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Abstract

We develop a new approach to tackle communication constraints in a distributed
learning problem with a central server. We propose and analyze a new algorithm
that performs bidirectional compression and achieves the same convergence rate
as algorithms using only uplink (from the local workers to the central server)
compression. To obtain this improvement, we design MCM, an algorithm such that
the downlink compression only impacts local models, while the global model is
preserved. As a result, and contrary to previous works, the gradients on local
servers are computed on perturbed models. Consequently, convergence proofs are
more challenging and require a precise control of this perturbation. To ensure it,
MCM additionally combines model compression with a memory mechanism. This
analysis opens new doors, e.g. incorporating worker dependent randomized-models
and partial participation.

1 Introduction

Large scale distributed machine learning is widely used in many modern applications [1, 8, 40]. The
training is distributed over a potentially large number IV of workers that communicate either with a
central server [see 23, 33, on federated learning], or using peer-to-peer communication [11, 46, 44].

In this work, we consider a setting using a central server that aggregates updates from remote
nodes. Formally, we have a number of features d € N*, and a convex cost function F' : R — R.
We want to solve the following distributed convex optimization problem using stochastic gradient
algorithms [37, 7]: min,cgas F(w) with F(w) = + vazl F;(w), where (F;)Y.; is a local risk
function (empirical risk or expected risk in a streaming framework). This applies to both instances of
distributed and federated learning.

An important issue of those frameworks is the high communication cost between the workers
and the central server [21, Sec. 3.5]. This cost is a concern from several points of view. First,
exchanging information can be the bottleneck in terms of speed. Second, the data consumption
and the bandwidth usage of training large distributed models can be problematic; and furthermore,
the energetic and environmental impact of those exchanges is a growing concern. Over the last
few years, new algorithms were introduced, compressing messages in the upload communications
(i.e., from remote devices to the central server) in order to reduce the size of those exchanges
[41, 3, 49, 2, 47, 43, 42, 34, 28]. More recently, a new trend has emerged to also compress the
downlink communication: this is bidirectional compression.

The necessity for bidirectional compression can depend on the situation. For example, a single
uplink compression could be sufficient in asymmetric regimes in which broadcasting a message to
N workers (“one to N”) is faster than aggregating the information coming from each node (“/N
to one”). However, in other regimes, e.g. with few machines, where the bottleneck is the transfer
time of a heavy model (up to several GB in modern Deep Learning architectures) the downlink
communication cannot be disregarded, as the upload and download speed are of the same order [36].
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Furthermore, in a situation in which participants have to systematically download an update (e.g.,
on their smartphones) to participate in the training, participants would prefer to receive a small size
update (compressed) rather than a heavier one. To encompass all situations, we consider algorithms
for which the information exchanged is compressed in both directions.

To perform downlink communication, existing bidirectional algorithms [45, 52, 38, 29, 36, 17, 51, 14]
first aggregate all the information they have received, compress them and then carry out the broadcast.
Both the main “global” model and the “local” ones perform the same update with this compressed
information. Consequently, the model hold on the central server and the one used on the local workers
(to query the gradient oracle) are identical. However, this means that the model on the central server
has been artificially degraded: instead of using all the information it has received, it is updated with
the compressed information.

Here, we focus on preserving (instead of degrading) the central model: the update made on its side
does not depend on the downlink compression. This implies that the local models are different from
the central model. The local gradients are thus measured on a “perturbed model” (or “perturbed
iterate”): such an approach requires a more involved analysis and the algorithm must be carefully
designed to control the deviation between the local and global models [31]. For example, algorithms
directly compressing the model or the update would simply not converge.

We propose MCM - Model Compression with Memory - a new algorithm that 1) preserves the central
model, and 2) uses a memory scheme to reduce the variance of the local model. We prove that the
convergence of this method is similar to the one of algorithms using only unidirectional compression.

Potential Impact. Proposing an analysis that handles perturbed iterates is the key to unlock three
major challenges of distributed learning run with bidirectionally compressed gradients. First, we show
that it is possible to improve the convergence rate by sending different randomized models to the
different workers, this is Rand-MCM. Secondly, this analysis also paves the way to deal with partially
participating machines: the adaptation of Rand-MCM to this framework is straightforward; while adapt-
ing existing algorithms [38] to partial participation is not practical. Thirdly, this framework is also
promising in terms of business applications, e.g., in the situation of learning with privacy guarantees
and with a trusted central server. We detail those three possible extensions in Subsection 4.1.

Broader impact. This work is aligned with a global effort to make the usage of large scale
Federated Learning sustainable by minimizing its environmental impact. Though the impact of such
algorithms is expected to be positive, at least on environmental concerns, cautiousness is still required,
as a rebound effect may be observed [15]: having energetically cheaper and faster algorithms may
result in an increase of such applications, annihilating the gain made by algorithmic progress.

Contributions. We make the following contributions:

1. We propose a new algorithm MCM, combining a memory process to the “preserved” update. To
convey the key steps of the proof, we also introduce an auxiliary hypothetical algorithm, Ghost.

2. For those algorithms, we carefully control the variance of the local models w.r.t. the global one.
We provide a contraction equation involving the control on the local model’s variance and show
that MCM achieves the same rate of convergence as single compression in strongly-convex, convex
and non-convex regimes. We give a comparisons of MCM’s rates with existing algorithms in Table 2.

3. We propose a variant, Rand-MCM incorporating diversity into models shared with the local workers
and show that it improves convergence for quadratic functions.

This is the first algorithm for double compression to focus on a preserved central model. We
underline, both theoretically and in practice, that we get the same asymptotic convergence rate for
simple and double compression - which is a major improvement. Our approach is one of the first to
allow for worker dependent model, and to naturally adapt to worker dependent compression levels.

The rest of the paper is organized as follows: in Section 2 we present the problem statement and
introduce MCM and Rand-MCM. Theoretical results on these algorithms are successively presented in
Sections 3 and 4. Finally, we present experiments supporting the theory in Section 5.

2 Problem statement

We consider the minimization problem described in Section 1. In the convex case, we assume there
exists an optimal parameter w,, and denote F, = F(w,). We use ||| to denote the Euclidean
norm. To solve this problem, we rely on a stochastic gradient descent (SGD) algorithm. A stochastic
gradient g, 41 is provided at iteration & in N to the device 7 in [1, N]. This gradient oracle can be



Table 1: Features of the main existing algorithms performing compression. e, (resp. Ej) denotes
the use of error-feedback at uplink (resp. downlink). hi (resp. Hj) denotes the use of a memory
at uplink (resp. downlink). Note that Dist-EF-SGD is identical to Double-Squeeze but has been
developed simultaneously and independently.

Compr. el hi E, H, Rand. update point

Qsgd [3] one-way

ECQ-sgd [49] one-way v

Diana [34] one-way v

Dore [29] two-way o/ degraded
Double-Squeeze [45], Dist-EF-SGD [52] two-way v v degraded
Artemis [36] two-way v degraded
MCM two-way v v non-degraded
Rand-MCM two-way v v v non-degraded

computed on a mini-batch of size b. This function is then evaluated at point wy,. In the classical
centralized framework (without compression), for a learning rate v, SGD corresponds to:
N
1 .
Wet1 = We = Vo7 D G (wi). (D

i=1
We now describe the framework used for compression.
2.1 Bidirectional compression framework

Bidirectional compression consists in compressing communications in both directions between the
central server and remote devices. We use two different compression operators, respectively Cyp, and
Cawn to compress the message in each direction. Roughly speaking, the update in eq. (1) becomes:

N
1 .
et = = 2Cann (5 D Conlen ()

i=1
However, this approach has a major drawback. The central server receives and aggregates information

~ Zf\; Cup(&}, 11 (wy)). But in order to be able to broadcast it back, it compresses it, before
applying the update. We refer to this strategy as the “degraded update” approach. Its major advantage
is simplicity, and it was used in all previous papers performing double compression. Yet, it appears to
be a waste of valuable information. In this paper, we update the global model w41 independently of
the downlink compression:
{ Whi1 = W — V7 Zz]'v:1 Cup (g1 (1)) - )
Wi41 = Cawn (Wk+1

However, bluntly compressing w1 in eq. (2) hinders convergence, thus the second part of the update
needs to be refined by adding a memory mechanism. We now describe both communication stages
of the real MCVM, which is entirely defined by the following uplink and downlink equations.

Downlink Uplink
Qg1 = w1 — Hy, Vi € [1, N], A} = g1 (k) — By,

{ Wy1 = Hg + Cawn (1) Whi1 = wy — 3 SN Cup(AL) + hi 3)
HkJrl - Hk + adwncdwn(Qk+1)~ h7]“€+1 = h?ﬁ + aupCup(A};).

Downlink Communication. We introduce a downlink memory term (Hy)y, which is available
on both workers and central server. The difference (251 between the model and this memory is
compressed and exchanged, then the local model is reconstructed from this information. The memory
is then updated as defined on left part of eq. (3), with a learning rate cvqwn-

Introducing this memory mechanism is crucial to control the variance of the local model w4 1. To
the best of our knowledge MCM is the first algorithm that uses such a memory mechanism for downlink
compression. This mechanism was introduced by Mishchenko et al. [34] for the uplink compression
but with the other purpose of mitigating the impact of heterogeneity, while we use it here to avoid
divergence of the local model’s variance.



Uplink Communication. The motivation to introduce an uplink memory term k. for each device
1 € [1, N] is different, and better understood. Indeed, for the uplink direction, this mechanism is only
necessary (and then crucial) to handle heterogeneous workers [i.e., with different data distributions,
see e.g. 36]. Here, the difference A} between the stochastic gradient g, 41 at the local model @y, (as
defined in eq. (3)) and the memory term is compressed and exchanged. The memory is then updated
as defined on right part of eq. (3) with a rate gy -

Remark 1 (Rate aqwn). It is necessary to use agwn < 1. Otherwise, the compression noise tends to
propagate and is amplified, because of the multiplicative nature of the compression. In Figure 1 we
compare MCH, with 3 other strategies: compressing only the update, compressing wy, — Wy_1, (i.e.,
Qdwn = 1), and compressing the model (i.e., Hy, = 0), showing that only MCM converges.

Remark 2 (Memory vs Error Feedback). Error feedback is another technique, introduced by Seide
et al. [41]. In the context of double compression, it has been shown to improve convergence for a
restrictive class of contracting compression operators (which are generally biased) by Zheng et al.
[52], Tang et al. [45]. However, we note several differences to our approach. (1) For unbiased
operators - as considered in Dore, it did not lead to any theoretical improvement [Remark 2 in Sec.
4.1., 29]. (2) Moreover, only a fraction (namely (1 + wdwn)’l) of the “error” wy41 — Wiy1 can
be preserved in the EF term (see line 18 in algo I in Liu et al.). It is thus impossible to recover the
central preserved model as a function of the degraded model and the EF term. (3) [52] consider a
biased operator and the same compression level for uplink and downlink compression. They also rely
on stronger assumptions on the gradient (uniformly bounded) and only tackle the homogeneous case.

In Table 1 we summarize the main algorithms for compression in distributed training. As downlink
communication can be more efficient than uplink, we consider distinct operators Cqwn, Cup and allow
the corresponding compressions levels to be distinct: those quantities are defined in Assumption 1.

Assumption 1. There exists constants wyp ,wdwn € R, such that the compression operators
Cup and Cawn satisfy the two following properties for all w in R%: E[Cyp,/qwn(w)] = w, and
E[[|Cup/dwn(w) — w||?] < wupjawn||w||?. The higher is w, the more aggressive the compression is.

We only consider unbiased operators, that encompass sparsification, quantization and sketching.
References and a discussion on those operators, and possible extensions of our results to biased
operators are provided in Appendix A.1.

Remark 3 (Related work on Perturbed iterate analysis). The theory of perturbed iterate analysis was
introduced by Mania et al. [31] to deal with asynchronous SGD. More recently, it was used by Stich
and Karimireddy [42], Gorbunov et al. [14] to analyze the convergence of algorithms with uplink
compressions, error feedback and asynchrony. Using gradients at randomly perturbed points can
also be seen as a form of randomized smoothing [39], a point we discuss in Appendix A.2.

2.2 The randomization mechanism, Rand-MCM

In this subsection, we describe the key feature introduced in Rand-MCM: randomization. It consists
in performing an independent compression for each device instead of performing a single one for
all of them. As a consequence, each worker holds a different model centered around the global one.
This introduces some supplementary randomness that stabilizes the algorithm. Formally, we will
consider /N mutually independent compression operators Cqwn,; instead of a single one Cqwn, and the
central server will send to the device ¢ at iteration k£ 4 1 the compression of the difference between
its model and the local memory on worker i: Cqyn,i(Wi+1 — H, }€) The tradeoffs associated with this
modification are discussed in Section 4.

The pseudocode of Rand-MCM is given in Algorithm 1 in Appendix A. It incorporates all components
described above: 1) the bidirectional compression, 2) the model update using the non-degraded point,
3) the two memories, 4) the up and down compression operators, 5) the randomization mechanism.

3 Assumptions and Theoretical analysis

We make standard assumptions on F' : R? — R. We first assume that the loss function F is smooth.

Assumption 2 (Smoothness). F' is twice continuously differentiable, and is L-smooth, that is for all
vectors wy, wy in RY: | VF(wy) — VF(wg)|| < L|lwy — wz].

Results in Section 3 are provided in a convex, strongly-convex and non-convex setting.

Assumption 3 (Strong convexity). F is p-strongly convex (or convex if . = 0), that is for all vectors
wy, wg in R F(ws) > F(wy) 4 (we — w1)TVF(wy) + & flwa — w13
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Next, we present the assumption on the stochastic gradients.

Assumption 4 (Noise over stochastic gradients computation). The noise over stochastic gradients
for a mini-batch of size b, is uniformly bounded: there exists a constant o € R, such that for all k
inN, for all i in [1, N] and for all w in R? we have: E||gi (w) — VF(w)|?] < % /b.

We here provide guarantees of convergence for MCM. MCM incorporates an uplink memory term,
designed to handle heterogeneous workers. To highlight our main contributions, that concerns the
downlink compression, we present the results in the homogeneous setting, that is with F; = F; and
Oy = 0. Similar results (almost identical, up to constant numerical factors) in to the heterogeneous
setting are described in Appendix G. Experiments are also performed on heterogeneous workers. We
provide here convergence results in the strongly-convex, then convex case.

Notations and settings. For &k in N, we denote Y, = |jwr — Hg—1 ||2, and define V, =
Eljwi — ws||*] + 32yLw3,, E[Y], which serves as Lyapunov function. V}, is composed of two
terms: the first one controls the quadratic distance to the optimal model, and the second controls
the variance of the local models w;,. For both theorems, we choose agwn = (Swdwn)_l. We denote
D(vy) == (1 + wup) (1 + 647Lw§wn).

Limit learning rate: There exists a maximal learning rate to ensure convergence. More specif-
ically, we define Yiax = min(y2B , ydwn 4T ), where 722 := (2L (1 + wyp/N))~* corre-

sponds to the classical constraint on the learning rate in the unidirectional regime [see 34, 36],

dwn .__ 1 .. . . . .
youm .= (8Lwqwn) * is a similar constraint coming from the downlink compression, and

Toax = (8V2Lwawn/Bwawn + Wup/N )_1 is a combined constraint that arises when control-
ling the variance term Y.! Overall, this constraints are weaker than in the “degraded” framework
[29, 36], in which 729 < (8L(1 + wqwn)(1 + wup/N ))_1. Especially, in the regime in which
Wap.dwn — 00 and Wawn = Wyp = w, the maximal learning rate for MCM is (Lw?®/2)~!, while it is
(sz)_1 in [29, 36]. Our Y.y is thus larger by a factor \/w, see Table 2. We define L such that
Ymax = (QZ)_I'

Theorem 1 (Convergence of MCM in the homogeneous and strongly-convex case). Under Assump-
tions 1 to 4 with . > 0, for k in N, for any sequence (y) k>0 < Ymax we have:

oo (Vi)

Vie < (1 = yept) Vie—1 — E [F(Wg—1) — F(w,)] + Nb ;

“4)

Consequently, (1) if 02 = 0 (noiseless case), Jor Y = Ymax We recover a linear convergence rate:
El|Jwe — ws||?] < (1 = Ymaxit)*Vor (2) if 02 > 0, taking for all K in N, v = 2/(u(K +1) 4 L),
for the weighted Polyak-Ruppert average Wy = Zszl ApWr—1/ Zle X With A\, == (1) "%,

1% +

40%(1 4 wy 64 Lw?
||,w0 — w, a ( +w p) (1 Wdwn In

L ENb K (LK + L)) )
®)

Limit Variance (Equation (4)). For a constant -y, the variance term (i.e., term proportional to o'2)

in Equation (4) is upper bounded by % (1 + wup) (1 + 647 Lw3 ). The impact of the downlink
compression is attenuated by a factor . As ~ decreases, this makes the limit variance similar to the
one of Diana, i.e., without downlink compression [34, Eq. 16 in Th. 2] and much lower than the
variance for previous algorithms using double compression for which the variance scales quadratically
with the compression constants as ¥20%(1 + wyp ) (1 + Wawn)/N: (1) for Dore, see Corollary 1 in
Liu et al. [29] (who indicate (1 — p) ™! > (1 + wup/N)(1 4+ Wawn)), (2) for Artemis see Table 2 and
Th. 3 point 2 in [36], (3) for [14], see Theorem L1. (with YD} o< 7202 (1 + wup) (1 + Wawn)/N).

