by clipping, but it aligns better with the
intuition. Full technical details can be found in Appendix.



Estimation Error Term The sum of pessimism term and estimation error term can be further
bounded via the techniques of recursion used in [7]. However, we want to emphasize the differ-
ence that in their algorithm, the estimated value is optimistic with high probability, which makes
V(s h) Vii(s h) always positive. Instead, since our optimism only holds with constant probability,
we use absolute value to keep the estimation error terms positive. As a result, we show that

\Vlk—m)(slw‘vu—m

’VU@ Vlk

H
(51 NeSC Z (LUfy(xﬁ) + /\/lh,k) , (12)
h=1

where L denotes some poly-logarithmic term and M}, ;. denotes some martingale difference sequence
term at period h, episode k. The full proof is given in Appendix under Lemma 19,

5.3 Combining Different Terms

By combining equations (10), (11) and (12) and applying concentration inequalities to MDP My, i,
it is possible to show that

K H
Reg (M, K,SSRy) < ¢3S 1{Gi} Loty («f) + O (H\/T + H452A) . (13)

k=1h=1

Then, a final high-probability regret bound can be obtained by summing each individual terms over
k,h separately. It is well-known among literature that

ZZ <0 (\/HSAT) : XK:XH: L 5wmsay.  as

k=1 h=1 (2 +1_ ne(zy) +1 ~

Recall the definition of JI’S’ID in equation (5). By using these two inequalities, the bound in equation
(13) can be made explicit if we use Hoeffding-type noise. As a result, we have

Reg (M, K, SSRy,) < O (H1'5\/SAT + H4S2A) .

5.3.1 Bound on Sum of Variance

Analyses become more involved when Bernstein-type noise is used. Specifically, notice that in-
equalities in (14) cannot directly be used to bound >, , V (Pkk ) Vthl_k). Here, we apply some
n Ty )

techniques developed in [7]. However, since the optimism only holds with constant probability, the
details for specific terms are quite different.

For the ease of exposure, we will ignore all constants and define V; p =V (Pfk , Vh*), Vi =
’ h v ’

\% (]ka , V;L’k). Then, by using Cauchy-Schwartz inequality and equation (14), we can get
ak

def L - ~ — R =

= 1 — Vi \Y% < HSA 1 A4 \Y 15

U ; {Gr} () + 1 ( he TV h,k) < \/O( S ); {Gr} ( he T h,k) (15)
Here, note that U ~ )_, , o (). Then, after some steps of algebra, it is possible to show that

K H R . .
> Y 1{G} (ﬁ/;;,k + \7;1,,@) <O (HT + H*U) (When T' > Q (H?S?A))

k=1 h=1

— U<O0 (\/HSA (HT + H2U)) <0 (H\/SAT—i—H”ﬁ) . (By using equation (15))

Now, we can see that ), , ok (eh) ~U <O (H v SAT) satisfies this inequality. Finally, by
plugging this result back into equation (13), we can have

Reg (M, K, SSRg.) < O (H\/SAT + H4S2A) ,

which matches the known lower bound when 7' > Q (H®53 A).



6 Conclusion

We gave a new algorithm with randomized exploration, SSR, for tabular MDP, which enjoys a
near-optimal 9] (H vV SAT) regret bound in the time-homogeneous model. Previously, near-optimal

regret bounds can only be achieved by optimistic algorithms. Our result also highlights the importance
of using a single random seed for the entire episode and using the variance information in tuning the
magnitude of noise (cf. Bernstein’s inequality).

One important open problem is whether randomized exploration can a achieve a horizon-free regret
bound in the time-homogeneous model where the transition is the same at different levels [53, 49, 55].

Another possible future direction is to consider whether the sub-optimal lower order terms 9) (H*S?A)
can be further improved to relax the current requirement 7' > € (H%53 A) for being near-optimal.
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A Table of Notations

Symbol Meaning
S The state space
A The action space
S Size of state space
A Size of action space
H The length of horizon
K The total number of episodes
T The total number of steps, T' = HK
mk The greedy policy generated in Algorithm 1 at episode k
R s.a Expected reward function at (h, s, a)
Prs.a(s) Transition probability
M Underlying true MDP, M = (H,S, A, R, P, s1)
Tfk(hvsva) k' l]l{( h?ah):(saa)}
R} o4 Estimated reward function, - a)+1 Z ]l{(sh, ay,) = (s,a)}rl sl al
Iff]f,s,a (s) Estimated transition kernel, m Z " 1{(s}, al, Shi1) = (s,a,8")}
Py (s) Estimated transition probability w1th a sllghtly different
R denominator, mz ﬂ{(sh,alh,shH) (S a, S)}
M* Estimated MDP, M* = (H,S, A, P, R, s1)
rytky(hv S,Cl) Uty(h757a) 10g(40k4)
2k Perturbation’s single random source during episode k
from a standard Gaussian, 2, ~ N(0,1)
we, (h, s, a) Noise of type “ty”, wf, (R, s, a) = of, (h, s,a)Z
wk (h,s,a) —~k (h,s,a)
i}ccy 99y ’Yty 99y
Et)];(h757a) ’Ytky (h757a) &
M, Perturbed estimated MDP with ty type noise, M = (H S, A, PR+ wg,, 51)
M fy Negatively perturbed MDP, M = (H,S,A,P,R+ wf, 51)
—k
M, Positively perturbed MDP, M. fy = (H,S,A, P,R+w wty, s1)
Vel Vg" & Optimal value function at step h for true MDP M
Vh”k / V,Z“Z Value function at step by running policy 7% on true MDP M
@h, & Q-value function obtained by running Algorithm 1
Vi Value function obtained by running policy 7" on M
with a clipping of threshold 2(H — h + 1)
Vi Value function obtained by running policy 7% on M k
with a clipping of threshold 2(H — h + 1)
= —k
Vi Value function obtained by running policy 7% on M
with a clipping of threshold 2(H — h + 1)
,R’Z,s,a Rhs ,a Rh,*-ﬂ
P}]f,s,a <Ph,s,a - Ph,s,m V}j+1>
"Hﬁ The_his_tori_cal observations and actions till time A in episode k,
{(s},a],r]):j<kandl < Hifj <k, elsel < h}
ﬂl,j The historical observations and actions till time / and episode &,
plus the randomness in episode k, HY U {2}
V(P,V) Variance of V' € R* under distribution P € A%, Y~ o P(s)(V(s) — (P,V))?
Qg 200H? log(2H S Ak?) log(40k*)
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of (h,s,a) Magnitude of perturbation. ty € {Ho, Be}
ty Reserved subscript for denoting perturbation type, ty € {Ho, Be},
where “Ho” denotes Hoeffding-type and “Be” denotes Bernstein-type

k log(2HS Ak?) H
OHo (h7 5, CL) H \/ 7k (h,s,a)+1 + ny(h,s,a)+1

E (h 16V(Pf | Vini1)log(2HSAK?)  65H log(2HSAk?) log(2HSAK?)
OBe ( ) S CL) ng (h,s,a)+1 + ny (h,s,a)+1 + ny (h,s,a)+1

% log(2H S Ak?) H
&0 (B 5, @) Hy sl T mrsa)il

o (hs,a) 6V(PF Vi, )log(2HSAK?)  9H log(2HSAk?) log(2H S AK?)
Bel\'™ < ng(h,s,a)+1 ng(h,s,a)+1 ng(h,s,a)+1
G ®(1.5)— (1)

B Good Events

Definition 1. Let M’ = (H,S, A, P, R, s1). We define the following confidence sets for both
Bernstein-type and Hoeffding-type noise

M, = {M/ V¥ (h,s,a),|(Rhsa — Rhsa) + (Prsa— Prsa Vig)| < /e, (h, s,a)} , (16)

where the confidence widths are set as

- 6V (P,’fs o V,;*H) log (2H S Ak?)
ek (h,s,a) = >
be (h, 5,0) ng (hys,a) + 1

9H log (2H S Ak?) log (2H S Ak?)
ng (hys,a) +1 ng (h,s,a) +1’

log (2H S Ak?) H
- Ly . 18
\/m nk(h,s,a>+1+nk(hasaa’)+1 ( )

We also define two events E} and E? as the following:

a7

log (2H S AK?) 1
ng (h,s,a) +1  ng(h,s,a) +1’

513 = {‘ths’a - Rh,s,a S V(h,s,a)} 5 (19)

6V (Pl 00 Vitss ) log QHSAR?)
ng (h,s,a) +1

513 = { ‘<p}]§,s,a - Ph,s,aa Vh*+1>‘ S

(20)

8H log (2H S Ak?)
ng (hys,a) + 1

,V(h,s,a)}.

We have the following lemmas about concentration of events.
Lemma 1. For fixed (k,h, s, a), let n = ny, (h, s,a). Then, if n > 1, for any fixed § > 0, we have

A log (2/0 1
P <|R’,;,s,a — Rhsal > n(+/1 ) + 1) < 4.