Bound 5 has a quadratic dependence on wqyn, but the corresponding term is divided by an extra factor
K, the number of iterations. For example in experiments, for w8a using quantization with s = 29,
we have wqgwn ~ 17, and after only 50 epoch with a batch size b = 12, we have K ~ 2500. Hence,
the term w? /K is vanishing through iterations and we asymptotically recover a rate of convergence
equivalent to algorithms using unidirectional compression.

'The dependency in w3/2 is similar to the one obtained by Horvéth et al. [18] in unidirectional compression
in the non-convex case (Theorem 4).



Convergence and complexity: With a decaying sequence of steps, we obtain a convergence rate
scaling as O(K ~!) in Equation (5), without dependency on the wqyy, in the dominating term, which
only appears in faster decaying terms scaling as K ~2. The iteration complexity (i.e., number of

2
iterations to achieve e expected error) is thus at first order 06%0(%)- Again, this matches the

complexity of Diana [18, see Theorem 1 and Corollary 1] and is smaller by a factor 1 + wqyy, than
the one of Artemis, Dore, DIANAsr-DQ (see Corollary I.1. in [14]). Next, we give a convergence
result in the convex case.

Theorem 2 (Convergence of MCM, convex case) Under Assumptions 1 to 4 with . = 0. For all
k >0, for any v < ymax, we have, for wy, = ¢ ZZ 0 Wi,

2 2 2
Vo ®(v) . Vo | 7072(v)
E|F(wip_1) — F(w)| < Vi1 — — ElF —F|<—+ —=.
VE[F(wr-1) = Fw)] < Vier = Vi + 572 == E[F(0r) - K] < TN (6)
Consequently, for K in N large enough, a step-size v = 4/ %, we have:
llwo — w*|| (14 wup)o? -1
E[F(ax) — F.] <2 o L OKY). 7)

Moreover if 0? = 0 (noiseless case), we recover a faster convergence: E[F (wx) — F,] = O(K~1).
Limit Variance (Eq. (6)). The variance term is identical to the strongly-convex case.

Convergence and complexity (Equation (7)). The downlink compression constant only appears
in the second-order term, scaling as 1/ K. In other words, the convergence rate is equivalent to the

convergence rate of Diana, in the non-strongly-convex. As K increases, this complexity scales as

M independently of the downlink compression. Again, for previous algorithms with double

compression the complexity is at least O (M) (see Corollary 1.2 in [14]).

ne

Control of the variance of the local model.

We here present the backbone Lemma of MCM’s  — |~ i =
. 3 Naest e |
proof. It allows to control the variance of the & |+~ ="
local model E[[|ty, — wg||* [wy] (which is upper- L
. S el )
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ThlS reSult hlghllghts the lmpact Of the dOWnllnk Number of passes on data Number of passes on data

memory term. Without memory, i.e., with agwn =
0, the variance of the local model ||, — wgl|?
increases with the number of iterations. On the
other hand, if agyy, is too large (close to 1), this
variance diverges. This behavior is illustrated on
two real datasets on Figure 1. This phenomenon is similar to the divergence observed in frameworks
involving error feedback, when the compression operator is not contractive.

Figure 1: Comparing MCM on two datasets with
three other algorithms using a non-degraded
update, v = 1/L. Artemis-ND stands for
Artemis with a non-degraded update.

Theorem 3. Consider the MCM update as in eq. (2). Under Assumptions 1, 2 and 4 with p = 0, if
v < (8wawn L) and o < (4wawn)—1, then for all k in N:

27202 (1 + wyp)

B[] < (1= 25 ) BTl + 29 (o + 52 E[IvF@enl] + 220

Qdwn N

This bound provides a recursive control on Y. Beyond the (1 — aqwn) contraction, the bound
comprises the squared-norm of the gradient at the previous perturbed iterate, and a noise term.

Summary of rates. In Table 2, we summarize the rates and complexities, and maximal learning
rate for Diana, Artemis, Dore and MCM. For simplicity, we ignore absolute constants, and provide
asymptotic values for large wyp,, Wawn, and complexities for € — 0.

Proof in the heterogeneous case. To extend Theorems 1 to 3 in the heterogeneous setting
for a convex objective (Appendix G), we assume that there exists a constant B in R, s.t.



Table 2: Summary of rates on the initial condition, limit variance, asympt. complexities and 7 ax-

Problem Diana Artemis, Dore MCM, Rand-MCM
Lymax 1/(1 + wap) 1/(1 + wup) (1 + Wawn) 1/(1 + wawn) \/1+wup/\1/(1+wup)
Lim. var. oc v202/nx (1 + wup) (14 wup) (1 + Wawn) (14 wup) (1 +vLwd,,)

Str.-convex  Rate on init. cond. (SC) (1 — ypu)* (1 —~yp)k (1 —yp)*
Complexity (1+ wul V/peN (1 + wawn) (1 + wup)/peN (1 + wyp)/peN

Convex Complexity (wap +1)/€2 (1 + wap) (1 + Wawn) /€2 (wup +1)/€2

LN IVE(w)|? = B2. We further define S5, = +5 SN | [|hi. — VE,(w.)||*, where for
all ¢ in [1, N]. This term is recursively controled [34, 36] and combined into the Lyapunov function.

Proofs. To convey the best understanding of the theorems and the spirit of the proof, we introduce a
Ghost algorithm (impossible to implement) in Appendix D.1. A sketch of the proof describes the
main steps in the case of Ghost, those steps are similar for MCM. Fundamentally, our proof relies on
a tight analysis, related to perturbed iterate analysis [31]. Proofs of Theorems 1 to 3 are given in
Appendix E. Th. S11 in Appendix E.4 ensures convergence for a non-convex F'. Note that the proof
for non-convex follows a different approach than the one in Theorems 1 and 2.

As mentioned in the introduction, our analysis of perturbed iterate in the context of double com-
pression opens new directions: in particular, it opens the door to handling a different model for
each worker. In the next section, we detail those possibilities, and provide theoretical guarantees
for Rand-MCM, the variant of MCM in which instead of sending the same model to all workers, the
compression noises are mutually independent.

Remark 4 (Communication budget). How to split a given communication budget between uplink and
downlink to optimize the convergence is an open question which is intrinsically related to the situation.
Indeed it depends on many factors like the selected operators of compression, the upload/downlink
speed or the number of participating workers at each iteration. However, our approach provides
some insights on this question. Because asymptotically the impact of double compression is marginal,
for a fixed budget, Theorem 2 suggests to strongly compress on the downlink direction (which leads
to a large wWawn ), but to perform a weaker compression in the uplink direction.

4 Extension to Rand-MCM

4.1 Communication and convergence trade-offs

In Rand-MCM, we leverage the fact that the compressions used for each worker need not to be identical.
On the contrary, it is possible to consider independent compressions. By doing so, we reduce the
impact of the downlink compression.

The relevance of such a modification depends on the framework: while the convergence rate will
be improved, the computational time can be slightly increased. Indeed, N compressions need to be
computed instead of one: however, this computational time is typically not a bottleneck w.r.t. the
communication time. A more important aspect is the communication cost. While the size of each
message will remain identical, a different message needs to be sent to each worker. That is, we go
from a “one to N configuration to N “one to one” communications. While this is a drawback, it is
not an issue when the bandwidth/transfer time are the bottlenecks, as Rand-MCM will result in a better
convergence with almost no cost. Furthermore, we argue that handling worker dependent models is
essential for several major applications. Rand-MCM can directly be adapted to those frameworks.

1. Worker dependent compression. A first simple situation is the case in which workers are allowed
to choose the size (or equivalently the compression level) of their updates.

2. Partial participation (PP). Similarly, having IV different messages to send to each worker may
be unavoidable in the case of partial participation of the workers. This is a key feature in Federated
Learning frameworks [33]. In the classical distributed framework (without downlink constraints) it is
easy to deal with it, as each available worker just queries the global model to compute its gradient on
it [see for example 17]. On the other hand, for bidirectional compression, to ensure that all the local
models match the central model, the adaptation to partial participation relies on a synchronization
step. During this step, each worker that has not participated in the last S steps receives the last .S
corresponding messages as long as it costs less to send this sequence than a full uncompressed model.
This is described in the description of the adaptation to partial participation in [36], in the remark
preceding Eq. (20) in [38] and by Tang et al. [45, v2 on arxiv for the distributed case], who use



a buffer. On the contrary, Rand-MCM naturally handles a different model, memory and update per
worker. The adaptation to partial participation is thus straightforward. Though theoretical results are
out of the scope of this paper, we provide experiments on PP in Appendix B.1.1 and fig. 4.

One drawback is the necessity to store the N memories (H, ;i)z'e[ n) instead of one, which results in an
additional memory cost. To circumvent this issue we propose two independent solutions. 1) Keep and
use a single memory Hj, = N~} vazl Hj (as suggested in [36]). It is then necessary to periodically
reset the local memories H}, on all workers to the averaged value H), (rarely enough not to impact
the communication budget). This is illustrated in fig. 4. 2) Use Rand-MCM with an arbitrary number
of groups G < N of workers. In each group G,, g € [G], all workers share the same memory (H})
and receive the same update Cawn, g (wi+1 — Hj ). We call this algorithm Rand-MCM-G.

Remark 5 (Protecting the global model from honest-but-curious clients). Another business advantage
of MCM and Rand-MCM is that providing degraded models to the participants can be used to guarantee
privacy, or to ensure the workers participate in good faith, and not only to obtain the model. This
issue of detecting ill-intentioned clients (free-riders) that want to obtain the model without actually
contributing has been studied by Fraboni et al. [13].

4.2 Theoretical results

In this Section, we provide two main theoretical results for Rand-MCM. First Theorem 4 ensures that
the theoretical guarantees are at least as good for Rand-MCM as for MCM. Then, in Theorem 5, we
provide convergence result for both MCM and Rand-MCM in the case of quadratic functions.

Theorem 4. Theorems 1 to 3 are valid for Rand-MCM and Rand-MCH-G.

The improvement in Rand-MCM comes from the fact that we are ultimately averaging the gradients at
several random points, reducing the variance coming from this aspect. The goal is obviously to reduce
the impact of wqyy,. Keeping in mind that the dominating term in the rate is independent of wqyn, we
can thus only expect to reduce the second-order term. Next, the uplink compression noise increases
with the variance of the randomized model, which will not be directly reduced by Rand-MCM. As a
consequence, we only expect the improvement to be visible in the part of the second-order term that
does not depend on wy,, (that is, the effect would be the most significant if w;,;, is small or 0).

This intuition is corroborated by the following result, in which we show that the convergence is im-
proved when adding the randomization process for a quadratic function. Extending the proof beyond
quadratic functions is possible, though it requires an assumption on third or higher order derivatives
of F' (e.g., using self-concordance [5]) to control of E [||VF (@—_1) — E[VF(@Wx_1)]||* | wx—1].

Theorem 5 (Convergence in the quadratic case). Under Assumptions I to 4 with p = 0, if the
function is quadratic, after running K > 0 iterations, for any v < “Ymax, and we have

§ Vo | yo20f(y)
_ < 2 17 = AN
B[P () = ] £ S+ =

with ®R(y) = (1 4 wyp) (1 + %(é + P )) and C = N for Rand-MCH, C = G
Rand-MCM-G, and C = 1 for MCM.

This result is derived in Appendix F. We can make the following comments: (1) The convergence rate
for quadratic functions is slightly better than for smooth functions. More specifically, the right hand
term in @ is multiplied by an additional (% + wﬁp ) (w.r.t. Theorem 2), which is decaying at the same
rate as -y. Besides, the proof for Rand-MCM is substantially modified, as E[V F'(@Wj_1)] is an unbiased
estimator of V F'(wg_1). (2) Moreover, the randomization in Rand-MCM (resp. Rand-MCM-G) further
reduces by a factor IV (resp. G) this term. Depending on the relative sizes of w,, and [V, this can lead
to a significant improvement up to a factor of V. In practice the impact of Rand-MCM is noticeable,

as illustrated in the following experiments.

5 Experiments

In this section, we illustrate the validity of the theoretical results given in the previous section on both
synthetic and real datasets, on (1) least-squares linear regression (LSR), (2) logistic regression (LR),
and (3) non-convex deep learning. We compare MCM with classical algorithms used in distributed
settings: Diana, Artemis, Dore and of course the simplest setting - SGD, which is the baseline.
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Figure 2: Convergence on neural networks.

In these experiments, we provide results on the log of the excess loss F'(wy) — F, averaged on 5
runs (resp. 2) in convex settings (resp. deep learning), with errors bars displayed on each figure
(but not in the “zoom square”), corresponding to the standard deviation of log,,(F(wy) — Fy). On
Figure 3, the X-axis is respectively the number of iterations and the number of bits exchanged.

Each experiment has been run with N = 20 workers using stochastic scalar quantization [3], w.r.t.
2-norm. To maximize compression, we always quantize on a single level (s = 2), unless for PP
(s = 21) and neural network (the value of s depends on the dataset).

We used 9 different datasets.

* One toy dataset devoted to linear regression in an homogeneous setting. This toy dataset allows to
illustrate MCM properties in a simple framework, and in particular to ilustrate that when o2 = 0, we
recover a linear convergence”, see Figure 2b.

* Five datasets commonly used in convex optimization (a9a, quantum, phishing, superconduct and
w8a); see Table S1 for more details. Experiments were conducted with heterogeneous workers
obtained by clustering (using 7SNE [30]) the input points.

* Four dataset in a non-convex settings (CIFAR10, Fashion-MNIST, FE-MNIST, MNIST); see
Table S2 for more details.

All experiments are performed without any tuning of the algorithms, (e.g., with the same learning
rate for all algorithms and without reducing it after a certain number of epochs). Indeed, our goal is
to show that our method achieves a performance close to the unidirectional-compression framework
(Diana), while performing an important downlink compression. More details about experiments can
be found in Appendix B.

On Figure 3, we display the excess loss for quantum and a9a w.r.t. the number of iteration and number
of communicated bits. The plots of phising, superconduct and w8a are not provided but can be found
on our github repository. We only report their excess loss after 450 iterations in Table 3.

Table 3: MCM- convex experiments, b is the batch size
Excess loss after 450 epochs ~ SGD Diana MCM  Dore Ref

a9a (b = 50) —-3.5 -27 =27 —=1.8 [10]
quantum (b = 400) —-3.4 —-3.2 —-3.2 —2.6 [9]
phishing (b = 50) —3.7 —-3.5 -3.4 =2.7 [10]
superconduct (b = 50) —1.6 —-1.6 —-1.55 —1.45 [16]
w8a (b =12) —-3.5 -3.0 =25 -=1.75 [10]
Compression no uni-dir  bi-dir  bi-dir

Saturation level. All experiments are performed with a constant learning rate ~y to observe the
bias (initial reduction) and the variance (saturation level) independently. Stochastic gradient descent
results in a fast convergence during the first iterations, and then reaches a saturation at a given
level proportional to o®. Theorem 2 states that the variance of MCM is proportional to wyy, this is
experimentally observed on Tables 3 and 4 and figs. 2 and 3: MCM meets Diana while Artemis and
Dore saturate at a higher level (scaling as w,}, X wqwn). These trade-offs are preserved with optimized
learning rates.

2Even stronger, we show in experiments that we recover a linear rate if we have . = 0 (the noise over
stochastic gradient computation at the optimum point w).


https://github.com/philipco/mcm-bidirectional-compression/notebook

logyo Flwy) — F(w.))

logyy(F(wy) = Fl(w.))

H

A

150 300 450 600

Number of passes on data

(c) A9A in #iter.

10° 107 0
Communicated bits

0 150 300 450
Number of passes on data

600

(a) Quantum in #iter. (b) Quantum in #bits

Figure 3: Experiments on real dataset with v = 1/L, quantization with s

Linear convergence when o2 = 0. The six algorithms present a linear
convergence when 02 = 0. This is illustrated by Figure 2b: we ran
experiments with a full gradient descent. Note that in these settings
MCM has a slightly worse performance than other methods; however, this
slow-down is compensated by Rand-MCM.

Impact of randomization. The impact of randomization is noticeable on
Figures 2b and S5b. Randomization helps to stabilise convergence of it
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reduces the variance of the runs and when o2 = 0, it performs identically
to SGD. Figure 4 illustrates the impact of using a single memory, instead
of N, to alleviate the memory cost in the PP setting (Subsection 4.1),
with or without periodic reset. Without reset, performance are slightly
degraded, but with it, we recover previous results.

Figure 4: Rand-MCM (PP)
on quantum with a single
memory (s = 2).

Deep learning. Table 4 and figs. 2c and 2d illustrate experiments with neural networks, details on
dataset settings and networks architecture are given in Appendix B.2. Again, MCM meets Diana rates
as stated by Theorem S11 (theorem in the non-convex case).

Table 4: Accuracy and train loss in non-convex experiments, detailed settings can be found in
Table S2.

Algorithm MNIST Fashion MNIST FE-MNIST CIFAR-10

Accuracy after ~ SGD: 99.0% 92.4% 99.0% 69.1%
300 epochs Diana: 98.9% 92.4% 98.9% 64.0%
MCM: 98.8% 90.6% 98.9% 63.5%
Artemis:  97.9% 86.7% 98.3% 54.8%
Dore: 97.9% 87.9% 98.5% 56.3%
Train loss after ~ SGD: 0.025 0.093 0.026 0.909
300 epochs Diana: 0.034 0.141 0.031 1.047
MCM: 0.033 0.209 0.030 1.096
Artemis:  0.075 0.332 0.052 1.342
Dore: 0.072 0.300 0.048 1.292

Overall, these experiments show the benefits of MCM and Rand-MCM, that reach the saturation level of
Diana while exchanging at 10x to 100x fewer bits. More experiments with partial participation for
Rand-MCM are given in Appendix B.1.1. All the code is provided on our github repository.

6 Conclusion

In this work, we propose a new algorithm to perform bidirectional compression while achieving the
convergence rate of algorithms using compression in a single direction. One of the main application
of this framework is Federated Learning. With MCM we stress the importance of not degrading the
global model. In addition, we add the concept of randomization which allows to reduce the variance
associated with the downlink compression. The analysis of MCM is challenging as the algorithm
involves perturbed iterates. Proposing such an analysis is the key to unlocking numerous challenges
in distributed learning, e.g., proposing practical algorithms for partial participation, incorporating
privacy-preserving schemes after the global update is performed, dealing with local steps, etc. This
approach could also be pivotal in non-smooth frameworks, as it can be considered as a weak form of
randomized smoothing.
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Supplementary material

In this appendix, we provide additional details about our work. First, in Appendix A we give
complementary references on operators of compression and on perturbed iterate analysis. We also
give the pseudo-code of Rand-MCM. Secondly, in Appendix B we enlarge figures provided in Section 5
and complete them with experiments on partial participation and with a comparison between MCM and
other algorithms using non-degraded updates. The next sections are all devoted to theoretical
results. In Appendix C we detail some technical results required to demonstrate Theorems 1 to 5,
in Appendix D we highlight the key stages of the demonstration in the easier case of Ghost, in
Appendix E we completely prove the given guarantees of convergence in three regimes: convex,
strongly-convex and non-convex. In Appendix F we show the benefit of Rand-MCM compared to
MCM in the context of quadratic functions. In Appendix G we adapt the proof to the heterogeneous
scenario. And finally, in Appendix H we answer to the Neurips checklist.
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A Complementary discussions and references

We give the pseudo-code of Rand-MCM in Algorithm 1. It summarizes the algorithm’s description
given in Section 1.

A.1 Compression Operators



In this section, we give additional details Algorithm 1 Pseudocode of Rand-MCM
on compression operators (see Assump-

tion 1). Input: Mini-batch size b, learning rates avyp, Cdwn, ¥ >
0, initial model wy € R? (on all devices), operators C.o
andC, _, S = [1, N] the set of devices.
Init.: Memories: Vi € S, h{ = g4 (wo) and H.; = wy
Output: Model wx
fork=1,2,...,Kdo

for each devicei =1,2,3,.... N dAo

Operators of compression can be biased
or unbiased and they may have drasti-
cally different impacts on convergence.
For instance, if the operator is not con-
tracting, algorithms with error-feedback
may diverge. Horvath and Richtarik

[17] propose a method to unbiase a bi-
ased operator and a general study of bi-
ased operator has been carried out by
Beznosikov et al. [6]. But in this work,

Receive (AZ;C?I, andset: wi , = |+ H} _,
Compute gi (wi_,) (with mini-batch)
Update down memory: H; , = H} , +

~

Qdwn szl

as stated by Assumption 1, we consider i P i
Up compr.: A}, =C,, (g, (wy_1) — hj_y)

only unbiased operators: for instance
s-quantization.

Update uplink memory: hi. = hi | + ay,Al
The choice of the operator of compres-
sion is crucial when compressing data.
Operators of compression may be clas-
sified into three mains categories: 1)
sparsification [43, 19, 22, 4, 22, 32] 2)
quantization [41, 53, 3, 18, 48] and 3)
sketching [20, 27].

Send A};_l to central server
end for
Receive (A% )N, from all remote servers

7 N A i
Compute g;, = % dlim1 Ay gy
Update up memory: Vi € S, h}, = hi_ | + aup, AL

Non-degraded update: wy, = wi_1 — gy

Possible Extensions Our analysis Down compr.: Vi € S, QZ =C,...i(wp—Hi_))
could be extended to biased uplink op- Update downlink . Hdlw“_ i B i
erators, following similar lines of proof pdate downfink memory: f;; = Iy _; +Qdwn®2,

as [6] Send (92)N, to all remote servers
The extension for the downlink opera- end for

tor seems more difficult as our analysis
relies on numerous occurrences on the fact that the expectation of wy_; knowing wy_1 is wg_1.

A.2 Relation to Randomized Smoothing

Our approach can also be related to randomized smoothing. Formally, V F'(@wy_1) can be considered
as an unbiased gradient of the smoothed function F), at point wy_1, with F, : w — E[F(w+ W,_1 —
wi—1)]. Then E( VF(Wg—_1), wg—1 —ws ) = E( VF,(wg—1), wp—1 — ws ). One key aspect is
that the condition number p,/L, of F,, is always larger (better) than the one for F'. However, the
minimum of F), is different and moving, thus the proof techniques from Randomized smoothing are
not adapted to a varying noise which distribution is unknown. Providing a theoretical result that
quantifies the smoothing impact of MCM is an interesting open direction.

Randomized smoothing has been applied to non-smooth problems by Duchi et al. [12]. The aim is
to transform a non-smooth function into a smooth function, before computing the gradient. This is
achieved by adding a Gaussian noise to the point where the gradient is computed. This mechanism
has been applied by Scaman et al. [39] to convex problems. We consider in this work a randomized
version of compression: at iteration k in N each worker i in [1, N receives a noisy estimate @?, of
the global model wy, kept on central server. Thus, we compute the local gradient at a perturbed point
wy, + d%. Unlike the randomization process as defined by Duchi et al. [12], the noise here is not
chosen to improve the function’s regularity but results from the compression.

B Experiments

In this section we provide additional details about our experiments. We first give the settings of our
experiments in Tables S1 and S2. Next, we describe the numerical results obtained on our 9 datasets.
Thirdly, we add some explanation concerning the wall clock time. Finally, we provide an estimation
of the carbon footprint required by this paper.
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We use the same operator of compression for uplink and downlink, thus we consider that wy,,;, = Wqwn-
1
2(1 + wup/dwn) '

Convex settings are given in Table S1. We obtain non-i.i.d. data distributions by computing a TSNE
representation [defined in 30] followed by a clustering. Experiments have been performed with 600
epochs. Apart from the case of partial participation, we use quantization [defined in 3] with s = 2°,

In addition, we choose aup = qwn =

Table S1: Settings of experiment in the convex mode.

Settings a9a quantum  phishing superconduct w8a
references [10] 9] [10] [16] [10]
model LR LR LSR LR LR
dimension d 124 66 69 82 301
training dataset size 32,561 50,000 11,055 21,200 49,749
batch size b 50 400 50 50 12
compression rate s 20 (i.e. two levels)

norm quantization Il ll2

momentum m no momentum

step size 1/L

Deep-learning settings are provided in Table S2. All experiments have been performed with 300
epochs

Table S2: Settings of experiments in the non-convex mode.

Settings MNIST  Fashion-MNIST FE-MNIST CIFARI10
references [26] [50] [8] [24]
model CNN Fashion CNN CNN LeNet
trainable parameters d 20 x 103 400 x 10° 20 x 10> 62 x 103
training dataset size 60, 000 60, 000 805, 263 60, 000
compression rate s 22 22 22 24
momentum m 0 0 0 0.9
norm quantization Il 12

batch size b 128

step size vy 0.1

loss Cross Entropy

B.1 Convex settings

In this section, we provide the plot of excess loss for the toy dataset, for quantum and for a9a datasets.
For results on superconduct, phishing and w8a, see our github repository. For these last three datasets,
we give only the excess loss w.r.t. number of iteration in the basic settings of full participation on
Figure S5. We detail experiments in the PP settings in Appendix B.1.1. At the left side (resp. right
side) we display the result w.r.t. the number of iterations (resp. number of communicated bits).

We provide results on the log of the excess loss F'(wy) — F., with error bars displayed on each
figure, corresponding to the standard deviation of log,,(F'(wy) — Fy). Figures S1b, S2b, S3 and S4
correspond to Figures 2a, 2b and 3 given in Section 5. Additionally, we provide results for the
synthetic dataset (Figures 2a and 2b) w.r.t to the number of iterations in Figure S1 (stochastic
gradient) and Figure S2 (full batch gradient). As predicted by Theorem 2, when o = 0, we observe a
linear convergence.

On Figure S6, we present a9a, quantum and w8a with a different operator of compression than in all
other experiments. We use random unbiased sparsification: each coordinate has a likelihood p = 0.1
to be selected.

B.1.1 Experiments on partial participation

In this subsection, we run the experiments in a setting where only half of devices (independently
picked at each iteration) are available at each iteration, thus simulating a setting of partial participation.
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Figure S2: Least-square regression, toy dataset: v = 1/L, 02 = 0.
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Figure S3: quantum with b = 400, v = 1/L.
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Figure S5: X axis in # iterations.

Figures S7 and S8 present the results for respectively quantum and A9A. For these experiments,
we used a 2-quantization compression. We do not plot MCM on these figures because in a context
of partial participation, Rand-MCM is the natural thing to do. Indeed in this context, we must hold a
memory for each worker, and thus the compressed vector sent to each worker is unique.

We observe that partial participation leads to an increase of the variance for all algorithms. Fur-
thermore, we can observe on both Figures S7b and S8b that Rand-MCM outperforms Artemis and
Dore not only in term of convergence but also in term of communication cost. This is because
Rand-MCM does not require the synchronization step, at which any active nodes receive any update
it has missed. This saves a few communication rounds. In these settings, the level of saturation of
SGD, Diana and Rand-MCM seems to be almost identical, this fact stresses again the benefit of our
designed algorithm.

Additionally, we present on Figures S9 and S10 the impact of only using a single averaged downlink
memory term instead of IV distinct memories. More details about update equations are given in
Equation (S1). We display three versions of Rand-MCM that we compare to the SGD-baseline and to
Artemis:
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Figure S6: X axis in # iterations using random sparsification with p = 0.1.
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Figure S7: quantum with b = 400, v = 1/L and a 2-quantization. Only half of the devices are
participating at each round.
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Figure S8: A9A with b = 50, v = 1/L and a 2-quantization. Only half of the devices are participating
at each round.

1. The standard Rand-MCM, using N downlink memories,
2. Rand-MCM with a single memory, without any periodically reset.

3. Rand-MCM with both a single memory and a reset of the downlink memory every 4v/d
iterations, where d is the dimension of the optimization problem. This allows to limit
the increase of communicated bits. Indeed as we use quantization with s = 1, each

communication costs 32 X \/&log(d) bits instead of 32 x d. Because every 4+/d iterations
we send the uncompressed downlink memory term, there is an additional cost of 32d Ay

4vd
the end, the memory reset leads to send 32 x v/d(log(d) + 1/4) bits by iterations instead of

32 x v/dlog(d) bits for Rand-MCM(without reset). The increase is thus marginal.

For sake of clarity, we present below the two versions of Rand-MCM. In the first version, the central
server holds N memories that exactly correspond to those kept on the N remote devices. In the
second version, the central server holds a single memory Hj, = % Zf;l H; and each worker i holds
there own memory Hj.

N memories 1 memories ~
Qpt1 = wp1 — Hi,
Wy = Hy + Cawn,i(Qk+1)
H]Zchl = H; + adwncdwn,i(Qk—i-l)
Hyph = Hp + % Zf\il Cawn,i (Qg+1)-
(S1)

Q1 = Wi — HE,
wllc,+1 = Hllc + CdWH7i(Q7ic+1) ]
Hy, =H, + adwnden,i(Q§e+1)~
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Figure S9: quantum with b = 400, v = 1/L and a 2-quantization. Only half of the devices are
participating at each round.
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Figure S10: A9A with b = 50, v = 1/L and a 2-quantization. Only half of the devices are
participating at each round.

In this experiments, it is noticeable that using single-downlink-memory-Rand-MCM without periodic
reset makes the algorithms saturate at a high level with an important variance. But as soon as we
introduce the reset, we recover previous rates.

B.1.2 Comparing MCM with other algorithm using non-degraded update

The aim of this section is to show the importance to set o < 1, for this purpose we compare MCM with
three other algorithms:

1. Artemis with a non-degraded update i.e. unlike the version proposed by Philippenko and
Dieuleveut [36], we do not update the global model with the compression sent to all remote
nodes. It means that we compress only the update that has already been performed on the
global server. It corresponds to:

Vi€ [LN], AL = g, (@) — B
Wi = wy = 3 Yiey Cap(A}) + B,
Wi41 = W, — YCawn (% Yity Cup(A}) + hi)
h}lc+1 = hj, + aupCup(A}).-
2. MCM with o = 0, thus without memory.
3. MCM with o = 1, in other words, for k in N* it corresponds to the case Hy11 = Wgi1.

Indeed by definition we have Hy 1 = Hy, + aﬁkH, and furthermore, when we rebuild the

compressed model on remote device, we have: W11 = Q11 + Hy. In this case, we use
the compressed model as memory.
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Figure S11: Comparing MCM with three other algorithms using a non-degraded update, v = 1/L.
Artemis-ND stands for Artemis with a non-degraded update.
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loss after 250 epochs. In all other experiments, we choose ctqwn = Gl (= aup)-

Figures S11a and S11b clearly show the superiority of MCM over the three other variants. Some
conclusions can be drawn from the observation of these figures.

* MCM without downlink memory (orange curve, o = 0) does not converge. As stressed in
Subsection 2.1, this mechanism is crucial to control the variance of the local model w1,
for k in N.

* Intuitively, while it appears reasonable to consider as memory the model that has been
compressed at the previous step, experiments (green curves) show that this is not the case in
practice and that o must be small enough to ensure convergence. This is the noise explosion
phenomenon that was mentioned earlier in the paper.

* Compressing only the update gives reasonable results (blue curve). However, the conver-
gence saturates at a higher level than for MCM.

B.1.3 Impact of the learning rate «

On Figure S12, we plot the value of the excess loss obtained after 250 epochs w.r.t. to the value of

W/d) We observe that if « is too big, MCM converges slowly; but after reaching a threshold,
up/dwn

the value of o does not impact anymore the rate of convergence. This confirms theory that suggests
to use the largest possible a4, but smaller than a given value. The condition agy, < m
results from the proofs of Theorems S8 and S14. But because the constant 4 is partially an artifact of
the proof, in experiments we used Qqwn = as in [36] (see condition S19 in Theorem S7),

and this choice is confirmed by Figure S12.