Proof. Let ths’a = %H S T (hs.a)is WheTe T s 0y ~ P s.o are i.i.d. samples. By definition
of the MDP, we have E [T(hvs,a“] = Ry s,qo- Then, notice that

1

n n n

R 1 1

Rk = T(h,s,a),i = — T(h,s,a),i — T(h,s,a),i-
h,s,a n+1 ;:1: (h,s,a), n ;:1: (h,s,a), n(n+ 1) ;:1: (h,s,a),
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Since the reward is assumed to be bounded in [0, 1], we have ﬁ S T(hsa)i < n%rl Then,
for fixed § > 0, we have

. log (2/5) 1
P <|R;€L,S,a - Rh,s,al Z n -+ 1 + n+ 1

1< 1 = log (2/9) 1
=P - s,a),t R s,a — /oY s,a),t 2
1 & 1 log (2/9) 1 . . :
<P|(|= - >
<P ( ” ; T(h,s,a),i — Bns,a| + = .} | (By triangle inequality)
1< log (2/6
<P (|~ rhsars = Risa| 2 Ogén/)> (Since n + 1 < 2n forn > 1)
i=1
<. (By standard Hoeffding’s inequality)

O

Lemma 2. For fixed (k,h,s,a), let n = ny (h,s,a) and V € R® be some non-negative value
function such that ||V || . < H. Then, if n > 1, for any fixed 6 > 0, we have

Sk log (2/9) H
P ‘ P P ‘>H <5 21
<< hosia T 5o, V> = ntl Tnr1)=? D

Dk
6V (Ph,s,a, V) log (2/9) | 8Hlog(2/0) | _ -
n+1 n+1 -

P ‘<pf]f,s,a - Ph,s,aa V>‘ >

Proof. For fixed (h,s,a), we generate n ii.d. samples of S(h,s,a),i ~ Phsa and consider
V (S(h,s,a),i)- Then, by taking ny (h, s, a) = n, we have

R 1 n 1 n
<P;is7a, V> = n Z Vv (S(h,s,a),i) - m Z Vv (S(h,s,a),z‘) .
i=1 i=1

The first result in equation (21) can be proved very similarly as Lemma | using Hoeffding’s inequality
by simply replacing the upper bound of 1 in reward by H.

Then, for second result, we first consider n > 2. For some § > 0, define

2v (Pf’f,s,avV) log (2/9) | THlog(2/0) , H
n—1 3(n—1) n+1

b(h,s,a),n =

By noticing that F' (s) < H and applying similar technique in proof of Lemma 1, we have

P (‘ <P}lf’s_’a - Ph,s,zu V>‘ 2 b(h,s,a),n)

2V (P V)10 (2/9) 75108 (2/6)
n—1 3(n—1)

SP ‘<15}I:’57a - Ph,s,aa V>‘ Z

<. (By Lemma 31, the empirical Bernstein’s inequality)

Then, since 3 (n — 1) > n + 1 when n > 2, we can easily check that

6V (P;’f,s,aa V) log (2/0) 8K 10g (2/9)
n+1 n+1

b(h,s,a),n <
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Finally, since ||V'|| . < H, when n = 1, we trivially have

6V (P;’f,s,m V) log (2/0) 8K 10g (2/9)
—+ .
n+1 n+1

‘<P}]L€,s,u - Ph,s,a) V>‘ S H S

Therefore, we can conclude that

6V (P,’f,s,m V) log (2/0) 8K 10g (2/9) <5

(R
hosia T s, = n+1 n+1 =

Lemma3. 35" P ((£)) <=

Proof. Letn = ny, (h, s, a). Then, for some fixed (h, s,a),n > 1 and §,, > 0, by Lemma [, we have

P <|R’;,s,a Py AL ) < 6.

n+1 n+1

Therefore, by taking 4,, = a union bound will give us

__1
HSAn?>

= R log (2H S An?) 1 =1 72
3 5 ({1t - > O, L) 52

n=1h,s,a n=1

Therefore, we have

> C log <2HSAnk (h, s, a)2> 1
P3h77 : h77 >0’RSQ_RS(J42

1;1 (h,s,a) : ng (, s, ) IBs, hos.al ng (h,s,a) + 1 +nk(h,s,a)+1
2

< —.

)

Since the MDP is time-inhomogeneous, each (h, s, a) can only be visited at most once during one
episode, which implies ny, (h, s, a) < k. Therefore, we have

log (2H S Any, (h, s,a)) 1 < log (2H S Ak?) 1
ng (h,s,a) +1 ng (h,s,a)+1 = \| np (h,s,a) +1  ng(h,s,a)+1
and thus the proof is complete. O

Lemmad. 350 P ((£)) < =

Proof. This proof will be very similar to proof of Lemma 3. In specific, for fixed (h,s,a), let
n = ny, (h, s,a) > 1. Then, for any 6, > 0, since HVh*HHOO < H, by Lemma 2, we have

6V (P}]f,s,m Vi;k+1) log (2/6) n 8H log (2/0,) <5
n+1 n+1 -

]P) ‘<Plllc,s,a - Ph,S,aﬂ Vhik+1>‘ 2

Therefore, by taking d,, = m and applying a similar union bound argument used in the proof of
Lemma 3, we can conclude 357, P ((£2)€) < = O

We further define the event ny = {M ke ./\/lfy} With what we have proved above, it will be

straightforward to show the following results about Ctky.
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Lemmas. }7° P ((Cée)c) =2 P (Mk ¢ M]%e) = %2

Proof. We can easily notice & N &7 = M* € MY, which implies M* ¢ ME, —
(EN° U (E3)°. The first result then follows straightforwardly by applying Lemma 3 and Lemma
4. O

Lemma 6. 577, P ((Ch,)*) = X2, P (M1F ¢ M, ) < 5

Proof. Similarly, for fixed (h, s, a), we generate n i.i.d. samples 5, .q),i ~ Phs,a and 7, 5.0),i ~
Rhs,a fori = 1,... n respectively. Define Y(j, s.a).i = T(h,s,0),i + Viri1(5(h,s,0),i) and we have

E [Yv(h,s,a),z} = Rh,s,a + <Ph,s,a7 Vh*+l>'

By definition of MDP, we know that Y}, ; ), < H. Thus, we can use an argument similar to the
proof of Lemma 1. In specific, let n = n(h, s, a) and for §,, > 0, we have

1@( log (2/6,) , H )

n+tl n+1
:]P) <’ (Rz,s,a - Rh,s,a) + <‘P}llc,s,a - Ph,s,av V}j+1>’ Z

<6,

n

1
n+ 1 Z Yv(h,.s,a),i —-E [Yr(h,s,a),z}

=1

>H

o oe@/) | H
n+1 n+1

Then, we can take d,, = ﬁ and apply a similar union bound argument in used in the proof of
Lemma 3. As a result, we can obtain

= , 2 P
;P(ngé/\/l'ﬁo) < <3

We can also have well-behaved bounds on magnitude of noise and estimated value functions.

Definition 2. We define wf,(h,s,a) = ol (h,s,a)z, and v, (h,s,a) = of,(h, s, a)\/log(40k*).
We define the event £ as

& = {V(h,s,a), lwi, (h, s,a)| < 7y (h,s,a)} .

ty

Lemma 7. Eszl P((E)) < ’;—2 regardless the type of noise we choose.

Proof. For any k € [K], by the tail bound of Gaussian distribution,

log (40k*) )

i (|ék| > \/log (40k4)) < 2exp (— :

Summing over k € [K],
K K oo 2 7_(_2
E\C) _ 5
;P (()7) = ;P (1] = Viog (40K < >° 5 <
Note that this result does not depend on the type of noise we choose. O

Now, we define the following good events that hold with high probability and will be used throughout
the whole proof.

Definition 3 (Good events Gi). Let G, = {Ct"y NneY }

The subscript “ty” will be ignored later since it is clear from the context.
Definition 4. With oy, = 200H? log(2H S Ak?) log(40k*), we define events £}’ and E;'" as

h
g}tlhk = {nk(hﬂ Slfcw a}fi) > ak} ) 55%” = ﬂ gzt}}c (23)
=1
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k

We will show that under events £, £ ,tlhk and M* € ME  no clipping happens on s;.

ty?

Lemma 8. Assume that &;”, E,tfk and M* e Mfy hold. Then, regardless the type of noise we choose,
it holds that ‘

@ i(sh af)| < 2(H — h+1),
which immediately tells us that no clipping is triggered for any (sk,ak).

Proof. We have that
k Pl 74 k ko kY\z
Qh (sha ah) Rh sk ak <Ph7sﬁ7aﬁvvh+1,k> + Uty(h7 Shsap) 2k

As we have |V),41x| < 2(H — h) by clipping and RF , . € [0,1], we only need to show that
'Ch'"h

ot (h, sh,ah)zk < 1. Under event £X, we have |of, (h, s}, afl)2;| is bounded by vf, (h, sk, af) =
of (h, sy, af)\/log(40k*). Note that we have V41 x(s) € [-2H, 2H] by clipping for any s € S.
Thus, by Lemma 32, we have V ( ¥ oar Vi, k) < 4H? for any (h, s, a).

By taking ay, = 200H? log(2H S Ak?) log(40k*) and referring to the definitions of o%_(h, s, a) in
Equation (6), we can check that

Vie(hs 5, @)
=0k (h, sk, ak)\/log(40k*)
16V (Pfy oo Vinin) 108 QHSAR) 51105 (2HS AR?)

- 204 log(40K?
ni (h,sf,af) +1 + ni (h,sk,af) +1 0g(40k*)

log (2HS Ak?)
- y/log(40k*
* \/nk (h,sk,af) +1 og(40K")

IN

4H? log (2HS AK? Hlog (2HS AR log (2H S Ak?
\/6 og (RHSAR) | G5Hlog QHSARY) _ [log QHSAR) | 1o

(677 oy Q.
(Event £ implies ny,(h, s¥, ak) > ay)
o, 65 [ 1
200  200H 200H2 —

Thus, we have 7%, (h, s,a) < 1 and we can similarly check that v¥_ (h, s,a) < 1. As a result, we
have

IN

‘@h,k(slﬁmam’ <2(H —-h+1),
which completes the proof. O
C Optimism
Let HY denote the history trajectory, which is defined as
Hy = {(s],a],r]):j<kandl < Hifj <k, elsel <h}. (24)

We will prove that for both types of noise, V',  is optimistic with constant probability under certain
conditions.

C.1 Hoeffding-type Noise

Lemma 9. Condition on history 'Hﬁfl, if G 1o holds and Hoeffding-based noise is applied, then
V w1, is optimisitic with constant probability for any h € [H). Specifically, we have

P (V;Lk(s) > V;(S),Vh S [H],S eSS | H’Z;l,gkﬁo) > (1)(19) — (I)(l) := CHo-
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Proof. We will show that if 2, > 1, then for all h € [H] and s € S, we have V, 1.(s) > V;*(s). The

proof will use induction and the argument is true for A = H + 1 as V414(s) = Vji,,(s) = 0.
Suppose the argument is true for timestep h + 1 and for timestep h we have

Vik(s) ZCHP2(H7h,+1) <r£‘£‘)\<@h,k(87 a))

> min {2(H —h+ 1),mathyk(s,a)}
>min {(H — h+1), Qhkswh (s)}
Zmln{(H h’+1 heﬂ'*(e) +< : eﬂ;‘l(s)7vh+1,k‘>+O—é€y(h’35aﬂ—;(5))ék}

2 min {(H h+1), Ry ar(s) T i (s)? Vh*+1,k> + o (hy s, WZ(S))ék}
(Inductive hypothesis)

> min {(H —h+1), Ry )+ <P;’f,s,7r;(s)v Vh*Jrl,k>}
(Since M* € M} inferred by Gy, o and 2, > 1)
>wmin {(H — h+ 1), Qj (s, 75(5))}
>V (s).
Then by induction we have that the optimism is achieved for all i € [H] and s € S simultaneously.
Meanwhile, as stated in Definition 2, we have 25, < Jlog@Tk‘*) under event &’ and numerically,
W > 1.9. Therefore, the probability that 2, > 1 under &, inferred by Gy, i, is at least
$(1.9) — ¢(1)
®(1.9) — &(—1.9)

P2 > 1| Hy " Gemo) = > ®(1.9) — &(1) := Cho.

Thus, we can conclude that

]P)(V}L’k(s) Z V;(S),Vh S [ ] s € 8 | H ~1 gk Ho) > CHO

C.2 Bernstein-type Noise

The following proof of optimism applies some techniques used in [55]. We first present a technical
lemma.

Lemma 10. Ler f. : A% x RY x R x R — R with f.(p,v,n,L) = 5 (p,v) +

max {4, / V(: _:’1) L G:fflL } - z for some constant H > 0 and z € R. Then, [, satisfies

(i) f.(p,v,n, L) is non-decreasing in v (s)
e [-15,1.5]

(i) . (poyn, L) > 2 (o) + (3\/‘“5’:1” " ’i) xforz € [1,15].

(iii) f: (p,v,n,L) < 25 (p,v) + (3 stfl)L + ffﬁ) -z for z € [-1.5,—1].

w <2H, L >0,n > 3and

Proof. 1t is obvious that f, (p,v,n, L) is continuous in v (s) and not differentiable at only one

point where 4,/ % = G4HL " Therefore, to prove statement (i), we only need to show that

n+1
%&"’L) > 0. Specifically, we have

of. (po.nL) _ n p(s)+1{4 V(p,v>L>64HL}4p<s><v<s><p,v>>L,Z

v (s) T+l n+l — n+l V(n+1)V(p,v)L
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V(p,v) L - 64HL —8HL s
n+l “n+l[ ./ n+1)V(pv)L

> 0.

Here, The inequality (a) holds because ||v|| ., < 2H and v is non-negative, which means to have
v (s) — (p,v) > —2H. The inequality (b) above holds because when the condition inside indicator
1 {-} holds, we will have \/(n + 1)V (p,v) L > 16H L. The last inequality holds because we have
n > 3 and z < 1.5. Therefore, f, (p,v,n, L) is non-decreasing in v (s).

For the statement (ii), we consider two cases. First, when 44/ V)L~ G4HL polds we have

n+1 — n+1
8HL 1 /VpyL ;
T < 3\ ~agi» Which means to have

<pv>+<3 V(p,v)L+8HL>.Z< n 72 [V(p,v)L

n+1 n+1 n+1<p,v>—|—? n+1

< z ) ) ) L *
| < J. (pon, L)

Vipv)L 64HL V(p,w)L ASHL . ..
When 4m < &4 holds, we have 3, / - J:l < “.ii> which similarly leads to

V(p,v)L 8HL
1 3 : < z s Uy 1y L).
n+ﬁnw+< AN
The state (iii) can be shown similarly and thus the proof is complete. O

Lemma 11. Condition on history H" !, if Gk 1o holds and Bernstein-based noise is applied, then
V 1.k is optimisitic with constant probability for any h € [H)]. Specifically, we have

P (Vi (s) > Vi (s),Vh € [H),s €S| H5 ™ Grpe) > ®(1.5) — @ (1) := Che

Proof. Similar to what we have discussed in the proof of Lemma 9, under event £, we have
2, € [1,1.5] with probability at least ® (1.5) — ® (1) = Cg.. Then, we will show that Q,, , (s, a) >
Qs (s, a) for any h with arbitrary s, a and 25, € [1,1.5]. The proof will use induction. For simplicity,
let L = log (2HSAK?).

For h = H + 1, the inequality holds trivially because both sides are 0. Then, by assuming
Qni1x (8,a) > Qf (s,a) for any (s, a) such that ng(h, s,a) > 3, we have

Qh,k (87 a/) = Rﬁ,s,a + <p}lf,s,aavh+1,k> + O'l];e (h‘7 S, a) 2’9

V(Pf s Viern) L 64HL
ng (hys,a) +1 ng (hys,a) +1

- 2k

> Rhs,0 + <15}If,s,a,vh+1,k> + 4J

(Replace Rh,s,a by Rh.s.a through applying event £} defined in (19))

v (Pf’f,s,mvhﬂ,k) L 6AH L
ng(h,s,a)+1 "ng(h,s,a)+1

> Rps,a + <ﬁ,§,s,a,7h+1,k> + max 4\J

v (P}I:,s,a’ Vh*+1) L 64HL
ni (hys,a) +1 "ng (h,s,a) +1

© 2k

@ Dk *
Z Rh,s,a + <Ph,s,a7 Vh+1> + max 4

Vv (pilf,s,av Vhf-ﬁ—l) L SHIL B
* 2k

ni (h,s,a) +1 ng (h,s,a) + 1

> Rps,a + <I:’}If,s,m Vh*+1> + 3J

(By applying statement (ii) of Lemma 10)
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A 6V (Pilfsa’vﬂk+l) 8HL
>RSCL Pksa7V* — S 2 >1
> Rhps, +< h,s, h+1>+$ e (hs,a) + 1 +nk(h,s,a)+1 (Since 2, > 1)
> Rhs,a + (Phs,as Vig1) (By applying event £7 defined in (20))

=Qp(s,a).
Here, the above inequality (a) holds by applying inductive hypothesis and statement (i) in Lemma
10. It is applicable because when £ holds, and by the clipping function, ’ Vh’+1’k||oo < 2H.
When ny(h, s,a) < 3, @hﬁk(s, a) > Q7 (s,a) holds trivially because Qj.(s,a) < H by definition.
Therefore, the induction is complete.

Now, for arbitrary (k, h, s), set a = argmax,¢ 4 @, (s, a) and we have

Vii(s) =clipyg_p41) <I§1€3ﬁf@h,k(8’ a))

> min {Q(H —h+ 1),maj‘<@h k(s,a)}
ac ’

>min {(H —h+1),Q; (s, 75(s)) }
>min {(H —h+1),Q% (s, m5(s)) }
Zvﬁik(s)

D Pessimism

Similar to what we have proved in Section C, in this section we will prove that for both types of noise,
V'h.k 1s pessimistic with constant probability under certain conditions.

D.1 Hoeffding-type Noise
Lemma 12. Condition on history 7—[’;_[_1, if Gk 1o holds and Hoeffding-based noise is applied, then
V 1.k is optimisitic with constant probability for any h € [H)|. Specifically, we have

P (Vii(s) S Vi(s),Vh€ [H],s € S | Hi ', Grmo) = ©(1.9) — (1) 1= Cho.