2(wd 1)

22



—+— sGD —+— sGD
Diana Diana
—— Artemis —}— Artemis
00 —}— Dore 00 —}— Dore
/3; —— MeM /f\ —— MeM
2 —+— R-MCM 3 —+— R-MCM
g = —0.5
e e
a0 =z —1.0
2 2
—1.5
0 80 160 240 107 107
Number of passes on data Communicated bits
(a) X axis in # iterations. (b) X axis in # bits.

Figure S13: Convergence on MNIST using a CNN.
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Figure S14: Convergence on Fashion-MNIST.

B.2 Experiments in deep learning

In this section, we show the robustness of MCM in high dimension using more complex data and
applying the algorithm to non-convex problems (see Theorem S11 for a guarantee of convergence in
this scenario). We carried out experiments on MNIST/FE-MNIST/Fashion-MNIST using a CNN
(Figures S13 to S15), and on CIFAR using the LeNet model (Figure S16). We plot the logarithm
of the train loss w.r.t the number of iterations and the number of communicated bits. The accuracy
has been given in Section 5, see Table 4. Settings of the experiments can be found in Table S2, all
experiments are averaged over 2 runs.

As for experiments in convex case, MCM presents identical rates of convergence than Diana but with a
small shift that makes Artemis better during the first iterations.

B.3 Wall clock time

We verified in our experiments that the downlink compression of wy, — Hy,_1 on the central server
does not lead to a noticeable overhead w.r.t. gradients computation and communications. Here, as
experiments are performed in a simulated environment there is no communication cost. In Table S3
we report the computation time when training on FE-MNIST, this allows to highlight that compression
only marginally increases the computation cost.

B.4 Hardware and Carbon footprint

As part as a community effort to report the carbon footprint of experiments, we describe in this
subsection the hardware used and the total computation time.
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Figure S15: Convergence on FE-MNIST.
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Figure S16: Convergence on CIFAR10.

Table S3: Wall clock time on FE-MNIST with b = 128 and s = 22.

Compression regime Computation time for 150 epoch
No compression (SGD) 15421s
Compression on uplink 16773s, ratio: 1.08
Compression on uplink and downlink 16769s, ratio: 1.08

We have two kind of experiments : for deep learning models we ran experiments on a GPU, and for
linear/logistic regression on a CPU. We used an Intel(R) Xeon(R) CPU E5-2667 processor with 16
cores; and we used an Nvidia Tesla V100 GPU with 4 nodes.

To generate all figures in this paper, our code ran (if run in a sequential mode) for 150 hours on
a CPU. In overall, we consider that the whole paper writing process required (code development,
debugging, exploring settings ...) at least 6000 hours end to end on the CPU. The carbon emissions
caused by this work were subsequently evaluated with the Green Algorithm, built by Lannelongue
et al. [25]. It estimates our computations to generate around 100kg of CO2, requiring 2.5MWh. To
compare, this corresponds to about 570km by car.

On the GPU, experiments require to be ran for around 140 hours (if run in a sequential mode). In
overall, we consider that the full paper writing process required at least 2800 hours end to end on
the GPU. The Green Algorithm estimates our computations to generate 220kg of CO2, requiring
5.7MWh. To compare, this corresponds to about 1, 270km by car.

24



C Technical results

In this section, we provide some technical results required by our demonstration. In Appendix C.1
we recall classical inequalities and in Appendix C.2 we present two preliminary lemmas.

In Appendices C to E, for ease of notation we denote, for k in N*, g, = % vazl ’g\fﬂ(ﬂ}k,l).

Furthermore we use the convention VF (w_1) = 0.

C.1 Basic inequalities

In this subsection, we recall some very classical inequalities, for all a, b € R4, [ > 0 we have:

(a,b><”;§-+ﬁH§F, (S2)
la+]* < (1+%)Ila||2+(1+6) lal* , (S3)
o+ l* < 2 (lal® + l1l]*) (s4)
[{(a, b)| <|all ol (Cauchy-Schwarz inequality) , (S5)
<@b>§%0mW+nw?4m—bW) (Polarization identity). (S6)

Below, we recall Jensen’s inequality.

Jensen inequality Let a probability space (€2, .4, P) with Q a sample space, .A an event space, and
P a probability measure. Suppose that X : Q@ — R? is a random variable, then for any convex
function f : R — R we have:

J(EX)) <Ef(X). (87

The next lemma will be used several times in the proofs.

Lemma S1. Let a probability space (2, A, P) with ) a sample space, A an event space, P a
probability measure, and F a o —algebra. For any a € R? and for any random vector in R¢ we have:

E || X —EX|| <E [IX - af’]

indeed E[X] = argmin,cps E [HX - a||2]. Similarly, for any random vector Y in R¢ which is

F-measurable, we have:
E[IX -EIX | F)I* | F] <E[Ix -YI° | 7] .

Assumption S (Cocoercivity). We suppose that for all k in N, stochastic gradients functions
(&),)ieq,n] are L-cocoercive in quadratic mean. That is, for k in N, i in [1, N] and for all vectors

wy, we in RY, we have:
E[ll g, (w1) — g (wa)[*] < L VF;(w1) — VFi(ws), wy —ws ) .

This assumption is stronger than supposing convexity and L-smoothness of F.

The final proposition of this subsection presents two inequalities used in our demonstrations when
invoking convexity or strong-convexity. They follow from Assumption 3 and can be found in [35].

Proposition S1. If a function F is convex, then it satisfies for all w in R%:

(F(w) ~ Fw.) + g IVF)| (s8)

N =

(VF(z), w—w.) =

If a function F is strongly-convex, then it satisfies for all w in R?:

(VF(z), w—w,) >

DN | =

(Flw) = Fw) + 5 (nlho - ol + ZIVF@I?) . 69
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C.2 Two lemmas

In this subsection, we give two lemmas required to prove the convergences of Ghost?, MCM and
Rand-MCM.

The first lemma will be used to show that MCM indeed satisfies Theorem 3. The proof is straightforward
from the definition of wy and Hj_1.

Lemma S2 (Expectation of wy, — Hy_1). For any k in N*, the expectation of (wy, — Hy_1) condi-
tionally to wy_1 can be decomposed as follows:

Ewr — Hy—1 | we—1] = (1 — dwn) (Wg—1 — Hy—2) — YE[VF(Wg—1) | wr—1] .

Proof. Let k in N*, by definition and with Assumption 1:
E[wy — Hi—1 | wip—1] = E [wk—1 — V8, (Wk—1) — (Hr—2 + aawnC(wp—1 — Hyp—2)) | wp—1]
= (wg—1 — Hip—2) — @qwnE [C (wk—1 — Hg—2) | wi—1] — VE[g, | wi—1] ,

from which the result follows.

O

The following lemma provides a control of the impact of the uplink compression. It decomposes
the squared-norm of stochastic gradients into two terms: 1) the true gradient 2) the variance of the
stochastic gradient o2

Lemma S3 (Squared-norm of stochastic gradients). For any k in N*, the second moment and
variance of the compressed gradients can be bounded a.s.:

2
~ 2 | ~ Wup PN 2, 0 (1 +wup)
< —
E (Il | #a] < (14 52 ) [P @0) P + T2
2
- N 9 | - Wy R 2 07 (14 wyp)
E[1& - VF@)|® | @] < 52 V(@) + =

Interpretation:
* Ifwup = 0 (i.e. no up compression), the variance corresponds to a mini-batch.

elfo = 0and N = 1 (i.e. full batch descent with a single device), it becomes:
E [||C(VF(wk,1)) - VF(wk,l)Hﬂ < wup [|VF(wg_1)||* which is consistent with As-
sumption 1.

Proof. Letk in N*, then E [||§k||2 \@H] = |VE(@_1)|)? + E [H’ék ~ VE (@) ‘@k_l]

Secondly:
E[Ig — VE@e-1)II” | @i

r 2

gy
= ||y 2 (E@) - VE@ )

r 2

WE—1

3Ghost is defined in Appendix D.1.
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the inner product being null.

Next expanding the squared norm again, and because the two sums of inner products are null as the
stochastic oracle and uplink compressions are independent:

) 2
wk 1 g};(wk—ﬂH

E (2 ~ VF(@e-1)I* | @] = = ZIE {

+$ZE [||g§;(@k—1) ~ VF ()| ’@k—l} :

i=1

, , 2
Then, for any ¢ in [1,N] as E[Hg}c(@k_l)—gﬂ@k_l)“

ﬁ}\k—1:| =

) o 2
B || - i (@)

g}c} ’ {Dk_l} , and using Assumption 1 we have:
w N 2
~ ~ 2 ~ u P~ —~
E [”gk — VE(wg-1)]| ‘ wkfl} = N%) ZE [Hgk(wkfl)u ’ wkq}
i=1

1 & - 2
+ 57 LB [ @n) ~ VP@)| [ @]

Furthermore IE[Hg}C(@k_l)HZ ’@k_l} = E“’g};(@k_l)fVF(fﬁk_l)H? ‘@k_l} +
|V F(@_1)||*, and using Assumption 4:
2(1 4+ wap)
]E[~ — VF (W Q‘A_}:@ Fli._ )2 ‘7(71113’
[~ VE@ )| | ] = 2 v R P +

from which we derive the two inequalities of the lemma.

D The Ghost algorithm

D.1 Motivation, definition of Ghost and proof sketch

In this section, to convey the best understanding of the theorems and the spirit of the proof, we define
a ghost algorithm (that is impossible to implement in practice). Ghost is introduced only to get some
intuition of the theoretical insight.

Definition 1 (Ghost algorithm). The Ghost algorithm is defined as follows, for k € N, for all
i € [1, N] we have:

N
Wpt1 = Wy — 'yN ng—H W) and Wrr1 = wi — YCawn (N ng+1 wk)> . (S10)

i=1 i=1

While the global model is unchanged (1*' line), the local model Wy, 1 (2"¢ line) is updated using the
global model wy, at the previous step, which is not available locally.

In the following, we give the main results for Ghost and complete them with a sketch of proof.
Demonstrations are all in the next subsection.
The following Proposition, provides the control of the variance of the local model for Ghost.

Proposition S2. Consider the Ghost update in eq. (S10), under Assumptions 1, 2 and 4, for all k in
N with the convention VF (w_1) = 0:

Y2 wawn (1 + wup)02

Nb

PN PN Wy ~
E {lleon = @cll* | 1] < 2w (14 52 ) IVF(@e-)|* +
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Proof. The proof of Proposition S2 is straightforward using Definition 1. Let k in N, by Definition 1

we have:
1, 1
<wk1 — YCawn (N /g\;g(@kl)>> - ('wkl - ’YN ZEZ(@m))

=1 =1

2

Jwi — @l|” = ‘

2

2
=7
i=1 i=1

1 1L
Cawn <N /g\;;(@kl)> - 2. (0g—1)

. . . 1 N ~i/ ~ . .
Taking expectation w.r.t. down compression, as + » ;_; & (Wx—_1) is wy-measurable:

N 2

_ 1 i ~
B s = @l | ] = 2wt HN E@)|| [ we] =2 Pwawn 27
i=1

and Lemma S3 gives the upper bound E [||§k 12 ‘ @k_l} . O

The takeaway from this Proposition is that we are able to bound the variance of the local model by an
affine function of the squared norm of the previous stochastic gradients V F'(wg—_1 ). For Ghost only
the previous gradient is involved, while for MCM, we obtain an additional recursive process.
To obtain the convergence, we then follow the classical approach [31], expanding E ||wy, — w,||” as
2 A -~ A 2
Ellwg—1 — ws|” = 29E( VF(@g-1), wr—1 —ws ) +7°E {”gk(wk—l)”
that the inner product does not directly result in a contraction, as the support point of the gradient
differs from wy_1. Using the fact that E [0 _1 | wg—1] = wi—1, we further decompose it as

72’}/E< VF(@k_l), {Dk—l — Wy > + 2’7E< VF(ﬂ)\k_l) - VF(U}k_l), WEe—-1 — ’L/l}k_l > . (Sll)

. The critical aspect is

The first part of eq. (S11), corresponds to a “strong contraction”: by (strong-)convexity, we can
upper bound it by —2y(u ||@x_1 — w.|® + F(@k_1) — F,), which is on average larger than
—2y(p|Jwp—1 — w||* + F(wg_1) — F.) (Jensen’s inequality). Moreover, as the function is smooth
and convex, it can also be upper bounded by —2 ||V F(@y_1)||” /L. This is a crucial term: we “gain”
something of the order of a squared norm of the gradient at wy_1, which will in fine compensate the
variance of the local model. The second part of eq. (S11), corresponds to a positive residual term,
proportional to the variance of the compressed model, that can be controlled thanks to Proposition S2
(at wy_1!). Putting things together, we get, in the convex case (¢ = 0):

Theorem S6 (Contraction for Ghost, convex case). Under Assumptions 1 to 4, with u = 0, if
YL(1 + wyp/N) < 1.

Ellwy — we|® < E w1 — w,l* = vE(F(wy-1) = FY) — %E \|VF(@k_1)||2]

1+ wup)02

23 WnL(l @)EVFA_ 2442
+ 27°wq + N |VE (wr—2)|" + N

(1 4+ 2yLwdwn) -

We can make the following observations:

1. At step k, the residual can be upper bounded by a constant times squared norm of the gradient
at point wy,_>. When using recursively this upper bound, if 27y wawn L(1 + wup/N) < v/(2L),
then these terms cancel out. This is equivalent to 27Ly/wawn (1 + wup/N) < 1. It is natural to
chose v < 1/(2L max(1 + wyp/N, 1 + Wawn))-

2. The bound is in fact proved conditionally to wy_1, recursive conditioning is required to propagate
the inequality. We carefully handle conditioning in the proofs.

D.2 Convergence of Ghost, complete proof

In this subsection, we provide the complete proof of convergence for Ghost. Thus in the following
demonstration, we give the key concepts required to later prove the convergence of MCM.
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Theorem S7 (Convergence of Ghost, convex case). Under Assumptions 1 to 4 with ;i = 0 (convex
case). for all k in N, defining Vi := E [w, — w.] + 5B [IVF(@-1)|| +29LE [l — wel?]
we have:
25209
Vie < Vi1 —yE[F(wi—1) — F(w,)] + Pywa) :

with ®9(v) = (1 + wup) (1 + 27 Lwdwn)-

Remark 6. This result is similar to eq. (6) but with a different function ®9 that has a weaker
dependency on Wqwn.

Proof. Let k in N*, by definition:

g = wel® < w1 = wa|* = 29 (& wpmr —we) +7 )17 -
Next, we expend the inner product as following:

2 2 ~ ~ ~ ~ ~ 12
lw = wil|* < llwp—1 = well® = 27 (&, D1 —w ) = 2y (&, w1 — D1 ) +7° [1&ll° -

Taking expectation conditionally to wg_1, and using E g, | wx—1] = E[E (g, | Wk—1] | wk—1] =
E [VF(W_1) | wk—1], we obtain:

E [lfwx = w* | wir] < gy = w* = E 2y (VE (@), @1 — w2 ) | wni]
= 29E[( VE(Wg-1), wg—1 — Wp—1) | wp—1]
+°E Il | wia] -
Then invoking Lemma S3 to upper bound the squared norm of the stochastic gradients, and noticing
that E [( VF(wg—1), Wk—1 — wi—1 ) | wr—1] = 0 leads to:
E {leon = woll? | weer| < oy = wal = B[ VF(@-1), Bro1 —w.) | wpoi]

= 29E[( VF(Wg-1) = VF(wp—1), wy—1 — Wg—1) | wk—1]
(S12)
% (1 + wup)
)

o (B 0or@ o ]+

In the upper inequality:

1. the term E [{ VF(W_1), Wr—1 — wx ) | wr—1] allows the “strong contraction”
2. the terms E[{ VF(Wg-1) — VF(wg—1), wg—1 — W—1 ) | Wr—1] and
E [||VF(@;C_1) ||2 ‘ wk_l} are two positives terms that we treat as residuals.

3. the last term % (1 + wy;) /(IVb) is due to the stochastic noise.