Proof. We will show that if 2, < —1, then for all h € [H] and s € S, we have V, x(s) <

V;*(s). The proof will use induction and the argument is true for h = H + 1 as Vi x(s) =
Vi 1(s) = 0. Suppose the argument is true for timestep h + 1 and we consider timestep h. Set

Q4 = argmax,c 4 @h,k(sa a)'

Vh,k-(s) :Chp2(H7h,+l) (@h,k(sva))

< max {—2(H —h+ 1),@hﬁk(s,a)}

< max {—(H —h+ 1),@,17,6(3, a)}

< max {f(H —h41), R+ <P,f,s,a,vh+1,k> + ok (b, s, a)ék}

<max {~(H = h+ 1), B+ (Pl Vi) + b (s, 0)5 |

(Induction Hypothesis)

<max {—(H —h+1), Rﬁ_ysya + <P£S7a, Viiike)} (Since M* e Mp, and 2, < —1)
max{—(H —h+1),Q;(s,a)}
< max {—(H —h+ 1),11133{@2(5, a)}

<V (s).

IA
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Then by induction we have that the optimism is achieved for all h € [H] and s € S simultaneously.
By using argument similar to the proof of Lemma 9, we can see that when 2, < —1, we have

Vix(s) < Vi(s) an this hold simultaneously for any h € [H], s € S. Furtherm as stated in

Definition 2, we have |Z;| < 4/log (40k*) under event £ and numerically, /log (40k%) > 1.9.
Therefore, the probability that 2, < —1 under £" is at least

®(1.9) — (1) -
3(1.9) —a(=1.9) = 219~ ¢(1) = Chio.

P (% <=1 | M} " Grpo) =

Thus, we can conclude that
P (V’Lk(s) < V;(S),Vh S [H],S es | H§{717gk,Ho) > C’Ho~

D.2 Bernstein-type Noise

Lemma 13. Condition on history H% !, if Gi 1o holds and Bernstein-based noise is applied, then
V w1, is pessimistic with constant probability for any h € [H]. Specifically, we have

P(Vix(s) < Vi (s),Vhe [H],s €S| Hi ', Grpe) > Che

Proof. Similar to what we have discussed in the proof of Lemma 12, under event £;”, we have 2, €
[—1.5, —1] with probability at least ® (1.5) — ® (1) = Cg.. Then, we will show that @, ;. (s, a) <
Qs (s, a) for any h with arbitrary s,a and 2, € [—1.5,—1]. The proof will go by induction. For
simplicity, let L = log (2HS Ak?).

For h = H + 1, the inequality holds trivially because both sides are 0. Then, by assuming
Qpy1 i (5,0) < Q; (s,a) for any (s, a) such that ny(h, s,a) > 3, we have

@h,k (57 a’) = Rﬁ,s,a + <P}§,s,a7vh+17k> + O-ge (h7 S, Cl) 21?

G L

<R s,a <[3k 7V > -
= fhsa A\ Fhsa Vit ng (h,s,a) +1 + ng (h,s,a) +1

(Replace Rhﬁs’a by Ry, .. through applying event E,i defined in (19))

\Y (P}]f,s,a7 ‘/f:-!-l) L 64H L

(a) "
< Ripa+ (Phoos Viigy ) —max { 4

ng (h,s,a) +1 " ng(h,s,a)+1
< R Pk V* 3 V (Pf]f,s,a7 Vh*+1) L 8HL
S fins,a < h.s,a0 h+1> B ng (h,s,a) +1 + ng (h,s,a) + 1

(By applying statement (iii) of Lemma 10)

| o (i)

<Rhsa+<P;’f Vi 1>* ) -

— 193 »8,a + ’I'Lk (h,S,a) + 1 nk’ (h757a) +1

< Rhsa + (Phsar Vi) (By applying event £ defined in (20)

= QZ (‘97 a) :
Here, the above inequality (a) holds by applying inductive hypothesis and statement (i) in Lemma
10. It is applicable because when &;” holds, by the clipping function, V;H_LkHOO < 2H. When
nk(h,s,a) < 3, Q1(s,a) < Qj(s,a) holds trivially because 0 < Q7 (s,a) < H by definition.
Therefore, the induction is complete.

Now, for arbitrary (k, h, s), set a = argmax,c 4 Q, (s, a) and we have

Vik(s) =cliboggy_py1) (Qni(s,a))
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<max{ —2(H —h+1), Qhk(s a)}
<max {—(H —h+1),Q,,(s,a)}
gmax{ (H—h+1) Qh )}
gmax{ (H—-h+1), Qhk( 77}*;(5))}
<V i(s).

E Regret Decomposition

In this section, we prove the multiple lemmas necessary for bounding the regret. The regret is mainly
composed of two terms, the pessimism term and the estimation error term. The pessimism term,
7 (s¥) — Vik(sh), measures how much regret is due to the value the algorithm uses, V1, is

smaller than the true value, V%, (s}). The estimation error term, V' ;. (s}) — Vfr,:( ¥) measure how

much regret is due to the value, V; x, does not estimate V; k( ¥), the true value of the policy 7"
accurately.

We first introduce a few definitions key to this section. In this section, we omit k if it is clear from the
context. Let af = 7¥(s¥) unless specified otherwise.

Definition 5. Let P, = <Pk T +1> and R, = RE . = Riqa-

h,s,a
Definition 6 ()M fy and Zh, w)- Given history 7—[]}';1 (defined in equation (24)), P* and Rk we define
wg, (h,s,a) = =~ (h,s,a) and V,, ,. be the value function obtained by running policy 7" on the
MDP Mfy =(H,S, A, Pk RE 4 Qé“y, s plus a magnitude clipping with threshold 2(H — h + 1).
—k = . .
Definition 7 (M, and V', ). Given history HE (defined in equation (24)), P* and R¥, we define
wy, (h,s,a) = 4k, (h,s,a) and V. be the value function obtained by running policy 7 on the
—k L.

MDP M, = (H,S, A, P¢ RF + ﬁﬁ’y, s plus a magnitude clipping with threshold 2(H — h + 1).
Similar to Lemma 8, we can also show that under good event Gy, and S,tlfbk, no clipping happens on sk
for Zh’k(s’,j) and V', 1 (s¥).

Lemma 14. Under the good event Gy, we have V,, ;. (s) < Vi i(s) < Vi i(s) for all h € [H],
s€S.

Proof. This is an immediate result by noticing that under good event Gy, we have Mﬁy(h, s,a) <
wf (h,s,a) <w,(h,s,a)forall h € [H] and s € S. O
Definition 8. Define 87 (s,), oy, (s1), EZ(sh , 07 (1) ,8,,(sn), On(sh) and gh(sh) as

Oh(sn) =V, (sn) = Vi (sn),

Sn(sn) = Valsn) = ViT (sn),

Oulsn) = V(sn) = ViZ(s1),

Or (sn) = Vi (sn) = Vi (sn),

0p(sn) =V (sn) = Vi (sn),

n(sn) = Va(sn) = Vi (sn),

Bu(sn) = Valsn) = Vir (sn)-

Definition 9. We denote the history trajectory H, W = HE U {2}, With filtration sets {’Hk} , we
h.k

define the following sequences:
M,y = Gk N ELY" } [(Phsn,ans Ont1) — Onir(sns1)]

where § € {éﬂ,g ,5 ,67,0,0, 5}. We will show the sequences are martingales in Lemma 22.
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Finally, the regret can be decomposed as

Regret (M, K, SSRyy)

= (v sh) = v (sh)

ol
Il
—

K

L(el) (Virsh = Vi) + o1 ((eh)°) (Virtsh) = vimsh)

k=1

1{ci} <ijk(8'f) = Vii(st) + Vig(st) = Vi (sh) )

. . - 5 K
pessimism term=—51 , (s%)

M T

ol
Il
—

—nk
- _amk
estimation error term=0; ; (s})

]~

30 ((eh)) (vresh - v b))

el
Il

1

(@)
By Lemma 5 and 6, we know that
2

=300 (@))] - e () < ow (1)) <

Therefore, by standard Hoeffding’s inequality, it holds with probability at least 1 — § that

X e 2 og(1/6
£ () <™ O

k=1

Since the value functions of true MDP is bounded in [0, H], with probability at least 1 — J, we have

(@ < Hiﬂ ((t)) <
k=1

w2 H log(1/0)  ~

Further, notice that the good event G, = Cf, N £} and by Lemma 7, we have }_ " P ((£))°) < 7;—2
Therefore, we can similarly address the regret incurred by (£) as the bound for term (a). As a
result, it will be sufficient to only consider 1 {Gy } (V;*, (s¥) — 1”,: (s¥)) when bounding pessimism
and estimation error terms. That is, with probability at least 1 — 5, it holds that
K k
Regret (M, K,SSRyy,) < Z 1{G:} (|51k(511€)| + Sf’k(slf)

k=1

) +O(H). (25)

Then, we decompose the estimation error term in Section E.2. We decompose the pessimism term in
Section E.1. We combine the decomposition of the pessimism term and the estimation error term in
Section E.3.