Now using Cauchy-Schwarz inequality (eq. (S5)) and smoothness:
—E [2"}/ < VF(’L/l}k_l) - VF(U)k_l), Wg—-1 — {Ek—l > | 'Ll}k_l}
=29E[( VF(Wg—-1) = VF(wg—1), Wg—1 — wg—1) | wk—1]

<2vLE [”@kq —wi_1 | ’ wkfl} ,
and thus:
E [lwn = w.l* | wee] < ey = w.? = 2B [ VF@k-1), @1 = w) [ we-a]
+2vLE {H'&J\k—l — wp ‘ wkfl}

T ’7202(1 + Wup) '

+72(1 n ‘%P)]E [HVF(@k—l)HQ ‘ Wk—l] Nb

(S13)
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Now, using convexity with Proposition S1:

E [llwr = w.)* | wp] < gy = w,®
. 1 N
—wﬁ[@wwwn—fmm>+L|VF@m4nF)\whﬂ

+29LE [||@,c_1 — w1 \ wk_l}

7202(1 + wyp)
Nb '

+ 72(1 + “];P)E [HVF(@k,l)HQ ‘ w,H] +

Taking the full expectation (without conditioning over any random vectors), and because invoking
Jensen inequality (S7) leads to E [F(@g—_1)] > E[F(wk_1)], we finally obtain this intermediate
result:

E [Jlwr — w.*] < B llwir = w.ll’] =7 (E[F(we-r)] = Fw.)

— 5 E[IVF @) 7] (S14)

7202(1 + Wup)

+ 29LE (|1 — wi || + TS

where we considered that yL(1 4 wy,p/N) < 1/2, which implies that -y (1 —~L (1 + %)) > %

Remark that eq. (S14) is valid for both Ghost and MCM, and that the proof of MCM will follow the
same initial line.
With Proposition S2:

’YQWdWH (1 + wllp)02
Nb ’

o~ o~ wll o~
E [||wk — @ ‘ wk_l} < 7 2Wdun (1 n p) IV E(@r_)|* + (S15)

N
Defining Vi i= E [, — w.] + 57 B [|VF(@1)[*] + CE [|@ — wi|*| with C = 291, and
combining this two equations as following (514) + C(S15) leads to:
E | lwr = w.|*] + CE [|@k-1 — wer ] + 5B [IVF(@e-1)I]
<E [llwpr = w.*] = 7 (B[F(wp-1)] - F(w.))

2 2
N v (1 4 wyp)
2 LE[ 1 — Wp_ 2] -
+ 27 |Wk—1 — wr—1]|"| + Nb
Y2 wWawn (1 + wup)02

Nb

Wy —~
+29L X 72wawn (1+ 52 ) [VF(@11) > + 292 X

To ensure a contraction of the Lyapunov function we require:
Wup ) vy 1

<L esqL<
N =er T o
2 wdwn(1+N)

72wdwn (1 +

Under this condition, we obtain:

Vie < Vimt = yE [F(wg—1) — F(w,)] + M

Nb ’
with ®9 () := (1 + wup) (1 + 27 Lwdwn)-
By recurrence and for k = K:
K K 22§56
o
VK < Vo - Z’}/E [F(wk_l) — F(w*)] + Z WTI)(’V) s
k=1 k=1
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which leads to:

K
1 Vo= Vi | 70%®9(y)
— E[F(wg_1) — F(w,)] < .
Kkz::l [F(wg—1) (wi)] < K v

Finally, for any K in N*, with vL < min { 1 1 } we have:

Wap \’ o
2(1+57) 2¢wdwn (1+ %)

K wo — Wk 2 0'2 g

==

Note that the bound of vL encompass the case wqwn = 0 (i.e. no downlink compression), but in the
general case of bidirectional compression, we nearly always have wqwn > 1, and thus the dominant

e
2 oo (1452)

And by Jensen, it implies that:

term is in fact

< Jwo — w.|? N Y0’ ®(7)

E[F(i) - Pw,)] < 102 -

with @9 (7) := (1 + wup) (1 + 2wawnVL) -
O

E Proofs for MCM (and Rand-MCM)

In this section, we provide the proofs for MCM in the convex, strongly-convex, and non-convex cases
in respectively Theorems S9 to S11. The proofs for Rand-MCM (see Theorem 4) are identical and
only require to adapt notations as explained in appendix E.5.

We denote for v in R, ®(7) = (1 + wyp) (1 + M) for kin N, Ty = |jwy — Hy_1||* and

Qdwn

we define ~yy,ax such that:

, 1 1 1
YmaxL < min 3 ; Gap :
wWIl u
awn’ 2 (14 222) 4\/den( 1 +wup>

Qdwn Qdwn N

Note that this is equivalent to notations given in Section 3 if we take cgywn = 1/8Wdwn-

E.1 Control of the Variance of the local model for MCM (Theorem 3)

In this section, we provide a control of the variance of the local model for MCM, as done previously
in Proposition S2 for Ghost: this corresponds to Theorem 3. The demonstration is more complex
than for Ghost and it highlights the trade-offs for the learning rate a.qwy. The demonstration builds a
bias-variance decomposition of || ||* = ||wi — Hy||*. The variance is then decomposed in three
terms, as a result we will need to compute four terms:

lwk — Hy—1||* = Bias? + 2v%(Vary; + Varys) + 202, Vars . (S16)

Theorem S8. Consider the MCM update as in eq. (2). Under Assumptions 1, 2 and 4 with . = 0, if
v < (Bwawn L) 7 and agun < (8wWawn) Y, then for all k in N:

29202 (1 + Wap)

Q' dwn 1 Wy ~
E [Ty < (1 - dT) E Y1) +2v° ( + p) E [IIVF(wk_l)II2 + ND

Qdwn N
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Proof. Let k in N, we recall that by definition:
Qp = w — Hp—y
Q= g\dwn(ﬂk)
ﬁ}k =+ Hp_1.

We start the proof by introducing [|€2]%:

- 2
© [ - ot ] =2 [ ou]” ] < 07

Next, we perform a bias-variance decomposition:
12%][* = [wr = Hy—1]|* = |[wy, = Hy—1 = E [wy, = Hy—1 [ wy—a]|*

+ [ [wy, = Hy—1 | wy—1]|”

+2(w — Hy—1 — Efwy, — Hy—y | wg—1], Elwg — Hi—1 | wi—1] ),
taking expectation w.r.t. wg_1:

E [Ty | weer] =B [Jfwp = Her = E [wy = Heor | wea]l | wnd]

Var
+ ||E [wy — Hi—1 | wp—1]])?

Bias?

The first term is the variance Var, and the second term corresponds to the squared bias Bias?.

Let’s handle first the variance, by definition:
Var = E ||wy, — Hy—1 — E [wy — Hy—1 | wi—i]|? ‘ wk—l]
= Efllwg—1 =78 — Hi—2 — dawnC(wi—1 — Hy—2)
—wy—1 — VE (g, | we—1] — He—z — dawnE [C(wi—1 — Hi—2 | wp—1]) || |we—1] -
After simplification and using eq. (S4):
Var = E[[| =7 (g, + E[VF(Wr-1) | wi-1]) + dawn (C(wr—1 — Hi—2))
—(wp—1 — Hp—2)|]*|wi_1]
< 29%E [|g, ~ E[VF(@r-1) | we-a]| | wp-a]
+ 203, [1Clwk1 — Hy2) — (wh—1 — Hi2)|* | wii]

< 29°E (I3, — E[VF(@k-1) | wya]* | wh1] +203 0 wawn lwg—1 = Hy—ol”

Var:
Vary 2

< 272Var1 + 2a(2iana12 .
An interpretation of the above decomposition is that:

* Vary is the part of the downlink compression caused by the increment g, it is similar to Ghost.
* Vars is the impact of the propagation of the previous noise.

We compute the first term by introducing V F'(w.—1 ), the second being kept as it is:
Vary = E (||, — E[VF(@-1) | wy-a] > | wp]

= E [, ~ VF (@) + VF (1) ~ E[VE@r) [ o]l i

=E [|2 — VF@)I | wies] +E [IVF@i1) = EVF (@) [ wiealll® | wes]

Var1 1 Var1 2

= Vary; + Varys,
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the inner product is null given that E [VF(wWg_1) — E[VF(Wk_1) | wk—1] | wk—1] = 0.

Moreover:

Variy = E[[g — VF (@) [wior | =B [E I8 = VF@e-0)I* | @] [wisa]

so, we can use Lemma S3: Var;; = E {&2[)(1 + wup) + a%p ||VF(@k_1)H2 ‘ wk_l} .
And now we use smoothness for the second term:
Variy = E [|[VF(@k-1) — E[VF(@-1) | we-]|* | wpo ]
<E[|IVF(@k-1) = VP(we1)|” [we-1] by Lemmasl,
< IL’E {Hﬂ}k_l — w1 ‘ wk_l} using smoothness,
< L2wawnYr_1 with Assumption 1.

At the end:

a?(1+ Wup)
Nb

2
+ 2adwnwdwnTk_1 .

Var < 292 < + wZ;pE [HVF(@k—l)HQ ‘ wk—l} + L2wdwnTk—1)

Now we focus on the squared bias Bias?, with Lemma S2:

Bias? = |E [wy — He_1 | wr_1]|”

(S17)

= |(1 = atgum) (wp—1 — Hy—2) — YE [V F(@k_1) | wr—1]||> , and with Equation (S3),

1

< (1 = cgwn)? (1 + cgwn) Tio1 +97(1 + )| [VE(@g-1) | w1l -

Odwn

And because (1 — @qwn)(1 + @awn) < 1, we finally get that:

Bi382 < (1 — adwn)Tk_l —I—’}/Q (1 + ) HE [VF(ﬁ)\k_l) | wk_l]HQ .

Qdwn

Combining all egs. (S17) and (S18) into eq. (S16):

E [T | we-1] < (1 — agwn) Tho1 + 72 (1 n

dwn

2
2 (071 +wwp) | wup -~ 2
roy? (TU2) o 20 [[9F (@)1 [

+ 2’72 (L2wdwnﬂrk71)
+ 2a(21wnwdwnﬁrk71

S (1 — Qdwn T 2'7/2[’2(4‘)dwn + 2a(21wnwdwn) Hwkfl - Hk72||2

Ly (1 " ) IE [VF (@) | wes]

dwn
27202(1 + wWup)

272wy _
+ R (IVF @) | weea] + T

Next, we require:

1
8den ’

2 1
2Oldwnwdwn < 7 ¥dwn < Qgwn <

2’72L2den < %adwn = m ; by taking Qdwn = m 7 < m ’

1+ —1— < —2 which is not restrictive if wgwn > 1.

Xdwn dwn
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Thus, it leads to:

Qdwn

IE [V F (@h-1) | wi—1]||”

2 2
)Tk—1+

E[Te | wp—1] < (1 - .

29202 (1 + Wap)

272wup R 9
+ N I\VF(Wr—1)|I” | we—1| + ND

Next, we bound ||E [V F(@k_1) | wi_1]|| with E [\\VF(@k_1)||2 ’ wk_l} , and we obtain:

2 Wup ~ 2 ‘
+ 2 ( " )E[HVF(U;“)H w1

N 27202(1 + wWyp)
Nb '

Taking the unconditional expectation gives the result.

E.2 Convex case (Theorem 2)

In this section, we give the demonstration of MCM in the convex case (Theorem 2).

Theorem S9 (Convergence of MCM in the homogeneous and convex case). Under Assumptions 1
to 4 with p = 0, for a learning rate agwn < 817 forall k > 0, for any v < Ymax, defining

Vi = E[||wr — w.]*] + 32yLw?, E[T1], for @y = = Zl —o Wi, we have:

2 2 2
Vo ®(v) _ Vo | yo 2(v)
E|[F(wy—1) — Flwy)| < Vi1 — Vi + ——= — E|F —F|<—+ —=.
VE[F(wr—1) = Fw)] < Vier = Vi + — [F(wr) — F] TN
Consequently, for K in N large enough, a step-size v = % and a learning
rate o qwn = ﬁ, we have:
[|[wo — w*H (1 4 wup)o? —1
ElF ]<2 O(K™ ).
Flox \/ NbE +OE™)

Moreover if 0® = 0 (noiseless case), we recover a faster convergence: E[F(wk) — F.] = O(K™1).

Proof. Let k in N*, the proof follows the one for Ghost, and we start from eq. (S14):
E | llwr —w.*] < E [Jwx-s = w.l’] =7 B[Flwe)] = Fw)) = 5 E [[VF (@)

7202(1 + wup)

+ 29LE [[[ -1 — wes ] + T2

with Assumption 1, it easily becomes:
E | lwr = w.)?] < E [Jux-1 = wil] =5 B [F(we-)] - Flw,)) = 5-E [[VF (@)

7202(1 + wyp)

+ 2"YLdenIE [Tk—l] + Nb

Theorem 3 which is specific to MCM gives:

Qdwn 1 Wy R 27262 (1 4 wy
E[T < (1= 22 E[Tyoa] +29° (a + Np) E[IVF(@e-1)I] + %bp) .

dwn
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Defining: Vi, := E {Hwk - w*||2} +~vLCE[Y}] with C = 4(%%“, and, combining the two last

equations:

E [llwn — w.ll’| + YLCE[Ti] < E [Jlwgr = wa|]*] = 1B [F(wy1) = F(w.)
+ 2'7L0den]E [kal}

7?0%(1 + wup)

v ~ 2
- B [IVF@ )P + 5

Qdwn
+ (1 - )WLC]E Te1]
1 w
3 Wup - 2
+293LC <adwn + 20 >E [||VF(wk_1)|| ]

and reordering the terms gives:

Vi <E [||w,H - w*||2] + (nyLwdwn + (1 - adzwn) fch) E [Hwk,l —Hp

+ (e (=22 - 28 [IvR@e ]
— 9 [Fur—1) - Flu.)
7?0?(1 + wup) .

29vLC + 1
+(27LC + 1) N
We observe that:
Qdwn 4den . . ..
2vLwiwn + (1 — ) vLC < ~vLC <= C > ——— which is true by definition of C.

Qdwn

Secondly, to get the contraction requires

1 1
23 LC p ) T < e 2L <
Qldwn N 2L ALC 1 Wup
Qdwn N
1
< ’}/L S )
Wdwn 1 Wup
4, | 2dwn “up
\/adwn (adwn + N >
because C' = 4wqwn /. Thus, we have that:
2 2
o°P . 8vLw wn
Ve < Vier 1B [Flunc) ~ Flu)] + 220 genoting @(1) 1= (1-+ wip) (1 T ”ad) ,
dwn
and then for k£ = K € N*, by recurrence:
K 2 2
Y o P(v)
Vi < Vo — wkz:lﬂa [F(wi1) = F(wo)] +

which implies:

. 2 2
SVO VK+70<I>(7)

1 K
?;E[F(wk_l)*F(w*)] VK Nb ’
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Finally, by Jensen, for any K in N* such that ~L <
. 1 1 1 .
mm{8wdwn,2(1+wup), - N - },Wehave.
N 4\/ dwn < + up)
Qdwn Qdwn N
) Vo | 70°®(y)
E|F — F(w,)] < ,
(P(ox) - Fw)] < 22+ 22
which concludes the proof.
O

E.3 Strongly-convex case (Theorem 1)

In this section, we give the demonstration for MCM in the strongly-convex case (Theorem 1).

Theorem S10 (Convergence of MCM in the homogeneous and strongly-convex case). Under As-

sumptions 1 to 4 with . > 0, for k in N, for a learning rate oqwn < L.
wn

(V) k>0 < Ymax defining Vi, := E[||lwy, — w*||2] + 32’yLw§WHE[Tk], we have:

, for any sequence

2 2
—~ o°®
Vk < (1 - ’yk;u')kal - 'Yk]E [F(wk,l) — F(fw*)] + %@Nib(,yk) ,
Consequently,
1. if 0 = 0 (noiseless case), for v, = ~Ymax we recover a linear convergence rate:

E[fwic) = we]|*] < (1= Yamaxi) " Vos
2. ifo? > 0, defining L such that ymax = (2L)7%, taking for all k in N, v, = 2/(u(k +
1) + L), for the weighted Polyak-Ruppert average Wy = Zszl )\kwk,l/z,f:l Ak

with A\ = %1 we have:
Tr—1

E [F(ax) - Fluw.)] < “H2L

AuK?

s 402 (1 4 wyp) ( - 64Lw3 I

— w, K+1L))|
o — w2 e i+ 7))

Proof. Let k in N*, the proof starts like the one for Ghost, and we start from eq. (S13) but we
consider a variable step size v = 2/(u(k + 1) + L) that depends of the iteration & in N.

E |lwy = w.|?] <E [k = w.l?] = 20E [ VF(@h-1), @1 — w2 )]

+ 20 LE [y — w497 (14 52 ) E [IVF (@3-

i '71302(1 + Wup) '
Nb

Now we apply strong-convexity (eq. (S9) of Proposition S1):
E llwx = w.ll’] < E [lwn-1 = w.l?] + 29 LE 11 - we-s )]

I . 1 .
— WE [F(Wk-1) — F(w.)] — (M [ @1 — w.]® + 7 VF(wk1)||2>

’71302(1 + Wup)
Nb '

+9 (14 52 B [IVF @) 7] +
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As vy, < % < éwp, and thus (1 — L (1 + wﬁp)) > 1/2; this allows to simplify the
2L (1+522)
N

coefficient of E [||VF(1/171¢—1) ||2] :

E [k — wal?] < (1= us0) ko — w2~ E [F(@1) — Flaw,)]
~ 2o IV I + 2w 1~ wia ]
e0” (1+ wup)

+ Nb

equivalent to:
E [Ilwk - w*HQ} < (1= yept) [lw—1 = wol|* = B [F(Bk—1) — F(w.)]

~ or B [IVF @0 7] + 29 Leoan s = Hia ] s19)
71%02(1"'“@)

+ Nb

Theorem 3 adapted to the case of decaying steps gives:

E[Yx] < (1 — %) E[Th-1] + 273 (

27,302(1 + wyp)
Nb '

1 Wa ~
o+ 2 E[IvF@ )
dwn (SZO)

Defining V, := E [||w;C - w*||2] + v LCE [Ty] with C' = 4wqawn /o, combining the two later
equations (S9) + v, LC (S20):
E | llwx = w.|*] + 9% LCE[X4]

< (1= ) Jlwpos — wil® = WE[F (@) — Flw.)]
R0 (L + wip)
Nb

n “N) E [IVF(@e-1)I?

— B [|VF(@-1)I?] + 2 LwawnE [[wer = Hioal]P] +
1

« wn
+ (1 - dQ )WLCIE [Tk,l] +2’Y%LC <Oz

dwn

n 23 Lo* (1 4 wyp)C
Nb ’

and reordering the terms gives:
Vi < (1= yep) w1 = wi|* = E [F(@y-1) = F(w.)]

A dwn 2w wn
+ <1 _ Sdwn d) v, LCE [||wk71 - Hk71||2]

2 C
1 Wy Yk ~ 2
3 Zup ) R
+ (27kLC (adwn + 0 ) QL) E [||VF(wk,1)\| ]
7]3‘72(1 + wup)

+ (2’}%[/0 + 1) Nb y

To reach a (1 — yu)-convergence we first need (1 — % + %) Y LC < (1 — vpp)ye—1LC

iel— aden + 2&}5“,1] < (1 — ’Y%L)Vk—l )
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%/i 1 _
We need that for all £ € N, < Yot ie, 1 —ypp < % T , but:
k—u+L 2
Tk _ K Ni— —1- " and 1—vep=1- M~7
V-1 uk+ L uk+ L uk+ L

and so, the inequality is always true.
Thus we must have 2wgyn/C < @qwn/2 which is true by definition of C.

Secondly, it requires:

Wu 1
270 [ — + 22 _ Dk <0< L <
Odwn N ) 2L~ 1 Wup
4C + —
A dwn N

1
Wdwn 1 Wup
4 i
\/adwn <adwn * N >

by definition of C. And it follows that the first part of the theorem is proved:

— L <

R 20_2q)
Vi < (1= ep) Vi1 — E [F(Wr-1) — F(ws)] + %Tb(%) ’

where ® () := (1 4 wyp) (1 + %).

‘We now prove the second part, which requires to carefully handle the term of noise. By definition

Ve = W, we denote A\, = ’Ykl—l and we sum the above equation weighted with the
sequence of (A;)E_;:
1 1-—
Z )\k]E wk 1 F(w*)] Z ( Vk#))\k Vi1 — &Vk
PO 1)‘k Y 1/\kk1 Tk

Yo" P (k) @%
Zk 1>‘k Z

The weights are chosen to ensure that the sum of (V;)&_ is telescopic. Because (1 — yu) /v =
7,%2, we have:

K

1 1 1
ME [F(Wg-1) — F(w.)] < Vi—1 — Vi
Zk L £ Z ] S Ak A k=2 VT Vh—1
K
1 WP ()
tE 2N N
D k=1 Mk iy
and because for K € N* big enough 1 < 4 it results that:

S T WK +1)K/A+ (LK)/2 ~ pK?’

ZAkE (@) — Flw.)] < — 20 MKQZAkM. (S21)

S 1/\k Yoy—1 K> — Nb
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At the end, using the Jensen inequality - E [E [F(Wy—1) | wg—1]] < E[F(wg—1)], see Equation (S7)
- we have for all K in N:

ZAkE (wp—1) — F(w,)]

Zk 1 )‘k
K 2
4 1 Ldwn 1+ wy
< Vo " 22 <1+8% wdw)%U( + Wup)
’YO’YfLU/K MK ’Yk 1 Odwn Nb
< V Z ( 8’ykLwdwn> 02(1 + wup)
T Yoy-1pK? MK 2 Qdwn Nb

because for all £ in N*, v, < yx—1. We need to compute the following classical sum:

SN Koo

3 ~§/ ~dx<71n<,uK+L)

oy Mk + L =0 px + L
At the end, using again the Jensen  inequality, defining L =
max 4 AL m( L wup), AL (1+wup)},takin forall kinN, v = —2 .

{ \/adwn Qdwn N N g Tk ,u(k‘ + 1) + L
K 3

forall kin N*, A = =1 and denoting @y = ZA=*2=1 then for any K in N*, we have:

k—1 Dohe1 Ak

) 1+ 2L 5 64Lw3, ~ 4% (1 + wup)
BlF (oK) ~ Flu)] < 505 oo — w4 (14 St (i 4 ) ) 22C ),

and the demonstration is completed.

E.4 Non-convex case (extra theorem)

In this section, we detail the convergence guarantee given for MCM in the non-convex case. In this
scenario, the theorem will hold on the average of gradients after K in N* iterations. The structure
of the proof is different from the one used for Ghost and MCM in convex and strongly-convex case.
Instead, the demonstration starts from the equation resulting from smoothness and use the polarization
identity to handle the inner product of gradients taken at two different points.

Theorem S11 (Convergence of MCM in the non-convex case). Under Assumptions 1, 2 and 4 (non-
convex case), for a learning rate Qqwn = ﬁ, for any step size y s.t.
wn

1 1 1
e 205 sy (et 52) |

after running K in N* iterations, we have:

~vL < min

1 & 2] _ 2(F(wg) — F(w,)) | Lo ®"" ()
E};E [||VF(w/g—1)|| ] < OWK + i :

with @~ (v) = (1 + wyp) (1 + 327Lw§wn). Thus, for K in N* large enough, taking v =

\/2Nb (F(wo) — F(w.)) .
L1+ wyp)K

NbK

K 2
%ZE [||VF(wk71)||2} < 2\/2L” (L4 wup) (F(wo) — F(w.)) | O(K™Y).
k=1
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Proof. Let k in N*, then smoothness (see Assumption 2) implies:

L
F(wy) < F(wg—1) + ( VF(wg-1), wr —wg—1) + 5 [Rra———
~ ')/2L ~ 12
— F(w) < Flwg—1) =7 {(VF(wi-1), & ) + - (A

The inner product is not easy to handle because it implies two gradients computed at two different
points: wy_1 and Wx_1. To turn around this difficulty, we use the polarization identity, and so we
have:

—E[(VF(wi1), & ) |wia] == (VE(wp1), E[VE(@r-1) | wp] )

= 2 (F IV P DI~ E[IVF @) | i

+ E [IVF(wi-1) = VF(@i-)[ | wi-a] )

where we used the Polarization identity (eq. (S6)), and next with smoothness:

~E(VE(u-), B ) o] 5 (< IVE )|~ B [IVE@e) I | ]

+L°E [Hwk_1 — D) ’ wk—lD ;

Combining with Lemma S3, we obtain:

Fwy) < F(wp) = 5 [VF (i) | = 2B [[VF(@11) I | wes]

L? .
+ LE {Hwkq — W1 ‘ wk&}

2L Wup 2(1 + wWup)
+i ((” V) IVE@)I? +Nb> :

Taking the full expectation and re-ordering the terms gives:

E [F(w)] < E[F(wi)] = 2B [[VF(we) | = 3 (1 =L (14 52 ) ) B[ IVE (@)

M % (1+Wup)
2 Nb '

L? R
+ ’YTE [Hwkq — wk71||2] +

Exactly like the convex case, we consider that yL(1 + wy,/N) < 1/2 and because

E ||wg—1 — @k_1||2] =E [E [||wk_1 — W1 ‘ @k_QH we can use Assumption 1:

E [F(wy)] < E[F(we)] - 2E [[VF(wi) ] = TE |[VF(@-0)]
wawny L2 VL 2(1+w ) (522)
+7W; E[T]+T — =P

Next, Theorem 3 gives:

Odwn 1 w R 27262 (1 + w
£lti) < (- 22 )aimd o2 (L1 ) e ior] « 20

We iterate over k and compute the resulting geometric sum, it gives:

E[Te] < (1 20)" jor 4292 (alw + “’N) i (1= ) e [IvEam)]

t=1
4720 (1 + wyp)
adwan ’
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k
where we considered for the last term of the above equation that Zf,l (1 - %QM) < ozd2 -
- W
is equivalent to:

47202 (1 + wyp)
< 2 Wup Qdwn ~ 2 2 up )
B[t <2 (o + )Z( o) (19 ] + L)

We apply this last result to eq. (S22):

TE[IVF ()] < E[F(wir) = Flwy)] = TE [|VE @i

N YL? [ Awgwny?o? (1 + wup)
2 Nbadwn

o S

=1
v2L 2(1 + wyp)

X Nb
Y ~ 2
< E [F(wi1) = Fw)] = 1E | [VF(@-)|]

312 Lo ew)y L M ISR
+y wdwn<adwn+N>;( - = ) [|| (@e_1)||
+,Y2(;2L(1+wup) 1+47Lwdwn '

2Nb Qdwn

Summing this equation, for k in range 1 to K:

K K
Y v ~
22 E IV F@i-)?] <E[F(wo) = Fww)] - > E[IVF(@e-1)|?]
k=1 k=1
1 w Kk « k—t
3712 “up o dwn o~ 2
+9° Pt (o + N)};;(l b ) g [V E (@) ]
20%L(1 + Wap) 4~y Lwgwn
1 K.
2Nb (+ A dwn )
We need to invert the double-sum and we obtain:
Y Y X
> E [IVF(-1)I’] £ 7F(wo) = F(wr) = 3 Y E [IVF(@e-1)]]
k=1

k=1

< E[F(wo) — F(wy)]

K
: wn 1 Wy o ~ 2
9y3p2¥dwn (2 4 Pup) T E[VF _ }
e Cr e I B > B [I9 P

2 2
Y o L(l + Wup) 4'}/L(*’-}dwn
+ 5ND 1+ K.

Qdwn
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Now we consider that 2v3 L? giwﬁ (adlwn + %) < «/4, and because for all k in N, F'(wg) —
F(wg) < F(wy) — F(w,):

1K 2 (F(wp) — F(w, U2L1—|—wup 4y Lo

Qdwn

Finally, for any K in N*, such that yL < min 30 i lw Tap 1
w2 (14 52) ] g )
TN 2\/2“"‘ < ! +w">
Qdwn Qdwn N
and agywn < w,we have:
K 2 FNon—cvx
1 2] _ 2(F(wo) = F(w,)) | yLa>®™ ()
- ]E[ V F(wy,_ } < ,
7 2 E|IVF ()] < e + -

denoting ®"°" V() := (1 4 wyp) <1 4 %)

Odwn

Thus, for K in N* large enough, taking v = \/ 5}2((1 Jr) )(;(U*)) and aqwn = 1/(8wawn):
Wup

1 E 2L0% (1 + wyp) (F(wo) — F(w,)) 1
K;E[|VF(W_1)||2] §2\/ vy +O(K™).

E.5 Proof for Rand-MCM (Theorem 4)

The proof for Rand-MCM is almost identical to the MCM-scenario. It only requires to modify some
notations because each device  in [1, N] holds a unique model wj, ;.

For k in N:

1. g, is now defined as g, = % SN g (@),

2. for all i in [1,N], g,(@x_1) and VF(@_1) must be replaced by g} (@, ,) and
V(@ _,),

3. instead of having a unique memory Hy, there is N memories (H}) N | that keep track of the
updates done on each worker,

4. furthermore the notation wy_1 — Hy_5 is no more correct as we have N different memories.
Thus, it must be replaced by % Zfil w—1 — HY_,.

F Proofs in the quadratic case for MCM and Rand-MCM

In this section, for ease of notation we denote for k in N*, g, = N ZZ 1 2 (@i _,).

MCM has a unique memory Hj, and Rand-MCM has N different memories (H}C)i:l. But for the
sake of factorization, we will consider that both algorithm have N memories, thus we will al-

2, while we should consider the quantity

ways consider the quantity % SN fwk—y — Hi |
% ZZ\; |lwg—1 — Hy_o||* for MCM. However this notation is correct considering that for MCM,
for all ¢ in [1,N], Hj = Hy. And it follows that we have 4 21, |[wi_y — Hi_,|" =
1 N ; 2
N 2oim Jwk—1 = Hj_|".
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Unlike the previous sections where the proofs for MCM and Rand-MCM do not require any distinc-
tion, here in the quadratic case, we will on the contrary stress on the difference between the
two. The difference appears in Lemma S4 and comes from the way we handle the expectation
of H N Zz L VE(@:_ ) — VF(wk-1) H2 for k in N*. For this purpose we define a constant C such
that C = 1 in the MCM-case and C = N in the Rand-MCM-case.

The proofs for quadratic functions relies on the fact that for any k in N*, E [VF(Wy—1 | wi—1] =
VF(wk_1).

Definition 2 (Quadratic function). A function f : R? — R is said to be quadratic if there exists a
symmetric matrix A in Mg q4(R) such that for all x in R%: f(x) — f(z.) = %(x —2)TA(r — x,).
And then its gradient is defined for all x in R as: V f(x) = A(x — z.).

F.1 Two other lemmas

In this section, we detail two lemmas required to prove the convergence of MCM and Rand-MCM in the
case of quadratic functions.

The first lemma allows to factorize all the results obtained for both MCM and Rand-MCM algorithms.
For k in N* and 4 in [1, N7, the difference between the MCM-case and the Rand-MCM-case results from

2
the tigher control of HZ -~ VE(w,_,)— VF(wk_l)H .

Lemma S4. We define C such that C = 1 in the MCM-case and C = N in the Rand-MCM-case. Then
for any k in N*, we have:
2

ZVF @ 1) — VF(wp_1)

LPwawn 1 -
Wk—1 S%N;Hwk—l_Hé—QH

Proof. Let k in N*, we apply smoothness (see Assumption 2), and then we upper bound the variance
of the quantization operator with Assumption 1. But we must distinguish MCM and Rand-MCM because
in the first case we have @}, _, equal to wy_; for all ¢ in [1, N].

In the MCM-case:

ZVF @ 1) — VF(wp_1)|| |wp_1| = E[VF(@_1) — F(wg_1) | wr_1]

< L’E {H@kq — wi_1|? ‘ wk71:|

< LPwawn |1
9 1 N i 2
§ L wdwnﬁ Z ||wk—1 - Hk_2||
1=1

because we consider that [|Q_1||* = ||wk—1 — Hy—2|®> = % Zf\[:l |l wk—1 — H/i72H2'

In the Rand-MCM-case, by independence of the compressions on the downlink direction:
2

N
ZVF @)~ VE(we_1)|| | wis :%ZEU|VF(@;;,1)—VF(wkﬂ)Hz ’wk,l}
=1

IN

S &

L ] A

N2 Pt k—1

L2 1 & ,
%y 2 e — A

L?
wdwn ZHwk . _Hk: 2”

IN

IN
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We factorize the two results and define C such that C = 1 in the MCM-case and C = N in the
Rand-MCM-case, and the result follows.

N

Z wz 1) — VF(wk_1)

oy L wdwn ZHwk L —Hi_ 2”

The next lemma replaces Lemma S3 in the context of randomization and quadratic functions. Note
that the conditioning in Lemma S3 is w.r.t. to W _, while here we take the expectation w.r.t. wy_1.

This is because we remove .1 from the gradient and give a result which depends of ||V F (wy,_1)||*

instead of ||V F (@_1)||. This is made possible by the fact that for all k in N, for quadratic functions,
we have E [VF(W;_1)] = VF (wg_1).