E.1 Pessimism Term

_ 1 1 _ 1 ~ k
Lemma 15. Let 'y = max { A9 =B’ @(1_5)4}(1)} = Fam e ~ 10.9. Then, for any h, k, s

and the type of noise we used, under the good event Gy, the following bound holds,

Ona(sh)| + Zl(s’ﬁ)\) . 26)

LG} B s(sh)] < 1{G} 1 (

Proof. Let Oy, be the event that V', (s) > V;7(s) simultaneously for all s € S and h € [H]. By
Lemma 9 and 11, we know that P (O | Hj; ', Gr) > min{®(1.9) — ®(1), &(1.5) — ®(1)} =
®(1.5) — ®(1), which means E”(%k) < (] regardless the type of noise used.
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The definition of Oy, implies V¥ < E [V}, 1, | Or, Hf; ', Gi|. Meanwhile, notice that
1{Ge} (E [V | HE Gk = Vi)
=1{G,} P (Or | H}i " Gk) (E [V | On, HE',Gk] = Vi)
+1{G:} P ((O0) | H5 " Gi) (B [V | (On) 1G] — Vi)
(>0
>1{G}P (O | H} . Gr) (E Vi | Om?'l];fl,gk] —Vik)
= 1{G} (E [Vir | Or, ", Gk] = Vi) S 1{GL}C1 (B Vi | HiT ' Gi] = Vi) -

Here, we have term (a) > 0 since Kh, < V;%k under event Gy, by Lemma 14.

Therefore, we have

1{Ge} (Vi (s5) = Vi(sy)) < 1{Gi} (B [V | O, HE ', Gr] (s5) = Vi(sy))
< 1{Gi} (E [V | O, Hi T, Gr] (s) — th(Sﬁ))
<U{G} Oy (B [V | Hi ' Ge) (s5) = Vii(sh)) . @7)

We can similarly use constant probability pessimism shown in Lemma 12 and 13. In particular, let
N be the event that V', . (s) < V;*(s) forall s € S and h € [H]. Then, we have

1{G:} (E th | 1AL gk] - ﬁhk)
=1{G:}P (N | H} " Gr) (E Vi | N, 7ot Ge] — ﬁhk)
+ 1{G}P (N | H5 ", Gr) (E (Vi | (N H  Gr] — ﬁh,k)

(b)<o0

<T{Ge}P (N | Hi " Gr) (E Vi | N 73t Gi] —ﬁhk)

= 1{G:} (E rhk | Ny, HET gk] ﬁhk) >1{G.} 4 (E Wh,k | ’H];fl,gk] *ﬁhk> .
Thus, we have
(G} (Vi (55) = Vir(sh)) = 1{Ge} (B Vo | Noy 1, G (s5) = Vir(s5)
> 146} C1 (B [V | Hy G0 () = Vir(sh)) - (28)

Since good event G;, implies Zh, < VhJC < ﬁh,k by Lemma 14, the RHS of (27) is non-negative
and the RHS of (28) is non-positive. Therefore, we can then conclude

]l{gk |V}L Sh th(slii)’
<1{G.}Cy (( Vi | HE'Ge) () = Via(si)) — ( (Vi | M ', Gx] (s) — th(sﬁ)))
=1{G:} C4 (ﬁhk sp) = Vi i(s ))

5hk Sh 5Zk(slli)’) .

<1{G} O (

E.2 Estimation Error Term
We first bound the estimation error of V, which can be regarded as the optimistic estimate used

in UCB-type algorithms. For convenience, we will ignore notation 1 {Gy.} in this section since all
statements are proved under the good event Gy,.
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Lemma 16. With probability at least 1 — 6, for all (k, h, s¥), under the good event Gy, it holds that

k

1 {gunn gh,k(sl}vb)
cum 2SH?L
<G ([Pl + Rhger + b+ Mg 4 M+ o)
o 1 (Ci [ H+14C [ =
+1{&4T (Hl 6h+1 k(sh+1)‘ + Tl A1, K(Shaa)| + T 5h+1,k(52+1) )

H+1+Cl =

1
H 5h+1,k(5;€z+1) +

H

5Z+1 w(sha)| + Snin(Shi)

+1 {Eﬁ“k"‘ N (5h+1 k) } <iI’1

where L = log(2HS?AK/9).

).

Proof. Since both ¥V and V™" are obtained by choosing actions based on policy 7* under event G,
we have

—rk

1 {gwm gh,k(slfi)

=1 {&5} [Voa(sh) = Vi (sh)|

=1 {&mn Eh,k(s’fb, ay) — Q’,;k (sk, a'fb)‘ (Since no clipping under ;" for ﬁh,k (s¥))

=L{EN" Y R o or — Riat o + 00 (hy ), af) + <Pflf,sﬁ,aﬁ7§h+17k> - <P}]:,sﬁ,a’g7vhﬂ:1,k>‘

=LA{EN Y| By o ar — Bt o + Wy (hy s, af) + <Pflf,s;;,agih+1,k> - <Ph,sﬁ,aﬁvvh7r:1,k>
<P}ILC$ ,ak Phs akth+1> <P;]fs ,ak Phshah Vh+1>‘

<Il {gcu’m (‘Ph Sk: k + Rh Sk a’“ + U}ty(h sh; ah)‘ + <Ph,sﬁ,a§a Vthl,k’ - V}Zil,k:‘>)

+1 {5cum <P)’: Qmah ‘Ph s} ;, Vh+1,k - VI:+1>‘
—1 {ggum) <’p - +Rh ook +wty(h’ sh,aﬁ)‘ + 5h+1 K(shi1)| + M 7 e >
h,k\Sp
+ 1 {(Swum ’<P"]L€S a, Ph é ak, Vh+1 k — V}r-‘r1>’

For the last term, we use Lemma 33 and then for L = log(2H S? AK/§), with probability at least
1 — 4, we have

Dk
‘<Ph,sh,a Ph sk a’”’vh—Flk 7Vh+1>‘

3

Pl ot (5n1) = P af (3n0)| [V (s + 1) = Virya (sn)|

sh+1€S
3 Py ok ar (She1) L 4L =
S (h k k) 3 (h k k) 6h+1,k(5h+1)
s ni(h, sy, af ni(h, s, af
L =
= > 2Py, ok ar (Sht1) P o ok Ont1,k(Snt1)
kK 2 h,sk ak(Sthl)nk( 7Sh7ah)
S"'+1:PIL,S;”;,a’;L(s"'+1)nk(h’shvah)24LH
LP, (sna1)ne(h, s, ak) =
sk ak \Sh41)TE R, Sp 5 A ) =
+ E 2 ok, k)2 On+1.k(Sh+1)
5h+1:Ph,S;€l,a§(5h+1)""k(h75:rai)<4LH2 kA Shy G

4SHL
Bnk(h,sﬁ,aﬁ)
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ASHL + 2SH?*VL
Bnk(h, SI}CLa aI}CL)

< Z Ph,s, (S}L+1) )5h+1 k:(5h+1)‘

’5h+1 k 5h+1)‘ + M 25HL

=H o] ni(h, s, af)
1 |=" 1 |<n® 1 |- 2SH*L
<z O (Shi) + g She1(sha1) tq ‘5h+1,k(52+1)‘ + Mz (e sk, k)

(By triangle inequality)
14+C |=m K — k 01 2SHL
Aol Lls )[4 My
S—g 1k (She1)| + H h1,k(Sht1) | + 73 ) +M|éh,k(s’;;)| + ni(h, s§, af)

(By using Lemma 15)

Combining the above two arguments, we can prove the argument:

k

T{EXT Y 101 (sh)
2SH?L
< cum —k k k _
Hen (‘Ph st + R T )] + | T MBaeb] T, sﬁ,a’ﬁ)>
cums (HA14C, |=r 1 |r Ci [ or
+ 1 {&x (Tl 5h+1 w(shen) |+ T Shirk(sher)| + Hl 5h+1 w(sh41) ) :
Then, the proof is complete by noticing that £, = 5" N E ff}H ke O

Lemma 17. With probability at least 1 — §, for all (k, h, s¥), under good event Gy, it holds that
ﬂ,k
éh,k (sz) ‘

<1 {gcum ("P}f’skﬂk +Ri’sk7ak +ny(h,sﬁ,alfb)‘ -‘r./\/l'é;, k)| -‘r./\/l|(5h

ﬂ {gcum

2SH?L )

ni(h, sk, af)

k(sh

).

cum Cy |z H + 1 + C T 1 |==
+1{& T (Hl 5h+1 k(3h+1) Tl éh+1,k(5§+1) + T 6h+1,k(52+1) )
cum Cy |==* H+1+Ch | g —
1 {Sh,k N (Siim) } (f; Shr1 i (Shi1) Tl §h+1,k(52+1)’ + H Sni1k(Shi1)
Proof. The proof exactly follows the proof of Lemma 16. O

Lemma 18. With probability at least 1 — §, for all (k, h, s¥), under good event G, it holds that

771,1\:
T{E Y [Onr(sh)
cum k k QSHzL
<1{&k ()thsfz,aﬁ Ry g+ ol (B 51 ah)| Mgt ool Msodl ¥ sk ab)
cum C =T C T H + 1
+ 1 {ENT R <Hl 5h+1 K(shar)| + Hl 5h+1 w(sha)| + " 5h+1 K (Shat) )

cum C C T H + 1
1 {Sh,k N (Siim) } (I—; 5h+1 K(shi)| + I; 6h+1 k(32+1)’ + T 5h+1 K(Shi1) ) .
Proof. The proof exactly follows the proof of Lemma 16. O

Lemma 19. With probability at least 1 — §, for all (k, i, s¥), under good event Gy, it holds that

Y m}<

)

Jic T SHL
! Z ety h sh7ah Z’Yty h S}wah +Z nk h sh7ah)

h=1 =i

k(s7)