Lemma S5 (Squared-norm of stochastic gradients). For any k in N*, the squared-norm of gradients
can be bounded a.s.:

N
1<,

N i:1gk(wk 1) — VF(,&)\;Cfl)

02(1 + Wup)
Nb

E

Wy
wir | < P IVE @)l +

WapWdwnL? 1 < ) 9
+%N;Hwk,1—fl]l€,2“

(S23)

02(1 + Wup)
Nb

+L2wdwn < wup) Z ||wk 1 7Hk 2“

E I8P | we-] < (14 52) I9F i) +
(S24)

The demonstration will be in two stages. We first show eq. (S23), and in a second time, we show
eq. (S24).

Proof. Let k in N*.

First part (eq. (S23)). We can decompose the squared-norm in two terms:

1 ,
E H Z(gk wk 1) VF(wlkq))

=1
| X
E[ NZ gk Wj,—y) — g, (Wwy, 1)) Wk—1
i=1
1 & ’
+E{ NZ &.(Wy_y) — VF(@},_,)) Wk—1|
i=1
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the first term is bounded by Assumption 1 and the last term by Assumption 4:

2
NZ(gk @) = VE@h) )|| | wns

]E ‘

2

qu ZE {Hgk W, _,) 2 ‘wk—l} + %

IN

wup

IA

ZE [Hgk Wh_y) = VE(@}_)||” ‘wkq}

2

O3 (LTI P fa

And again applying Assumption 4 on E [Hgfg(@lk_l) - VF(@£_1)|‘2 ‘ wk,l} foriin {1,---N}:
2

N Z (gk B, 1) VF(@i;_l)) w”" Z]E [HVF (@) ‘wk—l}

o?(1+ Wap)
+ Nb .
Now, we have'

w“p ZE [ vE@;_ )| ‘ wk,l} - ";\;;’ g:E {||VF(@;;,1) — VF ()| ’ wk,l}

WUPZEDVF(wk DII? ‘wk_l} ,

using smoothness (Assumption 2) gives:

2
WypWdwn L™ 1

N
wupZE[WF Tl [ wi] = SEREE T 5 s — Hial + SR IV P

and putting everythings together allows to conclude for eq. (S23).

Second part (eq. (S24)). We start by introducing ||VF(wk_1)||2:

2 r 2 7
N ng 1) wg—1| =E N ng Wh,_1) — VF(wi_1) Wh—1

+ ||V (wye—1) ||

N
=E Z (Wf,_) — VF(}_;) Wh—1

NZVF Wy,_1) — VF(wp_1) Wh—1

+ ||V (wye—) |

The second term of the previous line is controlled by Lemma S4 which distinguish the MCM and
Rand-MCM-cases by defining a constant C such that C = 1 for MCM and C = N for Rand-MCM:
2

L2wdwn 1

Wr—1| < C NZHwkq—HﬁngQ

ZVF (Wi ) — VF(wg_1)
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Thus, we have:

1N 1N ,
E g 2 @@)|| |wer| =B |||5 > 8(@1) = VE(@)|| | wi
i=1 i=1
N
denLQ 1 i 2 2
+ G N;Hwk_l — Hj || + IVF (w1,
and eq. (S23) allows to conclude. O]

F.2 Control of the Variance of the local model for quadratic function (both MCM and
Rand-MCM)

The next theorem replaces the Theorem 3 in the case of quadratic functions. The results are almost
identical except that in these settings we control the variance using non-degraded points (w;)sen:.
This is necessary because, for quadratic functions, the analysis is slightly different. Previously, we
upper-bounded the inner product in the decomposition (eq. (S12)) by a “strong contraction” that was
allowing to subtract ||V F (@y_1)||* and an extra residual term. Here we instead directly get a smaller

contraction proportional to ||V F(wy._1)||* (but without any residual!). Indeed for all k in N, we have
E [VF(Wk—1)] = VF(wg_1). This difference will appear in Appendix F.3.

As a consequence, we need to also control the variance of the local iterates that will appear when

expanding the expected squared gradient E|| gy ||2 by an affine function of the squared norms of the
gradients at the non perturbed points. This is what Theorem S12 provides.

Theorem S12. Consider the MCM update as in eq. (2) or the Rand-MCM update as described in
1

Subsection 2.2. Under Assumptions 1 to 4 with u = 0, if 7 < and

8 L/ (1/C + wup/N)
dwn < 1/(8wdwn), then for all k in N:

1 PR
~ OB [l = HL | s
1=1

k
1 Wy Qdwn \ k—
<22 (o + 52 - SR [P | wi)

t=1

4’7202(1 + wyp)
adwan .

Proof. LetkinN* and iin {1,... N}, from Theorem S8 we have:

E {Hwk — H,171H2 ‘ wk,l] = Var + Bias® = 2¢2Var; + 203, Var, + Bias?

with

Vo, = B[ X B0+ E[VF@L) ]|
|2

wk—l}

Var, = wdwn% Zzlil Hwk’_l - H1272|
Bias? = ||E[wy — Hyx_1 |wi—1]|* .
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Recall that in the case of quadratic functions, we have for all i in [1, N]: E [VF(@}_,) | wx—1] =
VF(wg—1). And so for the first term of variance we can decompose as following:

r 2

N
1 Y o
Var; = E i ng(wiq) —E [VF(w}%l) ’ wk,l] Wh_1
i=1
- N 9 -
=E N Zg;g(@;cq) — VF(wy-1) Wk —1
i=1
- LN 9 z
=E NZ?Z(@?H) VE(Wj_1)|| | wk—1
=1
L o L
+E N ZVF(’&}\;C 1) - VF(wk,ﬂ Wk —1
i=1

The first part is handled by eq. (S23) of Lemma S5:

N 2

1 i i
~ g, (Wy_q) — VF(wy_q)

E
N 4
i=1

wupwdwnLQ:l al i 2
we | = Sl LS
N N 2

Wy
L |9 F (1) |

_|_
2
n (1 + wyp)
Nb ’
and the second part is tackled by Lemma S4 where is defined a constant C such that C = 1 in the MCV-
, 2
case, and C = N in the Rand-MCM-case: E [Hi’ Zfil VF(w;_,)— VF(wk,l)H ’ wkl} <
Lwawn 1 N Q 2
W >im1 Hwk—l - Hk:—2|| .

Finally, given that Var = 2y*Var; + 203, Vary we have:

1 w 1 N ; 2 ; 2
Var < 272L2wdwn ( + uP) — Hwk,l — Hj_ H + chﬁwnwdwn Hwk,l —Hj_ H
C NN ; 2 2

272wup 9 27202(1 + wyp)
2T 2P T B 219\ T ®up)
+ N IVE(wr—1)||” + NGB

Now we focus on the squared bias Bias? exactly like in Theorem S8 and we obtain:

. i 2 1
Bias® < (1= awa) w1 — Hi | * 4431+ ——) VP (w0

At the end:

] 1 u 1 & i
E {Hwk — Hl’é—1||2 ‘ wk,1:| < 2’)/2L2den <C + (";VP) N ; HU)k—l - Hk*2H2
1

n 2wyp
A dwn N

+ ((1 - Cden) + 2O‘?iwn("}d"\’l’l) Hwk*1 - Hli*2H2

N 27202(1 + wWyp)
Nb '

+2(1+ ) [VE (wi—)|?
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Summing this last equation over the N devices gives:
1 Y ; 2
& 2 [l = | s
i=1
1 u
< (1_adwn+2a(21vvnwdwn+72L2wdwn (C d p)) ZHU}’C 1 _Hk 2“

1 n 2wup

F72(0 — ) IV F ()|

dwn
N 27202 (1 + wyp)
Nb ’

Exactly like in Theorem S8, we need and by taking ctqwn = 1/(8wWdwn):

2 1 1
2adwnwdwn < 7 ®dwn < Qqwn < m ’

272 1 | “up L = ol !
2v*L*wdwn (C + N ) < 7 ®dwn = 32Wdwn — < e \/(1/0 S /N) )
dwn up

1+ —1— < —2_ which is not restrictive.
Qawn — Qdwn

Thus, we can write:

1 < : -
o S [flwn — B o] < (120 & Zuwk L= Hi ||
1=1

1 wu
+29%( . p)llVF(WIc D17
27202(1 —|—wup)
Nb )

Finally, we take the full expectation without any conditioning, we iterate over k£ and compute the
geometric sums:

N 2 2
1 ; 2 Qdwn |k 2 4’7 o (1 +WUP)
NZ:lE e = ] < (1= =25 o — Hoa Adwn N

OJup

M»

+29%( — SO ||V F (wi)|

adwn =1

and the result follows.

F.3 Proof for quadratic function (Theorem 5)

Theorem S13. Under Assumptions 1 to 4 with u = 0, if the function is quadratic, for v = 1/(LV K)
and a given learning rate agwn = 1/(8wdwn), after running K iterations:

o lwo—wPL ofe()
Bl Bl < 00 NbIVE

with ® = (1 4 wyp) (1 + 32“3“’4‘ X \F (&+ w]f[‘”)) and C = N for Rand-MCH, and 1 for MCH.

The structure of the proof is different from the one used in Appendices D and E.

Proof. Let k in N, by definition:

2 2 ~ ~ 2
[wi = we]|* < flwp—1 = wall|” =27 (&, wr—1 —wa ) + 772l
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Because F is quadratic, we have E [VF(@Wy_1) | wg—1] = VF(wg—_1), thus taking expectation
gives:

E [llwe = w.? | wnea] < wnoy = wil = 2 (VF(wi-), wimr = we) +9E [l | wens ] -
We can directly apply convexity with eq. (S8) from Proposition S1:
B [l =l [wnca] < ok = w5 (Flwic) = Flw) + IVl )
+ B (I8 | we-a] -
Now, with eq. (S24) of Lemma S5:

E {llwe = w.l? | wn-a] < fwpr = wil = 3 (F(we-) = F(w.)) = 3 [VF(wi)|?
+92 ((1+52) IVF (i)
w 1 ; 2
+ Dun (G + 52 5 30 s = |

i=1
n o?(1+ Wap) ’
Nb

which gives:

E {llwe = w.l? | wn-a] < s = wil = 3 (F(weo1) = F(w.)) = 3 [VF(wi)?

92 (14 52 ) IVF ()|

+ Y2 Lwaym ( qu> ZH’LUk 1 — Hj_ 2”

n 0272(1 + wyp)
Nb '

Taking full expectation, and because for all ¢ in {1,---,N}, E [Hwk,l —H,i_2||2} =
E {]E [Hwk,l - H,i_2H2 ‘ @k,QH, we can use the inequality  controlling

% vazl Hwkﬂ — H,i_2H2 (see Theorem S12):

E [Jlwr — w.*] S B [wir - w } VB [F i) = Fw.)

0 () ElIvFer]

k
1 Wy 1 w Qdwn
(G + 52 ) %2 (4 2 ) Y1 - S [V (w1
t=1

A dwn
2_2 2_2
o™y (1 + wap) 272 L wp 407y (1 + wup)
T T up) y apay, (24 Y 20T Wup)
+ Nb RN ST Yol R v
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Wyp
L

Next, we consider - as in previous proofs - that vL(1 + wyp/N)
1 (1 —~L (1 + N )) > % Next we carry out the “top-down recurrence

< 1/2, and thus

k
E |l = w.ll?] < flwo = w.]® =4 Y E[F(wi—y) = Fw,)

j=1

o Z_jE 1V E (i) ]

k
1 u
S (L4 ) (2

; C N
j=1

=1

k- 2 2 272
7o (1 Wup) 4y L wawn (1 Wup
E _ (1t — [ = .
+ = Nb + +

Qdwn C N

wup k—j X Qdwn ﬂetE o )
o ) (1-=5) IV F(w1)IP]

We invert the double-sum, it leads to:

E [l — wall’] < flwo - w. S BFGy) — Fw)
Jj=1

— o7 B [IVF ()]

1 w Wy
2 L2 (= + 2P Yup VF 2}
e <C+N)(dwn N) IV w1
1

k—1

2 w
I~nA 2 wn ~up
3 (o <2 (545 (

N

Wyp

P N) - ;L) E [V F(w;-)]]

(14 wyp) 472 L wgwn (1 Wup
1 — k.
T e \CTN) )

ct wﬁ") (adlwn + w]\”]p> < %, thus we have:

k 2 2 9 272
lwo — w|] v4 o (1 4 wyp) v L wawn (1 wup
2 B )< : T A R

Qdwn

472
Now, we consider that 2<dwnY" L~ ( 1

?T\Q

k Nb

Finally, by Jensen, for any K in N*, taking ~ such that

. 1 1 1
vL < min Dap Y
wep 2 (14 2 8w 1 w 1 w
8wWawnt/ = + == ( N ) s/ SWdwn (1 Wup Wup
C N Qdwn C - N Qdwn N N

. 1
and with « < , we recover Theorem 5:
dwn = 8den

. lwo — w.||* 0@ (v)
E[F(x) — F(w,)] < :

: 4v L waym Wy
denoting ®™4(7) = (1 + wup) (1 e (&4 Np>>'
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G Adataptation to the heterogeneous scenario

In this section, we give the complete proof of Theorems 1 and 2 in the case of heterogeneous workers.

We choose to not merge the proofs in the homogeneous and heterogeneous cases. This is to
avoid the technicalities associated with the heterogeneity and the uplink compression (that have
been extensively studied in previous works [34, 18, 28, 36]) in the proof of our main results
which aim at alleviating the impact of downlink compression. We thus propose two proofs that
can be read almost independently in order to make proof-checking easier. We stress that the
result in the homogeneous setting is not exactly a consequence of the heterogeneous case (the
constants are degraded in the heterogeneous framework) but merging the proofs is ultimately
possible.

Appendix G.1 first presents some lemmas from [36] required to handle the additional uplink memory.
Lemma S6 (resp. Lemma S7) corresponds to Lemma S5 (resp. Lemma S7) evaluated at point W _1;
and Lemma S8 corresponds to Lemma S13. Secondly, Appendix G.2 gives the demonstration of MCM.

We denote ®HCErO8 () := (1 + 8wyp) (1 + %) and v}leteros guch that:

max

1 1
%IggicrogL < min {'Ymaxa Wup ? } .
167 g, [p&dwn  “up
N Odwn N

We make the following assumption on the heterogeneity.

Assumption 6 (Bounded gradient at w,). There is a constant B in Ry, s.t.: + Zf\;o |VE;(w.)|* =
B? . And we denote for all i in [1, N|, ht = VF;(w,).

G.1 Control of the uplink memory

In this section we give the theorems that are required by the uplink memory.

Lemma S6 (Bounding the compressed term). The squared norm of the compressed term sent by
each node to the central server can be bounded as following:

vkeN, Vie [LN], [|AL]” <2 (|leb@e) — nL]” + [lnk - 2]7) -

Lemma S7 (Noise over local gradients). Let k € N* and i € [1, N]. The noise in the stochastic
gradients as defined in Assumptions 4 and 6 can be controlled as following:
N 2
1 i~ in2 2L R N 20

Nz ;E [Hgk(wkq) — Rl ‘ wkfl} < WE [( VF(Wg—1), Wp—1 —ws ) |wr—1] + N
Lemma S8 (Recursive inequalities over memory term). Let k € N and let i € [1, N|. The memory
term used in the uplink broadcasting can be bounded using a recursion:

E[Ek | wr-1] < (1 — awp)E [Bp—1 | wi—1]

2004p L
+ N

E[{ VF(Wg-1), Wr—1 —ws ) | we—1]
2 o2
+ N ?O‘up .
Lemma S9 (Squared-norm of stochastic gradients). For any k in N*, the squared-norm of gradients

can be bounded a.s.:
~ 112 ~ 4wup
E[[g)° | @Wk-1]| < (1+

N

) LE[( VE(@p_1), @1 — ws ) | @p1]

2
— ~ g
+ 2wupE [:k—l | wk_l] + 7(1 + 4wup) ,

Nb
~ . - 4wyp L . . .
E (I8, — VF@-0)I | @] € Z2ZE [ VF(@k-1), Gpr = w2 ) | @]
- _ o’
+ 2wupE g1 | We—1] + m(l + dwyp)
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Lemma S9 extends Lemma S3.
Proof. Let k in N*, then:
E gl | @x-1) = IVF(@k-0)I +E [|g = VF@x-)I | @]
< LE[{ VF(@-1), @1 —w.) | O] + E B, — V(@) | @4

Secondly:
E[|g - VF@-)l” | 1]

- N 9

1 . . ~ N
~E ||+ ( Py R VFi(wk_l)) By
=1
- N 9
—E iz(& By — (@) + gh(@r1) = VE (@) | | @
= N £ k—1 k—1 — 8 \Wk—-1 8L (WE—1 i(Wk—1 k—1

. 2
R ES

the inner product being null.