+ |67 (s%)

-
n \6i,k<sf>
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H o ok .
o0 3w { (et h (87atst)] + [FLatet] + a7tk

h=i+1

H
3Cy =

1 1— 1 SC'LVI'TL

+;;«( + ) TL{EN M,
where Mh’k =M :Zkk(s’;;) T ‘Eh,k(gh)| + M|57)'; k(sk)|

T Mg, o) M + Mg, 6|

77\'k: "
5h,k(5f{)

Proof. By summing results in Lemma 16, Lemma 17 and Lemma 18, we have

e} ([Frcsh] +[Frash| + sz

cum 3C < =" ok
<1 {5h+1,k <1+ H1> <5h+1,k(3§+1) + 5h+1,k(32+1) + h+1,k(sﬁ+1)>
_ 6SH2L o
=+ ’w(]fy(hasﬁzaﬁn + |w£€y(h’7827a2)| + |M§y(hvsfua;€z)| +m ]1{5 }th
ho @p

k
=T

cum 30 < wk
{5 N (5h+1 k) } (1 + Hl> (5h+1 (s + 5h+1,k(3§+1) + h+1,k(32+1)‘>

+3‘ hs a" +Rhs a
cum 3C, *ﬂk =" : 7k
S]I {5h+1,k} (1 + ) ( h+1,k(82+1) + 5h+1,k(52+1) + 6h+1,k(82+1)‘>
, 6SH2L .
+3 efy(h,s'}j,a’g’) +3’75y(h, S;ﬂw(lﬁ) + m ]1 {5 }Mh

k
—rk =T ok
O, k(sl}i+l) + 5h+1,k(sﬁ+1) + éh+1,k(sﬁ+1)

{7 ( )

Here, the inequality (i) above holds because of two reasons. Firstly, under event G, we have
k kK k E K
(wiy (R, sy, ap,)| < |wiy (h, sy, )| and

‘Ph sk ak + Rh & - ‘<P}]:é a Phﬂst’a’;l. ’ Vh*+1> (RZ sk a Rh’S);“aﬁ) ‘
(By Definition 5)
< yJek (h, sk, ak). (Under event Gy, M € ME)

Then, the proof is complete by using this recursion from h = i to h = H and utilizing the fact that
(14361 < 3, O

E.3 Combining Estimation and Pessimism Terms

Lemma 20. With probability at least 1 — 6, it holds that

Regret (M, K, SSRy,) <1 {G;.} 3C1e*"" ZZ <\/ ety (hy sty af) + g (h, sh,aﬁ)>

k=1 h=t

+0 (H452A + Hﬁ) .

Proof. Recall in equation (25), with probability at least 1 — &, we have
Regret (M, K,SSRyy)

31



K

g; (G} (|51k )| + [0

an{gk}q(

) o

1:(51)

)

1k(311€) + g1,k(3]1€)

+ 5?2(8116)‘) +O(H) (By using Lemma 15)

=

+ +

8 (s5)] + |67 (s)

™k
1k(81)

:Zn{gmswm}cl< >+O( )

- K
+k21]1{ }( )
B K H K H K H o gy
<1{Gy}3C,e* (;ZW#—ZZ%@ (h, s}, aj,) +ZZ (i, Sh?Gh)>

1 h=: k=1 h=t =1 h=1

7'rk
+ §1,k(slf)

guc(slf)

K H 30
3D+ S TGN &S M+ O (H)

k

+ gh,k(SZ) +

koo .
Zk(sh)’) (By using Lemma 19)

K H
<1463 3006 50 (el hshoah) 4y shoal) ) + O (1524 + VT

(By using Lemma 21)

The inequality (i) above holds for two reasons. First, it uses Lemma 22 and 24. Second, by our

o) + [Frclob)| + g7teb)]) < O ), =

clipping threshold, we know that ( + |0p(sF)| +

Lemma 21 (Lemma 20 in [2]).

< 200H°SAlog (2HSAK?) log (40K*) (By our choice of ay,)
= O (H*SA).
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F Bounds on Individual Terms

F.1 Bounds on Martingale Difference

Lemma 22. Fori € [H|, the sequences starting from 0 and with difference between two consecutive
terms given by 1{G,} M, for h = i,..., H, k = 1, ...K are martingales with respect to filtration

{ﬂ:}h:i - Moreover, for any §' > 0, with probability at least 1 — ¢, for any i € [H], the
e
following hold,

<1 + 301) G N &} M| = O (HVT).

>

h=1

Proof. We first show the sequence starting from 0 and with difference between two consecutive terms
given by 1{Gx N £} (14 24)" M
and k € [K],

.+ .. 1s a martingale sequence. For any h € {i,..., H}
|5h,k(5h)\

B 100N & Mg 1

k. .
5h+1 k(5§+1) 5h+1 k(5h+1)

=E |:]l{gk N giukm} (<‘Ph sk ,a}

) i) ] o

Similarly, we have ]l{gk 8 gchukm}M 77( ( h)| ]l{g]g N €ﬁ“km},/\/l|6, (s )| ]l{gk n g}(i?km}Mﬁhk(sﬁ)‘,
]l{gk mgcum}j\/t K(sE)? ]l{gkmghk }Mléh k(5]

EmIM . is the sum of several martingale difference sequences, it is a martingale difference
sequence.

k)| are martingale difference sequences. As 1{GrN

Next, we bound ’]I{Qk N <€'°“m}/\/l|(S ol =0. When
h,k

Gy, holds, for b < H and any state z,

]l{gk N gcum}M

syl

77‘—]‘:

Onir k(@) = [V (@) = Vil (2)] = (Phszainte), Vire = Villa) + wiy (h+ 1, 2, 7()) |

<

k (h, s,a)| <AL (h,s,a) < 1forall k,h,s,a as shown in

— V,Zr+2|> + |wfy(h + 1,x,w(x))’

By our choice of a, when G,

Lemma 8. Then, by expanding 5 n1.x(@)| = |Viga(z) — Vi, (2)] recursively from b + 1 to H,
we have
LGN | <2808 ) <o
Similarly, we have the bound on 1{G; N & M 3” . , 1{Gr N 5ﬁukm}M|5wk (1) 1{G: N
h,k(Sh ’ Ch,k\5h

cum}M\éh () ]l{gk n gcum}/\/l and ]l{gk n gh b }M“Sh ROIE

nk(sy)l

(14 %) Mh,k’ is bounded by 12¢3¢*H. By Azuma-Hoeffding

inequality, with probablhty at least 1 — ¢/, we have
H

= 3C
D (1 + 1) 1{Gy, N E™ M

k=1 h=i

<0 :5<H\/:7).
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F.2 Bounds on Lower-order Terms

The following two lemmas are standard results in literature and we present their proofs here for
completeness.

Lemma 23.

ii\/ log (2H S Ak?) <0(m).

— nk h sh,ah)—i—l -

Proof. Let L = log (2HSAK?). Then, it can be bounded as

log (2H S Ak?)
ZZ ni (h,sk,af) +1 _\FZZ n(h, sh,ah)—i-l

k=1 h=1 k=1 h=1
nk (h,s,a)
=VvL
22 oy
\/» nk (h,s,a) 1
<+vL / —dx
<2VL Z vnk (h,s,a)
h,s,a
< 2L - HSAZnK (h,s,a)
h,s,a
(By Cauchy-Schwartz inequality)
— O (VHSAT). (Since 3, o nc (b, 5,0) = T)
O
Lemma 24.
K H
log (2HS Ak? ~
SOy e CHSAR) 5 g4,
i (h,sh,,ah) +1
Proof. Let L = log (2HSAK?). Then, it can be bounded as
K H
log (2H S Ak?)
ZZ hsa —|—1_Lzzn hsa+1
h=1h=1"" o 1) = o (b sy, a)
nk (h,s,a) 1
=1L
L X
<L Z log (nk (h, s,a)) (Since Zgil L <log(N)+1)
h,s,a
<LHSA- max log(nk (h,s,a))
< LHSAlog(T)
= O(HSA).
O

G Bounds on Sum of Variance

When we use the Bernstein-type noise, the regret analysis needs to bound the sum of variance. This
proof applies some techniques developed in [7]. However, since our optimism only holds with
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constant probability instead of deterministically, the details are quite different. For simplicity, we first
define

rk . Dk * * . *

h+1,k — v (Ph,sﬁ,a;ia Vh+1) ’ h+1,k — v (Ph,s;g,a;gavhﬂ) ’
el Nk J— J— J—
Vg1 =V (Phﬁﬁ_,aﬁ, Vh+1,lc) v Vg =V (Ph,sg,ag, Vh+1,k) ;
Ve, =V (P "

h+1,k — h,sk.ak s Vh+1,k ;

U, . — V2+1,k10g (2HSAK?) - @hﬂ,k log 2HSAK?)
hokd nk(h, sk, af)+1 7 hok2 ni(h, sk af) +1

)

We will first give a full proof of the bound on sum of variance and then present all the auxiliary
lemmas in Section G.1.

Lemma 25. Let Uy, = Up i1 + Up k2. For any § > 0, with probability at least 1 — 6§, when
T > Q(H>S?A), it holds that

H-1

1{Gx} Uns < O (H\/STT) :

B

ES
Il

1 h=1

Proof. First, we have

K H-1 K H—1 log (2HSAK?)
Z Z 1{Gi} Unr < ; IL{gk}“n:?h SEab) 1 (\/V2+1k + Vh+1 k>

k=1 h=1
K H-
log (2HSAK?) - =
< 1 — - V24/ V7 A\
S L 2 MO 1YY T Ve
(Since v/a + Vb < \/2(a + b) for a,b > 0)

S~ log 2HSAK?) \ [~ . ES
- ﬂJ ( 2 n<h(+1> (Z 210} (Vi ”””MD

k=1 h=1 k=1 h=1
(By Cauchy-Schwartz inequality)

T

K H-1 .
S\JG(HSA) (Z 1{G:} (V;H,ﬁwﬂ,k)), (29)

k=1

>
Il

1

where the last inequality above applies Lemma 24.

We will then bound the two sums of variance separately. Specifically, by applying Lemma 26 and
Lemma 28, we have with probability at least 1 — 6/3,

K H-1 R
YD {6 Vi (30)
k=1 h=1
3 H-1 K H-1 3 )
§ Z Z 1 {gk}VhH kT Z 1 {gk ( h+lk ™ o Z+1,k>
k=1 h=1 k=1 h=1
" K H-1 .
<O(HT+ BT+ H* + H*S’A+ H» ]l{gk}é’;;l’k(sﬁ“)). (31)
k=1 h=1

By similarly applying Lemma 26 and Lemma 29, we have with probability at least 1 — §/3,

K H-1 N
3> 1{Gk} Vi (32)
k=1 h=1
g J H-1 K H-1 N 3,

=5 Z 1 {gk}V helk T Z 1{Gx} <Vh+1,k - 2VZ+1,1€>

k=1 h=1 k=1 h=1
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H-1

K
<0 (HT+H2ﬁ+H3+H3S2A+HZZn{gk} 5

) ) (33)

k
=T
h+1,k(5’}§+1)
k=1 h=1

By combining equations (31) and (33), we have

K H-1

Z Z 1{Gx} (VTLH,/@ + Vhﬂ,k)
k=1 h=1
_ K H-1 .
<0 (HT +HNT+ H*S*A+ HY > 1{G;} ( (ki) + [T (i) )) . (34)
k=1 h=1

Then, by referring to definitions of /€& (h, sF,a¥) and v&, (h, sF, af), with probability at least
1 —6/3, we have

K H-1

Z Z 1{Gx} ( h+1,k(51}§+1) + 3,

5h+1,k(52+1)
=1 h=1

H—1
< Z Z]l {9k} (‘6h+1 k 5h+1 ‘ 5h+1 k(slfiﬂ) ))
h=1
K H N
<1(G) 30, S (Ve sk 40k (o)) + O (B8 -+ VT

k=1 h=1
(By referring to the proof of Lemma 20)

K H-1
<0 <H532A + H>VT + VH3SAT + H Y

1{Gx} UhJC) (By Lemma 23 and 24)
k=1 h=1

K H-1
<0 <H552A +H*VSAT + HY
k=1 h=1

1{Gx} Uh,k) . (35)

By plugging equation (35) into equation (34), we can have

K H-1 . R
> 1{G} (VLL/@ + Vh+1,k)
k=1 h=1
K H-1
<0 <HT + H>VT + H*S?A+ HOS? A+ H*VSAT + H* Y~ Y " 1{Gi} Uh,k>
k=1 h=1
K H-1
<0 <HT + HSAT + HSS?A+ H*> > 1{G,} Uh,k>
k=1 h=1
K H-1
(HT +H?Y S {0} Uh,k> (When T > Q (H5S?A))
k=1 h=1

Now, by plugging the above result into equation (29), when T' > Q (H®S?A), it holds that

zK:Hz:l]l{gk}Uhk \l (HSA <HT+H22K:H1]1{%} Uh,k))

k=1 h=1

T

—1

K
<0 H\/W+H1-5\l > 1{Gk} Uni
=1

=1

:"

It is easy to check that the above inequality implies Zszl Zf;ll 1{Gr} Up < 0] (H VS AT) and

thus the proof is complete. O
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G.1 Auxiliary Lemmas

The lemmas used for proving Lemma 25 are presented as the following.
Lemma 26 (Lemma 8 in [7]). For any 6§ > 0, with probability at least 1 — §, it holds that

K H-1

1(Gx) Vi, <O (HT + H3WT + H3) .

k=1 h=1

Lemma 27. For any 6 > 0, with probability at least 1 — 6, for any k € [K], h € [H], it holds that

- 3. 2H?S log (2H S?AK /9)

Vigix < §Vh+1,k ny (h, sf, af) ’

N 5 2H7S log (2HS>AK/3)

\V <=V + ’
h+lk = 5 Vhtlk Ny (h,Slf“aﬁ)

Proof. The proof apply some techniques in [55]. Fix some § > 0 and let L = log (2HS?AK/§) for
simplicity. First, by Lemma 30, for some tuple (k, i, s, a, s’), we have

_ 3 2L
PPy a(s) > SPhsals) + —7——=
( h,s,a(s) -2 hos, (S ) * N (ha Saa’>)

~ 2P, s o(s')L L
= (Pf,s,a<s'> CPraals) > ) Prsal®) )

ng (h,s,a)  ng(h,s,a)

(Since a + b > 2v/ab for a, b > 0)
1)
<— .
~HS2AK

Then, a union bound says that its complement holds for any (k, h, s, a, s") with probability at least
1 — §4. Thus, we have

Sk Dk / * ’ pk * ?
Vigir = Z Ph,sﬁﬁaﬁ(s ) (V'L“(S ) - <Ph,s§,aﬁ’ Vh+1>)
s'eS
) 2
< X Pl ) (Vi) = (Prg g Vi)

(Since E[X] is the minimizer of min, E [(X - 9:)2} )

<3 (3P + ) (W) = (P Vi)

ni(h,s,a

Vi 2H?Slog (2HS?*AK /)
P ni(h, sy, a) '

For V}, 41 1, we just need to follow a similar argument and thus the proof is complete. O

Lemma 28. For any § > 0, with probability at least 1 — 6, it holds that

K H-1 K H-1
Sk 3 T ~ T '
S> T 1{G} (VHM — §V’f“*’“> <O <HZ P! (G} 871 (s n) + HAVT + Hss2,4> :

k=1 h=1 k=1 h=1

Proof. We begin by applying Lemma 27. Thus, with probability at least 1 — g, we have

Ve 3 ok
Z 1{Gv} ( htlk T g h+1,k)
k=1 h=1
K H-1
3 3t 4H?Slog (4HS?AK/9)
: ! 3 itk Vi By Lemma 27
f; 2 {9k} (2 hilk T h+1,k> + S (k. ab) (By Lemma 27)
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K H-1

3 3 ~
<> > 16} < bk 5 ;;il,k,) +0 (H?S%A) (By Lemma 24)
k=1 h=1
K H-1 , . 5 _
Z 1{Gx} Es Py kot |:(Vlj+1(sl)) - (‘/;Zr+lk(8/)) } +0 (HSSQA)
k=1 h=1
(Since Vi1 1, < Vit
K H-1 . N
SBHY S UG} Eanr, , , [7a(s)] + O (H°524)
k=1 h=1
(Since Vh+1 w < Vi < Handa® —b* = (a+b)(a—1b))
K H-1
<0 <H SN 1{G Y 0y k() + HAVT + H352A> (By Lemma 22)
=1 h=1
The last line above holds because by Lemma 22, with probability at least 1 — 5, we have
K H-1 .
Z Z ]l {gk ( s NPh"S];:L’aﬁ |:5l7:+1,k( ):| 5;:-&-1 k(8h+l)) < O (Hf)
=1 h=1

Lemma 29. For any § > 0, w ith probability at least 1 — 0, it hold that
K H-1

K H-1
Zzﬂ{gk} (Vh+1k_gvh+1k> <O<szﬂ{gk
k=1 h=1 k=1 h=1

5h+1 k(3h+1)

+ H*NT + H? 52A>.