2

Wg—1| +E

Next, expanding the squared norm again, and because the two sums of inner products are null as the
stochastic oracle and uplink compressions are independent:

N

~ — — 1 ~; i 2

B [Ig - VF@ )1 | = 5 8 [[Bi - ab
i=1

wk_l]
1 N ) 2
+ 5 2B [k (@r1) = V(@) ||” | @] -
=1

Then, for any i in [1,N] as E {HA}C_I — A}C_lH

wk1:| =

~ 2
= e ][0 - i

g}e] ‘ zﬁkl] , and using Assumption 1 we have:
Wap N
E[Ig, - VF@-0I” | @] < 52 S B [[a5] | @]
i=1

N
+ % > E (g @) = VE (@) | @] -
=1

Furthermore with Lemma S6 and Assumption 4:

2wyp

N
E[lg ~ VF@ )| | @] < T D_E [l -0 =

o2

=+ 2wupE [E’k—l ‘ lll)\k_l] + m .
And finally with Lemma S7:
dwyp L 4wupc72

Nb

E (2 ~ VF(@-1)|I* | @] < “S2ZE [ VF(@k-1), Bro1 = w, ) | Boa] +

2

—_ —~ g
+ 2Wup]E [:*k:—l | wk—l] + m 5

from which we derive the two inequalities of the lemma.
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G.2 Proofs for MCM

In this section, we provide the demonstration of Theorems 1 and 2 in the convex and strongly-convex
cases with heterogeneous workers.

G.2.1 Control of the Variance of the local model for MCM

In this section, the aim is to control the variance of the local model for MCM but in the setting of
heterogeneous worker, as done previously in Theorem S8.

IN

Theorem S14. Consider the MCM update as in eq. (2). Under Assumptions 1, 2 and 4, if v
1/(8wawnL) and aqwn < 1/(8wqawn ), then for all k in N:

E[Yy | we—1] < (1 - ad2wn) Ti1

4wyp

+
Qdwn N

+27%L ( ) E[( VF(@r_1), Wx_1 —ws ) | Wp_1]
I+ 27202(1 + 4dwyp) .

2 —_ —~
+ 4V wupE [Ep—1 | We—1 Nb

Proof. Let k in N, we recall that by definition:

Qp = wp — Hp—y
O :gdwn(ﬂk)
W = Qe + Hp—1

We start the proof by performing a bias-variance decomposition, and exactly like in the proof of
Theorem S8, we obtain:

2% |°> = Bias® + 2y%Vary + 2y%Vary + 203, Var,
We first have:
Vary = E [|[g, - VE(@x-)I* | wn-1| =E[E[I&, = VF(@r )| | @r] [wra]
so, we can use Lemma S9:

4wu L R - = _ N 0_2
—E[( VF(@g-1), Wg—1 — Wi ) | Dp—1] + 20upE [Ep—1 | Wg—1] + N

Var;; = (1 + 4wup) .

The other terms are exactly as before in Theorem S8:

Varjs < L2waywn Tr-1
Vary < wWawn T k-1
Bias? < (1 — aawn) Tho1 + 72L(L + g E[( VF(@r1), Bt —w, ) | Bpa] -

At the end:

E Y | wr—1] < (1 = agwn)Lr-1 + 7’ L1 +

JE[( VF(Wr—1), Wr—1 — Wy ) | Wg—1]

dwn
Swuny2 L R R N
+ %E [ VE(@p_1), Gy —ws ) | 1]
N 2~252
+ 472w [Epey | Boa] + ']VVb (1 + dwyyp)

+ 2’72L2wljwn’rk71 + 2aiwnwdwn’rk71 )
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which is equivalent to:

E [Tk | wk—l] S (1 — Qldwn + 2’YQLQWdWlﬂ + 20{c21wnwdwn) ||wk—1 - Ek:—2||2
) E[( VE(Wg—1), Wk—1 — Wy ) | Wp—1]

27202 (1 + 4wyp)
Nb '

8wup

+

dwn

+~%L (1 +
+ 47wy [ | Dg—1] +

Next, we require as in Theorem S8:

1

2 1
2adwnwdwn < 7 Xdwn < Qdqwn < 8den ;

dwn
1+ 1< % which is not restrictive if wqwn > 1,

Xdwn

2'72L2wdwn < %adwn = 3_20}7 ; by taking Qdwn = m 7 < m y

and it leads to the final result taking unconditional expectation. O

G.2.2 Convex case

Theorem S15 (Convergence of MCM in the heterogeneous and convex case). Under Assumptions 1

to 4 with u = 0 (convex case), for learning rates cqwn < and aup(l + wup) <1, taking a

&wan
step size s.t. v < yHleteros for any k in N, defining:

Vi :=E [Hwk - w*ﬂ 4 204K [E4] + 7LOSE [Ty]

with C1 = 2wyp (1 + 8YLwdwn/¥dwn )/ up, C2 = 4YLwdwn/Cdwn, we have:

~ 2 52 pHeterog
Vie < Vier — AE [F(@_1) — F(wy)] + VTZ)(V)

Proof. We denote for k in N* g5, = % SN UAL 4 bl with Al = g (@) — hi,_,,and
_ 4 2 | .

S = % ZZIE [th - VFZ(U}*)H ‘ wk_l}.

Let k£ in N*, by definition:

2 2 ~ ~ 112
lwr = well® < flwk—1 = wall® = 29 (B, wh—1 —wi ) + 7 27 -
Next, we expend the inner product as following:

2 2 ~ ~ ~ ~ ~ 12
lwr, = wil® < flwi—1 = wil|” = 29 (Zry D1 — wi) = 27 (&, w1 = D1 ) +7° [Zll” -

Taking expectation conditionally to wy_1, and using E [g,, | wig—1] = E[E[g,, | Wk—1] | wk-1] =
E[VF(Wk—1) | wk—1], we obtain:

E e = w. P | wn-a] < lwpr = w,l = B2y (VF(@ror), Beo1 = w.) | weei]
— 29E[( VF(Wg—1), wr—1 — Wp—1) | wg—1]
+ B Il | wia] -

Then invoking Lemma S3 to upper bound the squared norm of the stochastic gradients, and noticing
that E [( VF(wg—1), Wk—1 — wi—1 ) | wr—1] = 0 leads to:
E e = w.l | wx-a] < lwpr = wl = 29E[(VF(@ror), @o1 = w.) | wpei]

—27E K VF(’L/(}]C_l) — VF(wk_l), Wp—1 — W1 > | wk_l} (825)

4wy N N ~
+ 72 ((1 + NP) LE[( VF(Wg_1), Wp_1 —wy ) | Wp_1]

02

+2wupE [Er—1 | We—1] + Nb(l +4wup)) )
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Now using Cauchy-Schwarz inequality (eq. (S5)) and smoothness:

—E[2y(VF(Wy-1) — VF(w-1), wp—1 — Wg—1) | wr—1]
=2E[( VF(Wk-1) = VF(wg-1), Wr—1 — w—1) | wi—1]

<2yLE [H@kq — wy—1 || ‘ wkq} ;
and thus:

E [l —wel* | wia] < oot = w.? = 29E [ VF (@1, @1 — w2 ) | wie-i]

+2vLE [H@k—1 — w1 ’ wk—l}

4w . . —~
+<1+ &m)fLEKVFw%4LwF1—wn|whﬂ

2,2

+ 2007 E [Epot | @rm1] + 0 (1 + 4wy -
Nb
Asy € — Lo and thus (12 (1+ 4‘}(‘;")) > 1/2; this allows to simplify the

oL (1)
coefficient of the scalar product:

E [llwn = w.* | wpr] < llwgr = w? = B[ VE (@), @1 — w2 ) | wni]

+ 29LE (|1 = wpr | | ] ($26)
. o2~
+ 2u0p7”E [t | @] + T (14 )

With Lemma S8, we have :

E[Ek | wi—1] < (1 — aup)E [Ek—1 [ wi—1]
2000 L - P
+ PR [< VF(wkfl), Wp—1 — Wk > | wkfl] (S27)

2 o2
TN

and Theorem S14 gives:

E[T) | wg—1] < (1 - ad;vn) )

1 dwyp
+
Qdwn N

+Q¢L< )EKVF@knmml—wm@kﬂ (828)

2720 (1 + dwyp)

+ 4’)/2‘*111})IE [Ekfl ‘ ’L/U\kfl] + Nb

We take the full expectation (without conditioning) and we set:
Vi i=E [k = w|]*] + P CE[E4] + 7LCE [T,
with C1 = 2wyp(1 + 8y Lwdwn/@dwn )/ up and Co = 4wdwn /Cdwn-
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We combine previous equations as follows (526) + v2C1(527) + C2(528):

E [l = w.l’] +v*CiE [E] + YLCE [T4] < Jlg-r = w,
1 4wy wC . ~
—7<1—7L<< +O;Vp> LC2+04;71>)E[<VF(U/1€1)7 Wg—1 — Wi )]

Qdwn

+ (2wup(1 + 27LCY) + (1 — aup)C1) Y2E [Eg_1]

+ (29 Leaun + (1= 252 1 LG ) B[]

va (1 + dwup) (1 + 27LCs) + 20005 C1)
(829)
‘We first observe that:
Qdwn 4wdwn . . ..
2vLwawn + (1 — ) YLCy < vLCy <= Cy > , which is true by definition of Cs.
Qdwn

Secondly, ensuring that the factor multiplying IE [Z;,_1] on the right hand side is smaller than v2C}
requires:

2w11p(1 + 27L02) + (1 - aup)cl S Cl
Qwup(l + 8’YLwdwn/Ofdwn)

Olyp

= (C; > because Co = 4wdwn/Xdwn-

Finally, we have that 1 — L (( 1 4w“P) ~LCy + O‘“}{fcl) > %, if we take y such that:

(akr + 42) (GLPCr < 1/4 =y < L
b AL Wdwn 1 + 4wup
Odwn \ Xdwn N

1 + SPYLwdwn/adwn) S 1/4

yLovy
N

< 1a e DB

‘We rewrite the second condition as follows:

Qwupwdwn < < 1
16(7[1) OgwnlN — 1/8 == ST 2Wde Wup
Qdwn N
2’Yqup N
Naw, = V871510

Applying convexity, we derive:

~ 20—2(I)H6terog
Vi < Vi1 — 3B [F(@)—1) — F(w.)] + WTZ)W 7

with @HETTO8 () = (1 + Buwyp) (1 + %). Invoking Jensen inequality (S7) leads to

E [F(Wg—1)] > E[F(wg—1)], and we finally obtain:

’72 0.2 (I)Heterog (’Y)

< Vi1 —YE[F(wi_1) — F(ws
Vie < Viem1 —vE [Fwi—1) (wi)] + 0
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G.2.3 Strongly-convex case

Theorem S16 (Convergence of MCM in the heterogeneous and strongly-convex case). Under Assump-

8wiwn and oy (1 + wyp) < 1,

tions 1 to 4 with i = 0 (convex case), for learning rates qgwn <

for any sequence (y;)ren < YHEtT8 for any k in N, defining:

Vi i=E [y = w.[*] + 72CiE [E] + wLCE [Ty

with C1 = 2wyp (1 + 8YLwdwn/dwn )/ up, C2 = 47Lwdwn /dwn, we have:
Z‘I)Hctcrog(
Nb

Vo 7)

Vi < (1= yep) Vi1 — YE [F(@Wg—1) — F(ws)] +

Proof. Let k in N*, the proof starts like the one for MCM in the convex case with heterogeneous

worker, and we start from eq. (S26) but we consider a variable step size v, = 2/(u(k + 1) + L) that
depends of the iteration k in N.

We consider this following Lyapunov function:
Vi = E [Jw, — w.]*] +2CE [E] + L CoE [T
with C1 = 2wyp (1 + 8v; Lwdwn/Cdwn)/Qup and Cz2 = dwawn/Cdwn-
E [llwe = w. || +12C1E [E] + wLCE [T4] < -y — w.|?

1 4wy QypC' . ~
— Vi (1 — L (( + NP> v, LCo + ;71)) E[( VF(Wr-1), Wr—1 — wx )]

Qdwn

+ (2wup (1 + 29, LO%) + (1 — aup)C1) ViE [Eg—_1]

+ (Q'YkLden + (1 - ad2wn) %LC2) E[Yi_1]

2 2
il

Nb

+

((1 + 4wup)(1 + 2’YkL02) + 2aupCl) R

To ensure a (1 — ~yu)-convergence we first choose (1 — @ + 2%,%) wLCy < (1 —
2wWawn < (1 _’Yk‘,u)’}/k—l.

Vi) Ye—1LCoie 1 — aden +

OQ - Yk
1 — yep 1. _ Vi .
We need that for all £ € N, o < Vpo7 L€ 1—ypp < Vo1 but:
k—p+L 2
K Mi— =1- ,u~ and 1—ypu=1- M~,

Vk—1 uk+L uk + L uk+ L
and so, the inequality is always true.
Thus we must have 2wgwn/Cao < Qawn/2 Which is true by definition of Co.
Secondly, we need:

(2wup (1 4+ 29 LC2) + (1 — aup)C1) 77t < (1 = yep)7i—1Ch

_ 1-— 1
= 2wyp(1 429, LC5) + (1 — o)y < Te—1 C; because it < ,
Tk V& Ve—1

because Vi /Vi < Ye—1/7k, it is true if we verify the following stronger condition:

2wup (1 + 295 LCs) + (1 — o) Cy < Z—’“Cl
k

> 2wup (1 + SvkLwdwn)/adwn)

Qup

Cy

because Co = 4wWdwn/Xdwn -
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Finally, in order to apply convexity we must verify: 1 — L ( (ﬁ + 4“’%) Cy + a“]lifcl) > 1

We take ~y; such that:

(%+4%1p>7k1102§1/4:>7k§ 1
e AL Wdwn 1 + 4Wup
Qdwn Odwn N

W—“O‘T@Cl <1/4 QW’CL% (1 + 8794 Lwdwn/Qawn) < 1/4

We rewrite the second condition as following:

W1 1
16(%L)2a¢;’;1mN <1/8<=y < L Jpoim o
Qdwn . N
2’7kqup 1
SRR < 1/8 = < — -
N 1612
N
Now, we can apply strong-convexity:
,7202 (I)Heterog(,yk)

Vie < (1 =) Vimr — E [F(Wr—1) — F(w.)] + N ;

with B () = (14 Sup) (14 2L )

Invoking Jensen inequality (S7) leads to E [F'(Wy—1)] > E [F(wg—_1)], we finally obtain:

20_2(1)Heterog
Vie < (1 =) Vie—1 — vE [F(wg—1) — F(w,)] + T N (%) .
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mental results (either in the supplemental material or as a URL)? [Yes] All the code is
provided on our github repository

(b) Did you specify all the training details (e.g., data splits, hyperparameters, how they
were chosen)? [Yes] See Appendix B.

(c) Did you report error bars (e.g., with respect to the random seed after running experi-
ments multiple times)? [Yes]

58


https://github.com/philipco/mcm-bidirectional-compression/

(d) Did you include the total amount of compute and the type of resources used (e.g., type
of GPUs, internal cluster, or cloud provider)? [Yes] See Appendix B.4

4. If you are using existing assets (e.g., code, data, models) or curating/releasing new assets...
(a) If your work uses existing assets, did you cite the creators? [Yes] We used four dataset
: cifar10, mnist, quantum and superconduct.

(b) Did you mention the license of the assets? The dataset are under the MIT
licence which is a short and simple permissive license with conditions only requiring
preservation of copyright and license notices. As our work is under the same licence,
there is no need to remind the licence of the four used dataset.

(c) Did you include any new assets either in the supplemental material or as a URL?

(d) Did you discuss whether and how consent was obtained from people whose data you’re
using/curating? [N/A]

(e) Did you discuss whether the data you are using/curating contains personally identifiable
information or offensive content? [N/A |

5. If you used crowdsourcing or conducted research with human subjects...

(a) Did you include the full text of instructions given to participants and screenshots, if
applicable? [N/A]

(b) Did you describe any potential participant risks, with links to Institutional Review
Board (IRB) approvals, if applicable? [N/A]

(c) Did you include the estimated hourly wage paid to participants and the total amount
spent on participant compensation? [N/A]
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