Proof. Similarly, we begin by applying Lemma 27 and with probability at least 1 — £, we have

K H-1 » 3 .
Z 1{G:} (Vh+1,k - 2V2+1,k)

k=1 h=1
K H-1
3— 3.k 4H?S log (6HS%2AK/6)
< 1 °V _ 2yr
- kz:; — {Ge} (2 LR T h“’k) 3ng(h, sy, ak)
K H-1 3 3 . N
< ; ; 1{Gx} <2Vh+1,k ) Z+1,k) + O (H*S?A) (By Lemma 24)
3 K Ho1 , e
D) kz:; 2 1{Gx} (<Ph sk,aks (Vh+1 k) > - <Ph,(9§’a§, (V,{;Lk.) >>
(a)
3 K H-1 L \2 B ) B
T3 Z 1{Gk} (<Ph,5’,;’,ai;>vhw+1,k> - <Ph,s;;,a;;,Vh+1,k> ) +0 (H?S?A).
k=1 h=1
(b)
(By definition of variance)
We will bound (a) and (b) separately. For term (a), with probability at least 1 — <, we have

H—-1

_ N2
1{Gx} <Ph7327a§, (Vh+1,k)2 - <V;Zi17k) >

x>
Il
—

T

,_.H

]~

4G4} (Phog o

ok — ok
Vi k| [Vt + Vi k
1

(Since a® — b* = (a + b)(a — b))

B
Il
—
>
Il
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K H-1
<3033 UG (Pt [Virrs = Vitlaa|) - Since [Vayua], < 28 under Go)
k=1 h=1
K H-1
<38 S {0} [Ty (k)| + O (HQ\/T) (By Lemma 22)
k=1 h=1
For term (b), with probability at least 1 — £, we have
K H-1 . . . .
b)=> > 1{G} <Ph,s’;,a’;7vhﬂ+’1,k + Vh+1,k> <Ph,s;g,a,;~;a Vi — Vh+1,k>
k=1 h=1
K H-1 .
<3HY > 1{G} <Ph,sz,a;g, - Vh+1,k’>
k=1 h=1
K H-1
<30S Y 1{G} P (k)| + O (HQ\/T) (By Lemma 22)
k=1 h=1

Therefore, in summary, we have with probability at least 1 — §/2,

> 2_: 1{Gr} (Vh+1k - thu k) <0 (HZ Z 1{Gv}

k=1 h=1 k=1 h=1

5h+1 k(5h+1)

+ H*NT + H? S2A>.

O

H Proof of the Main Theorems

In this section, we state and prove our two main theorems.

Theorem 1. If the Hoeffding-type noise is used, then for any MDP M = (H,S, A, P, R, s1), for
any 6 > 0, with probability at least 1 — 6, Algorithm | satisfies

Reg(M, K, SSRy,) < O (HLS\/SAT + H452A) .
In particular, when T > Q (H®>S3A), it holds that Reg(M, K,SSRy,) < O (H1'5\/ SAT).

Proof. By using the result of Lemma 20, under Hoeffding-type noise, with probability at least 1 — 4,
we have

Reg (M, K, SSRHO)

<1 {Gx}3C1e*™ ZZ (\/ efio(hs 8%, ak) + i (R, Shvah)> +0 <H452A + H\F)

k=1 h=1

K H-1
<601 Y3 < lg2H5AN) | ___H ) +0 (H'S*A+HVT)

et ng(h,s,a) +1  ng(h,s,a) +1
—O(H'V/SAT + H*S?A).

Here, the second inequality is from the definitions of \/e¥_(h, s¥,a¥) and vf, (R, s}, af), and the
last step is from Lemma 23 and 24.

Theorem 2. For Bernstein-type noise and T > S (H®S%A), then for any MDP M =
(H,S,A, P, R, s1), for any 6 > 0, with probability at least 1 — §, Algorithm I satisfies

Reg(M, K, SSRp.) < O (H\/SAT + H452A) .

IN

In particular; if we further have T > Q(H®S3A), it then holds that Reg(M, K,SSRg.)
O (HV/SAT),
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Proof. Similar to the proof of Theorem 1, under Bernstein-type noise, it holds with probability at
least 1 — g that

Reg (M, K, SSRBe)

<1{Gy}3C,* ZZ (\/eBe (h, sk, af) + vhe(h. sh,a’;;)) +0 (H's*A+ HVT)

k=1 h=1t
K H-1
~ log(2H S Ak?) H s
< )
<0 (;1: ;:1 (11 (G} Uni + s a i1 e T + O(H*S*A+ HVT)
—O(HVSAT + H*S?A),

where the last step is from Lemma 25.

I Technical Lemmas

Z,, be i.i.d. random variables bounded in [0, 1]. Then,

Lemma 30 (Bennet’s Inequality). Let Zq, ...,
for any 6 > 0, we have
I ¢ 2Var (Z)log (2/6
P(ZZZ-E[Z} 2\/ Var (Z) log (2/0)
n < n

Lemma 31 (from [32]). Let Z1,...,

. 1og<2/6>> -

Z, withn > 2 be i.i.d. random variables bounded in [0, H].

Define Z = L 3" | Z; and V, = LS (Zi - 2)2. Then, for any § > 0, we have
B ZZi > 2V, log (2/9)  Tlog(2/0) <5
— n—1 3(n—1)

Lemma 32. Let X be arbitrary random variable bounded in [a, b] for some a,b € R. Then, we have
Var(X) < %.
Lemma 33. For any § > 0, with probability at least 1 — 6, it holds for all k, h, s, a, s’ that

» 4P,,s.a 5, 1 - P ,8,a 5/ 10g QHSQAK 6
‘Pf@a(s’) — Phsa(s)| < \/ el nk?h s( a;)-Fl( ‘ )+

3log(2HS?AK/6)
ng(h,s,a) +1

Proof. Letd' = and fix (k, h, s, a, ') such that ng(h, s,a) > 1. Then, we have

HSZAK

DPhs.a(s')) log(2/4")

. 4Py s.4(s)(1 — s’ 3log(2/4")
IP) Pk . N _ P sa !/ > S, [hd)
< hsa(5) hos.a(s')| 2 \/ ng(h,s,a) + 1 ne(h,s,a) +1
. 4P 5.a(8")(1 — Prsa(s")log(2/6")  3log(2/8) —1
<P||PF "~ Prga >
>~ < h,s,a(s ) h,s, (S ) = \/ nk h s, a) +1 + ’I’Lk(h, s,a) +1
. APy 5.0(8") (1 = Pps,a(s")) 1log(2/8) 2log(2/0")
<P | |PF. (s") = Prsal(s)| >
= < h,a,a(5> h,s, (S) = \/ nk h S a) +1 nk(hasaa) 41
. 2Py s.0(8")(1 — Prsa(s))log(2/6)  log(2/d)
<P||PF "= Pyso(s)] >
= < h,s,a(s ) h,s, (5) = \/ nk(h s a) nk(h’&a)
(Sincen +1 <2nforn > 1)
1)
< = . 3 s i
<J T AR (By Lemma 30, the Bennet’s inequality)
Then, the proof is complete by taking a union bound over all possible (k, h, s, a, s'). O
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J Numeric Simulations

In this section, we empirically compare RLSVI [41], UCBVI [7] and our algorithm SSR on the
famous deep sea environment, which is a tabular environment frequently used to test an algorithm’s
ability to do efficient exploration [35, 37, 47].

Deep sea, as shown in Figure 1, is a grid-like deterministic environment with N x N cell states,
action space {0, 1} and action mask M;; ~ Bernoulli (0.5), (¢,7) € S, whose values are sampled
when initializing the environment. At each cell (4, j). Action M;; represents going “right”, which
leads the agent to the lower right cell, and 1 — M;; represents going “left”, which leads the agent to
the lower left cell. An episode of this environment will end after N steps. When going “left” or going
“right” at the off-diagonal, the agent will receive 0 reward; when going “right” along the diagonal
before reaching the lower right corner, the agent will receive negative reward — 0'—]81. Finally, when
reaching the lower right corner, depending on the environment initialization, the agent will either
receive reward +1 or —1. In our experiment, we set this to +1, which results in an obvious optimal
policy “always going right” with total reward 0.99 per episode.

The experiment results are shown in Figure 2.’
From the plots, we can see that in both settings, .
SSR performs significantly better than RLSVI &
as predicted by our theory. Specifically, because
of the instability incurred by the independent %
random seeds and large perturbation magnitude,
RLSVI almost never reaches the lower right cor- =0 |r=LoolN
ner in both settings and thus incurs linear regret.
On the other hand, SSR obtains a much lower
sub-linear regret because it can explore consis-
tently with the single random seed.

Meanwhile, in both settings, SSR performs ~'~'5
comparably with the UCBVI, which is expected
since both algorithms achieve the minimax

lower bound and our analysis does not indicate  Figure 1: An example deep sea environment with
that one is better than the other. N = 8[37].

Regret of Different Exploration Algorithms
Deep Sea with N =25 Deep Sea with N = 30

3000 4 3000 1 —— RLSVI

UCBVI

—— SSR
2500

)
S
S
S

2000 -

1500 A

cumulative regret
o
g
S

1000 4 1000 A

T T T T T T T T T T T T
0 500 1000 1500 2000 2500 3000 0 500 1000 1500 2000 2500 3000
episodes

Figure 2: Empirical evaluation of RLSVI, UCBVI and SSR in deep sea environments with N = 25
and N = 30. The results are averaged over 10 repeated trials and the shaded area represents the
standard deviation. For simplicity, we use Hoeffding-type bonus for both UCBVI and SSR.

*Bonuses for all three algorithms are scaled down from the theoretical values by a factor of 7 x 10? since
without scaling, none of them can learn anything even in the deep sea with N = 5.
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Finally, we also do an ablation study to show that the better performance of SSR over the RLSVI
indeed comes from the single seed randomization instead of smaller noise magnitude. In particular,
we run both algorithms in a deep sea environment with N = 25 and apply the same noise magnitude,
whose results are shown in Figure 3. We can see that although using the same noise magnitude, SSR
still significantly outperforms RLSVI.

Regret of RLSVI and SSR under Same Noise Magnitude

—— RLSVI

2500
SSR

2000 -

1500 +

1000 +

cumulative regret

500 1

0 500 1000 1500 2000 2500 3000
episodes

Figure 3: Empirical evaluation of RLSVI and SSR in deep sea environments with N = 25, where
both algorithms use the same noise magnitude.
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